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Abstract 
An attempt has been made to apply the wavelet methodology for the study of 
the results of the chaotic behavior of multiparticle production in relativistic 
heavy ion collisions. We reviewed the data that describes the collisions of rela-
tivistic heavy ion for the case η -space in 1-D phase space of variable. We 
compared the experimental data and UrQMD data using wavelet coherency. 
We discussed the results of the comparison. 
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1. Introduction 

Particle physics is the science of the fundamental structure of matter. One of the 
directions of particle physics is the study of high-energy nuclear matter. The in-
terest in the study of high-energy nuclear matter has increased many folds due to 
the possibility of studying unstable states of nuclear matter under extreme con-
dition of high energy density and high temperature. The study of non-statistical 
fluctuations in relativistic nuclear collisions has recently also attracted a great 
deal of attention due to the possibility of extracting important information about 
the mechanism of multiparticle production in such collisions [1] [2]. The mul-
tiplicity of charged particles in high energy nucleus-nucleus interactions is an 
important parameter which indicates how many particles are produced in that 
interaction. In the same time the multiplicity distributions of produced particles 
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help in learning the interaction mechanism [3] [4]. 
But it is appropriate to study the field in terms of theoretical and the experi-

mental points of view. This will help understand the relationship between theory 
and experiment, understand the complicated moments which may arise. Theory 
predicts phenomenon, which can be verified by experiments, and experiments 
very often provide new insight through unexpected results, which in turn lead to 
the improvement in theoretical description. In the present paper, an attempt has 
been made to find the relationship between the stability of a theoretical model 
and experiment to study the collisions of relativistic heavy ion. This exercise has 
been made to perform the study of (E-by-E) spatial fluctuations of relativistic 
shower particles produced in the collisions of 28Si + Em at energy 14.6A GeV in 
1-D phase space of X -variable (the case η -space) [5]. The findings are com-
pared with the predictions of Ultra-relativistic Quantum Molecular Dynamics 
(UrQMD) model [6] [7]. 

To solve this problem we use wavelets ideology [8] [9]. This is due to the fact 
that various processes and the phenomenon can have quite difficult structure, 
and contain local features of the various form and time extent. Wavelet-analysis 
transforms the original data to hierarchical structure by means of the wavelet 
transformations which results to the set of wavelet coefficients. If the signal is 
discontinuous, only those wavelets will have high amplitudes, where the maxi-
mum value will appear near the discontinuity point, which will allow detecting 
image contour. At the same time, discontinuity point is a sharp intermittent 
transition during some process. Quantitatively, it can be estimated by the value 
of the first derivative of such process, taking into consideration that the first de-
rivative of intermittent transitions is very high. If the transition is in the form of 
discontinuity point, then the first derivative tends to infinity. The sharper the 
transition, the higher the derivative value is. Smooth transitions will have small 
derivative values. This allows us to determine the presence of special characteris-
tics of the analyzed one, as well as the point where these characteristics may arise 
[10] [11]. Thus methodology of wavelet analysis allows taking into consideration 
the particular characteristics study by decomposing source data into a plurality 
of approximate and detailed coefficients. This allows conducting a detailed anal-
ysis of the original data. 

2. Some Experimental Details 

To obtain the data, FUJI nuclear emulsion pellicles were irradiated horizontally 
with a beam of 28Si nuclei at 14.6A GeV at Alternating Gradient Synchrophaso-
tron (AGS) of Brookhaven National Laboratory (BNL), New York, USA have 
been used. The nuclear emulsion experiment is a versatile detector for the study 
of nuclear reactions in high energy heavy ion collisions. It has the ability to 
detect and identify the secondary charged particles in the outlet channel of nuc-
lear reactions. The method of line scanning has been adopted to scan the stacks, 
which was carried out carefully using Japan made NIKON (LABOPHOT and 
Tc-BIOPHOT) high-resolution microscopes with 8 cm movable stage using 40× 
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objectives and 10× eyepieces by two independent observers, so that the bias in 
the detection, counting and measurements can be minimized. The interactions 
due to beam tracks making an angle < 2˚ to the mean direction and lying in 
emulsion at depths > 35 µm from either surface of the pellicles were included in 
the final statistics [5] [12]. 

3. Mathematical Formalism for Obtaining Data 

In order to perform a meaningful analysis of chaoticity, normalized cumulative 
variable ( ( )X η ) were used to reduce the effect of non-uniformity in single 
charged particle distributions. At the same time, we consider only one compo-
nent in 1-D phase space of X -variable (this is the case η -space). The single 
charged particle density distribution is not flat in the analysis of the fluctuation 
in phase space variable. This non-uniformity of the particle spectra influences 
the scaling behaviour of scaled factorial moments. Bialas and Gazdzicki [13] 
proposed a method to construct a set of variables, which drastically reduces the 
distortion of intermittency due to the non-uniformity of single particle density 
distribution. According to them, the new scaled variable ( )X η  is related to the 
single particle density distribution ( )ρ η  by the following relation: 

( )
( ) ( )

( ) ( )
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where, ( ) ( )1 d dN nρ η η=  is the single particle pseudo rapidity density dis-
tribution of the shower particles and 1η  and 2η  are the two extreme points in 
the distribution ρ(η) (or 1 minη η= , 2 maxη η= ,). Should also be noted that, in 
terms of new scaled variable ( ( )X η ) the single particle density distribution is 
always uniform in between X = 0 and 1. 

Various experimental efforts have established the existence of the empirical 
phenomenon of “intermittency” in multiparticle production using normalized 
scaled factorial moments. On the basis of bin averaging the normalized scaled 
factorial moments of the order of q is defined in vertical form as [5] [12] [13]: 
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and its horizontal form is defined as [5] [12] [13]: 
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where, ( ) ( )1 1q
m m m mn n n n q= − − +� , and also bracket �  of Equation (3) in-

dicates the average over all events in the whole data sample; mn  is the number of 
relativistic charged particles in the mth bin, m can take values from 1 to M and N 
represents the total multiplicity of charged shower particles in a particular event in 
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the pseudo-rapidity interval Mη δη∆ =  (or ( ) ( ){ }max minX X Mδη η η= − ). 
Recently, Cao and Hwa first introduced to measure the spatial pattern of par-

ticles in an event using normalized factorial moments associated with it. In con-
trast to the horizontally averaged vertical moments, V

qF  and vertically averaged 
horizontal moments, H

qF  of the qth order, they define event factorial moments 
as [14]: 

( ) ( ) ( )
1 1

1 11 1
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where, M is the partition number in phase space, mn  is the number of shower 
tracks producing particles falling into the mth bin and 2,3,4q = �  is the order 
of the moment. 

The event factorial moments, e
qF , fluctuates from event-to-event, and the 

degree of fluctuation can be estimated from the probability distribution ( )e
qP F  

over all events. One can obtain a distribution ( )e
qP F  for the whole sample of 

events. In the given situation, a normalized factorial moment of a single event is 
defined as [5] [12]: 
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where, evN  is the number of events in a sample and ( )e
qF M  represents the 

event factorial moment describing the spatial pattern of an event. It is important 
to mention that the SFMs introduced to study the intermittency or fractality in 
multiparticle production is only an estimate of the mean of the probability dis-
tribution of event by event Scaled factorial moment (SFM), ( )e

qP F . It should be 
realized that the simple mean procedure, apart from its clear advantages, sup-
presses a lot of important information about the fluctuations of spatial patterns 
of final state of multiparticle production. In particular, some interesting effects 
present only in a part of sample of events produced in high-energy collisions, 
may be lost. 

In order to quantify the degree of the fluctuations, a new normalized moment 
related to the chaotic nature of the system is defined as [14] [15] [16]: 

( ) ( ) ( ),
1

1 evN
p p

p q q q
eev

C M M M
N

η η
=

= = ∑ ,               (7) 

where, p is any positive real number, it should not be negative, ( )e
qF M  may 

vanish for some events, if p is negative. 
The other relevant details may be seen in works [5] [12]. 
Thus, we examine the relationship between, ( ),p qC M  and M  (this tech-

nique of erraticity moments [5]) for order of moments 2 4q = − , and for p = 
0.5, 0.9, 1.2, 1.4 and 1.6 for the present experimental data of nucleus-nucleus col-
lisions and with the predictions of Ultra-relativistic Quantum Molecular Dy-
namics (UrQMD) model. The findings in the forms of the pictorial graphs have 
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been plotted between the natural log of normalized erraticity moments ,ln p qC  
as a function of ln M  for η -phase spaces respectively at energy 14.6A GeV. 
These data can be found in [5] (see Figure 1). 

We can see (see Figure 1), which is experimental data and UrQMD data can 
be varied in a certain range. Thus, we have a few of time series. These time series 
should be compared using the ideology of wavelets. For this we will use the 
wavelet coherency. 

4. Methods of Wavelet Analysis as Tool to Study Time Series 

The basis of formal generalization of continuous wavelet transformation on the 
time interval t  is converting the input time series ( ) ( )2x t L R∈  using wavelet 
parent ( )tϕ  [17] [18] [19]: 

 

 
Figure 1. Variations of ( ),ln p qC M  as function of ln M  in η-space (1D) in the colli-

sions of 28Si + Em at energy 14.6A GeV. 
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In this case, feasibility of wavelet analysis in time series study is determined by 
the fact that the method of wavelet analysis allows to discover the local features 
of the studied time series due to the decomposition of the input data [18] [19]. 
That is, the wavelet transformation defines the hierarchical structure of the input 
of the studied time series. Underlying this statement is the fact that information 
flows, generated by fractal time series have properties detected by wavelet trans-
form, making it even more informative [10]. Then wavelet transform allows 
adding input characteristics of time series that are investigated. 

In addition, the empowerment of study time series using wavelet analysis me-
thodology promotes the use of various procedures of wavelet transformation: 
even-scaled analysis, cross wavelet transformation, wavelet coherence. Then 
wavelet analysis methodology has been widely used in the disclosure of dynam-
ics of time series that define various data [10] [11]. 

One of the main wavelet transformation methods used for generalized 
cross-reference analysis between different time series is wavelet coherence. It al-
lows calculating local correlation of two time series in a region of time-frequency. 
It uses the following formalized model: wavelet coherence as the squared abso-
lute value of the smoothed cross wavelet spectra ( ),xyW u s  (time ( x ) and fre-
quency ( y ) of the time series), normalized by the product of the smoothed in-
dividual wavelet power spectra of each series [20] [21]: 
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where Q  is a smoothing operator. 
We use Morlet wavelet that is a complex wavelet with a good time-frequency 

localization, as a parent one [20]-[26]. The squared wavelet coherency coeffi-
cient is in the range ( )20 , 1R u s≤ ≤ , values close to zero indicate weak correla-
tion, while values close to one are evidences of strong correlation. Thus, wavelet 
coherency analysis enables interconnection between the studied time series and 
analyzes the frequency of such communications. 

5. Result and Discussion 

We consider the wavelet coherency for each pair of time series of the natural log 
( ),p qC M  (experimental data and UrQMD data) for order of moments 
2 4q = − , and for p = 0.5, 0.9, 1.2, 1.4 and 1.6. 

In Figures 2-6 you can check the results of wavelet coherence between se-
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lected time series. Each of the following figures indicated a sepa-rate group of 
time series that match each other. This comparison is displayed in the 
time-frequency plane. In this case the time scale is equal to the consistent change 
of values ( )Ln M  (these changes represented a sequence number 1,2,�). The 
correspondence between a sequence number and value of ( )Ln M  is shown in 
Table 1. 

On the vertical axis are the weighted characteristics of the analyzed data series 
in frequency space. Along each of the figures importance scale is presented as 
separate columns for reflections. Maximum reflection is speaks about full cohe-
rence between the experimental data and UrQMD data. Defined lines are a ma-
nifestation of localization for individual irregularities within studied time series 
according to importance of irregularities. In general, each point of wavelet re-
flects shown in Figures 2-6 is their value in the time-frequency space, which is 
calculated through wavelet transformation. 

The phase difference, indicated by arrows, gives us details about delays of os-
cillation of the two examined time series. Arrows pointing to the right (left) 
when the time series are in-phase (anti-phase) or are positively (negatively) cor-
related. Arrow pointing up means that the first time series leads the second one, 
arrow pointing down indicates that the second time series leads the first one. In 
our case, these data suggest discrepancy of the experimental data according to 
the model. 

We see that with increasing values q of unbalance occurs between the experi-
mental data and UrQMD data. This is observed for all values p. With increasing 
the values of p and when is increased the values q imbalance between the expe-
rimental data and UrQMD data increasing. Especially it is typical for q = 4. Such  

 
Table 1. The correspondence between a sequence number and value of ( )Ln M . 

Sequence number Value of ( )Ln M  Sequence number Value of ( )Ln M  

1 0.693 15 2.773 

2 1.099 16 2.833 

3 1.386 17 2.890 

4 1.609 18 2.944 

5 1.792 19 2.996 

6 1.946 20 3.045 

7 2.079 21 3.091 

8 2.197 22 3.135 

9 2.303 23 3.178 

10 2.398 24 3.219 

11 2.485 25 3.258 

12 2.565 26 3.296 

13 2.639 27 3.332 

14 2.708   
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Figure 2. Wavelet coherence between the experimental data and UrQMD data for p = 0.5. (a) q = 2; (b) q = 3; (c) q = 4. 

 

 
Figure 3. Wavelet coherence between the experimental data and UrQMD data for p = 0.9. (a) q = 2; (b) q = 3; (c) q = 4. 
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Figure 4. Wavelet coherence between the experimental data and UrQMD data for p = 1.2. (a) q = 2; (b) q = 3; (c) q = 4. 

 

 
Figure 5. Wavelet coherence between the experimental data and UrQMD data for p = 1.4. (a) q = 2; (b) q = 3; (c) q = 4. 
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Figure 6. Wavelet coherence between the experimental data and UrQMD data for p = 1.6. (a) q = 2; (b) q = 3; (c) q = 4. 

 
an increase is observed for the mean values ( )Ln M . At the same time imbal-
ance between the experimental data and UrQMD data in the frequency domain 
is shifted from the lowest frequency to the average frequency [27]-[32]. There-
fore need to have more experimental data to confirm their values. Results which 
we have obtained are needed to confirm the authenticity of the experiment data 
and confirm what these data meet certain models. 

6. Conclusions 

The results of the study can determine the appropriate application of wavelet 
analysis methodology as disclosure of wavelet coherency between the studied 
data series as a tool for the study collisions of relativistic heavy ion. Some com-
parative results between the experimental data and UrQMD data have been ob-
tained from the analysis of event-by-event fluctuations of produced charged par-
ticles in heavy ion collisions at 14.6A GeV. We showed overall consistency be-
tween the experimental data and UrQMD data. But we also note that coherence 
decreases with increasing values of q. This result was obtained for the case η
-space in 1-D phase space of variable when collisions of relativistic heavy ion. 
This should be considered when choosing a model for the study and to evaluate 
the reliability of experimental data. 
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