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ABSTRACT
The properties of the ionosphere Alfvén resonator (IAR) in the general case of an oblique geomagnetic field are investigated. The modes at the frequencies f = 0.2 - 10 Hz well localized within the ionosphere are considered, which are
important for the lithosphere—ionosphere coupling. An attention is paid to the modes with quite high quality factors
Re    Im    5 - 20 , where   2πf . A proper selection of calculated eigenfrequencies has been realized. Two
independent simulation algorithms have been proposed. The resonant frequencies and the profiles of magnetic field
components of the modes have been calculated. The modulation of electron and ion concentrations at the heights 170 230 km leads to essential shifting the resonant frequencies.
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1. Introduction
The ionosphere creates for the Alfvén waves some resonator, which is called as the ionosphere Alfvén resonator
(IAR), in the frequency range f = 0.05 - 10 Hz [1-4]. The
resonant modes are localized in the vertical direction
within the ionosphere F-layer, the heights 150 - 400 km
with the maximum values of the electron concentration,
and bounded by the gyrotropic E-layer from below and
the magnetosphere from above [5-10]. Because the ionosphere is an open system, the magnetic field of IAR can
reach the Earth’s surface and can penetrate into the lithosphere.
The simplest model of IAR considers the vertical direction of the geomagnetic field along OZ axis and permits to get the analytical results [10]. In the ionosphere
F-layer the gyrotropy is neglected (g  0), and an inequality is valid: 1   3 , where the tensor of effective
permittivity is:
 1 ig 0 
ˆ   ig 1 0 
 0
0  3 


A dependence of 1(z) is taken into account. In the
ionosphere E-layer the gyrotropy is essential, and the
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impedance boundary condition is introduced at z  120
km. Nevertheless, the simplified approach cannot be used
in the case of the oblique geomagnetic field. Moreover,
in the F-layer at the heights z ~ 150 - 200 km the gyrotropy is not zero, and its influence on the resonances is
essential. Also, generally speaking, the magnetic field of
IAR penetrates down to the Earth’s surface and can be
measured there. Therefore, a more exact theory should be
put forward. At the same time, the theory should not be
cumbersome, because the interpretation of the results
must be clear.
As usually, natural resonances in geophysics possess
relatively low quality factors [10]. But in the open systems resonances of low quality factors do not have any
physical sense and cannot be released separately, because
of the presence of continuum spectrum. Therefore, some
selection of the formally calculated resonance modes
should be realized. The modes possessing higher quality
factors can be useful for detecting the lithosphere—
ionosphere coupling. Namely, these modes can be modulated by the acoustic gravity waves and internal gravity
waves of ULF range that are excited at the Earth’s surface, move upwards and reach the ionosphere.
The propagating modes in the ionosphere waveguide
were considered in the papers [11-13]. The dependencies
of the complex wave numbers on the real frequency were
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investigated within the waveguide, which was assumed
uniform in the horizontal plane of propagation. In the
resonator problem, considered in the present paper, the
complex eigenfrequencies with relatively small imaginary parts should be investigated. Whereas in [11-13] the
vertical profiles of the waveguide modes were not presented, the vertical profiles of the modes of the resonator
are of special interest.
In the present paper the resonant modes of IAR are
calculated in the case of arbitrary direction of the geomagnetic field. The selection of the modes has been done.
Namely, the selected modes possess quite high quality
factors 5 - 20. Also they are well localized within the
ionosphere, have a weak dependence on inclination of
the geomagnetic field and are separated from each other.
There are several modes occur that satisfy the pointed
above demands. The modulation of the electron concentration at the heights 170 - 230 km can shift the resonant
frequencies; it is important for the lithosphere—ionosphere coupling.

2. Basic Equations
Consider a model for EM oscillations of ULF-ELF
ranges f = 0.2 - 10 Hz localized in the ionosphere. The
modes at frequencies f = 0.005 - 0.1 Hz [14-17] are not
considered here, because they penetrate highly into the
magnetosphere and possess low quality factors.
The EM field of resonances can penetrate into the atmosphere, lithosphere, and the magnetosphere. Therefore,
the coordinate z changes within the limits –Le < z < Lz,
where Le = 30 km, i.e. the thickness of the lithosphere, Lz
= 800 km within the magnetosphere. A general case of an
oblique geomagnetic field is investigated; the inclination
angle of the geomagnetic field H0 is .
The system is assumed as uniform in (XY) plane. The
curvature of the Earth’s surface is neglected, because the
condition LZ  RE  6400 km is valid. Basic volume
equations are [10,11,18]:

    E   E  k02 D; D     , z  E ;
  E  ik0 H ; E , H ~ exp  it  ;   const ,
k0 

(1)


c

Here  is the frequency of resonance oscillations, it is
generally complex:  = ′ + i″ (″ > 0, because of
losses). Such losses are due to both the non-Hermitian
part of the effective permittivity tensor, i.e. the dissipation, and the leakage of the EM field into the magnetosphere. Our goal is to calculate the set of possible eigenfrequencies and profiles of the modes of the IAR in the
pointed above frequency interval.
Generally for magnetosphere and ionosphere, the exCopyright © 2012 SciRes.
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pression for the effective permittivity tensor 
[10,18]:
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Here αll´ are the elements of the matrix ̂ of rotation
from  X  YZ   frame to (XYZ) one. The axis OZ′ is directed along the geomagnetic field H0, the axis OZ is
directed vertically upwards. The absolute system of units
is used here.
The lithosphere is considered as a medium with finite
conductivity  [10], which depends on the coordinate z:
 Le  z 


Lq 


  z    0  exp  

The effective dielectric permittivity is:   1  4πi 
there. The value of 0 has been chosen as  0  109 s 1
in absolute units. For the chosen frequency range f  0.2
Hz the properties of resonant modes depend weakly of
the parameters 0 and Lq. At lower frequencies f < 0.1
Hz this dependence can be more essential. The parameters of the ionosphere and the magnetosphere used in
simulations are given in Figure 1.
Generally, EM field depends on all coordinates x, y, z.
But, because the scale of the system along OZ axis is of
about 10 - 30 km, whereas the scale in the horizontal
plane (x,y) is  500 km, it is possible to consider the
oscillations that depend on the coordinate z only.
From Equation (1) one can derive the equations for Ex,
Ey components [18]:


d 2 Ex
  
  
 k02  11  13 31  Ex  k02  12  13 32  E y  0;
2
 33 
 33 
dz
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(a)

Here h is the step along OZ axis; Lz = Nh, Le = Neh.
As a result, a set of uniform linear equations has been
formed. They possess a matrix structure:


 1  m  E  m  1   0  m  E  m 

 1  m  E  m  1  0, m   N e  1, , N  1;

(6)
E   M   0,  1  N  E  N  1

(b)

Figure 1. Dependence of electron concentration (a) and
collision frequencies of electrons (curve 1) and ions (2) (b)
on heights z.

d2 Ey
dz
Ez

2



  
  
 k02   21  23 31  Ex  k02   22  23 32  E y  0; (3)
 33 
 33 






Hy 

31

Ex   32 E y 

 33

i dE y
; Hx  
;
k 0 dz

Equations (3) should be added by boundary conditions.
In the deep lithosphere ( z   Le ), it is possible to put Ex,y
= 0. In the magnetosphere, only outgoing waves exist, i.e.
the radiation condition is valid. These waves are the
Alfvén wave of Ex polarization and the fast magnetosonic
one of Ey polarization [10,18]. Therefore, the boundary
condition at z = Lz can be presented in the following
way:
E y
Ex
 ik1z Ex  0;
 ik2 z E y  0;
z
z
k
12
k1z  z , k2 z  k z ; k z  k0  1   Re  k z   0  .
cos 

(4)

3. Method of Simulations
The Equations (3) with the boundary conditions (4) have
been approximated by finite differences:

dE x
dz

z  zm



Ex  m  1  2 Ex  m   Ex  m  1
h2

Ex  N   Ex  N  1

z  zN

h

,

where E x  m   Ex  zm  , zm  m  h
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;

(5)

(7)

and to calculate the matrices ˆ  m  consecutively, step
by step. The point z = L0  N0h is within the ionosphere
F-layer, L0 = 200 - 300 km. As a result, at m = N0 it is
possible to get a single matrix equation for E(N0) as:





1

 N 0  ˆ  N 0  1   0  N 0 




 1  N 0  ˆ  N 0  1 E  N 0   0

(8)

Nontrivial solutions are searched: E(N0)  0. Therefore, the following determinant is equal to zero:





Det  1  N 0  ˆ  N 0  1   0  N 0 

Here k1z and k2z are the wave numbers of the waves
pointed above [10]. The inequality  1   3 has been
used there. Note that from the side of the magnetosphere
IAR is an open structure. Therefore, its modes are generally leaky, and Im  k z   0 [19].
Thus, the modes of IAR are nonzero solutions of uniform Equations (3) added by uniform boundary conditions.



E  m   ˆ  m  E  m  1 , m   N e , , N 0  1;
E  m   ˆ  m  E  m  1 , m  N , , N 0  1

i dE x
; H z  0;
k0 dz

d 2 Ex
dz 2

 Ex 

 0  N  E  N   0; E   
 Ey 

Here  1  m  etc. are matrices 2  2. This set of
equations has been solved by the factorization method.
Namely, it is possible to represent:




 1  N 0  ˆ  N 0  1  0

(9)

This is the dispersion equation for the set of complex
eigenfrequencies ωj, j = 1,2,··· The eigenfrequencies
depend neither on the choice of the spatial step h nor on
the position of the point z = L0.
To solve the dispersion equation, the following iteration procedure has been applied. The equation under solution is: F    0. The following representation has been
used:  s 1   s   , where s is the number of iteration.
Within the parabolic approximation, it is possible to write
2
down: F  s  F   s    1 2  F   s     0 ;
this is a quadratic equation for  . The minimum root
has been taken the iteration. The realization of this procedure is not difficult, because the solutions with relatively small imaginary values and, correspondingly, quite
high quality factors are searched. Therefore, the initial
approximation for each eigenfrequency has been chosen
as real. The derivatives F , F  have been computed by
finite differences by means of the five point scheme. A
simpler linear approximation, i.e. the Newton method,
also has been applied, but the quadratic approximation
has demonstrated a faster convergence.
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To check the obtained results, another method to solve
the problem has been proposed, which is similar to [20].
It is possible rewrite Equations (2) like a set of equations
of the first order for Ex, Ey, Hx, Hy [11]:
dE y
dE x
 ik0 H y ;
 ik0 H x ;
dz
dz


dH x
  
  
 ik0   21  23 31  Ex  ik0   22  23 32  E y ;
dz

 33 
33 


(10)
dH y


13 31 
13 32 
 ik0  11 
E ,
 E  ik0  12 
dz
 33  x
 33  y


k0 


c

In the matrix form, this set of equations is:
 Ex 


Ey 
dA ˆ

 M  z,   A, where A  
H 
dz
 x
Hy 



(11)

The boundary conditions at z = Lz also been presented
for Ex, Hy, Ey, Hx:
k
k
H y  1z E x , H x  2 z E y
(12)
k0
k0

Here k1z, k2z have been determined in Equation (4).
Then the solutions of the set differential equations can
be represented symbolically as [21]:
A  A  z,    C1    1  z,    C2     2  z,   ,
 Le  z  L0 ;

A  A ( z,  )  C3     3  z,    C4    4  z,   ,

(13)
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different as considered in the first method. From continuity of the solution: A  L0 ,    A  L0 ,   one can obtain the set of four linear uniform equations for coefficients C1,2,3,4. Because these coefficients cannot be zeros
simultaneously for a non-trivial solution, the equating of
the determinant of this set to zero yields the equation for
eigenfrequencies. This equation has been solved by the
same iteration procedure as for the first method.

4. Results of Simulations
The following parameters have been used in simulations:
the depth of the lithosphere is Le = 30 km, the upper limit
in the magnetosphere is Lz = 800 km, the scale of changing the lithosphere conductivity is Lq = 5 km. The results
of simulations are tolerant to a possible change of the
pointed above parameters (Le, Lz, Lq), of the position of
the central point z = L0, and of the spatial step h, when h
≤ 1 km. The eigenfrequencies obtained by two pointed
above methods have coincided. The validity of obtained
eigenfrequencies and solutions for the field components
has been checked directly by means of substitution to
Equations (3) and Equations (10). Maximum relative
error has been smaller than 10–6. Typically the number of
the discretization points is N = 2000 … 20000.
The sets of resonant frequencies of IAR formally calculated as a solution of uniform differential equations
added by uniform boundary conditions are given in Figure 2 for different inclination angles of the geomagnetic
field ( = 0, 30˚, 60˚).
Only the eigenfrequencies with enough high values of
a quality factor are presented. Namely, the ratio between
the real part of angular eigenfrequency   and its imaginary part   should be      5 ( = 2f, where f is

L0  z  Lz

Here 1,2  z ,   are linearly independent partial solutions of differential equation that satisfy the boundary
conditions at z = –Le; 3,4  z,   are ones that satisfy
the boundary conditions at z = Lz.
It is easy to compute the proper partial independent
solutions in the following manner. At z = –Le, lithosphere, the boundary conditions for 1  z ,   and
2  z ,   are: Ex = Ey = Hy = 0, Hx = 1 and Ex = Ey =
Hx = 0, Hy = 1, correspondingly. At z = Lz, magnetosphere, the boundary conditions for 3  z ,   and
4  z ,   are: Ex = 1, Ey = Hx = 0, H y  k1z k0 and Ex
= Hx = 0, Ey = 1, H x  k2 z k0 , correspondingly. Knowing the proper boundary conditions, one can solve the set
of linear ordinary differential equations (11) by standard
numerical methods. We have used the implicit Adams
method, because of its good stability [21] and accuracy.
The point z = L0 is an arbitrary point within the ionosphere F-layer: L0 = 200 - 300 km. It can be the same or
Copyright © 2012 SciRes.

(a)

(b)

(c)

Figure 2. Formally calculated eigenfrequencies of IAR before selection. Here ′/″ are quality factors. Part (a) is for
 = 0; (b) is for  = 30˚; (c) is for  = 60˚.
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the ordinary frequency). For the modes at lower frequencies f < 0.2 Hz, which penetrate highly into the magnetosphere z > 800 km, the computed quality factors [11,12]
are lower:      2 . In that case there exists the principal problem of the difference of free oscillation modes,
where the values of ˆ   are taken at the complex
values of , and the “loaded”, or excited by external currents, modes with ˆ  Re     [19]. Moreover, for open
systems the modes with low quality factors do not have
any physical sense, because the energy of electromagnetic field of continuum spectrum is comparable with the
discrete modes [19].
One can see that there are a lot of computed eigenfrequencies. But only a few solutions can be associated with
true modes of IAR, which can be observed experimentally. A proper selection of the true modes should be realized after this primary computing.
The following conditions it is necessary to use for the
modes: 1) a good localization within the ionosphere, i.e.
the weak leakage; 2) a weak dependence on inclination
of the geomagnetic field; 3) each eigenfrequency should
be well separated from other ones.
The first condition is important because the IAR is an
open system and the modes principally leak into the
magnetosphere. Because within the ionosphere and
magnetosphere the energy is concentrated in the magnetic field components, the true modes should possess
the values of the magnetic fields at the heights z ~ 600
km no more than 20% that the maximum ones within the
ionosphere F-layer (z = 200 - 300 km). Otherwise, the
modes cannot be excited separately from the continuum
spectrum.
The second condition is due to the dependence of electromagnetic properties of the ionosphere and magnetosphere on the inclination of the geomagnetic field. In the
case when horizontal distance changes on 500 km, the
inclination angle  of the geomagnetic field changes on
5˚. Under this change of the angle  the real part of the
resonant frequency should be displaced no more than on
the value of its imaginary part.
The third condition is taken into account, because the
phenomenon of overlapping resonances is not considered.
The eigenfrequencies, which are separated at the distances smaller than their imaginary parts, have been
eliminated. This condition is not so rigorous as previous
ones; nevertheless, we do not consider overlapping the
resonances here.
In Figure 3 dependences of the selected eigenfrequencies on the inclination angle  are presented. In Figures
4, 5 the profiles of all the selected modes are given. One
can see that the magnetic field components are localized
in the ionosphere F-layer. The quality factors are of
about      5 - 15 ; thus, these modes can be excited
Copyright © 2012 SciRes.

Figure 3. Dependence of frequencies of selected (true) resonant frequencies IAR on the inclination angle of the geomagnetic field.

Figure 4. The true mode profiles at the inclination angle  =
0. Curve 1 is |Hx(z)|, 2 is |Hy(z)| (at zero angle they coincide).

Figure 5. The true mode profiles at  = 30˚. Curve 1 is
|Hx(z)|, 2 is |Hy(z)|.

effectively by ionosphere current sources or by external
excitation by Alfvén wave beams from the magnetosphere.
The profiles of the modes possess the oscillatory character near the minimum values of the EM field. These
oscillations can be explained in the following manner. At
the periphery z ~ 600 km the EM field includes both the
outgoing wave and reflected one. The reflected wave is
small and it appears due to the inhomogeneities of the
upper ionosphere. But near the minimum also the outgoing wave is small, too. Therefore, the interference of the
outgoing wave and the reflected one takes place, see the
insert in Figure 4. This interference manifests near the
minimum point only. Analogous oscillations of smaller
JEMAA
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values occur also in the lower ionosphere, z  100 km,
where strong gradients of the electron concentrations are
available, see inserts in Figure 5. In Equations (3) for Ex,
Ey the derivatives from ˆ are absent. Therefore, there is
no problem with the realization of numerical algorithms,
when the spatial step h ≤ 0.1 km is much smaller than the
spatial scale of change of the electron concentration ~ 5
km there.
Because the resonance modes possess quite high quality factors, they are sensitive to an influence of the lithosphere—ionosphere coupling. Such a coupling can be
realized by the acoustic-gravity waves (AGW) and internal gravity ones (IGW) of ULF range. These waves
can be excited by the sources on the Earth’s surface and
reach the ionosphere E and F layers [22]. Because the
mass density of the ionosphere is much more low that the
near-Earth atmosphere, the amplitudes of the oscillations
of the particles can be high. The penetration of AGW and
IGW leads to the modulation of electron concentration
within the ionosphere. In our simulations a possible
modulation of electron (and ion) concentration n has
been taken into account as:





n  z   n0  z   1  m  exp    z  z1  z0 

2



The maximum influence of modulation of the electron
concentration on IAR eigenfrequencies occurs, when z1
= 170 ··· 230 km, as our simulations have shown.
This modulation shifts the eigenfrequencies of IAR.
Moreover, as our calculations have demonstrated, some
resonances can be removed completely. In Figure 6 a
dependence of eigenfrequencies on the modulation m is
presented. In simulations, the values z1 = 200 km, z0 =
30 km have been used.
A possible modulation can be influenced by AGW or
IGW. AGW at the frequencies  ~ 0.05 s–1 when moving
upwards can reach the heights z ~ 150 - 300 km [23].
AGW can be excited near the Earth’s surface due to
seismic sources. The wave numbers of AGW are K  /s
~ 0.1 km–1, where s  0.5 km/s is the sound velocity. The
modulation scale due to AGW is  2  π K  30 km .
Note that for m < –0.2 the first resonant frequency disappears due to delocalization, whereas the second resonant frequency changes its value only. The quality factors

Figure 6. Possible modulation of resonant frequencies of
IAR due to AGW and IGW at  = 30˚.
Copyright © 2012 SciRes.

197

    change weakly. This confirms an influence of the
lithosphere—ionosphere coupling on IAR.

5. Conclusions
The resonant frequencies, quality factors, and the profiles
of magnetic field components of the ionosphere Alfvén
resonator modes have been calculated. A general case of
an oblique geomagnetic field has been considered. It has
been demonstrated that even under the inclined geomagnetic field several modes exist that satisfy the conditions
of a good localization, a weak dependence on the inclination of the geomagnetic field, and separability from another possible resonance oscillations. The calculated
resonant frequencies are within the frequency range f = 1
- 6 Hz. The quality factors Re    Im    are of about
5 - 20, where   2πf . Therefore, the calculated quality
factors are comparable with those for the Schumann
resonances in the gap “Earth—ionosphere” and are quite
high for geophysics.
The resonant frequencies can be modulated by acoustic gravity waves (AGW) and internal gravity waves
(IGW) of ULF range, which are excited by lithosphere
sources, move upwards, and reach the ionosphere F-layer.
AGW and IGW can modulate the electron concentration
of the ionosphere F-layer at heights z  200 km, this
leads to modification of parameters of IAR.
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