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Abstract 
The column of electron electrostatic accelerator is one of the critical compo-
nents in electrostatic accelerator. The geometrical design of such accelerator 
must be as such that in the case of applying voltage to its electrodes, not only 
should its equipotential surfaces and its gradient accelerate the beam particles 
up to desired energy, but also it should focus the beam and hinder broadening 
of energy distribution of accelerated particles. The immersed electrodes in the 
field are, geometrically, perpendicular to optical axis around the medial plane. 
Numerous models that can be used in the distribution of axial potential, have 
been presented and linear model, analytical model, double-column electrode 
model and polynomial electrode model are among them. In this paper, series 
expansions based on Bessel functions is used to obtain the axial potential dis-
tribution of immersed accelerator electrodes in double-electrode field and it is 
then compared to the mentioned models by solving the final equation via the 
least square method. Finally, by using CST Studio software and the informa-
tion we obtained from the axial potential, the column of electron accelerator 
with its energy distribution and its optimal electron output beam radius is de-
signed and simulated. 
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1. Introduction 

Application of accelerator is common in many fields such as research, education, 
industry, medicine [1] and agriculture. The aim of designing the column of an 
accelerator is to accelerate electrons to energies more than 300 KeV by using 
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electrostatic field. Electrostatic accelerators are regarded as the simplest and yet 
frequently-used accelerators. Depending on the energy and the generated beam, 
these accelerators can find many applications [2]. One of the important topics 
pertinent to the physics of accelerators is the electrostatic lenses; since they can 
be implemented in construction of accelerator’s tube in accelerators. After many 
years of research in laboratories regarding the design, construction and comple-
tion of accelerator’s tube, this part is still regarded as one of the key components 
in construction of electrostatic accelerators [3]. Electrostatic electrodes are mainly 
used for constructing an image in a fixed position with broad range of beam 
energy [4] [5]. The electrostatic electrodes are widely categorized in terms of the 
potential of their electrodes (image potential over object potential) which con-
tain the main group of Einzel lens [6] [7] [8], which create similar potential in 
both object part and image part, the immersed lens in the field are immersed in a 
field with two constant but different potentials in the both sides, a single-span 
lens with one induced homogeneous field on one side, and the foiled lens [9]. In 
case of unequal potentials in both sides of the lens, the lens operates in accelera-
tor or decelerator (velocity reducer) mode. All of the lenses presented above can 
contain two or more electrodes [10] [11]. Double-electrode lenses are generally 
used in focusing the electron or proton beams [9]. 

In addition to identifying electrostatic lenses with their electrodes, they can 
also be verified by their axial potential distribution; this is due to the fact that 
majority of the focusing elements which have axial symmetry in ion optics or 
electron optics can be denoted by a scalar potential function [5]. General opera-
tion of electrostatic lenses is in a way that by creating an axially symmetric po-
tential, a paraxial beam is generated which its radial growth can be impeded 
when directed to target. The equation below can be used to calculate the particle 
trajectory in an electrostatic lens in non-relativistic terms and without a mag-
netic field: 

( )
( )

22

2

d 3 0
16d

U z
U zz

σ σ
′ 

+ = 
  

                      (1) 

which ( )U z  and ( )U z′  are axial potential and field, respectively. σ  de-
notes the path of particles [12] [13]. The simplest kind of electrostatic lens has 
two electrodes in which if potential in the two sides differ, then it is called im-
mersed in field. Extensive changes of parameters of electrodes cannot be verified 
practically and systematically. Therefore, we commence with the analysis of po-
tential distribution. The figure of axial potential distribution U(z) of an electrode 
in two-piece field is approximately similar to that of an tangent hyperbolic func-
tion, which is a steady function of z coordinate. Let the potential of the first and 
second electrodes be 1V  in z a=  and 2V  in z b= , respectively. When 

2 1V V>  an accelerator lens is formed while as when 2 1V V<  a decelerator 
lens will be formed. In these lenses, potential distribution will not include the re-
gion with constant potential since to preserve these regions more electrodes are 
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required [3] [12]. 

2. Numerical Calculation of Axial Potential of the Immersed  
Lens in Field with Bessel Function Expansion Series 

In order to calculate the axial potential of a lens immersed in field, we consider 
two flat planes which each of them have holes in them with the diameter of D 
and they are separated from each other with distance A. The applied voltages to 
these planes (electrodes) are 1V  and 2V  which have been calculated relative to 
potential of electrons with zero kinetic energy. In the upcoming equations the 
thickness of planes have been neglected (if the thickness is smaller than A and D, 
the dependence of lens parameters to thickness will be negligible). It is also re-
quired to consider three hypothetical cylinders with diameter D′  which cy-
linders in regions I and III have potential 1V  and 2V  whereas the middle cy-
linder possess the linear potential running from 1V  to 2V  in its length.  

It might be argued that having the middle cylinder in a uniform potential mV  
(which, for instance, is equal to 1V  or 2V  or their average) is more in accor-
dance with real lenses; however this is not the case for two reasons: firstly, if 

2D A′ , then such middle cylinder will alter the axial potential distribution 
between the holes and it would be necessary to calculate the lens parameters for 
different values of D′  and mV ; secondly, if 2D A′ , the lens parameters 
would partly be analogous to the case in which the potential of middle cylinder 
is changing linearly, but the calculations will get longer and the accuracy will 
deplete.  

Figure 1 exhibits the paraxial and non-paraxial beams alongside the object 
distance P and image distance Q, which both have been measured in regard with 
the central point of the lens. In calculations of electrostatic lenses with digital 
computers, the common way is to solve the Laplace equation [14]. There is 
another solution approach in which the potential is expanded by Bessel func-
tions.  
 

 
Figure 1. Geometry of investigated lenses. 
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Despite the fact that solution procedure of Laplace equation is a familiar sim-
plification method, more precise and reliable results can be obtained faster with 
high degree of accuracy by modification of its expansion. It seems that the me-
thod used in these calculations will serve more precisely and strongly for wide 
range of problems with cylindrical symmetry. The series expansion for the three 
regions in Figure 1 can be written as follows [15]: 

( ) ( ) ( )I 1 0, expn n nnV r z V A k z J k r= +∑                 (2) 

( ) ( ) ( ){ } ( )1 2 2 1
II 0, exp exp

2 n n n n nn

V V V VV r z z B k z B k z J k r
A

+ − ′= + + − +∑   (3) 

( ) ( ) ( )III 2 0, expn n nnV r z V C k z J k r= + −∑                (4) 

Which the equations above are written in cylindrical coordinate and z is 
measured form central point of the lens. ( )0J x  is the zero order Bessel func-
tion. Each term of these expansions is a solution of Laplace equation with no 
boundary conditions. The signs which are associated to exponential variables are 
chosen in a manner that the boundary conditions in z = ±∞  are automatically  

satisfied. Boundary condition in 1
2

r D′=  would be fulfilled if the values of  

nK  become limited which then we obtain: 

0
1 0
2 nJ k D ′ = 

 
                          (5) 

Now the only task that remains is to meet the boundary conditions in  
1
2

z A= ± , in addition we will have to make sure that the potential stays conti-  

nuous all over the two holes. 
From orthogonally condition for Bessel functions and from the condition: 

I II
1 1 1, , for 0
2 2 2

V r z V r z r D    ′− = − ≤ ≤   
   

              (6) 

the following will result for all values of n: 

1 1 1exp exp exp
2 2 2n n n n n nA k A B k A B k A     ′− = + −     

     
          (7) 

This equation will also guarantee that the radial component of the field re-
main continuous. The boundary condition for the left-hand-side electrode for  

2
1 1
2 2

D r D′≤ ≤  will obviously be [12]: 

( )0 2
1 1exp exp 0
2 2n n n n nn B k A B k A J k r    ′+ − =    

    
∑          (8) 

And for 1
10
2

r D′≤ ≤  we will have [12]:  

( ) 2 1
0 1

1exp
2 2n n n nn

V VB k k A J k r
A
−  = 

 
∑                 (9) 

The same is also applied to second hole. Due to the symmetry around central 
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point, equations n nB B′ = −  and n nC A= −  will be true. Although Equations (8) 
and (9) are precisely satisfied when infinite number of terms is considered, we 
can still hope that finite number N of terms, the difference between the right and 
left side of these equations will rationally approach zero. Thus, N number of R 
will be selected within 0 to D′  and N obtained equation of (8) and (9) will be 
used to calculate N coefficient of nB . This process will not converge by increas-
ing N but instead, will lead to. For r values amongst the chosen ones, Equations 
(8) and (9) will poorly meet.  

To overcome this problem many useful methods can be used but the least 
square method proves to be the most effective one and thus was used. In our 
problem, the least square method will contain forming the quantity. 
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And then obtaining N equation from 0
n

S
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Next for calculating nB  coefficients the equation can be solved. By writing a 
Fortran code, which can be generalized to more electrodes, and selecting 

1 100 VV = , 2 60 VV = , 3 cmd =  and 20N =  unknown coefficients will be 
attained numerically via the above equations and by substituting them in Equa-
tions (1) and (3), the potential will be specified for double-electrode electrostatic 
lens which is shown in Figure 2. Selecting r = 0 yields the axial potential distri-
bution.  

It should be noted that the values of 1
10,
2

r D 
 
 

 and 2
1 1,
2 2

r D D ′=  
 

 must  

be greater than N (about 3N in practice). This will result in converging solutions 
for Equations (8) and (9) and axial potential ( )0,V z  which in this case will 
converge by increasing N. 

3. Models for Investigation of Electrostatic Lenses  
Immersed in Field 

In potential distribution of double-electrode systems, there exists a bending 
point mZ  which its axial component of field ( )maxU ′  reaches to its maximum 
pure value. This point can be located in either the geometrical center or any 
other point and this is the reason why those two symmetric lenses can be defined 
[10]. In case of immersed lenses in field which are geometrically symmetric 
around the optical axis perpendicular to central plane, i.e. position of mZ  is  
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Figure 2. z-dependent potential for constant radius of r. Potentials on the 
electrodes are 1 100 VV =  and 2 60 VV = . 

 
precisely coincident with the average value of a and b, some models have been 
proposed to specify the asymmetric potential distribution around mZ . Different 
models have been presented for axial potential distribution of this system which 
linear model, analytical model, double-cylinder lens model, and polynomial lens 
model are some to mention. Figure 3 compares the least square model with the 
aforementioned methods. 

Axial potential distribution for immersed lens in field has been displayed in 
Figure 4 for different values of A/D. Numerical calculations reveal that the best 
state of minimum output beam radius and maximum output energy of aperture 
lens is for the case in which the diameter of electrodes are identical and the ratio 
of distance to diameter is between 0.1 to 0.3. 

4. Design and Simulation of Column of 300 KeV Accelerator 

In order to simulate the column of accelerator, the outer radius of electrodes has 
taken the value of 15 centimeters; therefore we consider the distance between 
electrodes to be 5 centimeters so as to have the optimal state for column of the 
accelerator. The other restrictive factor in choosing the distance between elec-
trodes is formation of arc and electric refraction. The distance between the elec-
trodes can be determined by Equation (12) [9]: 

V CX α=                              (12) 

where V is the potential difference of the two consecutive electrodes, α  is a 
constant value between 0.1 and 1.1 and C is also a constant value which depends 
on the intensity of the electric field, distance between electrodes and their ma-
terial. Majority of systems assumes α  to be between 0.5 and 0.7. Considering 
the applied potential to the planes and by obeying the 5 cm-rule between the 
electrodes, one can avoid electric discharge. Insulators made of borosilicate glass  
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Figure 3. Potential distribution of immersed lens in symmetric binary field: linear model 
[12], analytical model, two-cylinder lens model with zero distance between the electrodes 
[16] [17], cubic polynomial lens model [12], least square method. 
 

 
Figure 4. Axial potential distribution of immersed lens in field for different 
values of A/D. 

 
or electrical ceramics (alumina-based) can be put in between the electrodes of 
column of accelerator to avoid occurrence of electric discharges. Moreover, they 
can generate the required vacuum (about 10 - 5 torr in lab) for the column of 
accelerator.  
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Simon and Superfish computer codes [16] are normally used in designing the 
electrodes and simulating the electric field of electrodes of accelerator’s column. 
One of the major problems that almost all of the simulation programs has, is 
that true definition for vacuum, electric refractions, and interaction of particles 
with the system chamber cannot be applied. Hence, our attempt was to provide a 
coding program that firstly has these capabilities and secondly, it can perform 
Monte Carlo and result a more accurate response. CST software uses Monte 
Carlo method to draw the beams and display the trajectory of particle. CST has 
been used for simulation. This software is regarded as one the most powerful 
software in numerical simulation of electromagnetic fields, design of different 
antenna, design of electric circuits, and high frequency circuits which is the life-
long fruit of research and endeavor in the field of electromagnetic analysis and 
design. The observations are shown in three dimensions which are requisites in 
electromagnetic circuits. The design of accelerator column, according to our ex-
perience from building the proton accelerator column, has taken the form of 
Figure 5.  

Since we want the beam current to be in the order of a few microamperes in  

this accelerator column, Perveance beam 3
2

IK
V

 
 =
 
 

 is negligible. Therefore,  

we can disregard the spatial charge effects in designing electrodes. In Figure 5, 
the first electrode from left extracts electrons, the second and forth electrodes 
focus the beam, third electrode acts as a shield against outer fields and fifth till 
fourteenth electrodes are accelerating electrodes. The applied potential is divided 
evenly amongst all electrodes. Potential of −300 kV relative to earth with step 
potential of 25 kV (choosing this potential is absolutely voluntary and is depen-
dent upon the geometry of the accelerating system, other step potentials can be 
taken into account) is divided amongst the electrodes, except second electrode;  
 

 
Figure 5. Design of electrostatic accelerator column of electron with accelerating elec-
trodes. 

https://doi.org/10.4236/jamp.2017.59149


S. I. Karanian et al. 
 

 

DOI: 10.4236/jamp.2017.59149 1771 Journal of Applied Mathematics and Physics 
 

i.e. the first, third, fourth, …, last electrodes will have potentials of −300 kV, 
−275 kV, −250 kV, …, 0 kV relative to earth, respectively. 

The second electrode which acts as the focusing lens of the column has varia-
ble voltage of +10 kV relative to the first one. Titanium has the lowest field 
emission, micro-discharge, arc-driven surface abrasion, best stable voltage, most 
work function and electric gradient in low distances. Due to these reasons a tita-
nium-based material can be determined in designing electrodes. Nevertheless, 
the machining and burnishing process of titanium is more costly and burden-
some in comparison with other metals. Thus, aluminum is suitable option in de-
signing. The overall number of 14 electrodes will be implemented. For Figure 5, 
by applying the given potentials, potential distribution and axial potential dis-
tribution will result in Figure 6. 

Trajectory of particles is shown in Figure 7(a) and Figure 7(b) displays the 
energy of electrons. Electron beams are once focused in distance of 5 - 10 cm 
and then again in 20 - 25 cm, which indicates that the focusing electrodes have 
been designed properly. The output electron beam radius will be less than 8 mm 
(electrons exit in distance of 72 cm away from the accelerator column) and elec-
tron beam energy, at the time of exiting the accelerator column, will be in range 
of 250 keV.  

As it can be seen from Figure 8, if we set the voltage of second electrode to be 
−300 kV relative to earth, the output electron beam energy will approximately be 
around 300 keV.  

In the second geometry for optimizing of application of accelerator column, 
the electrodes can be considerated ridged that is shown in Figure 9: 

The path of the particles for the second geometry in Figure 10(b) and elec-
tron energy in the form of Figure 10(a) is given which shows the radius of out-
put beam in second geometer is reduced 2 cm and the energy of electrons is in-
creased in compare with first geometer; So it is better to design the electrodes of 
300 keV electron electrostatic accelerator column ridged. 

 

 
Figure 6. Equipotential lines along the accelerator column. 
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Figure 7. (a) electron beam trajectory (b) electron beam energy while crossing the acce-
lerator tube for 2 290 kVV = − . 

 
In case of needing an electron beam with radius of lower than 6 mm, an elec-

tric quadrupole lens can be located at the exiting direction of electron beam to 
control the output beam radius. In this software, complete vacuum has been re-
garded for beam trajectory and since this is not achievable in reality, it would be 
better to set the total voltage of accelerator column to more than −300 kV. 

5. Conclusion 

For designing and manufacturing the accelerator tube should have comprehensive  
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Figure 8. Electron beam energy while crossing the accelerator tube for 2 300 kVV = − . 

 

 
Figure 9. Designing of electrostatic electron accelerator column with ridged accelerator 
electrodes. this causes some changes in equipotential surfaces and electron beam will be 
more focal. 
 
information of the electrostatic lenses for electrons, protons and ions under the 
influence of an electrical potential gradient that these lenses create, will be acce-
lerated and reaches to final desired speed. As well as focusing the beam of 
charged particles is also the responsibility of these lenses. In the case of controlling  
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Figure 10. (a) electron beam trajectory (b) electron beam energy for the second geometry 
of electrodes when 2 290 kVV = − . 

 
low-energy beam, two electrodes electrostatic lenses are used. 

Using an axial potential distribution which can be characterized by an elec-
trostatic lens, can predict how charged particle beams move. Numerical calcula-
tions show that the best situation for lens that makes output electron beam 
energy maximum and focal is when electrodes diameter are the same and the 
rate of distance between electrodes to diameter is 0.1 to 0.3. First geometry that 
is designed reaches to 8 mm of output beam diameter and 270 keV of energy but 
when we use ridged electrodes, diameter of output beam will decrease to 6 mm 
and energy will increase to 300 keV. Of course it is predictable by comparing 
equipotential surfaces in Figure 6 and Figure 9. 
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