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Abstract 
The stenosis in the artery, which reduces the flow passage to blood, is a common 
cardiovascular disease that is responsible even for cardiac arrest sometimes. The 
hemodynaics reveals that the severe blockage in an artery due to stenosis generates 
pressure tangential stress that impacts adversely on the arterial wall downstream to 
stenosis and weakens the arterial wall. The site of weakened wall in the artery gener-
ates post stenotic dilatation. The objective of this paper is to study flow of blood, of 
non-Newtonian in nature described by Herschel-Bulkley model, in a diseased artery 
suffering with partly overlapped two stenoses and a dilatation distal to the stenoses. 
A mathematical model, describing the blood flow, has been derived using Navier- 
Stokes equations along with the prescribed geometry of the diseased artery. The ex-
pressions of velocity profile, resistive impedance to flow and wall shear stress (skin- 
friction) are derived. The effect of inclination of the vessel on the resistive impedance 
to flow is discussed along with the effect of rheological and geometrical parameters 
on the resistive impedance to flow and skin friction. 
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1. Introduction 

In general, the non-Newtonian effects in blood are depending on the magnitude of de-
formation rates; consequently non-Newtonian effects may exist or be enhanced at low 
shear rates flow regimes. The types of deformation, shear or elongation also influence 
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the non-Newtonian effects of blood [1]. For a given rheological model [2], the flow re-
sistance and wall shear stress increase as the size of stenosis increases while the non- 
Newtonian nature of blood reduces the resistance and stress; consequently it contri-
butes to the body protection. In this context, shear thinning seems to have the most 
significant role in facilitating blood flow through stenotic vessels. Under steady flow 
conditions blood is a predominantly shear thinning fluid that exhibits important non- 
Newtonian impact that was discussed by [3] [4] [5]. Blood also demonstrates yield 
stress which has been an issue of debates [6] [7]. A diseased artery is result of stenosis 
or dilatation. The word stenosis signifies the contraction of blood vessel due to deposi-
tion of fatty acids or plaque on the wall of artery. It is an abnormal and unnatural 
growth that develops at various locations of the cardiovascular system under diseased 
conditions. Through various means it is proved and well established that the constric-
tion contributes to significant changes in the blood flow, wall shear stress, flow rate and 
the impedance (flow resistance) from its normal behavior. The particular cause of the 
occurrence of permanent dilatation is not clear. It is considered that besides complex 
interaction among several biological factors, some precise alterations in the hemody-
namic stimuli on the arterial wall may be responsible for dilatation. After the formation 
of aneurysm a gradual expansion might persist on the weakened arterial wall due to the 
hemodynamic forces exerted by the pulsatile flow of blood. The specific alterations in 
the hemodynamic forces exerted on the arterial wall may play a key role to the origin 
and progression of the disease is widely considered hypothesis and many studies, spe-
cifically, [8]-[14] were carried out. Realizing the importance of the role of geometrical 
interaction with flow, several studies based on fluid dynamics through stenosed artery 
have been carried out to evaluate the flow pattern, wall shear stress, flow rate and im-
pedance by many physicists and mathematicians. Newtonian blood flow in a tapered 
artery was studied in [15] and observed that the problem becomes more serious in the 
presence of an overlapping stenosis in the artery and effect of vessel tapering is another 
important factor. Particulate suspension blood flow through stenotic arteries, to analyze 
the effects of hematocrit and stenosis shape was considered in [16] and observed that 
the flow resistance decreases with increasing shape parameter but increases with he-
matocrit. Herschel-Bulkley fluid flow through an inclined tube with two mild stenoses 
was studied by [17] and observed that the flow resistance increases with the thickness of 
stenoses, yield stress and power law index. Blood flow through an overlapping constric-
tion in arteries has been investigated by [18] and the expression for the impedance, the 
wall shear stress, the shear stress at the stenosis throats and at critical height of the ste-
nosis has been derived. Shear stress at the stenosis throats and at critical height of the 
stenosis has been derived. Flow of blood in an inclined artery which is radially symme-
tric and axially non-symmetrical was discussed in [19]. The pulsatile flow through a 
stenosed artery filled with porous medium in the presence of transverse static magnetic 
field under the consideration of hematocrit dependent viscosity of blood was discussed 
by [20]. The pulsatile flow of blood through partially occluded elastic arteries was dis-
cussed in [21] and observed that stenosis plays a critical role in plaque growth. The 
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blood flow through tapered elastic artery with overlapping stenosis was studied by [22] 
and computed the expressions of impedance resistance to flow and wall shear stress. 
Therefore, the knowledge of the flow field in a stenosed tube may help in proper un-
derstanding and curative measures of arterial diseases. This can be done through expe-
rimental as well as analytical studies. The simulations from the analytical studies may 
provide many outcomes in-vitro for understanding of the interconnection of hemody-
namic parameters. The aim of the present study is to investigate the effects of an over-
lapping stenoses and a dilatation on the flow properties and hemodynamic indicators 
for flow of non-Newtonian blood that described by Herschel-Bulkley model.  

2. Formulation of the Problem 

It is a common clinical finding that the dilatation in the arterial wall arises distal to the 
constriction [23]. Also, [24] mentioned that the multiple stenoses are common in the 
arteries as are post-stenotic dilatations of the artery.  

In the present study blood is considered as non-Newtonian in nature described by 
the Herschel-Bulkley model that flowing in a rigid walled unhealthy artery suffering 
with two stenoses which are overlapped alongside and a dilatation distal to the stenotic 
region. The axis of the circular tube is taken along the z-axis and the stenoses and dila-
tation are assumed to be symmetrical about the z-axis. It is assumed that the tube is in-
clined at an angle α to the horizontal as shown in Figure 1. The blood vessel geometry 
is determined by the radius R of the inlet and outlet non-constricted segment, whereas 
the radius of the smooth axisymmetric constricted and dilatation segment is given by   

 

 
Figure 1. Physical model of the problem. 
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where, 6L is the length of stenosed segment and 2L is the length of dilatation segment. 
The δ1 is maximum thickness of the stenosis and δ2 is maximum dilatation in the ar-
terial wall. In the axisymmetric coordinates system ( )* * *, ,r zθ , the axis of the vessel is 
coincides with the z*-axis. 

The function h(z) is plotted on MatLab to draw the Figure 1.  
The equation of continuity for incompressible fluid is given by 

( )* * *

* * *
1 0

r u w
r r z

∂ ∂
+ =

∂ ∂
.                         (2) 

Since, flow is axisymmetric, i.e., 
( )

*

.
0

θ
∂

=
∂

, and there is no radial flow, i.e., * 0v = . 

Also, flow is developed, i.e., 
*

* 0w
z

∂
=

∂
. 

The governing equation of motion for steady developed flow of blood in the inclined 
vessel is given by  
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*
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* * *
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µ τ ρ α∂ ∂ = − − + ∂ ∂ 
                (3) 

where, g is acceleration due to gravity and *
rzτ  is shear stress. 

The Herschel-Bulkley fluid is defined by the constitutive equation  
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where, *
0τ  is yield stress, n and k are parameters which represents non-Newtonian ef-

fects. 
The boundary conditions are given by 

* *0 : is finiterzr τ=                         (6) 

( )* * * *: 0r h z w= = .                       (7) 

3. Method of Solution  

Using the following non-dimensional parameters: 
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, into the Equations (1) to (7), the non-di-  

mensional form of these equations are given by (8) to (14), respectively 
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The equation of motion is 
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where, rzτ  is dimensionless shear stress for Herschel-Bulkley fluid and given by: 
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Corresponding boundary conditions are reduced to  

0 : is finiterzr τ=                            (13) 

( ) : 0r h z w= = .                            (14) 

Equation (10) can be written as  
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The solution of (15) under the boundary condition (13) gives  
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Using (16) in the constitutive Equation (11) for 0rzτ τ>  provides 
1
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Integrating Equation (17) w.r.t. r and applying boundary condition (14), the ( )w r  
is given by 
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3.1. Skin Friction ( ( )h zτ ) 

The skin friction ( )h zτ  from Equation (16) is given by 
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3.2. Volumetric Flow Rate (Q) 
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Substituting the value of ( )f τ  from Equations (11) into (20), we obtain  
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when 0 1
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 , then Equation (21) reduces to  
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From the Equation (22), hτ  is given by 
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Using Equation (19) in Equation (23) 
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3.3. Pressure Drop ( p∆ ) 

The pressure drop p∆  across the stenosis can be obtained by integrating the Equation 
(24) along the length of the artery from −5 L to 10 L, 
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In the absence of any constriction, the pressure drop Np∆  is given by 
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3.4. Impedance (Resistance to Flow Ratio λ) 

The resistance to flow ( )1λ  in the diseased artery is given by 
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If there is no diseased portion then resistance to flow is given by 
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Therefore, the impedance-resistance to flow ratio may be expressed as  
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From Equation (27) and (28), λ  is expressed as 
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The values of λ  are computed numerically using Simpson’s one-third rule and 
presented through graphs.  

4. Results and Discussion 

The effects of various parameters pertinent to the model on velocity profile, skin-fric- 
tion and impedance are computed and plotted to analyze them. 

Figure 2 demonstrates the effect of varying thickness of the overlapped stenosed 
segment keeping other parameters fixed. It is observed that the axial flow velocity en-
hances with the increase in the thickness of the stenosis. As per mathematical formula-
tion of the geometry, it can be seen that in the overlapped portion of the stenoses  
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Figure 2. Variation in velocity profile in radial direction at k = 4, n = 1.5, α = π/6, τ0 = 
0.5, δ2 = 10% of R. 

 

having peak at the location 2z L= −  corresponding to which ( ) 18
20

h z =  and at 

0z = , ( ) 17
20

h z = , therefore the projection of stenosis in the lumen at 0z =  is more  

as compared to that at 2z L= − . It is observed that flow velocity at 0z =  is more as 
compared to that at 2z L= − . Also, in the dilatation region the effect of 1δ  is not ob-
served. The plug flow radius decreases significantly with the increase of maximum 
thickness of stenosis.  

Figure 3 demonstrates the effect of varying thickness of dilatation at different loca-
tions starting from the pre constricted region i.e. at location 4z L= − . It is observed 
that the axial velocity at the locations in the stenosed region located at 2z L= −  and  

0z = , the respective passage is ( ) 182
20

h L− =  and ( ) 170
20

h = , the flow velocity sig-  

nificantly increases with the reduction of the flow passage. It is plausible that the flow 
velocity reduces from the velocity in the normal region of the vessel. In the dilatation 
region, the flow velocity reduces significantly in magnitude as compared to the other 
locations in the region of overlapped stenosis or normal region of vessel. 

The flow velocity retarded with the increase in the maximum dilatation in the vessel 
wall. The results in the region of stenosis and effect of maximum thickness of stenosis 
on the flow profile pattern are in good agreement with results already published. The 
effect of non-Newtonian behaviour of blood as compare to blood of Newtonian nature 
is plausible as the profiles are not of parabolic shape. 



M. K. Sharma et al. 
 

584 

 
Figure 3. Variation in velocity profile in radial direction at k = 4, n = 1.5, α = π/6, τ0 = 0.5, 
δ1 = 20% of R. 

 
In the healthy human blood, the value of yield stress ranges in between 0.01 dyne/s2 

and 0.06 dyne/s2, while in unhealthy human, suffering with myocardial infarction the 
yield stress may increases up to five times [25].  

The measurement of yield stresses may used in the diagnosis of pathological condi-
tions such as diabetes [26], systemic sclerosis [27] etc. With pressure-scanning capillary 
hemorheometer [28] the yield stress for the Herschel-Bulkley model was found 0.0325 
dyne/s2. In the present study the values of yield stress are taken 0.05, 0.025 and 0.50. 
The last value correlates the diseased situation.  

Figure 4 shows comparative study for velocity profile in respect of yield stress of 
healthy and diseased arterial blood. In unhealthy situation at the yield stress τ0 = 0.5, 
the plug flow radius increases irrespective of the locations whether it is falls within re-
gion of the stenosis or in the region of dilatation. 

Figure 5 depict the effect of power law index on the flow profiles. It is observed that 
velocity profiles enhances in all region of the vessel. This enhancement in the profiles is 
more in the region having lesser flow passage. The plug flow radius become widen with 
the increase of power law index. The flow profiles at greater value of power law index 
are tends to be curved in the vicinity of the axial line while for small value of power law 
index profiles are flatten. This shows that with increasing power law index the fluid get 
impetus even in the plug flow region.  
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Figure 4. Variation in velocity profile in radial direction at k = 4, n = 1.5, α = π/6, 
δ1 = 10%, δ2 = 10% of R. 

 

 
Figure 5. Variation in velocity profile in radial direction at k = 4, n = 1.5, α = π/6, 
τ0 = 0.5, δ1 = 20% of R, δ2 = 10% of R. 
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Figure 6 shows the effect of degree of stenosis on the skin-friction along the axial di-
rection. The skin-friction is more for lower value of maximum thickness of overlapped 
stenoses. Also, the skin-friction sharply increases in the region of growing thickness of 
stenosis up to apex of maximum thickness and reduces in the overlapped stenotic re-
gion and then again rises up to second peak of the overlapped region. 

Figure 7 depict that in the region of dilatation, the skin-friction reduces with the in-
crease of maximum expansion of dilatation in the artery. This reduction in the skin- 
friction with the increase in expansion of dilatation is lesser than the rise in the stenotic 
region. 

Figure 8 demonstrates the effect of yield stress on the skin-friction. With the in-
crease in the value of yield stress, there is significant increase in the skin-friction in the 
entire region. Near the extremities of the overlapped stenosis, the steepest enhancement 
in the skin-friction is observed. This outcome suggests that in case of unhealthy situa-
tion at the yield stress τ0 = 0.5 arterial wall bears more stresses which may responsible 
for the wall rupturing.  

The typical values of the power index n for blood flow is taken to lie between 0.9 and 
1.1 are used in [29]. 

Figure 9 depicts the effect of power law index on the skin-friction. With the increase 
in power law index profound reduction in skin-friction is obtained. This proves the 
importance of power law index of the blood during the theoretical studies. The increase  

 

 
Figure 6. Variation in skin-friction in axial direction at k = 4, n = 1.5, α = π/6, τ0 = 
0.5, δ2 = 10% of R. 
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Figure 7. Variation in skin-friction in axial direction at k = 4, n = 1.5, α = π/6, 
τ0 = 0.5, δ1 = 20% of R. 

 

 
Figure 8. Variation in skin-friction in axial direction at k = 4, n = 1.5, α = π/6, 
δ1 = 20% of R, δ2 = 10% of R. 
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Figure 9. Variation in skin-friction in axial direction at k = 4, τ0 = 0.5, α = π/6, 
δ1 = 20% of R, δ2 = 10% of R. 

 
in power law index overcomes the stress on wall of the vessel consequently on the en-
dothelial cells.  

Corresponding to a fixed thickness of stenosis, the increase in maximum expansion 
in dilatation of the vessel, the impedance to the flow is reduces as observed in Figure 10. 
Also, it is plausible from Figure 10 that for a fixed value of maximum expansion in the 
dilatation, the impedance to the flow rises on increasing maximum thickness of the pre 
stenotic region. Findings of this study are in good agreement with outcomes of [30]. 

Figure 11 & Figure 12 show that the increase in yield stresses increases impedance 
to the flow. This suggests that in case of unhealthy situation, at the yield stress τ0 = 0.5, 
the resistance to flow ratio increases hence the reduction in the transportation of blood, 
results in the less oxygen and nutrients supply to the tissues. It is also evident from the 
Figure 11 that when projection of stenosis increases in the lumen the impedance in-
creases while from Figure 12 it is seen that when the expansion of the dilatation in-
creases the impedance decreases.  

Figure 13 shows that corresponding to a fixed expansion in dilatation; the increase 
in maximum thickness of stenotic region has enhanced impedance to the flow. Also, it 
is plausible from Figure 13 that for a fixed value of maximum thickness of the stenotic 
region, the impedance to the flow lowered down on increasing maximum expansion of 
the dilatation. 

The impedance to the flow reduces with the increase of power law index as shown in 
Figure 14 & Figure 15. It is noted that in both the cases of n < 1 or n > 1 impedance  
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Figure 10. Variation in impedance with thickness of stenosis at k = 4, n = 
1.5, α = π/6, τ0 = 0.5. 

 

 
Figure 11. Variation in impedance with thickness of stenosis at k = 4, n = 
1.5, α = π/6, δ2 = 10% of R. 
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Figure 12. Variation in impedance with thickness of dilatation at k = 4, n = 1.5, 
α = π/6, δ1 = 20% of R. 

 

 
Figure 13. Variation in impedance with thickness of dilatation at k = 4, n = 1.5, 
α = π/6, τ0 = 0.5. 
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Figure 14. Variation in impedance with thickness of stenosis at k = 4, α = π/6, 
τ0 = 0.5, δ2 = 10% of R. 

 

 
Figure 15. Variation in impedance with thickness of dilatation at k = 4, α = 
π/6, δ1 = 20% of R. 

 
reduces with the increase of n since the pressure drop increases with the increasing 
value of n. Also, the impedance enhances on the advancement of thickness of stenotic 
region while it reduces with the increase in maximum expansion of the dilatation as 
observed in Figure 14 & Figure 15 respectively.  
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The inclination α of the vessel affects significantly on the impedance to the flow, 
Figure 16 & Figure 17. The impedance to flow is increases with the increase in the  
 

 
Figure 16. Variation in impedance with thickness of stenosis at k = 
4, n = 1.5, τ0 = 0.5, δ2 = 10% of R. 

 

 
Figure 17. Variation in impedance with thickness of dilatation at k = 
4, n = 1.5, τ0 = 0.5, δ1 = 20% of R. 
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value of α. At α = 0 the vessel is horizontal then the effect of gravitational field is uni-  

form throughout. The case when α = π/6 and α = π/3 the body force term sinf
F
α

=   

play role to retard the flow. 

5. Conclusions 

 In the dilatation region, the flow velocity reduces significantly in magnitude as com- 
pared to overlapped stenotic region or normal region of the vessel. 

 The effect of non-Newtonian behaviour on the flow profiles is plausible. The pro-
files are not of parabolic shape. 

 The increase in yield stress is due to unhealthy condition. The plug flow radius in-
creases irrespective of the locations whether it falls within stenotic region or in the 
region of dilatation. On increasing power law index, the fluid gets impetus even in 
the plug flow region. 

 Near the extremities of the overlapped stenosis, the steepest enhancement in the 
skin-friction is observed. 

 With the increase in power law index, profound reduction in skin-friction is ob-
tained. This suggests the importance of power law index of the blood during the 
theoretical studies.  

 In case of unhealthy situation, the yield stress increases from its normal value. 
Hence with the increase in yield stress, the resistance to flow ratio increases that re-
sults in reduction in the transportation of blood, oxygen and nutrients supply to the 
tissues.  

 The inclination α of the vessel affects significantly on the impedance to the flow. 
 The impedance to the flow reduces with the increase of power law index. 
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List of Symbols 

g  Acceleration due to gravity. 
R  Radius of unstenosed artery. 
h(z)  Radius of stenosed artery defined in the Equation (1). 
6L  Length of stenosed portion shown in the Figure 1. 
2L  Length of dilatation portion shown in the Figure 1. 
n, k  Non-Newtonian parameters taken in the Equation (11). 

p∆   Pressure drop. 
Q   Volumetric flow rate. 
r  Radial coordinate. 
w  Dimensionless axial velocity. 
z  Axial coordinate. 

Greek Letters 

α   Inclination of artery with horizontal. 

1δ   Maximum thickness of the stenosis. 

2δ   Maximum thickness of the dilatation. 

1λ   Resistance of flow in stenosed artery. 

2λ   Resistance of flow in normal artery. 
λ   Impedance. 
µ   Viscosity. 
ρ   Density of fluid. 

*
rzτ   Shear stress. 
*
0τ   Yield stress. 
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