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Abstract

We introduce the definition of non-Archimedean 2-fuzzy 2-normed spaces
and the concept of isometry which is appropriate to represent the notion of
area preserving mapping in the spaces above. And then we can get isometry
when a mapping satisfies AOPP and (*) (in article) by applying the Benz’s
theorem about the Aleksandrov problem in non-Archimedean 2-fuzzy
2-normed spaces.
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1. Introduction

Let X,Y be two metric spaces. For a mapping f:X —Y, forall x,x,eX,
if fsatisfies,

dY(f (Xl)' f (Xz)):dx (Xllxz)

where d, (-,-),dy (--) denote the metrics in the spaces X,Y, then fis called
an isometry. It means that for some fixed number p >0, assume that fpre-
serves distance p; ie, for all x,x, in X, if d, (x,X,)=p, we can get
dy ( f (Xl), f (X2 )) = p. Then we say pis a conservative distance for the mapping
£ Whether there exists a single conservative distance for some fsuch that fis an
isometry from X'to Y; is the basic issue of conservative distances. It is called the
Aleksandrov problem.

Theorem 1.1. ([1]) Let X,Y be two real normed linear spaces (or NLS) with
dimX >1, dimY >1 and Y is strictly convex, assume that a fixed real number
p>0 and that a fixed integer N >1. Finally, if f:X —Y is a mapping sa-

tisfies
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D x-x=p=]f(x)-f () <p

2) =] =N-p=[f(x)-F(g)|=N-p
forall X,X, € X . Then fis an affine isometry. we can call Benz’s theorem.

We can see some results about the Aleksandrov problem in different spaces in
[2]-[10]. A natural question is that: Whether the Aleksandrov problem can be
proved in non-Archimedean 2-fuzzy 2-normed spaces under some conditions.
So in this article, we will give the definition of non-Archimedean 2-fuzzy
2-normed spaces according to [11] [12] [13] [14], then by applying the Benz’s
theorem to fix the value of pand N'to solve problems.

If a function from a field K'to [0, oo) satisfies

(T)) |a|=0,]a|=0«<a=0;

(T2) |ab|=|al|b|;

(Ts) |a+b|<max{|al,|b}.
forall a,b e K, then the field Kis called a non-Archimedean field.

We can know |-1| =[] =1, |a|<1 forall ae N from the above definition.
An example of a non-Archimedean valuation (or NAV) is the function || tak-
ing |0]=0 and others into 1.

In 1897, Hence in [15] found that p-adic numbers play a vital role in the com-
plex analysis, the norm derived from p-adic numbers is the non-Archimedean
norm, the analysis of the non-Archimedean has important applications in physics.

Definition 1.2. Let X be a vector space and dim X >2. A function
||~, || :X —[0,0) s called non-Archimedean 2-norm, if and only if it satisties

(T) %] =0,

() ol =

(T5) o, %] =l x5

(1) |+, ] < maxfx, v e, v}
for all Xx,X,yeX,reK . Then (X ,||-, ") is called non-Archimedean

X, X,|=0 iff x,X, arelinearly dependent;

2-normed space over the field K.

Definition 1.3. An NAV |-| in a linear space X over a field K. A function

F:XxR—[0,1] issaid to be a non-Archimedean fuzzy norm on X, if and on-
lyifforall X,x,%, €X and s;teR,

(F1) F(x,s)=0 with s<0,
(F2) F(x,s)=1 iff x=0 forall s>0,

S
I
(F4) F(x+%,s+t)2min{F(x,s),F(x,t)},

(F5) F(x,*) isanondecreasing functionof seR and lim_ F(x,s)=1.

(F3) F(CX,S):F[X, ],for c#0 and ceK,

Then (X, F) is known as a non-Archimedean fuzzy normed space (or
F-NANS).

Theorem 1.4. Let (X,F) bean F-NANS. Assume the condition that.

(F6) F(x,5)>0 forall s>0 = x=0.

Define ||X||a =inf {S: F(xs)> a},a €(0,1). We call these a-norms on X or

the fuzzy norm on X.
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Proof: 1) Let ||x||a =0, it implies that inf {S : F(X,S)Z a} =0, then for all
seR, s>0, F(x,s)2a>0,s0 x=0;

Conversely, assume that x=0, by (F2), F(x,s):l for all s>0, then
inf{s:F(x,s)2a}=0 forall ae(0,1),s0 || =0.

2) By (F3),if c#0, then

o, =i (o)) i 85|

el

S
Let t=—, then

c
||cx||a=inf{|c|t:F(x,t)z } |c||nf{t F(xt)=a}f=[c[x|,
If ¢=0, then
Jex],, =0=c]x],
3) We have
max {[x], .Y, |
:max{inf{s,F(x,s)Za},inf{t,F(x,t)Za}}
:inf{max{s,t},F(x,s)Za,F(x,t)Za}
>inf {s+1,F (x+y,5+t) > F(x+y,max{s,t})

2 min {F (x )a (xt)>a}>af

mf{r F(x+y,r) }:||x+y||a

O
Example 1.5. Let (X ,||||) be a non-Archimedean normed space. Define
L, s>0,
F (1s)=1 5+ ]
0, s<0.

forall xe X ,Then (X,F) isaF-NANS.
Definition 1.6. Let Z be any non-empty set and J(Z) be the set of all fuzzy
setson Z. For Z,,Z,€3(Z) and AeK, define

Z,+Z, ={(21+22uu1/\,uz)|(21’ﬂl)€Zlv(zzlﬂz)ezz}
and

22, ={(Az, ) (2, 1) € 2,

Definition 1.7. A non-Archimedean fuzzy linear space X =X ><(0,1] over
the field K, we define the addition and scalar multiplication operation of X as
following: (X, 1)+ (X, 1) = (X + o sty Apty) s A(Xo ) = (A%, 1) > i for
every (X, )€ X, we have a related non-negative real numebr, "(Xi, :Ul)" is

the fuzzy norm of (x,,u,) in such that

(T (% 14)] =0 % = 0,41 €(0,1];
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() 206 )] =146 )]
(Ts) ||(X1’/u.l.)+(x2'lu2)||£max{"(xl’lLLl/\/uZ)’(XZ’/ulA/’l2)||};
(T (et )| = A0t )] forall 4 < (0,1].
for every (X, 44).(X,,45,) € X, A4 € K, then we say that Xis an F-NANS.

Definition 1.8. Let X be a non-empty non-Archimedean field set, J(X)
be the set of all fuzzy setson X. If f e S( X ) , then
f, = {(Xl,ul) % e X, 1 € (0,1]} . Clearly, |f1(X1)| <1, so f, is a bounded
function. Let K € Q, then S( X) is a non-Archimedean linear space over the

field K and the addition, scalar multiplication are defined as follows
f+f,= {(xl,yi)+(x2,y2)} = {(x1 + Xt A ) (% 1) € T (Xo0 115 ) € fz}
and
Aty ={(Ax, )1 (% 10) € 1

If for every f eJ(X), there is a related non-negative real number |f|
called the norm of £in such that for all f, =(x,, ), f, = (X, 5,) € 3(X)
(T)) |f|=0 iff f=0.For

1= {10 ) =0
< x =04 €(01]
< f=0.

(T [Af]=|4[f]. 4 <K . For
£ 1= {12 (0 )l = {20000 )l = A £
(1) [+ o < max{[f] | .} . For
I+ f2":{||(xl’ful)+(x2'/12)"}
= {00+ %) (8 )
< max {0, 44 )] [0 21 )
< max{]| f, .| .}

Then the linear space J(X) is a non-Archimedean normed space.

Definition 1.9. ([4]) A 2-fuzzy set on X is a fuzzy set on S(X ) .

Definition 1.10. A NAV || in a linear space 3(X) over a field K. If a
function F: 3 (X )2 xR — [0,1] is a non-Archimedean 2-fuzzy 2-norm on X
(ora fuzzy2-normon J(X)), iffforall f,f,, f,e3(X), steR,

(F1) F(f,f,,s)=0 for s<0;

(F2) F(f,f,,s)=1 iff f,f, arelinearly dependentforall s>0;

(F3) F(f, fZ'S): N(f,, f,8);
i
I

(F5) F(fl,f2+f3,s+t)2min{F(fl,fz,s),F(fl,f3,t)};

(F4) F(Cfl,fz,s):N[fl,f2 ],for c#0 and ceK;
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(F6) F(f,,f,,*) isanondecreasing function of R and
limg,, F(f,f,,s)=1;
Then (S(X ), F) is called a non-Archimedean fuzzy 2-normed space (or

S—w

FNA-2) or (X,F) isanon-Archimedean 2-fuzzy 2-normed space.
Theorem 1.11. Let (S( X ), F) be an FNA-2. Suppose the condition that.
(F7) N(f,f,,;s)>0 forall s>0 = f, and f, arelinearly dependent.
Define || f. f, "a =inf {t N(f,f,5)>aae (0,1)} . We call these a-2-norms
on J(X) orthe 2-fuzzy 2-norm on X.

Proof: It is similar to the proof of Theorem 1.4. [J

2. Main Result
From now on, if we have no other explanation, let dim3(X)=>2,
dim3(Y)z2. a=[f-hg-h|,, v=[y(f)-y(h).y(g)-w(h),

Definition 2.1. ZLet 3(X),3(Y) be two FNA-2 and a mapping
w:3(X)> 3(Y). Ifforall f,g,heI(X) and «a,p e(0,1), we have

v ()= (0).w (9)-w (h)], =[f ~hg-hl, (v)

then y is called 2-isometry.
Definition 2.2. For a mapping y :3(X)— 3(Y) and f,g,heJ(X)
1)If aA=1,then v=1,wesay y satisfies the area one preserving property
(AOPP).
2)If A=n,then v=n,wesay y satisfies the area nfor each n (AnPP).
Definition 2.3. We say a mapping y :3(X)—> 3(Y) preserves collinear, if
f,9,h mutually disjoint elements of 3(X), then exist some real number t we

have
v(9)-y (h)=t(v(f)-v(h)
Next, we denote "l//(f)—l//(h),l//(g)—l//(h)"ﬁ S"f —h,g—h”a (*).
Lemma 2.4. Let 3(X) and 3(Y) be two FNA-2. If A<1, a mapping
w:3(X)—> 3(Y) satisfies (x) and AOPP, then we can get (V) where
A<1.

Proof: 1) Firstly, we prove that fpreserves collinear. We assume that A =0,

according to (*), we get
v (£)=y (h).w(9)-w (h)], =0

then y(f)-y(h) and w(g)-w(h) are linearly dependent. So we obtain
that y preserves collinear.
2) Secondly, we prove that when A <1, wecanget (V).
If
V<A

f-h
:h B — — — =
Let @ +"]c —h,g—h"a , then ||a) h,g h||a 1,s0
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v (@)-y(h).w(g)-w(h),=1 (a)
Since

f-h

L L =1-a
[ g n]

o=t.9-h], =

f-h),g-h

according to (+) , we have
| (@)= ()0 (a)-w (n)], <|o-f.g-h|, =1-a
Since fpreserves collinear, so there exists a real number s such that
v(@)-y(h)=s(y(f)-w(h)
and
v (@)= (f)=(s-1)(w(f)-w(h)
So, we get

v (@)=w (n).w (9)-w (n)],
=|s|v

<|s-Yv+v

= @)=y (1) (9)-w(n)],+v
<l-A+A=1

This contradicts with A. [

Lemma 2.5. Let 3(X) and J(Y) betwo FNA-2. If a mapping
Ve 3( X ) -3 (Y ) satisties AOPP and preserves collinear, then

1) w isan injective;

2)if ¢(f)=w(f)-w(0),then ¢(f+g)=¢(f)+¢(g) and
p(A1)=Ap(f) with 0<2<L.

Proof: 1) We prove y is injective. Let f,g e 3(X), since dim J(X)>2,
there exists an element he J(X) such that f—h,g—h are linearly indepen-
dent. Hence A #0.
g-h

Let y=h+—=—
ST g,

, then ||f —h,)/—h"a =1, and y satisfies AOPP,

v (£)=v (0)w (7)-w (h)], =2

we cansee y (h)=y (f).Sothe mapping y is injective.
g+h

2) Let f,g,h mutually disjoint elements of S(X) and f = , )

f-h=g-f (x). Since y is injective and preserves collinear, there exist
s#0 such that

v (9)-w(f)=s(y(h)-y(f)

Since dim 3J(X)>2, there exist an element f e3J(X) such that
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g-f,f,—f| #0.Let ="+ - f ,then ||g—f,7—f|| =1 and
1 a a

lo-f. 1 1]
v (9)=w (f).p (n)-w (1), =1

So,

1
S

v () =w (f)w(m)-w(f)],=
Since (*),weget ||h—f,77—f||a =1 and
v (n)=w (). () -w ()], =1

According to the mapping y is injective, so s=-1, and

V/[g+hj: v (9)+w(h)

2 2

Let ¢(f)=w(f)—w(0),so we have
g+h)_4(9)+4(h)
%)

2 2
Therefore
)
and
¢(f+g)=¢[2f;Zgj=¢(§f)+¢(§g)=¢(f)+¢(g)

So ¢ isadditive.

From the lemma 2.4, we know that if A <1,then ¢ satisfies 2-isometry.
0=[af f], =w (41)-v (0)w (t)-w(0), =|¢(21).8(f),
so ¢(Af) and ¢(f) islinearly dependent ie. ¢(Af)=sp(f).
Next we assume || f, g||a =1,

=1

o

1 f
=|f.g| =[--0g-0
~l.9l, Hz g

and

1:H¢Gj_¢(o),¢(g)—¢(0)

e,

=§||¢<f>,¢<g>||ﬂ

_1
si

B

.9,

Thus A=|s|,if s=-A,then g(Af)=-2¢(f),but
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[A-4]f.q], =2t -f.g-0],

=[¢(21)-4(1).6(g)-4(0),

=|-29(1)-¢(1).6(9)-(0)],

=(2+D)e(1).0(9),

=(2+)]f. ],
s0 |4-1=(A+1).It contradicts with 0<A<1.Thus ¢(Af)=2g(f). O

Lemma 2.6. Let 3I(X) and 3(Y) be FNA-2. If A<1, a mapping

w:3(X)—> 3(Y) satisfies (x) and AOPP, then we can get for all
f.g,he3(X), wecanget (V).

Proof: From lemma 2.4, we know i preserves collinear.

For any f,g,heJ(X), there exist two numbers m,neN" such that

AS%.
So,
HW(%}W(%)"”(Q)_ (h)ﬂS f_h,g—has%
and
i_ Hr —¢(h gl
(mj ¢(mj #(9)-4( )ﬂ -
By lemma 2.5, we have
L 1
Se(0)=0(m).#(0) o) <7
Jo(£)-4(n).8(a)-4(n)], <
Thus
v (1)=v (). (g)=v ()], =T
]

Lemma 2.7. Let 3(X) and J(Y) be two FNA-2. If a mapping
w :3(X)—> 3(Y) satisfies AOPP and () forall f,g,heJI(X) with A<1,
then y satisfies AnPP.

Proof: Let f,g,he3(X) and neN. Let

A=n, gi=h+L(g—h)
n
and
If-hg.,-g] =1 i=01--n-1.
So,
||l//(f)_W(h)7!//(g|+l)_!//(g|)"ﬁ=11 i=0,1,”',n—1.
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We know i preserves collinear. So there exist a number te R such that
v (9.)-v(9,)=t(w(9)-v(g))

Therefore
Then we have t=+1.Bylemma2.5, t=1,so0

v (92) v (9) = (9)-¥(9)-
In the same way, we can get

l//(gi+1)_l//(gi):l//(gi)_'//(gifl)’ i=01---,n-1.

Hence
v (9)-w(h)=v(g.)-v(9)

=y (90) = (90 40 (00 1) =¥ (r o)+ () v (90)

=n(v(9,)-v(g))
Therefore

v= v (F)=v(h).n(w(g)-v (%)),
=y (£)-p(n)w(8)-w(g,)], =n

O

Theorem 2.8. Let JI(X) and 3I(Y) be two FNA-2. If a mapping
v 13(X)—>3(Y) satisties AOPP and (*) forall f,g,he3I(X) with A<1,
then y is2-isometry.

Proof: Since lemma 2.4, we just need to prove that (V) with A>1.

We can assume that when A >1,forall f,g,heJ3(X),wehave ¥v<n,+1.

and there exist a number n, e N* such that
n, +1

Let r=f+—>™>——
[f=h.g-h],

(f—h), then

|- f.g-h|, =n,+1
and
l-—h.g-h|, =n,+1-a
Since  preserves collinear, there exist a number ¢ e R such that
w(c)-w(f)=cly(h)-w(f))
Since 2),
g +1=[y (z)=w ().w (9)-v (h)],
=elv
<lc-Yv+v
=l (z)-w (h).w(g)-w(h),+v
<N +l1-A+A=n,+1

which is contradiction, so
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v>n,+1

Therefore, we get (V) with A >1.Hence

v (£)=w(h).w(g)-w(h)|, =[f-hg-h],

forall f,g,he3(X). O
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