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Abstract 
A black hole is treated as a self-contained, steady state, spherically symmetric, 
4-dimensional spatial ball filled with blackbody radiation, which is embedded 
in 3-D space. To model the interior distribution of radiation, we invoke two 
stellar-like equations, generalized to 4-D space, and a probability distribution 
function (pdf) for the actual radiative mass distribution within its interior. 
For our purposes, we choose a truncated Gaussian distribution, although other 

pdf’s with support, [ ]0,r R∈ , are possible. The variable, ( )4r r= , refers to 

the 4-D radius within the black hole. To fix the coefficients, ( ),µ σ , asso-

ciated with this distribution, we choose the mode to equal zero, which will 
give maximum energy density at the center of the black hole. This fixes the 
parameter, 0µ = . Our black hole does not have a singularity at the center, 
and, moreover, it is well-behaved within its volume. The rip or tear in the 
space-time continuum occurs at the event horizon, as shown in a previous 
work, because it is there that we transition from 3-D space to 4-D space. For 
the shape parameter, σ , we make use of the temperature just inside the 
event horizon, which is determined by the mass, or radius, of the black hole. 
The amount of radiative heat inflow depends on mass, or radius, and temper-
ature, 2 2.725 KT ≥ , where, 2T , is the temperature just outside the event ho-
rizon. Among the interesting consequences of this model is that the entropy, 

( )4S , can be calculated as an extrinsic, versus intrinsic, variable, albeit in 4-D 

space. It is found that ( )4S  is much less than the comparable Bekenstein re-

sult. It also scales not as, 2R , where R is the radius of the black hole. Rather, 
it is given by an expression involving the lower incomplete gamma function, 
( ),s xγ , and interestingly, scales with a more complicated function of radius. 

Thus, within our framework, the black hole is a highly-ordered state, in sharp 
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contrast to current consensus. Moreover, the model-dependent gravitational 

“constant” in 4-D space, ( )4
rG , can be determined, and this will depend on 

radius. For the specific pdf chosen, ( ) ( )4 2 4 20.1r rG M c r σ= , where rM  is 

the enclosed radiative mass of the black hole, up to, and including, radius r. 

At the event horizon, where, r R= , this reduces to ( )4 3 20.2RG GR σ= , due 
to the Schwarzschild relation between mass and radius. The quantity, G, is 
Newton’s constant. There is a sharp discontinuity in gravitational strength at 
the 3-D/4-D interface, identified as the event horizon, which we show. The 
3-D and 4-D gravitational potentials, however, can be made to match at the 
interface. This lines up with previous work done by the author where a dis-
continuity between 3-D and 4-D quantities is required in order to properly 
define a positive-definite radiative surface tension at the event horizon. We 
generalize Gauss’ law in 4-D space as this will enable us to find the strength of 
gravity at any radius within the spherically symmetric, 4-D black hole. For the 

pdf chosen, ( ) ( )4 4 3 2 20.1r r rg G M r c r σ= = , a remarkably simple and elegant 
result. Finally, we show that the work required to assemble the black hole 
against radiative pressure, which pushes out, is equal to, 20.1 RM c . This fac-
tor of 0.1 is specific to 4-D space. 
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1. Introduction 

This is the second paper in two-part series on black holes, where we model a 
black hole as a self-contained, 4-D spatial sphere, filled with black body radiation. 
We focus on photonic radiation only, obeying Bose-Einstein statistics in this 
paper, and leave open the possibility that other forms of radiation can co-exist 
within the black hole, some obeying Fermi-Dirac statistics. Those other radia-
tions will depend on temperature, and the effective number of relativistic de-
grees of freedom at that temperature, ( )*g T . See references [1] [2] [3] [4]. The 
black hole, being defined as a steady state ball of radiation in 4-D space, is em-
bedded in 3-D space, much like a gas bubble within a liquid, or, a liquid droplet 
within a gas. However, the droplet is 4-dimensional, and, as we shall see, not of 
uniform density. There are three central issues regarding black holes for which 
we seek an answer. First, what is the nature of the event horizon? Second, what 
does the internal structure of a black hole look like? And third, can we calculate 
key thermodynamic variables within the black hole itself? As examples of ther-
modynamic quantities, what are the radiative pressure, the internal energy den-
sity, the total (radiative mass) energy density, the entropy density, and the gravi-
tational strength within the black hole as functions of, r, the 4-D radius? In the 
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first paper [5], we focused on giving an answer to the first question. In this paper, 
we will address questions two, and three. 

In a previous work [5], we presented a model to answer question one. We ar-
gued that the event horizon can be thought of as a membrane, where we have a 
discontinuity in space, which separates the 4-D black hole from the surrounding 
3-D space. Access from one space to the other is through the event horizon, 
which acts as flexible membrane, and which allows for zero or net radiative heat 
inflow, but no net outflow. The event horizon was assumed to be infinitely thin. 
The temperature, 1T , just inside the event horizon in 4-D space is given strictly 
in terms of the black hole mass, or radius. If the temperature just outside, 2T , 
equals 2.725 K, then we will assume that there is no inflow. For higher tempera-
tures, where, 2 2.725 KT > , we will assume net inflow. The amount of radiative 
heat inflow, d dQ t , depends on the temperature 2T , as well as on the size, or 
mass, of the black hole. It can be determined using a generalized version of the 
Stefan-Boltzmann equation, derived in reference [5], to take into account radia-
tive transfers between adjoining spatial dimensions. With or without net inflow 
of radiative heat energy, we saw that the temperature drops precipitously upon 
entering the black hole. This is due to the change in the dimensionality of space. 
Upon entering the black hole, the surface area increases dramatically, and con-
sequently, the temperature decreases abruptly. We will show, however, in this 
paper, that as one reduces the 4-D radius within the black hole, the temperature 
will increase, layer by layer, until it reaches a maximum value at the center. At 
the center of the black hole, we will have a maximum temperature, and a maxi-
mum radiative energy density, for a finite volume. 

The temperature just outside the event horizon must be at least 2.725 K to ac-
count for the CMB photons lying just outside, and it will be higher if there is ra-
diative heat inflow. Other forms of matter/radiation, undoubtedly, will also have 
to be taken into account, such as dark matter and dark energy, but 2.725 K pho-
tons are the minimum blackbody contribution. We will ignore neutrino black-
body radiation, as this can be considered later, as an add-on. To define a specific 
inside surface temperature, 1T , we hypothesized that there is no heat inflow if 
the outside temperature used is the CMB temperature. This is, of course, a 
working hypothesis, which cannot be justified observationally, as far as we know. 
Radiative heat inflows for 2 2.725 KT =  would be hard to observe, if they exist 
at all, as they would be very inconsequential. They would not lead to any recog-
nizable event horizon expansion, at least not in the current cosmological epoch. 
Thus we cannot prove or disprove this statement; we simply accept it. By ac-
cepting this hypothesis, however, we treat the black hole as if it has the ability to 
adjust to outside conditions. In other words, the black hole is not a passive entity; 
it does interact and respond to its surroundings. We must also prevent implo-
sion due to gravity and our pdf (probability distribution function) will guarantee 
that, as we shall see shortly. 

For temperatures on the outside, 2T , greater than 2.725 K, we will have net 
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radiative heat inflow, d d 0Q t > . This inflow will cause the black hole to expand 
with time. A higher temperature on the outside will increase the rate of expan-
sion at the event horizon. As the radius increases, the inside surface temperature, 
just inside the event horizon in 4-D space, however, will decrease. Moreover, 
there is a limit to the amount of radiative heat inflow within our framework. As 
shown in reference [5], the inequality, ( )30 1 d d 4 Rc Q t F≤ < , must hold, where, 

( )3
RF , is the 3-D radiative force acting just outside the event horizon, tending to 

push the event horizon radially in. By definition, ( ) ( )3 3 2
2  4πRF p R≡ , where ( )3

2p  
is the radiative pressure defined in terms of temperature, 2T . This radiative 
pressure, being 3-dimensional, acts on surface area, ( )3 24πRA R= . For an isolated, 
static black hole, where, d d 0Q t = , it was found that the temperature just on 
the inside surface obeys the following expression, 1 5

1 0.569T R−= . This assumes 
that the temperature, just outside the event horizon, has the specific value, 

2 2.725 KT = . For the different situation where, 2 2.725 KT > , we have a dy-
namic black hole with net inflow, and, d d 0Q t > . In this instance, 1T , also as-
sumes the same value as above, but as the black hole expands, its value will de-
crease to accommodate the increase in radius. Until the radius changes, 1T  will 
not change. As we shall see, fixing 1T  will determine the interior distribution of 
radiative mass within the black hole. This quantity is crucial. In both scenarios, 
R, is the radius of the black hole, which is related to its mass, RM , via the 
well-known Schwarzschild relation, 22 RR GM c= . 

Across the 3-D/4-D membrane, we have applied a generalized version of the 
Stefan-Boltzmann law, which we have derived for radiative transfers between 
adjoining spatial dimensions. This generalized law allows for the continuous 
exchange of electromagnetic photons back and forth, but due to the different 
dimensions of space, the temperature on either side has to be different. This 
provides a feedback mechanism, which guarantees the stability of the event ho-
rizon. If we start with a temperature, 2 2.725 KT = , on the 3-D side, then 

1 5
1 0.569T R−=  is the equilibrium temperature, just inside the event horizon, on 

the 4-D side. If we have a higher temperature just outside, 2 2.725 KT > , which 
we call a “temperature load” or “load” for short, then radiative heat will flow in. 
This will cause the black hole to expand, i.e., R now becomes, ( )R R t= , where 
( )R t  will start to increase. This causes the inside equilibrium temperature, 1T , 

to decrease. As R increases to, R′ , the 4-D surface area, ( )4
RA , also increases to 

new value, ( )4
RA ′ . During the process of expansion, we will see that the actual in-

side surface temperature, within the 4-D black hole, goes down. Not only that, 
but so does the core temperature, at the very center of the black hole. However 
the black hole will have a greater mass, greater than the one before, due to its in-
creased size. 

The event horizon is also characterized by a necessarily positive, and finite, 
surface tension [5]. The black hole encloses a finite, fixed volume, and so this is a 
requirement for positive curvature. It is, after all, a ball, but a 4-dimensional one. 
Having derived an expression for radiative surface tension, we were able to cal-
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culate the amount of work needed to expand the black hole against radiative 
forces. We came up with two expressions for the work done. The first involved 
the surface tension. The second made use of the coefficients of surface tension. 
We generalized the Young-Laplace equations for this multidimensional expan-
sion of a membrane. Normally the Young-Laplace equations apply to 3-D ob-
jects, such as liquid droplets, or thin films, and the internal pressure is always 
greater than the external, outside pressure in order to guarantee a positive cur-
vature, a convex surface. As it turns out, for a positive curvature, the 4-D radia-
tive pressure is actually less than the 3-D radiative pressure. This surprising re-
sult has to do with the different dimensionality of space. We were also able to 
show that the two expressions for the positive work done upon expansion were 
shown to be equivalent to one another.  

Because there are two surfaces expanding, the 4-D and the 3-D surfaces, there 
are two contributions to the radiative work done, one assisting expansion, and 
the other resisting it. The overall pressure is such as to cause a resultant resisting 
force. The radiative surface tension, ST radiativeF , was defined as,  

( ) ( ) ( ) ( ) ( ) ( )3 4 3 3 4 4
ST radiative 2 1R R R RF F F p A p A≡ − = − , which is always positive. All super-

scripts within parenthesis over a physical quantity will define the space over 
which that quantity is defined. Sometimes, we will dispense with this convention, 
as in the latter sections, when it is obvious in which space, the quantity refers to. 
The subscripts on the radiative pressures refer to the different temperatures, 
over which the pressure is calculated. The quantity, ( )3

2p , is calculated at tem-
perature, 2T , just outside the event horizon in 3-D space. The quantity, ( )4

1p , 
on the other hand, is calculated at temperature, 1T , which is the temperature 
just inside the event horizon, in 4-D space within the black hole. The full surface 
tension will consist of radiative and gravitational components. In fact, as shown 
in reference [5], ( )( )4

ST radiative ,ST G RF F F= + , where ( )4
,G RF  is the magnitude of the 

gravitational force, at r R= , directed radially inwards. In this paper we will de-
rive an expression for this 4-D, model-dependent, gravitational force. 

The radiative portion of the total surface tension was found to always obey the 
relation, ( )3

ST radiative 0.2 RF F≥ , where the equality holds if there is no inflow, and 
the inequality applies to the situation where there is net radiative heat inflow, 
d d 0Q t > . As one can see, ST radiativeF , is always positive and finite, in spite of 
the fact that the 4-D surface area is greater than the 3-D area. This special result 
of a positive-definite radiative surface tension is due to the different dimensio-
nality of space, itself. If the black hole were a three dimensional object, then we 
would not have an innate radiative surface tension. The radiative surface tension 
at the event horizon was also found to obey the equation,  

( ) ( )43 2 4
ST radiative 21 3 4π 4 5 2.725F a R T= − 

  , where R is the radius of the black 
hole, and 2T  is the temperature load outside the event horizon. This holds, with 
( 2 2.725T > ), or without ( 2 2.725T = ), net radiative heat inflow. If there is net 
heat inflow, radiative heat and other forms of radiative energy get transferred 
over to the 4-D side, and the black hole expands. Unlike a star, where the inside 
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surface temperature is driven by internal heat, and inside pressure, the black 
hole’s surface temperature is determined by external conditions. Within a star, 
internal factors such as nuclear fusion and production rates drive the process of 
expansion/contraction. We assume no energy production process going on 
within the black hole itself. 

In this paper we focus on questions, number two, and number three. We seek 
to determine what the internal structure of a black hole could look like given our 
4-D radiative model. Specifically, we want to see how key thermodynamic quan-
tities can be determined, i.e. calculated. We will treat the black hole much like a 
star in that we will consider two stellar-like equations. These equations will be 
applied to radiation, once we generalize them to 4-D space. Within the black 
hole, we will assume a particular, steady state distribution of radiative mass. We 
choose a probability distribution with maximum mathematical entropy, a trun-
cated Gaussian (=truncated Normal) pdf, which, as we shall see, will serve our 
purpose quite well. The radiative mass distribution is assumed to equal the total 
radiative energy distribution divided by the speed of light squared. Both quanti-
ties will depend on the 4-D radius within the black hole. The temperature profile 
within the black hole is ultimately what determines the radiative energy density. 
For a 4-D radiative object, having spherical symmetry, the radiative mass density, 

( )4
rρ , will be proportional to the temperature to the fifth power, i.e., ( )4 5~r rTρ , 

as this is the power law that one obtains in 4-D space for blackbody radiation. 
The subscripts, on both, ( )4

rρ , and, rT , indicate that these quantities are radius 
dependent. As mentioned, the weakest temperatures are to be found just inside 
the event horizon. From there they increase smoothly and continuously, as one 
approaches the very center of the black hole. 

The outline of this paper is as follows. In Section 2, we generalize two very ba-
sic 3-D stellar-like equations to 4-D space. We focus on blackbody photons but 
leave open the possibility that other radiations can be “packed”, within this same 
space, some obeying Fermi-Dirac statistics. These would also apply to the mas-
sive particles trapped inside the black hole. If those particles are above freeze-out 
temperatures within parts of the black hole, they will be in the radiative state. 
Otherwise, these fermions are in the particle state, when temperatures drop be-
low freeze-out temperatures. As will be seen, there will be layers within the black 
hole where temperatures are just too high for massive particles to exist; they will 
then have to be in the radiative mode. Other sections within the black hole can 
accommodate real massive particles because the temperatures are low enough. 

In Section 3, we give some rationale for choosing a truncated Normal distri-
bution to represent the mass distribution. We assume a maximum radiative 
mass energy density near the center, which fixes the mode to equal zero. This 
fixes one parameter, namely, 0µ = . The other parameter, the shape parameter, 
σ , will be determined by the inside surface temperature, 1T , just inside the 
event horizon, which, in turn, will depend on the size, or mass, of the black hole. 
As shown in reference [5], the inside and outside surface temperatures are re-
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lated to one another by the generalized Stefan-Boltzmann law. For no net radia-
tive heat inflow, 2 2.725 KT = , which is an assumption. With net radiative heat 
inflow, 2 2.725 KT > . Either way, the inside surface temperature is given by the 
expression, 1 5

1 0.569T R−= . The difference is that, for an isolated, static black 
hole with no inflow, constantR = . In the second instance with inflow, R will 
increase as a function of time, i.e., ( )R R t= . Thus, if we know the radius of the 
black hole, ( )R R t= , we can calculate the inside surface temperature, 1T , as a 
function of time. Until the radius has changed, the inside surface temperature 
will not change. For a Gaussian distribution, which is “truncated”, it is impor-
tant to recognize that, µ , is no longer the mean. And neither is, σ , the stan-
dard deviation. The mean and variance are complicated functions of, ,R µ , and, 
σ , in this instance. 

Section 4 will concern itself with derivations. We will focus on three black 
holes, one having the mass of the sun. The other two will have masses ten times 
the mass of the sun, and, a million times that of the sun. For each, we will derive 
key thermodynamic variables within the black hole, as a function of radius. We 
will focus on black holes which are isolated and static. In other words there is no 
net heat inflow. The thrust of this paper is to indicate a process, and not work 
out all scenarios. It will be clear how to proceed if the black hole is not static, i.e., 
if we are dealing with a black hole having net heat inflow. Some key thermody-
namic variables are 4-D mass density, ( )4

rρ , and the 4-D radiative pressure, 
( )4
rp . We also derive expressions for the 4-D internal energy density, ( )4

ru , the 
heat density, ( )4

rq , and the entropy density, ( )4
rs . These variables will be pre-

sented in table form, where there is one table for each black hole mass. Again, we 
will focus on an isolated, static black hole, with no inflow, i.e. d d 0Q t = , in or-
der to keep the discussion simple. In other papers, radiative inflow can be con-
sidered using the equations developed here, and in the previous paper. All tables 
are to be found, at the end of the paper. 

In Section 5, we calculate certain global properties within the black hole. We 
find expressions for the radiative mass, ( )4

r rM M= , from, 0r = , up to and in-
cluding radius, r. We also look at the work done in assembling the radiative 
mass against radiative pressure, ( )4

rW . We will calculate the gravitational con-
stant, ( )4

rG , the gravitational acceleration, ( )4
rg , the gravitational force, ( )4

,G rF , 
and the entropy, ( )4

rS , among other variables, within the black hole at a partic-
ular r value. The total mass, total work, and total entropy are found if we spe-
cialize to, r R= . At the surface we also calculate the 4-D gravitational “con-
stant”, the gravitational force, and the gravitational potential. There will be a 
discontinuity in the gravitational force, but the 4-D gravitational potential at 
r R=  can be chosen to match the 3-D gravitational potential, by a judicious 
choice of integration constant. In this way we guarantee the same equipotential 
surface in both spaces for the same R value, even though the spaces are quite 
different on either side. Again, three tables will be presented, one for each of the 
black holes considered in Section 4. The tables list various values as a function of 
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radius, in incremental steps of, 0,0.03 ,0.06 ,0.09 ,r R R R etc= . They are found at 
the end of this paper. Finally, in Section 6, we present our summary and conclu-
sions. We have an Appendix, where some useful identities associated with the 
truncated Gaussian probability distribution function can be found, and referred 
to. We also give a few identities as it relates to the calculation of entropy. 

2. 4-D Generalization of the Standard Hydrostatic Stellar  
Equations for a Black Hole 

In this section, we consider two standard stellar-like equations, and generalize 
them for application to our 4-D blackbody radiation model. The stellar equa-
tions, which are 3-D in character, will be generalized to 4-D space. Moreover, 
they will be specialized to our radiative model, which will require certain mod-
ifications. 

For a star, there are four standard, 3-D stellar equations, which are typically 
used to model the interior of a star [6] [7]. They, in effect, determine a stars in-
ternal structure. One of these equations deals with hydrostatic equilibrium. As is 
well known, layer by layer, the force of gravity holds in check the radiative pres-
sure acting radially outwards. This pressure is due to nuclear fusion processes 
occurring deep within the interior of the star. For a black hole, we conjecture 
that we also have radiative pressure, but this is not due to any kind of energy 
production process within its interior. Rather, we claim that we have simple 
packing of radiative energy, which is spherically symmetric, and 4-dimensional. 
This packing of radiative energy will be accomplished by way of gravity. As one 
heads radially outward from the center of the black hole, we have a pressure gra-
dient, ( )4

rp  an internal energy density gradient, ( )4
ru , and a radiative heat den-

sity gradient, ( )4
rq , which fall off with increasing radius. Each is proportional to 

the fifth power of temperature, 5
rT , where, ( ) rT T r T= = , is the temperature 

inside the black hole. In 4-D space the internal energy density, ( ) ( )4 4 5
r ru a T= , 

where ( )4a  is a numerical constant equal to ( )4 13 4 54.7481 10 J m Ka − −× ⋅ ⋅= . 
Refer to reference [5], where it is also shown that, ( ) ( )4 41 4r rp u= , and,  

( ) ( )4 45 4r rq u= . MKS units will be used throughout this paper, even when not ex-
plicitly written out. 

In a very real sense, our 4-D model for radiative energy trapped within a 
spherical surface is much like a capacitor. This capacitor is rather exotic in that it 
is four dimensional. It will also not have a uniform distribution of radiative 
energy within its confines. The size of this capacitor will determine how much 
radiative mass it will be able to store (and vice versa). And the radiative mass 
density at a particular 4-D radius will determine its permittivity. The permittivi-
ty will be a function of radius, as radiative mass density within the black hole is a 
function of radius. A capacitor is a passive object in that no energy production 
occurs within its volume. It simply stores energy, and therefore has to be 
“charged” in some sense. Massive and massless energy inflow into the black hole 
will serve this function. We shall allude to this analogy on occasion, as this is a 
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good way of imagining our version of a black hole. 
Since the black hole has a finite radius in 4-D space, which corresponds to the 

Schwarzschild radius in 3-D space, it has support, [ ]0,r R∈ . In other words, 
only radii within this realm can be considered, where the square brackets signify 
that we have to include radius, 0r = , as well as, r R= . The temperature, the 
radiative pressure, the internal energy density, etc. within the black hole are also 
defined within the same realm of support. There is no probability of finding 
these entities outside the event horizon.  

Coming back to 3-D space, as mentioned, there are typically 4 equations that 
one looks at for modeling the interior of a star. Two of these fundamental equa-
tions are:  

( ) ( )3 32d d 4πr rM r r ρ=       (mass conservation) (2-1) 

and, 
( ) ( ) ( )3 3 3d dr r rp r GM rρ= −  (hydrostatic equilibrium) (2-2) 

In Equation, (2-1), ( )3d rM , is the 3-D increase in radiative mass for a corres-
ponding increase in radius, from radius, r, to radius, dr r+ . The quantity, ( )3

rρ , 
is the radiative mass density at radius, r, between r and dr r+ . In Equation, 
(2-2), ( )3d rp , is the three dimensional increase in radiative pressure for a corres-
ponding increase in radius, r, from r to dr r+ . Since the right hand side is neg-
ative, we actually have a decrease in pressure for an increase in radius, starting 
from the center of a star. On the right hand side of Equation, (2-2), we have 
Newton’s constant, G. We also have, ( )3

rM , which is the radiative mass, enclosed 
within a volume of radius, r. Equation, (2-2), in effect, tells us that the radiative 
pressure pushing the layer out at radius, r, is counterbalanced by the gravitation-
al force, pulling that very same layer in. 

There are two other equations typically considered in conjunction with these 
Equations, (2-1), and, (2-2), for modeling the interior of a star. They are not re-
levant here. First, there is no energy production assumed within the black hole, 
and hence the nuclear production rate, sometimes designated as, ( )3

rε , in 
Watts/kg is zero. Moreover, there is no assumed energy transport within the 
black hole. We have no diffusivity, i.e., no scattering and/or absorption of pho-
tons passing through a medium. Even though the diffusivity coefficient, ( )3

rκ , is 
zero, there will, however, be a temperature gradient, which is non-trivial. In 
other words, ( )4d d 0rT r ≠ . This will be due to simple packing of radiant energy 
within the black hole. The pdf, which is chosen, will tell us how to pack the ra-
diative mass, and gravity will ensure that the stored energy remains stable. Again, 
in a very real sense, the black hole will function much like a passive 4-D capaci-
tor, and one that can be loaded, or “charged” with extra mass/energy. 

It is our hypothesis and contention that a black hole is a self-contained, 
spherically symmetric object filled with blackbody radiation. We therefore ge-
neralize the two equations listed above, Equations, (2-1), and, (2-2), to 4-D space. 
We take each in turn, and start with Equation, (2-1). The 4-D generalization is 
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( ) ( )4 42 3d d 2πr rM r r ρ=     (mass conservation) (2-3) 

here, ( )4
rρ , is the 4-D mass density defined at radius, r, in kg/m4, and, 2 32π r  is 

the corresponding 4-D surface area, ( )4 2 32πrA r= , at radius, r. The quantity, 
( )4d rM , is the infinitesimal increase in radiative mass when we increase r, from 

radius, r, to radius, dr r+ . The 4-D mass density, ( )4
rρ , at radius r, will be 

proportional to 5
rT , where, rT  is the temperature at that radius. We can inte-

grate Equation, (2-3), to find the mass, ( )4
rM , up to and including r. The result 

is 
( ) ( ) ( ) ( )4 4 4 4

0 0
d d

r r
r r r rM M A rρ= =∫ ∫              (2-4) 

here, ( )4 2 32πrA r=  is the 4-D surface area. The maximum value for mass is ob-
tained when the radius, r, equals, R. The radius, R, characterizes the event hori-
zon. Inserting this as our limit of integration gives 

( ) ( ) ( )4 4 4

0
d

R
R r rM A rρ= ∫                    (2-5) 

This is our expression for the total radiative mass associated with a 4-D black 
hole, which is the same mass we perceive in 3-D space. 

Now, we know that the mass of a black hole is proportional to its radius be-
cause of the Schwarzschild relation, 22 RR GM c= . Comparing this to Equa-
tion, (2-5), it would appear that, ( ) ( )4 4

r rAρ , is a constant, i.e., 

 ( ) ( ) ( )4 4 2 2r rA c Gρ =                        (2-6) 

If we substitute this expression into Equation, (2-5), then Equation, (2-5), 
would be trivially satisfied. However, as we shall see shortly, this will not allow 
for any gravitational force to act within the black hole. Although this solution 
would allow us to “pack in” enough radiative mass to make up the mass of the 
black hole, it would come at a cost. The cost is that the temperature at the inside 
surface would then be excessive. Therefore, we will have to dismiss this solution.  

We propose a more general solution of the form, 

 ( ) ( )4 4
r r r RA f Mρ =                        (2-7) 

In this expression, rf , is our probability distribution function (pdf), satisfy-
ing the condition, 

 
0

d 1
R

rf r =∫                        (2-8) 

The specific choice of function, rf , will be postponed until Section 3. For 
now, rf , has units of meters−1, and the probability of finding the radiative mass 
between 1r  and 2r , is given by the following expression, defined in 4-D space, 

( ) 2

1
1 2 d

r
rr

Probl r r r f r≤ ≤ = ∫                    (2-9) 

The pdf, defined by Equation, (2-8), is truncated, and has support, [ ]0,r R∈ ; 
outside of this range in radius, r, there is no probability of finding 4-D radiative 
mass.  
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We next integrate Equation, (2-7), taking into account, Equation (2-8). This 
gives 

0 0
d d

R R
R r R R rM f M r M f r= =∫ ∫                  (2-10) 

This is, of course, an identity due to Equation, (2-8). And so, more generally, 

0 0
d d

r Cr DF
r r R R r R rM f M r M f r M F= = =∫ ∫           (2-11) 

In the second line, we have introduced the cumulative probability distribution 
function, CDF

rF , which is defined by the Equation  

0
d

rCDF
r rF f r≡ ∫                      (2-12) 

This is the sum of all probabilities, from radius, 0r = , up to, and including, 
radius, r. By definition, if the upper bound radius is reached, then, r R= , and, 

1CDF
RF = . The probability of finding the radiative mass between, 0r = , and, 

r R= , is with certainty, or 100%, which equals one numerically.  
There are many pdf’s, and corresponding cumulative probability distribution 

functions (cdf’s), which will satisfy Equations, (2-8), (2-9), and, (2-10). Equation, 
(2-6), is but one choice. This can be seen as follows. Another way to write the 
right hand side of Equation, (2-6), is RM R , because of the Schwarzschild rela-
tion. Therefore, upon comparing with Equation, (2-7), this would give, 

 1 constantrf R= =  (truncated uniform distribution) (2-13) 

This depends solely on the size, or mass, of the black hole. In this instance, we 
obtain a truncated uniform distribution, where the probability distribution func-
tion is everywhere the same within the black hole. That would mean that, 

( ) ( )4 4 constantr rAρ = , throughout the black hole. As we shall see, this is not a very 
interesting solution. A much better choice for pdf will be a truncated Gaussian 
distribution function, to be introduced in Section 3. 

We now come back to Equation, (2-2). The 4-D generalization would read 
( ) ( ) ( ) ( )4 4 4 4 3d dr r r rp r G M rρ= −                   (2-14) 

In Equation, (2-14), the quantity, ( )4d rp , is the increase in 4-D radiative pres-
sure, in going from radius, r, to radius, dr r+ . The mass, ( )4

rM , is the radiative 
mass enclosed, between 0r = , and, radius, r. The quantity, ( )4

rG , is the 4-D 
analogue of Newton’s constant. It has a value, which is model dependent, i.e., 
specifically depends of the pdf chosen. We will soon derive an expression for it, 
and we will notice that it will depend on radius. The MKS unit for mass density 
in this 4-D world is, kg/m4. The MKS unit for the 4-D gravitational “constant”, 

( )4
rG , is, Newtons*m3/kg2. It can be easily verified that Equation, (2-14), is di-

mensionally consistent, even though the units apply to a 4-D world. 
Equation, (2-14), however, is not quite correct. It is missing a term on the 

right hand side, which we will now correct for. To show this, we first need to 
develop some general ideas. We start with the internal energy density. As is 
known [8] [9] [10] [11] [12], in N-dimensional space, the internal energy density, 
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( )Nu , can be written as  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )12, 2 1 π 1 1 2N NN N
Bu u N T N k T N N hc Nζ+= = − + Γ + Γ 

   (2-15) 

In this equation, Bk  is Boltzmann’s constant, c equals the speed of light, h is 
Planck’s constant, ( )xζ  is the zeta function, and ( )xΓ  is the gamma function. 
Moreover, the radiative pressure, heat density, and the entropy density, ( )Ns , 
are related to ( )Nu  via the equations, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) , 1 ,N N N N N Np u N q N u N s q T= = + =         (2-16) 

These relations depend only on the dimensionality of space, N, and the tem-
perature, T, because ( )Nu  is, in itself, a function of temperature and dimension. 
In 4-D space, Equation, (2-15), reduces to 

 ( ) ( ) ( ) ( ) ( )4 4 4 45 5 13 53π 2 4.7481 10r r r ru u r a T c T Tσ −= = = = ×       (2-17) 

In Equation, (2-17), ( )4σ  is the Stefan-Boltzmann constant, generalized to 
4-D space. From Equations, (2-16), it follows that 

( ) ( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 44, 5 4 , p u q u s q T= = =            (2-18) 

The particular factors, which relate pressure to internal energy density, radia-
tive heat density to internal energy density, etc. depend on the dimension of 
space chosen, which in this instance equals four. 

Moreover, it is possible to define a total energy “density”, ( )4
re , by the relation, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 4 4 4 4d d d d dr r r r r r r r rE u V p V q V e V= + + ≡        (2-19) 

By definition, the total radiative energy “density” is found by using 
( ) ( ) ( ) ( )4 4 4 4
r r r re u p q≡ + +                    (2-20) 

In these equations, ( )4
ru , is the 4-D internal energy density, ( )4

rp , the 4-D ra-
diative pressure, and ( )4

rq , the 4-D heat density, all defined at a particular radius, 
r, in 4-D space. The quantities are radius dependent because the temperature 
depends on radius. Hence we have the subscripts, r. Being 4-D quantities, the 
densities and pressures have different units than those of their 3-D counterparts.  

In Equation, (2-19), ( )4d rE  is the total energy trapped in a layer between ra-
dius, r, and radius, dr r+ . The volume element, ( ) ( )4 4d dr rV A r= , is the corres-
ponding, 4-D, infinitesimal volume element. In 4-D, the surface area,  

( )4 2 32πrA r= .  
Technically, Equation, (2-20), only makes sense when multiplied by a volume 

element, or a surface area. This is because the units for radiative pressure (New-
tons/m3) are not the same as those for internal energy density, or heat energy 
density, (Joules/m4). Both terms are represented on the right hand side of “Equa-
tion”, (2-20). However, when multiplied by a volume element, or a surface area, 
we retrieve units which do match, as in Equation, (2-19). When we write an ex-
pression such as relations, (2-20), or, (2-18a), we implicitly assume that it is to be 
multiplied by such terms in order to make it dimensionally valid. 

The total radiative energy density of blackbody photons, in 4-D space, is 
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represented by the sum given in relation, (2-20). It consists of three components, 
internal energy density, plus heat energy density, plus radiative pressure. All are 
defined at the same particular temperature. This is the temperature within a spe-
cific layer within the black hole. Being defined at the same temperature, all three 
blackbody contributions exist simultaneously. In other words, it is an all or 
nothing situation, because of our relations, (2-18).  

Furthermore, we assume that all three components, indicated in Equation, 
(2-20), make up the radiative mass within a particular layer inside the black hole. 
In other words, ( ) ( )4 4 2

r re cρ= , where ( )4
rρ  is the radiative mass density, in 

kg/m4, at radius, r, between radii, r and dr r+ . This gives, 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 4 4 42 2 210 4 10r r r r r r r rA e c A u c A p c Aρ = = =       (2-21) 

For the second and third lines in Equation, (2-21), we have used the relations, 
(2-20), and, (2-18). It can be further demonstrated that, 

( ) ( ) ( ) ( )4 4 4 410 2 10 4r r r re p q u= = =                 (2-22) 

The factors sitting out in front are specific to 4-D space. For this relation, 
(2-22), to make sense in terms of units matching, it is assumed that we multiply 
this equation by a volume, or surface element. It is under this condition, that an 
“equation” such as relation, (2-22), holds valid. The radiative heat energy density, 

( )4
rq , is related to the entropy density, ( )4

rs , by means of the last Equation in 
(2-18), which for a particular radius, reads, ( ) ( )4 4

r r rs q T= . We treat the entropy 
density as a state variable, which depends on the temperature within an infinite-
simal layer, at a particular radius r. 

Next, we recognize that, if we focus on a layer within the black hole, at radius, 
r, there is a 4-D radiative force, ( )4

rF . This force is directed radially out, if 
viewed from above, and radially in, if viewed from below. By definition, 

 ( ) ( ) ( ) ( )4 4 4 4 2 32πr r r rF p A p r≡ =                (2-23) 

It will turn out that if a layer has a thickness, dr, between r and dr r+ , there 
will be a greater radiative force pushing out, at r, than pushing in at dr r+ . This 
will be due to the fact that the temperature closer in to the center, will always be 
greater than the temperature slightly further out. We can also write, because of 
Equation, (2-22), 

 ( ) ( ) ( ) ( ) ( )4 4 4 4 410 10r r r r re A p A F= =               (2-24) 

Therefore, from Equation, (2-21), it follows that 
( ) ( ) ( )4 4 4 210r r r r RA F c f Mρ = =               (2-25) 

Equation, (2-7), has also been utilized. Relation, (2-25), is a fundamental equ-
ation. 

From the last equality, in Equations, (2-25), we see very clearly, that the cho-
sen pdf, rf , will determine the radiative mass distribution, as well as the radia-
tive force distribution, within the black hole. It will also determine, the distribu-
tion of internal energy density, and of radiative heat density. From Equation, 
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(2-22), we notice that ( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 4, ,r r r r r ru A p A q A , are all proportional to ( ) ( )4 4
r re A . 

This, in turn, is proportional to, ( ) ( )4 4
r rAρ , by Equation, (2-21). And finally, 

( ) ( )4 4
r rAρ , is proportional to ( )4

rF , and rf , by Equation, (2-25). We see from all 
this that the pdf chosen will ultimately determine these other quantities as well. 
The units for, ( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 4, ,r r r r r ru A p A q A , and ( ) ( )4 4

r re A , are Joules/m. Those for, 
( ) ( )4 4
r rAρ , are, kg/m. Summarizing, the pdf, rf , will determine not only how ra-

diative mass is packed within the black hole, but also, how the various forms of 
radiative energy density and radiative forces are distributed within the 4-D vo-
lume. Equation, (2-25), essentially tells us how the black hole is structured with-
in its interior. Ultimately, it will rest upon our choice of pdf, i.e., the specific, rf , 
function chosen to model the interior. 

We now come back to our original Equation, (2-14). Consider a specific layer, 
between radii, r, and, dr r+ , within the 4-D black hole. The forces acting on 
this layer are as follows: 

( ) ( ) ( )4 4 4
d ,dr r r G rF F F+− =                     (2-26) 

In this expression, ( )4
rF , is the 4-D radiative force pushing radially out at ra-

dius, r, and ( )4
dr rF +  is the 4-D radiative force pushing the layer radially in at ra-

dius, dr r+ , from above. The temperature at radius, r, is slightly (infinitesimal-
ly) larger than that at radius, dr r+ , and so we have a slight difference in radia-
tive pressure. We also have a slight difference due to the larger surface area at 
radius, dr r+ , versus that at radius, r. On the right hand side of Equation, 
(2-26), we have the infinitesimal gravitational force acting on this layer between, 
r, and, dr r+ . This is acting on the radiative mass trapped within that layer, and 
this force is directly radially inwards. We will prove in Section 5, due to Gauss’s 
law in 4-D space, that 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

4 4 4 4 3
,

4 4 4 4 3

4 4 4 2

d d

d

2π d

G r r r r

r r r r

r r r

F G M M r

G M A r r

G M r

ρ

ρ

=

=

=

               (2-27) 

The infinitesimal gravitational force depends on the strength of gravity, the 
enclosed radiative mass, ( )4

rM , and the radiative mass density at radius, r. This 
is the force acting on the layer of thickness, dr, out at a specific distance, r, from 
the center of the black hole. 

We next rewrite Equation, (2-26), as follows: 
( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

4 4 4 4 4 4(4)
, d

4 4 4 4 4 4

4 4 4 2 2

d d d

d d d

d 6π d

G r r r r r r r r

r r r r r r

r r r

F F F F F F F

p A p A p A

p A p r r

+= − = − + = −

= − = − −

= − −

       (2-28) 

In the last line, we used the 4-D surface area, ( )4 2 32πrA r= , to calculate, 
( )4 2 2d 6π drA r r= . From the 4th line, we notice that if, ( ) ( )4 4 constantr rp A = , then 

there can be no gravitational force within the black hole. The left hand side 
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would then equal zero. This allowed us to disqualify Equation, (2-6), as a solu-
tion. By Equation, (2-21), ( ) ( )4 4

r rAρ  is proportional to ( ) ( )4 4
r rp A . Thus, if one ex-

pression, is a constant, then, so too, is the other expression. We also see that Eq-
uation, (2-13), is inadmissible, because, if it were, then by Equation, (2-7), 

( ) ( )4 4
r rAρ  would be proportional to a constant. This, in turn, would make the 

right hand side of the fourth line, in Equations, (2-28), equal to zero. To make a 
long story short, a uniform probability distribution function is not feasible. Both 
Equations, (2-6), and, (2-13), refer to this scenario. A uniform distribution is too 
simplistic to model the interior of a black hole. It would also lead to much too 
high inner-surface temperatures for a black hole, if we want to pack the required 
mass within its confines. 

We next substitute the right hand side of Equation, (2-27), into the left hand 
side of relation, (2-28), since these are equivalent. We thereby obtain 

( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 42 2 22π d d 6π dr r r r r rG M r p A p r rρ = − −          (2-29) 

This we divide by, dr, and rearrange terms. The result is 
( ) ( ) ( ) ( ) ( ) ( )4 4 4 4 4 42 2 2d d 2π 6πr r r r r rp r A G M p rρ= − −  

or, dividing by 4-D surface area, 
( ) ( ) ( ) ( ) ( )4 4 4 4 43d d 3r r r r rp r G M r p rρ= − −             (2-30) 

We can compare this to our original ansatz, Equation, (2-14). Right away, we 
notice that the second term in Equation, (2-30), is new! Equation, (2-14), is 
missing this term, and cannot be correct because it does not take into account 
the change in surface area. Equation, (2-14), assumes that, ( ) ( )4 4

dr r rA A += , which is 
patently false. If we retrace our steps, we recognize that ( )4

dr rp +  acts radially in-
wards, at radius, dr r+ , and it acts on surface area, ( )4

dr rA + . The radiative pres-
sure, ( )4

rp , on the other hand, is directed radially out, and it acts on a different 
surface area, ( )4

rA . The difference in radiative forces in Equation, (2-28), re-
quires us to take into account not only a change in pressure, but also, at the same 
time, the change in areas, upon which these pressures are acting. In the 4th and 
5th lines of Equations, (2-28), we see this very explicitly. The change in area is 
what leads to the second term on the right hand side, in the last line of Equation, 
(2-28). In 3-D stellar hydrostatics, apparently, the second term must be negligi-
ble when compared to the first term, and for this reason, it is probably ignored. 
We do not do so here. That second term on the right hand side of Equation, 
(2-30), is crucial. 

3. Choosing a Truncated Gaussian as a PDF for a Radiative  
Mass Distribution within the Black Hole; Determining the  
Shape Parameter 

As was shown in Section 2, Equations, (2-6), and, (2-13), led to a naïve solution 
for determining the distribution of radiative mass within the black hole. If the 
distribution of radiative mass within the black hole were uniform, then a gravi-
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tational force within its interior cannot be accommodated. Nor would we be able 
to keep the inner surface temperature small with such a choice, and still pack the 
requisite mass within radius, R. We are thus led to consider other pdf’s which 
will bypass these problems. One good choice for our purposes is a truncated 
Gaussian [13]-[18]. In this section, we will fix the parameters associated with 
this distribution, such that we can model the interior for any size black hole. In 
this section, and the remaining sections, we will typically drop the superscript (4) 
on variables as a matter of convenience, as all quantities are defined in 4-D 
space. 

First and foremost, we should recognize that other choices [19] [20] [21] [22] 
for a continuous truncated pdf are possible. They would lead, like the truncated 
Gaussian we are about to choose, to steep increases in radiative densities and 
pressures within the interior. Among the possibilities, we could list the truncated 
exponential distribution, the beta distribution, the Kumaraswamy distribution, 
etc. These all have support, [ ]0,r R∈ , and satisfy Equations, (2-8), (2-9) and 
(2-12). Moreover, upon a judicious choice of parameters, these probability dis-
tributions can mimic the truncated Gaussian in many ways. The exponential in-
volves only one parameter; the other two listed, require two parameters in order 
to specify the distribution. We will however choose the Gaussian or Normal dis-
tribution, ( ) ( ), , ; , , , ;0,rf f r a b f r Rµ σ µ σ= = , where ( ),µ σ  are the para-
meters to be determined, and [ ] [ ], 0,a b R=  are the lower and upper bounds for 
the r = radius value. 

The truncated Gaussian, or truncated Normal, distribution with parameters, 
( ),µ σ , will serve our purposes well for the following reasons. We list them in 
bullet form. 
1) The pdf is relatively simple, somewhat familiar, and non-trivial 
2) Being a continuous distribution, this pdf can be made to smoothly increase, 

starting from a minimum value at, r R= , to a maximum value at, 0r = . 
3) This pdf becomes particularly simple if the mode is chosen at, 0r = . In this 

situation, 0µ = , and our two parameters reduce effectively to one, the shape 
parameter, σ . 

4) This pdf can be made to pack an incredible mass within a relatively small 
volume, especially in 4-D space, and still keep the inside surface temperature 
very low. 

5) The pdf has maximum entropy of all the continuous distributions. In fact, 
random error follows this kind of distribution. It seems, in this regard, to be 
an efficient way to pack radiation energy. We have a distribution of blackbo-
dy energy based on temperature called Planck’s law. Superimposed on this is 
a distribution based on radius, our truncated Gaussian. 

For these reasons, we pursue this choice. It may turn out, however, that other 
truncated pdf’s have more desirable characteristics and behavior. This can be 
worked out in other papers. We emphasize that all properties within the black 
hole in this paper are pdf-model dependent. This includes the calculation of en-
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tropy, gravitational constant, gravitational force, etc. and so the choice is very 
important. Great flexibility is present, however, for working out various scena-
rios, with this, and other probability distribution functions. 

We will assume a-priori, that the mode is to be set at, 0r = . As mentioned 
several times, this fixes the parameter µ . Under this assumption, 0µ = , and 
our pdf, rf , takes the following, much-simplified form, 

( ) ( ) ( )( ) ( )( )2 2,0, ;0, 2 π 1 exp 2 1 erf 2rf f r R r Rσ σ σ σ= = −   (3-1) 

Thus, the maximum radiative energy density is at, 0r = , the very center of 
the black hole. In this equation, ( )erf x  is the error function, and σ  is the 
shape parameter. The corresponding cumulative distribution function, CDF

rF , is 
found using the defining relation, (2-12). The result of this integration is, 

( ) ( ) ( ),0, ;0, erf 2 erf 2CDF
rF F r R r Rσ σ σ= =         (3-2) 

This leads trivially to, 1CDF
RF = . See Equations, (2-12), and, (2-8). In the spe-

cial case where, 0µ = , the mean is given by the following, much-simplified, 
function, 

( ) ( )( ) ( )2 22 π 1 exp 2 1 erf 2Mean R Rσ σ σ = − −       (3-3) 

The variance can also be calculated. The result is 

( ) ( )
( )( ) ( )

2

2
2 2

1 1 erf 2 erf 2

2 1 exp 2 erf 2
π

Var R R R

R R

σ σ σ σ

σ σ

  = − +   

 − − − 

       (3-4) 

Other higher moments can be calculated. We note that for the truncated 
Gaussian, the mean is not simply equal to, µ . Neither is the standard deviation, 
equal to, σ . The mean is calculated using Equation, (3-3). We see that its value 
depends on σ , the shape parameter, and radius, R. The standard deviation is 
given by the expression, STD Var= , where the variance is written out in Eq-
uation, (3-4). 

We know that Equation, (2-7), is a requirement. We can specialize this equa-
tion to zero radius, and, r R= . In the first instance, we obtain, with the help of 
Equation, (3-1), 

 ( ) ( )0 0 0 2 π 1 1 erf 2R RA M f M Rρ σ σ= =         (3-5) 

In the second instance, we find, again with the help of Equation, (3-1), 

 ( ) ( ) ( )2 22 π 1 exp 2 erf 2R R R R RA M f M R Rρ σ σ σ= = −  (3-6) 

The superscripts have been dropped as we are dealing here exclusively with 
4-D quantities.  

Equation, (3-5), is to be understood, in the following sense. In the limit where, 
0r → , this equality holds. A density function such as, 0ρ , requires a finite vo-

lume, and so, on the left hand side of Equation, (3-5), we require a minimum 
volume. The right hand side is definitely not volume dependent, and unequal to 
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zero. For left and right hand sides to match, we imagine a limiting process where 
the right hand side is always finite, but the left hand side approaches, but never 
reaches, 0r = . It is in this limit that we are to understand Equation, (3-5). We 
also notice that the right hand side of Equation, (3-6), is unequal to zero (unless 
σ = ∞ ), and thus finite in value. 

We next divide the left hand side of Equation, (3-5), by the left hand side of 
Equation, (3-6). We do the same thing on the right hand side. Performing this 
operation lets us write 

( ) ( )2 2
0 0 0 exp 2R R RA A f f Rρ ρ σ= =             (3-7) 

We shall see, shortly, that the quantity, 2 22R σ , is, in practice, already large 
when applied to black holes. Thus the ratio, 0 Rf f , is dramatically large.  

More generally, following the steps above, if the radius lies within the range, 
0 r R≤ ≤ , we can use Equations, (2-7), and, (3-1), to demonstrate that 

( ) ( )2 2 2exp 2r r R R r RA A f f R rρ ρ σ= = − 
           (3-8) 

With this equation, we see that the product, r rAρ , is monotonically decreas-
ing with increasing radius. We have a maximum value for linear radiative mass 
density, r rAρ , at, 0r = , and this steadily decreases, until we achieve a mini-
mum at r R= . Not only is radiative mass density, r rAρ , decreasing with in-
creasing r, but so too are, the internal energy density, r ru A , the radiative force, 

( )4
r r r rp A F F= = , and the radiative heat density, r rq A . Refer to Equations, 

(2-21), (2-22), (2-23), and, (2-24), where these specific proportionalities are es-
tablished. These quantities, must therefore, also decrease according to Equation, 
(3-8), for increasing radius. It remains to determine the parameter, σ , and this 
we do next. 

One way to find the shape parameter, σ , is to start with Equation, (2-25). 
We rewrite it here in the form, 

 210r R rf M F c=                        (3-9) 

On the left hand side, we have the pdf, whereas on the right hand side we have 
the 4-D radiative force, at radius, r, within the black hole. We specialize Equa-
tion, (3-9), to radius, r R= . So we are just inside the event horizon, on the 4-D 
side. This gives 

 210R R Rf M F c=                       (3-10) 

We next recognize that for an isolated, static black hole (ISBH), with no heat 
inflow, 

( ) ( )4 35 4R RF F=                  (ISBH) (3-11) 

This was proven in reference [5], using the generalized Stefan-Boltzmann law 
at the 3-D/4-D interface. Substituting this expression into the right hand side of 
Equation, (3-10), renders 

( )3 28R R Rf M F c=                (ISBH) (3-12) 
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The quantity, ( )3
RF , is the radiative force right outside the event horizon, on 

the 3-D side. For an isolated, static black hole, it was assumed that the radiative 
temperature just outside the event horizon is equal to, 2.725 K, the CMB tem-
perature. Thus, ( )3

RF , can easily be determined numerically. The result is 
( ) ( ) ( ) ( )

( ) ( )
( )( )

3 3 3 3 2

43 2

416 2

13 2

1 3 4π

1 3 2.725 4π

1 3 7.5657 10 2.725 4π

1.747 10

R R R RF p A u R

a R

R

R

−

−

= =

=

= ×

= ×

     (ISBH) (3-13) 

In the first line, we made use of the first equality in Equations, (2-16). For the 
2nd and 3rd lines, it is well-known that, in 3-D space, the internal energy density 
can be expressed as, ( ) ( ) ( )3 3 4 16 47.5657 10Ru a T T−= = × , in MKS units. 

We next substitute the right hand side of Equation, (3-13), into the right hand 
side of Equation, (3-12), in order to eliminate 3-D radiative force, ( )3

RF . Bring-
ing over the factor of total radiative mass, RM , to the other side, we obtain 

( ) ( )13 2 28 1.747 10R Rf R M c−= ×       (ISBH) (3-14) 

Next, because of the Schwarzschild relation, 22 RR GM c= , we can relate the 
radius of the black hole to its mass, and vice versa. This allows us to rewrite Eq-
uation, (3-14), entirely in terms of the mass of the black hole, or entirely, in 
terms of its radius. In terms of its mass, we find, 

( )833.416 10R Rf M−= ×             (ISBH) (3-15) 

In terms, of its radius, we obtain, 

( )562.303 10Rf R−= ×             (ISBH) (3-16) 

Either way, for a given size, or mass, we now have an expression for, Rf , the 
probability density function, just inside the 4-D event horizon. 

Once we know, Rf , we can determine, σ , the shape parameter. Using Equa-
tion, (3-1), it is clear that 

( ) ( ) ( )2 22 π 1 exp 2 erf 2Rf R Rσ σ σ= −          (3-17) 

Unfortunately, the right hand side of this equation is a complicated function 
of σ , as σ  occurs in three separate places. Thus, an analytical solution does 
not seem possible. We therefore resort to a numerical solution, using a trial and 
error approach. We step through various σ  values and look for a match be-
tween the right hand side of Equation, (3-17), and either one of Equations, 
(3-15), or (3-16). This is best achieved by using a spreadsheet, and we will give 
specific solutions for various black holes. 

We will consider three black holes. The first will have the mass which equals 
that of the sun (not realistic), which we call black hole, A, abbreviated, ABH . 
The second will have a mass ten times that of the sun. This we refer to as black 
hole, B, or BBH . The third black hole is supermassive black hole with a mass, a 
million times that of the sun. These kinds of black holes are found at galactic 
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centers. This is black hole, C, or CBH , for short. Using these masses, and the 
Schwarzschild relation, we find 

( ) ( )30 31 36, , 1.989 10 ,1.989 10 ,1.989 10 kgA B CM M M = × × ×  

( ) ( )3 4 9, , 2.954 10 ,2.954 10 ,2.954 10 metersA B CR R R→ = × × ×    (3-18) 

We next determine the probability distribution function at radius, R, which is, 

Rf , for all three black holes using either Equation, (3-15), or Equation, (3-16), 
whichever is convenient. We find 

 ( ) ( )53 52 47 1
, , ,, , 6.8292 10 ,6.8292 10 ,6.8292 10 metersR A R B R Cf f f − − − −= × × ×  (3-19) 

Using these values, we next determine the associated σ  values. We use Equ-
ation, (3-17), and our trial and error approach utilizing a spread sheet. We ob-
tain a match for the following shape parameter values, which apply for each of 
the black holes considered. 

( ) ( )2 3 8, , 1.951 10 ,1.992 10 ,2.241 10 metersA B Cσ σ σ = × × ×      (3-20) 

In this way, we can fix the parameters associated with our choice of probabili-
ty distribution function. Fixing the µ  values is easy, if we assume a maximum 
in rf  at the origin. If the mode is at, 0r = , then necessarily, we must set, 

( ) ( ), , 0,0,0A B Cµ µ µ = . Finding the shape parameter, σ , however, is much 
more complicated. There does not appear to be an easier way of determining the 
σ  value, other than this trial and error approach, and looking for a match in 
solution. 

Once more, we have focused on an isolated, static black hole (ISBH) because 
our goal in this paper is to illustrate a method, and not work out all possibilities. 
If we have net radiative inflow, then necessarily, d d 0Q t > . For this situation, 
we would have an evolving inside surface temperature at the event horizon, one 
that is continuously changing with increasing event horizon radius, ( )R R t= . 
The inside surface temperature, 1T , decreases as R increases. The net radiative 
heat inflow can be determined from the outside blackbody temperature, and the 
size (or mass) of the black hole. This changing inside surface temperature, on the 
4-D side, would translate into other values for, ( )R Rf f t= , and, consequently, 

( )tσ σ= , which hypothetically can be worked out. We would obtain a different 
distribution of radiative mass density, or better said, a changing distribution, 
within the black hole because of Equation, (3-8), and the different σ , and, Rf  
values. The point is that we would know how to proceed for this more involved 
situation. In addition, in the interests of keeping the discussion manageable, we 
have only considered three massive black holes. A whole catalog can be created 
for differing masses, and different heat inflows. 

We close this section by giving the dimensionless ratio of 𝜎𝜎 value, to radius, 
R, for the three black holes under consideration. This is sometimes referred to as 
the Pearson ratio. It occurs very often, such as in Equations, (3-1), (3-2), (3-3), 
and (3-4). We divide the shape parameters indicated in Equations, (3-20), by the 
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corresponding radii in relations, (3-18). The results are, 

( ) ( ), , 0.0660,0.0674,0.0759A A B B C CR R Rσ σ σ =  (3-21) 

Even though σ  is not the standard deviation for a truncated Normal distri-
bution (see Equation, (3-4)), the Pearson ratio is a measure of dispersion. Due to 
the relatively small values indicated by Equations, (3-21), we can expect a high 
concentration of radiative mass, radiative pressure, radiative heat density, etc. 
located close to the center of the black hole. Towards the surface these values 
will drop down to almost insignificant amounts. This will be made apparent 
when we construct tables, in Sections 4 and 5, for the three black holes under 
consideration. There, we will see very clearly how the values are concentrated 
within a relatively narrow radius, close to the very core of the black hole. It is in-
teresting to notice that this dispersion does not increase significantly, even for a 
very massive black hole. 

4. Determining Temperature, Radiative Pressure, Internal  
Energy Densities, and Radiative Forces within the Black  
Hole 

We have spent some time determining the shape parameter associated with our 
choice of probability distribution. This will enable us to determine the tempera-
ture as a function of radius, within the black hole, itself. Once we have the tem-
perature distribution, we can also find other key thermodynamic quantities of 
interest within the black hole, and specify these as a function of 4-D radius. We 
are thinking of the radiative pressure, the internal energy density, the radiative 
heat density, and the total (radiative mass) energy density. These quantities de-
pend on the temperature and temperature only. Moreover, if temperature is a 
function of radius, so too, are these quantities. 

The radiative force within the black hole will also depend on temperature, but, 
in addition, on the surface area. The surface area, in turn, depends on the 4-D 
radius. By definition, according to Equation, (2-23), 2 32πr r r rF p A p r≡ = , 
where we have dropped the superscript on, , ,r r rF p A , for ease of writing. Un-
less otherwise indicated, all quantities in this section, and the next, are 
4-dimensional quantities. Therefore, we will dispense with the superscripts, un-
less we have to distinguish between 3-D and 4-D quantities. At radius, r, the 
force, rF , is a radiative force pushing the surface area, 2 32πrA r= , out. At ra-
dius, dr r+ , we have another radiative force, dr rF + , which pushes the surface 
area, dr rA + , at dr r+ , from the outside in, because it acts from the top down. 
Together with gravity, which also pulls the layer between radii, r, and, dr r+ , in, 
these forces guarantee for hydrostatic equilibrium, according to Equation, (2-26). 
Layer by layer, the black hole is thus kept in stable equilibrium. For a given ra-
dius, r, the forces, rF , and dr rF + , depend only on temperature, ( )rT T r= . And 
because, ( ) ( )d dr r rT T r T T r r+= > = + , we have a greater radiative force pushing 
out at radius, r, than pushing in at radius, dr r+ . In other words, dr r rF F +> . 
Refer to Equation, (2-26). 
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From Section 2, we know that Equation, (2-17), holds. With this equation we 
can calculate the internal energy density at any temperature, rT . Once we have 
the internal energy density, it is easy to calculate the radiative pressure, the heat 
density, and the entropy density. We use Equations, (2-18). To find the total 
energy “density”, and the radiative mass density, we employ Equations, (2-20), 
and, (2-21). Thus, the temperature, rT , is needed for all these quantities. But, 

rT , can be determined. We start with Equation, (2-25). This equation can be re-
written in the forms, 

r r r RA f Mρ =  

( )2  r r r Re c A f M=  

( )( )210 4 r r r Ru c A f M=  

( ) ( )( )4 5 210 4 r r r Ra T c A f M=  

 ( ) ( )( ) ( ) ( )( ) ( )( )4 5 2 2 3 2 210 4 2π 2 π 1 exp 2 1 erf 2r Ra T c r r R Mσ σ σ= −  (4-1) 

For the 2nd line, we substituted the first line in Equation, (2-21). In the 3rd line, 
we employed the last equality in relations, (2-22). The 1st line in Equation, (2-17), 
was invoked for the 4th line in Equations, (4-1). And finally for the 5th line, we 
substituted, Equation, (3-1), on the right hand side, and our, by now familiar, 
expression for the 4-dimensional surface area, 2 32πrA r= , on the left hand side. 
Upon inspection of the right hand side in the last of the series of Equations, in, 
(4-1), we see that this depends on the variables, r, R, and, σ . The left hand side 
depends on the temperature, rT , and the radius, r. Therefore, for a given r value, 
we can use this equation to determine the temperature as a function of radius. 
All that we need is the shape parameter and the mass, or size, of the black hole. 
Those values were determined in the previous section for the various specific 
black holes under consideration. 

Equation, (4-1), however, is a rather complicated function. Another way to 
calculate the temperature, rT , within the black hole is less complicated, and of-
fers additional insight. We shall follow this approach, even though it is less di-
rect, as it will allow us to derive the other quantities in a more systematic man-
ner. We proceed in a series of steps, and use the three black holes introduced in 
the previous section, to illustrate the results. In this way numerical comparisons 
can be made, and highlighted. The three massive black holes under considera-
tion, are those specified in Equations, (3-18), where we have specified both their 
masses, and their associated radii. 

The first step is to determine the temperature just inside the event horizon, 

1T . For this we use our generalized Stefan-Boltzmann law, derived in reference 
[5]. The equation reads, 

 ( ) ( ) ( ) ( ) ( )3 44 2 5 2 3
2 11 d d 4 3 4π 5 4 2πc Q t a T R a T R= −  (4-2) 

In this equation, the constants, ( )3a , and ( )4a , have the numerical values in 
MKS units, 
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( ) ( ) ( )4 4 133π 2 4.7481 10a c σ −≡ = ×             (4-3) 

 ( ) ( ) ( )3 3 164 7.5657 10a c σ −≡ = ×             (4-4) 

The quantity, ( )3 8 2 45.67 10 Watts m Kσ −= ⋅× , is the Stefan-Boltzmann con-
stant in three dimensional space. In 4-D space, its extension [8] is given by, 

( )4 5 3 53.021 10 Watts m Kσ − ⋅= × . In Equation, (4-2), the quantity, d dQ t , is the 
net radiative heat entering the black hole from the 3-D side. We have shown in a 
previous work [5] that, d d 0Q t ≥ , is a direct consequence of our 4-D black hole 
radiation model, as we are ignoring/discounting radiative evaporation, for ex-
ample, due to Hawking radiation. These are second order effects, at best, if they 
exist, as shown in reference [5]. The temperatures, 2T , and 1T , in Equation, 
(4-2), are the temperatures just outside, and just inside, the event horizon, re-
spectively. The temperature, 2T , is on the 3-dimensional side, whereas, the 
temperature, 1T , is on the 4-D side within the black hole. The, R, is, of course, 
the radius of the black hole event horizon, proportional to its mass, because of 
the Schwarzschild relation. 

We notice that Equation, (4-2), contains two terms on the right hand side. 
The first term on the right hand side, is the radiative heat leaving 3-D space, and 
entering the 4-D black hole. We assume that the event horizon is infinitely thin. 
The second term on the right hand side is the radiative heat exiting the 4-D 
black hole, and entering 3-D space. Both propagate at velocity, c. Another way of 
writing Equation, (4-2), is thus 

 ( ) ( )3 41 d d 1 d d 1 d dc Q t c Q t c Q t= −             (4-5) 

In this expression, ( )3d dQ t  is the radiative heat streaming into the black 
hole, and, ( )4d dQ t , is the radiative heat flowing out. This expression leads to a 
necessarily positive radiative surface tension, and was a primary motivation for 
the construction of a black hole as a 4-D object.  

There are other ways to write Equation, (4-2), the generalized Stefan-Boltzmann 
law. A particularly straight-forward way is in terms of radiative pressure, and ra-
diative force. In this formulation, 

( ) ( ) ( ) ( ) ( )3 3 4 4
2 11 d d 4 5R Rc Q t p A p A= −             (4-6) 

here, the surface areas, ( )3 24πRA R= , and, ( )4 2 32πRA R= , are the 3-dimensional 
and 4-dimensional surface areas, respectively, at the event horizon. Also, it is to 
be noticed that the 3-D radiative pressure, ( ) ( ) ( )3 3 3 4

2 2 21 3 1 3p u a T= = . Thus, ( )3
2p , 

is defined in terms of the temperature right outside the event horizon. By con-
trast, the 4-D radiative pressure is defined in terms of a different temperature, 

1T . There, we have, ( ) ( ) ( )4 4 4 5
1 1 11 4 1 4p u a T= = , where, 1T , is the temperature 

right inside the event horizon, within the 4-D black hole.  
Equation, (4-6), for net radiative heat inflow, can also be rewritten as, 

( ) ( ) ( )3 41 d d 4 5R Rc Q t F F= −             (4-7) 

where, 
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( ) ( ) ( )3 3 3
2R RF p A≡  and ( ) ( ) ( )4 4 4

1R RF p A≡             (4-8a,b) 

The particular factors of, 4, and, 5, in Equations, (4-6), and, (4-7), are imposed 
upon us by the dimensionality of the differing spaces. The radiative force, ( )3

RF , 
acts on the event horizon and pulls the event horizon membrane radially in. The 
radiative force, ( )4

RF , by contrast, acts on the infinitely thin event horizon, and 
pushes the membrane radially out. Because d d 0Q t ≥ , we see that,  

( ) ( )3 44 5R RF F≥ . The radiative surface tension, defined as, ( ) ( )3 4
ST radiative R RF F F≡ − , 

was thus shown to be always positive. 
We will next assume that there is no net inflow. In other words, d d 0Q t = , 

and we have what we refer to as an isolated, static black hole (ISBH). Net inflow 
will be treated in another paper and it will be easy to extend these ideas once we 
understand the process for an isolated static black hole. For an ISBH, we assume 
that the outside temperature is, 2 2.725 KT = , a working hypothesis. This can-
not be proven, just surmised, because, at this small temperature, net inflows will 
not lead to appreciable expansion. In other words, expansion, if it existed, can-
not be observed as it would be so slight. As such, at 2 2.725 KT = , we may, or, 
may not, have inflow. We assume no inflow. Under this assumption, the CMB 
photons surrounding the black hole will lead to a temperature, called the equili-
brium temperature, just inside the event horizon equal to, 

5
1 0.0597T R =  or 1 5

1 0.569T R−=        (ISBH) (4-9a,b) 

This is obtained by solving Equation, (4-2), after we set the left hand side 
equal to zero. Remember that, for, 2 2.725 KT = , we assume we have an isolated, 
static black hole.  

Even though Equations, (4-9a,b), were derived for an isolated, static black 
hole, they tell us how to proceed for a dynamic black hole (DBH), with  
d d 0Q t > . For a different outside surface temperature, 2 2.725 KT > , we will 
have net inflow, and, ( )R R t= . The relation to be used here for 1T  is the same 
as before, except that now, R is evolving, and getting larger. As a consequence, 

1T , will start to decrease by the equations above. The radius will start to increase 
with net heat inflow, but until it has achieved a new value, we must assume that 
the inside temperature hasn’t caught up yet. In other words it is still the temper-
ature as determined by Equation (4-9b). We can argue as follows. The inside 
surface temperature determines, through the shape parameter σ , the inner 
mass distribution within the black hole. This, in turn, determines its total mass. 
The total mass determines the total radius. And the total radius relates back to 
the inside temperature by use of Equations, (4-9a,b). Until such time that the ra-
dius increases, 1T , will be fixed by the above equation. In a sense, a dynamic 
black hole is an evolving set of isolated, static black holes, each with a different 
radius. The energy absorbed will determine the final radius, irrespective of how 
much time it takes. The rate of inflow will determine that. 

If we go back in cosmological time, the CMB temperature was higher. Thus, 
Equations, (4-9a,b), would have to be modified as we assumed that the CMB 
temperature was 2.725 K to obtain the factors of 0.0597 and 0.569 in these ex-
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pressions. For higher (or lower) CMB temperatures, we have to scale both fac-
tors as follows:  

( ) ( ) ( )40.0597 2.725 0.0597CMBT→ , and, 

( ) ( ) ( )4 50.569 2.725 0.569CMBT→ , 

to take into account different CMB temperatures. If we go back in cosmological 
time, for the same radius, the equilibrium inside surface temperature was higher. 
That means for the same outside temperature load, 2 CMBT T> , inflow must have 
been less. In future epoch, it will be greater under the same conditions. As, 

0CMBT → , we obtain (reproduce) the permanent inflow model discussed in the 
introduction. 

From Equations, (4-9a), we see that the mass (size) of a black hole determines 
the inside surface temperature. The greater the radius, the less of an inside sur-
face temperature, we will have. For the three black holes considered in relations, 
(3-18), upon using Equations, (4-9a), we find that 

( ) ( )1, 1, 1,, , 0.115 K,0.0726 K,0.00726 KA B CT T T =         (4-10) 

These temperatures are many orders of magnitude greater than the corres-
ponding Hawking temperatures, and yet, they are below the minimum outside 
surface temperature of, 2.725 K. For example, the predicted Hawking tempera-
ture for a black hole having a mass equal to that of the sun is only, 62 nK, which 
is much less than 0.115 K, shown in Equation (4-10). But then, the space consi-
dered was 3-dimensional, and a totally different specific process was considered. 
We also remark that the variation in temperature between the various massive 
black holes is not as dramatic as might be expected. This is due to the 1 5R−  
factor in Equation, (4-9b), which in effect, is equivalent to 1 5

RM −  because of the 
Schwarzschild proportionality between mass and radius. The Hawking temper-
ature, by contrast, equals, ( )3 8πH BT c GMk= � , and therefore is proportional to 

1
RM − . His temperature, therefore, falls off much more dramatically than ours, as 

one increases black hole mass. This first step of finding the inside 4-D surface 
temperature, really consists of applying Equation, (4-9a), or, Equation, (4-9b), to 
find the inside surface temperature.  

The second step consists of strict calculations. In this step, we determine the 
internal energy density, the radiative pressure, the radiative heat density, and the 
total entropy density, defined by Equations, (2-17), and, (2-18). These quantities 
are all to be calculated just inside the event horizon, where we know the temper-
ature, 1T . For the internal energy density, ( )4

1 1Ru u u= = , we use Equation, (2-17). 
The respective temperatures are listed in Equations, (4-10). The results for the 
three black holes considered are thus, 

( ) ( )18 19 24 4
1, 1, 1,, , 9.60 10 ,9.60 10 ,9.60 10 J mA B Cu u u − − −= × × ×     (4-11) 

These values are very small, but then the temperature, just within the event 
horizon is very small. We can now use Equations, (2-18), to find the radiative 
pressures, the heat densities, the entropy densities. The results, with appropriate 
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units, are: 

( ) ( )18 19 24 3
1, 1, 1,, , 2.40 10 ,2.40 10 ,2.40 10 N mA B Cp p p − − −= × × ×     (4-12) 

( ) ( )17 18 23 4
1, 1, 1,, , 1.20 10 ,1.20 10 ,1.20 10 J mA B Cq q q − − −= × × ×      (4-13) 

( ) ( ) ( )16 17 21 4
1, 1, 1,, , 1.04 10 ,1.65 10 ,1.65 10 J m KA B Cs s s − − −= × × × ⋅    (4-14) 

Equations, (4-11), (4-12), (4-13), and (4-14), hold for an isolated, static black 
hole (ISBH), and until the radius has changed, for a dynamic black hole (DBH), 
as well.  

In step three, we calculate the total (radiative mass) energy “density”, the 4-D 
mass density, and the radiative force, all at, r R= , just inside the 4-D event ho-
rizon. For the total energy density, we use Equation, (2-20), in conjunction with 
Equations, (4-11), (4-12), and, (4-13). The results are: 

( ) ( )17 18 23
1, 1, 1,, , 2.40 10 ,2.40 10 ,2.40 10A B Ce e e − − −= × × ×        (4-15) 

These values, numerically, are twice the radiative heat density, which confirms 
the second equality in the Equations, (2-22). In fact, all the equalities in Equation, 
(2-22), are found to hold true. For the mass density, we can use the first line in 
Equation, (2-21), together with Equation, (4-15). Here, we obtain 

( ) ( )34 35 40 4
1, 1, 1,, , 2.67 10 ,2.67 10 ,2.67 10 kg mA B Cρ ρ ρ − − −= × × ×     (4-16) 

These values are exceedingly low, but then we are in 4-D space. And, for the 
radiative force, Equation, (2-23), can be utilized where we use the radiative 
pressure values indicated in Equations, (4-12), together with the radii specified 
in Equations, (2-18). The radii are needed to calculate the 4-D surface areas us-
ing the formula, 2 32πRA R= . The net results of these calculations give, 

( ) ( )6 4 6
1, 1, 1,, , 1.22 10 ,1.22 10 ,1.22 10 NewtonsA B CF F F − −= × × ×     (4-17) 

These 4-D radiative forces, pushing out against the event horizon, seem in-
credibly small, considering the fact that we are dealing with very massive objects. 
They, in fact, are. We should keep in mind, however, that they push against a 
greater 4-D surface area. Radiative forces, as it will turn out, are insignificant 
when compared to gravitational forces, except in the most extreme of circums-
tances, close to the event horizon of a black hole. This will be seen shortly. 
Within the interior however, radiative forces will have to be comparable to gra-
vitational forces for hydrostatic equilibrium. See Equation, (2-26). On the sur-
face we do not have hydrostatic equilibrium; we have, instead, an intrinsic sur-
face tension which is non-zero due to the changing dimensionality of space. Eq-
uations, (4-15), (4-16), and (4-17), hold only at the event horizon, just inside the 
4-D black hole, because it is there that we have established a temperature. As we 
shall see shortly, all the values indicated by Equations, (4-11), through to, (4-17), 
will increase dramatically as we enter the interior of the black hole. The subscript, 
“1” in all these relations can be interchanged with, “R”, because the temperature, 

1T , holds at radius R, inside the black hole. As examples, we can write  
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1, , 1, , 1, ,, ,A R A B R B C R Cp p p p q q= = = , etc. 
Thus far, all the pressures, densities, and forces are given at radius, R, because 

at that radius, we know the temperature. We now look into the interior, where 
r R< . In step 4, we will calculate the mass density as a function of radius, 

( )r rρ ρ= . For that, we will employ Equation, (3-8). This can be written in the 
form, 

( ) ( ) ( )3 3 2 2 2exp 2r R r Rr R f f R rρ ρ σ= = − 
              (4-18) 

We notice that in the limit where, 0r → , the right hand side is non-zero. 
Therefore the left hand side must also be finite in this limit. This can only mean 
one thing for the left hand side, namely, that rρ  increases more rapidly, than 

3r  decreases, in this limit. Also remember that rρ  is really a density. A density, 
a-priori, requires a finite volume, however small. The pdf chosen is seen to give 
us a finite result for the right hand side given this limit. And so, without further 
analysis, we must accept that the left hand side is also finite in the limit where, 

0r → . 
For each of the black holes considered, we know the shape parameter, σ , 

and the total radii, R. Therefore, for a specified r R<  value, we can evaluate 
the right hand side of Equation, (4-18). We also know the Rρ  values on the left 
hand side, which hold at the surface. These are given by Equations, (4-16). We 
can therefore determine the inner radiative mass density, rρ , as a function of 
radius. These results have to be given in table form, because we are considering 
separate, r/R values. The tables are presented in Tables 1-3. Table 1, applies to a 
black hole having a mass equal to that of the sun. Table 2, holds for a black hole, 
having a mass ten times that of the sun. And Table 3 refers to the 3rd black hole 
under consideration, one having a mass a million times that of the sun. All tables 
will increase the radius in steps indicated. And so, in the first column, we have 

0.03 ,0.06 ,0.09 ,r R R R= � . Notice that we do not start with, 0r = , as it is mea-
ningless to define a density, or for that matter, a temperature, for zero volume. 
We therefore start with an almost infinitesimally small, but finite radius,  

610r R−= . The associated, rρ , values are calculated under column 3 in these 
tables. Column 2 is reserved for, ( )2 2 2exp 2r Rf f R r σ= − 

  , which is specific 
to our choice of pdf. 

The fifth step is about calculating the total energy “density”, using the first 
line in relation, (2-21). And then, by using Equations, (2-22), we evaluate the ra-
diative pressure, the radiative heat density, and the internal energy density. Since 
the 4-D mass density, rρ , within the black hole is a function of radius, r, so too 
are, ,,r r re p q  and, ru . The total energy density is given by the simple relation, 

2
r re cρ= , where c is the speed of light. Again, because we are dealing with func-

tions that depend on, r/R, we have to give the results in table form. These are 
presented in Tables 1-3, where each table refers to a black hole of a specific mass. 
The values for, ,r ru p  and, rq , are highlighted under columns, 4, 5, and 6, re-
spectively. The values for total (radiative mass) energy densities, re , are not  
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Table 1. For a blackhole having 1 solar mass. 

r/R fr/fR ρr ur pr qr Tr sr Fr dTr/dr Cr = dur/dTr dur/dr 

  
(kg/m4) (Joules/m4) 

(Newtons/ 
m3) 

(Joules/m4) (K) 
(Joules/ 
(m4K)) 

(Newtons) (K/m) 
(Joules/ 

m4K) 
(Joules/m5) 

0.000001 5.99E+49 1.60E+34 5.75E+50 1.44E+50 7.18E+50 4.14E+12 1.74E+38 7.31E+43 −8.40E+14 6.95E+38 −5.84E+53 

0.03 5.40E+49 5.34E+20 1.92E+37 4.80E+36 2.40E+37 8.34E+09 2.88E+27 6.59E+43 −6.04E+07 1.15E+28 −6.95E+35 

0.06 3.96E+49 4.90E+19 1.76E+36 4.40E+35 2.20E+36 5.17E+09 4.25E+26 4.84E+43 −2.23E+07 1.70E+27 −3.80E+34 

0.09 2.37E+49 8.67E+18 3.12E+35 7.79E+34 3.89E+35 3.66E+09 1.06E+26 2.89E+43 −1.34E+07 4.26E+26 −5.69E+33 

0.12 1.15E+49 1.78E+18 6.38E+34 1.60E+34 7.98E+34 2.67E+09 2.99E+25 1.40E+43 −9.47E+06 1.20E+26 −1.13E+33 

0.15 4.54E+48 3.59E+17 1.29E+34 3.23E+33 1.61E+34 1.94E+09 8.34E+24 5.55E+42 −7.13E+06 3.34E+25 −2.38E+32 

0.18 1.46E+48 6.69E+16 2.40E+33 6.01E+32 3.00E+33 1.38E+09 2.17E+24 1.78E+42 −5.42E+06 8.69E+24 −4.71E+31 

0.21 3.82E+47 1.10E+16 3.96E+32 9.90E+31 4.95E+32 9.64E+08 5.13E+23 4.66E+41 −4.08E+06 2.05E+24 −8.37E+30 

0.24 8.13E+46 1.57E+15 5.64E+31 1.41E+31 7.06E+31 6.53E+08 1.08E+23 9.93E+40 −2.99E+06 4.32E+23 −1.29E+30 

0.27 1.41E+46 1.91E+14 6.86E+30 1.72E+30 8.58E+30 4.29E+08 2.00E+22 1.72E+40 −2.12E+06 8.01E+22 −1.70E+29 

0.3 1.98E+45 1.96E+13 7.05E+29 1.76E+29 8.81E+29 2.72E+08 3.24E+21 2.42E+39 −1.45E+06 1.30E+22 −1.88E+28 

0.5 2.15E+37 4.60E+04 1.65E+21 4.13E+20 2.07E+21 5.11E+06 4.04E+14 2.63E+31 −4.17E+04 1.62E+15 −6.75E+19 

1 1.00E+00 2.67E-34 9.60E-18 2.40E-18 1.20E-17 1.15E-01 1.04E-16 1.22E-06 −1.81E-03 4.17E-16 −7.54E-19 

 
Table 2. For a Blackhole having 10 solar masses. 

r/R fr/fR ρr ur pr qr Tr sr Fr dTr/dr Cr = dur/dTr dur/dr 

  
(kg/m4) (Joules/m4) 

(Newtons/ 
m3) 

(Joules/m4) (K) 
(Joules/ 
(m4K)) 

(Newtons) (K/m) 
(Joules/ 

m4K) 
(Joules/m5) 

0.000001 5.87E+47 1.57E+31 5.63E+47 1.41E+47 7.04E+47 1.03E+12 6.80E+35 7.16E+43 −2.10E+13 2.72E+36 −5.72E+49 

0.03 5.31E+47 5.25E+17 1.89E+34 4.72E+33 2.36E+34 2.09E+09 1.13E+25 6.49E+43 −1.51E+06 4.52E+25 −6.81E+31 

0.06 3.95E+47 4.88E+16 1.75E+33 4.39E+32 2.19E+33 1.30E+09 1.69E+24 4.82E+43 −5.56E+05 6.75E+24 −3.75E+30 

0.09 2.41E+47 8.81E+15 3.17E+32 7.92E+31 3.96E+32 9.22E+08 4.29E+23 2.94E+43 −3.32E+05 1.72E+24 −5.70E+29 

0.12 1.20E+47 1.86E+15 6.68E+31 1.67E+31 8.36E+31 6.76E+08 1.24E+23 1.47E+43 −2.35E+05 4.95E+23 −1.16E+29 

0.15 4.94E+46 3.91E+14 1.40E+31 3.51E+30 1.76E+31 4.95E+08 3.55E+22 6.03E+42 −1.77E+05 1.42E+23 −2.52E+28 

0.18 1.66E+46 7.61E+13 2.74E+30 6.84E+29 3.42E+30 3.57E+08 9.59E+21 2.03E+42 −1.36E+05 3.84E+22 −5.21E+27 

0.21 4.59E+45 1.32E+13 4.76E+29 1.19E+29 5.94E+29 2.51E+08 2.37E+21 5.60E+41 −1.03E+05 9.46E+21 −9.74E+26 

0.24 1.04E+45 2.01E+12 7.22E+28 1.80E+28 9.02E+28 1.72E+08 5.24E+20 1.27E+41 −7.62E+04 2.09E+21 −1.60E+26 

0.27 1.93E+44 2.62E+11 9.42E+27 2.36E+27 1.18E+28 1.15E+08 1.03E+20 2.36E+40 −5.47E+04 4.11E+20 −2.25E+25 

0.3 2.95E+43 2.91E+10 1.05E+27 2.62E+26 1.31E+27 7.39E+07 1.77E+19 3.60E+39 −3.80E+04 7.08E+19 −2.69E+24 

0.5 6.70E+35 1.43E+02 5.15E+18 1.29E+18 6.43E+18 1.61E+06 3.99E+12 8.18E+31 −1.26E+03 1.60E+13 −2.02E+16 

1 1.00E+00 2.67E-35 9.60E-19 2.40E-19 1.20E-18 7.26E-02 1.65E-17 1.22E-04 −1.10E-04 6.61E-17 −7.24E-21 
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Table 3. For a Blackhole having 106 solar masses. 

r/R fr/fR ρr ur pr qr Tr sr Fr dTr/dr Cr = dur/dTr dur/dr 

  
(kg/m4) (Joules/m4) 

(Newtons/ 
m3) 

(Joules/m4) (K) 
(Joules/ 
(m4K)) 

(Newtons) (K/m) 
(Joules/ 

m4K) 
(Joules/m5) 

0.000001 5.21E+37 1.39E+16 5.00E+32 1.25E+32 6.25E+32 1.01E+09 6.19E+23 6.36E+43 −2.05E+05 2.48E+24 −5.08E+29 

0.03 4.82E+37 4.77E+02 1.71E+19 4.28E+18 2.14E+19 2.05E+06 1.05E+13 5.89E+43 −1.46E-02 4.18E+13 −6.10E+11 

0.06 3.81E+37 4.71E+01 1.69E+18 4.24E+17 2.12E+18 1.29E+06 1.64E+12 4.65E+43 −5.28E-03 6.57E+12 −3.47E+10 

0.09 2.58E+37 9.45E+00 3.40E+17 8.49E+16 4.24E+17 9.35E+05 4.54E+11 3.15E+43 −3.10E-03 1.82E+12 −5.63E+09 

0.12 1.49E+37 2.31E+00 8.29E+16 2.07E+16 1.04E+17 7.05E+05 1.47E+11 1.82E+43 −2.19E-03 5.88E+11 −1.29E+09 

0.15 7.39E+36 5.84E-01 2.10E+16 5.25E+15 2.63E+16 5.36E+05 4.90E+10 9.02E+42 −1.67E-03 1.96E+11 −3.27E+08 

0.18 3.13E+36 1.43E-01 5.14E+15 1.29E+15 6.43E+15 4.05E+05 1.59E+10 3.82E+42 −1.31E-03 6.36E+10 −8.35E+07 

0.21 1.13E+36 3.26E-02 1.17E+15 2.93E+14 1.47E+15 3.01E+05 4.87E+09 1.38E+42 −1.03E-03 1.95E+10 −2.02E+07 

0.24 3.50E+35 6.77E-03 2.43E+14 6.08E+13 3.04E+14 2.20E+05 1.38E+09 4.28E+41 −8.06E-04 5.53E+09 −4.46E+06 

0.27 9.28E+34 1.26E-03 4.52E+13 1.13E+13 5.65E+13 1.57E+05 3.60E+08 1.13E+41 −6.16E-04 1.44E+09 −8.88E+05 

0.3 2.10E+34 2.08E-04 7.47E+12 1.87E+12 9.34E+12 1.09E+05 8.53E+07 2.57E+40 −4.60E-04 3.41E+08 −1.57E+05 

0.5 1.94E+28 4.14E-11 1.49E+06 3.72E+05 1.86E+06 5.00E+03 3.72E+02 2.37E+34 −3.15E-05 1.49E+03 −4.68E-02 

1 1.00E+00 2.67E-40 9.60E-24 2.40E-24 1.20E-23 7.26E-03 1.65E-21 1.22E+06 −8.69E-11 6.61E-21 −5.74E-31 

 
tabulated, as this is simply the sum of columns, 4, 5 and 6. Or, what is equivalent, 
we could take the entries under column, 3, for, rρ , in the tables, and, multiply 
those by 2c  to obtain re . 

In step 6, we finally evaluate the temperature, rT . This step is relatively easy. 
Instead of using Equation, (4-1), we will use a much simpler expression, Equa-
tion (2-17). Solving Equation, (2-17), for temperature, rT , gives 

( )( )1 54
r rT u a=                        (4-19) 

In this equation, ( )4 134.7481 10a −= × , in MKS units, as specified in Equation, 
(2-17). Using the ru  values specified in the tables, given under column, 4, we 
can thus evaluate the corresponding temperatures by use of Equation, (4-19). 
These temperatures are listed under column, 7, in each of our three tables. When 
comparing the temperatures at the very core for the three black holes considered, 
we see something very interesting. The temperature actually goes down at the 
core as the black hole increases its mass. But then the surface temperature just 
inside the event horizon, 1T , also decreases its temperature as radius, R, in-
creases in value. This would mean that the smallest black holes have the highest 
temperatures at their core. This fact could have important ramifications for high 
energy physics, and perhaps even modeling massive particles as mini black 
holes. 
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It also shows that, for a dynamic black hole, the inside surface temperatures 
will decrease as the radius expands. Assume that a black hole expands from a 
mass of one solar radius to a mass of ten times that value. Depending on the rate 
of inflow, this will occur within a certain period of time. Due to the Schwarz-
schild condition, the radius also increases ten-fold. We are in effect going from 
Table 1 and Table 2. Now look under the temperature column. We see that not 
only has the surface temperature just inside the event horizon decreased, but al-
so the core temperature. Think of a dynamic black hole as a series of snapshots 
of isolated, static black holes, each with an increased radius. 

Retracing our steps, we should recognize that, , , ,r r r ru q p e , are all propor-
tional to one another, and thus to rρ . Using the proportionalities, we can claim 
that, 

( )5
r R r R r R r R r R r Ru u q q p p e e T Tρ ρ= = = = =         (4-20)  

By setting up a ratio, the constants relating these individual quantities factor 
out. For the final equality, in Equations, (4-20), we employed the relation, (2-17). 
Moreover, the mass density, rρ , in turn, is related to Rρ , through Equation, 
(3-18). Because of Equation, (3-18), we can further write, 

( ) ( ) ( ) ( )
( ) ( )2 2 2exp 2

r r R R r r R R r r R R r r R R

r r R R r R

u A u A q A q A p A p A e A e A

A A f f R rρ ρ σ

= = =

 = = = − 
    (4-21) 

An equivalent way of writing this equation is in terms of radii. Because, 
2 32πrA r= , and 2 32πRA R= , it is possible to write, 

( ) ( ) ( ) ( )
( ) ( )

3 3 3 3 3 3 3 3

3 3 2 2 2exp 2

r R r R r R r R

r R r R

u r u R q r q R p r p R e r e R

r R f f R rρ ρ σ

= = =

 = = = − 
    (4-22) 

Moreover, we recognize that, by Equation, (2-23), the radiative force at radius, 
r, is given by, r r rF p A= . From this, it follows that, R R RF p A= . The 3rd equality 
in Equation, (4-21), can therefore be re-expressed as, 

( )2 2 2exp 2r R r RF F f f R r σ = = −                 (4-23) 

We see from Equations, (4-21), (4-22), and (4-23), that all quantities on the 
left hand side, are, in effect, determined by the ratio, r Rf f . The numerical 
values for r Rf f  are specified in the 2nd column in each of the tables. Again, 
this specific ratio is fixed by our choice of pdf. 

The temperature is also related to this ratio, r Rf f . The temperature profile 
within the black hole, is found using the internal energy density, by Equations, 
(2-17), or, what is equivalent, (4-19). Using the version indicated by Equation, 
(4-19), and combining this with the first equality in Equations, (4-20), we are 
justified in writing, 

( ) ( )1 5 1 5
r R r R r RT T u u ρ ρ= =                  (4-24) 

Moreover, multiplying both left and right hand sides by, ( )3 5r R , we find 
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that, 

( )( ) ( ) ( ) ( )1 53 5 1 53 3 2 2 2exp 10r R r R r RT T r R r R f f R rρ ρ σ   = = = −     (4-25) 

The last two equalities in Equation, (2-22), were utilized in obtaining the re-
sults in Equations, (4-25). We notice from relation, (4-25), that  

( ) ( ) ( )3 5 1 5
r R r RT T R r f f=                   (4-26) 

Equations, (4-24), (4-25), and, (4-26), are some other ways to calculate the 
temperature, rT , within the black hole. However, Equation, (4-19), seems to us 
to be the most direct way to evaluate these temperatures. 

The seventh step is to evaluate the 4-D entropy density function, ( )rs s r= . 
This is considered a state variable, i.e., it will depend on the state of the system, 
defined as a particular layer of the black hole, at a specific temperature. The ea-
siest way to find, rs , is to use the last equation, in relations, (2-18). We know 
the heat density, rq , as well as temperature within a specific layer, rT . These 
values were tabulated under columns, 6, and 7, respectively. Thus we can find, 

rs , by simply dividing the entry in one column, column 6, by the corresponding 
entry in the other, column 7. The results for, rs , are listed under column 8, in 
Tables 1-3. 

An interesting formulation for entropy density is to use a ratio. We can com-
pare the entropy density within the interior of the black hole, rs , to its value 
just inside the event horizon, where r Rs s= . In step 2, we evaluated,  

( ) ( ), , , 1, 1, 1,, , , ,R A R B R C A B Cs s s s s s= . See Equation, (4-14). We find, upon con-
structing the ratio, 

( )( ) ( ) ( )( )
( ) ( )( ) ( )
( ) ( )
( ) ( )

3

3 3 5 1 5

12 5 4 5

12 5 2 2 2exp 0.4

r R r R R r r R R r

r R r R

r R

s s q q T T R r f f T T

R r f f R r f f

R r f f

R r R r σ

− −

= =

=

=

 = − 

        (4-27) 

For the 1st line, we used the last relation in Equations, (2-18), and the 2nd 
equality in Equations, (4-22). For the second line, Equation, (4-26), was em-
ployed. The 3rd line involves simplification. And, as for the 4th line, the last 
equality, in Equation, (4-21), was utilized. From the last line in relations, (4-27), 
we see that the entropy density increases rather dramatically if one decreases the 
radius, r. As stated, the values for, rs , are specified in the tables. They are to be 
found under column, 8. 

In step 9, we calculate the 4-D surface area the 4-D radiative force, r r rF p A= . 
These values depend on the radius, and also, on the temperature at radius, r. The 
evaluation of surface area is easy; we simply use ( )32 3 2 32π 2πrA r R r R= = . 
These values are not tabulated. For, r r rF p A= , we multiply the radiative pres-
sure, entered under column 5, by the corresponding surface area. Those results 
are tabulated under column, 9, in the three tables. 

As was done for entropy density, we can construct a ratio, which will tell us 
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how the radiative force increases within the interior of the black hole. But this 
was already done by way of Equation, (4-23). Again, the factor, r Rf f , comes 
into play, and this factor is listed under the 2nd column in all three tables. There-
fore, because, r R r RF F f f= , we need only look under the 2nd column in the 
three tables, to see how radiative force increases as one penetrates into the inte-
rior. Needless to say, the radiative force increases dramatically with decreasing r 
value. Although ridiculously weak at the surface of the black hole, its value 
within the interior is strong. We can think of the black hole as a multi-layered, 
4-D capacitor, where energy densities, radiative forces, and radiative pressures 
increase substantially with decreasing radii. 

In step 10, we determine the temperature gradient, d drT r , within the 4-D 
black hole. For this, we will utilize Equation, (4-25), the first and the last entry. 
Written out somewhat differently, we have 

( )5 3 5 3 2 2 2exp 10r RT r T R R r σ = −                 (4-28) 

We differentiate both the left, and the right, hand sides with respect to radius, 
r. The result is 

 ( ) ( )4 3 5 2 5 3 2 2 2 25 d d 3 exp 10r r r RT T r r T r T R R r rσ σ + = − −       (4-29) 

We next divide the left hand side of Equation, (4-29), by the left hand side of 
Equation, (4-28). We do the same with the right hand side; divide the right hand 
side of Equation, (4-29), by the right hand side of Equation, (4-28). In this way 
we obtain, 

( ) ( )25 d d 3r rT T r r r σ+ = −                (4-30) 

Hence, it follows that, 

( )2d d 3 5r rT r r r Tσ= − +                 (4-31) 

The negative sign tells us that we will have a decrease in temperature, in the 
amount of, d rT , for a corresponding increase in radius, from r to dr r+ . This 
decrease depends, of course, on the shape parameter, σ , as well as on the ra-
dius, r, and temperature, rT . 

We know the values on the right hand side of Equation, (4-31). The radius is 
specified under column, 1, in all tables. We use, ( )r r R R= . For the tempera-
tures, rT , we utilize the corresponding entries under column 7 in all three tables. 
And the shape parameters are listed in Equations, (3-20). Thus, the right hand 
side of Equation, (4-31), can be evaluated. We list, d drT r , under column, 10, 
in Tables 1-3. 

For step, 11, we calculate the 4-D blackbody specific heat, d dr r rC u T≡ , at 
radius, r. Using Equation, (2-17), we see that, 

( )4 4d d 5r r r rC u T a T≡ =                  (4-32)  

However, we also know from the last two equalities in relations, (2-18), that it 
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is permissible to write, 

 ( )4 45 4 5 4r r r rs u T a T= =                 (4-33) 

We utilized Equation, (2-17), for the last equality. Upon comparing Equations, 
(4-32), with Equation, (4-33), it is obvious that, 

4r rC s=                        (4-34) 

This very simple result makes it easy to calculate the specific heat, or,  
d dr ru T . We simply take the entries for, rs , specified under column 8 in the 
tables, and multiply them by a factor of 4. Those values are listed under column 
11 in all tables. 

Our final step, in this section, is step, 12. Here, we calculate the internal ener-
gy density gradient, d dru r . We’ll use the fact that, 

( )( ) ( )d d d d d d d dr r r r r ru r u T T r C T r= =          (4-35) 

The entries for, rC , are given under column 11 in Tables 1-3. We also know 
the corresponding values for, d drT r , as these are listed under column 10. Thus, 
we are able to evaluate the right hand side of Equation, (4-35). We display those 
values, in our final column, column 12, in all tables. We remark that because, 
d drT r , is negative, d dru r , will also be negative. Therefore, for an increase in 
4-D radius, from radius, r, to radius, dr r+ , we expect a decrease in internal 
energy density, d ru , at a specific radius, r. Not only that, but the radiative pres-
sure, the heat density, and the radiative mass density, will also decrease. Refer to 
Equations, (4-20), where this can be seen directly. 

5. Determining Radiative Mass, Work Done against  
Radiative Pressure, Gravitational Forces, and Entropy  
within the Black Hole 

In this section, we will use the two stellar-like equations, which have been ge-
neralized to four spatial dimensions, in Section 2. We wish to calculate some 
important global attributes which hold within, and on the surface, of the black 
hole. By doing so, we will appreciate the role that the chosen pdf plays in the 
determination of these physical characteristics. We are looking specifically, at 
the radiative mass, the work needed to assemble the black hole against radiative 
pressure, the gravitational forces both within, and on the surface of the black 
hole, and the entropy. To keep the discussion simple, we will consider only an 
isolated, static black hole, where there is no net radiative inflow. Net inflow can 
be considered in a follow up paper. We will also assume that the radiative tem-
perature just outside the event horizon, on the 3-D side, is the CMB tempera-
ture, 2.725 K. 

As in the previous section, we will proceed in steps, as it will help us to organ-
ize our thoughts in a coherent way. Also, we will dispense with the superscripts 
as all quantities, because, unless otherwise indicated, the quantities are 4-D. The 
three black holes under consideration are the same as before. Black hole, ABH , 
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will have a mass equal to that of the sun. Black holes, BBH  and, CBH , have 
masses, ten and a million times that of the sun, respectively. Finally, because 
these global quantities or attributes are dependent on radius, we will have to 
present our results in table form. We will have three tables; Table 4 refers to 
black hole, ABH , Table 5 to black hole, BBH , and Table 6 relates to black hole, 

CBH . 
We start with the cumulative distribution function (cdf), given by Equation, 

(3-2). The defining relation, for, CDF
rF , is Equation, (2-12). Written out once 

more, we have 

 ( ) ( )0
d erf 2 erf 2

rCDF
r rF f r r Rσ σ≡ =∫             (5-1) 

For each of the black holes under consideration, black holes ,A BBH BH , and, 

CBH , we have a specific R, and, a specific σ  value. These are indicated in Eq-
uations, (3-18) and (3-20). Therefore, it is possible to evaluate, numerically, the 
right hand side of Equation, (5-1), for various ( )r r R R=  values. These CDF

rF  
values are listed under column 2, in Tables 4-6. Under column 1, we list the in-
ternal radii, in steps of,  0,0.03 ,0.06 ,0.09r R R R= , etc.. This is step 1. All tables 
are presented at the end of the paper. 

Step 2 will determine the radiative mass, rM , starting from 0r = , up to, and 
including radius, r. From Equation, (2-11), we know that, 

CDF
r R rM M F=                         (5-2) 

 
Table 4. For a blackhole having 1 solar mass. 

r/R FCDF
r Mass = Mr Ur Qr Wr Gr Mr Gr gr φG,r FG,r Sr 

  
(kg) (Joules) (Joules) (Joules) (N m3/kg) (N m3/kg2) (m/s2) (Joules/kg) (Newtons) (Joules/K) 

0.000001 1.21E-05 2.40E+25 8.64E+41 1.08E+42 2.16E+41 1.80E+01 7.48E-25 −6.97E+08 −1.08E+18 8.37E+33 1.63E+29 

0.03 3.50E-01 6.97E+29 2.50E+46 3.13E+46 6.26E+45 1.46E+19 2.09E-11 −2.09E+13 −1.07E+18 7.16E+42 2.29E+36 

0.06 6.36E-01 1.27E+30 4.55E+46 5.69E+46 1.14E+46 2.33E+20 1.84E-10 −4.18E+13 −1.07E+18 2.47E+43 6.25E+36 

0.09 8.27E-01 1.64E+30 5.91E+46 7.39E+46 1.48E+46 1.18E+21 7.17E-10 −6.28E+13 −1.07E+18 4.42E+43 1.01E+37 

0.12 9.31E-01 1.85E+30 6.66E+46 8.32E+46 1.66E+46 3.73E+21 2.01E-09 −8.37E+13 −1.06E+18 5.90E+43 1.31E+37 

0.15 9.77E-01 1.94E+30 6.99E+46 8.73E+46 1.75E+46 9.10E+21 4.68E-09 −1.05E+14 −1.05E+18 6.75E+43 1.48E+37 

0.18 9.94E-01 1.98E+30 7.10E+46 8.88E+46 1.78E+46 1.89E+22 9.55E-09 −1.26E+14 −1.04E+18 7.13E+43 1.57E+37 

0.21 9.99E-01 1.99E+30 7.14E+46 8.92E+46 1.78E+46 3.50E+22 1.76E-08 −1.46E+14 −1.03E+18 7.26E+43 1.61E+37 

0.24 1.00E+00 1.99E+30 7.15E+46 8.94E+46 1.79E+46 5.96E+22 3.00E-08 −1.67E+14 −1.02E+18 7.30E+43 1.62E+37 

0.27 1.00E+00 1.99E+30 7.15E+46 8.94E+46 1.79E+46 9.55E+22 4.80E-08 −1.88E+14 −1.00E+18 7.30E+43 1.63E+37 

0.3 1.00E+00 1.99E+30 7.15E+46 8.94E+46 1.79E+46 1.46E+23 7.32E-08 −2.09E+14 −9.82E+17 7.30E+43 1.63E+37 

0.5 1.00E+00 1.99E+30 7.15E+46 8.94E+46 1.79E+46 1.12E+24 5.65E-07 −3.49E+14 −8.18E+17 7.30E+43 1.63E+37 

1 1.00E+00 1.99E+30 7.15E+46 8.94E+46 1.79E+46 1.80E+25 9.04E-06 −6.97E+14 −4.49E+16 7.30E+43 1.63E+37 
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Table 5. For a blackhole having 10 solar masses. 

r/R FCDF
r Mass = Mr Ur Qr Wr Gr Mr Gr gr φG,r FG,r Sr 

  
(kg) (Joules) (Joules) (Joules) (N m3/kg) (N m3/kg2) (m/s2) (Joules/kg) (Newtons) (Joules/K) 

0.000001 1.18E-05 2.35E+26 8.46E+42 1.06E+43 2.12E+42 1.73E+03 7.33E-24 −6.69E+07 −1.03E+18 7.87E+35 6.38E+32 

0.03 3.44E-01 6.84E+30 2.46E+47 3.07E+47 6.14E+46 1.40E+21 2.04E-10 −2.01E+12 −1.03E+18 6.74E+44 8.98E+39 

0.06 6.26E-01 1.25E+31 4.48E+47 5.60E+47 1.12E+47 2.24E+22 1.79E-09 −4.02E+12 −1.03E+18 2.34E+45 2.46E+40 

0.09 8.18E-01 1.63E+31 5.85E+47 7.31E+47 1.46E+47 1.13E+23 6.96E-09 −6.02E+12 −1.03E+18 4.22E+45 4.02E+40 

0.12 9.25E-01 1.84E+31 6.61E+47 8.27E+47 1.65E+47 3.58E+23 1.94E-08 −8.03E+12 −1.02E+18 5.69E+45 5.21E+40 

0.15 9.74E-01 1.94E+31 6.96E+47 8.70E+47 1.74E+47 8.73E+23 4.51E-08 −1.00E+13 −1.01E+18 6.55E+45 5.95E+40 

0.18 9.92E-01 1.97E+31 7.10E+47 8.87E+47 1.77E+47 1.81E+24 9.18E-08 −1.20E+13 −1.00E+18 6.95E+45 6.34E+40 

0.21 9.98E-01 1.99E+31 7.14E+47 8.92E+47 1.78E+47 3.36E+24 1.69E-07 −1.41E+13 −9.90E+17 7.10E+45 6.50E+40 

0.24 1.00E+00 1.99E+31 7.15E+47 8.93E+47 1.79E+47 5.72E+24 2.88E-07 −1.61E+13 −9.77E+17 7.14E+45 6.56E+40 

0.27 1.00E+00 1.99E+31 7.15E+47 8.94E+47 1.79E+47 9.17E+24 4.61E-07 −1.81E+13 −9.61E+17 7.15E+45 6.58E+40 

0.3 1.00E+00 1.99E+31 7.15E+47 8.94E+47 1.79E+47 1.40E+25 7.03E-07 −2.01E+13 −9.45E+17 7.16E+45 6.59E+40 

0.5 1.00E+00 1.99E+31 7.15E+47 8.94E+47 1.79E+47 1.08E+26 5.42E-06 −3.35E+13 −7.86E+17 7.16E+45 6.59E+40 

1 1.00E+00 1.99E+31 7.15E+47 8.94E+47 1.79E+47 1.73E+27 8.67E-05 −6.69E+13 −4.49E+16 7.16E+45 6.59E+40 

 
Table 6. For a blackhole having 106 solar masses. 

r/R FCDF
r Mass = Mr Ur Qr Wr Gr Mr Gr gr φG,r FG,r Sr 

  
(kg) (Joules) (Joules) (Joules) (N m3/kg) (N m3/kg2) (m/s2) (Joules/kg) (Newtons) (Joules/K) 

0.000001 1.05E-05 2.09E+31 7.52E+47 9.40E+47 1.88E+47 1.36E+13 6.51E-19 −5.28E+02 −8.25E+17 5.52E+33 5.81E+38 

0.03 3.07E-01 6.11E+35 2.20E+52 2.75E+52 5.50E+51 1.10E+31 1.80E-05 −1.59E+07 −8.25E+17 4.78E+42 8.23E+45 

0.06 5.71E-01 1.14E+36 4.08E+52 5.10E+52 1.02E+52 1.77E+32 1.55E-04 −3.17E+07 −8.23E+17 1.71E+43 2.30E+46 

0.09 7.64E-01 1.52E+36 5.47E+52 6.83E+52 1.37E+52 8.94E+32 5.88E-04 −4.76E+07 −8.19E+17 3.21E+43 3.87E+46 

0.12 8.86E-01 1.76E+36 6.34E+52 7.92E+52 1.58E+52 2.82E+33 1.60E-03 −6.34E+07 −8.14E+17 4.54E+43 5.20E+46 

0.15 9.52E-01 1.89E+36 6.81E+52 8.51E+52 1.70E+52 6.90E+33 3.64E-03 −7.93E+07 −8.08E+17 5.46E+43 6.15E+46 

0.18 9.82E-01 1.95E+36 7.02E+52 8.78E+52 1.76E+52 1.43E+34 7.32E-03 −9.51E+07 −8.00E+17 5.98E+43 6.72E+46 

0.21 9.94E-01 1.98E+36 7.11E+52 8.89E+52 1.78E+52 2.65E+34 1.34E-02 −1.11E+08 −7.91E+17 6.22E+43 7.02E+46 

0.24 9.98E-01 1.99E+36 7.14E+52 8.92E+52 1.78E+52 4.52E+34 2.28E-02 −1.27E+08 −7.81E+17 6.32E+43 7.16E+46 

0.27 1.00E+00 1.99E+36 7.15E+52 8.93E+52 1.79E+52 7.24E+34 3.64E-02 −1.43E+08 −7.69E+17 6.35E+43 7.21E+46 

0.3 1.00E+00 1.99E+36 7.15E+52 8.94E+52 1.79E+52 1.10E+35 5.55E-02 −1.59E+08 −7.55E+17 6.36E+43 7.23E+46 

0.5 1.00E+00 1.99E+36 7.15E+52 8.94E+52 1.79E+52 8.51E+35 4.28E-01 −2.64E+08 −6.30E+17 6.36E+43 7.24E+46 

1 1.00E+00 1.99E+36 7.15E+52 8.94E+52 1.79E+52 1.36E+37 6.85E+00 −5.28E+08 −4.49E+16 6.36E+43 7.24E+46 
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Thus, for a determination of, rM , all that is needed is for us to multiply the 
total mass of the black hole, RM , by the cdf, specified in the 2nd column, in 
Tables 4-6. These values are entered in the third column in the corresponding 
tables. It is to be noticed, upon inspection of the results, that most of the radia-
tive mass is concentrated relatively close to the center of the black hole. This 
holds for all three black holes considered. This is a consequence of the pdf cho-
sen, a truncated Gaussian, and the fact that the values indicated in Equations, 
(3-21), are relatively low in value. In other words, the dispersion is low. 

In step 3, we seek to find the total radiative energy, rE , starting from, 0r = , 
up to, and including radius, r. We are also interested in finding the total internal 
energy, rU , the total heat trapped, rQ , and the total work done against radia-
tive pressure in assembling the black hole, rW . The quantities are to be eva-
luated, starting from, 0r = , up to, and including radius, r. We start with, rE . 
To find the total radiative energy, we integrate over the energy density function, 
but 4-dimensionally, from, 0r = , to a final value, r. Within an infinitesimally 
small, 4-D volume element, 2 3d d 2π dr rV A r r r= = , we will have trapped elec-
tromagnetic energy in the amount, 2d d dr r r r rE e V c Vρ= = . This is stored energy 
in a 4-D layer, between radius, r, and radius, dr r+ . We integrate to find the 
total energy contained up to radius, r. The result is, 

2 2
0 0 0

d d d
r r r

r r r r r r rE E e V c V M cρ= = = =∫ ∫ ∫             (5-3) 

The mass of the black hole is thought to be made up of radiative energy, in all 
its forms, internal, plus pressure, plus heat. For the last equality, we made use of 
Equation, (2-4). If we specialize Equation, (5-3), to r R= , we obtain the full 
mass, RM , for the mass of the black hole on the right hand side. See Equation, 
(2-5). This is the same mass that we observe three-dimensionally. 

The next quantity to be determined is the internal energy, rU . We follow the 
same steps as before. Within an infinitesimal volume element, d dr rV A r= , we 
must have internal energy in the amount, d dr r rU u A r= . We integrate to find 

2
0 0 0

4 4d d d
10 10

r r r
r r r r r r rU U u V e V M c= = = =∫ ∫ ∫             (5-4) 

For the 3rd equality, we recognized that, 
4

10r ru e= . See the last equality in 

Equations, (2-22). We proceed similarly for the heat trapped, and the work done 
against radiative pressure. For the former, we find, 

 2
0 0 0

1 1d d d
2 2

r r r
r r r r r r rQ Q q V e V M c= = = =∫ ∫ ∫             (5-5) 

And for the latter, we obtain, 

 2
0 0 0

1 1d d d
10 10

r r r
r r r r r r rW W p V e V M c= = = =∫ ∫ ∫             (5-6) 

We made use of the relations in Equations, (2-22), in order to relate heat den-
sity, and radiative pressure, to, re . If we specialize the Equations, (5-4), (5-5), 

https://doi.org/10.4236/jhepgc.2019.53039


C. Pilot 
 

 

DOI: 10.4236/jhepgc.2019.53039 755 Journal of High Energy Physics, Gravitation and Cosmology 
 

and (5-6), to r R= , we see that,  

2 2 24 1 1
10 2

, ,
10R R R R R RU M c Q M c W M c= = =             (5-7) 

The factors of 
4 5,

10 10
, and, 

1
10

, in all these relations remain the same,  

whether we consider, a layer, an enclosing volume, or the total volume. The fac-
tors are imposed upon us by the dimensionality of space and the fact that we are 
dealing with blackbody radiation, period. What is obvious with these relations is 
the fact that the internal energy makes up 40% of the total energy, the trapped 
heat represents 50% of the total energy, and the work done against pressure 
makes up 10% of the total. In 3-D space, the proportions would be different. In  

three dimensions, the corresponding proportions would be, 
3 37.5%
8
= ,  

4 50%
8
= , and, 

1 12.5%
8
= . 

Whenever we integrate pressure over volume, we obtain work done. Equation, 
(5-6), is particularly noteworthy from that point of view. We interpret this equa-
tion as the work done in assembling the black hole against radiative pressure, 
which will want to blow the black hole out. What keeps this radiative mass held 
together (contained) must be gravity. Our hydrostatic equation shows that. 
Layer by layer, gravity holds the radiative forces in check. See Equation, (2-26). 
In a sense, a black hole is something like a 4-D version of ball lightning, but be-
cause of the 4-D space, it is nonluminous. See the waterfall model described in 
reference [4]. We can think of it as an exotic type of 4-D capacitor, filled with 
blackbody radiative energy in a multi-layered fashion. 

Coming back to our tables, we list ,r rU Q , and, rW , under columns 4, 5 and 
6, respectively. In each of our Tables 4-6, we have calculated these values. The 
total (radiative mass) energy is not tabulated. This can be found most easily, by 
multiplying, the radiative mass, entered under column 3, by 2c . Another way is 
to sum columns 4, 5, and 6, which gives the same results. 

The next quantity to be considered is the product, ( ) ( )4 4
r r r rG M G M= , which 

brings us to step 4. In this step, we introduce the 4-D gravitational “constant”, 
( )4

r rG G= , which is not really a constant as it will depend on the 4-D radius. It is 
model dependent, unlike Newton’s constant, NG . In other words, its value de-
pends on the pdf chosen. To determine the product of, r rG M , we will use Equ-
ation, (2-30). This can be rewritten in the form, 

( ) 3 2d d 3r r r r rG M p r r p rρ = − −                (5-8) 

On the left hand side of this equation, we express the radiative mass density, 

rρ , in terms of the radiative pressure, rp . From Equation, (2-21), it can be seen 
that, 

 210r r r rA p c Aρ =                     (5-9) 

Moreover, using Equation, (4-21), it is also true that, 
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( ) ( )2 2 2exp 2r r R Rp A p A R r σ = −              (5-10) 

We differentiate both left and right hand sides of this equation with respect to 
radius, r. The result is 

( ) ( ) ( ) ( ) ( )2 2 2 2d d d d exp 2r r r r R Rp r A p A r p A R r rσ σ + = − −      (5-11) 

Next, we divide the left hand side of Equation, (5-11), by the left hand side of 
Equation, (5-10), and we do the same on the right hand side. We obtain in this 
way, the new result 

 ( )( ) ( )( ) ( )21 d d 1 d dr r r rp p r A A r r σ+ = −             (5-12) 

However, ( )( )1 d d 3r rA A r r= . And therefore, Equation, (5-12), can be re-
written as, 

 ( ) ( )( )2d d 3r rp r p r r σ= − +             (5-13) 

We next substitute both Equations, (5-9), and, (5-13), into Equation, (5-8). 
The relation, (5-9), is used to eliminate, rρ , on the left side of Equation, (5-8), 
whereas relation,(5-13), will eliminate the ( )d drp r  term on the right hand side. 
In this way, we obtain, 

( )2 2 3 210 3 3r r r r rG M p c p r r r p rσ= + −             (5-14) 

Two terms cancel on the right hand side, and we divide the remaining expres-
sion by, rp . After rearranging terms, we find the much simpler result, 

( )2 4 20.1r rG M c r σ=                     (5-15) 

This is a very interesting expression because it depends on radius, and the 
shape parameter, σ . 

Now, for the three black holes considered we know the shape parameters. 
These are given in Equations, (3-20). Therefore, we can evaluate, r rG M , as a 
function of radius, using the above Equation, (5-15). The results are present un-
der column, 7, in each of the three Tables 4-6. 

This brings us to step 5. In this step, we calculate, ( )4
r rG G= . From Equation, 

(2-11), we saw that that the radiative mass, rM , at radius, r, is proportional to 
the cumulative distribution function, CDF

rF , by means of the relation,  
CDF

r r RM F M= . Moreover, RM , being the total mass of the black hole, can be 
related to its total radius, R, by way of the Schwarzschild relation,  

22 RR GM c= . We can therefore write in place of rM , the equation,  

( )2 2CDF CDF
r r R rM F M F Rc G= = . We substitute this for, rM  on the left hand 

side of Equation, (5-15). This gives us,  

( ) ( )2 2 4 22 0.1CDF
r rG F Rc G c r σ=             (5-16) 

Simplifying, and rearranging terms, it follows that, 

( )( )4 20.2CDF
r rG F G R r σ=               (5-17) 

This equation shows us the relation between the 4-D gravitational “strength”, 
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rG , and Newton’s constant, G. If we consider the special case where, r R= , this 
reduces to, 

 ( )3 20.2RG G R σ=                     (5-18) 

At, r R= , we have a sharp discontinuity in gravitational strength due to the 
fact that ( )3 20.2 1R σ ≠ . In other words the gravitational strength does not 
match at the event horizon, when we compare its value on the 3-D side versus 
on the 4-D side. As one enters the 4-D black hole from 3-D space, the gravita-
tional strength will increase abruptly in value, from, G, to ( )4

R RG G= . However, 
as argued in the previous paper [5], this is to be expected. Many physical quanti-
ties will change their value abruptly due to the discontinuity of space. Gravity is 
no exception. We referred to this state of affairs in our previous work as our 
“waterfall model”. We emphasize, once more, that the results indicated by Equa-
tions, (5-15), and, (5-18), are pdf dependent. If we had introduced a different pdf, 
other than the truncated Gaussian, to model the interior, radiative mass, distri-
bution of the black hole, then we would have obtained different expressions for 
the strength of gravity both within, and on the surface, of the black hole. 

We also notice, from Equation, (5-17), that in the limit where, 0r → , both 
the left hand side and right hand side vanish. In this limit,  0CDF

rF → , as can be 
seen from Equation, (2-12). At the very center of the black hole, it would appear 
as if there is no gravitational strength. In actual fact, it can take on any value in 
this singular limit, as Equation, (5-17), would still be satisfied. However, as soon 
as the radius becomes finite, not any value is allowed; Equation, (5-17), deter-
mines a specific value for, rG . For a given size black hole, where we have a de-
finitive σ  value, the gravitational strength will increase as, 4~rG r , as indi-
cated by relation, (5-17). For each of the black hole masses considered, we have 
the corresponding R and σ  values. See Equations, (3-18), and, (3-20). These 
values can be substituted in Equation, (5-17), to find rG , for various r values. 
We also need the CDF

rF  values, but these are specified under column 2, in each 
of the tables. The calculated rG  values, using Equation, (5-17), are listed under 
column 8, in each of the Tables 4-6. 

It would have also been possible to obtain, rG , using the product, r rG M , 
specified under column 7, and dividing out the corresponding rM  terms, 
which are indicated under column 3. However, this approach would not have 
given us explicit mathematical expressions for, rG . 

In step 6, we determine the gravitational acceleration, ( )4
r rg g= , within the 

4-D black hole. This is most easily accomplished using a 4-D version of Gauss’s 
law. In 4-D space, we generalize Gauss’s law to read,  

 2 3d 2πr r r r rr g M ε= −⋅ =∫ g A�                   (5-19) 

The rM  stands for the radiative mass which is enclosed within radius, r, and 
we have assumed spherical symmetry. The negative sign is due to rg  pointing 
radially inwards. We have introduced a “gravitational permittivity”, rε , on the 
right hand side. As we shall see, this quantity will be radius dependent, and 
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hence the subscript, r. This is the gravitational permittivity to be associated with 
the photon-packed blackbody medium. The permittivity really refers to the 
permittivity of a material substance, which, in this instance, is blackbody radia-
tion at a specific temperature. Hence, it is radius dependent. 

We rewrite Equation, (5-19), as 

( )4 3 3
2

1
2πr r r r r

r

g g M r G M r
ε

 
= = − = − 

 
            (5-20) 

where,  

 ( ) ( )4 21 2πr r rG G ε= ≡                        (5-21) 

We can think of Equation, (5-21), as the defining equation for rε . Because, 

rG , is a function of radius, r, so too, is, rε . This makes sense as an energetically 
denser medium should be reflected in the gravitational permittivity of the me-
dium. Moreover, Equation, (5-20), seems a logical 4-D extension of the familiar 
3-D equation, ( )3 2

rg GM r= − . 
We next substitute Equation, (5-15), into the right hand side of Equation, 

(5-20), and cancel terms. We thereby obtain a relatively simple result,  
( ) ( )4 2 2 20.1 0.2r r Rg g c r GM R rσ σ= = − = −            (5-22) 

For the second equality, we made use of the Schwarzschild equation. Equation, 
(5-22), is a very elegant result. It tells us that the gravitational acceleration in-
creases linearly with radius, r, within the 4-D black hole of a specified mass, or 
radius. This is so in spite of the fact that the medium does not have uniform 
density. Also remember that the mass, or radius, of the black hole will determine 
its shape parameter, σ , as was seen in Section 3. As such, σ , is, effectively, a 
constant. Equation, (5-22), is specific to the pdf chosen, which, in our situation, 
is a truncated Normal distribution. At the event horizon where the radius, 
r R= , we see that, 2 20.1Rg c R σ= − . Equations, (5-20), and, (5-22), are to be 
noted for their simplicity. A different pdf would have led to different results. 

We have calculated the gravitational acceleration, using Equation, (5-22), for 
the three black holes we are analyzing. The results are presented in Tables 4-6, 
under column 9. The gravitational acceleration will have its greatest value at the 
event horizon, much like the Earth. 

For step 7, we calculate the gravitational potential, rϕ , as a function of radius, 
r, which also will include, r R= . We know that the gravitational acceleration is 
negative the gradient of the gravitational potential. If we have spherical symme-
try, then, d dr rg rϕ= − , where rg  is directed radially in. Therefore,  
d dr rg rϕ = − , and we can integrate. For the gravitational acceleration, rg , we 
will use the first equality in Equation, (5-22). Thus, upon substitution, 

( )( )2 2
0 0

d 0.1 d
r r

r c r rϕ σ=∫ ∫  

( )( )2 2 2
0 0.1 2r c rϕ ϕ σ− =                  (5-23) 
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This can also be rewritten as, 

( )( )2 2
0 0.2 2r RGM R rϕ ϕ σ− =               (5-24) 

because by the Schwarzschild condition, 2 2 Rc GM R= . At the particular radius, 
r R= , Equations, (5-23), and, (5-24), become, 

( )( ) ( )2 2 2 2
0 00.1 2 0.1R Rc R GM Rϕ ϕ σ ϕ σ= + = +           (5-25) 

The value, 0ϕ , is our constant of integration. 
We want the 4-D gravitational potential to match the 3-D gravitational poten-

tial at, r R= . This will guarantee an equipotential surface for the event horizon, 
which has exactly the same value in both 3-D and 4-D space. For this purpose, 
we will demand that, ( ) ( )4 3

R Rϕ ϕ= , at radius, R. Using the second expression in 
Equation, (5-25), we obtain 

( )2
0 0.1 R RGM R GM Rϕ σ+ = −             (5-26) 

This fixes the constant of integration to equal, 
2 2

0 1 0.1RGM R Rϕ σ= − +               (5-27) 

Coming back to our original expression, (5-24), we see that this can now be 
rewritten as, 

( ) ( )2 2 21 0.1r RGM R R rϕ σ = − + −              (5-28) 

This is our expression for the gravitational potential, within the black hole, 
and on its surface. We note that when, r R= , we retrieve our familiar, 3-D ex-
pression for the gravitational potential. 

Utilizing Equation, (5-28), we can find rϕ  for any value of radius, r. The 
right hand side can easily be evaluated for a specific black hole mass. Given the 
black hole radius, or mass, we can also find, σ , using the methods illustrated in 
Section 3. We have found the shape parameter for three black holes; they are in-
dicated in Equations, (3-20). For these very specific black holes, we have calcu-
lated the gravitational potential as a function of r. The values are listed under 
column 10, in Tables 4-6. The gravitational potential is most negative at the very 
interior of the black hole. 

The next step is step 8. In this step, we will evaluate the gravitational force. 
This calculation is very significant is that it will allow us to determine the total 
surface tension, which is needed to find the total work done in expanding the 
event horizon. See reference [5]. To determine the gravitational force, we will 
make use of the gravitational acceleration. If we consider a layer of thickness, dr, 
between radii, r, and, dr r+ , the gravitational force acting on that layer, must 
be, 

( )( ) ( )( )
( )( ) ( )( )

,

2 2

d d d

d 0.1 d
G r r r r r r

r r r R r

F g M g V

g A r c r M f r

ρ

ρ σ

= =

= = −
            (5-29) 

For the 2nd equality, we have made use of Equations, (5-22), and, (2-25). To 
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find the total gravitational force, at a specific radius r within the black hole, we 
integrate Equation, (5-29). We obtain as a result, 

( )( ) ( )( )

( ) ( )( )

( ) ( )

( ) ( )
( )2 2 22 2

2 2
, 0 0

2 2
0

2 2
2 2

20

2 2
2 2

20

22

d 0.1 d

0.1 d

0.1 exp d
2

0.1 exp d
2

 e e

r r
G r r r r R r

r
R r

r
R R

r
R R

R rR
R

F g A r c r M f r

M c r f r

R rM c r f r

R rM c f r r

F
σσ

ρ σ

σ

σ
σ

σ
σ

−

= = −

= −

  −
= −      

  −
= −      

 = − −  

∫ ∫

∫

∫

∫

        (5-30) 

For the 3rd line, we have substituted Equation, (4-21). And for the 5th line, we 
have used Equation, (3-10), to simplify the constant factor in front of the 
integral. 

We notice that Equation, (5-30), equals zero when r = 0, as it must. We also 
notice that, if r R= , then we obtain, 

2 22
,  e 1R

G R RF F σ = − −                      (5-31) 

Both Equations, (5-30), and (5-31), are rather simple. As always, they are a 
direct consequence of the pdf chosen. We can use these equations directly to 
find the 4-D gravitational force as a function of radius. We know, the, σ , as 
well as the, R, values for the three black holes under consideration. See Equa-
tions, (3-20), and, (3-18). We also know the value for the radiative force,  

( )4
R RF F= , just inside the event horizon. These are given by Equations, (4-17), 

for the three black holes. The values for the gravitational force are tabulated un-
der column 11 in each of the Tables 4-6. 

In the first paper [5], we spent a considerable of time talking about the signi-
ficance of the surface tension. In fact, we noted that it consisted of two compo-
nents, a radiative as well as a gravitational component, 

( )( ) ( ) ( ) ( )4 3 4 4
ST ST radiative , ,G R R R G RF F F F F F= + = − +               (5-32) 

See Equations, (3-10), or, (3-13), in reference [5]. The radiative force, ( )3
RF , is 

the 3-D radiative force pushing the event horizon in, whereas, ( )4
RF , is the 4-D 

radiative force pushing the event horizon out. The surface tension is important 
in determining the work needed in expanding the black hole. Very simply, to 
increase the radius of a black hole by an amount, dR, from surface radius, R, to, 

dR R+ , it takes the following amount of work, STd dW F R= . We compare the 
radiative surface tension in Equation, (5-32), to the gravitational surface tension 
within the same equation. From reference [5], we obtained 

( )6
sun sun sun,10 ,10BHM M M M=  

( )7 5 5
ST radiative 3.05 10 ,3.05 10 ,3.05 10F − − +→ = × × ×        (5-33) 
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Refer to Equation, (3-19), specifically, in the work cited. These values hold for 
an isolated, static black hole, where there is virtually no net radiative heat com-
ing in. We compare these values to the gravitational force values, indicated in 
Tables 4-6. There we obtain, at the surface, 

( )6
sun sun sun,10 ,10BHM M M M=  

( )43 45 43
ST gravity , 7.30 10 ,7.16 10 ,6.36 10G RF F→ = = × × ×      (5-34) 

In both equations, forces are measured in Newtons. We see that there is no 
comparison. Radiative forces cannot compete against gravitational forces when 
expanding a black hole in this situation, where there is virtually no net radiative 
heat inflow. 

If there is substantial net heat inflow, the radiative surface tension contribu-
tion may not negligible. Consider an external, outside temperature of,  

9
2 10 KT = , which would correspond to hard X-rays, having energies in the 100 

keV range. We can work out the radiative forces, in terms of radius, R. We ob-
tain using our, by now, familiar relations, 

( ) ( ) ( ) ( ) ( )43 3 3 3 9 2 21 2
2

1 10 4π 3.17 10
3R RF p A a R R= = = ×        (5-35) 

( ) ( ) ( ) ( ) ( )54 4 4 4 1 2 3 13 2
1

1  0.0597 2π 1.40 10
4R RF p A a R R R− −= = × = ×    (5-36) 

We have used Equations, (4-8a,b), (2-16a), (2-17) and, (4-9a), to obtain the 
above. The 3-D internal energy density can be expressed as,  

( ) ( ) ( )3 3 4 16 47.5657 10Ru a T T−= = × , in MKS units, a well-known result. The radia-
tive surface tension is defined as, ( ) ( )3 4

ST radiative R RF F F≡ − . For the three black 
holes, we therefore find, using the definition for radiative surface tension, and 
Equations, (5-35), with, (5-36), 

( )6
sun sun sun,10 ,10BHM M M M=  

( )28 30 40
ST radiative 2.77 10 ,2.77 10 ,2.77 10F→ = × × ×        (5-37) 

We have used the radii listed in Equations, (3-18). These values in Equations, 
(5-37), are still much less than those indicated by Equation, (5-34). However, for 
very massive black holes ( 6

sun10BHM M> ), with external temperatures very high 
( 9

2 10 KT > ), we can see that we are approaching a situation where the radiative 
contributions to surface tension can no longer simply be ignored.  

Our final step is step 9. In this step, we evaluate the entropy of a black hole, 

rS , as a function of radius. We treat the entropy as an extrinsic quantity, de-
pendent on volume. Our volume, however, is a 4-dimensional one. In a volume 
element, d rV , between r and dr r+ , we can expect a value for entropy in the 
amount, d dr r rS s V= , where rs  is the entropy density in layer, r and dr r+ . 
The entropy up to radius, r, can be found by integrating this expression. We find 
that, 

( )4

0 0
d d

r r
r r r r r rS S s V s A r= = =∫ ∫              (5-38) 
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The, 2 32πrA r= , is the 4-D surface area at radius, r. On the left hand side, we 
have fixed the constant of integration, 0 0S = , as we believe that there can be no 
entropy if the volume is zero. 

We know, however, that the entropy density can be related to radiative pres-
sure, when multiplied by a volume or surface area. From Equations, (2-18), we 
can write, 

5 4 5r r r r r r r rs A u A T p A T= =                 (5-39) 

This expression will be substituted into Equation, (5-29), and we obtain, 

0 0 0
d 5 d 5 d

r r r
r r r r r r r rS s A r p A T r F T r= = =∫ ∫ ∫           (5-40) 

For the last equality, we employed Equation, (2-23), which relates radiative 
force to radiative pressure. 

Next, we utilize, Equation, (4-23). Substituting this for, rF , allows us to 
re-express Equation, (5-40), as follows. 

( )2 2 2
0 0

5 d 5 exp 2 d
r r

r r r R rS F T r F R r T rσ= =  
 −∫ ∫       (5-41) 

We will also make use of relation, (4-25), which we will rewrite as, 

 ( ) ( )3 5 2 2 21 1 exp 10r RT T r R R r σ = − −             (5-42) 

We substitute this Equation, (5-42), into the integrand of Equation, (5-41), in 
order to eliminate the 1 rT  term. Upon simplifying, we find that 

( )( ) ( )3 5 3 5 2 2 2
0

5 1 exp 0.4 d
r

r R RS F T R r R r rσ 
−= ∫       (5-43) 

This is an expression, which can be integrated. The result is 

( ) ( )
2

2
23 29

8 55 55
2

4 2 45 2 , e
5 55

R

r R R
rS F T R σσ
σ

−    = − Γ −Γ   
  

 
 
  

      (5-44) 

In this equation, ( )sΓ , is the gamma function and, ( ),s xΓ , is the upper in-
complete gamma function, defined in the Appendix. Using the identities given 
in the Appendix, we can re-express Equation, (5-44), in terms of the lower in-
complete gamma function, ( ),s xγ . The result is, 

( ) ( )
2

2
23 29

8 55 55
2

4 25 2 , e
5 5

R

r R R
rS F T R σγ σ
σ

−  
= +  

 
           (5-45) 

This gives the entropy as a function of radius within the black hole. In hind-
sight, Equation, (5-45), could have been obtained by using Equation, (4-27). This 
would have been a little more direct, but then we would not have seen the con-
nection between temperature and radius, as specified in Equation, (5-42). And 
the quantity, Rs , would also have to be worked out. 

The lower incomplete gamma function, ( ),s xΓ , in Equation, (5-45), can be 
evaluated for various radii within the black hole since we know the σ  value. 
We also know the radiative force, RF , just inside the black hole, as well as its 
radius. Finally, the temperature, 1RT T= , is also known. Therefore, the entropy, 
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rS , can be calculated for each of the black holes considered. The results are pre-
sented under column 12 in the Tables 4-6. For the various radii, Equations, 
(3-18), were utilized. For the shape parameters, Equations, (3-20), were em-
ployed. The corresponding 4-D inside surface temperatures were specified by 
Equations, (4-10). And in relations, (4-17), we have the respective radiative 
forces, just inside the event horizons for the black holes being analyzed. All the 
quantities in Equation, (5-36), are 4-D quantities. 

We note that because of the mathematical inequality, ( ) ( ),s s xΓ > Γ , the en-
tropy, as given by expression, (5-35), will always be positive. We also give the 
Excel function for the lower incomplete gamma function, as this is somewhat 
unusual. To calculate, ( ),s xγ , we may use 

( ) ( )( ) ( ), . , ,1,s x EXP GAMMALN s GAMMA DIST x s TRUEγ = ∗  (5-46) 

Utilizing this expression, one can verify these results. 
We are now in a position to discuss our results. We first notice upon inspec-

tion of Tables 4-6, that the radiative mass in each instance is very much con-
centrated within the core of the black holes. In fact, within a radius of 15% of the 
total radius, we have the following percentages of total mass contained, for the 
three black holes being considered: 

( ) ( )0.15 0.15 0.15, , 97.7% ,97.4% ,95.2%A B C A B C
r R r R r R R R RM M M M M M= = = =  (5-47) 

These percentages indicate that the radiative mass is very much localized 
within a relatively small core volume. The cumulative probability distribution 
function, CDF

rF , listed under column 2, represents the actual percentage of total 
mass contained within a given radius. See Equation, (2-11). 

The same percentages hold for the total radiative energy, 0.15r RE = , at  
0.15r R= , the internal energy, 0.15r RU = , at 0.15r R= , and the heat energy,  

0.15r RQ = , at 0.15r R= . All these quantities are proportional to, 0.15r RM = , as can 
be seen by Equations, (4-22), and, (4-23). Once we know how radiative mass is 
distributed within the black hole, we effectively know how energy, in all its 
forms, is likewise distributed. We have chosen a specific pdf to model the mass 
distribution within the interior of the black hole. This fixes column 2 in all these 
tables. And from column 2, we derive the other quantities. Again, we can think 
of the black hole as an exotic type of capacitor in that it can store radiative ener-
gy. How specifically that energy is packed will depend on the pdf, which is cho-
sen. 

A third realization is that gravity varies within the black hole. Surprisingly, it 
is radius dependent, a consequence of the pdf chosen. Thus, in 4-D space, the 
4-D gravitational “constant”, ( )4

r rG G= , is not a constant. Also at the event ho-
rizon, its value changes abruptly. Upon entering the black hole from 3-D space, 
its value increases dramatically from, NG G= , which is Newton’s constant, to 

( )4
R RG G= . We can set up a ratio of RG G . This ratio is not dimensionless as 

the gravitational “constant” in 4-D space has units of, Newtons m3/kg2. We find 
for the three black holes under investigation, the following increases upon en-
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tering the black hole form 3-D space: 

( ) ( )5 6 11, , 1.35 10 ,1.30 10 ,1.03 10 metersA B C
R R RG G G G G G = × × ×    (5-48) 

The larger the black hole, the greater the increase upon entering 4-D space. 
For supermassive black holes, this increase is particularly impressive. 

A fourth surprise is entropy. Contrary to current thinking, the entropy in our 
model suggests that a black hole may be a highly ordered state. Our entropy val-
ue, in relative terms, is small, very much smaller than the Bekenstein result. Also, 
our entropy scales with increasing radius, comparable to 2R , but not with a 
clean power law. Our expression for entropy is given by Equation, (5-45). At ra-
dius, r R= , which characterizes the event horizon, this quantity has been cal-
culated in each of the tables. For the three black holes being analyzed, we find 

( ) ( )37 40 46, , 1.63 10 ,6.59 10 ,7.24 10A B C
R R RS S S = × × ×           (5-49) 

The units for 4-D entropy are, Joule/K, in the MKS system. According to Be-
kenstein, the sun has an entropy of roughly, 1035 J/K. For a black hole having the 
mass of the sun, he calculates a value equal to, 1.5 × 1054 J/K. Our value for a 
black hole having the mass of the sun is different, 1.63 × 1037 J/K, which is about 
one hundred times larger than that of the sun, but much, much lower than his 
estimate. See the first equality in Equations, (5-49). Moreover, his entropy scales 
as, 2

Bekenstein ~S R . Our entropy also scales, but the scaling behavior is compli-
cated. Upon inspection of the values indicated by Equations, (5-49), there is 
much variation between the various masses, and corresponding radii. If our re-
sult is to be believed, most of the entropy in the universe is, thus, not in the form 
of black holes. As with other calculated global quantities, it needs to be empha-
sized that our formula for entropy depended on our choice for distribution 
function. If we had chosen a different pdf, other than a truncated Gaussian, the 
results for entropy would be entirely different.  

As with radiative mass, most of the entropy, is to be found within the very in-
terior of the black hole. Resorting to the tables, we can calculate how much en-
tropy we have, as a percentage of the total, at a radius of, 0.15r R= . We find, 

( ) ( )0.15 0.15 0.15, , 91.2% ,90.4% ,84.9%A B C A B C
r R r R r R R R RS S S S S S= = = =     (5-50) 

We see that we have accounted for 85%+ of the total entropy, within an inner 
radius, 15% of the total. 

6. Summary and Conclusions 

In this work, we analyzed what the internal structure of a black hole could look 
like, given our 4-D blackbody radiation model for a black hole. We treat the 
black hole as a self-contained, spherically symmetric, steady state, 4-D spatial 
ball filled with radiation. The blackbody radiation produces the radiative mass 
and we chose a particular pdf, the truncated Gaussian, to pack the mass a certain 
way within its interior. Any truncated pdf with support, [ ]0,r R∈ , hypotheti-
cally, could have been chosen, but the truncated Gaussian is relatively simple, 
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somewhat familiar, and leads to acceptable results. We fixed the parameters by 
assuming that we have maximum radiative energy at the center, which allowed 
us to set, 0µ = . We were also able to determine the shape parameter, σ , by 
using the temperature just inside the event horizon. This inner surface tempera-
ture was calculated using a generalized version of the Stefan-Boltzmann law, de-
rived in a previous paper, and which allows for radiative transfers between spac-
es having different dimensions. In a very real sense, we can think of a black hole 
as an exotic type of capacitor, but one which stores energy in 4-D space, in a 
non-uniform way, and, in blackbody form. The distribution of radiative energy 
is not constant; rather it follows a pdf, which has to be specified and fulfill cer-
tain conditions. We treat the black hole as a 4-D construct, for reasons given in a 
previous work. If our model is correct, the rip or tear in the space-time conti-
nuum occurs not at the center of the black hole, but rather at its surface, because 
it is there that we are transitioning between 3-D and 4-D space. The event hori-
zon is assumed infinitely thin. 

In Section 2, we considered two stellar-like equations, conservation of mass 
and hydrostatic equilibrium. We generalized these equations to 4-D space. We 
discovered that the radiative mass density cannot be uniformly distributed. First, 
the temperature at the surface of the black hole, on the inside, would be too high, 
if we want to accommodate the required mass. Second, and perhaps more im-
portantly, we would have no gravitational forces within its interior. For that to 
happen, a temperature gradient is necessary. The only gravity which would then 
exist would be at the surface. We therefore introduced a generalized Gaussian 
distribution, but truncated so that only values of radii within the black hole are 
admissible. The 4-D generalization of the hydrostatic equilibrium Equation, 
(2-14), was also considered. We found that this had to be modified because it is 
not just pressure which is changing when one changes the radius. We also have 
to change the surface area upon which this pressure is acting. Our modification 
to this equation is relation, (2-30). In Section 2, we argued that the internal 
energy density, the heat density and the radiative pressure all contributed to-
wards the total energy/radiative mass density. A temperature change will carry 
over to all these variables, and not selectively to a subset. All these variables are 
defined in terms of a specific temperature, and if the temperature changes, so, 
too, do all these variables change, simultaneously. 

In Section 3, we looked at the specifics of the truncated Gaussian distribution. 
We specified the pdf, and the corresponding cdf, for the case where the mode is 
assumed to be at the center, 0r = . This fixed our first parameter, µ , asso-
ciated with this distribution. In this case where we have maximum radiative 
mass density at the center, 0µ = . The second parameter, σ , called the shape 
parameter, was determined using the inside surface temperature of the black 
hole. We determined three values for sigma, for three specific black holes. The 
results are given by Equations, (3-20). The black hole masses considered were 
highlighted in Equations, (2-18). For this choice of distribution, Equations, (3-6), 
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and, (3-8), tell us how the radiative mass is distributed (packed) within the black 
hole. In this paper, we considered, by and large, only black holes for which there 
is no radiative heat inflow. This was to keep the discussion simple. We did indi-
cate, however, how to generalize these results for the situation where there is net 
heat inflow. Equations, (2-14), (2-15), and, (2-16) apply if there is no net heat in-
flow. This allowed us to find the pdf value, Rf , at r R= . We then used Equa-
tion, (2-18), to fix the σ  value for each black hole having a different mass, or 
alternatively, radius. 

Section 4 concerned itself with determining the temperature profile, the vari-
ous densities, the radiative pressures, and the radiative forces within the black 
hole. All these quantities are functions of the 4-D radius, r. After a review of the 
generalized Stefan-Boltzmann law for a 3-D/4-D interface, we found, 1T , which 
is the temperature just inside the event horizon, on the 4-D side. For the three 
black holes considered in this paper, these temperatures were evaluated. They 
are given by Equations, (4-10). The calculated temperatures, specified by Equa-
tions, (4-10), are much higher than the corresponding Hawking temperatures, 
but then again, they are defined within a different spatial dimension, and are 
obtained by different means. The three black holes we focused on, numerically, 
were those having masses, and radii, as specified under Equations, (3-18). 

Once we have the temperatures at the surface, we can use our probability dis-
tribution function, to determine the temperature profiles, ( )rT T r=  within the 
interior. This will also allow us to calculate, within the interior, the internal 
energy density, ( )ru u r= , the radiative pressure, ( )rp p r=  the heat density, 

( )rq q r= , the total radiative mass density, ( )r rρ ρ= , the entropy density, 

( )rs s r=  and the radiative force, ( )rF F r= . We presented our results in table 
form, one for each black hole under consideration. Table 1, our first table, gave 
the results for black hole, ABH , which has a mass equal to that of the sun. Table 
2, holds for a black hole, BBH , which has a mass, which is ten times that of the 
sun. And, Table 3 corresponds to a supermassive black hole, CBH , which is a 
million times more massive than that of the sun. The equations that we used to 
calculate these values were given in the text. 

In Section 5, we determined some other attributes associated with the three 
black holes, which were under investigation. Specifically, we focused on evaluat-
ing the total enclosed radiative mass, ( )rM M r= , up to and including radius, r. 
We also looked at the enclosed radiative internal energy, ( )rU U r= , the trapped 
heat, ( )rQ Q r=  and the work done against radiative pressure, ( )rW W r= , up 
to, and including, radius, r. These were given by Equations, (5-4), (5-5), and 
(5-6), respectively. The total radiative energy, ( )rE E r= , is the sum of these 
three components, and this is what produces the radiative mass in our model. 
For their individual evaluation, integration over 4-D space was necessary. Their 
values, as well as those for, rM , are listed in Tables 4-6, for various radii within 
the black holes. Table 4 holds for black hole, ABH , which has one solar mass. 
Table 5 and Table 6, apply for black holes, BBH , and, CBH , respectively, 
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where black hole, BBH , has a mass ten times that of the sun. And black hole, 

CBH , refers to a black hole which is a million times more massive than the sun. 
We saw that these values were essentially proportional to the cumulative distri-
bution function, CDF

rF , which is indicated under column 2 in all these tables. 
Most of the radiative mass (85%+), and therefore energy, is to be found within a 
core radius that is 15% of the total radius. 

In this section, we also evaluated/calculated the gravitational acceleration, 
( )4

r rg g= , the gravitational strength, ( )4
r rG G= , the gravitational force,  

( )4
, ,G r G rF F= , and the gravitational potential, ( )r rϕ ϕ= , within the black hole, as 

functions of radius, r. All these quantities were given by relatively simple expres-
sions, a result of the pdf chosen, and they are also listed in the tables indicated 
above. We saw that upon entering the 4-D black hole, the gravitational “constant” 
is no longer a constant, but varies with respect to radius. Not only that, but its 
value increases abruptly upon entering 4-D space. The increases in gravitational 
“constant” over the Newtonian value is given by Equations, (5-48), which are the 
increases, for the three black holes under consideration. 

Finally, in this section, we evaluated the entropy, ( )rS S r= , from, 0r = , up 
to and including radius, r. This was given by a rather complicated function, Eq-
uation, (5-45), which involves a lower incomplete gamma function. This result is 
a consequence of the pdf chosen, a truncated Normal distribution. From Equa-
tion, (5-45), we notice that the entropy depends on the full radius, R, the inside 
surface temperature of the black hole, 1RT T= , the radiative force just inside the 
event horizon, 1R RF p A= , and the shape parameter, σ . We have each of these 
quantities for the three black holes being analyzed. Thus, we can tabulate the en-
tropy, rS , as a function of radius. The results are presented in each of the Tables 
4-6, under column 12. The total entropy, RS , at radius, R, is especially inter-
esting. We find that it is very much less than the corresponding Bekenstein re-
sult, especially for very large black holes. See Equations, (5-49), where specific 
values are calculated. Our results also scale with the radius of the black hole, but 
in a somewhat complicated manner. See Equation, (5-45), where the R depen-
dency is indicated. According to Bekenstein, the entropy should scale as,  

2
Bekenstein ~S R , making it an intrinsic variable in 3-D space. In sharp contrast to 

current thinking, our conclusion is that the black hole may be a highly ordered 
state, if our model is to be taken seriously. Moreover, in Equations, (5-50), we 
observe that the entropy is pretty much determined within a radius, which is 15% 
of the full radius. Almost the entire entropy is contained within the core. 

Our model suggests that black holes are, in fact, highly ordered states. In this 
context, it has been noted that black holes may be well-defined quantum me-
chanical systems, having ordered discrete quantum spectra [23] [24] [25]. With-
in this framework, black holes consist of quasi-normal modes (QNM’s), which 
are to be considered normal quantum levels within the black hole. The external 
structure of a black hole can thus be approximated as a quantized system ana-
logous to the excited electron states within the Bohr model. As a consequence, 
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evaporative emissions in the form of Hawking radiation would consist of pure 
states. This interesting model supports the notion that black holes are, in reality, 
highly ordered quantized states in a semi-classical approximation. We consi-
dered here in this paper a classical picture for black holes, but a quantum me-
chanical treatment would certainly be an interesting extension of this work. 

We focused in this paper on one pdf, and one scenario, an isolated, static 
black hole, with no heat inflow. Obvious extensions would be to consider net ra-
diative heat inflows, where d d 0Q t > . There, we would have to specify the spe-
cific amount of temperature on the outside of the event horizon. Another exten-
sion would be to consider other truncated pdf’s with the same support,  

[ ]0,r R∈ , to model the interior radiative mass distribution inside the black hole. 
These may have more favorable attributes or characteristics. Our goal in this 
work was to develop a framework, for considering what could happen within the 
interior of a black hole. It was not, obviously, to play out all scenarios. 

Another generalization of this work would be to add other forms of radiation, 
not just blackbody, and consider their effect within the interior of the black hole. 
We could also incorporate massive particles, obeying Fermi-Dirac statistics. If 
the temperature is above the so-called “freeze-out” temperature, these particles 
are in the form of radiation. Below the freeze-out temperature, we expect dis-
tinct massive particles. We have seen that the temperature within the black hole 
assume a distribution of temperatures. Thus, there could be regions within the 
black hole where we have particles, and other regions, where we have radiations. 
For a one solar mass black hole (see Table 1), the temperature decreases from, 

124.14 10 KT = × , at a radius, 610r R−= , down to, 91.09 10 KT = × , at a radius, 
0.2r R= . These are high temperatures, which correspond to energies of, 357 

MeV, down to, 94 keV, respectively. Above, 214 MeV, most of the particles in 
the standard model [1] [2] [3] [4] are in thermodynamic equilibrium with the 
blackbody photons. To take into account both fermionic and bosonic relativistic 
species, we must specify a scale factor, ( )*

TOTAL g T , which is temperature depen-
dent. At about, 214 MeV, the scale factor, *

TOTAL 62.5g = . We can multiply the 
internal energy density of blackbody photons by a factor, such as this, to esti-
mate what the black hole is capable of holding energy-wise, if we wish to take 
into account other forms of radiation. This is another area for further study. 

Above background energies of, 1 GeV, which corresponds to a temperature of, 
1.16 × 1013 K, the scale factor becomes, *

TOTAL 75.5g = . And at background ener-
gies of approximately, 1 TeV, which corresponds to a temperature of, 1.16 × 1016 
K, the scale factor increases to, *

TOTAL 106.75g = . Above, 1 TeV, all particles in 
the standard model are relativistic. Interestingly such temperatures are only ex-
ceeded for incredibly small black holes. We saw that the smaller the black hole, 
the greater the temperature within its very core. As mentioned in the text, in 
passing, this may have ramifications for particle physics, and the modeling of 
elementary particles as mini black holes. This is a further area of investigation. 
One can consider the modeling of elementary particles as mini-black holes. 

It is difficult to see, at present, how this model can be tested observationally. 
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We can estimate outside surface temperatures by the electromagnetic emissions 
being given off next to a black hole. We can also estimate the black hole mass, 
and size, by the trajectory of stars in its vicinity. This should allow us to estimate 
inside surface temperature. Net heat flow can then be calculated using our gene-
ralized Stefan-Boltzmann equation. We have assumed that the heat flowing in is 
a direct function of the surface temperature on the outside, versus that on the 
inside. For a temperature on the inside, we assumed a-priori, that, for a specific 
radius, it can be calculated as if the black hole were an isolated, static black hole. 
This is a working assumption, which may or may not hold true. With all these 
assumptions, we might observe how a black hole expands with time, and see if 
our relations make sense in predicting radiative heat inflow with corresponding 
expansion. We believe that 4-D space is probably beyond our observational 
reach. Probing this space to verify the radial properties within the black hole 
may well prove to be the ultimate challenge. 

Finally, relating to probing 4-D space, Hawking radiation could be considered. 
Hawking radiation was largely ignored in this work as it was argued that eva-
porative processes were 2nd order effects. Our inside surface black hole tempera-
tures were shown to be much higher than the corresponding Hawking tempera-
tures, and thus evaporative processes were largely ignored/discounted. We cal-
culated and compared temperatures in the text for various massive black holes. 
We also showed that the inside temperature is much, much smaller than the 
outside 3-D temperatures, with or without radiative inflow. (In brane theory, 
one has a similar result… the temperatures are higher in higher dimensional 
space.) However, Hawking radiation and evaporative processes should be looked 
at, and studied, more carefully in light of the peculiarities of our 4-D spatial 
model. If the inside surface temperatures are higher, this actually may have im-
portant ramifications for leakage.  

As is known [26], the spectrum of particle emissions in terms of energy flux is 
dependent on the type of black hole considered as well as type of particle emitted. 
For example, a non-rotating black hole emits spin zero particles pretty much like 
a perfect blackbody spectrum. A rotating black hole, on the other hand, emits a 
series of peaks, which is dependent on the rotation parameter and angular veloc-
ity. See, for example, Figure 3-3 and Figure 3-4, versus Figure 3-5, in the refer-
ence cited, where the latter figure refers to a spinning black hole. Furthermore, 
qualitatively, higher spin particles follow the same pattern. By considering eva-
porative processes, one might conceivably infer what is happing within the 4-D 
black hole. This is obviously a further line of inquiry, and research, which can, 
and should be pursued. 
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Appendix 

Here, we present certain formulae, as it relates to the truncated Gaussian distri-
bution, and identities relating to the calculation of the entropy. These are given 
for reference purposes. The symbols are explained in the text. 

The truncated Gaussian distribution function is given by, 

( ) ( ) ( )( ) ( )( )2 2,0, ;0, 2 π 1 exp 2 1 erf 2rf f r R r Rσ σ σ σ= = −     (3-1) 

The corresponding cumulative distribution function reads, 

( ) ( ) ( ),0, ;0, erf 2 erf 2CDF
rF F r R r Rσ σ σ= =           (3-2) 

We have assumed that the radius has support, [ ] [ ], 0,r a b R∈ = , and that the 
mode equals zero. Thus, 0µ = . The shape parameter, σ , is determined by the 
inside surface radiative force, ( )4

R RF F= , within the 4-D black hole. The func-
tion, ( )erf x , is the error function. 

( ) ( ) ( ) ( ) ( )2 2 2 2 22 2
π 2 e erf 2 e

R R r CDF
r rr F f

σ σ
σ σ

−
=        (A-1) 

( ) ( ) ( ) ( ) ( )( )4 4 4 4 4 2
1 1 0.1R R R R R RF f p A A M M cρ= =            (A-2) 

( ) ( ) ( ) ( ) ( )( )4 4 4 4 4 2 20.1 0.1r r r r r r R r r R RF f p A A M e e M c M cρ= = =     (A-3) 

 ( ) ( )2 2 22

0 0 0
e d d 1 d

r r rR r CDF
r R R r r Rr f f r f f r F f

σ−
= = =∫ ∫ ∫       (A-4) 

( ) ( ) ( )2 20.1CDF CDF
r R R r R R r R R r R R r RF f M F M f M A M c e A M c Fρ= = = = (A-5) 

Some identities relating to the calculation of entropy follow. Let, 

 ( ) 1
0

, lower incomplete gamma function e d
x s ts x t tγ − −= = ∫     (A-6) 

 ( ) 1, upper incomplete gamma function e ds t
x

s x t t
∞ − −Γ = = ∫     (A-7) 

Then, 

( ) ( ) ( ), ,s x s x sγ + Γ = Γ                    (A-8) 

where, ( )sΓ , is the gamma function. From this, it follows that 

( ) ( ) ( ), , 0s x s s xγ = Γ −Γ >                 (A-9) 

This inequality will always lead to a positive value for entropy. 

( )2 2 2 2 2

2 2

4
250.4 3 5 8 5 0.4

9 20
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4
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5 4 2 4e d , e
5 55

2

5 4 2, e
5 5

2

r R r R

R

rr r

r

σ σ

σ

σ
σ

γ σ
σ

−     = − Γ −Γ    
    

 
= +  

 

∫
     (A-10) 

The symbol, r, refers to the 4-D radius within the black hole. Other identities 
are derived in the text. 
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