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Abstract

In this paper, we consider the large time behavior of the strong solutions to
the three dimensional compressible viscoelastic flows with damping. Based
on the energy method and spectral analysis, we analyze the influences of the
damping on the global existence and decay rates of compressible viscoelastic
flows under some small assumptions in F-framework. Compared with the
time decay rates of solutions to the compressible viscoelastic flows in [1], our
results imply that the friction of the damping is stronger than the dissipation
effect of the viscosities.
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1. Introduction

In this paper, we are interested in three-dimensional compressible viscoelastic

flows with damping in the following form:

p, +div(pu)=0,
(pu), +div(pu®@u)+VP(p)— phu—(A+ u)Vdivu = adiv(pFFT)—pu, (1.1)
F +u-VF =VuF,

for (t,x)e[0,+oo)><R3. Here p,ucR’ FeM> denote the density, the ve-
locity and the deformation gradient, respectively. The constants g and A are
the shear viscosity and the bulk viscosity coefficients of the fluid, respectively,
which satisfy

u>0, 2u+3120.
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The corresponding elastic energy is chosen to be the special form of the Hoo-

kean linear elastic [2],

w(F) :%|F|2 +%J':P(s)ds, a>0.

In this paper, we investigate the Cauchy problem of system (1.1) with the ini-
tial data

(p,u,F)L:O:(po(x),uo(x),Fo(x)), xeR?, (1.2)
with
div(pF")=0, F*(0)V,F"(0)=F"(0)V,F*(0). (1.3)

It is standard that the condition (1.3) is preserved by the flow, which has been
proved in [3] [4].

The system (1.1) is a coupling system between Navier-Stokes equations and
the deformation gradient with a damping term. When the damping term is ab-
sence in the system (1), there are many results about the global existence of
solution to the compressible viscoelastic flows, refer to [5] [6] [7]. Hu and
Wang in [1] [8] have proved the global existence and the decay rates of mul-
ti-dimensional compressible viscoelastic fluids in the large time behavior. The
global existence of the Cauchy problem with initial data close to an equili-
brium state in Besov spaces was obtained in [3]. For the Navier-Stokes equa-
tions, there are many mathematical results on the global existence of the solu-
tions in [9] [10]. Recently, for the Navier-Stokes equations with the electric

potential, Wang in [11] proved the global existence of strong solution. They also
3 k+l

obtained the decay rates "Vk (p—1)|, <C(1+t)+ 2, which are faster than the

L2

3k
decay rates "V" (p-1) 2 < C(1+1¢) 42 in [1]. For the classical solutions to the

incompressible viscoelastic flows, refer to [12]-[18]. And the global existence of
weak solutions to the incompressible viscoelastic flows with large initial data is
established in [3] [16] [19].

When we consider the damping term, there is very little progress on the global
existence of solutions. And for the Navier-Stokes equations with the damping
term a|u|ﬂ_l u(a>0), we refer to [20] [21] [22] [23] [24]. In this paper, we
consider the global existence and Z*-norm decay rates of the compressible vis-
coelastic flows with the term for S =1 in A framework. We use the standard
energy method to prove the global existence under the condition that the initial
data are close to the constant equilibrium state. In order to prove the decay rates,
we take the Hodge decomposition of the linear system, and then it becomes two
similar systems which only involve two variables. It is different from the com-
pressible viscoelastic fluids [1] [8], we divide the solution U (n,v,E )(x,t) into
two parts, the low frequency part U, and the high frequency part U,. Here,
the key point is the highest order derivative estimates of the high frequency part

can be governed by the decay estimates of the low frequency part, see Section 3.
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We use the energy method for the high frequency part and combine with the
decay estimates of U, to obtain the decay estimates of the solutions. Here,
when the damping term is taken into account, we obtain the improved global
existence of the solutions for system (1.1).

Our main results are stated in the following theorem.

Theorem 1.1 Assume that the initial condition
(po—1,uy, Fy—1)e H’ (]R3) satisfies the constraints (1.3), there exists a
constant 8, >0 such that if

"(Po —Lug, F _1)

H3(R3) < 50, (1.4)
then there exists a unique global solution (p,u,F) of the Cauchy problem
(1.1)-(1.2) such that for any t>0,

"(p -Lu,F _[)(t)||23(m3) + J.(; "V(p, T)"HZ ]R3 + "u ||H4(R3) dr
) (5)
<l D

Moreover, if (p,—1,u,)eL (R3 ) , the solution (p,u,F) enjoys the follow-
ing decay-in-time estimates.

k

IV (p=tu, F=1)(¢) _C(l+t)42, 0<k<3,

7))

(o =L, F=1)( C(1+1)2, 3

YO
lo, (o= 1Lu, F=1)( ||L“ C(1+1)

for some positive constant C.

Notation. We use L”, W™? to represent the usual Lebesgue and Sobolev

spaceson R’ and H" =W"?, with norms ||, ||, and [-,. respec-
tively. We also denote V=0, =(0,,0,,0,), where 0, = 0., V,=0,. We as-
sume C'to be a positive constant throughout this paper that may vary at different
places and the integration domain R’ will be always omitted without any am-
biguity. Finally (--) denotes the inner productin L’ (R3).

The rest of this paper is devoted to prove Theorem 1.1. In Section 2, we re-
formulate the system and establish a priori estimate for the strong solutions.
Then we consider the global existence of strong solutions. In Section 3, we give
the decay estimates of the low frequency part and complete the proof of Theo-

rem 1.1. Finally, Section 4 shows some useful inequalities.

2. Global Existence
Reformulations

In this subsection, we first reformulate the system (1.1). For p >0, (1.1) can be

rewritten as
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p, + pdivu +uVp =0,
1 ) o P ) ) )
u, ——(,uAu’ —(ﬂ,+/1)Vidlvu’)+u~Vu’ +ﬂvlp+u’ = aF’ijF”‘, (2.1)
Y Y
F +u-VF =VuF,
where we use the condition (1.3), diV( pF T) =0, then get the vector
diV(pFFT) ,
V,(pF*F*)= pF*V F* + F,V (pF")= pF"*V F*.
Let
n(t,x) :p—l,v(t,x):u,E(t,x):F—I,
then we have from (6) that
n,+divv=f—v-Vn,

V= AV —(/1 + ,u)V,.divvi +V,n —aV_/.E"j V=g i=123, (2.2)
E -Vv=h-v-VE,

where
f=-nV-v, h=VVE,
( )
g =aE"V E" —v- Vv —{ (n+1) 1}
(n+1)P'(1) (2.3)
1(,uAv —(ﬂ+,u V divv' )
And here M —1~o0(1)n.We will assume that « =1 for the rest of
(n+1)P'(1)
n
this paper.

Proposition 2.1 (Local existence). Let (n,,v,,E,) e H’ (R3) and
ing3 { Lo +1} >0. Then there exists a positive constant T >0 depending on

no,vo,EO) , such that the initial value problem (2.1) has a unique solution
(n,v,E) satisfying

nEeC(0.7:H (R))NC (0,11 (R?)),
vel® (O,T;H“ (R’ )) nc' (o,T; I(R ))
Moreover, the following estimates hold,

sup ” n,v, E ( )" s S3||(110,VO,E0)"2

30
0<t<T H
and

inf {p(x,t)+l} >0,

xeR3,OStST
where (no,vo, ) (/—70 l,uO,FO—I).

Proof. The proof can be done by using the standard iteration arguments. Refer,
instance, to [8] [25]. O
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Proposition 2.2 (A priori estimate). Assume that

|(n.v.E)|,s <6 <1, (2.4)

then there exists a unique global solution (n,v,E) of the Cauchy problem
(1.1)-(1.2) such that for any t>0,

o YOy # P BN,

< (im0 £, ||H3(R3)-

(2.5)

Moreover, if (no,vo)eLl(R3), the solution (n,v,E) enjoys the following
decay-in-time estimates:

3k
[V (v, E)(0)] o SCO+0) 372, 0<k <3,

()

(v, E) (1) <c@+g%,

||L°°(R3) -
||8t(n,v E)( " C(l+1)

We can get the global existence of solution by combining the local existence
result with a priori estimates. In the following lemma we give the energy esti-
mates of the lower and higher for (n,v, E ) .

Lemma 2.1 Under the assumption (2.4), it holds that

iz + €@l = e8]V (m E) ) - (2:6)

Proof. Multiplying (2.2),, (2.2),, (2.2);, by n,v,E, respectively, and then inte-

grating them over R’, we obtain
1d
Lo )+ e+ oo + e DI

:<n,f—v~Vn>+<v,g>+<E,h—v~VE>.

To estimate the left-hand side of (2.7), we can use the first equation in (2.2).

(2.7)

The three terms on the right-hand side of the above equation can be estimated as
follows.

First, we can use Holder’s inequality and Sobolev’s inequality to get

(/=55 =fin vV <l M, Il <ol @)

Similar to the proof of (2.8), we get
(E.h—v-VE) < CE] s [V¥ 2 [VE] s +[E]s M2 IVE]

(2.9)
< Co(IVE: + IV ).

P'(n+1) ~ i '
e
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We also use Holder’s inequality and Sobolev’s inequality to get

(E#v ) <l W IVEL <co(vers ). e

LZ

2
L2 >

(v 9V ) <9 M e < €519

(et}

Substituting (2.11)-(2.13) into (2.10) gives

(2.12)

o e (2 P Y A ERE

(vg) < co(|v(m B, + v ) (214

Combining (2.8), (2.9) and (2.14) with (2.7) since ¢ >0 is sufficiently small.
This completes the proof of Lemma 2.1. O
Lemma 2.2 Under the assumption (2.4), it holds that

L9 () O + Iy () < €Ol (. E) 1) (2.15)

2
H?

Proof. For each multi-index & with 1<k <3, by applying V* to (2.2) and
multiplying them by V*n,V*v and V'E respectively, and integrating over

R?, we have

1d 2 2

EE"V]‘ (n, V,E) iz +||Vkv 2 + ,U"V"*lv ; +(,U + l)"vkﬂ - L2
=(V'nVE (/= Vn))+ (VI Vig) +(VE VA (h-v-VE))  (216)
=1 +1,+1,.

Now we estimate the right-hand side of (2.16). Here we know
(Vn, VA (f =v-Vn)) = (V' £, Vi) =(V* (v-Vn),Vin),
(V'E,V* (h=v-VE))=(V'n,V*E)~(V* (v-VE),V*E).
By Holder’s inequality and Sobolev’s inequality, we have
I =(V'n,V* (f=v-Vn))
=(V'n, VA ) = (V¥ V* (v-Vn))
= (V*n,V* (=nvv)) - <vkn,[vk,v] ~ Vn> —(Vn, )
- —<an, [v’w]w} (Vi avHiv) - <an, (V] Vn> —(Vin, v )
=0+ +1+17
(2.17)
Next we estimate the terms /; (i =1,2,3,4) one by one.

Al

I = <—vkn,[vk,n] Vv> <[4, (7

2
)

Similar to the estimate of 1, we obtain

P ||Vn||Lw + "an

29

2 k
2+||Vv
L

< Cé‘(”V"n
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Il = <—an, nd“v> <

< Cé'("an L+

[3 _ <_vk |:vk >< ||Vk

l <divv, |an| >
2

I, < c5(||vk

| Vin 2 vy P
) (2.19)

2
k+1
|V+v ,

(I

2197l

< co([v'a];

+h

I} = <—an,ka“n> <

<C|V, "V" ||L2 _C5||Vk || ,.(2.21)

So we can get

+[h

o, ) (2.22)

Next, we deal with the term [, and 1.
<Vkvijvkgi> _ <Vk (EjijEik)’vkvi>_<vk (vi .Vvi)’vkvi>

- P'(n+1) B ) ‘
<V H(m)zy(l) IJV }V > 02

< (n+1/1Av + l(,u+/1)Vidiw),V v>

=L+0+0+1+15.

And we have
Il = <vk (E*v jEik),Vkvi>
= (V'Y E* V4 ) + <Ef" [v.v jE”"],v"v"> (2.24)
=0L'+1,"
Similarly, by using (2.2),, we have

L =(V'EM BN VA ) < C|VEEH .
) o ! (2.25)
1’ )

< C&("VkEfk v

Similar to the proof of ', we have
B2 =(E*[ V4.V, B4 ]9 ) = ([ V5 BTV (B4VAY))
:_<[Vk,Ei ]’VEjkka >_<|:Vk’Ei ],Ejkvk+lvi>

<c|v*|, (V"] . ) (2.26)

+C5||Vk+1 i ( w)
L
< c&(”v" I +||vk 8 ).
So we get
' < osliveviF k 2 k|
B<cs(|[vh, + + Ve ) (2.27)

Similarly, we can estimate the other terms.
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< vy

== (V5 ]V, )= (W, 9

< v |V, VY <dlvv |V" > (2.28)
<c|vhv Lz( 1:09v0,.) I
<Cs|vhy ;

For term [, , we have

L =—<V H(” +(1';+1()1) 1JV,n:|,V"vi>

=—(V*[nV,n], V%) (2.29)
- —<[v", 2% > (V' V4
=00+ 07
Then we have

B =~([V' ]V vt )< c vt

:)
o
And same as 1], we have
L =~(nvV"V,n, v ) = <an,V (v )>
<an VnV*y i> <an nVMv">

Lz(vk

al; 1¥nl,- )

< C5(||V"v .

|an

< c5(||vk ol )
Thus we can give the estimates of the 1,
I,< c5(||v" vl +vry ;) (2.30)
Finally we can estimate the term of /; sameas I,
I, < c5(||vk +[vEy ;) (2.31)
Substituting (2.22), (2.30) and (2.31) into (2.16), we get (2.15). O
In the following lemmas we give the dissipations on ||Vn|| ,» and
[v(e"-£)| .
Lemma 2.3 Under the assumption (2.4), there exists a positive constant C
such that
—di(divv,n) +C|Va|. <C|v|;2 + C5||VE||22 : (2.32)
L (divv,an)+ C|vnll, <l (2.33)
j (viv.vn)+ C|val, <M, (2.34)

Proof. Notice that the condition le( pF" ) =0 forall >0 gives
divdiv[(1+n)(E+1)]=0, V0.
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Thus we get

aZ(Ei/')_d. div(E) = divdi 1 E ]T divdi I+ nET
=" iv IV( )— iv IV[( +n)(E+ )]— iv 1V(n +n )

xi 7 xj

(2.35)
=—An—divdiv(nE).
Then applying V, to (2.2), and summing over 7 we can get
(divv)t - (2,u + /I) Adivv +2An+ Vv =divg,, (2.36)
where
g =g- diV(nE).
Multiplying (2.36) by n, and then integrating over R, we get
2

2 ||Vn||L2 = <(divv)t , n> + (Vv, n) - (dng1 , n) - <(2,u + /1) Adivv, n>

= %(divv, ny—(divv,n,)+(Vv,n)—(divg,,n)+ <(2,u + ) Adivv, n>

= %(divv, n> - <divv, f> + <divv, V- Vn> + ||divv||i2
+ (Vv, n) + (gl ,Vn) + <(2,u + ﬂ)Adivv, n>,
where we use the Holder’s, Sobolev’s and Cauchy’s inequalities to get
d, ..
T <d1VV, n> +2 ||Vn||i2
(19l 10 + 19 s 19 + 9

1Vl
s +M: + 197l +lal: [Vl
< Clpf + Sl + o (v () )
Multiplying (2.36) by An, and then integrating over R®, we get
2[Anfl, ==((divv),, An) —(Vv, An)+(divg,, An) +((24 + A) Adivv, An)
- _%@m, AnY +(divy, An,) — (Vv, An)
+(divg,, An)+((2u + 1) Adivv, An)

—%(divv, An) + <Vdivv, Vf) - <divv, A (v . Vn)> + ||Vdivv||i2

- <Vv, An) + <dng1 R An) + <(2,u + /1) Adivv, An>.

By Holder’s, Sobolev’s and Cauchy’s inequalities we get

%(divv, An) + ||V2n

< C("V2v

2
L2

2
2

o971z + [

2
o Vs [Vl + 2

V[ + [ ; vy

ol +[Ve]
2
2 )

DOI: 10.4236/jamp.2018.611189 2281 Journal of Applied Mathematics and Physics

< Clply +5laalls + (|5 (n.E)



https://doi.org/10.4236/jamp.2018.611189

W. F. Xu

Then applying V’ to (2.2),, summing over i and multiplying them by V’n,

and then integrating them, we have

e vin)+ |V, <l +ca (v () ).

which gives (2.34) if J is small enough. This completes the proof of Lemma

2.3. (]

Lemma 2.4 Under the assumption (2.4), there exists a positive constant C

such that
d 2
— WET-E)+ c|v(e =), <chl +colv(mne).. @37
d 2 2

a<W,A(ET ~E))+C|V2 (E"-E)|, <C[V + Co|V (B[, (238)

%<vw,v3 (E"-E))+c|v’(E"-E) i <C[W[},s +C8|V* (B[, (239)
Proof Taking (2.2); (2.2), , then we have

(ET—E)t+W=hT—h—v-V(ET—E), (2.40)

where W =Vv—(Vv)' =curlv. Note the condition F"V,F’ =F'V,F"* for all

t >0, which means that
V.E" +E"VE" =V E* + E'VE", V120, (2.41)
Then we get
VV.E*-VV,E* =V,V E* -V, V .E"
=V, V\E' -V, V,E" +V (E*V E" - E"V E* )~V (E"V,E" - E"V E")
=A(E" - E")+V, (E"V,E" ~E'V E*) =V (E"V,E" - E"V E").
(2.42)
Apply curlv to (2.2),, we get
W = bW+ W +A(E" - E) = curlg + 8, (2.43)
where the antisymmetric matrix S is defined as
S =V, (E"V,E" - E'V,E") -V, (E"V,E" - E"V,E").
Multiplying (2.43) by (ET -E ) , and then integrating over R’, we get
(W.E" ~E)+(W,E" ~E)+(A(E" ~E),E" ~E) - u(AW,E" - E)
= <curlg +S,E" —E>.
By Holder’s and Sobolev’s inequalities we have

—%(W, E" —E>+“V(ET ~E) ’

2

=(W.E" —E>—<W,(ET —E)t>—y<AW,ET ~E)~{curlg + 8.E" - E),

where <VV,(ET —E)[> :(W,—W>+<W,hT —h—v~V(ET —E)> . Now let us es-
timate the right-hand side term by term. We use Holder’s and Sobolev’s inequa-
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lities have
(. (7= E))|< c (bli: +IVEL: ).
v < cos.
(.47 = m| < €9V [V, 2] - < o9
(W.v- (£ B M. [99] IVE]» < Gl + C5||VE||22 ,

MAW, E" —E>‘ - ,u<VW,V(ET >< c||v2

Kcurlg—i—S,ET —E>‘ < C5(||Vv||L2 +||V n,E) "Lz )

Thus we get

<O+ VBN, (244

L

—%<W,ET —E>+C“V<ET ~E)

Similarly, multiplying (2.43) by A(ET -E ), and then integrating over R’,

we get
(W,A(E" - E))+ (W, A(E" - E))+(A(E" - E),A(E" - E))
<AW A(E" - E)> <curlg+S A(E" - >
(w.a(E" —E)>+%<W,A(ET —E)>—<W,A(ET —E)l>
—,u<AW,A(ET —E)>+<A(ET ~E),A(E" —E)>
- <curlg +S8,A(E" - E)>

By Holder’s and Sobolev’s inequalities we get

2

%<W,A(ET —E)>+

Vv (E"-E)

= (WA(ET B (£ ) s (am.a( - )
+<curlg+S,A(ET —E)>

Now let us estimate the right-hand side term by term. We use Hélder’s and

2
7?)

Sobolev’s inequalities have

<W,A(ET -E)>

(. aw)|=[(vw,yw)| < C|v?v i

- KVW,V(ET - E)>‘ <c(|v], +

KW,A(hT ~h) H (vw,v(i" —h)>‘

el

N\zm ||VE|| +C||Vv

2]

< C§||V2
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KW, A(v-V(E" - E))>‘ - Kvw,v (v-v(&"- E))>‘

<Cv|s [V [V (E" - E)| ,
+C||V||Lw Vi e V? (ET —E) P
<co|v[, + co|vi (- E)..

Kcurlg + S,A(ET - E)>‘ < Cé‘“vz (ET - E) iz + C"Vz‘/”iﬂ ’

‘ﬂ (Aw,a(E" - E)>‘ <c|vyf, +c|v’E

2
2

Similarly, applying V to (2.43) and multiplying by V° (ET -E ) , and then
integrating over R’, we get

< CV|l + €OV (n.E)

L

%<vw,v3 (£" —E)>+ C

2
J2

V) (E"-E)

The proof of Lemma 2.4 is completed. O
Lemma 2.5 Under the assumption (2.4), it holds that

IVE[: <c|v(nE" - E) ; : (2.45)
"VZE"; < C“V2 (nE"-E) ; : (2.46)
"V}E"; <C|v* (n.E" - E) ; . (2.47)
Proof. Combining (2.35) and (2.42), we get
AdivE = VdivdivE + diveurldivE
(2.48)

= —~AVn - Vdivdiv(nE) - Adiv(E" - E) - divS.

Thus using the property of the Riesz potential, from (2.4), we have
divE = ~Vn —div(nE) - div(ET - E) -v's,

and
faivelf, < (|l + v (&7 - £), +|v () +|eves: )
<C|v(nE -E)|, +Co|VvE[,
and
pvaivel, <[l +|v* (), +|v* (), + v (o)

< C”V2 (nE"-E) S Cs|V2E

2
I 2

From the above estimate, we may deduce from (2.41) that
IVE[: < JdivEl; +[eurlE]f;

"+ CO|VE[: +|EVE]:

L

< CHV(n,ET ~E)

<C|V(nE" - E), + Co|VEL,
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[V2E[[, <|v2dive], +|v2eurle],
<c|v*(nE"~E) ; +Co| V[, +|V (EVE)[,
<C|v?(nE" - E) ; +C5|V2E ; ,

and

[VE[L < |VdivE[: +|VeurlE]},
<V (nE" - E), + Co|ViE[[, +|v* (EVE)[,
<c|v (nE" -E)[, + co |V,

Thus, the proof of Lemma 2.5 is completed. 0

Now we are in a position to verify (2.4). Since >0 is sufficiently small,
from Lemma (2.1)-(2.5), we can choose a constant D, >0 suitably large such
that

%{Dl [(nv.E)} s +(divv.—n)+ 3 (V*v.VV*n)— (W, E" - E)

1<k<2

+ Y (VW vV (BT - E)>} T C(||v (mE) .+ ML ) <0,

0<k<l1

for any ¢ >0, which implies
Jorsvs )+ (19 Y+ ()7 < s B )

since

(B Y+l n)+ 3 (Fovvin)-wos - 5)

1<k<2

0<k<1

o 5 (e (5 )|~ B

3. Decay Estimates

In this section, we show the decay estimates of the solution to the problem (2.2)
in low-frequency regime.

3.1. Decay Estimates for the Linearized Problem

We note that the linearized system (2.2), and (2.36) depend only on (n,divv)
while the linearized system (2.40)-(2.43) depend only on (W, E"-E ) Denote
by A’ the pseudodifferential operator is defined by

Nu=F" (¢ (),
and let
d = A'divy,
o=A"W=A"curly,
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be the “compressible part” and “incompressible part” respectively. We finally
obtain

n+Ad=f—-v-Vn,
d,—(2u+2A)Ad +d —2An = A"\divg,, (3.1)
and
(ET —E) +Aw=h" —h—v-v(ET —E),
t
o, +a)—,uAa)—A(ET —E):A_]curlg—i-A'lS. (3.2)
Indeed, as the definition of d, @ and the relation
v=-A"'Vd - A"\dive,

involve pseudodifferential operators of degree zero, the estimates in space
H' (R3 ) for the original function vwill be the same as for (d , a)) .

Here, we just discuss the system (3.1), since the system (3.2) is the same as
system (3.1). To use the estimates of the linear problem for the nonlinear system
(3.1) and (3.2), we rewrite the solution of (3.1) as

U(t)=K(t)U, + [ K (t-7)G(z)dr, 120,

where

[7. ] o =[n.d ]T’
S
:[f—v-Vn,A_'dnglT,

G* =[ Acurlg + A7S, A" ~h=v-V(E" —E)]T.

(3.3)

And there K(r) is the solution semigroup defined by K(¢)=e™, >0

with Bbeing a matrix-valued differential operator given by

s © A
l2A —(2u+A)A+l)

yA+l -A
- o |

and K(1)f=F" (7[3 )weget

4
{ (2u+2)|E +1

5 [ul:l +1 —IfIJ
U o

Now we need to consider the following linearized system (3.1), i=1,2,
U =BU". (3.4)

Applying the Fourier transform to system (3.3), we have
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U =B(&)U, U(0)=U,.

By using the Fourier transform, we can get linearized system (3.1)

i, +|éld =0,
. L. (3.5)
d,+Q2u+A)|E[ d+d-2|¢|a=0,
and
(ET-E) +|¢|lo=0,
" R o (3.6)
&, +(ulef +1)o+d -2)g(£7 - E)=o.
From (3.5), we have
1d (e 5P 250 5P
EE{ZM +[d] }+(2y+/1)|§| ld[ +|d| =o. (3.7)
Multiplying (3.5), by 7,
%(ﬁd)+(zy+/1)|§z d + id ~ 21 af +|élldl =o. (3.8)
Multiplying (3.8) by —,u|§| and (3.7) to get
Ld( .2 |52 g 21452 5P 2 A2
55{2;1 +[d| —2,u|§|(nd)}+(,u+ﬂ)|§| d +|d| +2ule | 69
= (2p+ 2)|e[ Ad + p|é|d.
Similarly, from (3.10), we get
1d (.2 (a1 aP A
EE{G)Z +|ET - £ }+(y|§|2 +1)[af =0, (3.10)
and
d(./~ i 2 N ~ ~ A2 A2
5(a)(ET—E))Jr(y|a;| +1)&(ET - E)-|el|E" - ] +|gllof =0, (311)
(3.10)—§|§|><(3.11) yields
li{|@|2 +|ET - Ef - el o (£7 —E”)}+ﬁ|§|2 o + £ el [E7 - Bf
2 dt 2 2 (3.12)

< Jef (B £)+ £

c?)(E"T —1%).

Let £ =L (&,¢) and L=0L (£,¢) be Lyapunov-type functionals defined
by

2

A

P +‘a7r ~2ulé(#d). (3.13)

£=2

and

2

A

L=lo +‘ET—E‘2—ﬂ|§|a3(ET—E). (3.14)

Then it is clear that there exists a small enough constant ¢ > 0, such that for

any |§|Sc,
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L <olif +ld <e. (3.15)
C
and
L <alaf +|E" B <. (3.16)
C

From (3.9) and (3.16), we have

%%L‘f +(ﬂ+ﬂ,)|§|2 é"z +‘é"2 +2,u|§2 Al :(2,u+/1)|§3ﬁc;’+,u|§ Ad, (3.17)
and
Ld o My piap Bieplar  pP B p (BT A\ M A (BT F
T + e laf + < Jef |7 - £ :7|§|3<ET —E)+E|§|a)(ET ~£).(3.18)

Using the Young inequality, we deduce that there exists a positive C'and a suf-
ficient small constant C; >0 such that for any |§| <GC,,

%4?+|§|2 £} <0, fori=1,2. (3.19)
Therefore
£ (&0 <L (£0), (3.20)
e I
where £ (&,0)~ (ﬁo,do) and @(5,0)~‘(6}0,E0T —EO) .

We define a low frequency and high frequency decomposition

(f,(x),f,,(x)) for a function f(x)eL2 (R3)
L@)=F(0(£) 7). £H0)=F'(a(F() 62

Let ¢,(¢) beafunctionin Cp (Rz) and some chosen constant R such that,

2 () ' |§|<§’ (3.22)
0, [&>R
Thus, we get
F(x)=fi(x)+ £, (x). (3.23)
Then

U, (t)=K (1), Uy + [[K, (1-7)G(z)dz, £>0.

We show the decay estimates of U, (1) as follows.
Lemma 3.1 Let (n,,d,)e H’ <R3) , then for 0<k <3, the following decay

,<C(1+ t)%[%%j%

[V* () (1), (- A (3.24)

“V" (. Ef - E,)(t)”Lz <C(1+ t)’%&’%]’g (. £5 - £,) L (329)
<

V" (., )(0)],. < C1+1) 202 () = (326)
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3k

[V (@ BT = E)(1)] . <clvy2 (3.27)

N oA on
(a)O,EO —EO) e
[

Proof. By using the Plancherel theorem and the Hélder inequality, we get

[V () (2] = |¥* (o ) (0)

< C('[\f\gco

<

2

£ L‘f(é,r)dg’f

1

_c\g\ 4 )df)g

\5\<C

p Pl

|
CU;% e fereoptos)
o

p1°
L

IA

<C(1+1)2 [* ]

Similarly, we can get (3.24)-(3.27). [l

Next, we consider decay rates for the nonlinear system.
3.2. Decay Estimates for the Nonlinear Problem
Lemma 3.2 It holds that for any integer k>0,

”V" (n,,d,,wl,EzT _Ez)(t)

2

(1t0-dos . (ET - E),

<C(1+ t)_%&_%}%

P

L 3k (3.28)
+C[2(1+1-T) 02 (||n(r)||L2 v (nv. B =E) () )dr
ecfire=e) 2 () v ("= E) ), Jor

2
and
|V* (n-di 0, BT = E,) (1) .
<C(1+1)o (no,do,a)o,(ET —E)O) p
L

13 3k (3.29)
+ C5J.02 (I+t-7)22 (”n (r)”L2 + ‘V (n, v,ET - E)(T)HH1 )dr
+C.E(1+t—r)_%_§ U|n(r) ‘ot -E (r)”;)dr

2
Proof. By using the Duhamel principle
Ui (1)=K;(t)U'(0)+ j;K,i (t—-7)G'(7)dz, i=1,2. (3.30)

By using (3.3) and the Hausdorff-Young inequality, the nonlinear source

terms can be estimates as follows:

” Gl Gz

), <ol +

‘v nv,E" - E) “ ) (3.31)
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(¢.6%)|, < C[||n||jz |V (nv "B ) (3.32)
l(¢".0*)].. < c(||n||jz +[v (v E7 —E)HZ ) (3.33)
Put these estimates into (3.30), this completes the proof of Lemma 3.2. O

3.3. Optimal Decay Estimates

Now we will show the proof of Proposition 2.2. Define the temporal energy

functional

E(O)=D|V(nv.E) .+ X (Vv VVin)+ Y <ka,vzvk (£ —E)> (3.34)

1<k<2 0<k<1

for any 0<7<T, where it should be mentioned that £(¢) is equivalent to

[V (nv.E)[} . . we get
%S(t) + C(||v2 (), + [V, ) <CS|V (n,.E), (3.35)
From (3.23), we have
IV (v BN <V (v B + |9 (v, ) (3.36)
Adding [V (n,,.E,)[}, to both of the inequality and using the smallness of
5, we have
%5(t)+D3€(t)£C”V(n,,v,,El) . (3.37)
Here D, can be large enough. If we define
H(r)= sig{(lﬁ-r)i (Il + ¥ (.27 £)].)
(3.38)

7

+(1+7)a (||n||L2 +

\% (n,v,ET —E)

A

Then, by using (3.38) and Lemma 3.2 that forany 0<k <3,

v (n.d. B - E))(2)

2

3k
<SC(l+1) 42

(o5 = )

)il

LCS[2(1+e—r) 2 (), +

t _l_é 2
+Cfi(14e-7) z(||n(f)||Lz +
2

‘V(n,v, ET - E)(T)“Hl )d‘r
v (nvE" —E)(r)H; jdr

(med(5 - £,)

H(t )ﬁ(l +t—f)'%'§ (1+r)'§'% dr (3.39)

2

3k

<C(l+r)s2

3k
2

t 5
HCSH(1)[2(1+1—7) 2 (1+7) 4 dr
L

+C

(”o:do’(EoT - Eo)) e

3 k
<c(iery|

(- do-(E5 - E,)) ’ +(5+50)H(t)}.

From (3.37) and (3.39), we get
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E(t)
< e-wg(o)+{\

SC(1+t)_;(5(O)+‘

(”oadoa(EoT _Eo)) i

7

(med(5 = 5,)

+(o%+ 502)71(1)2} [le 0+ z')_g dr (3.40)

2
‘Ll +(§2 + 5(,2)H(t)2j,
and also can get

|V (ma.6"-E)(r)

X " (3.41)
<C(1+1t)+ (

(movdos (B2 - E,) +(5+50)H(t)j.

LIﬂH3

Therefore we obtain that forany 0</4 <3,

v (n.d,E" —E)(t)

. ’ (3.42)
sc(iy

(no,do,(EOT—EO)) +(5+50)H(t)).

L]ﬂH3
Noticing H(t), with the smallness of &, we have
(no’do’(EoT - Eo))

H(t)<C (3.43)

fnwd
Considering (2.35) and Lemma 2.5, we get
|£]» < C|A divE

ot ”A"curlE

2

L+ ClnET|, +Ca (EVE)

(ot (2 -E.)

E, —E,)
(”Osdoa(EoT _Eo))

< C”(n,ET ~E)

LZ
3 (3.44)
<SC(1+1) 4

o+ C||(EVE)||

6
Inm s

3
SC(1+t)

inmd
Similarly, by Lemma 3.2 we can obtain

“(n,d,ET ~E)(1)

3
2

(3.45)

< C(1+1)

i

(e (25 - 1))

L’

From (2.2) and use the estimates above, we get

"6, (n,v,E)” < C{”divv"Lz +||f —v-Vn"Lz +||Av||L2 +||Vdivv||L2

Jr

+ [Vl +IVE]: +lglz + 199 +[n=v-VE] .} (3.46)

3
<C(1+1)+.
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Appendix

In this appendix, we state some useful inequalities in the Sobolev space.

Lemma 4.1 Let f e H’(R®). Then

1 1 1
171, < AL 91 < Ivr L,
171 <[V
I, <Clrl,2<q <6
Lemma 4.2 Let m=>1 be an integer, then we have

[v" (%), <l [97e], + ]9 1], Nl

V"g

and

+C

172

[V (f2)-rvre v'ig

, <Cv/]

'z

vmf

o gl

)7
where p,p,,p,,ps. P, €[, ] and

Proof Please refer for instance to [26].

Lemma 4.3 Let 0<s<3,l<p<q<oo,l+§=l, then
q P

|7, <clsl, -

Lemma 4.4 If 7, >1 and r, €[0,r], then it holds that

L:(l—l-t—z')fr‘ (1+2) " de<C(r,n)(1+1)".

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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