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Two-magnon systems have attracted the attention of many researchers. Probably,

Open Access
such systems were first discussed by Bethe [1] in the context of one-dimensional

integer-valued lattices. Bethe proved that no more than one bound state (BS) of
the system can exist in the case of one-dimensional isotropic ferromagnet. N.
Fukuda and M. Wortis [2] investigated the two-magnon systems in the
one-dimensional Heisenberg ferromagnetic model and they have received the
confirmation of Bethe results. Worts [3] examined the two-magnon system in a
d-dimensional integer-valued lattice for an arbitrary d and proved that in this
case, the system has 0,1,2,---,2d BSs.
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Majumdar [4] investigated the two-magnon system in a one-dimensional
Heisenberg ferromagnet with a coupling between nearest and second nearest
neighbors for the full quasi-momentum A == . He found the spectrum and the
BSs of the system numerically. In [5], such a system was examined for the case of

a one-dimensional Heisenberg isotropic ferromagnet with a nearest- and second

T
nearest-neighbor interactions for A =n and A=§. The spectrum and the

BSs of the system for these values of A were studied with numerical methods.
Gochev [6] considered the two-magnon system in a one-dimensional Heisenberg
longitudinal ferromagnet with a coupling between nearest and second nearest
neighbors for an arbitrary full quasi-momentum. He investigated the spectrum
and the BSs of the system analytically.

The two-magnon systems in the anisotropic Heisenberg model with a
nearest-neighbor interaction were addressed in [7]. The focus in [8] was on
two-magnon systems in a one-dimensional anisotropic Heisenberg ferromagnet
with a interaction between nearest and second nearest neighbors. The spectrum
and the BSs of such systems were investigated for all values of the full
quasi-momentum.

The usual starting point for theoretical studies of magnetically organized

matter is the Heisenberg exchange Hamiltonian (with an arbitrary spin s)

H =32 (SnSn.. ), (M

where J is the bilinear exchange interaction parameter for nearest-neighbor
atoms; S, = (S,f],Sn‘;,S,f]) is the atomic spin operator of the mth node of the
v-dimensional integer-valued lattice Z", and 7 denotes summation over the
nearest neighbors. However, the actual isotropic spin exchange Hamiltonian
with an arbitrary spin s has the form [9]

H :ZiJn(smsmH )y, )

m,zn=1

where J, are the multipole exchange interaction parameters for
nearest-neighbors atoms. Hamiltonian (2) coincides with Hamiltonian (1) only
for s=1/2, while there are terms with higher powers of S.S,,, up to
(SySm., )" inclusive for $>1/2. These terms must be taken into account.
Hamiltonian (2) is called the non-Heisenberg Hamiltonian.

Spectrum and BSs of two-magnon system in the non-Heisenberg ferromagnet
with the bilinear and biquadratic exchange interactions were studied in works
[10]-[17]. The spectrum and the BSs of two-magnon systems in a non-Heisenberg
ferromagnet with coupling between nearest neighbors by bilinear and biquadratic
interactions were investigated in [10] [11] [12] [13] [14]. Different methods, such
as the Green’s function method, the molecular field approximation method, the
random phase approximation method, numerical methods, and the use of the
creation and annihilation operators through the Holstein-Primakoff transformation,

Dyson transformation, Dyson-Maleev transformation, Golghirch transformation,
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and others, were applied in these works. In [15] [16], the spectrum and the BSs
of this system were investigated for the case of a one-dimensional non-Heisenberg
ferromagnet with s=1 and with a coupling between second nearest and third
nearest neighbors respectively. The values of the Hamiltonian parameters for
which the BSs exist were found, and the energies of these BSs were calculated. In
[17], the spectrum and the BSs of two-magnon system were investigated in a
v-dimensional non-Heisenberg ferromagnet with s=1 and with a coupling
between nearest neighbors.

In [18], the spectrum and the three-magnon BSs of three-magnon systems
were investigated in a two-dimensional isotropic and anisotropic Heisenberg
ferromagnet in bounded lattice with numerical methods.

In the work [19] [20] investigated the structure of essential spectrum and
obtained the lower and upper estimates for the number of three-particle bound
states (BS) of the energy operator of two-magnon system in a isotropic
Heisenberg and Non-Heisenberg ferromagnet model with impurity in a
v-dimensional lattice Z" with nearest-neighbor interactions.

The spectrum and BSs of two-magnon systems in a non-Heisenberg ferromagnet
with coupling between nearest-neighbors by linear and biquadratic interactions

were investigated in [17].

2. Hamiltonian

In this paper, we investigate the structure of essential spectrum and we obtain
the lower and upper estimates for the number of three-magnon bound states of
the energy operator of three-magnon system in a isotropic Non-Heisenberg
ferromagnet model with spin one and nearest-neighbor interactions in a
v-dimensional lattice Z".

In this case the component S; of spin operator S, take up the values
1,0,-1, ie S @,=@,, or Sip,=0, or Si@,=—¢,, where ¢, be the
vacuum vector. We consider these case the separately. From the beginning. We
consider the case, when the spin component S’ take up the value 1.

The system Hamiltonian has the form

H=-3(SnSm.) =32 (SnSm..) 3)

acts in the symmetrical Fo’ck space H, S, = (Srﬁ,Sn{,S;) is the atomic spin
s=1 operator in the node m, J >0,J;, >0 are the respective the bilinear and
biquadratic exchange interaction parameters for nearest-neighbor atoms of the
lattice, and 7 denotes summation over the nearest neighbors. We set
S, =S, +iS), where S, and S; are the respective magnon creation and
annihilation operators at the site m. Let ¢, be the so-called vacuum vector,
which is fully determined by the conditions S;¢, =0 and S ¢, = (po,"qoo || =1.
The vectors S.S.S; ¢, describe the state of the system of three magnons
located at the nodes m, n and L The vectors S_ S S ¢, constitute an

orthonormal system. We let 7{ denote the Hilbert space spanned by these
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vectors. It is called the space of three-magnon states of the operator /. The space
H, is invariant under operator H. We let H, denote the restriction of the
operator Hin the space H;

Theorem 1. The space 7, is invariant with respect to the operator /. The
operator FH; is a bounded self-adjoint operator. It generates the bounded
self-adjoint operator H,, acting in the space I, ((ZV)S) according to the

formula

(Hsf)(p.ar)

=-J z {( q+r p r+r +5p+r,q +5p+r,r +5q,r+r +5q+r,r _6) f (p’q' r)

p.q.,r.,7v

1 1 1 1
+(—55p_,vq —Eép_” +1j f(p-7,0q, r)+(—55q_” _55"‘“" +1j f(p.q-z,r)

+[_%5p,rr —%5,“4 +1) f (p,q, r _T)+[_%5p+r,q _%5p+r,r +1j f (p+T’q' r)

1 1 1 1
+(—55MH —55[”” +1j f(p.q+r, r)+(—55pm —E(Sqm +1] f(p.q,r +r)}

-3, ) {(—25p,yq—25 -20,,.,—20,.,,—20,,., — 29, —§5 1)

p—z,r p+7.,q p+z,r q,r+7 g+z,r 2 p.q+7q,r
p.q.r.7

3 3 3 3 3

_Eap,q+r5p,r _Eé‘p,rﬂé‘p,q _55p+r,q5q,r _55p+r,q5p,r - 2 5p r+15p q +12

+25qu+25q,r+25p,r)f(piqlr)+(l5 +£5 +§5 o, +0,...0

2 p.q+7 2 p.r+z 2 p.gq+z-p,r p.g+z-q,r

3 1 3

1
+55p,r+75p,q _5p,q _5p,r —Zj f (p—T,q, r)+(5(5qyrﬂ +55p+r,q +55p,r+15p,q

3 1 1
+8y1caBnr 5 OpieaOar ~Opq =0y —2) f(p.a-r, r)+£55p%r 4 B

PPN N N SRS E —§p‘,—5q',—2)f(p,q,l’—r)

2 p+7,47q.r p+z.,r=p.q 2 p.g+z = p,r

o +=0 +—6... .0 . +0 . O, +—0. . O  —O

1 1 3 3
E p+7,q 2 p+z,r 2 p+7,97p,r p+7,97q,r 2 p+7,rp,q p.q

1 1 3
_591 - 2] f ( p+7.0q, r) +(E5P~q+r +E5q+r,r +55qu+r5q,r +5qu+r5P,r

3 1 1
+55p+”5p‘q 8,404 —2} f(p.q+7, r)+(55pm +§5q'm
3
+§5pvq+,5q 0y Opg T 6p+,,q5p'r ~8,r =04, —2) f(par+r7)
(=8 e8p0 +050) F(P=7.0=7,1)+(=8,4,.0,, +5,, ) f (p-7,0,r 1)
+( Sreq0ar + 0, ) (p.a-7,r-7)
3 3
+ _Zé’p,rap,qﬂ + 00 qic _qu,rap,qw f(p-z.q+7,r)
3 3
+ —Z(Spvqépm + 8y e _25‘*”5""*” f(p-7,0,r+7)
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+

f(p+7,9-7,r)

pr P*TCI p+r,q 4 qr p+rq

f(p,g—7,r+7)

+

+

f p+z-qr

rp+c +rr_ +7,r
q p q P 4 pq P

f pq+rr z'

+

pq p+rr q+rr_4 p,r pq+r

4>|w .nlw .|>|oo 4>|oo

pq pr+r qr+r_4 p.r p+rq)

+

Spq+0pq) F(P+T.0+7,1

p+1r p.q

)
5, +6, ) (p+z,0,r+7) @
)

+

p+rq p.r

p.q+7Q,r

+(5 Sy +6, ) (pq+rl’+r},

where &, ; is the Kronecker symbol. The operator H; acts on the vector

v € H, according to the formula
Hay = > (Hsf)(p.a.r)S; S, S 9. (5)

p.q.r

Proof. The proof is by direct calculation in which we use the well-known
commutation relations between the operators S,S,and S;:

55,8, |=28,,8%,and [S},S; ]=+5,,5S:.

Lemma 1. The spectra of the operators H, and H, coincide.

Proof. Because H, and H, are bounded self-adjoint operators, it follows
from the Weyl criterion that there exist a sequence of vectors i, such that
Vo =2 par i (P01)S;S:S 0, [y =1, and

lim|[Hay, =2y, [ =0, (6)

where A€o (H,;). On the other hand,
||H3Wn _ﬂlﬂnnz :(H3V/n Ay, Hyy, _ﬂ*l//n)
= ¥ JAsf (par)-2f, (par)

p.q.r

SpSeS P =——=——==5,5, Sr(OOJ
[\/8 85,,40.r \/ 5,401

2 1
n X{TS S S S S Sr(00,¢70]

3tn

Fp.a0p.r
2 — 2
(20, 20) = "(Hs _/1) Rl —0
n—oo.Here F, :(f (p,q,r))pqrez and

IF, || = pq Af. (poa,r) | =|lw, || =1. It follows that A e O'(H ).Consequently,
o(H,)c G(H3) . Conversely, let 1 € O'( H3) . Again by the Weyl criterion,

there then exist a sequence F, such that || F, || = \/Z b f, ( p,q, r)|2 =1 and
_3 n— 7 n (7)
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as N—o0,
1

sz,q,r fn ( p.q, I’)S;SJS;(DO , we have
||1,1/n|| =||Fn|| =1 and ||I-_|3Fn ~AF ||= ||H31//n -y,
(7) and the Weyl criterion, implies that 4 € o/(H, ), and hence

Setting y, =

. This, together with Formula

o-(l-_|3) —o(H,) . These two relations imply that o (H,)= O'(I-_Ig).

Welet F denote the Fourier transform:
3 3 ~
]—":Iz((ZV) )—> Lz((TV) )5713,

where TV isa »-dimensional torus with the normalized Lebesgue measure dA:
A(Tv)=l. Weset H, = FH,F*.

Theorem 2. The Fourier transformation transforms the operator H, into
the bounded self-adjoint operator H, acting in the space 7, according to the

formula

v

(Haf)(Aa0,7)=4(3-23,) Y [8-cos 4 —cos 4 —cosy, | f (4, 11,7)

=1

-2(3 —Jl).[TViZ;:[cos(ﬂ,, —5,)+C0s( 14 —$;)—c0sS, —COS(4 + 44 —5;) |
x f(s,A+u—s,y)ds—2(J —Jl)J‘TViZ;:[cos(ﬂ,l —s;)+cos(y, —s,)—coss,

—cos(4+7—5) ]| f (s, A+y—s)ds—2(J —Jl)J'Tvié[cos(yi -s)
+C0S(y; -5, ) —C0sS, —CoS( 44 +7,—5;) | (4,5, u+y —s)ds

_4JlfTvi[1+ cos (A + 44)—cos 4 —cosM] f(s,A+u—sy)ds
i=1

_4J1L‘,ZV:[1+cos(i, +7,)—C0s 4 —cosy, | f(s,u,A+y—s)ds
i=1

_4JleVZV:[l+ CoS(,ui +7, )—COS,ui —COS}/JX f (ﬂ,,s,y+7_s)ds
i=1

+3,[ V_[TVZV:{—G[cos(ﬂ,I =5, )+C0s( 1 —t; )+ CoS (A4 + 44 =5, 1) |

i=1
+6[cos(ﬂ,I + 4 —1 )+ oS (14 —S; =t )+ COS( A + g4 —s; ) +cos( 4 —s, —t;)
+¢0s (4 +7; —t)+c0s(4 +7 —5;) |+ 2[ 3coss, +3cost, —2cos(s; +t; )
~2C08(4 + 4 +7; =) —2€08( 4 + 4 +7, —t,) | =3[ cos (4 — ;)

' . (8
+c0S( 1 —S; )+ oS (44 +7; —S; —t )+ C0s(y; —; ) +€oS(4 +7, =S —t;) ®)

+cos (7 —t, )]} f(s,t,A+u+y—s—t)dsdt.

The following fact is important for further investigating the spectrum of the
operator H,. Let the full quasi-momentum of the three-magnon system, ie.
sum of quasi-momentum of each three magnons x+y+z=AeT"” be fixed.
Let L,(T",) be the space of functions that are quadratically integrable over the
manifold I', = {(X, Y, Z) X+y+z= A}. It is known [21] that the operator |-~|3
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and space H, can be expanded into the direct integrals
H, = C-DI H,, dA, H, = (-BI JH, A of the operators H,, and the spaces 7,
such that the spaces %g . are invariant with respect to the operators H3 )

In the isotropic non-Heisenberg Ferromagnet model with spin s=1, the
spectral properties of the considered operator of the energy of three-magnon
systems are closely related to those of its two-magnon subsystems (see Formula

(11)). We first study the spectrum and BSs of two-magnon systems.

3. Two-Magnon Bound States

The Hamiltoinian of a two-magnon subsystem also has form (3). We let H,
denote the space of two-magnon states of the operator A. We let H, denote the
restriction of Hto the space H, .

Theorem 3. The space H, is invariant with respect of the operator H. The
operator H, is a bounded self-adjoint operator. It generates the bounded
self-adjoint operator H,, acting in the space |, ((Z")Z) according to the

formula
(H.f)(p )——JP;{P pase tOpirg ~ ]f(pq) 26yt (p-7,0)
1

1
) Opae (pq 7) 9 Opira (p+z'q) Opare (p,q+z')

f(p+z,q)+f (p—r,q)+f(p,q+r)+f(p,q—r)}

-J Z{[ Fpira 25p,q+r+8]f(p'q)+5p,q+ff(p—TaQ+T)

p.g.z

+5quf(p+r,q—r)—2f(p—r,q)—2f(p+r,q)+5p‘qf(p—r,q—r)

1
+5p+rvqf(p+r,q+r)+§5pyq“f(p—r,q)—ép,qf (p-7,9)-2f(p.q+7)

1 1 ©)
—2f(p,q—r)+55p+mf(p,q+r)—5pyqf(p,q—r)+55pvq+rf(p,q+r)
1
+55W‘qf(p+r,q)—5pvqf(p,q+r)—5pvqf(p+r,q)}.
The operator H, acts on the vector y € ‘H, according to the formula
H2W=Z(|‘_|2f)(p,q)S;S;(DO. (10)
p.g

Lemma 2. The spectra of the operators H, and H, coincide.
Theorem 4. The Fourier transformation transforms the operator H, into
the bounded self-adjoint operator H, acting in the space H, according to the

formula
(Fof)(y)=h(xy) (6 y)+ [ (% y.0) f (L x+y-t)dt, (11)

where

h(X,y):S(J—ZJl)_il{l oS 2yl os%},
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h(x,y,t)=-4(3-1,) > {cos N gosX y'}cos( aluib —tij
i1 2 2 2
—4le[1 2¢0s 2y, ;y‘ +cos(xi+yi)},x,y,teTV.

Let the full quasi-momentum of the two-magnon system, Ze sum of
quasi-momentum of each two magnons X+y=AeT" be fixed. Let L,(T,)
be the space of functions that are quadratically integrable over the manifold
r,= {(X, y)ix+y= A}. It is known [21] that the operator I:|2 and space H,
can be expanded into the direct integrals H @I H, dA,H, =® I L, A of
the operators H,, and the spaces Hz . such that the spaces H,, are
invariant with respect to the operators H,, and the operators H,, act in the

space H,, according to the formula
(Fan f2) (%) =0y (X) £ () + [y, (x,0) £, (D), (12)
where hA(x):h(x,A—x),hlA(x,t)zhl(x,A—x,t) and f, (x)=f(xA-X).

It is known that the continuous spectrum of the operator H,, does not

depend on the functions h,, (x,t) and consists of the intervals
Gy =[m, My ],

where my =inf _, h,(x) and My =sup _ h,(x).

Definition 1. The eigenfunction ¢, €L, (TV ><TV) of the operator H,,
corresponding to the eigenvalue z, ¢ G, is called the bound state (BS) of the
operator I:|2 with quasi-momentum A, and the quantity z, is called the
energy of this BS.

We consider the operator K, (z), acting in the space H,, according to the

formula

[ Dl

Ky (2) 1, (x)= 2 ()t

This operator is totally continuous in the space ™,, for values of
z2¢Gy =[m; M ].
Let A} (z)=detD} (z), where

d1,1 d1,2 d1,3 o dl,v+1
d2,1 d2,2 d2‘3 2,v+1
v d31 dez d33 d3v+1
Dy (Z) =l : S : '
dv,l dv,2 dv,3 dv,v+1
dv+l,l dv+1,2 dv+l,3 dv+l,v+l
and
g, (s)ds
dy, =1-43,[, . :
A (S)_ z
&, (s )ds _
dl,k+l = _4(J _Jl)_[Tv —h k(s)_ . k=1,v,
A
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A, (Sk)gA (S)dS K :1’—‘/’
™  h(s)-z

e (S ) 64, (S )ds
dk+l,k+1 :1—4(J _Jl).[l—v n (hk )(S)_(Zk)

Ta, (Sk)gAi (Si)dslkzl,_,i =1,v,k #i.
hA(S)_Z

dk+1,1 =-4J,

-7\_
[
= |

=

Agin = _4(J - Jl)_[Tv
In these formulas,

v A A
9. (s)= Z“{H COSA, — 2cos7kcos(7k— S H

&, (sk)=cos(%—skj—cos%, M, (sk)=cos(%—skj,k =1v.

Lemma 3. A number z, ¢ G} be an eigenvalue of the operator H,, if and
only if it is a zero of the function D} (z), ie. Dj(z,)=0.

Proof. In the case under consideration, the equation for the eigenvalues is an
integral equation with a degenerate kernel. It is therefore equivalent to a system
of linear homogeneous algebraic equations. It is known that such a system has a
nontrivial solution if and only if its determinant is equal to zero. In this case, the
determinant of this linear homogeneous algebraic system is equal to function
AL (2).

Theorem 5. Let J=2J, and v be arbitrary. Then the operator H, has
two BSs ¢ and ¢, (not taking the order of the energy degeneration into
account) with the energy values z, =-2J;, 2, =—(4v+2)J;—4J,) " COSA;,
and z, is degenerate Vv times, while z, is not degenerate, z, <m),i=12,
for all AeT", ie the energy values of these BSs lie below the continuous
spectrum domain of the operator Hz .

Proof.If J=2J,,then h,(s)=0,and

Ay (2)= (1+ﬂjv {(uﬁj{hﬂi(u COS A, )} - 16312 gcos2 %}

z z 1 o z

Solving the equation A, (z) =0, we prove the theorem.

Let 7=(77z,,m)eT".

Theorem 6. Let A=7# and J # J,. Then the operator H, has only one BS
@ with the energy value z=8v(J-2J;)-2(J—J,), and this energy level is
degenerate v times. In addition, if J>J,, then z<mj, and if J <J,, then
z>M). When J=J,, this BS vanishes because it is incorporated into the

continuous spectrum.
Proof. The proof of this theorem is based on the equality

h, (x)=8v(J—-2J;) with A=7% and also on the corresponding form of the

determinant A (z)= 1—M :
8v(J—-2J,)-z

From Theorem 5 and 6 and later is obviously, what the spectrum of the
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Hamiltonian H by different value of v differ from one another.

In the case where v =1, the change of the energy spectrum of the operator

H, is described by the following theorems.

Theorem 7.

1) Let J<J, and A E]O,TE[ or A e]n,Zn[.

a) If respectively COSA >— I, or COSA < % , then the operator H,
2723, 2 " 723

has two BSs ¢, and ¢, with the corresponding energy values z, <m;,i=12.

L or cos—=
1 1

1

b) If respectively COS% <-— , then the operator H,

has only one BS ¢, with the energy value z,,and z, <mj.

2)Let J=J, and Ae|0,n or Ae]m2nf.

a) If respectively 0<A <@, or a,<A<2m, then the operator H, has
only one BS ¢ with the energy value z<ms.

b) If Ae[e,n[U]na,[, then the operator H, has no BS. Above,

8J, cos’ /2\[1+ 2,/3+ cos? /;J

a, ~100°,a, 260", and z=-8J, -

3
3)Let J, <J<2J, and Ae]O,n[ or Ae]n,Zn[.
. J-J, A J-J; ~
a) If respectively cOS—<—— or C0S—2>— , then the operator H,
2 2] 2 2J,

has two BSs ¢ and ¢, with the corresponding energy values z, <mj,, and

1
z,>M,.

J-J J-J ~
b) If respectively COS% N L L, then the operator H,

2J, 2 2J,
has three BSs ¢,, ¢,, and ¢, with the corresponding energy values z, <m;,
and z, > Mi,i =23.
4) Let 2J, <J <3J; and Ae]O,n[ or Ae ]n,Zn[.

) A J-Y,
or COS—<—
2, 2 2],

has two BSs ¢, and ¢, with the corresponding energy values z, <m;,i=12.

, then the operator H,

a) If respectively COS% >

J- - ~
b) If respectively coshe T o cashs L, then the operator H,
2 2] 2 2]

1 1

has only BS ¢, with the energy value z <mj. In this case, the second BS
vanishes because it is incorporated into the continuous spectrum.

5) Let J=3J, and A =#0. Then the operator H, has only one BS ¢ with
the energy value z=4J, (1— cos? %) <my.

6) Let J>3J, and A#0. Then the operator H, has two BSs ¢, and ¢,
with the corresponding energy values z, <m},and z, >M;.

In the case where v=1 and A =0, the change of the energy spectrum is
described by the following theorem.
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Theorem 8.

1) If J<J, and A=0, then the operator H, has two BSs ¢ and ¢,
with the corresponding energy values z, <my,i=12.

2)If J=1J, and A=0, then the operator H, hasonly one BS ¢ with the
energy value 7= —6—; J o <mj.

3) If J,<J<2J, and A=0, then the operator H, has two BSs ¢ and
@, with the corresponding energy values z, <m) and z, >M}.

4) If 2J,<J <3J; and A =0, then the operator H, has two BSs ¢ and
¢, with the corresponding energy values z, <mj,i=12.

5)If J=3J, and A =0, then the operator H, has no BS.

6) If J>3J), and A =0, then the operator H, has only one BS ¢ with
the energy value z>M} .

A sketch proof of Theorems 7-8 is given below. In the case under
consideration, the equation for the eigenvalues is an integral equation with a
degenerate kernel. It is therefore equivalent to a system of linear homogeneous
algebraic equations. It is known that such a system has a nontrivial solution if
and only if its determinant is equal to zero. In this case, the equation A’ (z)=0
it therefore equivalent to the equation stating that the determinant of the system

is zero. Expressing all integrals in the equation A} (z)=0, through the integral

J* (Z) = .[T # , we find that the equation A% (Z) =0 is equivalent to the

equation
J* (z):{s(J -23,)(J —5Jl)0052%—(J -3,)[z-8(J —2J1)]}
x{128J1(J—2J1)2 cos4%+8(J—2J1)(J +3;) (13)
A 2
xcosZE[z—B(J -23))]+(3-3,)[2-8(3-23,)] } .
Because m is a continuous function for Ze‘[m}\;M}\] and
[J*(Z)], :IT at > >0, the function J*(Z) is an increasing function

[hA (t) - Z]
of z for z e[mi;Mﬂ. Moreover, J*(z)—>0 as Zz—>-w, J*(z)—>+0 as
z—>m;, -0, J'(z)>-© as z>M;+0 and J*(2)>0 as z—+w.
Analysis of Equation (13) outside the set G, = [mi M7 ] , leads to the proof of
Theorems 7-8.

The energy spectrum in the case where v =2 for the full quasi momenta of
the form A =(A;,A,)=(Ag,A,) is described below. It is easy to see that if the
parameters J,J;, and A, satisfy the conditions of Theorems 7-8, the
statements of the theorems are true. Only one additional BS ¢ appears, whose
energy value is Z, moreover Z<mj (Z> M,Z\), if 3>3,(J<J,).If J=1,,
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the operator H, has no additional BS.
The proof of this statements is based on the fact that if v =2 and
A:(AO,AO), then the function Ai(z) has the form

Ao ) (A T
{cos(z tlj cos( ) tzﬂ dtdt,

Al (2)=|1-2(3-3,)[, (L) Y.(z), (14
where
1+cosAo—cosA2°{cos(A2°—tlj+cos(/\2°—tzﬂ
W, (2)=41-83,], dt
T hy (t.t,) -2
cos[A"—tij{cos(/\"—tlj+cos(A°—t2]—ZcosA°
2 2 2 2
x| 1-4(3-3)[, NCERET =dt
{1+cosA0—cosA2°{cos(1;°—tij+cos(/\2f’—tzﬂ}cos([\2°—tlj
~64(3-3,)3, [, NCEAET dt,dt,

(AO ) A,

cos| —>—t, |-cos—*

><j 2 2
T hy (t,t,)-2

dtdt,.

The equation A? (Z) =0 is therefore equivalent to the equation

A ) (A T
{cos(z tlj cos( > tzﬂ dt,dt,

hy (t.t,) -2

1-2(3-3)[. =0 (15)

and
¥,(z)=0. (16)

It is easy to see that Equation (15) has a unique solution Z<m? if J>J,; if
J <J,, this solution satisfies the condition Z>M?2. If J=J,, Equation (15)
has no solution. Expressing the integrals in Equation (16) through the integral

N dt,dt,
J (Z)_ITZ—hA(ti,tz)—z

, we obtain an equation of the form

m(2)37(2)=6,(2)

where

ny(z)=(3-3;)2* +16(3-2J,)(J +Jl)cosz%z+51231(3 —2Jl)cos4%,

and ¢, (2)=16(J-2J,)(J —5J1)cos2%—(a —J,)Z. In this case,
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7=17-16(J-2J;). In turn, for 7, (z)#0, the latter equation is equivalent to

the equation of the form

(=5, (17)
UN (Z)

Analyzing Equation (17) outside the set G and taking into account that the
function J*(z) is monotonic for Z¢ [mi; Mi] , we obtain statements similar
to the statements in Theorems 7-8.

For all other quasi momenta A=(A;,A,),A;#A,, there exist sets
R, j= 0,5, of the parameters J,J;, and A such that in every set R; the
operator H, has exactly j BSs (taking the energy degeneration order into
account) with the corresponding energy values z, & G2,k = 15.

Indeed, in this case and for v =2, the function A} (z) has the form

A% (z)=detD; (z),

a 3, &
where D,z\(Z): b, b, by|,and ai:l_4JlIT2 gA(S)dS’
G G G \(8)-2
- O M GV N O
ak+1——4(J—J1)IT2W,k_1,2, b, = —4J, RO
A fu d N f(s,)d
bz (J ‘]l)J. % ) b3 :—4(J—J )J‘ n 1(;1)(8)2_(§ ) S
My (%2)94 (8)9 N, Sz)f (s)ds

¢ =4[, NOEE 4(3-3,)[.

s,)f, (s,)ds
03:1—4(J—J1)JT277A2( ) fr, (52) .

hy (S)_

Ay Ay
In these formulas, QA( ) Zk 1{1+COSA —200s— 5 cos( 5 skﬂ,

h, (s)-2

A A A
fy, (sk)zcos(%—skj—cos%,k =12, 1, (sk)=cos(7k—skj,k =12,

AeT?, teT?.
Expressing all integrals in the equation A% (z)=0 through J*(z) and
rearranging algebraically, we reduce the latter equation to the form

0,(2)3"(z)=x,(2), (18)

where 6, (z) is a fifth-order polynomial in z and y,(z) is a lower-order
polynomial in z Analyzing Equation (18) outside the set G and taking into
account that the function J*(z) with z e[mi,Mﬂ is monotonic, we can
easily verify that the equation has no more than five solutions outside the set
G2,

We now consider the case of v =3. Let the full quasi-momentum have the
form A=(A;, Ay, A;)=(Agi Ay Ay). If the parameters Ay, J and J; satisfy

the conditions in Theorems 7-8, then statements similar to those in the theorems
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are true. Only one additional BS ¢ appears, whose energy value is 7 . This
energy level is twice degenerate and Z <m; (f > Mi), if J>J,(J<J,). This
additional BS vanishes when J=J, because it is incorporated into the
continuous spectrum.

To prove this, we note that in this case, the function A3 (z) has the form

A, A T
{cos(z—qj—cos( ) tzﬂ dt,dt,dt,

hy (t.t,,t) -2

A (2)= 1—2(J—Jl)jT3

¥, (2)teT?,

where

3+3c0sA, _2coso > cos h—ti
2 2 dt

i=1

h/\ (tvtz'ts)_z

¥, (2)=41-43, ],

3 A,
cos E cos| — —t —3cos —2
dt

i=1

A(H,tzlta)

x| 1-4(3-3)[

et

{3+3cosA —2c0s—2 {Zcos(

-48(J-J,)J dtdt,dt
( 1) 1L—3 A(t11t21t3)_ tl 2Y13
COS(AZO— j—COSAZO

dtdt,dt,.
XIT3 hA(tl,tz,tg)_ tl 2943
Therefore the equation A3 (Z) =0 isequivalent to the equations
AO AO ’
cos 7—t1 —Cos 7—'[2 dt,dt,dt,
1-2(J3-1J =0 19
( l)J.Ts hA(ti,tz,tg)_Z ( )
and
¥, (z)=0. (20)

It is easy see that Equation (19) has a unique double solution z' if J=J,

and z'<m} (Z' > Mi) ,if 3 >J; (J <J;). Expressing all integrals in Equation

. dt,dt,dt, ) )
(20) through J*(Z)=| ,—————=——, we obtain the equation
( ) J.Ta hA(tl'tZ’t3)_
i, ()37 (2) =6, (2), (21)

where

Ay (2)=(3-3,)22 +24(3+3,)(J —2Jl)cosz%2+1152J1(J -23,)° cos“% ,
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and 0, (z)=24(J -23,)(J -5J,)cos’ ’\2 —(3-J,)Z . Here

7=2-24(J-2J,).1f 7,(z)#0, Equation (21) is, in turn, equivalent to the

equation
J*(2)= M. (22)

Analyzing Equation (22) outside the set G} and taking into account that the
function J*(z) for z¢G,, is monotonic, we prove the statements made
above.

If A#(Ay Ay A,y), the system has no more than seven BSs (taking the
energy degeneration order into account), and there exist sets R,k = 0,_7 , of the
parameters J,J;, and A such that in every set R, the system has exactly &k
BSs. The energy values of these BSs lie outside the set G . When passing from
one of these sets to another, either some additional BSs of the operator H,
appear or some existing BSs vanish.

In this case, the function A} (z) hasthe form A3 (z)=detD} (z), where

a @ a a

o ()= % B B B
Cl CZ C3 a4
d d, d, d,

~ g,(s)ds fy,
and 31—1—4J1'|.T3m, ak+1:—4(J—Jl).f (

_ nAl(Sl)gA(S)ds U 51) fAl(sl)
b, =-4J,  ENOE I b, =1-4(J -1, )JTBT’

Ma, (51) Ak (s)ds Tia, (s,)9,(s)ds

b =-4(3-3;)[ k=233 ¢ =-43,[,

hy (s)-2 h,(s)-z
s,) f, (S

Cer =—4(3 =) [ 5 e (hi)(sgk( ) k=13, :

A A
A =—4(3-3) 5 L (;3 )(Z/Sk_(jk) =12;

A
d,=1-4(J - ‘]1)_’-1—3 s (;3 )(233_(?)(:15 . In these formulas

A

A A
g, (s)= Zi—1|:1+ COsA, — 20057"003(7“— S, ﬂ

A A A
f, (sk):cos(%—skj—cos%,k =123, 7, (sk):cos[%—skj,k =123, .

AeT?, teT?.
Expressing all integrals in the equation A3 (z)=0 through J*(z) and
rearranging algebraically, we reduce this equation to the form
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where B, (z) is a seventh-order polynomial in z and A, (z) is a lower-order
polynomial in Z. Therefore, this equation has no more than seven solutions
outside the set G .

For an arbitrary v>3 and A=(A, A, A, )=(Ag,Ag,r,Ay), if the
parameters J,J; and A, satisfy the conditions in Theorems 7-8, statements
similar to those in the theorems are true. In this situation, the operator H,
with J # J; has only one additional BS. The energy z of this additional BS is
degenerate (v—1) times. Moreover, Z<mj (Z > MX), if J>J,(J<J;).For
all other values of the full quasi-momentum A of the system, the operator H,
has no more than 2v+1 BSs (taking the energy degeneration order into
account) with the energy values lying outside the set G, .

The proof of these statements is based on finding zeros of the determinants
A% (z) of the operators. Expressing all integrals in A (z) through J*(z),
we can bring the equation A (z)=0 to the form

7 (2) =EA—8, 23)
A
where D, (z) is a (2v+1)th-order polynomial in z and C,(z) is also a
polynomial in z whose order (with respect to D, (z)) is lower. Analysis of
Equation (23) outside the set G, leads to the proof of the statements made
above.

Theorem 9. Let J=J, and v be an arbitrary number. Then the operator

H, has no more than one BS, and the corresponding energy level z <m} is

not degenerate.
Proof. If J =J,, the relations

h (1) = —4le:l{1—2cos%cos(%— X; j+cosAi} ,

v A, A,
hy () = _4‘]12“{1_ COS?'COS (?'— X; H hold. Using the determinant

A (2) and solving the corresponding equation, we obtain the statement in

Theorem 9.

4. Structure of Essential Spectrum and Discrete Spectrum of
Three-Magnon Systems

We first determine the structure of the essential spectrum of the three-magnon
system and then estimate the number of three-magnon BSs in this system.
Comparing Formulas (8) and (11) and using tensor products of Hilbert spaces
and tensor products of operators in Hilbert spaces [22], we can verify that the

operator H,, can be represented in the form

(24)

A?

Ha, =H,, ®1+1 ®(H2A2 +HZA3)+K
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where /is the unit operator in the space H,, and I:I2 A, and H 2n, and Hz As
are the energy operator of two-magnon systems, and K, are finite-dimensional
operator, A=A+u+y, Aj=A+u, A,=A+y, Aj=u+y.

The spectrum of A® | +1®B, where A and B are densely defined bounded
linear operators, was studied in [23] [24] [25]. Explicit formulas expressing
Ous (A®1+1®B) and oy (A®|+1®B) interms of
o(A),04.(A),0(B) and oy, (B) were given in those papers:

Ogis (A® 1 +1®B)

= {(G(A)\Gess (A)+(c(B)\ oy (B))}\{(O'ess (A)+0(B))U(0(A)+ 0y (B))}

Ous (A® 1 +1®B) = (0, (A)+0(B))U(0(A)+0y (B)) . It is clear that
o(A®E+E®B)={z,+12,:2 €0(A),2,e0(B)}.

Note that, what the problems of finite-rank perturbations for the compact
operators be considered in the work [26] [27] [28].

The following theorems describe the structure of the essential spectrum of
Hop, ® 141 ®(H,,, +H,y, )

Theorem 10. If J=2J, and v be arbitrary. Then the essential spectrum of
the operator H,, consists of the set of five points:
O (Fan ) = {O,—ZJl,—4Jl,—(4v+ 2)3,-43, 3" cosA,,

, and the inequality
~2(4v+2)3,-43, 3, (cos Ay, +Cos A, )|

4 <N <8v+4 holds for the number N of three-magnon BSs.

Proof. It can be seen from Theorem 5, that for J =2J, the operator H, has
exactly two BSs ¢, and ¢, (not taking the order of the energy
degeneration into account) with the energy values z, =-2J,,
Z,= —(4v+2) J; —4‘]12‘::1008A1'i , while the continuous spectrum of the
operator H, is consists of one point z =0, therefore the essential spectrum of
operator H,, is consists of points z, =0, z,=-2J,, z,=-4J,,
7, =—(4v+2)J, -4, ) COSA,;,
z,=—2(4v+2)J,-43, 3" (cosA,; +Cos Ay, ), ie.
O (Fan ) ={0,-20,,-43,,~(4v +2) 3, 43,37 cos A,

. The operator
~2(4v+2)J,-43, %" (cosA,; +cos Ay, )}

Hoy, ®1+1 ®(I—~|2A2 + I—~|ZA3) has a eigenvalues to equally z, =-6J,,
7, =—(4v+6)J,—4J, > COSA,;,
z,=—(8v+6)J,—4J, > (COSA,; +COSA,; ), and

z,=—(12v+6)J, —4\1121::1<COSA11i +COSA,; +COS A ; ) . The operator K, isa

finite rank operator, to rank is equal to 8v. Consequently, in this case the
number of three-magnon BS N <8v+4.

Theorem 11. Let A, =7,A,=7,A; =7 and J=#J;. Then the essential
spectrum of the operator H,, consists of the set of three points:
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O (Hay ) = {240 (3 -23,),24v (3 -20,)-4(3 - 0,),24v (3 -23,)-2(3 - J,)}
and the inequality 1< N <8v+1 holds for the number N of three-magnon BSs.
Proof. It can be seen from Theorem 6, that for A=7% and J=#J, the
operator H, hasaunique BS ¢ with the energy value
2=8v(J-2J;)-2(J-J;), and this energy level is 1-fold degenerate. The
continuous spectrum of the operator H, is consists of point z = 8v(J-2J,),
therefore the essential spectrum of the operator H a2 consists of points
7, =24v(J-2))), z,=24v(J-2],)-4(I-1J,),
7,=24v(3-23,)-2(3-1J,), ie
O (Hay ) = {24v(3-23,),24v (3 -23,)-4(3 -J,),24v (1 -20,)-2(3 - J,)} .
The operator I—~|2A1 1 +1 ®(I—~|2A2 + H~2A3) has a eigenvalues equal to
7=24v(J-2J,)-6(J —J,). The operator K, has a finite rank operator, with
rank to equal to 8v . Consequently, in this case, the number of three-magnon
BS N <8v+1.

A
Welet a=8(J-2J,) 3-cos L _cos Az _gos e ,
2 2 2
A A A
b=8(J-2J,)| 3+cos—-+cos—~+cos—= |,
2 2 2
A A A A
c=8(J—2Jl)(2—cos72—cos73j, d=8(J —2J1)(2+cos72+cos73j,

e=8(J —2Jl)(1—cos%), f =8(J —2Jl)(1+cos%j.

Theorem 12. Let v=1, J<J, and A, e]0,n[, A,e]0,n][, A;e]0,q]
or A e ]n, 2n[, A, e ]n, 2n[ , Aj e ]n,2n[.

_ _ A _
a) If cos s Jl, coslz 5 3 ‘]1, cosDas I
2”2, 2 2, 2 2,
A J-J A J-1J A J-J
cos—Lt < L, cos—=2< L, cos—2«< L | then the essential
: 2 " 23, 2 " 23,

spectrum of the operator H,, consists of the union of five intervals:
O (Hsy ) =[a,b]U[z +¢,2, +d]U[z, +¢, 2, +d]
Ulzs+z,+e, 23+ 2, + F|U[zs + 2, +€,25 + 2, + ]

and the inequality 4 <N <8v+4 holds for the number N of three-magnon

BSs.

A, 3=, A, 3=, A, d-),

b) If cos—<-— , COS—=<— , C0S—<———= or
2 23, 2 =2, 2 =2,
Cosﬁzﬂ , COS&ZJ_J1 , COS—32ﬂ , then the essential
2 = 23, 2 " 2, 2 " 23,

spectrum of the operator I-~|3 , consists of the union of three intervals:
Cass (I:Ig,\) =[a,b]U[z,+¢c,z,+d])U[z, + 2, +€,2, + 2, + f ], and the inequality
1< N <8v+1 holds for the number of three-magnon BSs V.

A J-1J A J-1J A J-1J
c)If cos—L>— L cos—=%< L cos—=2<—=2 or
2 2J, 2 2J, 2 2J,
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VAV N A A, J-J, Ay J-0; A J-J,
COS—< , COS—=> , COS—>—— or COS—<————,

2 2J, 2 2J, 2 2J, 2 2),
cosBz s I=d oA I s IS g Ae I

2 2J, 2 2], 2 2J, 2 2J,

Ay J-J, . - .
CoOs— < , then the essential spectrum of the operator H,, consists of

2 2J,
the union of four intervals:
aess(I—~I3,\):[a,b]U[zl+c,zl+d]U[z2 +¢,2,+d]U[z,+2,+€,2,+2,+ ], and
the inequality 2< N <8v+2 holds for the number of three-magnon BSs N.

Theorem 13. Let J=J, and A, el0,n[, A,e]0a[, A;e]0n] or
A e ]n,21r[, A, e ]n,2n[ , Ay e ]n,27r[.

a) If O<A; < or a,<A;<2mn,and O0<A,<q or a,<A,<2m, and
O0<A;<a or a,<A;<2m, respectively, then the essential spectrum of the
operator H,, consists of the union of three intervals:

O (I:ISA) =[a,b]U[z,+¢c,z,+d]U[z, + 2, +€,2, + 2, + f ], and the inequality
1< N <8v+1 holds for the number of three-magnon BSs V.

b)If A, e[ey,n[U]m,a,[ and A, €[y, n[U]m,a,[ and
A, €[ay,n[U]m,a,[ , then the essential spectrum of the operator H,, consists
of single interval: o (I:ISA)z [a,b], and the inequality 0 <N <8v holds for
the number of three-magnon BSs N. Here o, ~100°,a, = 260°.

o) If 0<A;<a or A, e[, n[U]ma,[ or A;e[ay,n[U]n e, then the
essential spectrum of the operator H,, consists of the union of two intervals:
o (I:lsl\ ) =[a,b]U[z +¢,z, +d], and the inequality 0<N <8v holds for the
number of three-magnon BSs V.

Theorem 14. Let J; <J<2J;, and A, €]0,n[, A, e]0,n[, A;e€]0,a] or
A, e]n,Zn[, A, e]n,27t[ , A€ n,2n[.

A - A - A _
a) If cos—lsJ Jl, cos—zg‘] Jl, cosigﬁ or
27 23, 27 27, 2 2y
A J-1J A J-J A J-J
cos—t>-—"1, cos—2>-——2, cos—2>-——"L, then the essential
2 2J, 2 2J, 2 2J,

spectrum of the operator H,, consists of the union of five intervals:
0o (Hsy ) =[a,b]U[z +¢,2, +d]U[z, +c,2, +d]
Ulzs+2,+e, 23+ 2, + F|U[z5 + 25 +€,25 + 2, + f ]
4 <N <8v+4 holds for the number of three-magnon BSs V.

, and the inequality

b) If cosDrs 2= . coshzs I3, , cosha I =h o
2 " 23, 2 723, )
A - A - A -
Cos—Lt < — J-J, , COS—2 < — I-J , COS— < — I-J , then the essential
2~ 2, 2 "2y, 2 " 23,

spectrum of the operator H,, consists of the union of seven intervals:
o-ess(HSA)z[a,b]U[zl+c,zl+d]U[zz+c,zz+d]
Ulz;+¢, 2, +d]U[z, + 2, +&,2, + 25 + T ] , and the inequality

Ulze+2; +e, 25+ 2, + FlU[25 + 2, +€, 25 + 2o + f ]
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9< N <8v+9 holds for the number of three-magnon BSs N.

o) If cos <= , cos Dz 5 I , coste s I
2 1 2 1 2 J;
cosBin TN oo I oo s Tohgpshey I
2 2\]1 2 2J1 2 2‘]1 2 2J1
_ A _
Cosﬁ > Xl , coS—>> =, , then the essential spectrum of the operator
2], 2 2J,

H,, consists of the union of six intervals:
aess(I—~|3A)z[a,b]U[zl+c,zl+d]U[z2 +¢,2,+d]|U[zy+¢,2,+d]

Ulz, +zs+e,2,+ 25+ f]U[ 2z + 2, +e, 2, + 2, + T ]

, and the

inequality 6 <N <8v+6 holds for the number of three-magnon BSs V.

Theorem 15. Let 2J, <J <3J, and Ae]0,n[ or Ae]r,2n]

a) If cosﬁ>J_J1, cosﬁ>J_J1,or cos£<—ﬂ,
2 723, 2 "2y, 2 "2,

A, 3=,

COS—= < — , then the essential spectrum of the operator H,, consists of

1
o..(H.. )=[a,blU[z +¢c,z +d]U[z, +¢,z, +d
the union of five intervals: ess( 3A) [ ]U[ ' ' ]U[ 2 2 ],
Ulzs+z,+e,2,+2,+ f[U[zg + 2, +€, 2, + 2, + ]
and the inequality 4< N <8v+4 holds for the number of three-magnon BSs

N.

A — A —
b) If cos—lsJ Jl, cos—2 or cos—12—@,
2 = 2], 2~ 2], 2 2,

A, . 3=,
COS—= 2> —
2 2,

the union of three intervals:

, then the essential spectrum of the operator H,, consists of

aess(I:I3A):[a,b]U[zl+c,zl+d]U[zz+z3+e,zz+z3+f], and the inequality

1< N <8v+1 holds for the number of three-magnon BSs V.

c) If cosﬁ>ﬂ, cos&sﬂ, or coshro =% ,
2 2J, 2 2J, 2 2J,
A, J-J, . - .
COS—=2>— , then the essential spectrum of the operator H,, consists of

2 2,
the union of four intervals:

aess(I:Ig,\):[a,b]U[zl+c,zl+d]U[zz+c,zz+d]U[23+z4+e,23+z4+ f], and

the inequality 2< N <8v+2 holds for the number of three-magnon BSs N.

A - A - A -
d) If cos—:< Q cos—% > - or Cos—:> —ﬁ,
2 2] 2 2], 2 2J,
A, -J; . ~ .
COST <- 27 then the essential spectrum of the operator H,, consists of
1

the union of four intervals:
O (I:|3A) =[a,b]U[z, +c.z, +d]U[z, + 2, +€,2, + 2, + ] . and the inequality
Ulz, +z5+e,2, +25+ f]

2< N <8v+2 holds for the number of three-magnon BSs V.
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Theorem 16. Let J=3J;, and A, #0,A, #0. Then the essential spectrum
of the operator H,, consists of the union of three intervals:
Oass (I:|3A) =[a,b]U[z,+¢c,z,+d])U[z, + 2, +€,2, + 2, + f ], and the inequality
1< N <8v+1 holds for the number of three-magnon BSs V.

Theorem 17. Let J >3J;, and A, #0,A, #0. Then the essential spectrum

of the operator H,, consists of the union of five intervals:

aess(H~3A):[a,b]U[zl+c,zl+d]U[z2 +¢,2,+d]

Ulzs+z,+e,23+2,+ F]U[zs + 25+, 2+ 25 + f

4 <N <8v+4 holds for the number of three-magnon BSs V.
If A, and A2 and A, has the form

, and the inequality

=( A ) (AIO'Alo' "1A1,0)>
Ay =(Ay, A Ay )=(AggAggi+ Ay ), and
A= (A g ) = (As,o Aggr Agg ) , then the essential spectrum of the

operator H,, is 1nvestigated to analogously to one-dimensional case.

In the essential spectrum of the operator I-~|3 , is appear only two additional
intervals and corresponding estimation for the number of three-magnon BSs, in
the case of, when the operator H, n and H, r, and H, A, has a
correspondingly, correspondingly to equal to number a and b and ¢, BSs, that
the estimation a(b+c)<N<8v+a(b+c) changed to the estimation
(a+1)(b+c+1)<N <8 +(a+1)(b+c+1).

For arbitrary values A; and A, and A, and v =2, the essential spectrum
of the operator H,, is consists of the union of no more that (2v +1)3+1
intervals, and the relation N, <N <8v+N,, holds for the number of
three-magnon BSs N, where 0<N, <(2v +1)3.

Theorem 18. If J=J, and the number v be arbitrary. Then the essential
spectrum of the operator H,, consists of the union of no more then three
intervals: O, (I:|3A) =[a,b]U[z,+¢,z,+d]U[z,+ 2, +&,2, +2,+ f], and the
inequality 0< N <8v +1 holds for the number of three-magnon BSs N.

The cases, when A; =0 or A,=0 or A, =0 investigated the similarly.
Analogously is investigated essential spectrum and discrete spectrum of the
operator H,, for the other cases.

Obviously, that the case, when the of spin component S’ take the value —1

coincide, with cases when spin component S$* take the value 1.

5.Case, When S ¢,=0

We already say,what the spin component S; can by take on avalue -1, 0, 1, ie.
canby Sigy=-¢, or S ¢, =0 or S ¢ =g,

Now we consider the case, when the of spin component S* take value 0.

Hamiltonian of the system also has the form (3) and acts in the symmetrical
Fo'ck space 'H. In this case the vacuum vector ¢, uniquely determined by the
conditions: S} ¢, =0,S%¢, =0,]e,=1.

Theorem 19. The space H, is invariant with respect of the operator H. The

operator H, is a bounded self-adjoint operator. It generates the bounded
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self-adjoint operator H,, acting in the space I, ((Zv)3) according to the

formula

(Haf)(poaur)

=-J Z {|: p, q+r p+r,q +5p,r+r +5p+1,|’ +5q+1,r +§q,r+1:' f (p’q! I')

p.q,r,z

1 1 1 1
—(ESPW +55p”j f(p-z,q r)—(Ea‘q” +55p"”] f(p.q—z,r)

1 1 1 1
_(Eé‘q,rr +55p,rrj f (pvqr r_T)_(55p+r,q +E§p+r,rj f (p+71qv I')

1 1 1
_(quﬂyr +5MHJ f (p,q+r,r)—(§5p,w +§5‘””j f(p.q, r+r)}

5
_‘]1 Z {( P, q+r p+r,q +6p,r+r +5p+r,r +5q+r,r +5q,r+r +55p,q+r5q,r

p.q,r,z

5 5+5 S +5 5+§5 5+§5 5Jf(p,q,r)

q+z,rp,r 2 q,r+7-p,q 2 p+z,rq,r 2 q,r+z-p,r 2 q+7,r - p,q

—(15 s +35 S +3§ S +5pq”‘”j (p—7,0,r)

2 p-7.,9 2 p-z,r 2 q,r+7-p,q 2 q+z,rp,r

55p+r,q +56q,r+z +E5q,r+r5p,q +- 2 5p+r ré‘q r +5q r+r§p r

_(1 1 3 3 f(pa-r)

o +£5 +§5 o +35 o, +0,. 0

p+z,r 2 q+z,r 2 q+z,r“p,r 2 p+z,r“aq,r q+7,r“p,q

f p.q,r- r

p+7.,q 2 p+z,r 2 p+z,r—q,r 2 q+7,r = p,q q,r+z-p,r

1 3 3

Eé‘p,q+r +Eé‘q+r,r + 2 é‘p r+r5q r + 2 5q+r r5p q +é‘q+r,r5p r

f pq+rr

o ... +=0 . +—06 .6 +—0,. .0 +0, .0

- E p.r+7 2 q,r+7 2 p.r+z%r 2 q,r+r%p,r a,r+7%p,q

: )i
2
%5 +35 +35 O, +— 5 0,4+0,,..0 ]f p+7,0,r)
: Jr
jf P,q,r+7)

(1 1 3 3

+8,,.0,.f(P-7,9-7,1)+6,,.6,,. . f(p-7,09,r—7)

q,r+7%p,q p,r%+z,r

SpeenOur F(PQ—7,7=7)+6,,.,. 5, F(p+7.0+7,1)

q+7,r - p.,q

+5q,+,5p,f(p+r qr+7)+8,,,.0,, f(p.ag+7,r+7)

p,r+z%aq,r

5[) l’é‘q+r r 5

pr+r q,r

0, 0, 0,

1

4
+ 4 p.q qr+r 4 pr+r q,r
4

f(p-z,0,r+7)

55+55

+

p+z,r—q,r p.r¥qg,r+z

Q')

4 p, q5q+r Pt 45q r+z5p r

+

f(pg-7,r+7)

155+5(5

4 p+z,rq,r 4 p.q~q+z,r

+

1 (25)

+ 45pq5q+rr 4 pr qr+r f pq+7r}

s Jrce-
v Ju
v Ju
v Jue
v Jr
( )
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where &, ; is the Kronecker symbol. The operator H; acts on the vector
w € 'H, according to the formula

H3W: z<|__|3f)(p’q’r)s S Sr% (26)

p.a.r

Theorem 20. The Fourier transformation transforms the operator H, into
the bounded self-adjoint operator H,=FH,F ', acting in the space H,
according to the formula

(I:I3 f )(ﬂ,,,u,;/)
==4(3+3)[ [ (A, pa,8) (s, 2+ —5,7)ds o

+_[va11(ﬁ,7,s) f (s,y,/1+;/—s)ds+.[ﬂh1(y,y,s) f (i,s,yﬂ/—s)dsJ
+JITV Ny (o y,st) F(8,8 24+ y —s—t)dsdt,

where

hl(/i,y,s):zv“[cos(ﬂ,, —s;)+cos( 4 —s;)—coss, —Ccos(4 + 4 —s,) |,

h, (A, 1,7,5,1)
= zv“[4cos(si +t,)+4c0s( A4 + 44+, —t ) +4cos(A + p + 7, —S,)
i=1

+6c0S(1 +7, =S —t; ) +6C0S( 4 +7; =S —t; ) +6c0S(4 + 4, —S; —t;)

(
+3c0s(4 —s;)+3cos(4 —t;)+3cos( 4 —t;)+3cos( x4 —s;)

+3c0s(y; —5;)+3c0s(y; —t;)—4coss; —4cost, —4cos(4 + 4 —S;)
—4cos( A+ —t;)—5c0s( —s, —t;)—5c0s(4 -5, —t;)
(

s,)—6cos(4 +7—5;)

—-5c0s(y, -5, —t) 6cos(x; +7; —
=5C08(4 + 4 +7 -5 —t)].

The spectral properties of the considered energy operator of three-magnon
systems in the isotropic ferromagnetic non-Heisenberg model are closely related
to those of its two-magnon subsystems. We first study the spectrum and bound
states of two-magnon subsystems.

Theorem 21. The space H, is invariant with respect of the operator H. The
operator H, is a bounded self-adjoint operator. It generates the bounded
self-adjoint operator H,, acting in the space |2 ((ZV)Z) according to the
formula

(H.f)(p.a)
() T #0130, (por0) (9

p.q.z
1 1 1
_E5p,q—rf(p'q_7)+55p+rq (p+7, Q) Op,qir (p,q+r)}-
The operator H, acts on the vector € H, according to the formula

sz//=2(l-_|2f)(p,q)S;S;goo. (29)
p.g

Theorem 22. The Fourier transformation transforms the operator H, into
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the bounded self-adjoint operator H, =FH,F ", acting in the space H,
according to the formula

(Hof)(xy)=[ (% y.s) f (s, x+y-s)ds, (30)

where

X,Y,8)=—-4(J+J y cos I _os 5t Vi foos[ SV g |,
1 (y.5)= (9 +3,) % cos M Aok ;

i1
Let the full quasi-momentum of the system Xx+y=A be fixed. Let L,(T,)
be the space of functions that are quadratically integrable over the manifold
r, = {(X, y) X+y= A}. It is known [21] that the operator Hz and space 7:{2
can be expanded into the direct integrals H, = @J‘T»Hmd/\' H, = @ijfLZAdA of
the operators H,, and the spaces H,, such that the spaces H,, are
invariant with respect to the operators H,, and the operators H,, act in the

space H,, according to the formula

(Ao £)00 = oy (60 £, (D0t @D

where h, (X,t) = hl(X,A— X,t) and f, (X) =f (X,A— X) .

Theorem 23. Let full quasi-momentum of the system A by arbitrary. Then
the operator I:|2 has a unique BS ¢ with the energy value z :—Z(J +J1)
and it is »-fold degenerated.

Let the full quasi-momentum of the system x+y+z=A be fixed. Then the
operator H, and space 7, can be expanded into the direct integrals
Hy = @[ H, dAH, =@ 7, dA.

We now determine the structure of the essential spectrum of the three-magnon
system and then estimate the number of three-magnon BSs in this system.
Comparing Formulas (27) and (30) and using tensor products of Hilbert spaces
and tensor products of operators in Hilbert spaces [22], we can verify that the
operator H,, can be represented in the form

Hyy = H,y ®1+1®(H,,, +H,, )+K,, (32)

where 7 is the unit operator in the space 7, and K, are finite-dimensional
operator (see (27)).

Theorem 24. Let full quasi-momentum of the system A by arbitrary. Then
the essential spectrum of the operator H,, consists of the three points: 0, 2,
and 7, +12,, where z, and z, and z, is a eigenvalue of the operators H, "
and H,, and H,, , correspondingly, and the inequality 1<N <8v+1
holds for the number of three-magnon BSs N.

The finding results shown the structure of essential spectra and discrete
spectrum of three-magnon system, in the cases, when the component S° of

spin is receive the value 1 and 0, is strongly different one another.
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