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Abstract

This research paper represents a numerical approximation to non-linear coupled
one dimension reaction diffusion system, which includes the existence and
uniqueness of the time dependent solution with upper and lower bounds of
the solution. Also numerical approximation is obtained by finite difference
schemes to reach at reasonable level of accuracy, which is magnified by L,,
L, and relative error norms. The accuracy of the approximations is shown
by randomly selected grid points along time level and comparison with
analytical results. The test example demonstrates the accuracy, efficiency and
versatility of the proposed schemes. Moreover, the schemes can be easily
applied to a wide class of higher dimension non-linear reaction diffusion
equations with a little modifications.

Keywords

Forward in Time and Centre in Space (FTCS), Taylor’s Series, Crank
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1. Introduction

Fisher and Kolmogorov Petrovsky Piscounov founded quasilinear partial dif-
ferential equation which represents reaction diffusion phenomena [1] [2], which
play important rule in population dynamics as propagation of beneficial genes;

mathematical description to this phenomena is as follows [1] [2] [3],

ou=-2,i+Q(p), (1)
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here, x declares spatial coordinate position with time £ also p(X,t) is the term
used to identify the population density, 7is the flux associated to population, and
Q(p) is alimited to originator term that illuminate the net rate of production
or growth in the populated area or density associated to population [3]. The be-

haviour of the diffusion is accounted in the flux 7 inclines by Fick’s law,
i=-Do,p, (2)

where the assumption on the diffusion coefficient D, is to be constant [3]. It is

frequently to imitate the law, which is known as the Pearl-Verhulst logistic law,

_P
Q(p)= ”’(1 ,,J' ep<p

0, P <p<0

(3)

related to stranded scale to growth in the population [3]. This law explains the
that initially population would grow with homogeneous fashion with time of
7 until that growth reach at some stranded level with some saturation in
population [3]. Fisher and KPP were very much keen about the speed that exists
in advantageous genes to propagate and they found a travelling wave solution to
Equations (1), (2), (3) [3], such solution related to velocity ZZ(D;/)M. Con-
sequential, Kametaka (1976) and Uchiyama (1977)] remarks about velocity of
2(D7/)1/2 developed initial conditions (ICs), categorised as [3],

p(x,t=0)=p,, forx<x
0<p(xt=0)<p,, forx <x<x, (4)
p(x,t=0)=0, for x, <x

2. Governing Equation

In the year of 1948 EI’ dovich, raised the major features of the diffusion reaction
semi-linear equation which make useful contribution to wave of advantageous
genes which are now totally classify as in the dynamics of the gas and flame with
chemical kinetics [3]. Mostly, in process of combustion, the concept of heat
which is channelized by the conduction processed by heat related to molecules
which moves from the hot part of flame to coolant side [3], by a particular
locality, the rate of the chemical reaction such as exothermic chemical reaction
(due to presence of heat), totally aware of temperature of the related gas mixture
[3]. The coefficients associated with molecular diffusion and thermal are at same
level of scaled, the temperature and concentration are situated almost isobaric
[3]. The quantity p, then can represent either the temperature or concentration,
without confusion, and is often referred to as the “combustion completeness by
such coefficient” by Vulis, 1961 [3]. Equations (1)-(4) are then hired to modelled
this attractive phenomena as a result of travelling wave nature of the flame exists
in combustion process or zone, ie. the transition layer between the region of
burnt gas and the gas where combustion has not yet begun [3]. Above literature

review, leads to the following reaction-diffusion system in two components
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along single direction, is as follows,

du=pu, +au (1—u)(1—v)}

OV = BV +aV(1-V)(1-u) ©)

where in above Equation (5), @, and «, are the linear growth rate whereas
B, B, are coefficients of the diffusion [3] [4] [5], with &, @,,5,.8,>0, as
well as u(x,t) and v(xt) are the concentrations of the chemicals in the

reaction diffusion process.

3. Exact Solution

Exact solution to system in Equation (5) found by E. S. Fahmy [5], he used

factorization method, given below:

u*(z):%+%tanh(Dl)

where D, = ﬁ(z = (6)
- 11 2
u (z):E—Ecoth(Dl)
. 11
v (z)=§—§tanh(D2) K
where D, :?z(z -1y) )

v‘(z)=%+%coth(D2)

4. Smoothness and Uniqueness of the Reaction Diffusion
System

It is very important to enforce some assumptions on some physical parameters
or related reaction functions, to analysed the smoothness and uniqueness of a
positive oriented natural solution by considering lower and upper bound of the
solution of the system which mentioned in Equation (5) [6]. We assume that
B, =P, which represents the diffusion coefficients are always positive in the
bounded or finite domain such as (), whereas initially means at t=0 the un-
knowns such as (uo,vo) are non-negative [6]. The smoothness hypothesis is
used to guarantee the existence of the problem of the corresponding linear system

[6]. Let us look at the complete obtained system in one dimension,
u —V-(BVu)=au"g(xu,v)

Vi —V'(ﬂzVV)=azvmg(x,u,v)} form=1g(xuv)=(1-u){I-v). (8

imposed the following boundary conditions on Equation (8), which is,
B,[u]=hi(x)

B,[v]=h,(x)

imposed the following initial conditions on Equation (8), which is,
u(0,x)=u,(x)

v(0,%) =V, (X)

combined above three equations, to get the model system.

} fort>0,(x)eQ (9)

} forxeQ (10)

DOI: 10.4236/jamp.2017.58129

1553 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2017.58129

S. Hasnain et al.

Assumption or Hypothesis (H)

Let us suppose that f, exists and is also bounded which is subsets of domain
Q and there exists a function with ¢, (x) >0, such that
0< f(uv)<f(uv,)<c,(x) for 0<v,<v,<co [6]. This definition implies
that the function f is monotone non-decreasing in v and is uniform bounded
for v>0 [6]. Clearly this condition is satisfied by function f [6]. Thus this
property leads to

G (u,v)=au™g(x,u,v) (11)

G, (u,v)=ayv"g(x,u,v), (12)

where above Equations (11), (12) represents G;,G, are quasi monotone non-
increasing and quasi monotone non-decreasing functions in Q respectively [6].

According to classification of the reaction functions, G;,G, are typed III

functions [6]. This leads to the following definition of the solutions.

4.1. Definition

A smooth pair of two vector functions (U,V), (U,V) defined in R*xQ are
called upper and lower solutions respectively [6], if they satisfy the following

inequalities

0, -V - (AVU) - a,0"g (X, V) >

fort>0,xeQ (13)

} forxeQ

In the above definitions the smoothness of (U,\7) S (U, \7) is in the sense that
these functions are continuously differentiable to the order appeared in Equ-
ations (8) and (11), (12) respectively [6]. Hypothesis and above definition leads

to the following theorem.

4.2. Theorem

Let f holds hypothesis (H). If there exist upper and lower solutions (J,V),
(U,\T) of system (8), with 0<U and V<V in R"xQ, then the sequence
{Uk,\'/k} , {gk,\_lk} converges monotonically from above and below, respec-
tively [6], to a unique solution (u, v) of system (8) [6]. Moreover,
a(t,x)<u(t,x)<u(t,x)

V(t,x)sv(t,x)sv(t,x)} 12 0.xe0, (4

The quality of being of practical use about above theorem, need to construct
of lower and upper solutions, with existence problem to be ensured [6], but the

asymptotic behaviour of the time-dependent solution and related stability can
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also be established from the behaviour of the lower and upper solutions [6], ac-
cording to the definition, so stability of a steady-state solution make according to
selection of Lyapunov function [6], be that as it may for the global existence

problem or the stability problem with homogeneous boundary conditions [6].

5. Numerical Methods

Let us apply numerical methods technique, to solve such system which men-
tioned in Equation (5) in finite domain Q. We partitioned the interval [a,b]
into n equal parts of width h [7] [8]. Place a grid on the rectangle region R by
drawing vertical and horizontal lines through the points. Numerical solution is
denoted by (u;,vr?]) , whereas exact one make in the form of (U;,Vn?)

respectively.

5.1. Forward in Time and Centre in Space (FTCS) Scheme

We consider forward in time and center in space (FTCS) explicit scheme by
substituting the forward difference approximation for the time derivative and
the central difference approximation for the space derivative in system in Equation

©X

in+1 i” (|+1—2u +U; 1)+oc1 (1 u,”)(l V,n)
n+l n (15)
V (V|1 2V +V )+0l2V|n(1 V )(1 uln)

P=ul Ry (Ul 20 +u )+ Qul (1-u] ) (1))
Vin+1zvin+R2( L= 20 V0 )+ Qv (L)) (1-ur) (16)

where Rl:% RZ:% Q,=ke; and Q, =Ka,.

2 h2 >
Finite difference schemes, must pass certain tests of accuracy, consistency,

stability and convergence [9] [10] [11], we discuss these concepts in the follow-

ing way.

5.1.1. Accuracy of FTCS
Accuracy of the FTCS scheme for system in Equation (16), we apply Taylor’s

series on each term, which is as follows:

1
Ugesultant = (ul - (1 U)( ))k +— k Uy __kh Uyx T 6 k3um +ee
1 1 (17)
VResultant = (Vt - (l V)( )) k+—- k Vie — E khzvxxxx +€k3Vm tee
simplifies above equations, we get the following,
1 1 1
UResultant = 7 kzun T khzuxxxx += k3um +e
2 12 6
1 1 1 (18)
VResultant = E kzvtt - E khzvxxxx + E k3Vm tee
dividing above system, by k and simplifies some terms:
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1 1 1
UResultant :Ekutt _Ehzuxxxx +gk2um e
19
1 1., 1, (19)
VResultant = Ekvtt _Eh Voo +gk Vi +-

This leads to principle part of the truncation error (PPTE), which is as follows:

PPTE, :lkutt —ihzuXXXX +lk2um Hoe

2 12 6 (20)

1 1., 1,

PPTE, =—kv, ——h"v,, + =KV, +--
2 12 6

ttt

which shows that this scheme has 2nd order accuracy in space and first order

accuracy in time such as O(k, hz) [9].

5.1.2. Consistency of FTCS

According to the definition of the consistency, if the difference between finite
difference equation (FDE) and related partial differential equation (PDE), ie
truncation error vanishes as the sizes of the grid spacing go to zero inde-

pendently, ie

Truncation error

” —>0ashk—0 (21)

Equation (20) is consistent, because the truncation error divided by 4 tends to
zero as h and k tends to zero [11] [12] [13] [14].

5.1.3. Convergence of FTCS
A finite difference method is convergent if the solution of the finite difference
equation approaches to exact solution of the partial differential equation as the

sizes of the grid spacing h and k tends to zero [13] [14] [15].

ur-Up =23 -0 ashk—>0 (22)
where z; is called the discretization error.

ve =V, =72 —>0 ashk—0 (23)

where Z[ is called the discretization error.

Un —Unp

—0, ash,k—>0 (24)

n n
Vin _Vm

—0, ashk—0 (25)
this completes the proof of the convergence.

5.1.4. Stability of FTCS
Another important feature of a finite difference method of solving partial dif-
ferential equation is the stability of the associated finite difference equation

which must be investigated. Let us look again Equation (16),

U™ =)+ Ry (ul, 207 +uly )+ Quup (L-uf ) (1)
(26)

VI =R, (Vi = 207 + V] )+ Qv (17 ) (1-u )
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linear form of above Equation (26), is as follows:

u™=u +R, (5X2u” )+Qlur’,‘1A

) (27)
vt =V +R, (5X2v§1 ) +QVr A

where A =max [(1— up )(l— vy )} , from Equations (26) and (27), we can write in

the following way,
1 O u n+l B Cl 0 u n
0 1 Vn+1 - 0 Cl V"

where C, =1-4R,sin?(fh/2)+AQ,.
l//n+1 ZGl//n (28)

o|? o]'[c, o
o 1] |0 ¢

where matrix G is called the amplification matrix. According to Von-Ne-

where

umann stability analysis, the condition for stability for system is

max|{eigenvalues of G}| <1 (29)

above Inequality (29) leads to the following two special cases,
1) Special Case 1
e The right hand side of the Inequity (29) gives,

1—4Rlsin2(%hj+AQ1£1
0—4Rlsin2('%hj+AQ1 <0

30
4Rlsin2(%hj2AQl G0

AQ,
4sin? (ﬁhj
2

which is condition of stability to FTCS scheme in coupled non-linear PDE

R, >

system.
2) Special Case 2
e The left hand side of the Inequity (29) gives,

—1sl—4Rlsin2(ﬂ7hj+AQl

—2<-4R,sin? [%hj +AQ,

31
4Rlsinz[%h]§2+AQ1 Gy

R < 2+AQ,

. 4sin2(ﬁhj
2
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which is condition of stability to FTCS scheme in coupled non-linear PDE
system.
Special case (1) and special case (2) lead to the following very interesting

results,

AQl <R < 2+AQ 2+AQ1
4sin? (ﬂhj 4sin? (ﬂzhj

The Von-Neumann stability analysis is the most common used method of de-

(32)

termining stability criterion as it is generally the easiest to apply. It can only be
used to establish a necessary and sufficient condition for stability of linear initial
value problems with constant coefficients [14] [15] [16] [17] [18] [19]. Thus
according to Von-Neumann stability analysis, FTCS scheme is conditionally

stable as obtained in Equation (32).

5.2. Crank Nicolson Implicit Scheme

Let us apply Crank Nicolson implicit finite difference scheme to Equation (5).

(THAST 20™ 4 52" 2 2
Ll = [5 +8u7 +0(K* +0(h?) |

. uin+l + uin 1_ uin+1 + uin 1_ Vin+1 +Vin
2 2 2

R +O(k2) 2?112 [52 ”*1+52v”+0(k2+0(h2ﬂ

n+l n+l n n+l n
LV +v! A G el
2 2

after some simplification, we get the following,

2 n+l 2 il " uin+1 +uin B Vin+1 +vin
( 2R5 j [1+2R5 Ju += Ql( +U; )[1—[TD(1 [ 5 D (34)
1 n+ n+ Viﬂ+l+vin uin+1+uin
oo oofe (2255 o

combine Equations (34) (35), we get the following,

1 1 1 u™ +u” vyt
1-=R,8% U™ = 1+=R,67 [u" + MM 1-| — | || 1| = '
( 2 “j ( 2 2Q1( ') 2 2

1 2 n+l 1 2 n 1 n+1 Vim—l + Vin uin+1 + uin
(1—E|225vai —(1+ER2§XjVi +EQ2( +v/)| 1- - - =

where R;,R,,Q; and Q, are mentioned in Equation (16).

(33)

N

5.2.1. Accuracy of CN
Accuracy of the CN scheme to Equation (36), we apply Taylor’s series on each

term. After some simplification, resultant is as follows,
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uResu,m=(ut—uxx—u(l—u)(l—v))k+%k2[ult — Uy +Uv, (1-u)—u, (1-u)(1-v)

+uu, (1- v]——kh2 . k{%um—%um+...j_%k2h2u oo

XXXXt
VResultant = (Vt Vi —V(l—V)(l—U))k +1k2 |:Vtt Ve +VU (1 V)_Vt (1—V)(1—U)
(38)

+Wt(1—u)}—$kh2vw+k (6 ” Allvxm+---j—2—14k2h2v Foee

XXXXt

we divide above equation by time step &k with using in system (5), to get the

accuracy, in the following form,

1, 0 1
Uresuttant = Ek a[ut —u, —u (1— u)(l_v)] __hzuXXXX

(39)
1 1
+k2[gum _Zuxxtt +- }_2_kh2 woot T
1.0 1
VResultant = E k _|:Vt Vi~V (1_ V) (l_ u ):| - E hzvxxxx
1 1 (40)
+k? ( Vit 4Vxxtt +j _akh Vioot
UResultant = _%hzuxxxx + k2 (%uttt _%uxxtt +e J _Z_khz woot T
1 1 (41)
VResultant = _E h Vi T k (6 [ 4 Vo T J _2_ kh2 Vot T
Now principle part of the truncation error (PPTE) is as follows:
PPTEu =_ih Usoex +k Uge 1uxxtt +e __kh2 Upoot T
12 6 4 24
(42)

PPTEV = _%hzvx + k ( tt ivxxn +]_2_kh Vit T

which shows that this scheme is 2nd order accurate in both time and space, such

as O(kz,hz) [19] [20].

5.2.2. Consistency of CN

From accuracy, we find principle part of the truncation error along with Equ-
ation (42). Which shows that Crank Nicolson scheme is consistent because
z7 = PPTE tends to zero as 4 and & tends to zero, .e. z; >0 as h,k—0.

5.2.3. Stability of CN
Stability of the associated finite difference Equation (36), which is in linear form,

unt — R52 il u;+1R5fu" +1Q(u"+1+u )A
2 2 2
1 1 1 “
[v;*l——Rdfv;*l = vr';+—R5X2v”j+—Q(v”*1+v )A
2 2 2

where R,Q and A are mentioned in Equation (16) and Equation (27) re-

spectively. From Equation (43), we can write,
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Cl 0 un+1 B CZ 0 un
0 c, v - 0 c, || v
where 01:1+2Rsin2(,3h/2)—%AQ and c2=1—2Rsin2(,3h/2)+%AQ.

According to Von-Neumann stability analysis, we have

V/n+1 ZGl//n (44)

G:Cl 0]'[c, ©
0 ¢ 0 c,

where matrix G is called the amplification matrix. According to Von-Neu-

where

mann stability analysis (29). We have

I oy (45)

&
‘1—2Rsin2(ﬂh/2)+;AQ

= <1 (46)

1+2Rsin2(ﬂh/2)—%AQ

Above Equation (46), satisfies the Von-Neumann stability criterion, which
shows that CN scheme for Equation (5) is unconditionally stable [21] [22] [23]
[24] [25].

5.3. Fourth Order Accurate Implicit Scheme

Let us apply another implicit scheme with improved accuracy in space to

Equation (5).

ul ”k‘ LB )1t (-0 (0o
V_n+1 _ V_n ﬂ ) a1 o ) , » ) ) ) (47)
— =h_§[1+5*] (v )+ (1467 ]V (1-v])(1-u))
(u{”1 - ui")[1+ 55] =%(ui”+1 + Uin)-f-Ql [1+ 5f]ui" (1—uin )(1—vi") )
(vi”+1 —vi”))[1+ 53] =72(vi“*1 +vi”)+ Q, [1+ 5f]vi” (1—vi“)(1—ui”)
where R,,R,,and Q;,Q, are mentioned in Equation (16).
55‘1uin+1 - azuin +ta (uirzl + uinil) +a, (uin+1 - uin—l)
—%Q1P |:%(uin+1 +uf ) + %(Ulnfll UM U, + uin—l)_ “
a1Vin+l —a,V +a, (Vinﬁl + Vin:il) +a, (Vin+1 - Vin—l)
1 5 n+l n 1 n+l n+l n n ] (50)
—EQ1P [g(vi +V; ) + E(Viﬂ TVig Vit Vi—l)
combine Equations (49) (50), to get the following,
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n+l n+l n+l n
U —aU; +a3( i+l +u|1)+a4(u|+l u; 1)

_Ele :%(u”*l+u )+%(ui”jf+u,”*f+u,+l+u )}
n+l

n n+l n
&V +a3(vi+l + Vi )+a4( i1 Vi l)

(51)

n+l
Vi

—%QIP %(v”*l+v )+%(vi”jll+v,"*f+v +v )}

i+l

where a1=§+R1, az:g—Rl, %:%[%—le, a4:%(%+le,and

Pn:':[l—%(u”*l )j(l %( ARV )j

5.3.1. Accuracy of Douglas Scheme

Accuracy of the Douglas scheme to Equation (36), we apply Taylor’s series on

each term. After some simplification, resultant is as follows,

1
Ugesutant = (U = Uy, —U(1—=1)(1-V))k +§k2 [y = Uy +uv, (1-u)—u, (1-u)
1
x(1-v)+uy, (1-v) ]+E[um ~ Uy + Uy (1= (1=V) KN?
+2—h KZ [ Uy = Upoq + Uy Ve (1-U) =, U, (1-u) (1) (52)

+(1-u)uy, (1-v) ]——kh2 +k3[%uttt —%Umﬁ“']

1 1 1
_mkh4 |:Uxxxxt _%UXXXXXX +m(1_u)(1_v)uxm}+m

Veesutant = (Ve = Vi —v(l—v)(l—u))k+%k2[v —V VU, (1-V) -y, (1-V)
1
x(1-u)+w, (1-u) ]+E[VXX‘ Vo +V, (l—v)(l—u)]kh2
+—h 2K2 [ Vi = Vigooa + ViV (1=V) =V, (1= V) (1-u) (53)

1 1
+(1_V) th 1 u ]_ Vxxxx +k° Egvm _vaxtt +j
1 1
——kh* - — (1-v)(1-
144 |:vxxxxt 360 Vi +144( V)( U) xxxx:|

1
uResuItam = E[uxxt Uy T Uy (1—U)(1—V):| kh2 h k [ txx xxxxt

+UV, (1-u)—ugu, (1-u)(1-v)+(1- ) o (1Y) ] (54)

1 1 1
——khu_, + K| SUy —=U - | =
12 XXXX (6 ttt 4 XXtt j

VResultant = |:Vxxt Voo 1 V (1 U :|kh2 h kz[ o — V.

XXXXE

+vxxvl(1—v)— ” t(1—v)(1—u)+(1—v) Vo (1-0)] (55)

_%khzvm +k3(%vm _%Vxxtt +j+
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Dividing above Equations (54) and (55) by k and take into account Equation

(5), so resultants are as follows:

1 1 1
Uesutant = k? (gum _Zuxxn +j _mh4 [uxxxxt _] o (56)

let us look above equation in new way,

1 1 1 1 1
u =K?| Uy —=Uy +r | ——h* U ———U o +——(1—u)(1=V)u, |+
Resultant [6 ttt 4 Xxtt j 144 |: XXXXt 360 XXXXXX 14 4( )( ) xxxx:|
1 1 1 1 1 &7
Vv =k?| SV — =V, + |[-——h*v  ———vV +—(1-v)(1-u)v }+
Resultant (6 ttt 4 xxtt J 144 |: XXXXt 360 XXXXXX 14 4( )( ) XXXX
Now principle part of the truncation error (PPTE) is as follows:
PPTEU:—ih4 uxxm+i(l—u)(l—v)uwX +k? 1um—luxm+--- o
144 144 6 4 (58)

1 1 1 1
PPTE, =——h*|v_  +—(1-V)(1-u)v, |+ K> | SV ==V +- |+
v 144 |: XXXXE 14 4( )( ) xxxx:| (6 ttt 4 Xxtt J

which shows that this scheme is 4th order accurate in space, such as O(kz, h4)
[26] [27] [28] [29] [30].

5.3.2. Consistency of Douglas Scheme

From accuracy, we find principle part of the truncation error along with Equ-
ation (58). Which shows that Douglas scheme is consistent because z,; = PPTE
tends to zero as h and k tends to zero, i.e. z7 -0 as h,k—>0 [31] [32].

5.3.3. Stability of Douglas Scheme
Stability of the associated finite difference Equation (51), which is in linear form,
is

(u{‘*1 —ui”)[1+ 53} =%5f (ui”+1 + u{‘)+%AQ [1+ 53}(ui"+1 + ui”)
(59)
(w02 82 ]= 202 () + S AQ[LH 07 (v )

n+ 1 n+ 1 n+ 1 n+ 1 Nt
u, 1+E§fu. l—ERéfui l—EAQuml—EAQuml

=u’ +%5X2ui” —%R5X2Uin —%AQ% _%AQUQ
: ) . . (60)
W O -SRIV S AQY - AQY
12 2 2 12
1 1 1 1
=V +Eéxzvi” —ER@zVin _EAQVQ] _EAQV;

Consider Equations (44) (60), in the following few important steps.

c, —1-Lgin? (Bh/2)+2Rsin? (ﬁh/Z)—lAQ +Lgin? (Bh/2)
3 2 3 (61)
c, :1—%sin2 (ﬁh/Z)—2Rsin2(ﬂh/2)+%AQ—%sinz(/3h/2)

Apply Von-Neumann stability analysis to Equation (60), we get the following
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<1 (62)

‘1_;sin2 (h/2)-2Rsin’ (ﬂh/2)+%AQ —%sinz (Bh/2)

=

<1. (63)
1—§sin2(ﬂh/2)+2Rsin2(ﬁh/Z)—EAQJrgsinz(ﬂh/Z)

Above Equation (63), satisfies the Von-Neumann stability criterion, which
shows that fourth order implicit scheme is unconditionally stable [33] [34] [35]
[36] [37].

5.4. Richardson Extrapolation Technique

Richardson extrapolation method lead to considerable improvement of numerical
results which solving the partial differential equation system by finite difference

method. Richardson’s extrapolation formulae are [38] [39],

h
N (2) ~Nyh
N, (h)=Ny, [E]JFT' (64)

above formula leads to get fourth order accuracy [39] [40],

h h
ny, Mola) M (3)
N, (h)=Ng, (Z]+ (65)

3

6. Error Norms

The aim of the accuracy is assessed by some redefined norms, associated with
the consistency of the finite difference schemes, such scaled measurement to

error defined in term of norms specially L, and L, which are outlined below:

S imation |2
|_2 :\/ uiExact _uiApproxmauon (66)
2
LOO = maxi |uiE><act _ uiAppr0><imation (67)
L
LReIative = N—2 (68)
Z|uiExact 2
i=0
Absolute,,,, = |uiExa°t — yppprosimation (69)
log(E, /E
Rate of Convergence = M 70)
log (hy/h,)

where E, and E, areerrorsin L, and L, at number of partitions h and
h/2 respectively [41] [42].

7. Results

Numerical computations have been performed using the uniform grid [14] [21]
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[25] [29]. For the test problem (5), we analysed results with various finite
difference schemes. In Tables 1-3, we fixed domain as —-8<x<8 with k =
0.0001 and find results at t=0.5. In these three tables, we obtain insight error.
Table 4 and Table 5 show results for L,,L  and Error,

relative NOTmMs for major

Table 1. Estimates of results using Crank Nicolson Implicit Scheme. Fixed some para-
meters such as k =0.0001, t=0.5, Grid=(36x36) and [a,b]=[-8 8].Error means

simple absolute error for two components zand vin different columns.

Error v, V, Error

time=¢ x u U o e

App Ex
0.5 =7.6  0.0046011 0.0041001 0.000501 0.9953994  0.9952149  0.000184
-3.2  0.0085027 0.0083021 0.000200  0.9914981 0.9911982  0.000299

-1.6  0.0096107 0.0092104 0.000401 0.9903902  0.9900162  0.000374

-0.4  0.0176852  0.01761453  0.000071 0.9823165  0.9821154  0.000202

2 0.0975382 0.0972546 0.00013 0.9024705  0.9020103  0.000611

4 0.4845664 0.4841066 0.00046 0.5154585  0.5152934  0.000160

5.6 0.7288725 0.7281615 0.00071 0.2711472  0.2710380  0.000109

8.4 0.8968938 0.8965883 0.00031 0.1031154  0.1030094  0.000106

Table 2. Estimates of results using Fourth Order Implicit Scheme. Fixed some parameters
such as k=0.0001, t=05, Grid=(36x36) and [ab]=[-8 8] . Error means

simple absolute error for two components z and vin different columns.

time=t x U U, Error Vo Ve, Error
0.5 -7.6 0.0041091 0.0041001  0.000009  0.9952994  0.9952149  0.0000845
-3.2 0.0083067 0.0083021  0.000021  0.9911981  0.9911001  0.0000981

-1.6 0.0092145 0.0092104  0.000050  0.9900902  0.9900162  0.0000742

-0.4 0.0176109 0.0176141  0.000011  0.9821165  0.9821154  0.0000220

2 00.0972592  0.0972546  0.000017  0.9020705  0.9020103  0.0000601

4 0.4841021 0.4841066  0.000060  0.5152585  0.5152934  0.0000351

5.6 0.7281665 0.7281615 0.000011 0.2710472 0.2710380  0.0000923

8.4 0.8965813 0.8965883  0.000005  0.1030154  0.1030094 0.000006

Table 3. Estimates of results using Sixth Order Extrapolation Method. Fixed some
parameters such as k =0.0001, t=0.5, Grid=(36x36) and [a,b]=[-8 8]. Error

means simple absolute error for two components zand vin different columns.

Time=¢ x Upgo U, Error V. Ve, Error

0.5 -7.6  0.0041211  0.0041001  0.0000021  0.9952117  0.9952149  0.00000032
-3.20.0083227  0.0083021  0.0000021  0.9911012  0.9911001  0.00000011

-1.6  0.0092607  0.0092104  0.0000053  0.9900121  0.9900162  0.00000041

-0.4 0.0176152  0.0176141  0.0000011  0.9821116  0.9821154  0.00000038

2 0.0972382  0.0972546  0.0000017  0.9020100  0.9020103  0.00000003

4 0.4841664  0.4841066  0.0000059  0.5152959  0.5152934  0.00000025

5.6 0.7281725  0.7281615  0.0000015  0.2710339  0.2710380 0.0000004

8.4 0.8965938  0.8965883 0.000005 0.1030091  0.1030094 0.0000003
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Table 4. Estimates of results, with comparison of errors as mentioned in formulae. Fixed
some parameters such as k =0.0001, t=1,and [a,b]=[-8 8].

Crank Nicolson Douglas
t Grid
LZ Lw Error’elaﬂve L2 L% Erro rrelallve
1.0 31x 31 1.29° 8.79%™ 153e”* 1.14e* 1.14e* 4.3¢7
51 x 51 1.9e? 3.47¢" 1.36e* 1.7¢* 2.21e”® 8.7¢*
81 x 81 3.24¢* 1.19%° 2.04e° 2.0e” 2.18e° 8.11e*
101 x 101 1.24e" 491e”® 157e” 2.2¢° 2.83e” 9.08e”

Table 5. Estimates of results, with two different Implicit FD schemes. Relative error
values give encouragement to our results. Fixed some parameters as Grid = (51x51) , k=

0.0001 and A according to grid with wave speed c=2 and z= 1.

Crank Nicolson Douglas
! L, L, Ermor, . L L, Error,i..
0.1 0.0012 0.000031 0.0000013 0.000067 0.0000011 0.00000079
0.3 0.0019 0.000043 0.0000027 0.000071 0.0000019 0.00000008

0.5 0.00017 0.000051 0.0000039 0.000079 0.0000031 0.000000081

0.7 0.00021 0.000079 0.0000048 0.000081 0.0000042 0.000000094

schemes CN and Douglas at different grids and time levels. Rate of convergence
is defined in Table 6. All these six tables show results for three implicit scheme
to analyse error and performance of the schemes. According to results men-
tioned in tables, these scheme play very important role for convergence although
non-linear system is difficult to stabilized. In Figure 1, FTCS conditionally
stable finite difference scheme is used at different grid, also we did in Figure 2
with Crank Nicolson implicit scheme. Fixed some parameters in CN scheme to
get common region at different time level, as we mentioned in Figure 3. In
Figure 4 and Figure 5, we did comparison of results with two different schemes
at various time levels. In Figure 6 and Figure 7 attractive common region at
different time level is obtained. In Figures 8-10, comparison of results with
Richardson, Douglas and exact in U(X,t) component and u(X,t)/v(X,t)
form. Last Figure 11 is obtained at u(X,t)/v(X,t) form of results with two
finite difference schemes. From Tables and Figures, we observed that these

schemes exactly predict accuracy as we learn from literature reviews.

8. Conclusions

In this chapter, the solution to one dimensional coupled Fisher KPP system is
successfully approximated by a various numerical finite difference schemes.
Explicit FTCS is conditionally stable, and we give more attention to parameter
R, and R,, which can be used to stabilized the results as we can see from Figure
1. Crank Nicolson and Douglas schemes are implicit schemes with uncondi-

tionally stable nature, this guarantee is given by Von-Neumann stability analysis
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Table 6. Estimates the rate of convergence for two implicit FD schemes for different grids.

Crank Nicolson Douglas
Grid
Rate L, Rate L, Rate E, L L, Error ...
31x31 - - - - - -
51 x51 2.1882 3.0712 3.1098 2.881 3.0941 3.8172
81 x 81 2.1761 3.1971 3.2910 2.5619 3.4218 3.8971
101 x 101 1.4097 3.3468 4.0118 2.9431 3.7689 3.9981
Grid =71 x 71 Grid =71 x 71
== —Explicit FTCS 2 I — — ~Explicit FTCS;
===EXgety
0.8 4«
=0.6
=
504 /
/d
" il
=
0 o me‘HH
-10 -5 0 5 10
X
Grid = 101 x 101 Grid = 101 x 101
1 *  Explicit FTCS ml 1 ~— — ~Explicit FTCS
‘Exactu 08
=0.6
x
>04
0.2

_— . 0
-10 5 0 5 10 -10

Figure 1. Shows results using FT'CS scheme at two different grids, keeping the conditionally
stable term. Area under the curves is the common region for two different grids.

Grid =21 x 21 Grid =21 x 21
‘==~ ;7"' ! TR ——-CN
08 *  Exactu // 08 AN *  Exactv
// AN
= 06 Jr = 06 W\
X ' X \\\
5 04 //./ > 04 Ay
Z N
0.2 /: 0.2 NN
27 Ny
0 = 0 =.
-10 -5 0 5 10 -10 -5 0 5 10
X X
Grid = 41 x 41 Grid = 41 x 41
0.8 =~ —Exactu / \ — = — Exactv
/ 0.8 \
= 06 F4 = 06 Y
53 3
= / = \
> 04 / > 04 \
/ \
0.2 / 0.2 \.
/‘/ ™ ~~
0 = 0 =
-10 -5 0 5 10 -10 -5 0 5 10
X X

Figure 2. Shows results using Crank Nicolson scheme at two different grids.

DOI: 10.4236/jamp.2017.58129 1566 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2017.58129

S. Hasnain et al.

Computed Result With CN Computed Result With CN
2 ' - |——-CN o Y ' '
— — —Exactu — — —Exactv
1.8F

1.2}

u (x,b)
v (x,t)

08F

0 0
10 5 0 -5 -10 10 5 0 -5 -10
X X

Figure 3. Shows results using Crank Nicolson scheme at two different time level. Common region is the
wave front that we study in literature [35] [39] [41].

Computed Result With CN Com_puted Result With CN
1 | | gPr it T |
Y e N
77 2\
09+ by 1 09+ e\
i \\\ \
1 \
f‘,r" W
0.8 i 1 08 \\\_ \
i/ Vi
l!{ ! \\.1[
07 e 1 07f e
I W
i M
06 1! If . 06 \‘\\‘ \
IM| [
= I = \\
X 05 If;'fi X 05F \\‘-\\
= II'[" ! > 111. \‘L
[H Y
04 il 1 04r i
03Fh ,’!; ! - 03 ! “
Iy i W
-I!‘; ! ,l‘L\\
02 [/,, y . 02F .
1 W
0.1f "// / : 0.1F \\\\
A A e R s W,
0 - — = —Exactu N ke —Exactv] | L iy
-10 -5 0 5 10 -10 -5 0 5 10
X X

Figure 4. Shows results using Crank Nicolson scheme at various time levels. We did comparison with
exact solution for u(x,t) and v(x,t) components.
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Douglas Results at Diff. Time

1.5

u (x,t)

051

10

v (x,1)

Douglas Results at Diff. Time

ST
't}:\-
\: \
3} ~ \
0.8 LA
\:\3 \
SR
p \
\7\!‘ \ A
\;;\1‘ \ \
0.4t i \
\\\ y
AR
A
02+ i\
Y
\\% NN
N
i,
0 v
-0.2
-10 -5 0 5 10
X

Figure 5. Shows results using fourth order implicit scheme at various time levels. We did comparison with

exact solution for u(x,t) and v(x,t) components.

u (x,t)

Computed Result With Douglas

v (x,t)

-0.5

Computed Result With Douglas

Figure 6. Shows fourth order implicit scheme at three different time level. Common region is the wave front
that we study in literature [17] [23] [29] [41].
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Douglas Results at Diff. Time Douglas Results at Diff. Time
1.2 v !

u (x,t)

210 5 0 5 10
X X

Figure 7. Shows results using fourth order implicit scheme at various time levels, with common region.

Solution with Douglas, Exact, Richardson

T T T T T T 1
0.24 Douglas
Exact U 0.9
Uric
0.22
0.8
0.2 : 0.7
0.6
= 0.18 -
X 0.5
3
0.16 = 0.4
0.3
0.14 -
0.2
0.12 0.1
1 | 1 l 1 1 1 0
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8

X

Figure 8. Shows results using Richardson Extrapolation and fourth order implicit scheme, with comparison to
exact solution for u component.
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Solution with Douglas, Exact, Richardson

T T L T 1
Douglas
06} XN Exact V g 0.9
. Vric
0.8
0.55 a 0.7
= 10.6
3 /
= i c=2 P4 i
2 05 = 10.5
= z=0.9
X
> y ; 104
0.45 7 ' 1
£ : 0.3
" n
z \ 0.2
04 & B
0.1
1 1 1 1 1
0
0 0.2 0.4 0.6 0.8

Figure 9. Shows results using Richardson Extrapolation and fourth order implicit scheme,
with comparison to exact solution for u(x,t) / v(xt) form.

Solution with Douglas, Exact, Richardson Solution with Douglas, Exact, Richardson
1.2 ; ; 1 1 S : 1
——Douglas ——Douglas
Exact U Exact V
Uric 0.9 Vric 0.9
- 0-8 - -
0.8 0.8
0.7 0.7
1 06 1
10.6 10.6
5 1] {05 Zoaf 1| Hos
=} >
10.4 10.4
] 02 T
0.3 0.3
0.2 0.2
_ of _
0.1 0.1
0 _0-2 1 1 1 1 0
15 10 -5 0 5 10 15
X X

Figure 10. Shows results using Richardson Extrapolation at different time levels, along fourth order implicit
scheme.
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Solution with Douglas, Exact, Richardson

T T T T T T 1
Douglas
Exact V
L 0.9
0.6 Vric
0.8
0.55 10.7
= 10.6
X
2 05 10.5
2
= 10.4
0.453
0.3
0.2
0.4
0.1
0.2 0.3 04 05 06 070809
X

Figure 11. Shows a comparison of two schemes in u(x;7)/”x,?) form, with exact solution.

as we explained in methodology section [27] [28] [29] [31] [35] [36]. Jacobean
found with the help of Newton’s iterative method [36] [38], whereas tridiagonal
nature of the linear obtained system is solved by Crout’s or Partially Pivoting
method. These method are highly computable in term of non-linear system as we
defined in this chapter [40] [41] [42]. Numerical results show great deal of match-

ability to exact solution. Accuracy in results are glanced from figures and tables.
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