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ABSTRACT
This paper analyzes the effect of changes in intangible assets on the relationship between the market value of a firm and
its book value from a conservative accounting perspective. We find the value of intangible assets to have a positive association with the book value of operating assets and cash dividends. Firms with higher values related to intangible assets generally have more book value related to operation assets and cash dividends. Our evidence indicates that intangible assets are value relevant, i.e., they are associated with the market value of a firm.
Keywords: Value Relevance; Intangible Assets; Optimal Control

1. Introduction
Previous research on the value relevance of intangible
assets has provided evidence that omission of intangibles
from a balance sheet is a serious deficiency, particularly
because value for modern businesses is seen to come
more from an intangible asset base than from physical
assets (e.g., Abody and Lev [1]; Wyatt [2]; Penman [3]).
Proponents of the capitalization of intangibles argue that
earnings that reflect the effects of this capitalization are
significantly more highly associated with stock prices
and returns. On the other hand, a high level of uncertainty associated with future benefits might lead to
managerial errors with regard to the amount of capitalization, and intangibles are difficult to verify independently of the value of firms (Jone [4]; Ciftci [5]). There is
therefore potentially a significantly higher incidence of
earnings management and financial misstatement. Hence,
the impact of the capitalization of intangibles on the
valuation of firms and quality of accounting is unclear.
Our objective in this study is to provide direct evidence
intended to aid in resolving this problem by analyzing
how the value of intangibles affects the relationship between the market value of a firm and its book value.
Feltham and Ohlson [6] used a given relation between
operating and financial assets for evaluating firm value
(hereafter the FO model) in which the relative weights
between a firm’s operating and financial assets on equity
will affect future distributions of earnings, and thus affect
the valuation of a firm. A change in intangible assets not
only affects the relative weights between operating and
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financial assets, but also affects the quality of accounting
information and the value of a firm. However, this given
relation is time dependent and will change as time passes.
Empirical evidence has also indicated that the valuation
function is not linear (e.g. Burgstahler and Dichev [7];
Collins et al. [8]). Therefore, we develop a dynamic
model on optimizing behavior to overcome the limitations of the FO model by emphasizing the role of intangible assets. Our model explains how a firm’s ownermanager incorporates intangible assets into the valuation
of a firm, and aids in determining whether the optimal
relation between operating assets and financial assets is
affected by intangible assets. The results of our analyses
reveal that, under long-term stable equilibrium, the operating and financial activities of the firm will adjust in
relation to optimization, and the marginal utility of cash
dividends as well as operating and financial assets will
gradually be congruent. Consistent with theory, we find
that intangible assets influence the weight of operating
assets on book value of equity. The more intangible assets a firm has, the more operating assets it will have, and
the higher value of the firm will be.
This study contributes to the literature in two regards.
First, by developing a formal valuation model to overcome the limitations of prior literature, we are able to
examine the valuation function and its cross-sectional
dynamics more broadly, and to propose the theoretical
support for the empirical findings in related studies.
Second, focusing on exploring the impact of intangible
assets on market value of firms and quality of accounting
information, this paper can provide theoretical support to
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accounting reform in regard to value relevance for standard setters.
The rest of the paper proceeds as follows: In Section 2,
we lay out the basic assumptions and settings of our
model. Section 3 describes the dynamic process of our
model. In Section 4, we analyze the impact of intangible
assets. Concluding comments are stated in Section 5.

2. Theoretical Model
In this section, we set up an intertemporal dividends
valuation model for a firm subject to constraints of operating assets, financial assets and intangible assets. We
solve the optimal control problems of this model to determine the firm value.
Stock price is determined as the present value of a
stream of future cash flows. A firm provides its shareholders future cash flows made of a stream of dividends
until the firm is liquidated or sold. Therefore, the value
of a stock can be determined as the present value of an
infinite stream of dividends. Follow Abel [9], Abel and
Blanchard [10], and Sen and Turnovsky [11], we assume
that a principle, who is the firm’s owner and also a manager, has the ability of forecasting his/her firm’s future
cash flows. Under the going-concern assumption, the
owner-manager of the firm will receive cash dividends
and cause an increase in utility in each period. Therefore,
the problem is to choose a sequence of dividends that
will maximize the present value of the utility. The
owner-manager’s decision can be determined by solving
the following intertemporal optimization problem:


MaxU 0   U  D  e t dt
0

(1)

where  is time preference rate of the owner-manager
of the firm, assumed to be constant. U  D  is the utility
function of cash dividend D for the owner-manager of
the firm.
Feltham and Ohlson (1995) built a model that connects
a firm’s market value and the accounting data related to
operational and financial activities. A firm’s book value
of equity is considered to be equal to the sum of book
value of operating assets (oa) and financial assets (fa)1.
In the FO model, financial assets can only have normal
returns. Abnormal earnings are generated only from the
operating assets of a firm. Since conservative accounting
induces bias, it will reduce the book value of operating
assets. Under unbiased accounting, the book value of a
firm is equal to its market value. Conservative accounting systematically understates the value of operating assets so that book value of the firm is lower than its market value. Consistent with Feltham and Ohlson (1995),
we assume that the accounting measurements satisfy the
clean surplus relation. The change of operating assets
1

Financing assets equal marketable securities minus debt.
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 oa  is equal to earnings from operating activity (Ω)
less cash flows transferred to the financial assets (C). i.e.,
  oa,    C , where  is the exogenous variable representing the market value of intangible assets and where
d d  0 , indicating that increases in the market value
of intangible assets will cause an increase in operating
income.   oa,   represents the firm’s operating income, which is assumed to be a continuation function so
that d doa  0 , reflecting that increases in operating
assets will make operating income increase, and
d 2  doa 2  0 , reflecting that the speed of operating
income increase will be slowed down as operating assets
increase. Since the cumulative process of operating assets requires some costs (C) for adjustment2, the change
of operating assets  oa  can be expressed as:
oa  f    oa,    C   I

(2)

Assuming G function is an inverse function of f ,
Equation (2) can be rewritten as:
G  oa     oa,    C  G  I 

(3)

The function G  oa   G  I  represents the additional installation costs associated with I units of purchase for new operating assets. Assume G(I) is an increasing and convex function such that G  I   0 ,
G  I   0 . In addition, we assume that at the initial
point, G  0   0 , and G  0   1 . i.e.; the total cost of no
investment in operating assets is zero, and the marginal
cost of the initial installation is unity3.
According to the assumptions of financial assets relation (FAR, see Feltham and Ohlson, 1995), financial activities can only have normal returns and thus the book
value of financial assets will equal to its market value.
FAR states that (operating) cash flows increase financial
assets, whereas dividends reduce financial assets4.
Therefore, the change in financial assets  fa  can be
written as
fa    oa,    D  G  I   rfa

(4)

Without considering the measurement bias under conservative accounting, the market value of the firm will be
equal to its book value (bv), which is the sum of the operating and financial assets. According to the FO valuation model, the value of intangible assets, i.e. goodwill,
2

Since a firm cannot change its level of production without incurring
some costs of adjustment, the firm decides whether an increase in production today is desirable based not only on how costs rise because of a
higher level of output but also on how adjustment costs are affected.
Lucas (1967) suggested that this cost behavior can be thought of as a
sum of purchase costs and installation costs that are internal to a firm.
He showed how a firm uses capital investment to expand over time and
how the rate of capital investment depends on adjustment costs.
3
This formulation of the installation function follows the original specification of adjustment costs introduced by Lucas (1967), Gould (1968),
Treadway (1969) and Sen and Turnovsky (1989).
4
The ending financial assets is: fat  fat 1  it   dt  ct  .
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depends on the accounting principles employed. Under
conservative accounting, the market value of a firm is
equal to its book value plus the value of intangible assets.
Therefore, the value of intangible assets   will be
equal to the difference between the market value of the
firm and its book value. Assume that the beginning financial assets is fa  0  , and the beginning operating
assets is oa  0  . The problem of the firm’s ownermanager is to choose a sequence of dividends that maximizes the present value of utility by using the maximum
principle of Pontryagin. That is,


MaxU 0   U  D  e t dt
0

Subject to

fa    oa,    D  G  I   rfa
oa  I

(5)

  D r   fa  oa 
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and I q  0 . That is, because the marginal utility of operating activities is higher than that of financial activities,
the firm will put more capital into the operating assets.

3. Equilibrium Dynamics
Carrying out the procedure outlined above, this framework can be used for locating the dynamic path of q, oa
and fa. Letting q , oa, fa be the equilibrium points of
 q, oa, fa  , the linearized differential equations around
the steady state are written as Equation (9), where all
derivatives in the matrix are evaluated at the steady state,
and where q  q , oa  oa , and fa  fa are deviations
of q, oa, and fa from their respective steady state values.
We can therefore obtain:



  
 2
 2 

DetA  I q  r 
q
1






  
oa oa 2 

 2
 2 
 

 Iq 
 r   q  1 2 

oa 

 oa


The Hamiltonian function (Kamien and Schwartz,
1991) for this problem is:
H  U  D   1    oa,    D  G  I   rfa 
 2  I   3  D r  fa  oa   

(6)

where 1 , 2 and 3 , the costate variables associated
with Equation (5), are the shadow prices of financial assets, operating assets and intangible assets, respectively.
That is, as one-unit increases in financial assets, operating assets, or intangible assets, the units increase in
regard to the utility of the owner-manager of the firm.
The first step in the solution process is to take the partial
derivatives of the Hamiltonian function with respect to
each dividend (D), investment (I) and the intangible asset
  variables and set each of these partial derivatives as
equal to zero. The optimal conditions of this model can
be rewritten as follows:
U   D   1  1 r      1
G  I   q

(7)
(8)
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(10)

The dynamic characteristics of the system depend on
the sign of (q – 1). There are three cases concerning the
sign of (q – 1): (q – 1) > 0, (q – 1) = 0 and (q – 1) < 0,
which are discussed as follows:
CASE 1: (q – 1) = 0
If (q – 1) = 0, three roots (v1, v2 and v3) may be (1)
three negative roots (Case 1.1), or (2) two negative roots
and one positive root (Case 1.2), or (3) two complex
roots and one positive root (Case 1.3).
Case 1.1 A situation of (three positive roots) is impossible since traceA  v1  v2  v3  0 , and this equation
would therefore be violated.
Case 1.2 (two negative roots and one positive root)
infers that q , oa, fa is a saddle point equilibrium with
a unique path to the steady state. Letting v1, v2 and v3 be
roots of this equation, and v1, v2 < 0 < v3, v1  v2  v3  0 ,
we can show that the optimal path to a steady state is as
follows:

Equations (7) and (8) define the short-term equilibrium
of the system. Equation (7) equates the marginal rate of
substitution of dividends to the shadow price of financial
activities, and Equation (8) equates the marginal cost of
operating activities to the marginal price of operating
activities. From Equation (8), we can infer that I  I  q  ,
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(11)

(12)

 q  1

(9)
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and the time trajectory for oa  t  , q  t  and fa  t 
are shown in Figure 1. There exists a negative relationship between q  t  and oa  t  since I q  0 , v1  0 .
That is, as oa  t  increases, q  t  will decrease. As
q  t  increases, oa  t  will decrease. There is an opposite relationship between q  t  and oa  t  , in which an
increase in operating assets reduces the demand for financial assets. This means that a firm’s operating assets
and financial assets are mutually substitutive. When a
firm invests more on financial assets, it must cut investment in operating assets, and vice versa.
Case 1.3 (two complex roots and one positive root)
Letting v3 > 0, v1 , v2  a  bi , a, b   , and 2a + v3 < 0,
we can infer that Re  v1   0, Re  v2   0 , and that
q , oa, fa is a saddle equilibrium point. From Case 1.3,
we get the solutions in Case 1.3 for oa  t  , q  t  and
fa  t  , which are similar to Case 1.2.
CASE 2: (q – 1) < 0
If (q – 1) < 0, we have the same results as Case 1.
CASE 3: (q – 1) > 0
 2
 2 
 

 r   2  q 
  q  2 2   0 ,
Since I q 
oa
 
 






there are two possibilities for Det A. If Det A > 0, we can
get the same results as Case 1. If Det A < 0, we have
three roots that may be (1) three negative roots (Case 3.1),
or (2) two positive roots and one negative root (Case 3.2),
or (3) one negative root and two complex roots (Case
3.3).
q t 

oa  t 

oa

q

oa  0 

t

t

fa  t 

(13)

Case 3.1 (three negative roots) infers v1 , v 2 , v 3  0 .
This implies q , oa, fa is an attractor equilibrium
point. Similar to Case 1.2, we can get the phase diagram
for oa(t), q(t) and fa(t), as shown in Figure 2.
Case 3.2 (two positive roots, one negative root) infers
that v1  0  v 2 , v3 and v1  v 2  v3 . Solutions for Case
3.2 are similar to those of Case 1.2, and q , oa, fa is a
saddle equilibrium point. The phase diagrams for oa(t),
q(t) and fa(t) are displayed in Figure 3.
Case 3.3 (one negative root, two complex roots) infers
that v1  0 , v2 , v3  a  bi and that 2a  v1  0 . This
implies that q , oa, fa is a saddle equilibrium point
whenever a > 0, or that q , oa, fa is a attractor equilibrium point whenever a < 0. Similar to Case 1.2, Figures 4 and 5 show the phase diagrams for oa  t  , q  t 
and fa  t  in Case 3.3.















4. The Impact of Change on Intangible
Assets
This section focuses on analyzing the impact of change
in intangible assets on operating assets and the steadystate equilibrium of the system. From the foregoing necessary condition (5), we can get
 

 G  I  v1
oa 
1  0

v1  r 


Figure 1. The time trajectory of oa  t  , the time trajectory
of q  t  and the time trajectory of fa  t  .
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(14)

The relationship between oa  t  and   t  can be
observed in Figure 6. It is a positive relation. That is, as
operating assets  oa  t   increase, intangible assets
  t   will increase as well. The condition for equilibrium in the system is that fa  oa  q  0 . Then the
necessary conditions to satisfy the optimality are:


1 
 1
U   D   1 
 r  oa oa 
  


(15)

q 1

(16)

r


oa oa oa

(17)

 

  oa ,    D  rfa  0
fa



(18)

 

 G  I  v1

fa  0   fa  oa 
oa  0   oa  (19)

v1  r 


This yields the following implement ability condition:
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the higher the firm’s market value will be. The book
value of intangible assets understates its market value
due to accounting conservatism. This gap between book
value and market value of intangible assets will deteriorate the quality of accounting information.
Figure 2. The phase diagram for oa  t  , fa  t  and q  t 
in Case 3.1.

Figure 3. The phase diagram for oa  t  , fa  t  and q  t 
in Case 3.2.

Figure 4. The phase diagram for oa  t  , fa  t  and q  t 
whenever a > 0.

Figure 5. The phase diagram for oa  t  , fa  t  and q  t 
whenever a < 0.
oa  t 

oa



 t 

5. Conclusion
This study develops an optimizing model to analyze the
effect of change on intangible assets in the intertemporal
optimizing relation between operating assets and financial assets, and the effect of change on intangible assets
on firm value. Our results show that, in the case of shortterm equilibrium, if the marginal utility of operating activities of a firm is larger than that of financial activities,
then the firm will retain earnings instead of distributing
cash dividends and will also invest more capital in operating assets. In long-term equilibrium, a firm’s operating
and financial activities are adjusted to optimal scales, and
the marginal earnings will be equal to the rate of time
return at long-term equilibrium. Our results suggest that
the relation between intangible assets and operating assets is positive. As a firm’s intangible assets increase, the
relative return rate for operating assets to that for financial assets will also be enhanced. Therefore, a firm will
increase its investment in operating assets. In addition, as
a firm’s intangible assets and operating assets increase, it
will distribute cash dividends in the future and thus raise
firm value. This implies that the more intangible assets a
firm has, the higher the firm value will be. However, the
book value of intangible asset understates its real value
due to accounting conservatism and thus deteriorates the
value-relevance of accounting information. This result
provides analytical support for prior empirical research
(e.g. Collins, et al. 1997; Lev and Zarowin [12]; Wyatt,
2005). These findings can also help investors to evaluate
firm value based on an accounting-based valuation model
under changing economic conditions.
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