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Abstract 
This paper considers the existence of uniform attractors for a non-autonomous 
thermoviscoelastic equation with strong damping in a bounded domain 

( )1n nΩ ⊆ ≥  by establishing the uniformly asymptotic compactness of the 
semi-process generated by the global solutions. 
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1. Introduction 

In this paper we investigate the existence of uniform attractors for a nonlinear 
non-autonomous thermoviscoelastic equation with strong damping  

( ) ( ) ( )
0

d , , , ,t tt tt tu u u u g s u t s s u x t x tρ θ σ τ
+∞

− ∆ − ∆ + ∆ − − ∆ +∇ = ∈Ω >∫  (1.1) 

( )div , , , ,t tu f x t x tθ θ τ− ∆ + = ∈Ω >                (1.2) 

( ) ( ) [ ), , 0, on , ,x t u x tθ τ= = ∂Ω× +∞               (1.3) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 0, , , , , , , , , ,t
tu x u x u x u x u x t u x t x x xτ τ

ττ τ θ τ θ= = = = ∈Ω  (1.4) 

where ( )1,2n nΩ ⊆ =  is a bounded domain with smooth boundary ∂Ω , u 
and θ  are displacement and temperature difference, respectively. ( ),u x tτ  
(the past history of u) is a given datum which has to be known for all t τ≤ , the 
function g represents the kernel of a memory, ( ) ( ), , ,x t f f x tσ σ= =  are 
non-autonomous terms, called symbols, and ρ  is a real number such that   

21 if 3; 1 if 1,2.
2

n n
n

ρ ρ< ≤ ≥ > =
−

              (1.5) 
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Now let us recall the related results on nonlinear one-dimensional thermovis-
coelasticity. Dafermos [1], Dafermos and Hsiao [2], proved the global existence 
of a classical solution to the thermoviscoelastic equations for a class of solid-like 
materials with the stress-free boundary conditions at one end of the rod. Hsiao 
and Jian [3], Hsiao and Luo [4] obtained the large-time behavior of smooth so-
lutions only for a special class of solid-like materials. Ducomet [5] proved the 
asymptotic behavior for a non-monotone fluid in one-dimension: the positive 
temperature case. Watson [6] investigated the unique global solvability of clas-
sical solutions to a one-dimensional nonlinear thermoviscoelastic system with 
the boundary conditions of pinned endpoints held at the constant temperature 
and where the pressure is not monotone with respect to u and may be of poly-
nomial growth. Racke and Zheng [7] proved the global existence and asymptotic 
behavior of weak solutions to a model in shape memory alloys with a stress-free 
boundary conditions at least at one end of the rod. Qin [8] [9] obtained the 
global existence, and asymptotic behavior of smooth solutions under more gen-
eral constitutive assumptions, and more recently. Qin [10] has further improved 
these results and established the global existence, exponential stability and the 
existence of maximal attractors in ( )1,2,4iH i = . As for the existence of global 
(maximal) attractors, we refer to [11] [12] [13]. More recently, Qin and Lü [12] 
obtained the existence of (uniformly compact) global attractors for the models of 
viscoelasticity; Qin, Liu and Song [13] established the existence of global attrac-
tors for a nonlinear thermoviscoelastic system in shape memory alloys. 

Our problem is derived from the form   

( ) 0,t tt ttf u u u u− ∆ −∆ =                      (1.6) 

which has several modeling features. The aim of this paper is to extend the decay 
results in [14] for a viscoelastic system to those for the thermoviscoelastic system 
(1.1-1.2) and then to establish the existence of the uniform attractor for this 
thermoviscoelastic systems. In the case ( )tf u  is a constant, Equation (1.6) has 
been used to model extensional vibrations of thin rods (see Love [15], Chapter 
20). In the case ( )tf u  is not a constant, Equation (1.6) can model materials 
whose density depends on the velocity tu . For instance, a thin rod which 
possesses a rigid surface and with an interior which can deforms slightly. We 
refer the reader to Fabrizio and Morro [16] for several other related models. 

Let us recall some results concerning viscoelastic wave equations. In [17], the 
author concerned with the quasilinear viscoelastic equation   

( ) 1

0
,

t
ttu u g t u u γτ +− ∆ + − ∆ =∫                 (1.7) 

he proved that the energy decays similarly with that of g. In [18], Wu considered 
the nonlinear viscoleastic wave equation   

0p
t tt ttu u u u g u u uρ − ∆ − ∆ + ∗∆ + =             (1.8) 

with the same boundary and initial conditions as (1.7), the author proved that, 
for a class of kernels g which is singular at zero, the exponential decay rate of the 
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solution energy. Later, Han and Wang [19] considered a similar system like:   

0,m
t tt tt t tu u u u g u u uρ − ∆ − ∆ + ∗∆ + =               (1.9) 

with Dirichlet boundary condition, where 0, 0mρ > >  are constants, they 
proved the energy decay for the viscoelastic equation with nonlinear damping. 
Then Park and Park [20] established the general decay for the viscoelastic 
problem with nonlinear weak damping   

( ) 0,t tt tt tu u u u g u h uρ − ∆ − ∆ + ∗∆ + =               (10) 

with the Dirichlet boundary condition, where 0ρ >  is a constant. In [14], 
Cavalcanti et al. studied the following equation with Dirichlet boundary 
conditions  

0t tt tt tu u u u g u uρ γ− ∆ − ∆ + ∗∆ − ∆ =               (1.11) 

where ( ) ( )
0

d
t

g u g t s u s s∗∆ = − ∆∫ . They established a global existence result for 
0γ ≥  and an exponential decay of energy for 0γ > , and studied the 

interaction within the t ttu uρ  and the memory term g u∗∆ . Messaoudi and 
Tatar [21] established, for small initial data, the global existence and uniform 
stability of solutions to the equation   

2 ,p
t tt ttu u u u g u b u uρ −− ∆ − ∆ + ∗∆ =              (1.12) 

with Dirichlet boundary condition, where 0, , 0, 2b pγ ρ≥ > >  are constants. 
In the case 0b =  in (1.12), Messaoudi and Tatar [22] proved the exponential 
decay of global solutions to (1.12) without smallness of initial data, considering 
only the dissipation effect given by the memory. Considering nonlinear dissipation. 
Recently, Araújo et al. [23] studied the following equation  

( ) ( ) ( ) ( )
0

d ,t tt ttu u u u s u t s s f u h xρ µ
+∞

− ∆ − ∆ + ∆ − + =∫  

and proved the global existence, uniqueness and exponential stability, and the 
global attractor was also established, but they did not establish the uniform 
attractors for non-autonomous equation. Then, Qin et al. [24] established the 
existence of uniform attractors for a non-autonomous viscoelastic equation with 
a past history   

( ) ( ) ( )
0

d , , , ,t tt tt tu u u u g s u t s s u x t x tρ σ τ
+∞

− ∆ − ∆ + ∆ − + = ∈Ω >∫  

Moreover, we would like to mention some results in [25] [26] [27] [28] [29]. 
For problem (1.1)-(1.4) with ( ), 0x tσ = , when ( ) ( )

0
dg s u t s s

+∞
∆ −∫  was 

replaced by g u∗∆ , Han and Wang [30] established the global existence of 
weak solutions and the uniform decay estimates for the energy by using the 
Faedo-Galerkin method and the perturbed energy method, respectively. To the 
best of our knowledge, there is no result on the existence of uniform attractors 
for non-autonomous thermoviscoelastic problem (1.1)-(1.4). Therefore in this 
paper, we shall establish the existence of uniform attractors for problem (1.1)-(1.4) 
by establishing uniformly asymptotic compactness of the semi-process generated 
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by their global solutions. Noting that the symbol ( ) ( ), , ,x t f x tσ , which are 
dependent in t, so our estimates are more complicated than [23] [24] and we 
must use new methods to deal with the symbol ( ) ( ), , ,x t f x tσ  as the change 
of time. Therefore we improved the results in [23] [24]. For more results 
concerning attractors, we can refer to [31]-[37]. 

Motivated by [38] [39] [40], we shall add a new variable ( ),t x sη η=  to the 
system which corresponds to the relative displacement history. Let us define  

( ) ( ) ( ) ( ), , , , , , .t x s u x t u x t s t x sη η τ += = − − ≥ ∈Ω×       (1.13) 

A direct computation yields  

( ) ( ) ( ) ( ), , , , , , ,t t
t s tx s x s u x t t x sη η τ += − + ≥ ∈Ω×        (1.14) 

and we can take as initial condition ( t τ= )  

( ) ( ) ( ) ( )0 0, , , , .x s u x u x s x sτ τ τη τ += − − ∈Ω×          (1.15) 

Thus, the original memory term can be written as  

( ) ( ) ( ) ( ) ( )
0 0 0

d d d ,tg s u t s s g s s u g s s sη
+∞ +∞ +∞

∆ − = ⋅∆ − ∆∫ ∫ ∫     (1.16) 

and we get a new system   

( )( ) ( ) ( ) ( )
0 0

1 d d , ,t
t tt tt tu u g s s u u g s s s u x tρ η θ σ

+∞ +∞
− − ∆ − ∆ − ∆ −∆ +∇ =∫ ∫ (1.17) 

( )div ,t tu f x tθ θ− ∆ + =                    (1.18) 

,t t
t s tuη η+ =                         (1.19) 

with the boundary conditions  

0 on , 0 on ,tu η+ + += ∂Ω× = ∂Ω× ×            (1.20) 

and initial conditions  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 0, , , , ,0 0, , , .t
tu x u x u x u x x x s u x u x sτ τ τ ττ τ η η τ= = = = − − (1.21) 

The rest of our paper is organized as follows. In Section 2, we give some 
preparations for our consideration and our main result. The statements and the 
proofs of our main results will be given in Section 3 and Section 4, respectively. 

For convenience, we denote the norm and scalar product in ( )2L Ω  by ⋅  
and ( ),⋅ ⋅ , respectively. 1C  denotes a general positive constant, which may be 
different in different estimates.  

2. Preliminaries and Main Result 

We assume the memory kernel :g + +→   is a bounded 1C  function such 
that   

( ) ( )
0

, 1 d 0g s l g s s
+∞

< +∞ = − >∫                 (2.1) 

and suppose that there exists a positive constant 2ξ  verifying   

( ) ( )2 , 0,g t g t tξ′ ≤ − ∀ ≥                    (2.2) 

In order to consider the relative displacement η  as a new variable, one 

https://doi.org/10.4236/jamp.2018.612209


Z. Y. Ma 
 

 

DOI: 10.4236/jamp.2018.612209 2479 Journal of Applied Mathematics and Physics 
 

introduces the weighted L2-space  

( )( ) ( ) ( ) ( ){ }22 1 1
0 0 0

; : | d ,gL H u H g s u s s
+∞+ += Ω = → Ω ∇ < +∞∫   

which is a Hilbert space equipped with inner product and norm  

( ) ( ) ( ) ( )( ) ( ) ( ) 22

0 0
, d d and d ,u v g s u s v s x s u g s u s s

+∞ +∞

Ω
= ∇ ∇ = ∇∫ ∫ ∫ 

 

respectively. 
Let  

( ) ( ) ( )1 1 2
0 0 .H H L= Ω × Ω × Ω ×H                  (2.3) 

Define the generalized energy of problem (1.17)-(1.21)   

( ) ( ) ( ) ( )
22 2 2 2

2

1 1 1 1 .
2 2 2 2 2

t
t t

lF t u t u t u t
ρ

ρ
θ η

ρ
+

+
= + ∇ + ∇ + +

+ 
 (2.4) 

To present our main result, we need the following global existence and 
uniqueness results.  

Theorem 2.1. Let ( ) ( )0 1 0, , ,u uτ τ τ τθ η τ +∈ ∀ ∈H , [ ),τ τ= +∞ , and any 
fixed 1, f Eσ ∈ . Assume (2.1) and (2.2) hold. Then problem (1.17)-(1.21) admits a 
unique global solution ( ) [ ]( ), , , 0, ,t

tu u C Tθ η ∈ H  such that  

( )( ) ( )( ) ( )( )1 1 2 1
0 0 0, , , , , ,t ttu L H u L H u L Hτ τ τ

∞ ∞∈ Ω ∈ Ω ∈ Ω     (2.5) 

( )( ) ( )1
0, , , .tL H Lτ τθ η∞ ∞∈ Ω ∈                 (2.6) 

We now define the symbol space for (1.17)-(1.21). 
Let  

( ) ( )( )( )32 2
1, ,0 , .G f E L Lσ += ∈ ≡ Ω               (2.7) 

Observe the following important fact: The properly defined (uniform) attractor A 
of problem (1.17)-(1.21) with the symbol 0G  must be simultaneously the 
attractor of each problem (1.17)-(1.21) with the symbol ( ) ( )0G t H G+∈ , which 
is called the hull of 0G  and defined as   

( ) ( )
1

0 0 |
E

H G G t h h +
+  Σ = = + ∈ 

               (2.8) 

where [ ]
1E⋅  denotes the closure in Banach space 1E . 

We note that  

( )( )( )32 2
0 1 1

ˆ , .locG E E L L+∈ ⊆ = Ω  

where 0G  is a translation compact function in 1Ê  in the weak topology, 
which means that 0G  is compact in 1Ê . We consider the Banach space 

1( , )p
locL E+  of functions ( ) ,s sµ +∈  with values in a Banach space 1E  that 

are locally p-power integrable in the Bochner sense. In particular, for any time 
interval [ ]1 2,t t +⊆  ,  

( )2

11
d .

t p

Et
s sµ < +∞∫  

Let ( ) ( )1,p
locs L Eµ +∈  , consider the quantity  
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( ) ( )
1

sup d .
t h p

Et
t

h s sµη µ
+

+

∈

= ∫


 

Lemma 2.1. Let Σ  defined as before and 0 1G E∈ , then 
1) 0G  is a translation compact in 1Ê  and any ( )0G H G+∈Σ =  is also a 

translation compact in 1Ê , moreover, ( ) ( )0H G H G+ +⊆ ; 
2) The set ( )0H G+  is bounded in ( )( )2 2,L L+ Ω  such that  

( ) ( )
0

, for all .G Gh h Gη η≤ < +∞ ∈Σ  

Proof. See, e.g., Chepyzhov and Vishik [41].  
Lemma 2.2. For every τ ∈ , every non-negative locally summable function 

0φ  on [ ),Rτ τ≡ +∞  and every 0ν > , we have   

( ) ( ) ( )1
0 0

1sup e d sup d
1 e

t tt s

tt t
s s s sν

νττ τ
φ φ

+− −
−

≥ ≥
≤

−∫ ∫  

for a.a. t τ≥ .  
Proof. See, e.g., Chepyzhov, Pata and Vishik [42].  
Similar to Theorem 2.1, we have the following existence and uniqueness result.  
Theorem 2.2. Let ( ) ( )

1
0 0 |

E
H G G t h h +

+  Σ = = + ∈ 
, where 0 1G E∈  is an 

arbitrary but fixed symbol function. Assume (2.1) and (2.2) hold. Then for any 
G∈Σ  and for any ( ) ( )0 1 0, , ,u uτ τ τ τθ η τ +∈ ∀ ∈H , problem (1.17)-(1.21) admits 
a unique global solution ( ), , , t

tu u θ η ∈H , which generates a unique semi-process 
( ){ } ( ), , ,GU t t Gτ τ +≥ ∈ ∈Σ  on H  of a two-parameter family of operators 

such that for any [ ), , ,t ττ τ τ+≥ ∈ = +∞  ,  

( )( ) ( )0 1, , , , , , , ,t
G tU t u u u uτ τ ττ θ η θ η= ∈H              (2.9) 

( )( ) ( )( ) ( )( )1 1 2 1
0 0 0, , , , , ,t ttu L H u L H u L Hτ τ τ

∞ ∞∈ Ω ∈ Ω ∈ Ω    

( )( ) ( )1
0, , , .tL H Lτ τθ η∞ ∞∈ Ω ∈                 (2.10) 

Our main result reads as follows.  
Theorem 2.3. Assume that 1G E∈  and Σ  is defined by (2.8), then the family 

of processes ( ){ }( ), , , ,G fU t G tτ τ τ +∈Σ ≥ ∈  corresponding to (1.17)-(1.21) has 
a uniformly (w.r.t. G∈Σ ) compact attractor Σ .  

3. The Well-Posedness 

The global existence of solutions is the same as in [23] [30] [40], so we omit the 
details here. Next we prove the uniqueness of solutions. 

We consider two symbols 1 1, fσ  and 2 2, fσ  and the corresponding 
solutions ( )1, , tu θ η  and ( )2, , tv θ ξ  of problem (1.17)-(1.21) with initial data 

( )0 1 10, , ,u uτ τ τθ η  and ( )0 1 20, , ,v vτ τ τθ ξ  respectively. Let ( ) ( ) ( )t u t v tω = − , 
( ) ( ) ( )1 2p t t tθ θ= − , ( ) ( ) ( ), , ,t t tx s x s x sζ η ξ= − . 
Then ( ), , tpω ζ  verifies  

( )
( ) ( ) 1 20

d , , ,

t tt tt t t tt

t

u v u v l

g s s s p x t

ρ ρ ρω ω ω

ζ ω σ σ τ
+∞

+ − − ∆ − ∆

− ∆ −∆ +∇ = − ∈Ω >∫
       (3.1) 
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1 2div ,tp p f fω−∆ + = −                     (3.2) 

,t t
t s tζ ζ ω+ =                          (3.3) 

with Dirichlet boundary conditions and initial conditions  

( ) ( ) ( )0 1 1, , , , , , .tx x p x pτ τ τ τ τ τω τ ω ω τ ω τ ζ η ξ= = = = −       (3.4) 

The corresponding energy for (3.1)-(3.3) is defined  

( )
222 22

,
1 1 1 1d .
2 2 2 2 2

t
p t t t

lE t u xρ
ω ω ω ω θ ζ

Ω
= + ∇ + ∇ + +∫ 

 (3.5) 

It is easy to see that  

( ) ( ) ( )

( ) ( )( )

2

0

2

0

1 d, d d
2 d

1 d d .
2

t t t
s

t

g s s s x
s

g s s s x

ζ ζ ζ

ζ

+∞

Ω

+∞

Ω

 = ∇ 
 

′= − ∇

∫ ∫

∫ ∫


 

Noting that x x ρ→  is differentiable since 1ρ > . Then   

22 21 d d d ,
2 d 2t t t tt t t t tt tu dx u x u u u x

t
ρ ρ ρρω ω ω ω−

Ω Ω Ω
= +∫ ∫ ∫  

and clearly   

( ) ( ) ( )

( ) ( )

( )

22
, 0

1 2 1 2

1 2

d 1 d
d 2

d d

d d .
2

t
p t

t

t tt t tt t t t

E t g s s s
t

x f f x

u u x v u v x

ω

ρ ρ ρ

ω ζ

σ σ ω θ

ρ ω ω

+∞

Ω Ω

−

Ω Ω

′= − ∇ + ∇

+ − + −

+ − −

∫

∫ ∫

∫ ∫

      (3.6) 

To simplify notations, let us say that the norm of the initial data is bounded by 
some 0R > . Then given T τ>  we use RTC  to denote several positive constants 
which depend on R and T. 

By Young’s inequality and the interpolation inequalities, we derive  

( ) ( )2
1 2 1 2 1 2d ,t t RTx C E tωσ σ ω σ σ ω σ σ

Ω
− ≤ − ≤ − +∫         (3.7) 

( ) ( )2
1 2 1 2 ,d ,RT pf f x f f C E tωθ

Ω
− ≤ − +∫                (3.8) 

( ) ( )
1 1 2 22

2 1 2 1
d ,

2 2t tt t t tt t RT tt tu u x u u C uρ ρ

ρ ρ

ρ ρω ω ω− −

+ +Ω
≤ ≤ ∇ ∇∫    (3.9) 

( ) ( )
( ) ( )( ) ( )

1 1 2
1

1 1 2
1 2 1 2 1 2 1

2
1

d d

,

tt t t t tt t t t

tt t t t

tt t

v u v x C v u v x

C v u v

C v

ρ ρ ρ ρ

ρ ρ

ρ ρ ρ

ω ω

ω

ω

− −

Ω Ω

− −

+ + +

− − ≤ +

≤ +

≤ ∇ ∇

∫ ∫
 

which, together with (3.6)-(3.9), yields for some 1 0C >  large  

( ) ( ) ( )2 2
, 1 2 1 2 1 ,

d 1 .
d p tt tt pE t f f C u v E t

t ω ωσ σ≤ − + − + + ∇ + ∇    (3.10) 

Integrating (3.10) from τ  to t and using Hölder’s inequality, we have  

( ) ( ) ( ) ( ) ( ) ( )2 2
, , 1 2 1 2d d

t t
p pE t E s s s f s f s sω ω τ τ

τ σ σ≤ + − + −∫ ∫
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( ) ( )

( ) ( ) ( ) ( )

( )( ) ( )( )

1 ,

2 2
, 1 2 1 2

1 1
2 2 22

1 ,

1 d

( ) d d

1 d d .

t
tt tt p

T t
p

t t
tt tt p

C u v E s s

E s s s f s f s s

C u v s E s s

ωτ

ω τ τ

ωτ τ

τ σ σ

+ + ∇ + ∇

≤ + − + −

+ + ∇ + ∇

∫

∫ ∫

∫ ∫

     (3.11) 

Noting that  

( )2
1 d ,

T
tt tt RTu v s C

τ
+ ∇ + ∇ ≤∫  

then we get for any [ ],t Tτ∈   

( ) ( ) ( ) ( ) ( ) ( )( )
( )

22 22
, , 1 2 1 2

2

2 d d

d .

T T
p p

t
RT

E t E s s s f s f s s

C E s s

ω ω τ τ

ωτ

τ σ σ≤ + − + −

+

∫ ∫

∫
 (3.12) 

Applying Gronwall’s inequality, we see that  

( ) ( ) ( ) ( )(
( ) ( ) ) [ ]

2
, 1 2

2
1 2

2 d

d exp , , .
2

T
p

T RT

E t E s s s

Cf s f s s T t T

ω ω τ

τ

τ σ σ

τ

≤ + −

 + − ∀ ∈ 
 

∫

∫
     (3.13) 

Using 2 2 2

2 2
dt t t t RT tu x u Cρ ρ

ρ ρ
ω ω ω

+ +Ω
≤ ≤ ∇∫ , we know that ( ), pE tω  is 

equivalent to the norm of ,u θ  in H  and we get  

( ) ( ) 2

, 0 1 0, , , ,p RTE C pτ τ τ τ
ω τ ω ω ζ≤

H
 

which, together with (3.13), gives for all t Tτ ≤ ≤   

( ) ( ) ( ) ( )

( )( )

1 1
0 0

2 21 1
0 0

22 2

2 2 2 2
0 0 1 1 1 2 , ;

.

t t
t tH H

RT L T LH H

u t v t u t v t

C u v u vτ τ τ τ τ τ
τ

η ξ

η ξ σ σ
Ω

− + − + −

 ≤ − + − + − + − 
 





 

This shows that solutions of (1.17)-(1.21) depend continuously on the initial 
data. We complete the proof of Theorem 2.1.  

4. Uniform Attractors 

In this section, we shall establish the existence of uniform attractors for system 
(1.17)-(1.21). To this end, we shall introduce some basic conceptions and basic 
lemmas. For more results concerning uniform attractors, we can refer to [31] [36] 
[37] [43] [44]. 

Let X be a Banach space, and Σ̂  be a parameter set. The operators 
( ){ },GU t τ  ( )ˆ, ,t Gτ τ +≥ ∈ ∈Σ  are said to be a family of processes in X with 

symbol space Σ̂  if for any ˆG∈Σ ,  

( ) ( ) ( ), , , , , ,G G GU t s U s U t t sτ τ τ τ += ∀ ≥ ≥ ∈          (4.1) 

( ) ( ), identity , .GU Idτ τ τ += ∀ ∈               (4.2) 

Let ( ){ }T s  be the translation semigroup on Σ̂ , we say that a family of 
processes ( ){ },GU t τ  ( )ˆ, ,t Gτ τ +≥ ∈ ∈Σ  satisfies the translation identity if  
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( ) ( ) ( ) ˆ, , , , , , ,G T s GU t s s U t G t sτ τ τ τ ++ + = ∀ ∈Σ ≥ ∈       (4.3) 

( ) ˆ ˆ , .T s s +Σ = Σ ∀ ∈                      (4.4) 

By ( )B X  we denote the collection of the bounded sets of X, and 
[ ), ,τ τ τ += +∞ ∈  . 

Definition 4.1. A bounded set ( )0B B X∈  is said to be a bounded uniformly 
(w.r.t ˆG∈Σ ) absorbing set for ( ){ }( )ˆ, , ,GU t G tτ τ τ +∈Σ ≥ ∈  if for any 
τ +∈  and ( )B B X∈ , there exists a time ( )0 0 ,T T B τ τ= ≥  such that  

( ) 0
ˆ

, ,G
G

U t B Bτ
∈Σ

⊆


                    (4.5) 

for all 0t T≥ . 
In the following, as usual, (w.r.t) will represent “with respect to”. 
Definition 4.2. The family of semi-processes ( ){ }( )ˆ, , ,U t tσ τ τ τ σ+≥ ∈ ∈Σ  

is said to be asymptotically compact in X if ( ) ( ) ( ) ( ) ( )( ){ }0 1 0, , , ,n n n nU t u uτ τ τ τ
σ τ θ η  is 

precompact in X, whenever ( ) ( ) ( ) ( )( )0 1 0, , ,n n n nu uτ τ τ τθ η  is bounded in X, ( ) ˆnG ⊂ Σ , 
and ,n nt tτ∈ → +∞  as n → +∞ . 

Definition 4.3. A set A X⊆  is said to be uniformly (w.r.t ˆG∈Σ ) attracting 
for the family of semi-processes ( ){ }( )ˆ, , ,GU t t Gτ τ τ +≥ ∈ ∈Σ  if for any fixed 
τ +∈  and any ( )B B X∈ ,  

( )( )( )lim sup , , 0,Gt
dist U t B Aτ

→+∞
=                 (4.6) 

here ( ),dist ⋅ ⋅  stands for the usual Hausdorff semidistance between two sets in 
X. In particular, a closed uniformly attracting set 



A
Σ  is said to be the uniform 

(w.r.t ˆG∈Σ ) attractor of the family of the semi-process  

( ){ }( )ˆ, , ,GU t t Gτ τ τ +≥ ∈ ∈Σ  

if it is contained in any closed uniformly attracting set (minimality property). 
Definition 4.4. Let X be a Banach space and B be a bounded subset of ˆ,X Σ  

be a symbol (or parameter) space. We call a function ( ), ; ,φ ⋅ ⋅ ⋅ ⋅ , defined on 
( ) ( )ˆ ˆX X× × Σ×Σ  to be a contractive function on B B×  if for any sequence  

{ } 1n n
x B∞

=
⊆  and any { } ˆ

nµ ⊆ Σ , there is a subsequence { } { } 11kn n nk
x x

∞ ∞

==
⊂  and 

{ } { } 11kn n nk
µ µ

∞ ∞

==
⊂  such that  

( )lim lim , ; , 0.
k l k ln n n nk l

x xφ µ µ
→∞ →∞

=                   (4.7) 

We denote the set of all contractive functions on B B×  by ( )ˆ,Contr B Σ .  
Lemma 4.1. Let ( ){ }( )ˆ, , ,GU t t Gτ τ τ +≥ ∈ ∈Σ  be a family of semi-processes 

satisfying the translation identities (4.3) and (4.4) on Banach space X and has a 
bounded uniformly (w.r.t ˆG∈Σ ) absorbing set 0B X⊆ . Moreover, assuming 
that for any 0ε > , there exist ( )0 , 0T T B ε= >  and ( )0

ˆ,T Contr Bφ ∈ Σ  such 
that  

( ) ( ) ( )
1 2 1 2

ˆ,0 ,0 , ; , , , , .G G TU T x U T y x y G G G tε φ τ τ +− ≤ + ∀ ∈Σ ≥ ∈  (4.8) 

Then ( ){ }( )ˆ, , ,GU t t Gτ τ τ +≥ ∈ ∈Σ  is uniformly (w.r.t ˆG∈Σ ) asymptoti-
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cally compact in X.  
Proof. This lemma is a version for semi-processes of a result by Khanmamedov 

[45]. A proof can be found in Sun et al. [43], Theorem 4.2.  
Next, we will divide into two subsections to prove Theorem 2.3.  

4.1. Uniformly (w.r.t. G∈Σ ) Absorbing Set in H  

In this subsection we shall establish the family of processes ( ){ },GU t τ  has a 
bounded uniformly absorbing set given in the following theorem.  

Theorem 4.1. Assume that 1G E∈  and Σ  is defined by (2.7), then the family 
of processes ( ){ }( ), , ,GU t G tτ τ τ +∈Σ ≥ ∈  corresponding to (1.17)-(1.21) has a 
bounded uniformly (w.r.t. G∈Σ ) absorbing set B in H .  

Proof. We define  

( )
22 22 2

2

1 1 1 1 .
2 2 2 2 2

t
t t

lF t u u uρ

ρ
θ η

ρ
+

+
= + ∇ + ∇ + +

+ 
     (4.9) 

Using Young’s inequality, Poincaré’s inequality, we arrive at  

( ) ( ) ( ) ( )

( ) ( ) ( )

2

22 2 2 2

0

, , ,

1 1 1 1d .
2 2 2 2

t t
t s t

t
t

F t u u f

u g s s s f

η η σ θ

θ η σ
ε

+∞

′ = − ∇ − + +

′≤ − − ∇ + ∇ + +∫


(4.10) 

Let  

( ) ( ) ( ) ( )( )2 2
1

1 d , for all .
2 t

F t F t s f s s tσ τ
+∞

= + + ≥∫       (4.11) 

Then (4.11) gives ( )1 0F t′ ≤ , whence from (4.9), for 0t τ≥ >   

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( )( )2 2 2 2

2 2
1 1

2 2

, ,

1 d
2

1 ,
2 L L L L

F t F t F F s f s s

F f
τ τ

τ
τ τ σ

τ σ

+∞

Ω Ω

≤ ≤ = + +

 = + + 
 

∫

 

    (4.12) 

( ) ( ) ( )
222 2

1 1
1 1 .

2 2 2 2
t

t
l lu u F t F t Fθ η τ∇ + ∇ + + ≤ ≤ ≤


   (4.13) 

Now we define  

( ) 1 d d .
1 t t tt u u u x u u xρ

ρ Ω Ω
Φ = + ∇ ⋅∇

+ ∫ ∫             (4.14) 

From (1.17), integration by parts and Young’s inequality, we derive for any 
( )0,1ε ∈ ,  

( ) ( ) ( )( )
( ) ( )

( ) ( )( ) ( )

( ) ( )

0

2

0

2 2

2

d ,

1 , ,
1

, d ,

1, , .
1

t
t

t t t t t

t

t t t

t l u g s s s u u

u u u u u

l u u g s s s u

u u u u u

ρ

ρ

ρ

η θ σ

ρ

η θ

σ
ρ

+∞

+∞

+

+

′Φ = ∆ + ∆ + ∆ −∇ +

+ − ∆
+

= − ∇ − ∇ ∇ − ∇

+ ∆ + + ∇ +
+

∫

∫
        (4.15) 

Using Young’s inequality, Hölder’s inequality and Poincaré’s inequality, we 
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deduce  

( ) 22 1, ,
4t tu u u uε
ε

∆ ≤ ∇ + ∇                  (4.16) 

( ) 2 2 2 221 1, ,
4 4

u u uθ ε θ ελ θ
ε ε

− ∇ ≤ + ∇ ≤ ∇ + ∇        (4.17) 

( ) ( )( )
( ) ( )( )

( ) ( )

0

22

0

22

0

, d

1 d d
4
1 d ,
4

t

t

t

u g s s s

u g s s s x

lu g s s s

η

ε η
ε

ε η
ε

+∞

+∞

Ω

+∞

− ∇ ∇

≤ ∇ + ∇

−
≤ ∇ + ∇

∫

∫ ∫

∫

            (4.18) 

( ) 2 2 2 221 1, ,
4 4

u u uσ ε σ ελ σ
ε ε

≤ + ≤ ∇ +          (4.19) 

hereinafter we use λ  to represent the Poincaré constant. 
From the expression of ( )F t , we get  

( ) ( )
22 22 2

2

2 2 1 1 1 ,
2

t
t tu F t u u

l l l l l
ρ

ρ
θ η

ρ
+

+
∇ = − − ∇ − −

+ 
 

which, together with (4.15)-(4.19), yields  

( ) ( ) ( ) ( )

( )

( )

22 2

22 2 2

2

2 2 2

2

2 2

1 1 22 2 2 2
2 2

2 1 1 1
2

1 1 11
4 1 4
1

4

t
t t

t
t t

t l u l F t
l

u u
l l l l

l u u

ρ

ρ

ρ

ρ

ελ ε ελ ε

θ η
ρ

η
ε ρ ε

σ θ
ε

+

+

+

+

′Φ ≤ − − − ∇ − − − 

− − ∇ − − + 

−  + + + + ∇ +  

+ + ∇





 

( ) ( )

( )

( )

( )

2
22

2
2

2

22

22

2 2

1 2 22 2
2

2 2 1
2 1

1 11 2 2
4 2

1 12 2
2 4
1 1

4 4

t

t

t

ll u F t
l

l u
l

l u

ll
l

l

ρ

ρ

ελ εελ ε

ελ ε
ρ ρ

ελ ε
ε

ελ ε η
ε

λσ θ
ε ε

+

+

− −
≤ − − − ∇ −

 − −
+ +  + + 
 + + + − − ∇  

− + − − + 
 

 + + + ∇ 
 



         (4.20) 

Noting that ( ) ( )2
12 2tu F t F τ∇ ≤ ≤  and the embedding theorem 

( ) ( ) ( )2 11H L ρ+Ω Ω , we have for any ( )0,1ε ∈ ,  

( )

( )

2
2

2

1 1
1 12 1

2 2 1
2 1 t

t t t t

l u
l

C u u C u u

ρ

ρ

ρ ρ

ρ

ελ ε
ρ ρ

+

+

+ +

+

 − −
+  + + 

≤ ≤ ∇
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( )

( ) ( )

2 1 2

21
12 ,

t t

t

u C u

F F t C u

ρ
ε

ρ ρ
ε

ε

ε τ

+

+

≤ ∇ +

≤ +
 

which, together with (4.20) and Poincaré’s inequality, gives  

( ) ( ) ( ) ( )
2

22 1
1

2
22

2 2

2 2

1 22 2 2
2

1 2 2 11
4 2 4

2 2 1
2 4

1 1 .
4 4

t

t

lt l u F F t
l

lC u
l

l l
l

l

ρ ρ

ε

ελ εελ ε ε τ

ελ ελ
ε ε

ελ ε η
ε

λσ θ
ε ε

+ − −′Φ ≤ − − − ∇ − − 
 

 − −
+ + + + ∇ 
 
 − − −

+ + 
 

 + + + ∇ 
 



(4.21) 

Now we take ( )0,1ε ∈  so small that  

( )
2

2 1
1

2 2 12 2 , 2 .
2 4
l ll F

l
ρ ρελ εελ ε ε τ+− −

− − ≥ − ≥         (4.22) 

Hence from (4.21)-(4.22), it follow  

( ) ( ) ( )2 22 2 2
1 1

1 1 .
4 4 4

t
t

lt u F t C C uη θ σ
ε

′Φ ≤ − ∇ − + + ∇ + ∇ +


 (4.23) 

We define the functional  

( ) ( ) ( )
0

1 d d .
1

t
t t tt u u u g s s s xρ η

ρ
+∞

Ω

 
Ψ = ∆ − + 

∫ ∫          (4.24) 

It follows from (1.17) that  

( ) ( ) ( )( ) ( ) ( )

( ) ( )

0 0

0

1 2

d d

1 d
1

: .

t t
t

t
t t t t

t l u g s s s u g s s s

u u u g s s s

I I

ρ

η θ σ η

η
ρ

+∞ +∞

Ω

+∞

Ω

′Ψ = − ∆ − ∆ + +∇ −

 
+ ∆ − + 

= +

∫ ∫ ∫

∫ ∫  (4.25) 

From Young’s inequality, Hölder’s inequality and Poincaré’s inequality, we 
derive for any ( )0,1δ ∈ ,   

( ) ( ) ( ) ( )2
22

0

1
d ,

4
t tl l

l u g s s s uη δ η
δ

+∞

Ω

−
− ∆ ≤ ∇ +∫ ∫ 

       (4.26) 

( ) ( )( ) ( )
2 2

0
d d 1 ,t tg s s s s lη η

+∞

Ω
− ∆ ≤ −∫ ∫ 

           (4.27) 

( ) ( )
22

0

1d ,
4

t t
t t

lu g s s s uη δ η
δ

+∞

Ω

−
− ∆ ⋅ ≤ ∇ +∫ ∫ 

       (4.28) 

( ) ( ) ( )2
22

0

1
d ,

4
t tl

g s s s
λ

θ η δ θ η
δ

+∞

Ω

−
∇ ⋅ ≤ ∇ +∫ ∫ 

       (4.29) 

( ) ( ) ( )
22

0

1 1d ,
2 2

t tlg s s sσ η σ η
+∞

Ω

−
− ≤ +∫ ∫ 

 

which, together with (4.26)-(4.29), gives  
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( )
( ) ( )( )

2 2 2 2
1

2 2
2

1
2

1 13 1
.

2 4

t

t

I u u

l ll

δ θ σ

λ
η

δ

≤ ∇ + ∇ + ∇ +

 + + −− + +
 
 



            (4.30) 

Noting that  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0 0 0

0

d d d

d 1 ,

t t
t s t

t
t

g s s s g s s s g s u t s

g s s s l u

η η

η

+∞ +∞ +∞

+∞

= − +

′= + −

∫ ∫ ∫

∫
 

then we have  

( ) ( ) ( ) ( )

( ) ( )

2 2
2 2 0

0

11 d d
1

1 d d .
1

t
t t t

t
t t

lI l u u g s u t s x s

u u g s s s x

ρ

ρ

ρ

η
ρ

η
ρ

+∞+

+ Ω

+∞

Ω

− ′= − − ∇ − + ∆
+

′+
+

∫ ∫

∫ ∫
 (4.31) 

By Young’s inequality, we derive  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0

0

22

0

d d

d

1 1 d ,
4 1

t
t

t
t

t
t

g s u t s x s

g s u t s s

l u t g s s s
l

η

η

η

+∞

Ω

+∞

+∞

′ ∆

′≤ − ∇ ∇

− ′≤ ∇ − ∇
−

∫ ∫

∫

∫

           (4.32) 

and for any 0ε >   

( ) ( ) ( ) ( )
22

0 0

1 d d d ,
1

t t
t t tu u g s s s x u C g s s sρ

εη ε η
ρ

+∞ +∞

Ω
′ ′≤ ∇ − ∇

+ ∫ ∫ ∫  

which, together with (4.30)-(4.32) and taking 0ε >  small enough, yields  

( ) ( )
22 2

2 12 0

1 1 d .
2 1

t
t t

l lI u u C g s s sρ

ρ
η

ρ
+∞+

+

− − ′≤ − ∇ − − ∇
+ ∫      (4.33) 

Inserting (4.30) and (4.33) into (4.25), we arrive at  

( ) ( )
( ) ( )

22 2 2 2
1

2 2
1 20

1 1
4 2

1d .
1

t
t

t
t

lt u u C

lC g s s s u ρ

ρ

δ θ η σ

η
ρ

+∞ +

+

−′Ψ ≤ − ∇ + ∇ + ∇ + +

−′− ∇ −
+∫


    (4.34) 

Set  

( ) ( ) ( ) ( ) ,H t MF t t tε= + Φ +Ψ                  (4.35) 

where M and ε  are positive constants. 
Then it follows from (4.10), (4.23), (4.34) and (2.2) that  

( ) ( )

( ) ( )

2 22
1

22
1 1 1 2 0

22 2

2

1
2 4 4 4 2

d
2 2

1 1 .
2 4 2 2 1

t t

t

t

M l l MH t u u F t C u

M MC C C g s s s

M M lf u ρ

ρ

ε εδ ε

δ ε θ ξ η

ε σ
ε ε ε ρ

+∞

+

+

−   ′ ≤ − − ∇ − − − + ∇   
   

    ′− − − ∇ + − − ∇   
   

− + + + + −  + 

∫ (4.36) 
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Now we claim that there exist two constants 1 2, 0β β >  such that  

( ) ( ) ( )1 2 , 0.F t H t F t tβ β≤ ≤ ≥                 (4.37) 

 
For any t τ≥ , we take ε  so small that  

1
1 0.

2 4
M l C ε−

+ − >                      (4.38) 

For fixed ε , we choose δ  small enough and M so large that  

1 1 1 20, 0, 0.
2 4 2
M l MC C Cεδ ε δ ξ+ − > − > − − >  

Then there exist a constant 0γ >  such that  

( ) ( ) ( )2 2
1 ,H t F t C fγ σ′ ≤ − + +               (4.39) 

which, together with (4.37), gives  

( ) ( ) ( )2 2
1

2

.H t H t C fγ σ
β

′ ≤ − + +             (4.40) 

Integrating (4.40) over [ ], tτ  with respect to t and using Lemmas 2.2-2.3, we 
obtain  

( ) ( )
( ) ( )

( ) ( )( )
( )

( ) ( )( )
( )

( )

2 2

2
0

2

2
0

2

2 2
1

1 2 2
1

1

e e d

1e sup d

1 e
1e 1 .

1 e

t t st

t t

tt

t

G

H t H C s f s s

C C s f s s

C C

γ γτ
β β

τ

γ τ
β

γ
τ

β

γ τ
β

γ
β

τ σ

σ

η

− − − −

− − +

− ≥

− −

−

≤ + +

≤ + +

−

≤ +

−

∫

∫



   (4.41) 

Now for any bounded set 0 ⊆ H , for any ( )0 1 0 0, , ,u uτ τ τ τθ η ∈ , there exists 
a constant 

0
0C >  such that ( )

0 1F C Cτ ≤ ≤ . Taking  

( )
0

2

2
0 1

1
2 2 1 ,

1 e

GR C γ
β

η
−

 
 = +  

− 

 

( )
0

2
0

1
1

0
2

1 1
log ,

1 e

GC
t

C
γ
β

ηγτ
β

−

−

 
 
 + 

= −   
   
 −     



 

then for any 0 1t t≥ ≥ , we have  

( )
( )

( )2
0 0

2

2
0

1
1e 1 ,

2
1 e

t

G
R

H t C C
γ τ
β

γ
β

η
− −

−
≤ + ≤

−
  

which gives   

( ) ( ) 2
0, , , 2 ,t

tu u H t Rθ η ≤ =
H
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i.e.,  

( ) ( ) ( ){ }2 2
0 00, , , , : , , ,t t

t tB B R u u u u Rθ η θ η= = ∈ ≤ ⊆
H

H H   

is a uniform absorbing ball for any 1G E∈ . The proof is now complete.  

4.2. Uniformly (w.r.t. ∈Σσ ) Asymptotic Compactness in H  

In this subsection, we will prove the uniformly (w.r.t. G∈Σ ) asymptotic 
compactness in H , which is given in the following theorem.  

Theorem 4.2. Assume that 1G E∈  and Σ  is defined by (2.8), then the family 
of processes ( ){ }( ), , ,GU t G tτ τ τ +∈Σ ≥ ∈  corresponding to (1.17)-(1.21) is 
uniformly (w.r.t. G∈Σ ) asymptotically compact in H .  

Proof. For any ( )0 1 0, , , , 1, 2i i i iu u B iτ τ τ τθ η ∈ = . We consider two symbols 1 1, fσ  
and 2 2, fσ  and the corresponding solutions 1 1,u θ  and 2 2,u θ  of problem 
(1.17)-(1.21) with initial data ( )0 1 0, , ,i i i iu uτ τ τ τθ η , 1,2i = , respectively. Let 
( ) ( ) ( )1 2t u t u tω = − , ( ) ( ) ( )1 2p t t tθ θ= − , ( ) ( ) ( )1 2, , ,t t tx s x s x sζ η η= − . 
Then ( ), tω ζ  verifies  

( )
( ) ( )

1 2 1 2

1 20
d , , ,

t tt tt t t tt

t

u u u u l

g s s s p x t

ρ ρ ρω ω ω

ζ ω σ σ τ
+∞

+ − − ∆ − ∆

− ∆ −∆ +∇ = − ∈Ω >∫
    (4.42) 

1 2divtp p f fω−∆ + = −                     (4.43) 

,t t
t s tζ ζ ω+ =                         (4.44) 

with Dirichlet boundary conditions and initial conditions  

( ) ( ) ( )0 1 0 1 2, , , , , , .tx x p x pτ τ τ τ τ τω τ ω ω τ ω τ ζ η η= = = = −       (4.45) 

The corresponding energy for (4.42)-(4.45) is defined  

( )
222 22

, 1
1 1 1 1d .
2 2 2 2 2

t
p t t t

lE t u xρ
ω ω ω ω θ ζ

Ω
= + ∇ + ∇ + +∫ 

 (4.46) 

Clearly,   

( ) ( )

( ) ( )

( )

22
, 0

1 2 1 2

1 2
1 1 2 1 2

d 1( ) d
d 2

d d

d d .
2

t
p t

t

t tt t tt t t t

E t g s s s
t

x f f p x

u u x u u u x

ω

ρ ρ ρ

ω ζ

σ σ ω

ρ ω ω

+∞

Ω Ω

−

Ω Ω

′= − ∇ + ∇

+ − + −

+ − −

∫

∫ ∫

∫ ∫

   (4.47) 

Using Hölder’s inequality, Poincaré’s inequality and Theorem 4.1, we derive  

( )1 2 1 2d ,t txσ σ ω σ σ ω
Ω

− ≤ −∫                 (4.48) 

( )1 2 1 2d ,f f p x f f p
Ω

− ≤ −∫                  (4.49) 

( ) ( )
1 12

1 1 1 12 1 2 1

1
1 1

1

d
2 2

,

t tt t t tt t t

B t t tt t

B t tt

u u x u u

C u u

C u

ρ ρ

ρ ρ

ρ

ρ ρω ω ω

ω ω

ω

− −

+ +Ω

−

≤

≤ ∇ ∇ ∇

≤ ∇

∫
       (4.50) 
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( )
( ) ( ) ( )( )
( )

2 1 2

1 2 1 22 1 2 1 2 1

1 2 1 2

2

d

,

tt t t t

tt t t t

tt t t t

B tt t

u u u x

C u u u

C u u u

C u

ρ ρ

ρ ρ

ρ ρ ρ

ρ ρ

ω

ω

ω

ω

Ω

+ + +

− −

≤ +

≤ ∇ ∇ + ∇

≤ ∇

∫

 

which, combined with (4.47)-(4.50), yields  

( ) ( ) ( )

( )0

22 2
, 1 20

1 2 1 2

d 1 d
d 2

.

t
p t t

B tt tt t

E t p g s s s
t

f f p C u u

ω ω ζ ω σ σ

ω

+∞
′≤ − − ∇ + ∇ + −

+ − + ∇ + ∇

∫  (4.51) 

We define  

( ) ( )2
, 1

1d d d .
2p t t tt u x x xρ

ω ω ω ω ω ω
Ω Ω Ω

Φ = + ∇ ⋅∇ + ∇∫ ∫ ∫     (4.52) 

It is very easy to verify  

( ) ( ) ( ) ( )

( ) ( )

22 2
, 1 2 1 2 1

22
,

1 1
2 2

.

p t t t

B t B p

t u

C C E t

ρ
ω ρ ρ

ω

ω ω ω ω ω

ω ω

+ +
Φ ≤ ∇ + ∇ + +

≤ ∇ + ∇ ≤
 (4.53) 

Taking the derivative of ( )tωΦ , it follows from (4.42)-(4.43) that  

( ) ( )
( ) ( ) ( )

( )

2
, 2 1 2

1 20

1 22
1 1 1

5 22

1

d

d d d d

d

.

p tt t t

t

t tt t t t t

i t
i

t u u u x l

g s s s x p x x

u u u x

A l

ρ ρ
ω

ρ ρ

ω ω

ω ζ ω σ σ ω

ρ ω ω ω ω

ω ω

Ω

+∞

Ω Ω Ω

−

Ω

=

′Φ = − − − ∇

− ∇ ∇ + ∇ + −

+ + + ∇

= − ∇ + ∇

∫

∫ ∫ ∫ ∫

∫

∑

 (4.54) 

Applying Hölder’s inequality, Young’s inequality, Poinceré’s inequality and 
Theorem 4.1, we get  

( ) ( ) ( )( ) ( )

( )

1 1
1 1 2 1 22 1 2 1 2 1 2 1

1 1
1 2 1 2

2 ,

tt t t t

tt t t t

B tt

A C u u u

C u u u

C u

ρ ρ

ρ ρ ρ ρ

ρ ρ

ω ω

ω ω

ω

− −

+ + + +

− −

≤ +

≤ ∇ ∇ + ∇ ∇

≤ ∇

       (4.55) 

( ) ( ) ( )
22

2 0

1d , 0,1 ,
4

t tlA g s s sω ζ ε ω ζ ε
ε

+∞ −
≤ ∇ ∇ ≤ ∇ + ∀ ∈∫  (4.56) 

3 1 2 ,A σ σ ω≤ −                       (4.57) 

4 ,A p ω≤ ∇                        (4.58) 

( ) ( ) ( )
1 2

5 1 1 1 1 12 1 2 1 2 1 2 2

2
1 .

tt t t t t

B tt B t

A C u u C u

C u C

ρ ρ

ρ ρ ρ ρ ρ
ω ω ω

ω ω

−

+ + + + +
≤ +

≤ ∇ + ∇
    (4.59) 

By virtue of (4.46), we have  

( )
222 22

, 1
2 1 1 1 1= d .t

p t t tE t u x p
l l l l l

ρ
ωω ω ω ζ

Ω
∇ − − ∇ − ∇ −∫ 

 (4.60) 
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Then from (4.54)-(4.59), we can conclude  

( ) ( )

(

)

( ) ( )

( )

2 2 2
, , 1

2 22
1

2

2 1 1 2

222 2

1 1 2 1 2

2 1 1d
2 2

1 1

1
4

2
.

p p t t t

t
B t B tt

t
tt

t
t

B tt tt

l lt E t u x
l l l

p C C u
l l

lu p C

l l E t C C p C

C C u u p

ρ
ω ω

ω ε ε ε

ε εω ω ω

ζ ω ω

σ σ ω ζ
ε

ε ω ε ω ζ

σ σ ω ω

Ω

− − ′Φ ≤ − ∇ − − − ∇

− ∇ − + ∇ + ∇


−
+ ∇ + ∇ + − +

−
≤ − ∇ − − + ∇ + ∇ +

+ − + ∇ + ∇ + ∇

∫







(4.61) 

Now we define  

( ) ( ) ( ) ( )( ), 1 0
d d .t

p t t tt u g s s s xρ
ω ω ω ζ

+∞

Ω
Ψ = ∆ −∫ ∫          (4.62) 

From (4.42)-(4.43) and integration by parts, we derive  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

, 2 1 2 0 0

2

0 0

1 20 0

1
1 1 0 0

1 0

d d d d

d d d d

d d d d

d d d d

d

t t
p tt t t

t t
t

t t

t t
t tt t t t

t
t t t

t u u u g s s s x l g s s s x

g s s s x g s s s x

p g s s s x g s s s x

u u g s s s x g s s s x

u g s s

ρ ρ
ω

ρ

ρ

ζ ω ζ

ζ ω ζ

ζ σ σ ζ

ρ ω ζ ω ζ

ω ζ

+∞ +∞

Ω Ω

+∞ +∞

Ω Ω

+∞ +∞

Ω Ω

+∞ +∞−

Ω Ω

+∞

Ω

′Ψ = − + ∇ ∇

+ ∇ − ∆

+ ∇ − −

− + ∆

−

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫
9

1
d .i

i
s x B

=

= ∑

(63) 

Using Hölder’s inequality, Poincaré’s inequality and Theorem 4.1, we derive 
for any ( )0,1δ ∈ ,  

( ) ( ) ( )( ) ( ) ( )
( )

( ) ( )

( )

( ) ( )

1 1
1 2 1 22 1 2 1 2 1 0 2 1

2 0

1
2 2

1
2 2 1 2

2

d

d

1

1

,

t
tt t t t

t
B tt t

t
B tt t

t t
B tt t

B tt t

B u u u g s s s

C u g s s s

C l u

C l u

C u

ρ ρ

ρ ρ ρ
ρ

ω ζ

ω ζ

ω ζ

ω η η

ω

+∞− −

+ + +
+

+∞

≤ +

≤ ∇ ∇

≤ − ∇

≤ − ∇ +

′≤ ∇

∫

∫



 

  (4.64) 

( ) 2
22

2

1
4

tl l
B δ ω ζ

δ
−

≤ ∇ +


                  (4.65) 

( )
2

3 1 ,tB l ζ≤ −


                       (4.66) 

( )
2 22

4 1 ,
4

t
tB lλδ ω ζ

δ
≤ ∇ + −


                 (4.67) 

( ) 2
22

5

1
4

tl l
B pδ ζ

δ
−

≤ ∇ +


                  (4.68) 

( )
1 22
26 1 2 1 1 2 11 t tB l C Cλ σ σ ζ σ σ ζ≤ − − ≤ − +

 
       (4.69) 
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( ) ( ) ( ) ( )
( )

( ) ( )

( )

1
7 1 12 1 2 1 0 2 1

1 0

1
2 1 1

d

d

1 .

t
t tt t

t
B tt t

t
B tt t B tt t

B u u g s s s

C u g s s s

C l u C u

ρ

ρ ρ
ρ

ω ζ

ω ζ

ω ζ ω

+∞−

+ +
+

+∞

≤

≤ ∇ ∇

′≤ − ∇ ≤ ∇

∫

∫



        (4.70) 

Noting that  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0 0 0

0

d d d

1 d ,

t t
t t s

t
t

g s s s g s s g s s s

l g s s s

ζ ω ζ

ω ζ

+∞ +∞ +∞

+∞

= ⋅ −

′= − +

∫ ∫ ∫

∫
 

then we see that  

( ) ( ) ( ) ( )

( ) ( ) ( )

2
8 0

22

0

1 d

1 1 d ,
2 2 1

t
t t

t
t

B l g s t s s

l g s s s
l

ω ω ζ

ω ζ

+∞

+∞

′≤ − − ∇ − ∇ ∇

− ′≤ − ∇ − ∇
−

∫

∫
       (4.71) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
9 1 2 1 2 1 0

2
22 12

0

1 d d

0
1 d d .

4

t
t t t t

t
t t t

B l u x u g s s s

C g
l u x g s s s

ρ ρ

ρ ρ

ρ

ω ω ζ

λ
ω δ ω ζ

δ

+∞

+ +Ω

+∞

Ω

′≤ − − +

′≤ − − + ∇ − ∇

∫ ∫

∫ ∫
(4.72) 

Plugging (4.64)-(4.72) into (4.63), we get  

( ) ( ) ( )

( ) ( ) ( )

2 2 2
, 1 2 1

22
1 1 2

2 2
1 10

1 2
2

d 1 d .

t
p B tt tt t t

t

t
t t

t C u u C p

lC

C g s s s l u x

ω

ρ

ω ζ δ ω

σ σ δ ω

ζ ω
+∞

Ω

′ ′Ψ ≤ ∇ + ∇ + + + ∇

− + − − − ∇ 
 

′− ∇ − −∫ ∫



   (4.73) 

On the other hand, we can get  

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1
2, 1 2 2 0

1 1
2 21 1

22
,

1 d

1 1

.

t t
p t t t

t t
t t t

t
B t B p

t l u g s s s

l C l u

C C E t

ρ
ω ρ ρ

ρ

ω

ω ζ ω ζ

ω ζ λ ω ζ

ω ζ

+∞

+ +
Ψ ≤ − ∇ +

≤ − ∇ + − ∇ ∇

≤ ∇ + ≤

∫

 



  (4.74) 

Define  

( ) ( ) ( ) ( ), , , , ,p p p pG t ME t t tω ω ω ωε= + Φ +Ψ               (4.75) 

which, together with (4.53) and (4.74), yields  

( ) ( ) ( ) ( ) ( ), , , .B B p p B B pM C C E t G t M C C E tω ω ωε ε− − ≤ ≤ + +      (4.76) 

Now we take 0ε >  so small and M so large that  

( ) ( ) ( )2 .
2
M E t G t ME tω ω ω≤ ≤                   (4.77) 

Then for any t τ≥ , we have  

( ) ( ) ( )
2

, , 2 1 2 12
t

p p
MG t l E t C Cω ωε ε ξ ξ ζ ′ ≤ − − − − − 

  
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( )( )( )
( )( ) ( )

2 2

2

1 2

2 2
1 2 1 1 2 1 2

2 2
1 2

2
, ,

, , .

t

tt tt t

t

M lC p

lM C

C B M u u p

C B M C f f

ε

ε

εδ δ ω

δ ε ω

ε ω ω

ε ω ω σ σ σ σ

−   − − − ∇ − − ∇   
   

− − + − − ∇ 
 

+ ∇ + ∇ + ∇ +

+ + − + − + −

 (4.78) 

Now we take 0δ >  and 0ε >  so small that  
1 2 0, 0, 0.

2 2 2
l l MM C Cε ε

εδ ε δ δ− −
+ − − > − > − − >  

For fixed ε  and δ , we choose M so large that  

2 1 2 1 0.
2
M C Cξ ξ− − >  

Then there exist some constant 0β >  such that   

( ) ( ) ( )( )
( ) ( )

( ) ( )( )

( ) ( )

, , 1 1 2

2 2
1 1 2 1 2 1 1 2

, 1 1 2

2 2
1 1 2 1 2 1 1 2

2
.

p p tt tt t

t

p tt tt t

t

G t E t C u u p

C f f C

G t C u u
M

C f f C

ω ω

ω

β ω ω

σ σ σ σ ω ω

β ω ω

σ σ σ σ ω ω

′ ≤ − + ∇ + ∇ + ∇ +

+ − + − + − +

≤ − + ∇ + ∇ +

+ − + − + − +

   (4.79) 

Integrating (4.79) over ( ), tτ  with respect to t, we derive  

( ) ( ) ( ) ( ) ( )
( ) ( )( )
( ) ( )

( ) ( ) ( )( )
( )( ) ( )( )

2 22 2
, , 1 1 2 1 2

2
1 1 2

2
1 1 2

1
2 2 222

, 1 1 1 2

1 1
22 2 22 2

1 1 2 1 2

e e d

e d

e d

e d d

d d .

t t st
M M

p p

t st
M

tt tt t

t st
M

t

t t t
M

p t

t t
t

G t G C f f s

C u u p s

C s

G C s C s

C f f s s

β βτ

ω ω τ

β

τ

β

τ

β τ

ω τ τ

τ τ

τ σ σ

ω ω

σ σ ω ω

τ ω ω σ σ

σ σ ω ω

− − − −

− −

− −

− −

≤ + − + −

+ ∇ + ∇ + +

+ − +

≤ + + + −

+ − + − +

∫

∫

∫

∫ ∫

∫ ∫

(4.80) 

For any fixed ( )0,1ε ∈ , we choose T τ>  so large that  

( ) ( )
2

, e ,
T

M
pG

β τ

ω τ ε
− −

≤  

which, together with (4.77) and (4.80), gives  

( ) ( )( ) ( )

( ) ( )( )

1
2 2 2 22

, 1 1 1 2 1 2

1 1
22 22 2

1 1 2

d d

d d

t t
p t

t t
t

E t C s C f f s

C s s

ω τ τ

τ τ

ε ω ω σ σ

σ σ ω ω

≤ + + + − + −

+ − +

∫ ∫

∫ ∫
(4.81) 

Let   

( ) ( )( )
( ) ( )

01 11 01 1 02 12 02 2 1 2

1 2 1 2

, , , , , , , ; ,

d d d d

T

t t
t

u u u u G G

x s f f p x s

τ τ τ τ τ τ τ τ

τ τ

φ θ η θ η

σ σ ω
Ω Ω

= − + −∫ ∫ ∫ ∫
             (4.82) 
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Then 

( ) ( ) ( )( ), 01 11 01 1 02 12 02 2 1 2, , , , , , , ; , .p TE t u u u u G Gτ τ τ τ τ τ τ τ
ω ε φ θ η θ η≤ +       (4.83) 

It suffices to show ( ) ( ), , , ,T Contr Bφ ⋅ ⋅ ⋅ ⋅ ∈ Σ  for each fixed T τ> . From the 
proof of existence theorem, we can deduce that for any fixed T τ> , and the 
bound B depends on T,  

[ ]
( )

,
,G

G t T
U t B

τ
τ

∈Σ ∈
 

                       (4.84) 

is bounded in H . 
Let ( , , , )t

n nt n nu u θ η  be the solutions corresponding to initial data 
( )0 1 0, , ,n n n nu u Bτ τ τ τθ η ∈  with respect to symbol , 1, 2,nG n∈Σ =  . Then from 
(4.84), we get  

( )( )1
0-weakly in 0, ; ,nu u L T H∞→ Ω              (4.85) 

( )( )1
0-weakly in 0, ; ,nt tu u L T H∞→ Ω            (4.86) 

( )( )1
0-weakly in 0, ; .n L T Hθ θ ∞→ Ω            (4.87) 

Taking 1 nu u= , 2 mu u= , 1 nθ θ= , 2 mθ θ= , 1 nσ σ= , 1 nf f= , 2 mf f= , 

2 mσ σ= , noting that compact embedding ( ) ( )1 2
0H LΩ Ω , passing to a 

subsequence if necessary, we have  

nu  and ntu  converge strongly in [ ] ( )( )2, ;C T Lτ Ω . 

Therefore we get   
2 d 0, as , ,

T
nt mtu u s m n

τ
− → → +∞∫             (4.88) 

2 d 0, as , ,
T

n mu u s m n
τ

− → → +∞∫              (4.89) 

2 d 0, as , .
T

n m s m n
τ
θ θ− → → +∞∫              (4.90) 

On the other hand, by , , ,m n m nf fσ σ ∈Σ , we see that  
2 d 0, as , ,

T
n m s m n

τ
σ σ− → → +∞∫             (4.91) 

2 d 0, as , .
T

n mf f s m n
τ

− → → +∞∫              (4.92) 

Hence it follows from (4.88)-(4.92)  

( ) ( )( ), , , , , , , ; , 0 as , ,t t
T n nt n n m mt m m n mu u u u G G m nφ θ η θ η → → +∞  (4.93) 

that is, ( ),T Contr Bφ ∈ Σ . 
Therefore by Lemma 3.1, the semigroup ( ){ }( ), 0,GU t t Gτ τ≥ > ∈Σ  is 

uniformly asymptotically compact and the proof is now complete.  
Proof of Theorem 2.3. Combining Theorems 4.1-4.2, we can complete the 

proof of Theorem 2.3. 
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