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ABSTRACT 

The impacts of changes of various parameters and stochastic factors on water quality models were studied. The impact 
of deviation of the degradation coefficient on the model results was investigated. The degradation coefficient was de-
composed into the exact part and the deviation part, and the relationship between the errors of the water quality model 
results and the deviation of the degradation coefficient was derived. The impact of changes in the initial concentration 
on the model results was discussed. A linear relationship between the initial concentration changes and errors in the 
model results was obtained, and relevant recommendations to the water quality management were made based on the 
results. The impacts of stochastic factors in the water environment on the water quality model were analyzed. A variety 
of random factors which may affect the water quality conditions were attributed to one stochastic factor and it was fur-
ther assumed to be the white noise. The solutions to the water quality model including the stochastic process were ob-
tained by solving the stochastic differential equation. Simulation results showed that the decay trend of the concentra-
tion of the solute would not be changed, and that the results would fluctuate around the expectation centered at each 
corresponding displacement x. 
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1. Introduction 

With the development of economies and the improve-
ment of living standards, our environment, especially 
natural water, is constantly being polluted. Natural water 
plays an important role in a watershed in carrying off 
municipal and industrial wastewater and run-off from 
farm land. In recent years, water pollution and water 
shortages are two of the most serious and widespread 
environmental problems [1]. The application of re-
claimed water is of great importance to ease the water 
shortage and reduce further pollution by sewage. The use 
of reclaimed water as an unconventional supply for rivers 
with water shortages has become a common and interna-
tional trend [2]. The recycled water comes from urban 
sewage which has been extensively treated in sewage 
treatment plants. Although it may meet certain water 
quality standards, it is still urban sewage and carries 
some risk when used to recharge rivers. Therefore, study 
of the analysis and management of the water quality of 
rivers recharged with reclaimed water has high theoreti-
cal and practical significance [3]. 

The theoretical study of water quality management has 

the goal of developing mathematical models based on 
real water quality. Conclusions and information on water 
quality changes have been obtained by discussing and 
analyzing these models [4]. The history of study on water 
quality models can be divided into three stages according 
to the complexity and perfection of the models. 

The first stage was from the 1920s to the early 1970s, 
when the models were simple oxygen balance models. 
This stage was the early stage of development of surface 
water quality models [5]. The models during this phase 
mainly focused on the study of the oxygen balance, but 
also involved some non-ozone-depleting substances. The 
starting point of this research phase was the BOD (Bio-
chemical Oxygen Demand)-DO (Dissolved Oxygen) 
coupled equation which was proposed by Streeter and 
Phelps in 1925, designated the S-P equation [6]. In the 
next few decades, there were scientists who proposed an 
amendment to the S-P equation. Theriault (1927) [7] and 
Fair (1939) [8] summarized the methods for estimating 
the model’s parameters. To account for the removal 
through sedimentation of the settleable BOD, Streeter 
(1935) [9] realized its consideration; Thomas (1937, 
1948) [10,11] considered (though less elegantly) this 
effect through use of a “lag-time”. In 1961, O’Conner *Corresponding author. 
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insisted that BOD should be divided into two parts, 
namely CBOD at the carbonation stage and NBOD at the 
nitrification stage, and that the reduction of DO should 
also be the sum of these two parts. Thus the model was 
modified based on the S-P equation, after considering the 
impact of the nitrification process on the changes of DO 
[12]. Clark and Viessman (1965) [13] pointed out that 
second-order rather than first-order reactions frequently 
describe the stabilization of waste-waters. Braun and 
Berthouex (1970) [14] proposed a Michaelis-Menton 
expression to describe the BOD decay reaction and its 
impact on the DO concentration in a river. The S-P equa-
tion and its modified model are still widely used. 

The second stage was the mid-1970s to the 1990s, 
when comprehensive water quality models rapidly de-
veloped [15]. With in-depth study on the environmental 
behavior of pollutants in water, the traditional oxygen 
balance model was found lacking and could not meet the 
actual needs. Other pollutants began to be considered in 
water quality models. The environmental behavior and 
ecological benefits of different forms of pollutants, as 
well as the distribution of pollutants in the air, water, soil 
and vegetation in a variety of environmental media, be-
came research subjects. Therefore, river water quality 
needed to be described comprehensively, and it was nec-
essary to study the link between aquatic ecosystems and 
water quality components; then comprehensive water 
quality models could be built [16]. Due to the develop-
ment of computer science, a huge amount of computing 
had become possible at this stage. Models were develop-
ing from one-dimensional to multi-dimensional, and they 
were closer to real systems. 

The United States started the research on the compre-
hensive water quality models in the early 1970s, and the 
QUAL model system was first proposed [17]. The 
QUAL-I model was developed by the Texas Water De-
velopment Board with Frank D. Masch and Associates 
during 1970 to 1971 [18]. In June 1972, the United States 
Environmental Protection Agency awarded Water Re-
sources Engineers, Inc. (now Camp Dresser & McKee) a 
contract to modify QUAL-I for application to the Chat-
tahoochee-Flint River, the Upper Mississippi River, the 
Iowa-Cedar River, and the Santee River. The modified 
version of QUAL-I was known as QUAL-II [19]. The 
QUAL model system has been continually developed 
since then. In 1985, EPA’s Center for Water Quality 
Modeling sponsored a National Council of the Paper 
Industry for Air and Stream Improvement (NCASI) re-
view of other versions of QUAL-II and incorporated cer-
tain features of these versions into a program called 
QUAL2E [20]. QUAL2E is currently the best available 
stream model that has been adapted for use on a personal 
computer. The model is numerically accurate and in-
cludes an updated kinetic structure for most conventional 

pollutants. The QUAL2E model was widely used. In 
2000, the model underwent further refinement and up-
grade, and the QUAL2K version was introduced. This 
version could be loaded into Excel in the form of macros, 
and the model interface was also very user-friendly. 

The third stage was the mid-1990s to the present, 
when surface water quality models were continuously 
deepened, improved and widely used. The water quality 
models had the following characteristics in this stage. 
Firstly, with increasing emphasis on non-point source 
pollution problems, the combination of the surface water 
quality model and non-point source pollution model be-
gan to be considered. Secondly, the reliability and evalu-
ation capacity of the models were strengthened, and more 
importance was attached to the models’ uncertainty. Fur-
thermore, many modern mathematical methods were 
introduced into the research on water quality models, 
such as stochastic mathematics [21], fuzzy mathematics 
[22], artificial neural networks [23], genetic algorithms 
[24], expert systems [25], etc. Lastly, with the develop-
ment of computer technology, 3S technology, that is, GIS 
[26] (Geographic Information System), RS [27] (Remote 
Sensing), and GPS [28] (Global Positioning System)) 
was introduced into the study on water quality models, 
which greatly promoted the development of model stud-
ies. 

In the current study, sensitivity analysis of the pa-
rameters in water quality models was carried out. The 
influence of various parameters on the equation results 
were analyzed and discussed. The impact of changes in 
the parameters and random factors on the errors of the 
model results were investigated. The relationship be-
tween these factors was verified by simulation results, 
and rational suggestions for water quality management 
were proposed. 

2. Sensitivity Analysis of Water Quality  
Model 

2.1. Water Quality Model 

A one-dimensional river flow dispersion equation for a 
pollutant was set as [29]: 

2

2s

C C C
u k k

t x
C

x

  
  

  
.          (1) 

where ks is the dispersion coefficient, k is the pollutant 
degradation coefficient, C is the BOD concentration in 
water, x is the distance between the monitoring point and 
the source of pollution, and u is the flow rate. 

River water quality at steady-state was considered. 
Uniform river section steady-state sewage conditions 
were the velocity and flow of cross sections that did not  

change with the time, that is, where 0
C

t





. Then Equa-  
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tion (1) was transformed into Equation (2): 
2

2

d d
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dds

C C
k u kC

xx
   .           (2) 

Sensitivity analysis of the parameters in Equation (2) 
is discussed below. 

2.2. Degradation Coefficient 

When the dispersion effect is not considered, that is, ks = 
0, Equation (2) transforms to Equation (3): 

d

d
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u kC
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  .                 (3) 

The initial condition is: 

00x
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 . 

The degradation process of remaining BOD is: 

0

k
x
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 .                 (4) 

We decomposed k in Equation (4) into two parts: 

1k k k   .                 (5) 

where k is the degradation coefficient, in d−1; k1 is the 
exact part of k, in d−1; Δk is the deviation of k, in d−1, and 
Δk could be caused by measurement errors and uncertain 
factors. 

We substituted Equation (5) into Equation (4), then 
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We expanded the power series of 
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We substituted the first two terms on the right side of 
the equation into Equation (6), then 
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From Equation (7), the errors in the model results 
caused by Δk would be: 

1
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k
x
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E C x e
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   .              (8) 

The impact of changes in the degradation coefficient 
on solute concentrations in water was investigated 
through the analysis of influence of Δk on E1, which was 
the sensitivity analysis of the degradation coefficient. 
After theoretical analysis, we used the data in a simula-
tion to verify the model. The basic parameters of some 
rivers are shown in Table 1, from reference [30]. 

Table 1. Basic parameters of the river. 

Physical meaning Parameters Values Unit 

River length of Water  
function area 

L 100 km 

Flow rate u 0.56 m·s−1 

Dispersion coefficient ks 10 m2·s−1 

Degradation coefficient k 0.21 L·d−1 

Initial concentration of BOD C0 4.2 mg·L−1 

 
We substituted the water parameters in Table 1 into 

Equation (7), and obtained the variation of the concentra-
tion error E1 with the displacement x. We set Δk = 0.01 
L·d−1, Δk = 0.005 L·d−1, Δk = 0.001 L·d−1 and Δk = 
−0.005 L·d−1 respectively, and plotted the variation of the 
error E1 with the displacement of x when Δk was set at 
different values, as shown in Figure 1. 

From Figure 1 we can see that the concentration error 
E1 decreased with increasing deviation of the degradation 
coefficient Δk. Considering absolute values, when k  
increased, 1E  also increased. The signs of Δk and E1 
were opposite. When Δk > 0, E1 < 0, and the value of Cs 
would decrease from Equation (7); when Δk < 0, E1 > 0, 
and the value of Cs would increase from Equation (7). 

We investigated the specific values of Δk and E1 at x = 
4.0 km. According to Equation (8), when the degradation 
coefficient had increased 0.001 L·d−1, that is, Δk = 0.001 
L·d−1, E1 would decrease 0.0029 mg·L−1. This was 
equivalent to a situation where a 1% change in the deg-
radation coefficient would cause about 0.15% error in the 
solute concentration. In addition, E1 was differentiated 
with respect to x and we calculated the derivative values. 
In the river length within functional areas, that was, x ≦ 
100 km, the derivative values were all less than 0. Thus 
we obtained the conclusion that E1 showed a monotoni-
cally decreasing trend. When x increased, E1 would de-
crease, and then Cs also decreased. Therefore, the im-
pacts of Δk on E1 decreased gradually with increasing x. 

2.3. Initial Concentration 

In this section the impact of changes in the initial con-
centration on the model results are discussed. 

We solve Equation (2), then 

  2
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We decomposed C0 in Equation (9) into two parts: 
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Figure 1. Sensitivity analysis of degradation coefficient. 
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We substituted Equation (10) into Equation (9), then 

  1 1
0 01 0

x x xC x C e C e C e      . 

Therefore, the error caused by the deviation of the ini-
tial concentration ΔC0 was 

1
2 0

xE C e  .            (11) 

The impact of changes in the initial concentration on 
model results was investigated through the analysis of 
influence of ΔC0 on E2, which was the sensitivity analy-
sis of the initial concentration. After theoretical analysis, 
we again used the data for simulation to validate the 
model. Simulation parameters were the same as the ones 
used in Section 2.2.  

We substituted the parameters into Equation (11), and 
obtained the numerical relationship between E2 and ΔC0: 

2 00.8406E C  . 

We plotted the functional relationship between the er-
ror E2 and the deviation ΔC0, as shown in Figure 2. 

It was clear that there was a positive linear correlation 
between E2 and ΔC0. When ΔC0 increased, E2 also in-
creased at the corresponding displacement x. This was 
because ΔC0 is the coefficient of E2 in Equation (11). 
Similarly, in Equation (8), C0 is the coefficient of C(x). 
There was also a positive linear correlation between C(x) 
and C0. When C0 increased, C(x) also increased at the 
corresponding displacement x. 

On the other hand, according to the Water Quality 
Standards [31], a BOD concentration of 4.2 mg/L corre-
sponds to Class III. For natural water, it is difficult to 
meet water quality requirements for this initial concen-
tration. The concentration is officially required to decay 
back to 3 mg/L, which corresponds to Class I, by the 
self-purification of the river itself. The pollutant process 

satisfied Equation (8), so that at least a 75 km distance 
would be needed if the water pollution began to decay 
from the initial concentration of 4.2 mg/L. The decay 
processes in the river are shown in Figure 3. 

From Figure 3 we can see, if “3 mg/L”, which was the 
limiting value for Class I in Water Quality Standards, 
was actually required at a distance of 40 km from a pol-
lution source, the water quality situation at present would 
not meet the requirements, and the concentration could 
not decay from the initial concentration of 4.2 mg/L to 3 
mg/L at the 40 km. That means the water quality would 
need to be managed effectively. Reduction of the initial 
concentration at the pollution source is the most common 
and effective way to manage water quality. We imple-
mented a reduction of the concentration at the pollution 
source, such that the initial concentration would be re-
duced to 3.5 mg/L within 40 km. Thus “4.2 mg/L” was 
reduced by ΔC0 = 0.7 mg/L, and now the water quality  

 

 

Figure 2. Concentration error and deviation of initial con-
centration. 
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Figure 3. Decay processes for different initial concentra-
tions in the river. 
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began to change from an initial concentration of 3.5 
mg/L. The concentration at the distance of 40 km could 
decay to the requirement of 3 mg/L though the river 
self-purification process, and its decay processes in the 
river are also shown in Figure 3. We calculated the ini-
tial concentration which could meet the requirement that 
concentration should decay to 3 mg/L at the 40 km dis-
tance from the pollution source according to Equation (9). 
The result was  = 3.5687 mg/L. 0C

2.4. Stochastic Factors 

In this section the impact of stochastic factors in the wa-
ter environment on the water quality model are discussed. 
The stochastic factors in the water environment included: 
External or anthropogenic factors on the water environ-
ment, uncertain measurement of parameters in the water 
quality model, the interaction and chemical reaction of 
the solutes, precipitation and drought and other climatic 
factors, etc. [32]. As we knew, when the dispersion effect 
was not considered, Equation (2) was transformed into 
Equation (3). We took stochastic factors into account in 
the water quality model. The integrity of the stochastic 
factors was seen as one factor, and we mainly considered 
the impact of this factor on the model [33]. Thus a sto-
chastic factor “S” was added into the equation. Then 
Equation (3) was transformed: 

d

d

C
u kC S

x
  . 

The stochastic factor “S” was assumed to be white 
noise with variance of σ2 [34], and “S” was represented 
by . Then the water quality model was transferred 
into a first-order constant coefficient linear stochastic 
differential Equation (12): 

 W x

     uC x kC x W x   

d

.         (12) 

White noise could not be used as a stochastic process 
with a sample function in the usual sense, so Equation 
(12) was not determinate [35]. However, because  

, Equation (12) was transferred into 
Equation (13): 

   dW x W x x

     d d duC x x kC x x W x   .       (13) 

We integrated both sides of Equation (13), and ob-
tained 
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        (14) 

Equation (14) was a stochastic integral equation, and 
was determinate, because for each ω  Ω, the sample 
function of the Brownian Motion W(x) = W(x, w) was a 
defined continuous function. C(x) was set in the interval I, 
x0  I, and C(x0) was the known stochastic variable. Then 

we named the stochastic process “C”, which satisfied 
Equation (14) and had continuous sample functions, and 
was the solution of the stochastic differential model 
Equation (13) in the interval I. 

We used the constant variation method to solve the 
first-order non-homogeneous differential Equation (13). 
The general solution to the homogeneous equation cor-
responding to Equation (13) was 

  xC x F e . 

where a = −k/u. We set F = F(x), then 

       xC x F x F x e   . 

We substituted this into Equation (13), and obtained 
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That is, 
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We integrated both sides of the upper equation from x0 
to x, and obtained 
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Because     0
0 0

xC x F x e , we had  
   0

0 0
xF x e C x . We substituted this into the upper 

equation and simplified the results, and obtained 
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C x C x e e W s
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This was consistent with the structure of a typical dif-
ferential equation. General solution of Equation (13) was 
equal to general solution of the corresponding homoge-
neous equation coupled with a special solution of Equa-
tion (13). The difference was that C(x0) here was a sto-
chastic variable, but not necessarily constant. 

We set x0 = 0, and C(x) was the solution of Equation 
(13) in the interval of [0, ∞], which satisfied the initial 
conditions C(0) = c0. Thus we had 

   
0

( )
0

1
d

xx x s

x
C x c e e W s

u
     .     (16) 

This was a Gaussian process. Since the expectation of 
the integral of the white noise was 0, the expectation of 
C(x) was: 

  0
xEC x c e .           (17) 

The covariance of C(x) was: 
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Specifically, we set s = x, and we obtained the vari-
ance of C(x) which was 
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  . 

After theoretical analysis, we used the data for simula-
tion to investigate the impact of stochastic factors in the 
water environment on the water quality model. Simula-
tion parameters were the same as the ones used in Sec-
tion 2.2. We substituted the simulation parameters into 
Equation (16), and obtained the solution of the water 
quality model with stochastic process. 
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Furthermore, we substituted the simulation parameters 
into Equations (17) and (18), and the expectation and 
covariance of C(x) would be obtained. 

Stochastic factors were considered in the water quality 
model, so determinate solutions could not be given. So-
lutions could only be represented in the form of the sto-
chastic process. We plotted the solutions with the sto-
chastic process, as shown in Figure 4. In this study the 
stochastic process was the white noise process with va-
riance σ2 = 0.75. 

From Figure 4 we can see that the water concentration 
still showed an attenuated trend, while the concentration 
would fluctuate around the expectation centered at each 
corresponding displacement x. The fluctuations had a 
certain range, with variance of σ2 = 0.75. The impact of  
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Figure 4. Solutions of water quality model with stochastic 
process. 

stochastic factors on the water quality was uncertain, and 
it was difficult to describe it exactly and numerically. 
However, we made some reasonable assumptions for 
stochastic factors and dealt with them using some ma-
thematical tools. Thus we could obtain solutions with a 
stochastic process. 

3. Conclusions 

The impacts of changes of various parameters and sto-
chastic factors on the water quality model were analyzed 
and discussed. Preliminary conclusions were obtained as 
follows. 

1) The values of Δk and E1 had the opposite sign. 
When the deviation of the degradation coefficient Δk 
increased, the concentration error E1 decreased numeri-
cally at the corresponding displacement x. When Δk > 0, 
E1 < 0, and the value of Cs would decrease; when Δk < 0, 
E1 > 0, and the value of Cs would increase. A 1% change 
in the degradation coefficient would cause about 0.15% 
error in the solute concentration. The impacts of Δk on E1 
decreased with increasing x. 

2) When the deviation of initial concentration “ΔC0” 
increased, the error of the model “E2” also increased at 
the corresponding displacement x. There was a positive 
linear correlation between E2 and ΔC0. To reduce the 
initial concentration at the pollution source is the most 
common and effective way to manage water quality. By 
reducing the initial concentration, the requirements of 
water quality could be achieved through the self-purifi- 
cation ability of the river itself. 

3) Stochastic factors did not significantly affect the at-
tenuation trend of water quality. However, because of the 
stochastic interference, the concentration of the solute 
would fluctuate around the expectation centered at each 
corresponding displacement x. 
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