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Abstract

In this paper, we discuss the dynamics of a stochastic SIRC epidemic model
with infection rate affected by white noise. We prove that this stochastic
model has a unique nonnegative solution globally. A threshold is identified.
When the noise is small, the solution of the stochastic model converges to the

disease-free equilibrium point of the deterministic model if R; <1, which

means the basic reproductive number of the stochastic model. And if R; >1,
the solution of the stochastic model fluctuates around the epidemic equili-
brium of the deterministic model. When the noise is large, the disease tends
to extinction. The results are illustrated by computer simulations.

Keywords
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1. Introduction

Mathematical models have become important instruments in the analysis and
control of infectious diseases. Several models corresponding to epidemic with
different characteristics have been proposed and discussed in literature [1] [2]
[3] [4] [5]. The fundamental assumption in epidemic models is that the popula-
tion can be divided into distinct groups; the most common are: the susceptible
(8) that are the subjects that may catch the disease; the infected (J) that are the
subjects that are already infected and can spread the disease to susceptible indi-
viduals; the removed (R) that are the subjects that are immune for life. There-
fore, these models are referred to as SIR models.

SI, SIS, SIR models are the basic epidemic models. The differences of these
models are that the population is divided into different distinct groups and the
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relationships between groups in these models are different. The SI model is
suitable for the disease without recurrent seizures. The SIS model can describe
the patient getting sick repeatedly. The SIR model is used when the patient are
immunized after infection. Other descriptions may include the presence of sub-
jects in the quarantine state (Q) and in this situation SIRQ models are analyzed
[6]. The models are more and more complex with the development of epidemi-
ology.

Recently the class of cross-immune individuals (C) in the population has been
introduced [7]: it is an intermediate state between the fully susceptible state ()
and the fully protected one (R). The obtained SIRC model takes temporary par-
tial immunity into account. The author gave a brief description of the determi-
nistic SIRC model and calculated the basic regeneration number [8]. In 2013,
Tacoviello and Stasio studied the SIRC model more closely [9], and discussed the
optimal control method in the case of the outbreak of the SIRC model based on
the mathematical results.

In the study of stochastic epidemiological model, the authors give the proof of
asymptotic stability of stochastic epidemic models and the theoretical results are
verified by simulation experiments. The global uniqueness and asymptotic sta-
bility of the solution of the stochastic SIR model [10] were deduced in 2011.
Zhao studied the stochastic SIS model in 2013 [11], and the global uniqueness
and asymptotic stability of the solution of the stochastic SIS model were deduced
based on the basic regeneration number. Liu published a study of the stochastic
SIRS model in 2017 [12]; the global uniqueness and asymptotic stability of the
solution of a stochastic SIRS model are deduced under the condition that the ba-
sic regeneration number is greater than 1 or less than 1.

In the existing research, there is no literature to give the basic regeneration
number of stochastic SIRC model and other related characteristics. Therefore,
this paper mainly studies the stochastic SIRC model, and gives the basic regene-
ration number of the model. It is proved that when the basic regeneration num-
ber is less than 1, the disease-free equilibrium point is randomly asymptotically
stable, and when the basic regeneration number is more than 1, the solution of
the stochastic model revolves around the endemic equilibrium point of the cor-
responding deterministic model, and computer simulation is used to verify the
correctness of the conclusions.

This paper is organized as follows. We give the model description in Section 2.
In Section 3, we show that there is a unique positive solution of system (2.2). In
Section 4, we investigate system (2.2) is exponential stability when the noise is
large. In this case, the infective decays exponentially to zero. When the noise is
small, we deduce the condition R; <1 which will enable the disease to die out
exponentially in Section 4 and the condition R; >1 for the disease being per-
sistent is given in Section 5. In Section 6, we show that R; >1, the result of sto-
chastic model is asymptotically stable and is oscillating around the endemic
equilibrium of the deterministic model when t — oco. Simulations in Section 7

are reported to support the analytical results.
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2. The SIRC Model

The SIRC model and its correlations between the variables are shown in Figure
1. The population can be divided into four parts.

The natural death rates of different compartments can be different for a long
period. But in a short time, we can consider that the rates are the same. In this
paper, we assumed that the natural death rate of S, J, R, C compartments are the
same.

Here, S (t) denotes the number of members who are susceptible to an infec-
tion at time £ | (t) denotes the number of members who are infective to an in-
fection at time £ R(t) denotes the number of members who are immune to an
infection at time £ C (t) denotes the number of members who are cross-immune
to an infection at time £ The parameters in the model are summarized in the
following list:

A: a consistent input of new members into the population per unit time;

(: natural death rate of S, /, R, C compartments;

[ transmission coefficient between compartments Sand 4

a: transmission coefficient between compartments /and R;

& transmission coefficient between compartments R and C;

y: transmission coefficient between compartments Cand S.

All parameter values are assumed to be nonnegative and 0<d <1.

Consider the following SIRC model:

S=A-uS—pSl+yC

I =S +dBCl—(u+a)l
R=(1-d)ACl+al —(u+e&)R
C=eR-pCl—(u+y)C

(2.1)

The threshold of system (2.1) is
R, = A

*—

=
pto p

System (2.1) always has the disease-free equilibrium:

P, =(A,0,O,OJ
7]

If R,>1, then P, is unstable and there is an epidemic equilibrium. If

R, <1,then P, isthe unique equilibrium and is globally stable in intI', where
E E E E

a3 1-a*g

Y

Figure 1. SIRC model.
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:{(S,I,R,C):S >0,120,R>0,C>20,S+1+R+C sé}.
U

In fact, epidemic models are inevitably affected by environmental white noise
which is an important component in realism, because it can provide an addi-
tional degree of realism in comparison to their deterministic counterparts. Many
stochastic models for epidemic population have been developed in [13]-[21]. For
example, stochastic models are able to take care of randomness of infectious
contacts occurring in the latent and infectious periods [22]. Dalal, Greenhalgh
and Mao [20] have previously used the technique of parameter perturbation to
examine the effect of environmental stochasticity in a model of AIDS and con-
dom use. They found that the introduction of stochastic noise changes the basic
reproduction number of the disease and can stabilize an otherwise unstable sys-
tem. Nasell [23] formulated stochastic models to show that some stochastic
models are a better approach to describe epidemics for a large range of realistic
parameter values in comparison with their deterministic counterparts.

In this paper, we mainly discuss while Sis affected by noise,
B— B+oB(t)

where B(t) is standard Brownian motions with B(0)=0, and with the in-
tensity of white noise &® > 0. The stochastic version corresponding to the de-

terministic model (2.1) takes the following form:
ds :(A—yS—ﬂSI +yC)dt—oSIdB(t)
| =(BSI +dBCl —(u+a)l)dt+(cSI +doCl)dB(t)
(1-d)BCl +al —(u+e)R)dt+(1-d)oCldB(t)
(R—BCl —(u+y)C)dt—oCldB(t)

iR 2.2)

dC =

3. Existence and Uniqueness of Positive Solution

In the biological dynamical system, the researcher is concerned about whether
the positive solution of the system exists globally. Therefore, in this section, we
show that the solution of system (2.2) is global and positive.

Theorem 3.1. There is a unique solution (S(t), 1(t), R(t),C(t)) of system
(2.2) on t>0 for any initial value (S (0),1(0),R(0),C (0)) eM?, and the solu-
tion will remain in 9‘{1 with probability 1, namely (S (t), | (t), R(t),C (t)) € 9‘{1
forall t>0 almost surely.

Proof. Since the coefficients of the equation are locally Lipschitz continuous
for all given initial value (S (0),1(0),R(0),C (0)) e M?, there is a unique local
solution (S(t),1(t),R(t),C(t)) on te(0,7,), where 7, is the explosion
time (see [24]). To show that this solution is global, we need to show that
7, =, as Let k, >0 be sufficiently large so that (S(O), 1(0), R(O),C(O))

lie within the interval {ki’ko] For each integer k >k, define the stopping
0

time
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. :inf{te[o,re):min(s(t), |(0.R().C(0) < Lo

max(S(t),1(t),R(t),C(t))> k}

where throughout this paper, we set inf @ =0 (as usual & donates the empty
set). According to the definition, 7, isincreasingas k —>oo.Set 7z, =lim,,_7,,
whence 7, <7,, as If we can show that 7 =o, as, then 7, =0 and
(S (t),1(t),R(t),C (t)) eM?, as for all t>0. In other words, to complete the
proof all we need to show is that 7, =0, a.s. If statement is false, then there ex-

ist a pair of constants T >0 and v €(0,1) such that
P (rw <T ) >v

Hence there is an integer k, >k, such that
P(r <T)2v,k2k (3.1)
For t<r,,we can see for each &
d(S+1+R+C)=[ A-u(S+1+R+C)]dt

and so

S(t)+1(t)+ R(t)+C(t)=%+e““[S(0)+ 1(0)+ R(O)+C(O)—§j

cthen S(t)+1()+R(t)+C(1)<2, as So

If $(0)+1(0)+R(0)+C(0)< ;

= >

the region

F*:{(S,I,R,C):SZO,I >0R20,C>0,5+1+R+C<—~ }
4, as.

is a positively invariant set of system (2.2) on T", which is similar to T of sys-
tem (2.1). From now on, we always assume that (S (0), | (0), R(O),C (0)) el”.
Define a C-function W: R* — R, by

W (S,1,R,C)=(S~1-logS)+(I-1-logl)+(R-1-logR)+(C~1-logC)

The nonnegativity of this function can be seen form u-1-logu>0,vu>0.
Let k >k, and T >0 be arbitrary. Applying the It6 formula, we obtain

dW = LWdt + KdB(t)
where
LW =O+(l—éJ(A—ySI - psl +;/C)+(1—%j(ﬂ$l +dBCl—(u+a)l)
+(1—%j((1—d)ﬂCl +al —(y+g)R)+(1—éj(gR—ﬁCl —(u+7)C)
+%{S—120282I2 +Ii2(03| +dcl)’ +%(l—d)ozC2I2 +é0202|2}

SA+2AM +(du+a+e+y)+M? +20°M?
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=N
(1—%)0‘& +(1_Ilj(asu +doCl )+[1—%)(1—d)aCl +[1—%j(—0'0|)

(S=1)ol +(1 1) oS + (1 ~1)doC +(1—%)(1—d)aCI _(C-1)o!

K

o1 (S=C)+(1-1)(0S +daC)+(1—%)(1—d)oCl

Therefore, we get Formula (3.2)
E[W(S(r AT), 1 (7 AT),R(2, AT),C(7, AT))]
<W(5(0).1(0).R(0).C(0))+E| [ Nat | (32)
<W (S(0),1(0),R(0),C(0))+NT

Set Q, ={r, <T},k=>k;, and by (3.1), P(Q)>v. Note that for every

@ € Q) , there is at least one of S(z,,®), 1(7,,®), R(z,®),and C(z,®)

that equals either kor % , and hence

W (S(7). 1 (7 ).R(7).C(7)) = (k—1-log k)/\[%—lﬂog kj

It then follows from (3.1) and (3.2) that

W (S(0),1(0),R(0),C(0))+NT

2 E|:19k(m) *V (S(Tk)’ (7). R(7).C (i ))}

zv{(k —-1-log k)/\(%—lﬂog kﬂ
Let k — o, we have

0 >W (S5(0),1(0),R(0),C(0))+NT
> B[ 1,0y *V (S (7)1 (5):R (%), C (7)) | >

The former formula is contradictory and we must therefore have 7 =0, a.s.

For convenience we introduce the notation:

and

4. Extinction

In this section, we investigate the conditions for the extinction of disease.
Theorem 4.1. Let S(t),1(t),R(t),C(t) be the solution of system (2) with
initial value ($(0),1(0),R(0),C(0))el.If
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(a): o?> or

2(,u+7)
ﬂz
2(u+7)
MSO, a.s.
t

(b): R;>1 and o®<

Then limsup

t—>o

Proof. An integration of system (2.2) yields, the Formula (4.1) is as follows
M:A_ﬂ<s(t)>—ﬂ<5(t)l(t)>+7<C(t)>—%ﬁS(r)'( )dB(r)
|(t);|(0):ﬂ<s(t)|(t)>+dﬂ<c(t)|(t)>—(y+a)<|(t)>
+2[,S(r)1(r)dB(r)+d [ ,C(r)1 (r)dB(r)
R(t):R(O):(1—d)ﬁ<C(t)l(t)>+a<l(t)>—(u+8)<R(t)>
~d)Z[;C(r)1(r)dB

CO-CO_iret)-plc) (1) +(u+7)(C ()= Z ;€ (r) 1 (r)aB(r)

t

Applying the It6 formula, we obtain
din(1(t))
={O+ﬂs (t)+dﬂC(t)—(y+a)+l(—#](aS(t) I (t)+dC(t)l (t))z}dt

2

+%(US (t)1(t)+daC (1)1 (t))dB (1)

Then Formula (4.2) is as follows

In(! (t));ln(l (9)) = B(S +dC>—(y+7/)—%62 <(S +dC)2>
—f r))dB(r)

Let
M (t):=c[ (S(r)+dC(r))dB(r),

which is a local continuous martingale and M (0)=0. Moreover

M,M 2
Iimsup<’—>‘<ﬂ<oo a.s.

too
According to Strong Law of Large Numbers, we obtain

IimM—(t):O, a.s. (4.3)

t—ow t

Since S(t)+1(t)+R(1)+C(t) <2, we obtain

=
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(S+dC)< (4.4)

= | >

Substituting (4.3) (4.4) into (4.2) yields

Iimsupln(lt—(t))

t—>o

- |ingsup(ﬂ(s +dC>—(,u+j/)—%0'2 (s+dc)’

+dC ( )]
S!LQS“P(NS +dC>_(ﬂ+7)—%02 (s +dC)2J

+Iimsup[ln(ltﬂ+%j§S(r)+dC(r)dB(r)]

t—>o

If the condition (a) is satisfied, the following statement is tenable.

laztﬁzj —(u+7)<0
2 o

then

Iimsupln(lt—(t))

t—>o

ctmsn{ 1o 2] o)L (s 000- 2]

< Iimsup(%cr2 (ﬁzj —(,u+;/)J <0
o

too

If the conditions (b) are satisfied, Formula (4.5) can be rewritten in another

way as follows

limsup

too

< "mSUP[%UZ (ﬁz) _(#H/)—%UZ(SMC—%) j

In(1(t))
t

2
A1l (A .
——=o°|—| |- (u+y)=(u+y)(Ry -1)<0
{ﬂﬂ 5 (ﬂ ](# 7)=(u+y)(RS -1)

Lemma 4.1. Let A(t) and U(t) be two continuous adapted increasing
process on t>0 with A(0)=U(0)=0, as Let M(t) be a real-valued con-
tinuous local martingale with M (0)=0, as Let X, be a nonnegative 7

-measurable random valuable such that E (X, )< . Define
X(t)=X(0)+A(t)-U(t)+M(t)

for all t>0. If X(t) is nonnegative, then lim A( )< implies that
t|imU('[)<oo, t|imX(t)<oo,and —oo<!imM()<oo a.s.
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Consider the equation
x(t)= X(t0)+Lt h(s,x(s))ds+J'tt g(s,x(s))dB(s),xeR"t, eR
0 0

Here, B (S) is an m-dimensional Brownian motion.
Lemma 4.2. Suppose that:
1) The function 4 and g satisfy the local Lipschitz and line growth conditions;

2) SUPw, {E |X(t)|p} <o, where || isthe Euclidean normin R".

Then almost every sample path of I: g(S,X(S))dB(S) is uniformly conti-
0

nuouson t>0.
Lemma 4.3. Let / be a nonnegative function defined on [0, ) that is in-
tegrable on [0, 00) and uniformly continuous on [0, 00). Then tILm.c J(t) =0.
Theorem 4.2. Under the condition of Theorem 4.1, the disease is extinct. And
limS(t) _AL S,, a.s.
o H
0

liml(t)=0=1,, as.

t—>o

limR(t)=0=Ry, a.s.

t—>o

limC(t)=0=C,, as.

t—0

Proof. By applying It6 formula to system (2.2), Formula (4.5) is established,

d{A—S+R+C}
Y7

={—u(§—8j+ﬁ5l -yC+(1-d)pBCl+al —(u+¢)R
+&eR- pCI —(,u+;/)C]dt+(GSI +(1-d)oCl —oCl)dB(t)

:[—y(é—S+R+C]—2yC—dﬂCI + B +a|Jdt+(GS—dc)|dB(t)
U

S[—y(%—s +R+Cj+(ﬁ$ +a)|Jdt+(ch—dC)ldB(t)
Then,

[2-5)+R(s)+c ()

U

s%—S(O)+R(0)+C(O)—,uj;P(s)ds+j;(ﬁ8(s)+a) I (s)ds+Z(t)

< 3é_ﬂj; p(s)ds+j;(ﬂ§+a]| (s)ds+Z(t)
i H
where,

Z(t)=[,(oS(s)-dC(s))1(s)dB(s) and P(t) :2—5(3)+ R(s)+C(s)
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Obviously, we have

0< P(t)s3§—ngp(s)ds+j;(ﬂ§+a]| (s)ds+2Z(t)

Clearly, (S(t),1(t),R(t),C(t))eI", 0<P(s)<22 and

u
Oﬁ[ﬂé+aj I (S)S[ﬁé+ajé,
u uou

$0 ,uJ.; P(s)ds and I;(ﬂé+ajl (s)ds are uniformly continuous on [0,).
u

Next, we prove that Z(t) is uniformly continuous. Noting that
(S(0.1().R(1).C(0) T

we can easily check that the coefficients of system (2.2) satisfy the local Lipschitz

and liner growth conditions. In addition,

0/S7 (1) + 17 (1) + R (1)+ C2 (1) < 22
stlzjg){E\/S (O)+17(1)+RE (1) +C* (1) 2

Then, by lemma 4.2, Z(t) is uniformly continuous. ,uj(: P(s)ds,
tf A
ﬁ—+ajl s)ds
[[p8sa)ito

and Z(t) are uniformly continuous, so P(t) is uniformly continuous. By

Iim(
tow

By lemma 4.3, we obtain

"m(é—S(t)-i- R(t)+C(t)]:0

t—>o 7]

lemma 4.1,

JS(A—S(W R(t)+C(t)stJ<w

U

Then,
. A
t||_>r‘£108(t):; a.s.
tli_ToR(t):O a.s.
tli_)r’rolC(t):O a.s.
5. Persistence
ﬁZ
Theorem 5.1. If R >1 and o’ <—"———, then for any initial value
2(p+y)
(S(O),I(0),R(0),C(0))el"*, the solution of system (2.2) has the following

property:
liminf (1(t))>0 a.s.

too
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Proof. From Formula (4.2), we obtain

In(1(t))-In(1(0))

t

:ﬂ(s+dC)—(u+7)—%0’<5+dC> 2 [,(s(r)+dc(r))ds(r)

ol

(1+R+(1-d)C) >
~Z[(S(r)+dc (1)) d(r)-p(1+R+ (1= )c)

R

—02§<|+R+1 d)C )} —j r)+dc(r))dB(r)
-p(1+R+(1-d)C)

From Formula (3.1), we have

<A
(<2

(1-d)g—+a _

<R>S u+e < t,u+sjc R(I,)u+R5(O)
A
B—
n C(t)—C(O
) u+7| t(u+y) t (u+7) IC

So Formula (5.1) can be rewritten as

%0'2<(| +R+(1—d)C)2>—GZ§<| +R+(1-d)C)+ B(1 +R+(1-d)C)

:ﬂg_(y”)__g( ) +2 [\ (s(r)ac(r))as(r) (5.2)
n(1()-In(1(0)

t

for S(t)+1(t)+R(t)+C(t)< A, hen t — o, Formula (5.2) can be rewritten

=

as

L. 1 A A

liminf (1 +R+(1—d)c)[502;+ﬂ—azﬂ > (RS ~1)(u+7)>0
<I + R+(1—d)C> can be rewritten as (5.4)

(1+R+(1-d)C)=(1)+(R)+(1-d)(C)

A
(1—d)ﬁ—+a
t)—-R(0
TP fe() _R(H-R(0)
Hte t,u+g tu+e
DOI: 10.4236/jamp.2018.612210 2508
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A
P c)-c(o)
+ﬂ+ﬂ7 - t(u+y) t(u+y) JC B(r)+(1)

Taking inferior limit of Formula (5.4), we have Formula (5.5)

liminf (1 +R+(1-d)C)

1-d)plea pt
U

< +— 41 |liminf (1)
u+e u+y toe
+||m|nf( IC dB( ) wj
to0 t,u+g tu+e

+Iiminf( €1-=C(0), o )J';C(r)l(r)dB(r)J

t> t(u+y) (#+7
1-d)plia ph
< = S | liminf (1)
H+E H+y too
kliminf (1)

t—0

-d)plea g2 A
A H 1| if RR>1, f-=0?2>0. By substi-
u+e u+y 2 u

where Kk =

tuting (5.5) into (5.3),

imine 10> 52007)
(s-33)

therefore, when R; >1, tILr‘g inf <I (t)> >0.

6. Asymptotic Property around the Epidemic Equilibrium

Consider the basic reproductive number of stochastic model R;,if Rj <1, the
disease becomes extinct and the solution of stochastic model converges to the
disease-free equilibrium point of the deterministic model when t— oo . There-
fore, the following part is to introduce the characteristic of stochastic model
when the disease survives.

Theorem 6.1. When R; >1, the result of stochastic model is asymptotically
stable and is oscillating around the endemic equilibrium of the deterministic

model when t — co. Thatis
!Lrgsup%j;(s S +(1-17) +(R-R") +(c-C") ds
<— b
min(a,|.[a.|.|as] |a])
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where

“W*ﬂ“o

a, =—ﬂ+ﬂl*—2ﬂ—a+3ﬂﬁ+dﬂ§<o
H u

a,=(1-d) 24 (1-d) 1" +a—2(u+e)+de <0
U

a, = g +dB+(1-d)BI" +de—2(u+7)<0

o)

Proof. When R;j >1, R, >1.And the disease-free equilibrium (S I R*,C*)

of the deterministic model satisfies following equality:

0= A—uS - BSI" +5C"
0= 481" +dBC1" —(u+a)l’
0=(1-d)BC1" +al” —(u+e)R
OzgR*—,BC*I*—(,u+;/)C*
that is
A—y(S*+ I*+R*+C*):O

Define a C-function W: R! >R, by

V(S,1,R,C)= Sl*(s—s*)2+(| 1Y +(R-R)
+d(C—C*)2+(I —|*—|*|n|'—*j

by It6 formula,

dV = LVdt + HdB (t) = (LV, + LV, + LV, + LV, + LV, )dt + HdB(t)

where
LV, =(1-17)(8S +dﬁC—(y+a))+%(|*)2(as +doC)’
LV, = sl (Z(S—S*)(A—yS - Bsl +7C)+0'282|2)
LV, =2(1=17)(SI +d BCI = (u+ ) 1)+ (oSl +doCl)’
LV, =2(R-R")((1-dB)Cl - (u+£)R)+(1-d)’ 6°C*I?
LV, =d (2(0—c*)(gR—ﬂC| —(/1+;/)C)+0'2C2|2)
And

H =1"(oSl +doCl)+2(S-S")oSl +2(1-17)(oSI +doCl)
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+2(R-R")(1-d)oCl +2(C-RC")oCl
from (6.1), we obtain Formula (6.2)
LV, =(1-17)(ps +dﬁC—(u+a))+%(l*)2(o—S +doCY
=(1-17)(BS+dpC—(u+a)-(pS"+dfC" - (u+a)))

+%(|*)2(05+dac)2

1) A( —*)+o|ﬁ(c—c")}r%(ﬁ)z(as+o|ac:)z
for (1-17)(s-$ )s%
like this

[(S S ) (I - I*)Z} , Formula (6.2) can be rewritten

LV, s%ﬂ[(S—S*)z (1~ |*)1+%dﬂ[(c—c*)z (1~ |*)2}
+%(|*)2(as +doC)’
similarly,

LV, =2(1-1")(ASI +d BCI —(u+a)1 )+ (oSl +doCl )’
I=17)(BSI +dBCl —(p+ )|—ﬁs*|*+dﬁc*|*+(y+a)|*)

(
2(
+(oSI +daCI)
(
(

=2(1=1")(B(S1-81")+dB(CI -CI") = (u+a)(1-17))

+ GS|+dO‘C|)
for S°1"=SI = ( ) (S ) we have
LV32II)(ﬂSISI)+d,BCICI)

ﬂ+a)(| ) aSI+daCI)
(1=1)(B(1(s-57)-5"(1"=1))
+d,8( (c-c’)-c ( |)))
—2(u+a)(1=17)(1=1")+(cSl +doCl)’
de/}I((S—S* (1 —|*)2)+2s*(|*—|)2
+2dﬂ|((C—C*)Z+(I—I*)Z)+2d,BC*(I—I*)2
~2(u+a)(1-17) +(oS1 +doCl Y’
Similar to LV,,LV,, LV,,LV,,LV, can be rewritten in the same way

—2u(8-5") ~28(s-8") +y(C-C) +y(s-5")

LV, < "
S
* “\2 2
2(S-S")a?S%12 + B(S-S") +(1-1") +°S%I?
2fs=5)ors e pls=s +(1-1)
S
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LV, <(1-dB)C(R-R) +(1-1") +(1-dp)1I"(R-R")’
+(1- ) (u+e)(R- R) +(1-d)* o?C?I?
And
LV, <ds(C-C') +(R-R) +dpc(c-C) +(1-17)
~2d(y+u)(C-C) +d2o?C?1?

Then we obtain

—2u—2p1-BS" +y+ﬂl*j
5

(1-17) (~p+2p5 + B1" +2d BC +(1-d) fC ~2(u+ ) + &)
+(R-R')((1-d) BC +(1-d) B +a—2(u+e)+de)

+(C—C*)Z(é (l—d)ﬂl*+dg—2(,u+y)—2ﬁlj

+%|202(5+o|<:)2 +§a252|2 +0? (S +dCl)’

|_v<(s s

+

+(1-d)* 6°C?1? + 5%dC?1?
S(S—S*)Z[_Zﬂ_s—ﬂ*s*ﬂ/+ﬁl*]
+(1 —I*)Z(—ﬂ+ﬁl*—2y—a+3ﬁé+dﬂéj
uoou

A

+(R—R*)2[(1—d)/3;
+(C—C*)2(57*

+%|*0'2(S +dC)’ +é0252|2 +0? (S +dCl)’

+(1—d)ﬂ|*+a—2(y+8)+dgj

(1—d)/a’l*+dg—2(,u+7)j

+(1-d)* 6*C%1% + 5%dC?I?

s(s-s*)z[_z“_s—/fs*”wl*j

+(|—|*)2(—ﬁ+ﬁl*—2y—a+3ﬁ§+dﬂ§j
uou

+(R—R*)2((1 )2 (1-d)pl o 2(y+g)+ng

Y7
+(C—C*)2(S7/*
o o2 (2] (59
u u)\S

=(S—S*)2*a1+(l —I*)z*a2+(R—R*)2*a3+(C—C*)2*a4+b

(1—d)ﬁl*+dg—2(,u+7)J

Let
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K(t)=[;HdB(s), (K,K) = [ HdB(s)[;HdB(s)= [ H?dt,
so we have

K,K ¢
im SR g2 (A <o
t—ow t ,Ll

then,

K (t
im < o

too  {

therefore,

Iimsup%_[;(s S +(1-17) +(R-R') +(c-C") ds

too

b
<—
min ([a],[a, . a]. [a.)

7. Computer Simulations

In order to verify the above conclusions, the numerical simulation results of de-
terministic and stochastic models and their comparisons are given below. In
these figures, StoS(t), Stol(t), StoR(t) and StoC(t) denote the amount
of S(t), I(t), R(t), C(t) that change over time in stochastic model.
FixS (t), FixI (t) , FixR (t) and FixC (t) denote the amount of S(t) , | (t) ,
R(t), C(t) thatchange over time in deterministic model separately.

We use R to solve these three examples and get figures.

Example 1. let A=02, 4=02, =04, y=01, =019, d=0.2,
£=0.7 and o =0.05. The initial values of deterministic and stochastic models
are both S (0) =04, 1 (O) =0.2, R(O) =02, C (O) =0.2. We compute that
R, >1 and Rj>1. Then theorem 6.1 implies that the system will persist and
the solution of stochastic model will randomly oscillate around the positive
equilibrium point of its corresponding deterministic model. The simulation re-
sult is shown in Figure 2.

Example 2. let A=02, =02, =04, =01, «=0.15, d=0.2,
£=0.7 and o0 =0.3. The initial values of deterministic and stochastic models
are both S (O) =04, | (0) =0.2, R(O) =02, C (O) =0.2. We compute that

2
R,>1 Ri<land of<—b .
2(u+y)
Then theorem 4.1(b) implies that the disease will be extinct, as shown by the
following four pictures in Figure 3.

Example 3. let A=02, =02, =04, =01, =015, d=0.2,
£=0.7 and o0 =0.6. The initial values of deterministic and stochastic models
are both S (O) =04, | (0) =0.2, R(O) =02, C (O) =0.2. We compute that

ﬁZ

R >1 and o&°> .
0 2(u+y)
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Figure 2. The sample paths of model (2.2) with R;>1 and R} >1.
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Figure 3. The sample paths of model (2.2) with R; >1 Rj <1 and o’ < ﬂ—
2(u+y)
Then theorem 4.1(a) implies that the disease will be extinct, as shown by the fol-
lowing four pictures in Figure 4.
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Figure 4. The sample paths of model (2.2) with R, >1 and o°>—"——.
2(u+y)

8. Conclusions

The solution of our stochastic SIRC model is affected by basic reproduction
number and noise strength. When the noise is small, the solution of the stochas-
tic model converges to the disease-free equilibrium point of the deterministic
model if R; <1. Andif R;j>1, the solution of the stochastic model fluctuates
around the epidemic equilibrium of the deterministic model. When the noise is
large, the disease tends to extinction.

In Section 6, we get that the solution of the stochastic model fluctuates around
the epidemic equilibrium of the deterministic model. Our next work is to prove

this conclusion is valid by probability; that is
Ptim((s-57) +(1-17)" +(R-R")" (c-C")' ) =0} -1.
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