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Abstract

Mathematical modeling of two-component media with a saturated liquid be-
gan over 90 years with studies of the consolidation of soils. Two-component
must be taken into account when solving a significant number of applied
problems arising in various areas of human activity (soils, foams, various ce-
ment mortars, sand, porous ceramics, porous sintered composite materials,
etc.). Two-component media are widely used in the national economy. For
example, in the construction of new airfields and the restoration of destroyed,
where the building materials used contain a significant number of voids. The
study of wave processes is also very important for the development of new di-
agnostic methods, new technologies for creating two-component environ-
ments that could be applied in the field of engineering, construction, instru-
mentation, metallurgy, nuclear power and the defense capability of the coun-
try. However, the complexity of describing the effects of the interaction of
components, heat transfer, and other related processes has led to the fact that
until now the generally accepted models (elastic medium-liquid) for a flu-
id-saturated two-component medium have not been fully developed. There-
fore, it is of interest to develop a mathematical two-component model when
one of the components represents an inhomogeneous viscoelastic medium
and the other is a compressible fluid. The presence and degree of porosity in
materials is accounted for by a porosity coefficient equal to the ratio of the
pore volume to the total volume occupied by the medium.
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1. Introduction

The propagation of shock waves in an isotropic viscoelastic homogeneous and
inhomogeneous medium was considered in [1] [2] [3]. The nature of the damp-
ing of waves in such media is determined by the geometry of the discontinuity
surface and the rheological model described by the corresponding relaxation
nuclei.

It is of interest to consider shock waves in a fluid-saturated inhomogeneous
two-component medium when one of the components is viscoelastic. Porosity
[4] [5] [6] is understood to be effective porosity, taking into account only inter-
connected pores. Isolated pores are considered as elements of the viscoelastic
part of the porous skeleton. It is assumed that the pore sizes are small in com-
parison with the distance at which the kinematic and geometric characteristics of
the motion change. This allows us to assume that the viscoelastic and liquid
components of the medium are continuous and at each point of space in this
case there will be two displacement vectors, the displacement vector of the vis-
coelastic component (the skeleton of the porous medium) and the displacement
vector of the liquid. We shall assume that the fluid is compressible.

Differential equations are obtained for determining the amplitude of longitu-
dinal and transverse shock waves in a fluid-saturated inhomogeneous
two-component viscoelastic medium using the mathematical theory of discon-
tinuities [7] [8].

2. Formulation Problem

The interpenetrating motion of a viscoelastic component and a liquid is consi-
dered as a fluid motion in a deformable porous medium.
Rheological relations in such a medium through deformations will be written

as

I;= A*e;({/l{)dj + 2M*e§1) + Alelglz)5"

ij?

N =4el) + 4,el? (1)

Here A", M™ are linear integral operators whose relaxation kernels depend

continuously on the spatial coordinates:

A" =A(1+A), A = [A(r.x,) e (1-1,)dr,

S8

(2)
M =pu(1+M), Me" = TM(t,x,.)e(l) (1—1)dy,

0
here A=A(x), p=u(x), 4(x)=(1-m)R,, A4, (x)=mR, —continuous
functions of coordinates, m=m(x,) porosity, R, =R,(x;) —modulus of fluid
compressibility, T i
on the liquid per unit area of the cross section of the porous medium, efjl) , e,(;)
—respectively, the components of the strain tensors of components, &—the

—of the stress tensor of a porous medium, N—force acting

Kronecker symbol. Index 1 above after the letter refers to the viscoelastic com-

ponent, 2 to the liquid.
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Relations (1), (2) together with the equations of motion

pllVf(I) + plZVi(Z) =T, Plei(l) +p22Vi(2) =N,

! (3)
Piu=P1= P> P =P~ Pn
and Cauchy formulas
2e§jl) = ul(lj) + uﬁll) , e,({,f) = u,({z,z (4)

represent a closed system for describing the dynamic behavior of a flu-
id-saturated inhomogeneous two-component medium.

In formulas (3) and (4), p,, = p,, (x;) —the effective density of the viscoelas-
tic component, the p,, = p,, (x,) —effective density of the fluid, p,, = p,(x,)
—the coefficient of dynamic coupling of the viscoelastic component and the liq-
uid, p,(x;), p,(x;) —and the density of the viscoelastic component and liquid,
respectively.

The repeated Latin indices assume a summation of one to three, in
Greek—from one to two. The dot above the letter indicates the time derivative,

and the comma below the letter is the derivative of the coordinate.

3. Velocities of Shock Waves

A shock wave in an inhomogeneous two-component medium saturated with a
liquid is determined by an isolated surface ) (7) on which the ul.(a) (a :l,Z)

displacements are continuous in time and coordinates, and the stresses T, for

i
ces N, and velocities of phase K(a) (a = 1,2) discontinuities undergo. The pa-
rameters of the porous medium and their gradients are continuous.

Dynamic relationships must be satisfied on the wave surface ) (7) of a

two-component medium [9]
(7,00, = =pue[ V|- e[ VO L IV, = e[ - e[ V] 9

where ¢(x,,t) —the normal velocity of propagation of the surface, the v,
—components of the unit normal to the surface, directed into the unperturbed
region, which depend on the spatial coordinates.

The sign [ ] denotes the difference in the values of a certain quantity on dif-
ferent sides of the rupture surface.

From the rheological relations (1) and (2) written in the discontinuities, dy-
namic (5) and kinematic conditions of first-order compatibility for the phases,

we obtain the system of equations
{(pllc2 B ,u) S~ (A+u) ViV } |:V/(1)J + (:012625:7 —Avy, )|:V1(2)J
(plzcz@j —Avy,; [VJ(I)J + (pzzczd.j - Ay, )[VJ(Z)J =0
(

J
Assuming that [Vj(')] =5y =5 20, [Vj(zq =8Py =5,#0 on the sur-

0

(6)

face ) (1) where Ss.a)(azl,Z) the values of the discontinuities of the

displacements of the components, multiply (6) by v, and sum over the repeat-

ing index 7 we obtain a homogeneous system of equations for S, S,. For sys-
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tem (6) to have a nonzero solution, its determinant must be zero. This condition
leads to an equation for determining the propagation velocity of a longitudinal
wave (c = cp)
kc;; —klcf] +hky =0, k=p,p, _p122
k= puds+ o =2p04), k= ANA,— AL, A=A+ 2u
Equation (7), generally speaking, has two distinct roots, each of which deter-

mines the propagation velocity of the longitudinal wave ¢, and ¢,
k, £k —4kk,
T 7 M

Thus, in an inhomogeneous viscoelastic two-component medium, there are
two types of longitudinal waves, which are determined by Formula (I).
On the other hand, if on the surface [Vj(lqvj =0, [Vj(zqvj =0, then from

(6) it follows that the propagation velocity of the transverse wave (c¢=c,) is

_ |tp
o=y (8) (1D

Thus, it is shown that in a two-component inhomogeneous viscoelastic me-

given by

dium, there are three types of shock waves: two types of longitudinal waves and
one transverse, for which, [Vi(“)}vi =S, =0, [Vi(“)}vi =0 respectively, and
the velocities of these waves are determined by Formulas (7) and (8).

If the connection between the viscoelastic component and the liquid is weak
(p1, =0,4,=0), then from (7) and (8)

B
P> ’ Pu P

It follows from (9) that the propagation velocities of waves in a viscoelastic
two-component medium are equal to the velocities of waves propagating sepa-
rately in a continuous viscoelastic medium and liquid.

4. Determination of Shock Wave Amplitudes

Let us determine the change in the amplitude of the waves. To do this, we diffe-
rentiate (1) with respect to u and take their difference on different sides of the

discontinuity surface, we obtain

(1,3 a1t o+l [+ [710]) -2 oom) k) Jo
—yM(O,xi)([ 1(1,:| |: ):I)+A |:V( )j|5l_j, (10)
[N]=4, |:Vk(,1k):| i, [Vﬁ)]

Taking into account the compatibility conditions of the first order [6] and the

equations of motion written in the discontinuities, (10) take the following form
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@—M c—/i(L( v, +g [V“)] xﬁ)d, +ﬂ{L( v+ L) }
ot (] Do
+uM (0,x, )([ ()}v +[V()}vi)}c’1
+4, (L(kZ)Vk +g” [Vk(ﬂ “ X )517
e a(tveae [0 o0 [17] )
s 5[]
—piely’ +py, _pIZCL(iZ) + P 5t =My, +g" [N] xﬂ (1)
(1) )
~picl’ + py, 5|:Z j| _pzchgz) P 5[:; :| =v,+8” [N],a x;

The quantities, Ml.j, Lga)(azl,Z), x and are determined on the surface
D (¢) and characterize the jumps of the first derivative of the stresses, the
forces acting on the fluid and the velocity of displacement of the components,
respectively, g —the coefficients of the first fundamental quadratic form of
the surface, x, —the derivatives of the Cartesian coordinates x, along the cur-
vilinear coordinates y, and &/5t—& —the time derivative.

By the standard method, we exclude the quantities M ;> xfrom (11). As a re-

sult, we get
S V;(l) S V;.(Z)
e s J+p,2c [& J_p”CL Hl( L, g [V(I)LXZ‘V")
+/1{L(il) +1vy +g? [V,f”] Xy v} +AA(0,x, )™ [V,}”]vw
a (12)
+uM (0,x;,) 1([ ]+[ } kvi)+A1(L(kz)vkvl.+g“ﬂ[Vk(2)J xZVl.)
S\ T
(], e -2y 2o
AI(L(,:)vkvi+g”ﬂ [Vk(l)} vai)+A2 (L(kz)vkvi+g“ﬂ [Vk(z)] vai)
s\v¥ s[v®
_p|2chE‘1) + plchT_pzzchgz) +p2zc% (13)
. O[N]
_ ap N U S | .=0
g’ ],a CXp S5t Vi

From the rheological relations (1) written in the discontinuities, the dynamic

(5) and kinematic conditions of first-order compatibility, we find, [ﬂk]a,

o], | oIN]

[N ] ——=v,, and substitute in (12)-(13). After the transformations,

“ 5t
we obtain a system of equations determining the change in the components of
the wave amplitude vector ([Vi(“)} = Sl.(”‘), a=1, 2)

DOI: 10.4236/jamp.2018.65086 1001 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.65086

V. Polenov, A. Chigarev

ssV
{(ﬂ + UV, (,U ~puc’ ) Oy } L(kl) + (Alvkvi = P1ac’Sy )L(kZ) + 2,01167;

ss? s S 1
+ Zplch[t"' P 5? S( '+ Pr2 ?cSz _{(/U\(O, X; ) + ,uM(O, X; ))Vkv

+ 1M (0,x,)8, kS +(A+ ) g S xpv, +(A+ 1) g S xhv, —21Q8Y (14)
+ 2,8, Sv, + AP xS, + gl (S + 11,5,

+ AgSChxpy,+ 2%y (4, + 4L, + 45, ) =0

a

58" Se .
(Alvk ~ P 5,1() L)+ 2ppc—— St TP 5t S(l) +Ag ﬂSk,axﬁV
ss? se
+H( Ay, = ppc®S, )LD +2ppe——+ p, S (15)
( ViVi T P zk) k P2 51 P 51

- g“ﬁx,ie {plzcc,aslgl)vk + pzzcc,aSlEZ)Vk - (AISl(cl)Vk ) W (AZSI(cZ)Vk ) Y } =0

where ()—the average curvature of the wave surface.

From the relations (14) and (15) we obtain differential equations for deter-
mining the change in the amplitude of the longitudinal and transverse waves
([ ]y =8N, %0, 81 =[ssi), [V v, =0, a=12).

For longitudinal waves, we multiply (14) and (15) by v, and sum over the

repeated indices. As a result, we get

Sc 55(1)
(A ~Pnc )L( )V +<A Pr€ )L(Z)Vi +p115S§zl) +2pc, .
—2A,Q,5" +L(AA(0, x)+2uM (0,x,)) SV + o, ?Sf) (16)
c, t
5s(2)

+2pp¢, = 240,87 =0,A, =1 +2u

0 ) S(l) 5s®
2 2
(Al ~Pnf)y )Li v+ (Az ~ P, )LE )Vi +2¢,| P e
ot ot (17)

+5§i( oSy + S ) =202, (450 + 4,8 =0

We eliminate the quantity Lg_z) from (16) and (17). To do this, we multiply
(16) by, 4, - pzch, and (17) by 4, - plzci and subtract, we obtain the follow-

ing equation of the first component of the two-component medium

ss!) Sc, A —pyc
- {Qpcp—&~i—&(lA(0,x[)+2,uM(O,x,.))}SS)

2¢. Oy 2clz,a1
a, = (p11p12A2 + P Pu _2,011,022‘41)6; =2p, A+ pp AN+ p A4, (18)
Aq +(4ﬂ1 _plzal)cfy

aq (Al _pl2ci)

When Equation (18) was obtained, the first Equation (6) and Formula (7)

were used.

B = (IOIIAI _plel)(pIZAZ _:022‘41)’ B =
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For the transverse wave from (14) and (15), taking into account the second
Equation (6) and Formula (8), we similarly obtain

1) M (0,x,
%:{qu_L.ﬁ_MJs(l) (19)

Passing to the variable o >0 denoting the distance along the normals to the
surface Z(to) in (18) and (19), we obtain equations for changing the ampli-
tude of the longitudinal and transverse waves during their propagation in the

first component

ds® dlnc 1
_lo _ Loy bSO 1=pt 20) (11
do 1~ 2do V43 p (20) (III)
where y, = 5, —forlongitudinal waves; y, =1 for a transverse wave,
A _ 2
o zlz—p'zcl(/lA(O,U)+2yM(0,U)) —for longitudinal waves; y, :M(0,0')
aa

—for a transverse wave.
The change in the amplitude of the waves in the second component is ob-

tained from (6)

—A
:M, T, —_Po 21) V)

SP=r sW(a=121=pt), T
l : ( ) l Al_plzc; P2

Then the change in the amplitude of the waves during their propagation in a

porous medium will be written in the form
S, =8 +5P =(1+1,)s" (22) (V)

Equations (20) contain mean curvature €Q,, which is a function of o.

The average curvature (o) is related to the first g and second b*
quadratic forms and the Gaussian curvature K,(c) of the wave surface by the
equations [10], where its method of finding is given.

The amplitude S,(I) (Z = p,t) level satisfying Equation (20) is found by the me-
thod of successive approximations under the initial conditions, § © (O) = Séo) ,
N (0) =0 (i=1,2,---) —approximation. A homogeneous medium corresponds
to the zeroth approximation. In the first approximation, the rate of change in the
inhomogeneity of the viscoelastic two-component medium along the beam is
taken into account, and in the second, across the beam.

A more detailed solution of equations of the form (20) by the method of suc-
cessive approximations was considered in [9] [10].

5. Example

We consider an inhomogeneous viscoelastic two-component medium saturated
with a liquid, characterized by parameters and relaxation nuclei (a special case)
A (x)= 0.7x%, p,, (x)=0,6x, p, (x) =—0.1x, p,, (x) = 0.6x,

23
m(x):0.5x, R, (x)=0.2x,A(O,x)+2M(0,x):O.7x 23)

At the moment of time 7=0 in the plane xy along the axis OX, the wave
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front propagates with velocity ¢, and c,, which is determined from (7) (8)

with x, =x.

¢, =0.7\x, ¢, =045x

¢, =0.87Vx

Since by the assumption of the problem the wave surfaces form a family of
parallel planes, then the average curvature Q, =0 at all times.

Then from (20) for, we obtain the dependence of the level of the wave ampli-
tude on the velocity, the physico-mechanical characteristics and the relaxation

kernels of the viscoelastic two-component medium for the first phase

x dInJc(x) (1-0.5x)0.2+0.1-¢*(x)
SU = s expl — x + -0.17x° |dx [ (24)
? 0p P '([ £ (x) dx 2a1(x)ca(x)

where S(()Q the value of the function Ss) for x=0, B,(x),u a/(x) andare
from (18).
By the formula (22) we obtain

5,25, (14T, ()50 (1), T () = 22IE (A 20(0)) o

(1 —m(x))RO (X) ~— P (x)cz (x)

Expression (25) determines the change in the level of the wave amplitude in a

fluid-saturated inhomogeneous viscoelastic two-component medium.

If we specify in (25) a specific form of the physico-mechanical characteristics
of the medium and the relaxation nuclei, we obtain an expression for determin-
ing the change in the level of the wave velositi in a fluid-saturated inhomogene-

ous viscoelastic two-component medium.

6. Conclusions

Applying the mathematical theory of discontinuities to the basic equations of a
two-component viscoelastic porous medium, formulas were first obtained for
determining the velocities and changing the level of the amplitude of longitudin-
al and transverse waves.

In the absence of dynamic coupling between the propagation velocity compo-
nents of the first and second types of longitudinal waves, the wave velocities
propagating separately in a continuous viscoelastic component and a continuous
liquid component are equal.

In the medium under consideration, in the absence of a connection between
the viscoelastic component and the liquid, the transverse wave propagates only
in a continuous viscoelastic component.

Using geometric and dynamic conditions of second-order compatibility of the
theory of discontinuities, equations are obtained for determining shock wave
amplitudes in a saturated inhomogeneous viscoelastic two-component medium.

The amplitude of the waves in an inhomogeneous viscoelastic two-component
medium depends on the porosity of the medium, the viscosity, the initial mean

curvature, and the Gaussian curvature of the wave surface.
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A List of Symbols

T : stress tensor of a porous medium

N: force acting on the liquid per unit area of the cross section of the porous me-

dium

(1)

€
(2)

Cik

u,.(l) :

ul(z):

: components of the strain tensors of the elastic component

components of fluid deformations
displacement of the elastic component

fluid movement

A", M" : linear elastic integral operators

S'*) : wave amplitudes

Q : average curvature of the wave surface

g”’

: the coefficients of the first fundamental quadratic form of the surface
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