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Abstract 
The author examines the role of collateral in an environment where lenders and borrowers pos-
sess identical information and similar beliefs about its future value. Using option-pricing tech-
niques, he shows that a secured loan contract is equivalent to a regular bond and an embedded 
option to the borrower to default. The author finds that the lender will not advance to the bor-
rower, a loan that exceeds the market value of the collateral, and that the supply of loans increases 
with a rise in the market value of the collateral. Increases in the volatility of the value of the col-
lateral, interest rate, and dividend rate of the collateral independently depress the loan supply. 
The author also derives the cost of a third-party guarantee of a loan and an implied risk premium. 
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1. Introduction 
Loan contracts generally require that the borrowers post assets which can be taken over by lenders if the bor-
rowers default on the promised payments. An explanation for such contractual arrangements is that borrowers 
and lenders have asymmetric information about the project which the loan is financing: because the borrowers 
appear to know more about the project than the lender, and the borrowers’ evaluation of the project tends to be 
higher than that of the lenders. According to a strand of the literature, collateral in loan agreements in this envi-
ronment acts as a disincentive for borrowers to default. 

Another strand of the literature argues that collateral plays an important role in loan negotiations even when 
borrowers and lenders have the same information but differ in beliefs. In this environment, the collateral signals 
information to the lender about the riskiness and/or prospects of the project that the loan is needed to finance. 
The borrowers provide collateral as a way of sorting themselves out by risk class if lenders believe that the level 
of secured loan indicates the project’s profitability. Lenders may have such beliefs because the secured debt is 
costly for borrowers whose projects are of low quality. 

The focus of this paper is to re-examine the role of collateral in a loan contract. Our approach differs from the 

http://www.scirp.org/journal/jmf
http://dx.doi.org/10.4236/jmf.2015.54027
http://dx.doi.org/10.4236/jmf.2015.54027
http://www.scirp.org
http://creativecommons.org/licenses/by/4.0/


J. Atta-Mensah 
 

 
316 

literature in that both lenders and borrowers have the same information and identical beliefs regarding the pros-
pects of the project. Hence, the reason for credit rationing is not the asymmetric information, a common ratio-
nale used in the literature to motivate the credit market. In our analysis, collateral can be assets used in the 
project or outside assets owned by the borrowers who are not part of the project. Although the initial value of the 
collateral is known to the transactors of the loan contract, the future value is uncertain. Both the lender and bor-
rower agree on the probability distribution of the future value of the collateral. In addition, we show that for 
every secured loan contract there is an embedded option value which allows the borrower to strategically choose 
when to default. 

This paper is organized as follows: Section 2 briefly reviews the literature on the role of collateral in loan 
agreements; Section 3 describes the model; Section 4 discusses the cost of a loan that is guaranteed by a third 
party, and derives an expression for the implied risk premium embedded in the loan contract; Concluding re-
marks are presented in Section 5. 

2. Collateral and the Credit Markets 
Along with the interest rate level, collateral plays an important role in credit markets.1 The data in the United 
Kingdom reveal that the value of collateral posted by small businesses exceeds the value of loans [2]. Most 
commercial loan agreements also require collateral as security, [3] [4] and the size of collateral impedes the 
creation of small businesses [2]. All these observations indicate that collateral plays an important role in the 
pricing of credit instruments. 

There are two types of collateral. The first is called inside collateral, in which the borrower uses an asset in 
the project to be financed as collateral; if there is a default, the lender takes possession of the project. The sec-
ond type is called outside collateral: assets not used in the project are posted as collateral. 

Why do lenders demand collateral from borrowers? In the literature, asymmetric information on projects is 
used as a plausible explanation for the use of collateral, as well as for the existence of imperfections in the credit 
markets. Banks and entrepreneurs usually have divergent evaluations of projects. Entrepreneurs tend to evaluate 
projects more highly than creditors do. In credit markets with moral hazard or adverse selection, outside collat-
eral serves as an incentive, or screening device, [5] [6] and [7], and that outside collateral increases the punish-
ment for default. It has to note that if a borrower can choose from a variety of risky projects, then collateral en-
sures that low-risk projects will be chosen [8]. In the case of adverse selection, lenders could offer a menu of 
contracts that rank loan applicants according to the riskiness of projects. In this scenario, Bester (1994) reports 
that the entrepreneurs with a low probability of default reveal themselves by posting the collateral which is un-
attractive to high-risk borrowers. 

Collateral is posted by borrowers when there is asymmetric information with costly state verification [8]. This 
can be explained by considering a model of borrowing and lending in which an entrepreneur needs to raise capi-
tal for a risky project, the outcome of which cannot be observed by the lender. Bester shows that, within this 
framework, an optimal loan contract must have the commitment of the lender to impose bankruptcy and liqui-
date some or all of the entrepreneur’s remaining assets in the project in the event of default. The bankruptcy 
clause acts as a payment incentive for the entrepreneur. In other words, the lender enforces truth-telling behav-
iour by threatening to impose bankruptcy on the defaulting entrepreneur. 

Consider the case in which the lender cannot precommit to impose bankruptcy on defaulting entrepreneurs [8]. 
In this case outside collateral will weaken the entrepreneurs’ incentive to default on debt payments and allow the 
lenders to renegotiate a larger proportion of loans, avoiding some suboptimal assets transfer. Loan agreements 
are renegotiated when bankruptcy is inefficient for both parties. For example, in the face of prohibitive liquida-
tion costs, lenders are better off renegotiating the contract to prevent default. The rewriting of loan contracts, 
which may include partial debt forgiveness, could bring about moral hazard. Entrepreneurs, knowing that there 
is a chance of debt forgiveness, may opt to default even in good states of the world in an attempt to renegotiate 
the repayment. To discourage this behaviour, lenders could ask for outside collateral against the loan. It has to 
be emphasized that the larger the size of the collateral, the more inclined the lenders are to believe that the pro-
ject return is low when borrowers decide to default. Lenders therefore find the option of partial debt forgiveness 
more profitable than taking over the project. Thus, under this framework, outside collateral helps minimize the 
cost of bankruptcy. 

 

 

1See [1] on a detailed discussion of the subject. 
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The use of collateral imposes some economic costs [8]. These costs could include legal documentation, 
monitoring and/or insurance costs, and the implicit costs to the borrower for being forced to relinquish discre-
tionary use of the collateralized asset. It has to be pointed out during bankruptcy procedures; banks may incur 
the costs of collecting and marketing the collateralized asset [9]. Collateralized assets may be intrinsically more 
valuable to the borrower than the lender. For example, small businesses commonly use their own homes as col-
lateral against bank loans. The value of the home to the borrower is generally larger than its market value. Sell-
ing the asset therefore involves a welfare loss. 

It is very clear that collateral plays an important role in determining the price of a credit instrument. In section 3, we 
use asset-pricing techniques to formally examine the role of collateral in the valuation of a standard loan contract. 

3. A Simple Model for Pricing a Loan Contract 
In this section, option-pricing techniques are applied to examine the importance of collateral in the pricing of 
credit instruments. The use of the option pricing techniques is because of its flexibility in allowing one to gain 
analytical insights into the links between collateral and the credit market. The loan contract considered has the 
following features. A borrower takes a loan, which is secured with collateral. The loan contract is a one-time 
contract, where the borrower pays back the loan at an agreed date. Under the contract agreement, the lender 
takes possession of the collateral if the borrower defaults on the payment. It is assumed that, although the future 
value is unknown, the initial market value of the collateral is known to the lender and the borrower. Under this 
assumption, the borrower will rationally default at any time during the contract period if the market value of the 
collateral is less than the outstanding balance of the loan. 

Under the arrangement and the assumptions of the loan contract, if the principal of the loan is F and the mar-
ket value of the collateral is Q, then the expected value of the loan to the lender at the end of the contract is: 

[ ]Min ,F Q                                       (1) 

A further assumption is made that the collateral could be either inside or outside assets. Also, for simplicity, it 
is assumed that embedded in F are all the necessary costs incurred by the borrower upon defaulting on the loan 
agreement.2 

In addition to the above assumption, the usual assumptions for modelling continuous-time asset-pricing mod-
els are made: 1) assets are traded in a frictionless or perfect market, where there are no taxes, transactions costs, 
or short sale restrictions, and all assets are perfectly divisible; 2) trading of assets is done continuously; and 3) 
the value of the collateral follows a continuous-time diffusion process. Interest rates are also assumed to be de-
terministic.3 

To distinguish the model from those based on asymmetric information, it is assumed that lenders and borrow-
ers have the same information on, and identical beliefs in, the prospects for the project. Both borrowers and 
lenders therefore agree on the diffusion process followed by the value of the collateral.  

Thus, if Q(t) is the market value of the collateral, then its stochastic process is of the form: 

d d dq q q
Q t z

Q Q
δα σ

 
= − + 
 

                                (2) 

where d qz  is a standard Brownian motion, with mean zero and variance dt. In Equation (2), it is assumed that 
the bearer of the collateral receives dividend or service flow at a constant rate, δ . The borrower continues to 
receive the dividend until such time that they default, after which it goes to the lender. The diffusion part (the 
second part on the right-hand side) of Equation (2) makes the instantaneous rate of appreciation of the collateral  

uncertain. Hence, the expected rate of appreciation of the collateral is q Q
δα

 
− 

 
. 

3.1. Valuation of the Loan Contract 
Given the value of the collateral, Q, let the value of the secured loan at any time be L(Q, t). Then, applying Ito’s 

 

 

2These costs may include bankruptcy, legal, and reputation costs. 
3This assumption is very restrictive. Incorporating a stochastic interest rate into the model, however, complicates the analysis without 
changing the results. 
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lemma, the drift and the diffusion of the loan are given as: 

( )21d d d d
2q qq tL L Q L Q L t= + +                               (3) 

which upon simplification yields: 

d d dl l q
L t z
L

α σ= +                                    (4) 

where 

2 21
2 v qq q q t

l

Q L QL L
Q

L

δσ α
α

  
+ − +  
  =                            (5) 

q q
l

QL
L

σ
σ = .                                     (6) 

Proposition 1: The partial differential equation governing the loan is: 

( )2 21 0
2 q qq q tQ L rQ L L rLσ δ+ − + − =                             (7) 

Proof: 
Using standard arbitrage arguments common in the options-pricing literature, consider forming a portfolio, 

the value of which is H, by investing ω in the collateral asset and ( )1 ω−  in the loan. The instantaneous return 
on such a loan, dH, is: 

( ) ( )[ ]d d d 1 d dq q q l l qH t z t zω σ σ ω α σ= + + − +                          (8) 

Rearranging, 

( )( ) ( )( )d 1 d 1 dq l q l qH t zωσ ω α ωσ ω σ= + − + + −                        (9) 

The risk of H can be hedged away if ω is selected to satisfy: 

( )1 0q lωσ ω σ+ − =                                    (10) 

implying that 

l

l q

σ
ω

σ σ
=

−
.                                      (11) 

An investment position of ( )l l qσ σ σ−  units in the collateral asset and ( )q l qσ σ σ− −  in the loan would  

be riskless. For there to be no arbitrage profits, the instantaneous return on the portfolio must be equal to that of 
a risk-free asset, r.  

Thus: 

d dql

l q l q

H r t
σσ

σ σ σ σ

 
= − 

− −  
                              (12) 

Equating Equation (12) with the drift term of Equation (9), with the substitution of ω, we have: 

q ql l
q l

l q l q l q l q

r
σ σσ σ

α α
σ σ σ σ σ σ σ σ

      
− = −         − − − −         

                   (13) 

Substituting Equation (5) and Equation (6) into Equation (13) and rearranging yields the differential equation 
that governs the loan contract (Equation (7)). 

An intuitive explanation in the finance literature for the differential equation that summarizes the loan con-
tract is as follows. The first term on the left-hand side of Equation (7) captures Jensen’s inequality effect coming 
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from the variance of the value of the collateral. The second term represents the risk-adjusted expected drift of 
the value of the collateral. The third term reflects the shrinking time-to-maturity. The last term represents the net 
flows to the lender. 

Proposition 2: Under the set of assumptions given earlier, the value of the loan is: 

( ) ( ), , e , ,rL Q F F P Q Fττ τ−= −                              (14) 

where ( ), ,P Q F τ  is a European put option on the collateral asset, Q, with constant dividend dQ and an exer-
cise price equal to the principal payment, F. The value of the put option is: 

( ) ( ) ( )1 2, , e erP Q F F N d Q N dτ δττ − −= −                           (15) 

where 

( ) 2

1

1log
2 q

q

F r
Q

d
δ σ τ

σ τ

   + − +   
  =  

2 1 qd d σ τ= −  

and N(.) is the cumulative normal distribution function. 
Proof: 
Begin by rewriting Equation (1) as: 

[ ] [ ]min , max 0,F Q F F Q= − − .                             (16) 

Under the set of assumptions given earlier, Equation (16) suggests that the value of the loan is equivalent to a 
regular bond (having a face value of F and no coupon payments) and a short position on a European put option 
on the collateral, with the time left to maturity τ (T − t) and the strike price equal to the final payment of the loan, 
which by our assumption is the principal, F. The first term of Equation (14) corresponds to the present value of a 
bond. The put value option follows from [10] [11], and [12]. Lastly, by performing the relevant differentiations, 
Equation (14) and Equation (15) correspond to Equation (7), the stochastic partial differential. 

From propositions 1 and 2, it is observed that the value of the collateral plays an important role in the evalua-
tion of loan contracts. Proposition 2 clearly shows that the value of the loan is a function of the value of the col-
lateral. Section 3.2 examines how the underlying parameters of the model affect the supply of credit. 

3.2. Factors Influencing the Supply of Credit 
In this section, an attempt is made to enhance the understanding of the factors that affect the terms and condi-
tions of credit, and the possible role those factors play in the propagation of the business cycle. 

Proposition 3: The supply of loans will rise with the increase in the value of collateral. 
Proof: 
Differentiating Equation (14) with respect to Q and using Equation (A10) in Appendix A: 

( )( )2e 0L P N d
Q Q

δτ−∂ ∂
= − = − − ≥

∂ ∂
.                             (17) 

Remarks: The result corroborates conventional wisdom, which suggests that the higher the value of the col-
lateral, the greater the size of the loan, given the same level of project risk. Furthermore, if net worth is a proxy 
for collateral, then the result supports the view that firms face a credit squeeze when their net worth falls in 
value. Moreover, the more valuable the collateral, the less chance the borrower will default on the loan, since the 
option value falls with the rise in the value of the collateral. 

Proposition 4: The supply of loans falls as the value of the collateral becomes more volatile. 
Proof: 
Differentiating Equation (14) with respect to the variance of Q, and using Equation (A16) in Appendix A: 

( )( )2e 0
q q

L P Q N dδττ
σ σ

−∂ ∂ ′= − = − ≤
∂ ∂

.                        (18) 
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Remarks: The result demonstrates that lenders are less inclined to give out loans that are secured with very 
volatile collateral. The increase in the volatility of the collateral’s value increases the value of the put option at-
tached to the loan, because a put call has no downside risk, since the value of the put is zero irrespective of how 
far it finishes out of the money. Hence, an increase in the volatility of the collateral increases the chances that 
the put option will expire in the money. The rise in the value of the collateral, following the increase in the vola-
tility of the collateral, also increases the chances of loan default. This explains why certain intermediaries will 
not accept securities as collateral. 

Proposition 5: The supply of loans is an increasing function of the principal, F. 
Proof: 
Differentiating Equation (14) with respect to F and using Equation (A21) in Appendix A: 

( )( )1e 1 0rL N d
F

τ−∂
= − ≥

∂
                                (19) 

since ( )10 1N d≤ ≤ . 
Remarks: Proposition 5 needs no further explanation, because one would intuitively expect the supply of 

loans to rise with the rise in the principal value. 
Proposition 6: A tightening of monetary policy has a negative impact on the supply of loans. 
Proof: 
Differentiating Equation (14) with respect to the interest rate, r, and using Equation (A24): 

( )( )1e 1 0rL F N d
r

ττ −∂
= − − ≤

∂
                              (20) 

since ( )10 1N d≤ ≤ . 
Remarks: The result shows that the raising of interest rates leads to a fall in the supply of loans. The rationale 

behind this result is that the rise in interest rates reduces the present values of the bond component of the loan 
and the exercise price of the put option, combining to depress the loan supply. The results may also explain why 
central banks tend to lower interest rates when the terms and conditions for borrowing are tight, especially dur-
ing a downturn of the business cycle. 

Proposition 7: The rise in the dividend rate on the collateral has an adverse effect on the supply of loans. 
Proof: 
Differentiating Equation (14) with respect to the dividend rate, d, and using Equation (A26): 

( )2 0L QN dτ
δ
∂

= − ≤
∂

                                (21) 

Remarks: An intuitive explanation of this result is that the rise in the dividend rate enhances the value of the 
put option. With the value of the put option rising, the chance of default also goes up, leading the lenders to cut 
back the supply of loans. 

Proposition 8: The term-to-maturity date has an ambiguous effect on the supply of loans. 
Proof: 
Differentiating Equation (14) with respect to the term left to maturity, τ, and using Equation (A33): 

( )( ) ( ) ( )1 2 1e 1 e e
2

qr rL rF N d Q N d F N dτ δτ τσ
δ

τ τ
− − −∂ ′= − − − +

∂
               (22) 

Clearly, the sign for Equation (22) is indeterminate. 
Remarks: This result indicates that lenders are indifferent between offering short- and long-term loan con-

tracts. 
Proposition 9: The maximum size of a loan the lender will advance to the borrower will not exceed the value 

of the collateral. Thus: 

( ), eL Q Q δττ −≤                                  (23) 

Proof: 
Taking the limit of L(.) in Equation (14) as r → ∞ gives the result. Note that if the collateral yields no divi-

dends (or δ = 0), then the maximum amount of loan offered is Q. 
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Remarks: The results state that a rational lender will advance to a borrower an amount not exceeding the 
market value of the collateral. This places a ceiling on the loan supply. For example, a borrower that holds the 
collateral that pays a dividend rate of 20 per cent per year, and needs a loan that matures in 10 years, will receive 
from a rational lender a maximum 14 per cent of the current market value of the collateral, no matter how high 
an interest rate the borrower is prepared to pay. 

4. Loan Guarantee and Risk Premium 
In section 3, an expression is derived for the valuation of a loan contract secured with collateral. The impact of a 
third party that guarantees to pay the lender should the borrower default is also examined. In addition, an ex-
pression is derived for the implied risk premium embedded in the loan contract. 

4.1. The Cost of a Loan Guarantee 
Consider a case in which there is a third party that guarantees to pay the lender should the borrower default.4 
This contract, between the borrower and the guarantor, would require that the borrower surrender the collateral 
to the guarantor in the event of a loan default. Note that the collateral could be the assets of the borrower or the 
value of the project being financed with the loan. 

Before the pricing formula for the cost of the guarantee is derived, the pay-offs under various states of the 
world is analyzed. On the maturity date of the loan, if the value of the collateral, Q, exceeds the promised pay-
ment of the loan, F, then the borrower pays the lender, F, and keeps Q − F. On the other hand, if the value of the 
collateral, Q, is less than the promised payment of the loan, F, the third party pays the lender F and takes a loss 
of F − Q, with the borrower receiving nothing. 

Proposition 10: The cost of the loan guarantee is equivalent to a European put option, the underlying asset of 
which is Q and the exercise price F. 

Proof: 
The contractual arrangement suggests that, at the maturity date, the lender will receive the promised payment, 

F, regardless of the state of the world. Thus, to the lender the loan is riskless. The net receipt for the borrower is 
max (0, Q − F), with or without a guarantee. The net receipt to the guarantor is min (0, Q − F), which is 
non-positive. As a result of the guarantee, the borrower receives an additional cash inflow of –min (0, Q − F), or 
max (0, F − Q). Hence, if G(τ) is the value of the guarantee to the borrower, then 

( ) ( )0 max 0,G F Q= −                                 (24) 

which is equivalent to a put option. Equation (15) gives the exact formula for evaluating the option. 

4.2. Risk Premium 
In this section, an expression is derived for the risk premium embedded in the loan contract. To a lender, a loan 
that is guaranteed by the borrower is riskless. The difference between the yield on a loan that is not guaranteed 
and one that is guaranteed is a measure of the risk premium. 

Proposition 11: The risk premium embedded in a loan contract is a function of the ratio of the cost of the loan 
guarantee and the present value of the promised payment. 

Proof: 
Let y(τ) be the implied yield of the debt, F, when there is no guarantee, implying that the present value of the 

debt is ( )( )expF y tτ− . With the loan guaranteed, the lender is assured F, which is either paid by the borrower 
or the guarantor. The present value of the guaranteed loan is ( )( )expF r tτ− , where r(τ) is the riskless rate of 
return. In the absence of arbitrage opportunities, we should expect: 

( ) e ey rG F Fτ ττ − −+ =                                  (25) 

from which the implied risk premium is derived as: 

( )1 log 1
e r

G
y r

F τ

τ
π

τ −

  
= − = − −     

                            (26) 

 

 

4The discussion in this section is based on [13]. 
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Equation (26) gives an expression for the implied risk premium. 

Factors Influencing the Risk Premium 
In section 3, it was shown that the value of the collateral plays an important part in the determination of a loan 
contract. This section examines factors that influence the risk premium. 

Proposition 12: The risk premium is negatively correlated with the value of the collateral. 
Proof: 
Differentiate Equation (26) with respect to Q: 

( )
( )2

1 e 0
e r N d

Q F G

δτ

τ

π
τ τ

−

−

 ∂
= − ≤  ∂ − 

                           (27) 

since ( )2 0N d ≥  and ( ) e rG F ττ −< . 
Remarks: An explanation for this result is that an appreciation in the value of the collateral leads to a lesser 

chance of the borrower defaulting on the promised payment of the loan. The risk premium falls, reflecting the 
reduced risk of default. 

Proposition 13: The risk premium rises as the value of the collateral becomes more volatile. 
Proof: 
Differentiate Equation (26) with respect to σq: 

( )
( )2

1 e 0
e r

q

Q N d
F G

δτ

τ

π
σ ττ

−

−

 ∂ ′=   


≥
∂ − 

                          (28) 

since ( )2 0N d′ ≥  and ( ) e rG F ττ −< . 
Remarks: An increase in the volatility of the value of the collateral increases the option-value component of 

the loan. Consequently, the risk of default by the borrower rises, resulting in the rise in the risk premium. 
Proposition 14: The impact of monetary policy on the risk premium is indeterminate. 
Proof: 
Differentiate Equation (26) with respect to r: 

( )
( ) ( )1

1 e
e e

r

r r

GF N d
r F G F

τ

τ τ

τπ
ττ

−

− −

  ∂
= −   ∂ −   

                       (29) 

Remarks: The results indicate that the impact of monetary policy on the risk premium is indeterminate. A 
common view held by market analysts is that an expansionary monetary policy will help reduce risky spreads. 
Our result, however, indicates that the impact of monetary policy on the risky spread cannot be ascertained. 

5. Conclusions 
This paper examines the role of collateral in an environment where lenders and borrowers possess identical in-
formation and similar beliefs about its future value. Two views in the literature have been brought together: one 
argues that collateral is needed in loan contracts because of the asymmetric information between the lender and 
borrower, and the second examines the role of collateral in an environment where lenders and borrowers have 
identical information but different beliefs about the future value of the collateral. 

Using option-pricing techniques, the paper shows that a secured loan contract is equivalent to a regular bond 
and an embedded option to the borrower to default. The results show that the lender will not advance to the bor-
rower if a loan exceeds the market value of the collateral. In addition, the paper finds that the supply of loans in-
creases with a rise in the market value of the collateral. Increases in the volatility of the value of the collateral, 
interest rate, and dividend rate of the collateral independently depress the loan supply. The paper also derives the 
cost of a third-party guarantee of a loan and an implied risk premium. 
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Appendix A: Properties of the Put Option 
A1. The Value of the Put Option 
In the main text, an expression is derived for valuing a European put option as: 

( ) ( ) ( )1 2, , e rP Q F F N d QN dττ −= −                               (A1) 

where 

( ) 2

1

1log
2 q

q

F r
Q

d
δ σ τ

σ τ

   + − +   
  =                                (A2) 

2 1 qd d σ τ= −                                       (A3) 

and N(.) is the cumulative normal distribution function. 
The paper now turns to the sensitivity of the value of the put to the parameters. 

A2. The Change of the Price of the Collateral on the Put Option 
Differentiate the put with respect to the collateral price, Q: 

( ) ( ) ( )1 2 2
e ee

r

q q

P F N d N d N d
Q Q

τ δτ
δτ

σ τ σ τ

− −
−∂ ′ ′= − − +

∂
                       (A4) 

but 

( )
21

21 e
2π

x
N x

 − 
 ′ =                                     (A5) 

thus 

( )
( ) 22

12
11 log
22

2
ee e e

2π

F r dd
Q

q

P N d
Q

δτ δ τ
δτ

σ τ

    − + − −−     −     
 ∂  = − + −

∂   
.                    (A6) 

Substitute Equation (A2) and Equation (A3) in the last part of Equation (A6): 

( )
( )22 2

2 2 2
1 1 1
2 2 2

2
ee e e

2π
q q qd d d

q

P N d
Q

δτ σ τ τσ σ τ
δτ

σ τ

     − − + − +     −      ∂
= −

 


∂ 
−


+ 


                 (A7) 

which simplifies into: 

( )
2 2
2 2

1 1
2 2

2
ee e e

2π

d d

q

P N d
Q

δτ
δτ

σ τ

   − − −   −    ∂
= −

 


∂ 
−


+ 


                         (A8) 

or: 

( )
2 2
2 2

1 1
2 2

2
ee e e

2π

d d

q

P N d
Q

δτ
δτ

σ τ

   − − −   −    ∂
= −

 


∂ 
−


+ 


                         (A9) 

Hence: 

( )2e 0P N d
Q

δτ−∂
= − ≤

∂
.                                   (A10) 

A3. The Change of the Variance of the Price of the Collateral on the Put Option Value 
Differentiate the put price with respect to qσ : 
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e er

q

P F A Q Bτ δτ

σ
− −∂

= −
∂

                                   (A11) 

where 

( )
( )

2

12

1log
2 q

q

F r
Q

A N d
δ σ τ

τ
σ τ

     + − +     
     ′= −  

      

 

and 

( )
( )

2

22

1log
2 q

q

F r
Q

B N d
δ σ τ

τ
σ τ

     + − −     
     ′= − −  

      

 

Simplifying, 

( ) ( )1 2
2 1

e e r

q q q

Qd FdP N d N d
δτ τ

σ σ σ

− −∂ ′ ′= −
∂

                          (A12) 

Further, 

( )
( ) ( )2 2

2 1

e e rq

q q q

Q d FdP N d N d
δτ τσ τ

σ σ σ

− −+∂ ′ ′= −
∂

                      (A13) 

or 

( ) ( ) ( )2 2
2 2 1

e e
e

r

q q q

Qd FdP Q N d N d N d
δτ τ

δττ
σ σ σ

− −
−∂ ′ ′ ′= + −

∂
                (A14) 

Furthermore, 

( )
( ) 22

12
11 log
222

2
e

e e e
F r dd
Q

q q

QdP Q N d
δτ δ τ

δττ
σ σ

    − + − −−     −     
 ∂  ′= + −

∂   
.                (A15) 

As previously shown, the term in the square bracket on the right-hand side of Equation (A15) reduces to zero. This implies 
that: 

( )2e 0
q

P Q N dδττ
σ

−∂ ′= ≥
∂

                                (A16) 

A4. The Change of the Principal on the Put Option Value 
Differentiate the put option value with respect to F: 

( ) ( ) ( )1 1 2
e ee

r
r

q q

P QN d N d N d
F F

τ δτ
τ

σ τ σ τ

− −
−∂ ′ ′= + −

∂
                      (A17) 

 

which could be expressed as: 
 

( ) ( )
( )

( )1 1 2
e ee

rr
r

q q

P QN d N d N d
F F

δ ττ
τ

σ τ σ τ
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Manipulating further: 

( )
( )222

1 11
1 11
2 22

1
ee e e

2π

q q qd dd
r

q

P N d
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δτ σ τ τσ σ τ
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= + −

∂

 
 
  

                (A19) 

which reduces to: 
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1 1
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1
ee e e

2π

d d
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P N d
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δτ
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σ τ
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                       (A20) 

Hence, 

( )1e 0rP N d
F

τ−∂
= ≥

∂
.                                    (A21) 

A5. The Change of the Interest Rate on the Put Option Value 
Differentiate with respect to r: 

( ) ( ) ( )1 1 2
e ee

r
r

q q

P F QFN d N d N d
r

τ δτ
ττ

σ τ σ τ

− −
−∂ ′ ′= − + +

∂
                    (A22) 

Simplifying, 

( ) ( )
( )

( )1 1 2
e ee

rr
r

q q

P F QFN d N d N d
r F

δ ττ
ττ

σ τ σ τ

− −−
−∂ ′ ′= − − +

∂
                   (A23) 

From the previous section, the second term on the right-hand side is zero. Hence, 

( )1e 0rP FN d
r

ττ −∂
= − ≤

∂
.                                 (A24) 

A6. The Change of the Dividend Rate on the Put Option Value 
Differentiate with respect to δ: 

( ) ( ) ( )1 2 2
e ee

r

q q

P F QN d Q N d N d
τ δτ

δττ ττ
δ σ τ σ τ

− −
−∂ ′ ′= + −

∂
                    (A25) 

Following the previous sections, it can easily be shown that: 

( )2e 0P Q N dδττ
δ

−∂
= ≥

∂
.                                 (A26) 

A7. The Change of the Term to Maturity on the Put Option Value 
Differentiate with respect to τ: 

( ) ( ) ( ) ( )1 1 2 2e e e er rP rF N d CF N d Q N d DQ N dτ τ δτ δτ

τ
− − − −∂ ′ ′= − + + −

∂
               (A27) 

where 

( ) 2

1

1
2

2

q

q

r
dC

δ σ

τσ τ

 − + 
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and 
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( ) ( )2

1

1
2

2

q q

q

r d
D

δ σ σ τ

τσ τ

 − −  − = −                              (A29) 

Substituting C and D and manipulating further: 

( ) ( ) ( )1 2 1e e e
2

qr rP rF N d Q N d F N d E Gτ δτ τσ
τ τ

− − −∂ ′= − + + + −
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                  (A30) 

where 

( ) ( ) ( ) ( )1 2e r

q

r QE N d N d
F

δ τδ

σ τ
− −−  ′ ′= −  

                           (A31) 

and 

( ) ( ) ( )1
1 2e e

2
rrd QG F N d N d

F
δ ττ

τ
− −−  ′ ′= −  

                          (A32) 

With the terms in the square brackets in A(31) and A(32) equal to zero, 

( ) ( ) ( )1 2 1e e e
2

qr rP rF N d Q N d F N dτ δτ τσ
τ τ

− − −∂ ′= − + +
∂

.                    (A33) 

Clearly, the sign of Equation (A33) is indeterminate. 
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