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Abstract

A new and innovative method for solving the 1D Poisson Equation is presented, using the finite
differences method, with Robin Boundary conditions. The exact formula of the inverse of the dis-
cretization matrix is determined. This is the first time that this famous matrix is inverted explicitly,
without using the right hand side. Thus, the solution is determined in a direct, very accurate
(0(h?)), and very fast (O(N)) manner. This new approach treats all cases of boundary conditions:
Dirichlet, Neumann, and mixed. Therefore, it can serve as a reference for solving the Poisson equ-
ation in one dimension.
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1. Introduction

The Poisson equation is an elliptic differential equation well known and common to various scientific and tech-
nical domains such as physics, mathematics, chemistry, biology, etc. Its resolution generates a lot of interest to
engineers, teachers, and researchers. Since, it allows analyzing in quantitative manner the studied phenomena:
electrostatic, magnetostatic, wave propagation or heat diffusion in steady state. Many methods of resolution of
this important equation exist, however, using the right hand side (RHS), for example, the method of Gaussian
elimination or the Thomas algorithm.
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Recently, a new method is proposed [1] [2] dealing with this equation in one dimensional case. This new ap-
proach, using the finite differences method (FDM), determined the inverse of the matrix obtained from algebraic
equations. However, only the case of boundary conditions Dirichlet-Dirichlet (DD) [1]; Neumann-Dirichlet (ND)
and Dirichlet-Neumann (DN) [2] were treated.

The present study generalizes the solution of the Poisson equation and determines its solution for boundary
conditions of third kind: Robin conditions. These mixed boundary conditions present a great interest in practice,
because of combining two quantities: the function and its derivative. Here, a great innovation is that the solution
is obtained in a very fast and precise way, and without using the RHS.

First, an inventory is made for possible cases of boundary conditions (DD) (DN), (ND), (RR), (RN), (NR),
(DR) and (RD). Then, the cases, which must be solved are identified, considering that the first three cases of
boundary problems have been solved in [1] and [2]. Then the cases (RR), (RN), (NR), were treated. The final
solution is obtained, using an adequate choice of discretization, and inverting directly and exactly the discretiza-
tion matrix. Thus, a numerical verification is done, considering a boundary problem of type (RR). The sensibili-
ty is determined, showing the predicated behavior of the truncation error and the very good accuracy of this new
method. Finally, the cases of boundary conditions of type (DR) and (RD) are discussed and solved.

2. General Problem

The following boundary problem is to be solved:
®"(x)=f(x), xelab
a,®(a)+a,®'(a)=0g, @)
B@(b)+p,d'(b)=0g,

Here, @ is, a scalar field, which depends on the real variable x. The function f(x) is a well known excitation
and will be called the Right Hand Side (RHS) of the Poisson equation. ®(a)=®,, ®'(a)=®,, ®(b)=d,,
and @'(b)=®, are unknown values of @ and of its first derivative at points a and b, respectively. The reals
g, and g, are given constants. The coefficients o, «,, f,,and g, arealso known.

The type of boundary problem is given by the nature of the quadruplet (o, «,, B,. f,). Forexample (¢,
0, p,, 0) corresponds to a boundary problem of type Dirichlet-Dirichlet (DD), while the combination (0, «,,
p,, 0) is for a boundary problem of type Neumann-Dirichlet (ND), etc.

Depending on the value of the quadruplet of coefficients, nine (9) boundary problems exist: (DD) (ND), (DN),
(NN), (RR), (RN), (NR), (DR), and (RD). The first three problems (DD), (ND), and (DN) were solved in [1] and
[2]. The problem (NN) leads to a non-regular discretization matrix.

This study will determine the solutions for all the remaining cases; and therefore can serve as reference for all
that will involve the 1D Poisson equation. We distinguish three parts:

e o,=0 and g, 0. We will call this type of boundary problem Robin-Robin (RR). This part also covers
Robin-Neumann (RN) and Neumann-Robin (NR) boundary problems. This is the most important part of this
study because helping to resolve the next two parts.

e «,=0 and g, #0. Thisis the case of the Dirichlet-Robin (DR) boundary problem.

e o,#0 and g, =0.This s the case of the Robin-Dirichlet (RD) boundary problem.

3. 1D Poisson Equation with Robin-Robin (RR) Boundary Conditions

We consider the 1D Poisson equation with boundary conditions of type Robin-Robin (RR). This problem cor-
responds to the case, where «, =0 and g, # 0. At points a and b, we have the following relations:

a'®,+D, =9,
{ ' ’ r ! (2)
O, +D, =g,
where a’=ﬂ, ﬁ’:ﬂ, gézi and géz%.
a, B a, B,

We propose a new method of resolution of this problem. The latter requires a comfortable and adequate dis-

cretization as shown in Figure 1.
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Figure 1. Discretization for Robin-Robin boundary conditions.

The mesh is composed of N + 2 points. N of them are in the interval of integration [a,b]. The other two are
extra, additional, points [3], [4].
The mesh points (x;) are defined by the following relation: x, =a+(i—-1)-Ax, i=0,1,---,N+1, where

(b-2)

is denoted by ®; , with @, = ®(x; ). And at this point, the value of the right-hand side function is:
fi=1(x).
At point X, the first and second derivative of the function @ are ®;=®’'(x) and ®/=®"(x,), respec-
tively. With the centered difference approximation (O(h?)) [2]-[5], one gets the first derivative:

Ax designates the step size: Ax= =h. The approximate value of the desired scalar field, at point x; ,

O =it i
' 2h

O] OB
L+ 0(h?) ®)
and the second derivative is:
cDi—l — 2cDi + cDi+1
h2
The system of linear equations associated to the Boundary Problem of type Robin-Robin can be written:

P = +O(h2), =23, N-1. 4

D, —20, + D, =h*f, =2, N-1 ()
At boundary points, the discretization of the conditions gives:

D, -0 ,
g o
(DN+1 _(DN—l _

2h

The approximate values of the scalar field at additional imaginary points ®, and ®,,, can be eliminated.
This is done considering the discrete differential equation at boundary points a=x_and b= x,, with the Eg-
uation (6). One obtains the following equation at point a (ch =0,):

a'®d
(6)

’

B, + 9y

(ha' 1)@, +®, =h2%+hg;, )

and the following equation at pointb (@ =®,):

-(hg' +1) @, +<DNfl:h2f—N—hgg. (8)
—— 2
One remarks that the additional points are not included in the calculations. They allowed the use of the cen-
tered difference approximation; even at the boundary points. Therefore, the truncation error behaves like
fofr)) G
The vector F can be defined with its components F:
F =h2L+hg’ F =h2f—N—hg'
1 2 a’ N 2 b (9)

and F =h*f, i=23-,N-L1

Combining the Equations (5), (7), and (8); one gets the following matrix equation:
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f
2 1 ’
« 1 0 0 0 0) ( @, h"—+hg,
1 -2 1 0 0 0 o, h*f,
01 -2 1 0 0 @, h*f,
_ 2
00 1 -2 1 g P || N, 10)
0 0 0 1 -2 ®, h*f,
: : 0 : :
0 0 0 0 . . " 1| |®., h?f,_,
00 0 0 0 01 8) o o f :
=ARR ::(’; h TN_hgb

=F

A is the discretization matrix in the case of boundary conditions of type Robin-Robin (RR). This matrix is
widespread in the literature. The Equation (10) can be solved with methods such as Gaussian elimination
(O(NZ)), or the Thomas algorithm (O(N)) [6].

We propose, here, a new method of resolution, faster and more accurate than that of Thomas; as we have al-
ready done for the boundary problem of type (DD) [1], and (ND) or (DN) [2]. This method is based essentially
on the exact formulation of the inverse of the matrix A®® . The formula of the inverse of the discretization ma-
trix will be determined explicitly and directly. We denote it B™® .

4. Inverse of the Matrix ARR

The matrix AR = (ai'j“) is symmetric and its determinant |A|RR depend on the coefficients « and £ . The

calculation of |A|RR permits to verify the regularity of the matrix A™ i.e. its invertibility. Exploiting the re-
sults of [1] and [2], the formula of the determinant of A®® can be deduced. It holds:

|A™ =(-1)" [(ap+a+p+1)(N-2)+(aB-1)]. (11)

This determinant is zero for the case of boundarRx conditions of type Neumann-Neumann (NN), which cor-
responds to o = 8 =—1. Apart from this case, |A|" is different from zero and the inverse of the matrix A
exists.

Now the inverse of the matrix A :(a
(DD), which is resolved in [1]:

RR

RR

i ) will be determined, using the matrix associated to the problem

-2 1 0 - 0 10 00 00 00
1 =2 0 . 10 0. .10
A®=l0 " . 1 0 |+(a+2)]i * 0 0[+(B+2): 0 00 (12)
: 1 -2 1 0 0 00 0 0 00
0 - 0 1 =2 0 000 0 001
:=ADPP

Since A and its inverse B are known [1], one can multiply the Equation (12) by B°°, whose exact
formula is known. One gets:

N 0 - 00 00 0 1
N-1 0 : s 002
(a+2)| .7 . CL(B+2)) .. C
(Bo)(A™)=tu—gp| PP 0 Ry E 0l P
2 0 .- 00 0 0 N-1
1 0 00 0 0 0 N
=(C) =(D)

where |, is the identity matrix of size N. The matrices (C) and (D) are defined in following manner, respec-

tively:
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(C)=(c;)=(N-i+1)-5, i,j=1,2N and (14)
(D):=(dy)=i-6}, i,j=1,2N (15)
The matrices (C) and (D) can be factorized and put in the form (C) =— |A|1RR (E)<ARR) and
(D) —ﬁ(F)(ARR) . One obtains, for the matrix (C):
1
C)=
@)=
N[(N-1)(B+1)-1] N[(N-j)(B+1)-1] N -N
(N-D[(N-1)(B+1)-1] ... (N-D[(N-j)(B+1)-1] - (N-1)B —(N-1)
(N=2)[(N-1)(B+1)-1] ... (N=2)[(N-j)(B+1)-1] - (N-2)p —(N-2)
: : : : : : (16)
.(N—i+1)[(N—1)(,3+1)—] - (N=i+1)[(N —')(ﬁ+l)—1] - (N—i-+1),B —(Nfi+1) AT
3[(N -1)( ,B+1 )-1] . 3[(N- 1)(/3+1)—1] 32} 3
2[(N-1)(B+1)-1] 2[(N=-j)(B+1)-1] 28 -2
[(N-1)(5+1)-1] [(N- (ﬂ+1) 1] s -1
(E)
and for the matrix (D), one gets:
-1 a [(j—l)(a+1)—1] [(N-1)(a+1)-1]
-2 2 2[(i-Y(a+)-1] - 2[(N-1)(a+1)-1]
-3 3¢ - B[(i-Y(a+1)-1] - 3[(N-1)(a+1)-1]
(D):—ﬁ —.i i& - [(1—1)(a+1)—1} - i[(N—l)(a+1)—1] AT (17)
—(N'—2) (N—.Z)a (N—Z)[(j—.l)(a+1)—1] (N-2)[(N .1)(a+1 )-1]
~(N-1) (N-Da - (N-D[(j-1)(a+1)-1] -+ (N-D)[(N-1)(x+1)-1]
-N Nee - N[(j-1)(a+1)-1] -+ N[(N-1)(a+1)-1]
The Equation (16) shows that the matrix (E) is defined;n the following manner:
(E)=(&)=(N=i+)[(N-j)(B+1)-1], i, j=1,2,-N. (18)
From the Equation (17), it is noted that the matrix (F) is defined in the following manner:
(F)=(f)=i[(i-1)(a+1)-1], i, j=12-N. (19)
Thus, the matrix Equation (13) becomes:
(87 ()= ) R Py ), @)

And therefore, one has the relation that provides the inverse of the matrix (ARR ):
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[<BDD)—(G+2) ! (e)-1Ar2) L (F)J(ARRFIN- (21)

N+L AR N+ A

:=BRR

So, we get BF?, inverse of the matrix AR . This famous matrix is inverted exactly and in a elegant manner
[5] [7]-[10]. We gave to the matrix B"® the name Bira_RR Matrix. It holds:

(B)=(b5")

(22)
=[(bi?D)—m[(a+2)(N—i+1)[(N—j)(ﬁ+1)—1]+i(ﬂ+2)[(j—1)(a+1)—1]:| :
with
Y Il U
bp® = [N_N+f )] i j=12,N. 23)

N+1 <

The Equation (22) is very important in the field of numerical resolution of differential equation in one dimen-
sion. Because it presents the exact formula of the famous matrix A . It allows to solve the Equation (10) in a
extremely fast way, very precisely, and independently of the RHS. It provides an innovative solution to the
Poisson equation for the case of boundary conditions of type Robin-Robin.

A simple matrix-vector multiplication gives the solution of the differential equation. But we are not limiting
there. Because, by exploiting the properties of the matrix B"®, we can greatly reduce the cost in time and
memory space.

A further analysis of the matrix BF® gives the solution ®, inany mesh point x, :

o8 =0+ LN (42T 8

where @2 = (BDD)F'
N

PP = N IZ(N—max(i,k)+1)~min(i,k)~Fi (25)

This latter equation is the same as the following [1]:
1

CI)ED:—N+1{(N—k+1) l:ZIF:|+k {Z( —i+1)-Fiﬂ. (26)

i=k+1

The analysis of this solution shows that one loop is sufficient to obtain the solution ®* at point x, . This
solution given by the Equation (24) has been obtained independently from the RHS. So it is a straightforward
solution that does not use the RHS of the differential equation. In addition, a programmer does not need to dec-
lare arrays to store matrices or vectors.

This solution in Equation (24), combined with Equation (5), corresponds to an algorithmic complexity of
O(N). Itis stable, robust, and very economical with respect to memory occupation.

The Equation (24) is solution for boundary problems satisfying «, #0 and g, #0 (RR). Itis also solution
of boundary problems of type Robin-Neumann (RN) or Neumann-Robin (NR).

5. Verification with a Robin-Robin (RR) Boundary Problem
0*®(x)

— " f (x)=-n’sin(nx),

in]0, 1[. The field cD(x) fulfills the following Robin-Robin boundary conditions as in (27):

()

We consider a scalar field ®(x), defined in [0, 1], which satisfies A®(x)=
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a'®,+ Dy =g,
LD +D; =

g

(27)

where the parameters o', S, g,, and g, are well known real constants. The exact solution can be ex-
pressed as follows:

q)exact(x)=5in(nx)+|:

of course, for p'=(p'+1)a’.

The mesh is taken as specified in Figure 1: h=Ax =

1 i—-1
N-1'

B9, —a’gl’—(ﬁ’+a’)n}.X+[gl’—(ﬂ’+1)gé +(f'+2)n
(B +1)a’

X, =——=
N-1

: (28)

B —(B+1)a’

(i-1)-h;i=1,2,-,N.

To verify our new method of resolution, we choose: N =101, a'=-200 and p’'=400. It follows:
(ha'-1)=a=-3 and —(hpg'+1)= g =-5. Also, we choose: g; =10 and g, =15.

The computed results are shown in Table 1.

The obtained solution, with our new method, using the finite difference method, is very accurate; as Table 1
above shows. We denotes ¢, (N) the relative error in each point x :

5i(N)=

(DiFDM -0

iexact

iexact

(29)

From Table 1, one can deduce the average relative error, which general expression is given as following:

It hols: £(101)~ 8.51250982242213x10°° .
The sensibility of our new method can be determined by plotting the average relative error z(N) for dif-
ferent values of N. Then, we got the curve shown in Figure 2, which is a hyperbola that can be assumed to be

Table 1. Numerical results and relative error.

(30)

X;

Dirpm

(I)iexact

&(101)

1
2
3
4
5
6
7
8
9

10

94
95
96
97
98
99
100
101

0.00000000000000E+000
1.00000000000000E—002
2.00000000000000E—002
3.00000000000000E—002
4.00000000000000E—002
5.00000000000000E—-002
6.00000000000000E—002
7.00000000000000E—002
8.00000000000000E—002
9.00000000000000E—002

9.30000000000000E-001
9.40000000000000E-001
9.50000000000000E-001
9.60000000000000E-001
9.70000000000000E-001
9.80000000000000E-001
9.90000000000000E-001
1.00000000000000E+000

—3.38980598758366E—002
—1.69417962750990E-003
3.04786994442129E-002
6.25896067571465E—002
9.46076328877493E-002
1.26501960074993E-001
1.58241892633773E-001
1.89796887247841E-001
2.21136583112373E-001
2.52230831896418E-001

2.57783121821582E-001
2.27809202430159E-001
1.97650345094025E-001
1.67337093129426E—001
1.36900142221468E—001
1.06370310131180E—001
7.57785062821020E-002
4.51557012564204E-002

—3.38967711322197E-002
—1.69548085442856E—003
3.04748107964193E-002
6.25831357852830E—-002
9.45985872307358E-002
1.26490349906325E—001
1.58227730651482E-001
1.89780188661962E—001
2.21117365629937E-001
2.52209115703975E-001

2.57765871832962E-001
2.27794476221807E-001
1.97638157875976E-001
1.67327457599712E-001
1.36893068553585E—001
1.06365805964047E—001
7.57765767125243E-002
4.51563488340589E—002

3.8019657150875345E—-0005
7.6746777486083834E-0004
1.2760203236740397E-0004
1.0339801261573965E-0004
9.5621481020865377E-0005
9.1786991470808697E—0005
8.9503794515951606E—0005
8.7989088828849469E—0005
8.6910778719498654E—0005
8.6103915724219745E-0005

6.6921150178808468E—0005
6.4646907143833389E-0005
6.1664296913287154E—0005
5.7584868925751281E-0005
5.1672944130870363E-0005
4.2346006708486818E—0005
2.5463931751154188E-0005
1.4340788288543653E—0005
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Figure 2. Sensibility for RR boundary conditions.
H 2 1 2
proportional to h® = > =AX".
(N-1)
Thus, a curve fitting of the sensibility can be given with:
1
Trunc(N)=a-h’ =a- 7 (1)
(N-1)
where o ~0.851250982242213 . The two curves are shown in Figure 2. The average relative error z(N) be-
hzo!" (c)

haves like a truncation error that can be expressed in the following manner .o (c) designates

the fourth order derivative of the exact function @,
Combining the given function f (x), the exact function @

in a point (here C), which belongs to the interval [a, b].
exact » @Nd the results from the fitting, one gets [6]:

2,2

;2 < h_“ (32)
(N _1) 12

So, we have demonstrated that this new method is very fast, very efficient. In addition, it is very economical
in terms of occupation of memory space. It is also very accurate.

The matrix A™ is inverted analytically and in a accurate manner; independently of the RHS.

The behavior of the truncation error is very interesting as shown in the sensibility curve.

The resolution of the remaining cases Dirichlet-Robin (DR) and Robin-Dirichlet (RD) presents no difficulty.
It is easy and can be done on the basis of the foregoing.

e(N)ra-h?=a-

6. 1D Poisson Equation with Robin-Dirichlet and Dirichlet-Robin Boundary
Conditions

6.1. 1D Poisson Equation with Dirichlet-Robin (DR) Boundary Conditions

We consider, now, a Dirichlet-Robin problem as one where the field at point a (cDa) is known and the boun-
dary condition at point b is of type Robin:
B+, =g, (33)
where f'#0. The coefficients g’ and g; are given.
For this Dirichlet-Robin boundary problem, we propose an appropriate discretization, as shown in Figure 3.
Here, the mesh points (x;) are defined by the following relation: x, =a+i-h, i=0,1,---,N+1. The step

size changes and becomes: h = Ax =$. The only imaginary point is x,,,. Its scalar field @, is elimi-
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Figure 3. Discretization for Dirichlet-Robin boundary conditions.

nated as done in Equation (8).
Thus, considering the Equations (3)-(8) and adapting them to the (DR) problem, one gets the following matrix

equation:
2
2 1 0 0 0 0) ( o, =,
1 2 1 0 0 ol | o, "t
0 1 2 1 0 0| | o, "t
0 0 1 2 1 ol | @, h°f,
. x = h? f (34)
0 0 0 1 -2 . @, s
0 0 0 0 o1 o, hf fut
0 0 0 0 001 p) o) |r-ng
:=ADR =0

=F
One remarks that with respect to the Robin-Robin boundary problem, there is only two changes. The first
component of the vector F becomes F, =h®f —®, . The second one change relatively to the (RR) problem is
that their matrices are related by: A° =A™ (a=-2,B). Therefore, the inverse of the matrix A™ is:
B =B (a=-2,8). Then, the solution of the Dirichlet-Robin boundary problem is known, considering the
equations (22)-(26), and the change of F,, and replacing o by -2.

6.2. 1D Poisson Equation with Robin-Dirichlet (RD) Boundary Conditions

We consider, now, a Robin-Dirichlet problem as one where the field at point b (@, ) is known and the boun-
dary condition at point a is of type Robin:

a'®d,+D, =9,, (35)

where «o'#0. The coefficients o' and g, are given.

For this (RD) boundary problem, we propose the following appropriate discretization, as shown in Figure 4.

Here, the mesh points (x;) are defined by the following relation: x, =a+(i—1)-h, i=0,1,---,N+1. The
step size changes and becomes: h = Ax :b&_a_ The imaginary point is x, . Its scalar field @, is eliminated
as done in Equation (7).

Thus, considering the Equations (3)-(8) and adapting them to the (RD) problem, one gets the following matrix

equation:
a 1 0 0 0) ( @, h2%+hg;
12 1 0 0 0| | @, h2g
0 -2 0 0| | o, hzfz
3
0 0 1 -2 1 O.X O | | [ (36)
0 0 0 1 -2 U o, het
1 Do 0 z °
0 0 0 0 " 1| | @, hzf.
N-1
00 0 0 0 0 1 -2)(d, D
=ARP 2 . N_b/

=F
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Figure 4. Discretization for Robin-Dirichlet boundary conditions.

One remarks that with respect to the Robin-Robin boundary problem, there is only two changes. The last
component of the vector F becomes F, =h®f, —®, . The second one relatively to the (RR) problem is that the
matrices of the two problems are related by: A% = A™ (o, f =-2). Therefore, the inverse of the matrix A"
is: B*® =B (@, f=-2). Then, the solution of the Robin-Dirichlet boundary problem is known, considering
the Equations (22)-(26), and the change of F, , and replacing S by -2.

7. Conclusion

This study relates to the resolution of 1D Poisson equation, with the general case of Robin boundary conditions.
The major innovation that is presented, is the exact formulation of the inverse of the discretization matrix, which
is obtained from using the finite difference method. This remarkable and direct inversion of this matrix provides
an elegant and efficient solution to this very important differential equation. This new proposed method of reso-
lution is precise, economic in memory occupancy, and extremely fast. It can serve as reference for solving nu-
merically the 1D Poisson equation and the stationary wave or heat equation.
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