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ABSTRACT 

Electric and magnetic fields in time and frequency domain due to return stroke-lateral corona (RS-LC) system and re- 
cently discovered red sprites have been calculated. It has been found that the electric and magnetic fields due to return 
stroke and lateral corona system radiate in the very low frequency (VLF) region while due to sprites radiate in the ex- 
tremely low frequency (ELF) range. A comparison has been made between the radiation emitted due to RS-LC system 
and sprites in ELF (0 - 200 Hz) region. It has been found that the electric field i.e. radiation power generated due to 
sprites dominates in the ELF range and thus it is concluded that the red sprites as compared to the RS-LC system are 
the prominent source for the excitation of Schumann resonances in the earth-ionosphere waveguide. 
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1. Introduction 

It is well known that thundercloud is generally the gen- 
erator of all kind of lightning which occur in our atmos- 
phere. Cloud-to-ground (CG) lightning, Intracloud light- 
ning and recently discovered upper atmospheric lightning 
like red sprites, blue jets and elves are some kind of dis- 
charges which are associated directly or indirectly with 
the thunderclouds. We will not discuss in detail about 
blue jets and elves in this paper.  

Sprites are diffuse to highly structured mesospheric 
discharges which occur at altitudes ranging from cloud 
tops to the ionosphere. R. C. Franz et al. [1] first detected 
the sprites by a low light level TV (LLLTV) camera. 
Latter D. D. Sentman et al. [2] gave strong evidences of 
the occurrence of sprites through airborne experiments. 
Sprites last from 5 to 100 ms [3] and generally occur in 
the form of clusters during the dying stage of the thun- 
derstorm. Yu. P. Raizer et al. [4] considered the red 
sprites as long streamers originated from patches of en- 
hanced ionization generated by EMPs from horizontal 
intracloud lightning. They can propagate upwards as well 
as downwards from their origination point [2]. Most of 
the sprites occur well after (up to tens of milliseconds) an 
associated lightning return stroke [3,5]. These long de- 
layed sprites are associated to the strong continuing cur- 
rent moments (>11 kA·km) from parent lightning [6]. 
Red sprites are manifestation of the breakdown of upper  

atmosphere due to the heating and ionization by the 
quasi-electrostatic fields developed at higher altitudes 
due to the large positive CG lightning [7]. These QE 
fields are linearly proportional to the vertical charge 
moment change (CMC) of the parent lightning discharge 
[4]. Another theory based on runaway electrons [8-10] 
describes that the cosmic ray electrons having energy (εc 
≥ 0.1 MeV) can become runaway in presence of the 
quasi-electrostatic thundercloud electric field and bom- 
bard the upper atmosphere resulting in red sprites. Sprites 
can be generated by acoustic waves generated in the 
lower atmosphere due to natural cataclysms like hurri- 
canes, thunderstorm lightning and tornados [11]. They 
have different shapes and sizes depending upon the 
causative positive cloud-to-ground lightning. The most 
common types are columnar shaped, carrot, angels, jelly- 
fish, and A-bomb sprites [12].  

Some workers [13,14] have measured the radiation 
field from sprites and have mentioned that the field lies 
in the ELF region. However, the literature lacks in the 
case of frequency spectrum of electric and magnetic 
fields either obtained theoretically or experimentally. In 
this paper an attempt has been made to study theoretic- 
cally the radiation electric and magnetic fields from 
sprites. In addition for the better understanding of some 
phenomena like Schuman resonances, these fields have 
been compared to the fields radiated by return stroke and 
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lateral corona currents. 

2. Theory 

P. P. Pathak et al. [15] developed a theory to calculate 
the electric and magnetic fields due to arbitrary oriented 
lightning channel using an appropriate vector potential 
and taking the earth as a perfect conductor. Latter Divya 
and J. Rai [16] modified this theory and calculated the 
above fields by taking finite conductivity of earth into 
account. The general expression for a vector potential 
“A” due to a current flowing in a lightning channel is 
given by 

 0 d
4π

I t
A z

r

 
                (1) 

where, μ0 is the permeability of the free space;  
2 2r D h   is the distance between the observation  

point and the source, where h is the vertical height of the 
lower base of the channel (h = 0 km for RS-LC system 
and h = 50 km for red sprite) and D is the horizontal dis- 
tance measured from just below the channel base to the 
point of observation; t' (= t − r/c) is the retarded time; dz' 
is the retarded elemental length of the channel; I(t') is the 
current flowing in the channel.  

Since r is very large compared to the channel length, it 
can be taken outside the integration and we can break the 
vector potential into the time dependent and time inde- 
pendent parts. So “A” can be written in the form 
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where, A0 is a constant and    0 dA F t I t z    . 

The waves emitted due to vector potential are reflected 
from the surface of the Earth and an image of the vector 
potential is formed. The image vector potential Am inside 
the conducting ground is given by  

m cA R A                 (3) 

where, Rc = Rv for vertically polarized waves and Rc = Rh 
for the horizontally polarized waves is the reflection co- 
efficient given by 
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where, ψ = (π − θ); ε = permittivity of the medium; ε0 = 
permittivity of free space; σ = ground conductivity; and 

ω is the angular frequency of the emitted wave. 
Both A and Am satisfy the Maxwell’s equations. The 

electric and magnetic fields in spherical coordinates are 
given by 
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where, (r1, θ1, 1) is the orientation of the lightning chan- 
nel from vertical and (r, θ, ) is the point of observation.  

The first, second and third part of Equation (6) are 
called electrostatic (Es), induction (Ei) and radiation (Er) 
electric fields respectively. Similarly in Equation (7) the 
first and second parts are induction (Hi) and radiation (Hr) 
magnetic fields respectively. Radiation fields developed 
by an antenna are much more significant as compared to 
other fields. It is the only field which can be measured at 
large distances and have long range effects.  

In this paper we applied the above theory on RS-LC 
system and on the recently discovered mesospheric 
lightning “red sprites” and their electric and magnetic 
fields have been calculated in time as well as in fre- 
quency domain. Figure 1 shows the orientation of an 
arbitrary lightning channel in spherical-polar coordinates. 

3. Emissions from Return Stroke and  
Lateral Corona System 

The return stroke is the most intense form of cloud- 
to-ground lightning and maximum current flows through 
it. L. B. Loeb [17] and J. Rai [18] have described the 
propagation of return stroke current using potential gra- 
dient waves. J. Rai [18] obtained the velocity and current 
expressions in time domain for the return stroke given by 
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Figure 1. Schematic diagram shows the coordinate system 
used. A (r1, θ1, 1) and P(r, θ, ) are the lightning position and 
observation point respectively. Here r1 ≈ 0 as compare to r. 
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where, V0 = 9 × 107 m/s, a = 3 × 104 s−1, b = 7 × 105 s−1, 
I0 = 22 kA, α = 1.6×104 s−1, and β = 5 × 105 s−1. 

Below the tip of the return stroke, the whole channel 
up to ground surface is at ground potential, so the highly 
conducting core of the return stroke will attract the elec- 
trons and negative ions from the preionized medium left 
by stepped leader and constitute a current which imme- 
diately flows to the ground through this channel. Since 
this current is developed due to the radial movement of 
the negative ions and electrons, it is known as “lateral 
corona current”. P. P. Pathak [19] gave the expression for 
the lateral corona current which is given by 
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where, K = Corona constant (10−16 AV−2·m−1·s−1); V = 
Potential difference between the return stroke and the 
leader sheath in volts and can be taken as 108 Volts; C = 
Distributed capacity of the leader sheath-return stroke 
core in farads/m; R = Distributed resistance of the above 
configuration (CR = 5.3865 ms for I0 = 22 kA). 

The total current flowing in the lightning channel can 
be written as 
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The calculated values of A0 and F(t') for the RS-LC 
system comes out to be 

0
0

V
A

ab
                  (12) 

    1 2 F t F t F t               (13) 

where, 

     

 

1 0

0

 exp exp

2 2
               exp exp

2
               exp

F t I t t

t
i b a b a t

CR CR

a b t
CR

        
                   

          

 

      2 exp ' exp ' F t a bt b at b a          

2
0

0

KV V
i

ab
  

Since RS-LC system is vertical, i.e. θ1 = 0 and θ = 90 
at an observation point on the ground from the return 
stroke channel. Rv = 1 for this system and the values of 
f1(θ, ), f2(θ, ), and f3(θ, ) can be found. So, f1 = f2 = f3 
= 2. Using the values of f1, f2, f3 and Rv the Equations (6) 
and (7) become 
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Using (14) and (15) the electric and magnetic fields in 
time domain have been calculated and shown in Figures 
2 and 3 respectively. Electric fields due to RS-LC system 
at distances more than about 100 km behave purely in 
radiation form. Both electric and magnetic fields get peak 
very quickly at around 5 μs and then decay. Y. T. Lin et 
al. [20] measured the electric fields due to return strokes 
and found the zero axis crossing time in a range of 30 - 
60 μs. Our calculation gives a value of zero axis crossing 
time of 47 μs which is in conformity with his experi-
mental observations. In addition both electric and mag-
netic fields in logarithmic time scale also have been 
shown in Figures 4 and 5 respectively to show the nega-
tive maxima. The negative maxima of low magnitude fall 
at around 84 μs. As the distance “r” increases the magni-
tude of primary maxima decreases significantly but the 
negative maxima does not get any change. 
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Figure 2. Total vertical electric field due to RS-LC system 
versus time. Electric field peaks at 5 μs. 
 

 

Figure 3. Total magnetic field versus time. 
 

 

Figure 4. Total electric field from RS-LC system versus 
logarithmic time. 

 

Figure 5. Total magnetic field from RS-LC system versus 
logarithmic time. 
 

The electric and magnetic fields have been converted 
in frequency domain using the Fourier transformation 
technique. The fields in time domain can be converted 
into frequency domain using the standard equation given 
by 
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f f t t






             (16) 

where, f(t') and f(ω) are the electric or magnetic field in 
time and frequency domains respectively. Electric and 
magnetic fields due to RS-LC system in frequency do- 
main have been shown in Figures 6 and 7 respectively. 
The radiation fields peak at around 5 kHz. The peak in 
magnetic field lies at the same frequency. The radiation 
field becomes dominant at distances of 100 km and 
above and hence the peak frequency for electric and 
magnetic field would coincide. However, the frequency 
to peak increases with increasing distance as the wave 
propagates in the earth-ionosphere waveguide where the 
attenuation is maximum at about 2 kHz and decreases 
with increasing frequency. The peak shifts to about 11 
kHz for distances of about 2000 km. 

4. Emissions from Red Sprites  

Red sprites are upper atmospheric lightning discharges 
above thunderstorms and occur at altitudes ranging from 
cloud top to as high as 90 km having transverse extents 
of ~10 - 50 km [2,21]. It has been found that sprites are 
associated with strong positive cloud-to-ground lightning 
having peak current of 20 - 160 kA [3,22-26]. 

The duration of the sprites is few milliseconds (3 - 100 
ms) [3] and occurs in the form of clusters during the dy- 
ing stage of the thunderstorms. The main reason of the 
occurrence of sprites is the quasi-electrostatic fields gen- 
erated in the upper atmosphere due to the strong +CG  
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Figure 6. Vertical radiation electric field from RS-LC sys- 
tem versus frequency. 
 

 

Figure 7. Total magnetic field from RS-LC system versus 
frequency. 
 
discharges which produce heating, ionization, and run- 
away breakdown resulting in sprites [7,27]. Yu. P. Raizer 
et al. [4] described the propagation of sprites in the form 
of plasma streamers. J. Li. and S. A. Cummer [28] meas- 
ured the peak velocities of these streamers in the range of 
1 - 3 × 107 ms−1. The simulated velocity of sprites given 
by Yu. P. Raizer et al. [4] can be fitted in a Gaussian ex- 
pression given by 

   2

1 expSPV t V t              (17) 

where, V1 = 1.16 × 107 ms−1, η = 3.83 × 10−3 s and ξ = 
4.13 × 105 s−2. 

The above fitted curve for velocity has been shown in 
Figure 8 along with the simulation results of Yu. P. Ra- 
izer et al. [4]. 

 

Figure 8. Sprite velocity versus time. 
 

Further, some experimental values of sprite currents 
are available in the literature. S. A. Cummer et al. [13] 
first measured the electrical current flowing in the body 
of sprites. N. Liu [29] described the current increases as 
the sprites propagate with expansion, acceleration and 
brightening and vice versa. The peak vertical sprite cur- 
rent ranges from 1.6 - 3.3 kA [13], and 5 - 10 kA [30]. 
These electric currents produce the current moment 
which is responsible for the generation of electric and 
magnetic fields. The sprite current can be written by 

    SP I t A t E t            (18) 

where, A ≈ 400 km2 is the area of cross section in which 
current flows; σ(t) is the ambient conductivity ahead of 
the propagating front of the sprite channel; and E(t) is the 
electric field at the tip of the channel. 

The sprite generating electric field using the simple 
point charge model [31] is given by 
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E0 is the static Coulomb field; Q0 = 200 C, the charge 
removed by the +CG lightning; r ≈ 10 km the radial dis- 
tance from the point charge; τq = 10 ms the duration of 
the lightning current; and τr = ε0/σ(z) is the relaxation 
time of the electric field.  

The ambient electrical conductivity ahead of the strea- 
mer front [31] is given by 

   0
0e

z z s
z                 (20) 

where, σ0 ≈ 6.4 × 10−10 S/m; z0 = 50 km; and s = 3.2 km 
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describe the conductivity gradient in the earth’s atmos- 
phere. The altitude z of the propagating front of the sprite 
channel can be written as 

 0
0

d
t

z z V t t                (21) 

Using Equations (17)-(21) the calculated current flowing 
in the body of sprites comes out to be double exponential 
form as for a return stroke but it varies very slowly as 
compared to the return stroke current. The calculated and 
double exponential currents for sprites are given in Fig-
ure 9. As an approximation the expression for the sprite 
current can be written by 
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where, γ (1.10 × 102 s−1) and δ (7.00 × 102 s−1) are con- 
stants and the constant I1 is taken into account the peak 
current of sprite.  

From Equations (2), (17) and (22) we obtain 
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The calculated both total electric field and radiation 
electric field in time domain have been shown in Figures 
10 and 11 respectively. Total magnetic field in time do-
main also has been shown in Figure 12. Both electric 
and magnetic fields due to red sprites in time domain 
 

 

Figure 9. Sprite current versus time. 

 

Figure 10. Total electric field from red sprites versus time 
at different distances of observation. 
 

 

Figure 11. Radiation electric field due to red sprites versus 
time at a distance of 200 km from the channel in which 
current is flowing. 
 

 

Figure 12. Total magnetic field from sprites versus time. 
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get peak at around 3.70 ms for γ (=1.10 × 102 s−1). Peak 
shifts towards lower time with increasing γ and taking δ 
(=7.00 × 102 s−1) as constant. The zero axis crossing time 
of radiation electric and magnetic fields ranges from 4.47 - 
5.75 ms as γ varies from 6.00 × 102 to 1.00 × 102 s−1. In 
addition both radiation electric and magnetic fields ver-
sus logarithmic time scale also have been shown in Fig-
ures 13 and 14 respectively to show the negative maxima. 
In this case negative maxima fall at around 7 ms for γ = 
1.10 × 102 s−1. As the value of γ increases the magnitude 
of primary maxima decreases but the magnitude of nega-
tive maxima do not affect that much, rather it shifts to-
wards lower values of time. 

Using Equation (16), the Fourier transforms of these 
electric and magnetic fields have been obtained and 
shown in Figures 15 and 16 respectively. It is concluded 
that the peak value of both electric and magnetic fields 
 

 

Figure 13. Radiation electric field from sprites versus time 
in logarithmic scale. 
 

 

Figure 14. Radiation magnetic field from sprites versus time 
in logarithmic scale. 

 

Figure 15. Radiation electric field in frequency domain due 
to red sprites at a distance of 200 km from the channel. 
 

 

Figure 16. Total magnetic field due to red sprite versus 
frequency. 
 
due to red sprites shifts towards the higher frequencies 
for larger values of γ and lie in the ELF region. S. C. 
Reising et al. [3] showed experimentally that the emis-
sion from sprites lies in the ELF region. Further experi-
ments have shown that the radiation electric fields are 
essentially in ELF range [13,14]. The radiation electric 
field is a function of current parameter γ. With increasing 
values of γ the frequency to peak electric field increases. 
However, the peak amplitude has an opposite effect. The 
value to peak electric field is higher for lower values of γ. 

5. Radiation Fields Due to RS-LC System  
and Red Sprites in ELF Region 

A comparison between radiation electric and magnetic 
fields due to RS-LC system and red sprites in ELF region 
has been done. Both the radiation electric and magnetic 
fields due to red sprite at 200 km from the source domi- 
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nate over RS-LC system. The comparison between radia- 
tion electric and magnetic fields due to RS-LC system 
and red sprite have been shown in Figures 17 and 18 
respectively.  

The electric and magnetic fields in the ELF range at 20 
Hz from red sprites are more than 40 times larger than 
that due to RS-LC system. Further the radiated power 
from these discharges can be computed for the sake of 
comparison. It can be calculated from the knowledge of 
the electric field and can be written as [32]. 

 
  2

 
120 π

E
P


 


             (25) 

where, E(ω) is the electric field at frequency “ω” and P(ω) 
is the radiated power. The radiated powers for both red 
sprites and RS-LC system have been shown in Figure 19. 
The power radiated below 100 Hz lies mainly due to the 
red sprites while that due to RS-LC system dominates 
above about 400 Hz. It peaks at around 5 kHz. Thus the 
maximum power in the ELF range which is responsible 
for Schumann resonances is emitted from sprites. 

6. Results, Discussion and Conclusions 

Electric and magnetic fields generated due to the RS-LC 
system and red sprites in time and frequency domain 
have been calculated. Since, return stroke current and 
lateral corona current flow within the lightning channel 
simultaneously, although their duration is different, these 
are inseparable from each other. Therefore their com- 
bined effects have been taken into consideration. 

Electric field generated due to the RS-LC system in 
time domain peaks at 5 μs. Y. T. Lin et al. [20] measured 
the electric fields due to return-stroke and found the peak  
 

 

Figure 17. Radiation electric field due to RS-LC system and 
red sprite at 200 km from the source versus radiation fre- 
quency. 

 

Figure 18. Radiation magnetic field due to RS-LC system 
and red sprite at 200 km from the source versus radiation 
frequency. 
 

 

Figure 19. Radiated power due to red sprites and RS-LC 
system versus frequency. 
 
at 5 μs. R. Moini et al. [33] calculated the electric and 
magnetic fields in time domain for different return-stroke 
models. In their calculation the electric and magnetic 
fields get peak very quickly (~1 μs). The basic model of 
return-stroke current was suggested by A. P. Nickola- 
enko and M. Hayakawa [34]. According to this model the 
return-stroke current peaks at around 5.5 μs and then 
decays exponentially. The experimental measurements of 
electric fields due to return-stroke [35,36] pertain to the 
peaks around 5 μs. The slowly varying lateral corona 
current may affect the electric and magnetic fields in the 
tail region of the waveform. The electromagnetic radia- 
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tion generated by RS-LC system lie in the VLF range (3 - 
30 kHz). The electrical and magnetic fields peak at a 
frequency around 5 kHz. The experimental measure- 
ments [37] show that the return-stroke ground wave 
spectrum beyond 50 km peak near 4 kHz. Thus our cal- 
culation of the electric and magnetic fields due to RS-LC 
system is in confirmation with the other theoretical and 
experimental studies. The calculated electric and mag- 
netic fields from red sprites peak at around 3.70 ms in 
time domain. The calculated radiation electric field gen-
erated by red sprites in frequency domain lie in the ELF 
range (0 - 400 Hz). S. A. Cummer et al. [13] reported the 
first experimental evidence of the ELF radiation pro- 
duced by the electrical currents flowing in the body of 
sprites. S. C. Reising et al. [3] using experimental meas- 
urements described the ELF sferic energy as a proxy in- 
dicator for sprite occurrence. Thus our theoretical results 
are in conformity with the experimental observations. 
The peak of electric and magnetic fields in time as well 
as in frequency domain is strongly dependent on the pa- 
rameters “α” and “γ” in the cases of RS-LC system and 
sprites respectively. If the value of current parameter “α” 
is increased (taking “β” as constant) the peak of electric 
and magnetic fields generated from RS-LC system shifts 
towards left i.e. lower values of time with decrement in 
their peak values. In frequency domain the peak shifts 
towards higher frequencies. Similar effects have been 
seen in the red sprite case. A good approach for further 
validation of our results would be the simulation studies. 
However, it is beyond the scope of this paper and would 
be taken separately. 

The earth and ionosphere act as good electrical con- 
ductors at ELF and form a spherical earth-ionosphere 
waveguide. Among the various ELF radiators magnetic 
dipole is also a significant source of ELF radiations [38]. 
A detailed study of transverse electromagnetic (TEM) 
propagation constants like ELF attenuation rate, phase 
velocity and ionospheric reflection height for ELF day- 
time propagations in the earth-ionosphere waveguide has 
been done by P. R. Bannister [39]. A theoretical treat- 
ment of the excitation of the ELF pulses by lightning 
discharges in the earth-ionosphere waveguide has been 
made by A. I. Sukhorukov [40]. S. A. Cummer [41] and J. 
J. Simpson and A. Taflove [42] modeled the ELF propa- 
gation in the earth-ionosphere waveguide using a most 
efficient finite-difference time-domain (FDTD) algo- 
rithm. The waveguide parameters like the distance from 
the radiator and the effective reflecting heights from the 
ionosphere can be obtained through the delays of the 
waves reflected by the ionosphere with respect to the 
ground wave [43]. C. A. Valagiannopoulos and N. K. 
Uzunoglu [44] and C. A. Valagiannopoulos and N. K. 
Uzunoglu [45] described the propagation of ELF waves 

within the earth-ionosphere waveguide in a more general 
way by taking into account the variation of ionospheric 
height during the day to night time. In our case ELF ra- 
diation generated by RS-LC system and red sprites 
propagates within this earth ionosphere waveguide and 
associated electric and magnetic fields peak at the reso- 
nant frequencies of this cavity. The various ELF radia- 
tion excite the earth ionosphere cavity at frequencies 
between 3 - 60 Hz which are called Schumann reso-
nances. Schumann resonances appear as distinct peak at 
ELF around 7.83, 14.3, 20.8, 27.3, and 33.8 Hz and so on 
both electric and magnetic field components. The calcu-
lated radiation electric and magnetic fields due to sprites 
at 20 Hz is more than 40 times stronger than the radiation 
fields due to RS-LC system at 200 km from the source. 
Thus it is concluded from the above calculations that the 
sprites may be the most prominent source for the excita- 
tion of Schumann resonances in the earth-ionosphere 
waveguide as compared to RS-LC system. 
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