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Abstract

In this paper, we discuss the nonemptyness and boundedness of the solution
set for P.-semidefinite complementarity problem by using the concept of ex-
ceptional family of elements for complementarity problems over the cone of
semidefinite matrices, and obtain a main result that if the corresponding
problem has a strict feasible point, then its solution set is nonemptyness and
boundedness.
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1. Introduction

This paper deals with semidefinite complementarity problem (SDCP). Let yx

denote the space of nxn block-diagonal real matrices with m blocks of sizes

nl,nz,-'-,nm(n:Zim:lni
(XY=t XY, x| = (XX = 34 ()

X,Yey and tr[-] denotes the matrix trace, ||X|| is the
Frobenius-norm of X and A4 (X) stands for the i-eigenvalue of X. Let S

) . Weendow y with the inner product and norm:
(1.1)

where
denote the subspace comprising those X e y that are symmetric, ie,
X" =X .Wedenoteby S, (S,,) the cone of symmetric positive semidefinite
(positive definite) matrices in S, We use the symbol X > (>)0 to say that
X €S,(S,,). To facilitate the presentation, let X,,Y; is the j-th block of
X.,Y € y, respectively. The SDCP is to find, for given mapping F:S—>S§S, an
(X,Y)eSxS satisfying
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X=0,Y=0,(X,Y)=0,Y =F(X). (1.2)

The problem was firstly introduced in a slightly different form by Kojima,
Shindoh and Hara [1] as a model unifying various problems arising from system
and control theory and combinatorial optimization. It can be regarded as a
generalization of standard complementarity problem (CP).

Recently, there has been growing interest in searching for solutions methods
for SDCP [1] [2] [3], but the assumption that SDCP has a solution is necessary
for these solutions methods. It follows that the research of solution conditions
for SDCP has played a very important role in both theory and practical
applications. Among them, the concept of exceptional family is a powerful tool
to study existence of the solution to CP. The concept of exceptional family of
elements for a continuous function was first introduced by Smith [4].
Subsequently, Isac ef al [5] introdued a more general notion of exceptional
family of elements. Using this notation, some existence theorems of a solution to
nonlinear complementarity problems were presented in [5] [6] [7]. Zhao, Han et
al. extended it to study existence conditions of a solution to variational
inequality problems [8] [9] [10] [11]. Recently, this notation was extended to
study existence conditions of a solution to semidefinite complementarity
problems and copositive cone complementarity problem [12] [13] [14].

In this paper, Motivated by the previous researches, we discuss the
nonemptyness and boundedness of the solution set for P. -semidefinite
complementarity problem by using the concept of exceptional family of
elements for complementarity problems over the cone of semidefinite matrices,
and we prove that if the corresponding problem has a strict feasible point, then
its solution set is nonemptyness and boundedness.

The remainder of this paper is organized as follows. The preliminary results
which will be used in this paper are stated in Section 2. In Section 3, we discuss
the nonemptyness and boundedness of the solution set for P.-semidefinite
complementarity problem by using the concept of exceptional family of
elements for complementarity problems over the cone of semidefinite matrices.

Conclusions are drawn in Section 4.

2. Preliminaries

In this section, we firstly recall some matrix properties that we shall employ
throughout this paper. Their proofs and mores details can be found for instance
n [15] [16].

Proposition 2.1 (Von Neumman-Theobald s inequality) For any X,Y €S},
it holds that (X,Y)<A(X)" A(Y), with equality if and only if X and Y are
simultaneously diagonalizable, where A(X),A(Y) is the eigenvalue vector of
X and Y, respectively.

Proposition 2.2 Let X,Y €S!, if (X,Y>:O, then X and Y commute,
ie, X and Y aresimultaneously diagonalizable.

Proposition 2.3 (Fejer's theorem) Let X €S", it holds that (X,Y)Z 0 for
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all Y =0 if and only if X »=0. Moreover, (X,Y>>O for all Y -0 if and
onlyif X >=0.

Now, we present the definition and the property of P.-mapping and
exceptional family of elements for SDCP on the subspace S.

Definition 2.1 A mapping F:S—S is said to be a P.-mapping, if there
exists a nonnegative constant y such that the following inequality holds for any
distinct XY €8S,

1+y) X2 <Xj =Y. F (X)-F (Y)>

jel (XY ,F)

(XY F(X)=Fi(Y)) 20, =

) it j
jel_(XY,F)

where 1. (X,Y,F)={jel:(X;-Y,,F (X)-F(Y))>0},

1"

(XY, F)={jel:(X;-Y,F(X)-F(Y))<0} and I={12-m}.

1"

Definition 2.2 [2] A sequence {Xr}r>0:{diag(xlr,xzr,...,xr;)} cS, is

>0
said to an exceptional family of elements for SDCP if and only if for any r and

every i€l , there exists a real number uf >0 such that
R(X")+arx; =0, (F(X")+ X/ X[} =0, (2.2)
? —> +00, I —> 00, (2.3)

>
i=1

Theorem 2.1 [12] If F:S—S is a continuous mapping, then SDCP has

either a solution or an exceptional family.

3. Main Result

To obtain our main results, we firstly present the following three lemmas in this
section.

Lemma 3.1 If X{>0, C/ =0 is a matrix of size nxn, and
lim [ X | = +o0, then there exists a subsequence {Xir”} such that {<Xir" ,Ci>}

r—+0
has no a upper boundedness.

Proof. Suppose that the spectral decomposition of X; and C, is as follows,

respectively.
n; n;
Xir zzﬂ’jrg;’é:;-r’ G =Z7’|77|77|T! (3.1)
j=L 1=1

where A[,y is the eigenvalue of X{,C,, respectively. &7 is the
corresponding eigenvector, respectively. Noting that X; =0,C, -0, we have
that

A'>0,7 >0, (3.2)

N
= Z(ﬂ; )2 , thus, there exists a j,

=N

X!

—+0 and "Xir

In view of lim
r—+o0

such that {/1}0} is unbounded. The above relation also show that there exists a
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subsequence {r} such that lim |IAf

>+l 0

The next object is to show that there exists . such that §j'OT77,* #0.

Assume that é‘erTn, =0 forany |, one gets

m
77T
AZ =0, A=| 7 |. (3.3)

N
UM
Since A is a nonsingular, then we have & =0. This is a contradiction.

Combining the above relations, we have

k. (éngn,*) —> +00, aS I, —> +o0, (3.4)

Hence
(xi.c) =35 An (e

_ﬂrkh( ,rET’h*) Z Z A (frTM) (3.5)

J=1 j# jo =11k

> lrkn( T ) —> +00, as I, —> +o.

The proof is complete.
From Proposition 2.1 and Proposition 2.2, we can get the following lemma.
Lemma3.2/fU >0, V>0 and (U,V)zO, then V =0.

The proof of the following lemma is elementary, and omitted.

Lemma 3.3 If {U'} €S, and lim|U’

{"U "} then U €S, and HU “

Now, we present our main results as follows.

Theorem 3.1 If F:S—S is a continuous P. mapping and there exists a
strict feasible point for SDCP, ie, X °-0,F (X 0) >0, then the solution set of
SDCP is nonempty.

Proof. Suppose that there exists no solution for SDCP, then from Theorem

—+00, and U s a cluster point of

2.1, we have that there exists an exceptional family of elements
{X'} ={diag(X1r,X2',---,X;])} c S, for SDCP, and for every iel, there
r>0 r>0

exists a real number 4 >0 such that

R(X")+ X =0, (R(X")+ 4 XX/ )=0, (3.6)
(3.7)

2

Let U ' =F (Xr)+ 4 X! . From the above first equation, one gets U/ =0.

Thus, for any iel, taking into account the above second equation and

Proposition 2.3, we have
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(1t -xt () ()

=<x{ — XU - X —F, (x°)>

(XU - (XX (X -XR (X)) G8)
Co (X7 X = (X X8R (X))

(-~ -7 ),

Denote by Ilz{iel:||Xir||—>+oo,r—>+oo}, I12=1\I1". Obviously, I'#J

X_I’

= —ﬂir

r X_I’

<S4
x _I'

X_I’

< _Nir

and
<xf—x°,F(x')—F(x°)>
=3 (X[ =XP R (X) =R (X)) + (X[ =X R (X) =R (X)),

iel! iel?

(3.9)

When iel?, we have that there exists a upper boundedness for
{<Xir -X?F (X r)— F. (Xo) } from the formula (3.8).
X'
X"=0,F(X 0) >0, from Lemma 3.1, we have that for any ie 11, there exists a
(X[, R (X°)) =0 . Thus,

When iel', one gets

>||Xi°|| for sufficient large & Noticing that

subsequence {Xir”} such that lim

r|i_>n+1w<xi'" -X?F (X 0)> —> +o0. rInrY:lwitzw of the formula (3.8), one gets

r|er+1ao<x;n —XiO,Fi(Xr)—Fi(XO)>—>—oo, (3.10)
which implies that

1im (X=X, F(X")=F (X)) —>—=. (3.11)

This is a contradiction with Fbeing a P.-mapping. The proof is complete.

Theorem 3.2 If F:S—S is a continuous P.-mapping and there exists a
strict feasible point for SDCP, ie., X -0, F (X 0) =0, then the solution set of
SDCP is bounded.

Proof. Suppose that the solution set of SDCP is unbounded, i.e., there exists a
X " — +00. Obviously,

solution sequence {X k} such that kIim

—>+0

Xk =0, F(X*)=0, <xk,F(xk)>=o, vk. (3.12)

Noting that Fisa P. mapping, we have that for any &,

(1+7) Y <xj?—xjk,|:j(x°)—|:j(xk)>

jel+(XO,Xk,F)

+ ¥ <xj?—xjk,Fj(x°)_Fj(xk)>20' (3.13)
jet_{x° X F)
ie,
(x?= xR (x7)=F (x"))
Z_yjeu(x;xk,p)<x?_X"k’F"(XO)_F"(Xk)>' (3.14)
S 126 Journal of Applied Mathematics and Physics
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From the formula (3.12), one gets
<X°,F(Xk)>+<F(X°),Xk>
sy X (R (X)) (xR (X)) (3.15)

jel+(X0,Xk,F)

<(XCE(X)+r T (XLE(X)).

jel,r(XO,Xk,F)
Taking into account Proposition 2.3 and the formula (3.15), we get

(F(X°).x* )< (X F(X°)+7 (20: k )<xj?,Fj(x°)>. (3.16)

X" .
Noting that {M} is bounded. Hence, there exists a subsequence {X “}

such that

lim ——=X. (3.17)

From Lemma 3.3, we have that X %0, ||>?|| =1.
On the other hand, from (3.16), one gets for any Kk

e -

o) R
<<x°,F(x°)>+yjd;((%:w)<x?,ﬁ(x0)> (3.18)
Since  lim Xl — +o0 , then
(F(x°).x)<0. (3.19)

_Obviously, <F(XO),)?>ZO. Thus, <F(X0),)z>=0, which implies that

X =0 from Lemma 3.2. This is a contradiction with |>?||=1. The proof is

complete.

4. Conclusion

In this paper, the nonemptyness and boundedness of the solution set for P.
-semidefinite complementarity problem have been discussed by using the
concept of exceptional family of elements for complementarity problems over
the cone of semidefinite matrices, and a main result has been shown that if the
corresponding problem has a strict feasible point, then its solution set is
nonemptyness and boundedness.
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