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Abstract 
The phase transitions and the effect on this process of two factors: relative 
motion and the external influence of the carrier flow (pressure perturbation) 
are investigated. A mathematical model describing all the stages of the phe-
nomenon is constructed. The model includes mass, momentum and energy 
balance equations (both for the vapor and for the liquid) or their first inte-
grals. 
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1. Introduction 

The study of the dynamics and heat and mass city transfer of an individual bub-
ble is of independent interests and, at the same time, one of the steps in the in-
vestigations of bubbly mixtures [1]. In this connection we have examined the 
motion and radial pulsation of a vapor bubble in an unbounded incompressible 
liquid flow. The vapor in the bubble condenses as a result of an increase in the 
pressure in the surrounding flow. 

The corresponding spherically symmetric problem is studied in [2]. The sur-
vey of the literature on this topic can be found in [3]. Theoretical and experi-
mental data on the motion of gas bubbles are presented in [4]. The convective 
heat and mass transfer associated with flow over a bubble without radial motion 
were considered in detail in [5] [6] [7]. The thermal regime of vapor bubble col-
lapse in a subcooled liquid and the effect of the relative motion on this process 
were previously examined in [8], where it is also possible to find a comparison of 
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the numerical solutions with the experimental data (the experimental apparatus 
is described in [9]). 

2. Formulation of the Problem 

We assume that the bubble always preserves a spherical shape. For estimating 
the validity of this assumption, it is possible to employ the Weber number test 
[3]: We << 1. We assume also the liquid to be infinite in extent and incompress-
ible. We considered the general case of a bubble in an axisymmetric flow whose 
translational velocity at infinity is not constant, because in reality the friction, 
apparent mass, gravitational and other forces may not be equilibrated, i.e. the 
motion is accelerated.  

We assume that the flow is potential and that there is no boundary layer sepa-
ration. In [4] [10] [11] [12] this approximation was discussed and justified for 
intermediate Reynolds numbers 1 << Re < 1000. It should be noted that in reali-
ty the region of separation is a very narrow zone in the wake of the bubble. A 
feature of the formulation of the boundary-value problem of bubble motion is 
the absence of explicit limitations on the tangential component of the velocity 
vector on the interphase surface. Therefore, on the range of Reynolds numbers 
in question the role of the viscous boundary layer which, undoubtedly, exists in a 
real liquid, is of little importance. Thus, it is possible to find the velocity field 
potential for the axisymmetric motion of the liquid [8]. 

In this formulation the momentum equation for the liquid has as its first 
integral a Gauchy-Lagrange integral. With allowance for the balance conditions 
imposed on the mass and momentum at the bubble surface, this integral can be 
written in the form of Rayleigh-Pleset equation [1]. 

We assume that all the thermophysical parameters of the vapor in the bubble 
depend only on time. If the specific heat of the liquid and its thermal conductiv-
ity are assumed to be constant, the energy equation for the liquid can be written 
in terms of the temperature. The local heat fluxes vary with the angle; as a result, 
at the surface of the bubble the evaporation (condensation) rate has different 
values depending on the angle. In the framework of quasi-equilibrium phase 
transition scheme the phase transition rate can be determined from the condi-
tion of energy balance at the bubble surface. 

The system loses equilibrium as a result of a change in the pressure in the liq-
uid at infinity. In relation to these processes it is possible to distinguish two 
stages in the variation of the bubble radius [1] [9]: a dynamic and thermal stage. 
The present approach permits the effective study of both these stages. 

It is shown that the investigated process has seven similarity criteria, each of 
which plays definite role. The Peclet number (together with the Jacob number) is 
the principal dimensionless number. The value Pe = 0 corresponds to the case in 
which there is no flow over the bubble. Then the system of basic equations cor-
responds to the formulation problem of the spherically symmetric oscillations a 
vapor bubble [2]. 
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3. Results of the Numerical Calculations 

The system of basic equations contains one nondimensional non-steady equa-
tion and four ordinary differential equations. For numerically solving heat 
transfer equation we used the method of alternating interaction proposed in 
[13]. This method is stable and makes it possible to solve multidimensional equ-
ations of parabolic type, The difference schemes constructed have second-order 
accuracy. 

In order to test the correctness of the model we compared the results with the 
experimental data. In the experiments the following phenomenon was investi-
gated [8] [9]: a bubble rises in water at a constant velocity, and at a certain mo-
ment of time the pressure in the liquid abruptly increases. 

In Figure 1, we have plotted the bubble radius as a function of time: the 
points represent the experimental data, and the continuous curves the results of 
calculations: Curve 1 was obtained in [8], and curve 2 from the corresponding 
calculations carried out from the complete system of equations. Clearly, our 
proposed model is in good agreement with experiments. In this particular case 
the simpler model of [8], which does not take the bubble oscillation dynamics 
into account, was also found to be fairly accurate. However, it is possible to have 
situations in which this approach can lead to significant errors. Previously, this 
will be the case at large values of the disturbed to the initial pressure P (in the 
experiment it was equal to 1.22). We note that over a short initial interval curve 
2 oscillates. The amplitude of the oscillations is small and they are rapidly 
damped. 

In Figure 2, we have plotted the bubble radius as a function of time for the 
case, when initial bubble radius Ro = 0.1 mm, initial pressure was 1 bar, dis-
turbed pressure was 2 bar. The continuous curves 1 - 3 were constructed for Pe = 
0, 100 and 1000, respectively. It is clear from the figure that in the dynamic stage 
(oscillation of the bubble radius) the flow has the effect on the function R/Ro. 
Depending on the Peclet number, it may become important either in the purely 
thermal stage or in the intermediate stage, when the inertia of the liquid and the 
heat transfer are equally important. When Pe << 100 the relative motion of the 
bubble finds expression in the final stage of collapse. The broken curves 4 and 5 
are presented on the results of calculations carried out, in accordance with the 
model proposed in [8], for Peclet numbers Pe = 100 and 1000. 

The temperature distribution in the liquid near the bubble at the moment at 
which the bubble radius reaches a local maximum is shown in Figure 3. Here 
curves 1 - 3 have been constructed for the three angles: 0, π/2 and 2π/3 (for all 
these cases the Peclet number was taken equal to 1000). It is easy to observe that 
the monotonicity of the curves may vary with the angle; accordingly, these 
problems cannot be solved by assuming a thin temperature boundary layer: 
there are angles for which at certain moments of time the temperature distribu-
tion has a maximum at a distance from the surface of the bubble begins to have a 
significant influence on its condensational collapse only after the oscillations of  
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Figure 1. The collapsing bubble radius as a function of time. 

 

 
Figure 2. The collapse of the bubble for different values of Peclet number. 

 

 
Figure 3. The temperature distribution in the liquid near the bubble surface. 

 
the radius either cease completely or decrease considerably in amplitude, i.e. af-
ter the dynamic stage. The assumption that the pressure in the bubble adjusts it-
self instantaneously to the pressure in the liquid at infinity turns out to be inac-
curate (see Figure 1 and Figure 2). 

4. Conclusions 

The effect of translatory motion on the dynamics of radial oscillations and heat 
and mass transfer of vapor bubble was investigated. Earlier this problem was 
studied with many simplifications particularly that translatory motion of bubble 
is constant. Results of numerical investigation of this problem are presented. The 
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results obtained agree well with experimental data. In future studies would be 
interesting to study dynamics of vapor-gas bubbles with diffusion in gaseous and 
liquid phases.  

Earlier similar problem was studied in [14]. For simplification the velocity of 
translatory motion of liquid around the bubble is assumed to be constant. 

The latest detailed review devoted to dynamics of vapor bubbles was done in 
[15]. A new method of describing heat transfer between a gas bubble and liquid 
was developed in [16]. Vapor bubble dynamics in deuterated acetone was stu-
died numerically in [17]. 
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Nomenclature 

R-bubble radius, m 
r-radius coordinate, m 
τ-nondimensional time 
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