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ABSTRACT 

A thin metallic wire loop of arbitrary curvature is rotated with respect to an arbitrary axis of its plane. The device is 
excited by an electric dipole of infinite length and constant current. The resistance of the loop is computed rigorously as 
function of the position of the source. In this way, the induced voltage along the wire, under any kind of axial excitation, 
is given in the form of a superposition integral. The measured response is represented for various shapes of the coil, 
with respect to the time, the rotation angle and the position of the source. These diagrams lead to several technically 
applicable conclusions which are presented, discussed and justified. 
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1. Introduction 

Electromagnetic (EM) induction is the production of 
voltage across a conductor situated in a changing mag-
netic field or a conductor moving through a stationary 
magnetic field. The physics that govern the inductive 
experiments have been mathematically examined in a 
number of old and elementary studies. The relationship 
between the various induction laws is summarized in [1] 
where Cohn advocates that the combined use of both 
motional and transformer induction assures the validity 
of the produced results. The Faraday’s disk, the typical 
DC generator, a cumulative magnet and other inductive 
structures are thoroughly investigated. Hvozdara also has 
contributed significantly in analyzing and solving rigor-
ously some basic configurations where the EM induction 
phenomenon appears. For example in [2], the magneto-
telluric field for a cylindrical inhomogeneity in a half 
space with anisotropic surface is evaluated, while in [3] 
is shown theoretically what effects are generated if one 
considers the rotation of a spherical Earth in an external 
inhomogeneous time-variable magnetic field. Moreover, 
a rudimentary study of induction in a rotating conductor 
surrounded by a rigid conductor of finite or infinite ex-

tent has been provided in [4]. The analysis is based on 
integral solutions of the field equations and leads to the 
conclusion that the induced magnetic fields depend on 
the relative symmetry of the rotator. 

Many solving techniques have been utilized to convert 
the aforementioned theoretical analyses into practical 
applications in real-world configurations. For example in 
[5], a 3-D finite-element general method is presented to 
treat controlled-source induction problems in heteroge-
neous media. It can be used efficiently for EM modeling 
in mining, groundwater, and environmental geophysics 
in addition to fundamental studies of EM induction 
within a heterogeneous environment. Furthermore, many 
patents and inventions such as [6], exploit inductive 
phenomena to generate high-voltage power. In particular, 
the power capability of core-type transformers is in-
creased by creating additional magnetomotive force in 
certain secondary coils without any subsequent power 
loss. Also in [7], a highly applicable technique is pre-
sented which describes finite-difference approximations 
to the equations of 2-D EM induction that permits dis-
crete boundaries to have arbitrary geometrical relation-
ships to the nodes. 

Apart from the old standard textbooks and the newer 
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technical reports, there are numerous recent, state-of- 
the-art references examining devices and presenting 
techniques which exploit electromagnetic induction. In 
[8], a new electromagnetic induction detection mode for 
Capillary Electrophoresis (CE) and microfluidic chip CE 
has been presented. Its own optimal operating conditions 
are determined, and its application in CE and microflu-
idic chip CE of inorganic ions is described. A study [9] 
tests the validity of using electromagnetic induction 
(EMI) survey data, a new prediction-based sampling 
strategy and ordinary linear regression modeling to pre-
dict spatially variable feedlot surface manure accumula-
tion. In addition, a flow injection system incorporating 
electromagnetic induction heating oxidation for on-line 
determination of chemical oxygen demand has been 
proposed [10]. The procedure utilizes induction heating 
instead of conventional reflux heating, with acidic potas-
sium dichromate acting both as an oxidant and as a spec-
trometric reagent. Finally, a general-purpose analysis is 
contained in [11], where the law of induced electromo-
tive force is applied to three significant cases: moving 
bar, Faraday’s and Corbino’s disc. 

In this work, we assume a closed metallic wire of arbi-
trary shape which is mechanically rotated with respect to 
an arbitrary axis of its plane, in the presence of an ele-
mental source of infinite length and constant current. The 
parametric equation of the wire curve is extracted 
through coordinate transformations and the magnetic flux 
through the loop is evaluated straightforwardly. To this 
end, we apply the Faraday’s law and an expression for 
the coil’s resistance is derived. This study examines the 
voltage induction to the most general case of a single 
wire loop (shape and rotation axis can be altered at will) 
which has not been treated rigorously yet. However, the 
basic novelty of the present analysis is that, due to the 
linearity of the participating operators, the calculus can 
be generalized to cover any case of axial excitation. We 
compute a kind of “Green’s function” ([12]) for the loop 
impedance, corresponding to a point source excitation. 
Therefore, the solution for more complex axial currents 
utilized in industry and technology is given through an 
integral of that resistance function multiplied by the cur-
rent distribution of the source. A set of computer pro-
grams has been developed to evaluate the formulas, the 
induced voltage is represented as function of the time, 
the rotation angle and the position of the source for vari-
ous loop shapes, while the produced graphs are presented 
and discussed. 

2. Problem Statement 

The Cartesian coordinate system ( , , )x y z  defined in 

Figure 1(a) will be used throughout the analysis. We 
suppose an infinite axial dipole into vacuum, parallel to 

 axis, at the position y ( , )x X z Z 
)

, flown by a con-

stant current ( ,x X z Z 
O

 (in Amperes). A wire loop 

is located around the origin  on the ( , )x y  plane, 

and its shape is determined by the radial distance ( )P   

(polar function) where   is the (unprimed) azimuthal 

angle of our consideration. This closed curve of a  
perfectly conducting material and infinitesimal thick- 
ness is rotated periodically around the arbitrary axis 

/ 2     with circular frequency  , as shown in 

Figure 1(b). Consequently, it makes sense just to exam-
ine the loop turned by the representative angle t  with  

 

 

Figure 1. (a) The physical configuration of the device. An 
arbitrary-shaped loop is rotated periodically, in the pres-
ence of an infinite dipole, with respect to an axis parallel to 
the source; (b) The rotation is carried out with respect to an 
arbitrary axis 
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respect to the aforementioned axis. Initially ( 0)t  , the 

curve lies entirely on the ( , )x y  plane. 

The purpose of this work is to obtain an expression for 
the electromotive force induced at the coil, being de-
pendent on the time t , the rotation axis   and the 

shape of the loop ( )P  . The generated voltage should 

certainly vary with the position of the primary source 
( , )X Z , and thus the derived formula could be used in 

studying structures with more complicatedly distributed 
excitation current. 

3. Mathematical Formulation 

Firstly, we should extract the parametric equation set of 
the rotated loop when 0   as appeared in Figure 1. 

The equations will be denoted by { ( ), ( ),y y φx x φ   

( )}z z φ and the azimuthal angle  will play 

the role of the parametric variable even when the object 
does not belong exclusively to 

 0,2φ

( , )

π

x y

y

 plane. As the 

closed wire is rotated with respect to  axis, the corre-

sponding coordinate ( )y   will be fixed, independent 

from the angle t  and equal to . The rest 

two equations are derived by projecting the other edge of 
length , which is posed at angle 

( )sinP φ φ

( ) coφ sφP t , upon 

the axes x  and Z . Accordingly, one obtains the fol-
lowing expressions: 

( ) ( ) cos cosx φ P φ φ ωt ,              (1) 

( ) ( )siny φ P φ φ ,                    (2) 

( ) ( ) cos sinz φ P φ φ ωt  .                (3) 

In order to find the parametric equation of the curve 
when 0 

, )

, we use the primed coordinate system 

( ,x y z   which is received through rotation of the un-

primed one by angle   with respect to axis Z  (de-

fined in Figure 1(b)). The polar equation of the loop is 
now given by ( ) ( )P     , while the two azi-

muthal angles are connected obviously via the relation 
   

p

, }



{ , ,

. Therefore, we take the Formulas (1)-(3) re-

placing  by  and the unprimed variables 
x y z   by the primed ones { , , , }x y z     . In this 

sense, the parametric set of the primed coordinates with 
respect to unprimed azimuthal angle   (after trivial 

algebraic manipulations), is written as follows: 

( ) ( ) cos( ) cosx φ P φ φ ξ ωt             (4) 

( ) ( )sin( )y φ P φ φ ξ  

           (6) 

The parametric equations of the arbi
loop expressed in the unprimed coor

,              (5) 

( ) ( ) cos( )sinz φ P φ φ ξ ωt     

trarily rotated wire 
dinate system are 

denoted by  ( , ), ( , ), ( , )x χ φ t y ψ φ t z ζ φ t    and are 

determined fr m the transformation relation be ow [13]: 

( , ) cos sin 0 ( )χ φ t ξ ξ x φ

o l

( , ) sin cos 0 ( )

( , ) 0 0 1 ( )

ψ φ t ξ ξ y φ

ζ φ t z φ

     
            
          

    (7) 

An extra time argument has been added to the de-
pe
pr

 quantities related to the induced volt-

ndencies of the parametric equations for better com-
ehension.  
Once the boundary of the rotating wire is rigorously 

specified, the field
age can be computed. The magnetic vector potential of a 
y -polarized infinite dipole into vacuum at distance D  

from its axis is given by [14]:  

 0

04( ) μ

πD IA y ln D
D ,           (8) 

where is the reference distance, 0D  0  is the vacuum 

magnet ermeability and y  is the itary vector of 

the y  axis. The transverse distance of the representa-

tive loop point with azimuthal angle 

ic p un

 , at an arbitrary 

time t , from the axis ( , )x X z Z  , is found appar-

ently equal to:   

2 2( , , , )D t X Z  ( ( ( , ))( , )X tt Z      ,    (9) 

also shown in Figure 2. It is well-known [15] that the 
magnetic flux through a closed loop ( )W  is defined 

from the line integral of the magnetic potential on the 
curve, that is 

( )W
Ψ d  A W. In our case, this formula 

is particularized [16] to give: 

0

2

( , , ) ( , ) ln
π

μ DΨ t X Z I X Z  
0

( , , , )
4

0

( , )φ t X Z
φπ D ψ φ t dφ，  (10) 

where the subscript notation is used for the partial de-
rivative of a function. It should be noted that the mag-
netic flux is independent from the reference distance 0D . 

According to Faraday’s law, the induced electromotive 
force is given by the time derivative of magnetic f  

/U dΨ dt
lux

  ; therefore, it is sensible to define the 
following auxiliary resistance function by excluding 

( , )I X Z  from (10): 

 0

0

2
( , ) ( , , , )

4 ( , , , )
0

( , , )Z

( , , , ) ln ( , )φ
π

ψ φ tμ D φ t X Z
t φtπ D φ t X Z D

R t X

D φ t X Z ψ φ t dφ



   
 (11) 
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Figure 2. The transversal distance between the axis of the 
dipole and a representative point of the rotated loop pro-
jected on x-z plane  
 

In this way, the generated voltage on the coil due t  o
the self-rotation, in the presence of a dipole posed along 
the axis ( , )x X z Z  , is given by: 

( ) ( , ) ( , , )U t I X Z R t X Z               (12) 

In case the structure is excited by an axial surface cur-
rent distributed according to the law ( , )K X Z  (meas-

ured in /A M ), along the line d elec-

tromotive force on the wire loop, is
th

    

( )L , the induce

 expressed in terms of 
e following line integral: 

( )

( ) ( , ) ( , ,
L

U t K X Z R t X Z     (13) 

Such an expansion is permissible because the operator 

)dL  

( )

d d   W  applieddt W  
 on A  to find , is linear. 

Similarly, if the excitation ume 

U

is a vol axial current 

( , )J X Z  (measured in 2/A m ), across the area ( )S , 

d through the double integral be-

( )

( ) ( , ) ( , , )
S

U t J X Z R t X Z dS            (14) 

4. Indicative Results 

In this se

the voltage is obtaine
low:   

ction, we examine the produced voltage by ro-
tating loops of variable shape and the ef
metrical parameters on it. The described method is ap-

 wire boundaries possess-
ns:  

fect of their geo- 

plied to two families (A, B) of
ing the following polar equatio

2 2( , , , ) cos sinn n
AP a b n a b    ，      (15) 

2 2 2 2
( , , , )

cos sin
B n n

ab
P a b n

a b


 



,      (16) 

The arguments  ,a b  

a positive intege

urface 

encies

have length dime

argument is r number. For brevity, 
we chose to excite the structure exclusively t
sources a ng s or volume distributions 
scribed through (13), (14). The following graphs will 
ex

re

nsion and the 

n  

voidi
hrough point 

de-

hibit the depend  of the produced voltage ( )U t  

and the cor sponding RMS value:  
2 /

2

0

( )
2RMSU U t dt

 


                 (17) 

A single wire loop is not practically used for voltage 
generation as clusters of coils are utilized instead. We are 
more concerned for the qualitative description of the 
output quantity than measuring t
Volts) of the produced voltage which is extremely small. 
A

 
In F

he exact magnitude (in 

ccordingly, the so-called “normalized voltage” is rep-
resented alternatively which is evaluated by replacing the 

magnetic permeability of the vacuum 7
0 4 10       

2/N A  in (11), by unity. Each figure below is divided 
into two subfigures, the first of which is a diagram de-
picting the variation of the investigated quantities for 
various shapes of the loop, while the second is a polar 
plot of the corresponding wire boundaries. 

igure 3(a), we represent the time dependence of 
the developed normalized voltage for various shapes of 
loops corresponding to different n  parameters of the 
curve family A with constant   1 a m  and 2 b m . 
The observation duration is a single period as from that 

cal sym

point on the procedure and the results are repeated un-
changed. Even though the shape of the wire is arbitrary, 
the waveforms exhibit typical sinus idal behavior, a fact 
that can be attributed to the hori d verti -
metry of the metallic loop boundary. Also, the amplitude 
of the oscillation gets greater, as the area of the closed 
wire increases. This is a natural conclusion because by 
keeping fixed the rotation frequency and the axis parallel 
to the dipole, larger loops lead to more significant mag-
netic flux variance and implicitly to more substantial 
output voltage. Therefore, the oscillation amplitude of 
the investigated quantity is decaying with increasing n  
because the occupying area of the loop is greater for 

1n

o
ntazo l an

  than for 6n   as shown in Figure 3(b). 
In Figure 4(a), the variation of the RMS value of the 

induced voltage is depicted as function of the rotation 
angle   for three loop boundaries corresponding  

different lengths b  of the curve family A with constant 
 m

to

2a   and n 2 . For 0  , the measured response 

is locally minimized when 2.5 b m  and maximized 
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 t
4(b).  a our l

at the gl

when 1.5 b m . That is because the larger lobes of the 
curve extend close to the rotation axis in the first case 
and far from it in he second one as appeared in Figure 

en a  ll the f obes of the curve are of 
the same size, which means th obal maximum at 

ο

90   the rule according to which, better in-

duction results are achieved when the current axis 
crosses normally the rotation axis of the coil. When 

2.5 b m , substantial voltage is produced for a rotation 

angle close to 
ο

45  , where the response is poor in the 

1.5 b m . Needless to say that the graphs are 

symmetrical with respect to 
ο

90  , due to the canoni-

cal shape of the loops.  

Wh

 reflects

b ,

case of 

 

 

Figu
var
plots of the
m, ω 

re 3. (a) The n
ious shapes

 bounds.
= 100 π rad/se

ormaliz

 Pl
, D0 

 

Figure 4. (a) The RMS voltage as function of the rotation 

In Figure 5(a), we represent the produced voltage as 
function of the horizontal position of the source 

angle for various shapes of the loops; (b) The corresponding 
polar plots of the bounds. Plot parameters: X = –5 m, Z = 0 
m, ω = 100 π rad/sec, D0 = 1 m, I = 1 A, a = 2 m, n = 2 
 

X  for 
three metallic loops with shapes taken from
family B for various parameters  (  an

 the curve 
d n 1 a m b   

2 m ). With increasing X , name
he loop, th m

stantial values. Such u
ect of the field en

e in magnetic flu gh the clo p 
um point to zer e

the increase is much more rapid 
r cases, a result wh h is attributed to t

ce between some ts of th
excitation axis when 

ly 
e induced voltage takes 

sion is se
er an

s large
for 

2

when the so

nsible
d consequ

sed loo
r values. M

3n   
h

is loop and th

urce get
ore sub-

 because the
tly,
(fro
ind

than in the 
e negligi

e sing

s 

 
 the 
m a 

 that 

ble 
u-

closer to t

eff
chang
maxim

othe
distan
lar 

 a concl
 gets strong

x throu
o) tak

ic
 poin

X m  . Along this region, 
ed ion of time for 

 of the loops. (b) The orresponding polar 
ot para = 0o, X = -5 m, Z = 0 

= 1 m = 1 m, b = 2 m 

 voltage as funct
 c

meters: ξ 
, I = 1 A, a c

the recorded magnitude is much higher compared to 
other measurements of similar configurations such as  
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Figure 5. (a) The RMS voltage as function of the rotation 
angle for horizontal positions of the source. (b) The corre-
sponding polar plots of the bounds. Plot parameters: ξ = 0ο, Z 
= 0 m, ω = 100 π rad/sec, D0 = 1 m, I = 1 A, a = 1 m, b = 2 m 
 
th

o   
In

ese of Figure 4(a). On the other hand, when the pri-
mary source gets farther from the rotated wire, its shape 
plays a rather insignificant role and the differences are 
mainly attributed to the size of the l op.

 Figure 6(a), the variation of the induced voltage is 
represented as function of the vertical position of the 
excitation Z  (the source is moving normally to the 
plane of the sheet) for various loops from curve family B 
corresponding to different lengths b  (with fixed 

1.5 a m  and 1n  ). In all the three cases the response 
is maximized for 0Z   which is a al result be-
cause the loop is at the closest distance from the excita-
tion axis. In addition, the curves are symmetrical with 
respect to 0Z  , due to t t the loops are sym-
metric with respect to the rotation axis which is parallel 
to that of the source ( 0

n r

he fact tha

atu

  ) as shown in Figure 6(b).  

 

Figure 6. (a) The RMS voltage as function of the vertica

 

l 
position of the source for various shapes of the loops. (b) 
The corresponding polar plots of the bounds. Plot parame-
ters: ξ = 0o, X = –5 m, ω = 100 π rad/sec, D0 = 1 m, I = 1 A, a 
= 1.5 m, n = 1 
 
One could point out that the positive effect of the coil’s 
size on the induced measured quantity is greater when 
the excitation field is stronger (larger differences be-
tween the three curves in the vicinity of 0Z  ). It is 
al

rc

so remarkable that the induced voltage is exponentially 
dependent on the distance between the thin closed wire 
and the sou e current, which is indicated not only by the 
decrease for large Z  in Figure 6(a) but with the in-

crease for large X  in Figure 5(a) as well. 

5. Conclusions 

The case of a metallic loop of arbitrary shape rotated 
with respect to an arbitrary axis in the presence of an 
infinite dipole is investigated. The induced voltage is 
evaluated rigorously via transformation relations and the 
derived formula can be ily generalized to treat any  eas
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kind of axial excitation. The time dependence of the 
measured voltage is of sinusoidal form only if the shape 
of the loop combined with the rotation axis is symmetric. 
Additionally, the intuitive guess that the size of the loop, 
affects positively the inductive action is verified by the 
numerical results. The distance between the source and 
the loop is also found to reduce the measured voltage 
along the coil. As far as the rotation axis is concerned, 
the most substantial response has been recorded when it 
is normal to the axis of the dipole current, a result that 
can have technical applicability. 
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