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ABSTRACT 

The cardiovascular system is characterized by complex 
interactions between various control mechanisms and 
physiological processes. Different approaches are used 
to provide better diagnostics and physiological under-
standing, cardiac prosthesis and medical planning. The 
mathematical description and modelling of the human 
cardiovascular system plays nowadays an important 
role in the comprehension of the genesis and develop-
ment of cardiovascular disorders by providing com-
puter based simulation of dynamic processes in this 
system. This paper aims to give an overview on lumped 
parameter models that have been developed by many 
researchers all over the world, to simulate the blood 
flow in systemic arteries. Surveying various references 
we make a review of different approaches to arterial 
tree modelling and discuss on the applications of such 
models. 
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1. INTRODUCTION 

The main causes of deaths in industrial countries are car-
diovascular diseases [1]. Also, it is in the most produc-
tive age in which the people are affected by such dis-
eases. The cardiovascular system (CVS) serves as a 
transporting vehicle for the nutrients, gases and waste to 
and from the cells, as well as for the heat through blood 
convection [2]. It consists of heart (with its four cham-
bers and four valves); systemic circulation (blood vessels 
in the body); pulmonary circulation (blood vessels in the 
lungs); nervous and biochemical regulators (which mod-
ify the vessels’ parameters in order to regulate the blood 
flow rate and pressure in the organs in accordance with 
the actual demand). In this system various organs or 
mechanisms, such as kidneys, endocrine and nervous 

systems, respiration, metabolism, physical exercise, etc., 
may influence as well [2]. These mechanisms act in dif-
ferent time intervals [3]. Even though the majority of the 
research regarding the physiological systems is based on 
experiments on animals, these have their limitations [4]. 
Understanding the complex interactions and physiologi-
cal functions of the CVS is not easy, but the use of mod-
ern technology is a helpful tool for this. Recent progress 
in imaging technology, as well as more powerful and less 
expensive computers, has open greater possibilities for 
developing more sophisticated modeling methods of 
CVS. A better insight can be attained by a structured 
analysis of the models which describe this system, orga-
nizing the knowledge and the experimental observations 
in temporal and spatial order [5]. Furthermore, a com-
puter-based simulation of dynamic processes in the CVS 
could be applied in numerous tasks [6]. 

This paper describes some categories and methods of 
modeling the CVS, aiming to present a review of differ-
ent levels of modeling. Finally, the application fields of 
the investigated approaches are discussed as well as their 
advantages and disadvantages. 

The flow of blood in the CVS obeys to the conserva-
tion laws described by their respective equations. The 
description of dynamical models, part of whom is the 
CVS, is usually done by a set of differential equations. 
Depending on the scope of its use and the accuracy re-
quested by the model, the proper dimensions are selected, 
from zero- to three-dimensional. The amount of informa-
tion given about the inner state of the system distin-
guishes three kinds of mathematical modeling methods 
[5]: 
 White box method describes the internal structure of 

the system and the characteristics of transition from 
inputs to outputs. In this method all the parameters 
and variables of the system are determined as well as 
their relationship. A serious restraint of this method is 
the enormous amount of processes and interactions 
that play a role in the body. 
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 Black box method considers only the transition char-
acteristics, which means only the relationship be-
tween the input and output of a system, without pro-
viding any deeper information regarding the internal 
structure. A limitation of this method is its simplicity 
and the fact that they disregard the nonlinearities and 
specific disturbances. 

 Grey box method, which combines the two above-
mentioned methods, uses the knowledge on the in-
ternal structure of the system to define the internal 
structure of the model. 

The CVS can be regarded as a wide hydraulic network 
under the action of a pulsatile pump. Different behaviour 
can be observed at various locations of the closed loop. 
The 0D models (named lumped parameter models) con-
sider as uniform the distribution of fundamental variables 
(pressure, volume and flow rate) in every single com-
partment (organ, blood vessel, etc.) of the model, in 
every moment of time. The models of higher dimensions 
account for the spatial variation of these parameters, as 
illustrated in Figure 1. 

The 0D models that represent the main components of 
the system, (vasculature compartments and the heart with 
its valves), are appropriate for the study of global distri-
bution of the pressure, flow rate and blood volume, for 
specific physiological conditions. The spatial distribution 
of the parameters can be approximated by setting up the 
so called multi-compartments models, every compart-
ment of which is supposed to be homogenous and de-
scribed by a lumped parameter model. 

The 1D models, where the wave transport effect is 
easily represented, describe the variation of the velocity 
of flow through the length of the blood vessel. The 2D 
models are appropriate to use when the radial changes of 
the flow velocity in a tube with axial symmetry are re-
quested. The use of 3D models is needed for the complex 
description of the blood flow in bifurcations of the ves-
sels, through heart valves, inside ventricles, etc. The 1D, 
2D and 3D (distributed parameter models) and lumped 
models of the venous system are not investigated in this 
review. Table 1 compares some of the applications of 

 

 

Figure 1. Schematic representation of decoupling by segmental 
dimension reduction. 

Table 1. Comparison of modelling techniques for the study of 
cardiovascular dynamics. 

 The model  The application  

3D Study of the local flow in 3-dimensional areas. 

2D 
Study of local flow in vessels with axial  
symmetry. 

Distributed 
parameters

1D 
Pulsed wave reflection effect in systemic circula-
tion. 

Lumped 
parameters

0D 
Cardiovascular dynamics in the whole CVS. 
Pressure & flow changes in local areas  
of circulation. 

 
different kind of models. 

2. METHODOLOGY 

The collection of relevant papers is done from March 
2010 till January 2012, mainly making use of PubMed, 
HubMed, Pubget, Sciverse (Sciencedirect and Scopus) 
databases. The keywords used for searching were: car-
diovascular system, cardiovascular modelling, arterial 
tree modelling, Windkessel, lumped parameter models, 
mathematical modelling and simulation. 

Out of more than 250 collected papers regarding the 
CVS modelling and simulation, about 40 are selected for 
this review. The repetitive and similar studies were ex-
cluded. The papers treating the human circulation dy-
namics as well as those treating systemic arterial tree 
modeling and its computer simulation were included as 
references of this review. 

3. DISCUSSIONS 

Models are a helpful tool to understand the functionality 
of a real system by simplifying it. The modeling methods 
and their product should always be evaluated according 
to their applications [5]. The two most important appli-
cations of the physiological processes simulation are: the 
design of new medical devices (e.g. [6,7]) and, collecting 
more information about the complex functioning of these 
systems with many variables (e.g. [3,8-10]). A better 
understanding of CVS leads toward more effective and 
less expensive medical treatment. On the other side, the 
simulation of the CVS may serve as a testing and train-
ing platform for the medicine students (e.g. [8,11]) and 
their impact in reducing the experiments on animals is 
significant. 

The easy inclusion of the frequent improvements to an 
existing model is another important aspect. Of the same 
importance is the model validation, which consists in 
evaluating the accuracy of the assumptions through com-
parison of experimental data with those simulated. 

In 0D models that simulate the global hemodynamics 
of the CVS, is applied the analogy between the blood 
flow in the systemic arteries and the current in an electric 
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circuit. The analogy starts at the left ventricle where the 
blood pressure varies from a low (nearly zero) to a high 
(approximately 120 mmHg), then continues into the 
aorta and into the systemic arteries, where the pressure 
variation is significantly lower because of the elasticity 
of the large systemic arteries. The gradient of the blood 
pressure in arterial tree pushes the blood against the hy-
draulic impedance like the gradient of the voltage in an 
electric circuit pushes the current against the electric 
impedance. 

The total loss due to friction, the capacitance of the 
vessels due to their elasticity and the inertia of blood 
represent the hydraulic impedance like the electric im-
pedance is represented by the capacitance, resistance and 
inductance of the circuit. The flow of blood is described 
by the equation of continuity for the mass conservation, 
by the Poiseuille’s law for the steady flow and by the 
Navier-Stokes equation for the non-steady state. Ana-
logically, the current in a circuit is described by Kir- 
chhoff’s laws, Ohm’s law and the line transmission 
equation for the voltage-current relation for high fre-
quencies. Hence, as shown in Table 2, the friction due to 
viscosity, the inertia of the flow, the capacitance of the 
vessel, the blood pressure and the flow rate, can be re-
spectively described by the resistance R, inductance L, 
capacitance C, voltage and the current in an electric cir-
cuit. As consequence the methods used for the study of 
these circuits can be used to analyse the cardiovascular 
dynamics too. Milišić and Quarteroni [12] proved that 
0D models describe the vessel with a set of two ordinary 
differential equations (Eq.1) for each compartment, 
(which represent the mass and momentum conservation), 
added by one algebraic equilibrium equation (which re-
lates the volume of the compartment with the pressure in 
it). 
 
Table 2. The quantities which characterize the fluid dynamics 
and their electrical analogues. 

Fluid dynamics Physiolog. variables Electrical analogue

Pressure P[Pa = J/m3] Blood press. [mmHg] Voltage U [V = J/C]

Flow rate Q[m3/s] Blood flow rate [L/s] Current I [A = C/s]

Volume V[m3] Blood volume [L] Charge q [C] 

Viscosity η Bl. res. 
4

8

πr




 
 Electrical resistance R

Elastic coefficient Vessel’s wall compl. Capacitor’s capac. C

Inertance Blood inertia Inductor’s inertance L

Poiseuille’s law: 
4π

8
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The models of the arterial tree, in which the left ven-
tricle and the right atrium represent the boundary condi-
tions, have evolved by becoming more complex with the 
addition of elements that describe specific physiological 
or physical phenomena. A considerable number of 0D 
models are developed to simulate the arterial system, 
starting with the simple Windkessel (WK) models that 
consider the veins as deposits in zero pressure and the 
whole arterial network as a single capacitor in parallel 
with a single resistor. An important milestone in this 
development was Guyton’s comprehensive model [3] 
which specifically describes the majority of arterial bi-
furcations as well as some hormonal control mechanisms. 
The 0D models can be categorized as single-compart- 
ment models and multi-compartments models. 

3.1. Single-Compartment Models 

There are numerous models of the CVS that have been 
extensively studied in recent years. It is a set of mathe-
matical equations between some of the variables of the 
system, mainly blood pressures and flows that describe 
these models. These variables interrelate by a set of pa-
rameters (blood viscosity, vessel diameter, vessel wall 
elasticity, etc.) which are difficult or even impossible to 
be directly measured. An average value reasonably fitted 
to the experimental data is generally given to the various 
parameters. 

Grodins [13] was the first to start the global dynamic 
modeling of the CVS. Since then, mathematical model-
ing has become a prerequisite for hemodynamics analy-
sis, in tandem with the experimental approach. The 
whole arterial network is described by a single combina-
tion resistor-inductor-capacitor (RLC). Hales in 1733 [14] 
was the first to put forward such model, named Wind-
kessel, suggesting that the pressure variations are related 
to the large arteries elasticity. This theory was quantita-
tively formulated later by Frank in 1899 [15], who de-
scribed the hemodynamics of arterial network in terms of 
compliance and resistance. 

Fank’s model (Figure 2(a)) comprises a capacitor C 
(which describes the depository properties of large arter-
ies) connected in parallel with a resistor (which describes 
the dissipative nature of peripheral vessels). This 2-ele- 
ment WK, which describes the pressure decay in aorta 
during diastole, is still in use today to evaluate the total 
arterial capacity when the aortic pressure and peripheral 
resistance are known. This model ignores the veins, 
which are described as zero pressure far fields. 

The compliance of the large arteries acts as the WK 
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(air kettle). The resistance to blood flow in the systemic 
arterial network is mainly found in the resistance vessels: 
the smallest arteries and the arterioles. It is not possible 
the strict division of compliant (conduit) arteries and 
resistance vessels. This is because resistive vessels have 
some compliance as well and, large, compliant arteries 
have small resistive properties. 

The 2-element WK model shows the important impact 
in the load on the heart of both: total arterial compliance 
as well as peripheral resistance (the resistance of the en-
tire systemic vascular bed). As this model describes the 
whole arterial tree, in terms of a pressure-flow relation at 
its entrance by two parameters that have physiological 
meaning, it is not possible to study phenomena, such as 
wave travel and wave reflections, which take place inside 
this network. Even though this model is not able to de-
scribe the high frequency components that are associated 
with the reflections of the pressure in the arterial network, 
it represents quite well the afterload on the heart. On the 
other hand, it explains aortic pressure decay in diastole, 
but fells short in systole. Therefore characteristic imped-
ance was introduced as a third element of the WK model. 

In 1954, Wetterer [16] showed the quantitative dis-
crepancies between the pressure measured in systole and 
the one predicted by the 2-element WK, but he did not 
explain the cause of this. The developments towards 
more powerful computing capabilities together with the 
 

 

Figure 2. (a) 2-element WK model [15]; (b) 3-element 
WK by Westerhof et al. [18]; (c) 3-element WK by Bu-
ratini et al. [22]. 

practical measurement of aortic flow made possible the 
calculation of the input impedance [17]. It was found that 
the input impedance modulus at higher frequencies was 
equal to the characteristic impedance of the proximal 
aorta. This led to the addition of aortic characteristic im-
pedance to the 2-element WK. 

The so called Westkessel model was developed by 
Westerhof et al. [18], who inserted an additional resistor 
ZC (Figure 2(b)), which represents the aortic character-
istic impedance of the arterial tree. Characteristic im-
pedance links this 3-element WK and wave aspects of 
the arterial system, described in [18,19], to transmission 
phenomena. The total resistance gives the total resistance 
of the systemic vascular network in the abovementioned 
R-C model, while the capacitor C gives the depository 
properties of the arterial network due to the blood ves-
sels’ elasticity [19]. The characteristic impedance is rep-
resented as a resistor (since it has the same dimensions as 
a resistor), but it should be emphasized that it is not a 
resistance and should be interpreted in terms of oscilla-
tory phenomena. 

By analyzing the flow and the aortic pressure during 
diastole, when the 2-element and 3-element WK behave 
similarly, Wang et al. [20] proved that the addition of the 
characteristic impedance to the 2-element WK is neces-
sary to describe flow and pressure throughout the entire 
cardiac cycle. 

In vivo studies have shown that despite its simplicity, 
this 3-element WK model significantly improved the 
simulation of the high frequency components by pre-
dicting accurately the systolic and diastolic aortic pres-
sure, the pumped blood volume by the left ventricle and 
stroke work [21]. Even though this model is largely used 
in CVS simulations, the same studies have shown that it 
does not give a realistic waveform of aortic pressure and 
underestimates the mean arterial pressure and the maxi-
mal aortic flow rate [21]. 

Another configuration of the Westkessel model is de-
veloped by Buratini et al. [22]. This describes the arterial 
features by putting a small resistor ZC in series to the 
capacitor C. The elements ZC and C connected in such 
way, describe the elasto-viscous features of the vessel’s 
walls, differing from the configuration introduced by 
Westerhof [18], cited above, where the ZC describes the 
wave reflection during the flow. Even though these two 
3-element WK models are equivalent in a certain level, it 
still remains the discussion of the priority of wave reflec-
tion against the elasto-viscous properties of the vessel 
walls in the arterial characteristics. 

In order to increase the model’s accuracy in describing 
the impedance of the blood vessels and decrease the er-
rors in the low frequencies range, Stergiopulos [23] 
added an inductive element L (Figure 3(a)) which de-
scribes the inertial effect of the blood flow, introducing  
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so the 4-element WK. This fourth element represents the 
total arterial inertance (the sum of all inertances in the 
arterial segments) [23]. The use of total arterial inertance 
corrects the behavior of the input impedance in low fre-
quencies where the 3-element WK is inaccurate. 

 

Another configuration (Figure 3(b)) with the induc-
tive element is studied by Grant in [24], Burattini in 
[25,26], or others [27,28]. This series inertance affects 
the arterial input impedance only at high frequencies and 
not at low frequencies. 

Figure 4 plots the measured aortic input impedance 
together with the impedances predicted by the 2-, 3- and 
4-element WK models. The 2-element WK clearly falls 
short, especially in the high frequencies range. The 
3-element WK is less accurate at very low frequencies. 
The more elements are added in a model; more difficult 
it becomes to identify its parameters. The addition of a 
single element in the 4-element WK brings forward 
much more difficulties than in the 2- and 3-element WK. 

Figure 3. (a) 4-element WK by Stergiopulos et al. [23]; (b) 
4-element WK by Grant et al. [24]. 
 

 

With the purpose to further improve the systemic ves-
sels tree models, Jager et al. [29] have added other resis-
tive and inductive elements (Figure 5) to simulate the 
impedance of the laminar flow (the sleeve effect), but 
this model is not further explored by other researchers 
because of its high complexity. 

The above mentioned models describe mainly the 
characteristics of the flow and pressure in aorta and in 
the arteries where the pressure pulses in the venous side 
are not significant. But, in the case of the coronary and 
pulmonary circulation, the pulses of the pressure in veins 
play an important role [30]. Hence, adding other R, L, 
and C elements enables the description of the flow char-
acteristics in veins, introducing so the 5- and 6-element 
models. 

Figure 4. Comparison of measured and predicted input im- 
pedances (adapted from [17, p. 176]). 

 

 

Figure 5. Electrical circuit representing the laminar oscillatory flow impedance in a 
straight circular tube. The corrective network, enclosed by broken lines, accounts for 
the sleeve effect (adopted from [29]). 
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The in vivo studies of Frasch et al. [30] have shown 

that the 5-element model offers a better description of the 
dynamics of blood microcirculation and, the 6-element 
models better describe the contribute of the venous sys-
tem in the systemic circulation, compared with the 2-, 3- 
and 4-element WK. 

3.2. Multi-Compartments Model 

The multi-compartments models are developed to correct 
the inability of the single-compartment models to calcu-
late the flow and the pressure in different segments of the 
vessel since they treat the systemic tree as a single block. 
In the multi-compartments models, the systemic circula-
tion is partitioned in a number of segments (compart-
ments), each described by a combination RLC according 
to the local characteristics of the vessel. These compart-
ments are combined to create the whole model of the 
whole arterial network (e.g. Figure 6). 

The systemic circulation can be divided, depending on 
the specific purpose of its use and the accuracy requested 
by the model, to provide details about a certain area, 
while the other segments can be put together by using 
less sophisticated elements. Such flexibility in the model 
setup is a powerful and helpful tool for the cardiovascu-
lar simulations. 

Generally, the characteristics of the segments of the 
vessels are different from those of the whole system. In 
[12,31] there is a detailed description of the four typical 
appropriate configurations for the segments of the blood 
vessels, whose names and schemes are given by Figure 
7. 

4. CONCLUSIONS 

The CVS is very complex and too many questions about 
it are still with no answer. This review investigates the 
arterial 0D published models and makes a portrayal of 
their development and applications. 

The mathematical modeling is a powerful tool for 
deepening the understanding of the CVS functionality 
and for improving the medical equipment technology. At 
the same time it offers a promising method of assisting in 
the non-invasive diagnostics and in the training of the 
cardio-surgeons. Mathematical models of the CVS vary 

significantly in their complexity and their objectives. 
They range from the simple WK model, such as [21], to 
complex representations of the vascular network, such as 
[32], or even finite element models of many degrees of 
freedom. The lumped parameter models enable global 
representation of the flow in systemic arterial network. 
Hence the WK enlarges its applicability on the whole 
cardiovascular dynamics studies. 

A model cannot be named “bad” or “good”, but its 
quality should be evaluated depending on the concrete 
purpose of its use. All models have different uses or 
goals, but they all share the common goal of understand-
ing non-invasively the CVS function. The development 
of a trustful model includes the abstraction of a real sys-
tem, experimental simulation, the comparison of the 
simulation data with the real system and the reduction of 
the eventual inconsistencies. 

Many researchers model the systemic vasculature in 
segments which represent the various blood vessels (cap-
illaries and veins, arterioles, arteries and aorta), (e.g. 
[33-36]). Since the flow in aorta and in the arteries 
(which are elastic) is pulsatile, it should be considered 
the combination RLC of the three elements. As in arteri-
oles and capillaries (with relatively rigid walls) the flow 
is steady and the friction is dominant, a resistive element 
is enough. The inertial effect is ignored in veins (because 
they have great capacity and the flow is relatively steady), 
by making so the RC combination good enough to rep-
resent the flow characteristics. Some multi-compart-
ments models, such as [6,9,37-43], describe the distribu-
tion of the pressure and the flow characteristics in each 
bifurcation of the vessels. Models of this complexity, 
like [32] and [39,40], even though describe accurately 
the system; introduce practical difficulties in defining the 
exact values for most of the parameters. 

In this review the main aspects and use of the WK are 
discussed. This lumped parameter model can be used for 
the systemic arterial system and the pulmonary arterial 
bed of all mammals [44]. As limitations of WK model of 
the arterial system we mention its incapability to study 
the wave transmission phenomena, the changes in the 
blood flow distributions, the effects of local vascular 
changes, etc. [44]. 

Researches devoted to complex simulations which 
 

 

Figure 6. Example of multi-compartment model (ao: aorta; at: arteries; al: arterioles; cp: capilaries; vn: veins).   
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Figure 7. Typical configurations for blood vessel segments, 
used as blocks in the multi-compartments models (a) L ele- 
ment (b) Inverted L element (c) π element (d) T element. 

 
provide many details on the CVS are quite expensive (in 
terms of human resources), but such details not always 
are needed. Hence, less detailed models have demon-
strated to be more useful as they provide useful informa-
tion at a reasonable computational cost. 

Deeper studies of the interactions of the CVS with the 
respiratory, nervous and digestive systems, will lead to-
wards development of more integral models. So far, the 
0D models are largely used in the clinical diagnostics 
and treatment, but maybe it’s time that in collaboration 
with the medical community these models become per-
sonalized according to the specific physiological and 
pathological conditions of the patients. 
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