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Abstract
Using the k∙p theory, the coupling effect between the Δ1 and Δ2’ bands on the
energy band structure of different energy valleys is studied. The analytical
model of the energy-dispersion relationship applicable to uniaxial stress for
arbitrary crystal plane and orientation as well as different energy valleys is established. For typical crystal orientations, the main parameters of energy band
structure such as band edge level, splitting energy, density-of-state (DOS) effective mass and conductivity effective mass are calculated. The calculated results are in good agreement with the data reported in related literature. Finally, the relationship between the DOS effective mass, conductivity effective
mass and the change of stress and orientation of different crystal planes is
given. The proposed model and calculation results can provide a theoretical
reference for the design of nano-electronic devices and TCAD simulation.
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1. Introduction
As an important method of extending Moore’s Law, strained silicon technology
can significantly improve the mobility of carriers in devices [1] [2]. Current nanoelectronic devices already use strained silicon technology to improve device
performance [3] [4] [5] [6]. The energy band structure of the silicon material
depends on the direction and magnitude of the applied stress. Reasonable
choices of the crystal orientation of the conducting channel of Metal-OxideSemiconductor (MOS) devices based on uniaxial strained silicon can greatly
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improve performance. Therefore, for the sake of applications in nanoelectronic
devices, it is necessary to study the energy band structure of uniaxial strained
silicon materials in depth.
The key to obtaining the structure of the conduction band in uniaxial strained
silicon is establishing the E(k)-k relation near the minimum value of the conduction band. Using the traditional k∙p perturbation method and deformation
potential theory, the calculation results in [7] [8] [9] show that the strain effect
does not change the structure of the conduction band or the shape of the constant-energy surface, but only changes the position of the conduction band edge.
However, these studies neglected the change of band structure by stress. In fact,
under the action of shear stress, not only does the structure of the conduction
band change, but also the minimum value of the valley and the effective mass
along the stress direction. Sverdlov and Dhar et al. [10] [11] [12], based on the
two-band k∙p theory proposed by Hensel [13], thoroughly analyzed the effect of
shear stress on the effective mass in the [110] direction. However, the
above-mentioned articles only studied a specific crystal orientation, while the
main structure parameters of the energy band under arbitrary uniaxial stress, as
well as the different valleys, were not explicitly given. The arbitrary stress in this
paper can be exerted on any arbitrary crystal orientation on any crystal plane,
unlike the specific orientations studied in earlier work. Therefore, in order to
describe the effects of uniaxial stress on conduction band structure, it is necessary to further improve the two-band model and calculate the main parameters
of the energy band, in order to use an arbitrary crystal plane and provide the
theoretical basis for the informed selection of the orientation of a strained Metal-Oxide-Semiconductor Field Effect Transistor (MOSFET) channel.

2. The Model
The bottom of the conduction band of bulk silicon is located on the Δ axis of the
Brillouin zone, and the energy band at the bottom of the conduction band and
its neighbor band at the boundary of Brillouin zone are denoted as the Δ1 band
and Δ2’ band. The Δ1 band and the Δ2’ band are non-degenerate at the Γ point
of the centre of Brillouin zone, but they are degenerate at the position X. Under
shear stress, the degeneracy of the Δ1 and Δ2’ bands at X is eliminated. The two
bands couple with each other, changing the dispersion relationship of the conduction band and the valley minimum [10]. In order to apply this model to different valleys of conduction band, we introduce the conversion operator Tv.
Here the subscripts v = 1, 2, 3 denote three equivalent energy valleys [00±1],
[0±10] and [±100]. Consequently,

1 0 0


T1 =
=
0 1 0  , T2
0 0 1



0 1 0


0 0 1  , T3
=
1 0 0



0 0 1


 1 0 0 .
0 1 0



In the coordinate system of each valley, the z-axis coincides with the rotation
axis of each ellipsoid. For any energy valley v, then the wave vector kv and the
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strain tensor εv can be respectively written as

kv = Tv k and ε v = TvTε Tv .
For each energy valley, the shear strain tensor can be expressed as

ε shear,
ε=
ε v ,21 .
=
v
v ,12
Not any uniaxial stress can lead to splitting at position X. If the shear strain
tensor of a valley is εshear = 0, then Δ1 and Δ2’ at X are still degenerate. Therefore,
under uniaxial stress without shear stress, the uniaxial stress only leads to
movement of the energy level of conduction band, without changing its band
structure.
If the z-axis of the lattice coordinate system (x, y, z) is rotated by φ and the
x-axis is rotated by θ, the stress coordinate system (x’, y’, z’) is obtained. The
wave vector

kε = ( k x′

k z′ ) .
T

k y′

under stress coordinate system can be expressed as

kε = Uk ,
where

k = ( kx

kz )

ky

T

is the wave vector in the lattice coordinate system. The transformation matrix is

 cos ϕ cos θ

U =  cos ϕ sin θ
 − sin ϕ


− sin θ
cos θ
0

sin ϕ cos θ 

sin ϕ sin θ 
cos ϕ 

For different valleys,
=
kε ,v T=
TvUk .
v kε

2.1. Energy Band Model
According to the two-band k∙ p theory, the strain Hamiltonian of different valleys of the conduction band in bulk silicon at position X of the boundary of the
Brillouin zone is a 2 × 2 matrix [11] [14]. The diagonal elements of the Hamiltonian are the energies of the Δ1 and Δ2’ bands. For any energy valley, they can be
written as

 2 
i −1 
k ) EC ,0 + ∆EC ,v +   k T M v k + ( −1)  0 0
H i ,v (=
 2 


 
p  Tv k .
m0 

(1)

with

∆EC=
Dd ( ε11 + ε 22 + ε 33 ) + Du ε vv ,
,v
 mt−1

M v = TvT 



−1
t

m



 Tv .
−1 
ml 

where EC,0 = 1.119 eV is the energy of the conduction band in its unstressed state,
ΔEC,v is the energy change of the conduction band edge, and i = 1, 2 denote the
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energy bands of Δ1 and Δ2’. In addition, p denotes the electron momentum at
point X when Δ1 and Δ2’ are not strained. m0 stands for the mass of free electrons,
mt and ml represent the transverse and longitudinal effective mass of the electrons, respectively. If the point X is assumed to be the origin of k -space, the
minimum value of the conduction band [00±1] can be −k0 = −0.15(2π/a0), where
a0 is the lattice constant. When no uniaxial stress is applied, then Δ1 is the lowest
band, and for any energy valley, the following relationship holds:

 ∂H1,v ( k ) 


 ∂ki =
k

=0,
Tv ( 0,0,− k0 )

T

that yields

m 
p =  0  k0 .
 ml 
The subscripts

( v, i ) = (1, z ) , ( 2, y ) , ( 3, x )

(2)

denote the [00±1], [0±10] and

[±100] energy valleys and their rotation axes. Substituting Equation (2) into Equation (1), and diagonalizing the strain Hamiltonian, the dispersion relation of
the conduction band energy at X point can be obtained:


 2 
Ev (=
k ) EC ,0 + ∆EC ,v +   k T M v k −  0 0
 2 


 2 k0 
T
 Tv k + k Pv k − Dε shear,v
ml 

(

)

2

(3)
where

0 P 0


Pv = T  0 0 0  Tv ,
0 0 0


T
v

here P =  2 M , the parameter M can be obtained by the empirical pseudo-potential method [10]. The band division of Δ1 and Δ2’ at the X point under
the action of shear stress leads to a change in the valley minimum. Using the
dispersion relation of Equation (3), the minimum of each valley can be obtained
from

 ∂Ev ( k ) 


i
 ∂k=
k Tv ( 0,

0, − k0,ε

)

=0.

(4)

T

By expanding Equation (3) at the valley minimum and neglecting the higher
order terms, one obtains the conduction band dispersion relation near the
minimum:

k ) EC ,0 + ∆EC ,v + ( H1,v )k
Ev (=

z =k0,ε

  2 ( k − k )2  2 k ( k − k ) 
z
z
0,ε
0,ε
0,ε
.
+
−


ml
2ml



(5)

2.2. Effective Mass
2.2.1. Density-of-State (DOS) Effective Mass
The calculation of the effective mass uses the stress coordinate system in the
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[00±1] valley. Starting from the dispersion relation of the conduction band from
Equation (3) or Equation (5), the following inverse transform

k  U −1Tv−1kε ,v
is carried out in Equation (3) to obtain Ev(kε,v). The effective mass of valley [00±1]
can then be obtained by the following expression:

 1 ∂ 2 Ev ( kε ,v ) 

mi ,v =  2


∂ki2

kε ,v
=
−1

,
(

TvU 0 0 − k0,ε

)

(6)

T

where, i = x′, y′, z′ . The 6-degree degenerate conduction band can be split by
the uniaxial stress into valleys in different degenerate states, leading to the
change of the distribution of electron concentration in the valley. Under the action of stress, the quantum state density of each energy valley is

 4π ( 2m )3 2 
n ,v
 E − EC ,v ,
=
gv ( E ) M v 


h3



(7)

where Mv is the degeneracy of each valley, and EC,v is its minimum energy. The
effective mass of each valley can be expressed as
mn ,v = 3 mv , x′ mv , y′ mv , z′ .

(8)

Assume that electrons are subject to the Boltzmann distribution

 Ef − E 
f B ( E ) = exp 
,
 kBT 
and ΔEsplit1 and ΔEsplit2 represent the split energy of the valley of the conduction
band. For the general application, the electron concentration of the conduction
band at equilibrium state can be represented as
32
 ∞

 E f − EC
 2πmDOS kBT 


=
g
E
f
E
E
d
2
∑  ∫ v ( ) B ( )   h2  exp  k T


v =1 EC ,v

B


3


.


(9)

EC,v also represents the minimum energy of each valley. Taking EC,1 = 0 as the
reference point of energy, then EC,2 = ΔEsplit1, EC,3 = ΔEsplit2. The expression of the
effective mass of the electron density at the bottom of the silicon conduction
band under arbitrary uniaxial stress is obtained by the following formula:

 ∆Esplit1 
 ∆Esplit 2  
mDOS =  M 1mn2,13 + M 2 mn2,23 exp  −
+ M 3 mn2,33 exp  −

 

 kBT 
 kBT  


23

.

(10)

In Equation (10), the subscripts 1, 2, and 3 of the effective mass m and the degeneracy M in the above equation represent the lowest valleys, the intermediate
valleys and the highest valleys, respectively. If the conduction band is split into a
lower 2-degree degenerate valley and a higher 4-degree degenerate valley, then
∆Esplit1 =
∆Esplit2 =
∆E , and mn ,1 = mn ,low , m=
m=
mn ,high and the DOS efn ,2
n ,3

fective mass becomes
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mDOS

 32
 ∆E
2
2m
exp  −
=
+ 4mn3,high
 n ,low
 kBT



 


23

.

(11)

If the valley is divided into a lower 4-degree degenerate valley and a higher
2-degree degenerate valley, the density calculation method is the same as the
former. In particular, if there is no split of valley under a single uniaxial stress,
then the shear strain component of any energy valley becomes due to symmetry,
and ∆Esplit1 =
0 . Then the effective mass of the density is
∆Esplit2 =
=
mDOS

6 )m
(=
( 6=
) m (6 ) m
23

23

23

n ,1

n ,2

n ,3

.

(12)

The electron effective mass of the valley mn,v can be obtained by Equation (6)
and Equation (8).
2.2.2. Conductivity Effective Mass
For conduction bands of strained silicon, the conductivity effective mass depends on the electron occupancy in each valley and the effective mass along the
stress direction. In general, Rv is used to represent the electronic possession of
each valley, where v = 1, 2, 3 is the conduction band with the lowest, intermediate and the highest valley, respectively. According to Equation (7) we can see:

 E 
exp  − c ,v 
 kBT 
Rv =
 E
32
3
∑ v=1 ( mn,v ) exp  − k cT,v
 B

(m )

32

n ,v





.

(13)

Following the same method as the conductivity effective mass of the unstrained silicon, the expression of the conductivity effective mass mc of the electrons in conduction band under uniaxial stress on arbitrary crystalline plane can
be written as
−1

 3  R 
mc =  ∑  v   .
 v=1  mv , x′  

 

(14)

R=
R=
1 3,
It should be noticed that if there is no stress applied, then R=
1
2
2
and ∆Esplit1 =
0 , hence Equation (14) can be simplified to the un∆Esplit2 =
strained conductivity effective mass

(

)

=
mc 3 2mt−1 + ml−1 .

2.2.3. Strain Tensor
In order to make this model suitable for arbitrary crystal plane and orientation,
let the angle θ between x’ axis and x axis reflect the crystal plane in any direction
of uniaxial stress. Using Hooke’s law, we can derive the strain tensor ε of the
three typical high-symmetry planes (001), (101), and (111). Here cij is the elastic
stiffness coefficient, and σ is the corresponding tensile stress. A negative value
corresponds to compressive stress. From the following strain tensor model, the
conduction band structure can be calculated and analyzed.
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  c11 cos 2 θ + c12 cos 2θ 

 sin 2θ 
0





2
2
  c11 + c11c12 − 2c12 
 2c44 



2




c11 sin θ − c12 cos 2θ
sin 2θ
,
ε ( 001)= σ × 
0




2
2


c
2
+
−
c
c
c
c
2

44 
 11 11 12

12





c12
− 2
0
0

2 
 c11 + c11c12 − 2c12  


ε (101)

 1  c11 cos 2 θ − 2c12 sin 2 θ 

 sin 2θ 
 cos θ 
−
 





2
2
 2  c11 + c11c12 − 2c12 

 4c44 
 2c44 


2
2
 sin 2θ 
 sin θ 
1  c11 sin θ − 2c12 cos θ 
,
=
−
σ ×








2  c112 + c11c12 − 2c122
 4c44 
 2c44 





 cos θ 
 sin θ 
c11
1
−
−
−  2




2  c11 + c11c12 − 2c122  
 2c44 
 2c44 


(

ε (111)

)

 1  2c11 cos 2 θ + c12 1 − 4sin 2 θ 
1  sin 2θ 
 



2
2
 3

3  c44 
c11 + c11c12 − 2c12

 
2
2

1  sin 2θ 
1  2c11 sin θ − c12 3 − 4sin θ

=
σ ×



3  c44 
3
c112 + c11c12 − 2c122



1  cos θ 
1  sin θ 

− 
− 



3  2c44 
3  2c44 



(

) 



1  cos θ  
− 

3  2c44  


1  sin θ  
− 
.

3  2c44  




1
1



3  c11 + 2c12  


3. Results and Discussion
3.1. Energy Band Structure
From the dispersion relation model, the dispersion relation curve of any valleys
along an arbitrary crystal plane can be obtained. Crystal plane and orientation
have an infinite variety of options. These cannot be calculated one by one, so the
[100] and [110] orientation of the (001) crystal plane, the [111] orientation of
the (101) crystal plane, and the (112) orientation of the (111) plane, were chosen
for study. The uniaxial stress was applied on these typical orientations, and the
band structures of different valleys were studied. Shear stress leads to the movement of valley minimum positions, which can also lead to energy changes of the
band edge. The change is ΔEshear,v. Let

=
k k=
min

(0

0 −k0,ε )

T

in Equation (3), then
=
∆Eshear,v Ev ( kmin , ε shear,v ) − Ev ( kmin , 0 ) .

Figure 1(a) and Figure 1(b) are the band curves of [00±1] and [±100] valleys
under the stress in [100] orientation, respectively. The results of Equation (5)
show that the band curves of the [±100] can increase with the uniaxial compressive stress, while the band curve of the [00±1] can decrease; here, the movement
of the two valley curves in the case of uniaxial tensile stress is opposite to that of
DOI: 10.4236/jamp.2018.61018
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Figure 1. Energy band structure of energy valleys in conduction band under stress in different orientations (a) [±100] energy valley under stress in the [100] orientation (b) [00±1] energy valley under stress in the [100] orientation (c) [±100] energy valley under stress in the [111] orientation (d) [±100] energy valley under stress in the [112] orientation.

compressive stress. The position of the wave vector k corresponding to the
minimum energy level of the conduction band does not change, since the shear
strain tensor of the [100] crystal orientation is 0 (θ = 0). The minimum value of
the Δ1 band in the [00±1] valley is −k0, and the minimum value of band Δ2’ is k0.
There is no coupling between the two at point X, the non-diagonal element in
Equation (3)
T
k=
P1k Pk
=
0,
xky

and the Δ1 and Δ2’ bands are coincident and the minimum of the energy band is
still at point X. Similarly, the change of energy band in [0±10] valley has the
same trend as the [00±1] valley. Figure 1(c), Figure 1(d) are the energy spectra
under stress in the [111] orientation and the energy band of the [00±1] energy
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valley under stress in the [111] orientation and the [112] orientation, respectively. It can be seen that the band curvature changes.
In order to reflect the effect of shear stress on the band structure, the [00±1]
energy valley is used to calculate under the application of stress in the [110]
orientation. As shown in Figure 2(a), the curvature of the energy band changes
greatly under the action of uniaxial stress along the [110] crystal orientation, as
does the effective mass of electrons. Figure 2(b) shows the band curves of the
[±100] and [0±10] valleys along the [110] direction. The figure shows that under
the action of uniaxial stress, the energy bands of [±100] and [0±10] are identical,
and the Δ1 and Δ2’ bands in [±100] and [0±10] are still degenerate at the point X.
The band curvature does not show apparent change.

3.2. Band Edge Level of Conduction Band
The band edge level of the silicon conduction band is a necessary parameter for
calculating the density-of-state (DOS) effective mass and conductivity effective
mass of electrons. Under the action of uniaxial stress, the degenerate energy level
in the conduction band is split, and the movement ΔEC,v of each energy level can
be described by deformation potential theory. For each valley, the wave vector

kmin corresponding to the valley minimum is substituted into Equation (1), obtaining the band edge level corresponding to each energy valley. For bands with
an energy minimum at point X, the band edge level under uniaxial stress can be
reduced to
E=
EC ,0 + ∆EC ,v + ∆Eshear,v .
C ,v

Figure 3 shows the change of band edge energy corresponding to the minimum energy of the conduction band, with respect to the change of uniaxial
stress in the [100] orientation. The figure shows that the bottom energy of the
band changes with stress, and the degeneracy of the valley is eliminated. Regardless of tensile or compressive stress, the bottom energy valley of the conduction
band can be split into a group of valleys in 4-degree degeneracy and a group of
valleys in 2-degree degeneracy. Under the action of tensile stress, the minimum
of the conduction bands [0±10] and [00±1] can be the band edge. Under compressive stress, however, the minimum of the conduction band [±100] can be the
band edge. Compared with the case of no stress, the minimum energy of the
conduction band is reduced under the action of both uniaxial compressive and
tensile stress. With uniaxial stress in the [110] orientation, the change of band
edge level with respect to stress is shown in Figure 3. Unlike the case of stress
induced in the [100] orientation, the minimum value of the [00±1] energy valley
at the 2-degree degenerate state under tensile stress is the conduction band edge,
while under compressive stress, the band edge is the minimum of the [±100] and
[0±10] energy valleys which are 4-degree degenerate. Compared with the case of
no stress, the minimum energy of the conduction band under uniaxial stress in
the [110] orientation increases under compressive stress and decreases under
tensile stress.
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Figure 2. Energy band structure of energy valley in conduction band under stress in the [110] orientation. (a) [00±1] energy valley
(b) [±100]/[0±10] energy valley.
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Figure 3. Band edge of conduction band under stress in
the [100] and [110] orientations.

In order to illustrate the relationship between stress and the splitting energy of
the conduction band, Figure 4 shows the curve of the conduction band with respect to stress under uniaxial stress in the [100] and [110] orientations. The figure shows that, under the same amount of stress, the uniaxial stress along the
[100] orientation has a greater splitting effect than that in the [110] orientation.
Therefore, the inhibition effect of uniaxial stress on the inter-band scatter in the
[100] orientation is greater than that in the [110] orientation. In addition, Figure 4 also shows the use of the first principle method to calculate the splitting
energy of the conduction band with respect to strain changes. The figure shows
that the calculated results from this paper are in good agreement with the numerical results from first principle method.

3.3. Effective Mass
Figure 5 compares the two-band k∙ p theoretical model and the empirical pseudo-potential method (EPM) [15] in calculating the effective mass of the [00±1]
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Figure 4. Splitting energy of conduction band under stress in
the [100] and [110] orientations.
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Figure 5. Effective mass of [00±1] energy valley under stress
in the [110] orientation.

valley in the silicon conduction band along with the [110] and [001] orientations
under stress in the [110] orientation. It shows that the values of electron effective
mass in the [001] and [110] orientations calculated by these two methods are
generally the same. In the case of compressive stress, the electron effective mass
of the [110] orientation calculated from the EPM method is slightly smaller than
from the k∙ p method.
In the design of scaled CMOS devices, stresses in the [100] and [110] orientations on the (001) plane are mainly used. In this case, the conduction band can
be divided into valleys with 2-degree degeneracy and valleys with 4-degree degeneracy. The density-of-state effective mass can be calculated according to Equation (11). Figure 6(a) shows the change of the DOS effective mass under
stress in the [100] and [110] orientations, respectively. The figure shows that,
under the uniaxial stress in the [100] and [110] orientations, the DOS effective
mass of electrons decreases significantly with the increase of stress when stress is
small, and then gradually increases to a constant with increasing stress.
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Figure 6. (a) Density-of-state effective mass and (b) conductivity effective mass under stress in the [100] and [110] orientations.

The change of conductivity effective mass of electrons under stress in the [100]
and [110] orientations is shown in Figure 6(b). Under the action of stress in the
[100] orientation, the conductivity effective mass increases with the increase of
compressive stress, and decreases with the increase of tensile stress. When σ > 1
GPa, the conductivity effective mass change is small. The reason why the effective mass of the conductivity varies with the stress is mainly due to the division
of the degenerate energy valleys in the conduction band under stress, which
changes the distribution of electrons in the valley. Under the action of uniaxial
tensile stress in the [110] orientation, the conductivity effective mass decreases
slightly with the increase of stress, while under compressive stress the conductivity effective mass increases slightly with the increase of stress.
For general application, Figure 7(a) and Figure 7(b) show the relationship
between density-of-state effective mass and stress, and orientation in the two
special crystal planes, for the purpose of providing guidance in choosing the appropriate orientation in device design. The figure shows that the density-of-state
effective mass of the conduction band has obvious anisotropy. On the (101)
plane, the density-of-state effective mass decreases with the increase of the uniaxial stress, with its minimum value in the [111] orientation. However, for the
(111) crystal plane, the change of effective mass is significantly different from
that of the (101) crystal plane. In the [0, π/4] and [π/4, π/2] intervals, the DOS
effective mass decreases with the increase of the uniaxial tension/compressive
stress. When θ = π/4, there is no obvious change. Under certain tensile/compressive stress, the DOS effective mass continuously increases in the
range of [0, π/4], but continuously decreases in the range of [π/4, π/2]. DOS effective mass reaches the maximum value at θ = π/4. In addition, the effect of
tensile stress and compressive stress on the DOS effective mass shows similar
symmetry to what was shown on the energy band of the conduction band. Figure 7(c), Figure 7(d) also give the relationship between conductivity effective
mass, stress and orientation for the (101) and (111) crystal planes.
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Figure 7. Density-of-state (DOS) effective mass and conductivity effective mass. (a) (101)
plane, (b) (111) plane, (c) (101) plane, (d) (111) plane.

4. Summary
Based on the two-band k∙ p theory, the analytical model of energy-dispersion relationship of different energy valleys under arbitrary uniaxial stress on arbitrary
crystal plane was established. In this process, the coupling effect between the Δ1
band and the Δ2’ band on the dispersion of different valleys and the variation of
valley minimum by shear stress under different uniaxial stresses were considered
through the transformation of stress and lattice coordinate systems. Based on the
established dispersion relationship on the conduction band, three typical
high-symmetry crystal planes (001), (101) and (111) were taken as examples, and
major energy structure parameters such as the band edge level, splitting energy,
density-of-state (DOS) effective mass, conductivity effective mass, and mobility
in the [110] orientation were further calculated. The effective mass values calculated in this work were in good agreement with the values obtained by different
methods, which confirmed the validity of this model. In addition, the relationship of DOS effective mass and conductivity effective mass with stress and
orientation for the (101) and (111) planes was also given.
In addition to the above mentioned, in fact, strain technology can be involved
not only in MOS devices, but also in bipolar and optoelectronic devices. Recent
studies of TCAD simulation pointed out that the strain effect has an influence
on the electrical parameters of bipolar transistors, it is possible to introduce uniaxial stress induced by the functional oxides into silicon photonics applications.
The proposed band-parameter model and calculation results can provide a theoretical reference for the design and optimization for silicon-based nano-electronic
DOI: 10.4236/jamp.2018.61018

195

Journal of Applied Mathematics and Physics

G. Y. Wang et al.

devices, bipolar devices or optoeletronic devices, and TCAD simulation.
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