Journal of High Energy Physics, Gravitation and Cosmology, 2019, 5, 1051-1056

https://www.scirp.org/journal/jhepgc
ISSN Online: 2380-4335
ISSN Print: 2380-4327

On the Jebsen-Birkhoff Theorem in a Born-Infeld
Type Theory of Gravity
Tiago de Oliveira Rosa1 , Maria Emilia Xavier Guimarães2 , Rocco Pascale Neto2 ,
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Abstract
In this paper we work with a special theory of gravity—the NovelloDi Lorenci-Luciane (hereby called NDL theory) which extends the
Feynman-Deser standard theoretical-field approach to General Relativity. In the so-called NDL theory, matter interacts universally
with gravity in accordance with the Weak Equivalence Principle,
while gravitons have a nonlinear self-interaction. Our main aim in
this work is to show that, though the NDL theory does not admit
a Schwarzschild solution, the Jebsen-Birkhoff theorem is still valid
in this framework.
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1. Introduction

Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur Although there exist many effective theories of gravity which come
dictum gravida mauris. Nam arcu libero,
from the unification process [1, 2], each of them must, of course, satnonummy eget, consectetuer id, vulputate a,
magna. Donec vehicula augue eu neque. Pel- isfy some predictions. Actually, with the advent of the recent LIGO
lentesque habitant morbi tristique senectus et detections could be, in principle, an important and useful tool to test
netus et malesuada fames ac turpis egestas. the alternative theories of gravity as it has been pointed out by Corda
Mauris ut leo. Cras viverra metus rhoncus
in Ref. [3]. Here, in this paper, we will deal with one of the extended
sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor gravity theory, the so-called NDL theory [4, 5] which is based on a
gravida placerat. Integer sapien est, iaculis in, Born-Infeld theory [6].
pretium quis, viverra ac, nunc. Praesent eget
Inspired by the great issue of the Born-Infeld program [6] concernsem vel leo ultrices bibendum. Aenean fauing
avoiding singularities, some generalizations of gravitational Borncibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla. Curabitur auctor sem- Infeld type lagrangians have been made [7]. In particular, it has been
per nulla. Donec varius orci eget risus. Duis shown that singularities like the Schwarszchild solution have been snibh mi, congue eu, accumsan eleifend, sagit- mooth by the Born-Infeld parameter [4].
tis quis, diam. Duis eget orci sit amet orci
Here, in this paper, we will deal with one of them. The so-called
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, NDL theory [4]. One important assumption in General Relativity is
sollicitudin vel, wisi. Morbi auctor lorem non
justo. Nam lacus libero, pretium at, lobortis
vitae,
ultricies et, tellus. Donec Sep.
aliquet,
DOI:
10.4236/jhepgc.2019.54057
18, tor2019
1051 Journal of High Energy Physics, Gravitation and Cosmology
tor sed accumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi. Morbi
ac orci et nisl hendrerit mollis. Suspendisse
ut massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et magnis

T. de Oliveira Rosa et al.

that all fields interact in an universal way with gravity. This is the
so called Strong Equivalence Principle (SEP). It is well known, with
good accuracy, that this is true when it concerns to matter-gravity
interaction, i.e., the Weak Equivalence Principle (WEP). But, until
now, there is no direct observational confirmation of this assumption
to what concerns the gravity-gravity interaction.
In [4], the authors propose an extension of the field-theoretical approach of General Relativity built by [8, 9]. In their seminal paper [4]
the authors reanalyze the Feynman-Deser field-theoretical description
and show that its compatibility to General Relativity is not unique.
Indeed, as it is shown in [4], one can build a theory in which matter
couples universally to gravity in accordance with the Weak Equivalence Principle (WEP), therefore being very similar to General Relativity in which concerns the matter-to-gravity interaction. However,
in what concerns the gravity-to-gravity interaction, these theories are
in disagreement. Due to the fact that gravity waves are subject to
a geometry which is not the same as that of the matter fields, gravitons propagate with different velocity of the photons. Because of the
violation of the Strong Equivalence Principle (SEP) and the gravitongraviton self-interaction the NDL theory predicts a massive graviton
which propagates with lower velocity than the light.
In a previous work, the authors have shown [10–12] that this theory
does not admit a Schwarszchild solution. Later, we also have shown
that there is no cosmic string solution in this theory, since the solution
is not regular at infinity [13]. In this paper, our main purpose is to
proof that the Jebsen-Birkhoff theorem is still valid in the NDL theory.
To do that, this manuscript is organized as follows. In the Section 2
we give a brief presentation of the NDL theory based on the original
paper [4]. In the Section 3, we write down the detailed calculations to
prove the Jebsen-Birkhoff theorem in this framework.
In this paper, our main purpose is to proof that the Jebsen-Birkhoff
theorem is still valid in the NDL theory. To do that, this manuscript
is organized as follows. In the Section 2 we give a brief presentation
of the NDL theory based on the original paper [4]. In the Section 3,
we write down the detailed calculations to prove the Jebsen-Birkhoff
theorem in this framework and summarizes our main results.

2. The Born-Infeld Theory: A Special Case
In this section we summarize the NDL theory following [4, 5]. The
more detailed presentation is presented in the ref. [4]. To start with,
the main lines of the NDL theory are:
• The gravitational interaction is represented by a symmetric tensor ϕµν that obeys a nonlinear equation of motion.
• The matter (but not gravity) couples to gravity through the
metric gµν = γµν +ϕµν , where γµν is the flat background metric.
• The self interaction of the gravitational field breaks the universal
modification of the space time geometry, i.e., the gravity couples
to gravity in a special way distinct from all different forms of
energy.
We begin defining the tensor Fαβµ , which is anti-symmetric in the
two first indices, called the gravitational field:

1
ϕµ[α;β] + F[α γβ]µ ,
(1)
Fαβµ :=
2
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where [x, y] = xy − yx and the covariant derivative is constructed
with the background metric. Indices are raised and lowered with that
metric also, and
Fα = Fαµν γ µν = ϕ,α − ϕαµ;ν γ µν

(2)

In order to have a nonlinear theory of the gravitational field Fαβµ
with the correct weak field limit, we assume that the interaction of
gravity with itself is described by a functional of A and B which are
invariants built from the gravitational field Fαβµ :
A = Fαβµ F αβµ and B = Fα F α .
In our case we will use the Born-Infeld Lagrangian:
r
b2
A−B
− 1,
L=
1−
k
b2
where k is the Einstein’s constant. Thus, the gravitational action will
be:
Z
√
S = d4 x γL,
(3)
where γ is the determinant of the Minkowski metric in an arbitrary
coordinate system. Taking the variation of the action (3) with respect
to the potential ϕµν , we obtain the following equations of motion:


LU F λ(µν)


;λ

1
= − T µν
2

where (x, y) = xy + yx, U = A − B and LU =

δL
δU .

3. The Non-Static Spherically Symmetric
Metric in the NDL Theory: The
Vacuum Solution
We consider here the vacuum exterior region of some spherically symmetric configuration in the NDL theory. In this case our energy momentum tensor will be identically zero in the region outside the matter
(a star, for instance). Thus, we begin with the following ansätze:
• The background metric, i.e. γµν , will be the Minkowski metric
in spherical coordinates:
ds2 = dt2 − dr2 − r2 (dθ2 + sin2 dφ2 ).

(4)

• The potential ϕµν will be :
ϕ00 = µ(r, t) and ϕ11 = −ν(r, t).

(5)

In a way that our spherically symmetric metric in the NDL theory
is:
ds2 = (1 + µ(r, t))dt2 − (1 + ν(r, t))dr2 − r2 (dθ2 + sin2 dφ2 ) .

(6)

In order to obtain the equations of motion, first we need to compute
some elements. The trace and the covariant derivatives of the potential
DOI: 10.4236/jhepgc.2019.54057
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are, respectively:
ϕ = ϕ00 γ 00 + ϕ11 γ 11 = µ(r, t) + ν(r, t),
ϕ00;0

= µ̇,

ϕ11;1

= −ν ,
ν
= − ,
r
ν
= − ,
r

0

ϕ11;2
ϕ11;3

where (.) means derivative with respect to t and (0 ) means derivative
with respect to r. The other components are identically zero. Now,
let us compute the non-vanishing components of Fα . Remind that:
Fα = ϕ,α − ϕαβ;σ γ βσ ,

(7)

we have:
F0

= ν̇

F1

= µ −2

0

ν
r

(8)

With these, we can start calculating the field Fαβλ .
vanishing components are:

The non-

1
= − ν̇r2
2
= F022 sin2 θ
ν
= −
r
0
1
(νr − µ r2 )
=
2
= F122 sin2 θ.

F022
F033
F100
F122
F133

To write explicitly the Lagrangian we must find the invariants A
and B for our particular metric:
0

A
B
U

0
ν2
νµ
− (µ )2 + 2
+ (ν̇)2
2
r
r
0
ν
= (ν̇)2 − (µ − 2 )2
r
0
2
ν
νµ
= A−B = 2 −2
r
r

= −3

The Lagrangian is given by the expression:
b2
L=
k

r
1−

A−B
− 1,
b2

and deriving it with respect to A, we have:
LA = −

A − B −1/2
1
(1 −
)
.
2k
b2

(9)

Therefore, the equations of motion are:
λ
{LA F(µν)
};λ = 0.
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Computing the non-vanishing components of the covariant derivatives of the gravitational tensor F λµν , we get the following equations:
0

µ r−ν
3

2 2

2

0

2ν + b r ν + b ν r
2

3

=

0

(11)

=

0

(12)

2 2

=

0

(13)

ν̈b2 r2 + ν̈ν 2 − ν ν̇

=

0

(14)

ν −b r

Replacing (13) into (14), we get:
ν ν̇ = 0,

(15)

which means that ν is a function of r only. Let us now derive (11)
with respect to t. We have,
∂2µ
= 0,
∂r∂t

(16)

whose integral is µ(r, t) = h(r) + f (t). Now, let us integrate Equation
(12). Equation (12) is a Bernoulli equation. It solution is well-known
and can be written as:
ν(r) =

r0
|C|
[1 − ( )4 ]−1/2 ,
r
r

(17)

where r02 = C/b2 , C as a constant of integration. This solution is
defined only if r > r0 . Now, integrating (11), we have:
Z
ν
µ(r, t) =
dr + f (t),
(18)
r
which implies in
Z

r

µ(r, t) = |C|
r0

dr
p
+ f (t),
4
r − r04

(19)

whose solution is given in terms of elliptic functions of first kind:
√
|C|
µ(r, t) = √
F [arccos(r0 /r), 1/ 2] + f (t).
2r0

(20)

The question now is to determine the function f (t). We remind,
however, that for large r, this geometry must tend to Minkowski space.
Therefore, f (t) must be set as zero in order to satisfy this condition.
In this case, we conclude that µ is also a function of r only:
√
√
|C|
µ(r) = √
F [arccos(r0 /r), 1/ 2] − F [π/2, 1/ 2].
2r0

(21)

Our main conclusion is that the Jebsen-Birkhoff theorem in his version 2 [14] is still valid in the NDL theory of gravity, although this theory does not admit a Schwarszchild solution as showed in refs. [10–12].
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Quantum Gravity, 21, 5297.
https://doi.org/10.1088/0264-9381/21/8/001
[11] Feigenbaum, J.A., Freund, P.G.O. and Pigli, M. (2004) Gravitational Analogues of Nonlinear Born Electrodynamics. Physical
Review D, 57, 4738. https://doi.org/10.1103/PhysRevD.57.4738
[12] Novello, M., Bergliaffa, S.E.P. and Hibberd, K.E. (2004) Analysis
of the Static and Spherically-Symmetric Solution in NDL Theory
of Gravitation. International Journal of Modern Physics D, 13,
527-537. https://doi.org/10.1142/S0218271804004608
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