
Journal of Applied Mathematics and Physics, 2017, 5, 153-167 
http://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

DOI: 10.4236/jamp.2017.51016  January 25, 2017 

 
 
 

Homological Properties in Relation to 
Nakayama Algebras 

Kwasi Baah Gyamfi, Abraham Aidoo, Dickson Y. B. Annor 

Department of Mathematics, Kwame Nkrumah University of Science and Technology, Kumasi, Ghana  

  
 
 

Abstract 
The goal of this paper is to investigate whether the Ext-groups of all pairs 
( ),M N  of modules over Nakayama algebras of type ( ), ,n n n  satisfy the 

condition ( ), 0nExt M NΛ =  for ( )0 , 0nn Ext N MΛ⇔ =  for 0n . We 

achieve that by discussing the Ext-groups of Nakayama algebra with projec-
tives of lengths 3 1n +  and 3 2n +  using combinations of modules of dif-
ferent lengths. 
 

Keywords 
Quivers, Path algebras, Ext-Groups, Projective Resolutions 

 

1. Introduction 

In this paper, we describe homological properties of Nakayama algebras. The al-
gebra Ʌ is a Nakayama algebra if every projective indecomposable and every in-
jective indecomposable Ʌ-module is uniserial. In other words, these modules 
have a unique composition series, (see Schröer [1]). Nakayama algebras are fi-
nite dimensional and representation-finite algebras that have a nice representa-
tion theory in the sense that the finite-dimensional indecomposable modules are 
easy to describe. 

The main contribution of this paper is to investigate whether the Ext-groups 
of all pairs ( ),M N  of modules over Nakayama algebras of type ( ), ,n n n  sa-
tisfy the condition ( ), 0nExt M NΛ =  for ( )0 , 0nn Ext N MΛ⇔ =  for 0n . 

2. Preliminary Notes   

This section will briefly discuss the properties of Nakayama algebra and some 
related propositions. We consider also proofs of some of the propositions. All 
the information presented here can be found in deeper details in the book from 
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Rotman [2]. 
Definition: Let Λ  be an artin algebra. A Λ -module A  is called a uniserial 

module if the set of submodules is totally ordered by inclusion. 
Proposition 1: The following are equivalent for Λ -module A   
1. A is uniserial.  
2. There is only one composition series for A .  
3. The radical filtration of A  is a composition series for A .  
4. The socle filtration of A  is a composition series for A .  
5. ( ) ( )l A rl A= , where ( )l A  is the length of A  and ( )rl A  is the radical 

length of A .  
Proof: See Rotman [2] for the details. 
Proposition 2: The following are equivalent for an artin algebra Λ .   
1. Λ  is a sum of uniserial modules .  
2. aΛ  is a sum of uniserial modules for all ideals a  of Λ .  
3. 2rΛ  is a sum uniserial modules.  
Proof: 1 2⇒  and 2 3⇒  are trivial. If Λ  is the sum of uniserial modules, 

then aΛ  and 2rΛ  which are factors of Λ  are also a sum of uniserial 
modules. 

3 1⇒  
Let P  be an indecomposable projective Λ -module. We show that nP r P  

is uniserial by induction on n  when 2n ≥ . When 2n = , there is nothing to 
prove. Suppose 2n > . Let the radical filtration of P  be;  

2 1 0n nP rP r P r P r P−⊃ ⊃ ⊃ ⊃ =  such that 1i ir P r P+  is simple for 
0,1, , 1i n= − . 

When 3n = , we have 3 2r P r P rP P⊂ ⊂ ⊂ . Hence by induction hypothesis, 
1nP r P−  is uniserial. Considering the exact sequence 0 0rP P P rP→ → → → , 

which also implies that P rP  is uniserial, hence 1nP r P−  is also uniserial. 
If 1 0nr P− = , then nP r P  is clearly uniserial, so we have to assume that 
1 0nr P− ≠ . From proposition 1, it follows that 1i ir P r P+  is simple for 
0,1, , 2i n= − . To show that nP r P  is uniserial, then it is sufficient by prop-

osition 1 to prove that 1n nr P r P−  is also simple. 
Let 2nQ r P−→  be a projective cover. Since 2 1n n Pr P r− −  is simple, Q  must 

be indecomposable and so 2Q r Q  is uniserial. But we have an epimorphism 
2 1n nrQ r Q r P r P−→  which shows that 1n nr P r P−  is simple. 

Proposition3: Proposition 2 (1). 
Let ϕ  be a D  Tr-orbit of ind Λ . Suppose there is a projective module P  

in ϕ . Then we have the following   
1. ϕ  of non-zero objects in ( ) ( ){ }1, , , ,i

r r
i N

P DT P DT P− −

∈
  .  

2. ϕ  is finite if and only if ( ) ( )n n
r rDT P T D− =  is injective for some n  in 

N . Moreover, if ( )n
rT D P  is injective, then ( ) ( ){ }1, , , n

r rP DT P DT Pϕ − −=  . 
Proof: By proposition 1, 0DTrP =  if and only if P  is projective. Since P  

is projective module in ( ), 0iDTr Pϕ =  for all 0i > . Hence the claim in 2 (1). 
We claim that if ( ) ( ) ( ) 0i i jDTr P TDr P− − + ≠  with 0j >  we have  

( ) ( ) ( ) ( )( )i i j iDTr DTr P DTr DTr P− + −
  which implies that  
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( ) ( )j jP DTr P TrD P=  which is not possible since 0j > . ϕ  can therefore 
be finite if ( ) ( )1 0nDTr P− + =  for some 0n ≥ . Since ( ) ( ) ,n nDTr P TrD P− =  
then P  is injective in ϕ . We know therefore that if ( ) nDTr P−  is injective, 
then ( ) ( ){ }1, , , nP DTr P DTr Pϕ − −=  . 

3. Results 

The main goal of this work is to investigate whether the Ext-groups of all pairs 
(M, N) of modules over Nakayama algebras of type (n, n, n) satisfy the condition: 

( ), 0n MExt NΛ =  for ( )0 , 0nExtn N MΛ⇔ =  for 0n , where n  is a posi-
tive integer. We discuss the Ext-groups of Nakayama algebras with projectives of 
lengths 3 1n +  and 3 2n +  using combinations of modules of different lengths. 
Reader may refer to Auslander, M et al. [3] for ideas illustrated in this section. 

We begin with the Ext-groups of Nakayama algebra with projectives of length 
3 1n +  using the combinations ( )3 ,3i j , and ( )3 ,3 2i j +  where 3i  and 3 j  
are modules of lengths 3i  and 3 j  respectively, 3 2j +  is also module of 
length 3 2j + . 

Let Γ  be a path with the relations  

,αγβ γβα βαγ αγβ   and γβα βαγ  

where the length of each relation is 3 1n + . Let  

, , .k αγβ γβα βαγ αγβ γβα βαγΛ = Γ     

The projectives of the above path algebra are as follows: 

31 2

12 3

1 2 3 23 1

31 2

, , .

SS S
SS S

P P P SS S

SS S

    
    
    
    = = =
    
    

     
     

 

 

The above projectives 1 2,P P  and 3P  each has length 3 1n + . The minimal 
projective resolution of the module ( )1 2 3, , , tM S S S=   of length 3 , 1, 2, ,i i n=   
is given as;  

5 3 04 2 1
4 3 3 2 1 0 0d d dd d dQ Q Q Q Q Q M→ → → → → → →  

where 6 6 1 1 6 2 6 3 2,i i i iQ Q P Q Q P+ + += = = =  and 6 4 6 5 3i iQ Q P+ += =  for 0i ≥ . 
The combinations have been reduced to four class because in the above mi-

nimal projective resolution of the module of length 3i , we see that it is in the 
same group as the module of length 3 1i + . The modules of lengths 3i  and 
3 1i +  therefore have the same properties with respect to the conditions; 

( ), 0nExt M NΛ =  for 0 0nn ExtΛ⇔ =  for 0n . 
From the above resolution, we have;  

( )

6 5 34

02 1

1 3 3 2 2

1 1 1 2 3     , , , 0.

d d dd

dd d

e e e e e

e e S S S

λΛ →Λ →Λ → Λ →

→Λ →Λ → →





 

Let ( )1 2 3, , , tA S S S=  , the pd A = ∞  since the resolution is periodic. The 
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period is 6. The truncation of the resolution is given as; 
6 5 3 04 2 1

1 3 3 2 2 1 1 0.d d d dd d dP e e e e e e eλΛ →Λ →Λ →Λ → → Λ →Λ →  
The map 6 1id +  is the multiplication by ( ) 6 2,i

idγβα +  is the multiplication by 
( ) 6 3,n i

idα γβα −
+  is multiplication by ( ) 6 4,i

idαγβ +  is the multiplication by 
( ) 6 5,n i

idβ αγβ −
+  is the multiplication by ( )iβαγ  and 6id  is the multiplica-

tion by ( )n iγ βαγ − . 
Applying ( ),Hom MΛ  where M  is the module  

1

2

3

S
S

S

 
 
 
 
 
 



 

of length 3 ,j  we have;  

( ) ( ) ( )

( ) ( ) ( )

0 1 2
1 1 2

53 4
2 3 1

0 , , ,

, , , ,

d d d

dd d

Hom e M Hom e M Hom e M

Hom e M Hom e M Hom e M

× × ×

Λ Λ Λ

×× ×

Λ Λ Λ

→ Λ → Λ → Λ

→ Λ → Λ Λ

 

where ( ) ( )1 1 2 2, , ,Hom e M e M Hom e M e MΛ ΛΛ Λ   and  
( )3 3,Hom e M e MΛ Λ  .  

We have the following Ext-groups;  

( ) ( )( ) ( )( )1
1 2 1 1, ker ,

n i i

Ext N M e M e M e M e Mα γβα γβα−

Λ = → ℑ →  

where N  and M  are modules of length 3i  and 3 j  respectively. We first 
compute the kernel for  

( )( )2 1 2: .
n i

d e M e Mα γβα −
× →  

We have  

( )( ) ( )( )2 1 2 1 1 2, , , , , ,0,0 0, 0,0,0, ,0, , , , ,0t t
s s sd a a a a a a a×

+ =     

where 1a  is in the coordinate number 1n i− + , therefore sa  is in the coordi-
nate number n i s− + . Hence s j i n= + −  and consequently 1 1s j i n+ = + + − ,  

( )( ) ( )( ){ }1 2 1ker 0,0, ,0, , , ) ,0,0 , 1, , .
n i t

s j re M e M a a a k r s jα γβα −

+→ = ∈ = +    

Next we compute the image of  

( )( )1 1 1: .
i

d e M e Mγβα× →  

We have that  

( )( ) ( )( )1 1 2 1 1, , , ,0,0 0,0, ,0, , , ,0,0
t t

j jd b b b b b×
−=  

 

where 1b  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }1 1 1 10,0, ,0, , , ,0,0 , 1, , 1 .
i t

j te M e M b b b k t jγβα
−ℑ → = ∈ = −    

Hence ( )( ) ( ) ( )1
1 2 3dim , , , , 1 1t

k Ext S S S M i j i n n jΛ = + − + + − = − , for  
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j n≤ . We compute 

( )( ) ( )( ) ( )( )2
1 2 3 2 2 1 2, , , , ) ker .

i n itExt S S S M e M e M e M e Mαγβ α γβα −

Λ = → ℑ →  

We compute the kernel for  
( )( )3 2 2: ,

i

d e M e Mαγβ× →  

we have  

( )( ) ( )( )3 1 2 10, , , , ,0 0, 0,0, ,0, , , ,0
t t

j j id a a a a a×
−=  

 

where 1a  is the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }2 2 1ker 0, 0,0, ,0, , , ,0 , 1, , ,
i t

j re M e M a a a k r jαγβ→ = ∈ =    

where 1a  is in the coordinate number 1j i− + . Next we compute the image of  
( )( )2 1 1: .

n i

d e M e Mα γβα −
× →  

We see that  

( ) ( )( )2 1 2, , , , 1 2, ,0 0, 0,0, ,0, , , , ,0
t t

b b ss j
d b b b b b×   = 

 
 

   

where 1b  is in the coordinate number 1n i− +  and therefore sb  is in the 
coordinate number n i s− + . This implies n i s j− + =  and hence s j i n= + − ,  

( )( ) ( )( ){ }1 2 10, 0,0, ,0, , , ,0 , 1, , .
n i t

s te M e M b b b k t sα γβα −

ℑ → = ∈ =  
 

Hence ( )( ) ( ) ( )2
1 2 3dim , , , , 1 1t

k Ext S S S M n i j i n jΛ = − + − − + = −  for  

j n≤ .  

( )( )2
1 3dim , , ,t

k Ext S S M n jΛ = −  

We compute  

( )( ) ( )( ) ( )( )3
1 3 2 3 2 2, , , ker .

n i ttExt S S M e M e M e M e Mβ αγβ αγβ−

Λ = → ℑ →
 

First we compute the kernel for  
( )( )4 2 3: .

n i

d e M e Mβ αγβ −
× →  

We have  

( )( ) ( )( )4 1 2 1 20, , , , , , ,0 0,0, 0,0, ,0, , , , , ,
t t

s j sd a a a a a a a× =   
 

where 1a  is in the coordinate number 1n i− +  and therefore sa  is in the 
coordinate number n i s− + . Hence s j i n= + −  and consequently  

1 1s j i n+ = + + − . This shows that 
( )( )

( )( ){ }
2 3

1 2

ker

0, 0,0, ,0, , , , ,0 , 1, , .

n i

t
s s j r

e M e M

a a a a k r s j

β αγβ −

+ +

→

= ∈ = +  

 

We compute the image of  
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( )( )3 2 2:
i

d e M e Mαγβ× →  

to have  

( )( ) ( )( )3 1 2 1 20, , , , ,0 0, 0,0, ,0, , , , ,0
t t

j j id b b b b b b×
−=  

 

where 1b  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }2 2 10, 0,0, , , , ,0 , 1, , .
i t

j i te M e M b b b k t j iαγβ
−ℑ → = ∈ = −    

Hence  

( )( ) ( )3
1 3dim , , , 1 1t

k Ext S S M i j i n n jΛ = + − + + − = −  

for j n≤ . 
Next we have  

( )( ) ( )( ) ( )( )4
1 3 3 3 2 3, , , ker

i n itExt S S M e M e M e M e Mβαγ β αγβ −

Λ = → ℑ →
 

Similarly, we have  

( )( ) ( )( ){ }3 3 1 2ker 0,0, 0,0, ,0, , , , ,0 , 1, ,
i t

j re M e M a a a a k r jβαγ→ = ∈ =    

where 1a  is in the coordinate number 1j i+ − , then  

( )( ) ( )( ){ }2 3 1 20,0, 0,0, ,0, , , , 1, , ,
n i t

s te M e M b b b b k t sβ αγβ −

ℑ → = ∈ =  
 

s j i n= + −  where 1b  is in the coordinate number 1n i− + . Hence  

( )( ) ( )4
1 3dim , , , 1 1 , .t

k Ext S S M n i j i n j j nΛ = − + − + − = − ≤  

Again we have  

( )( ) ( )( ) ( )( )5
1 3 3 1 3 3, , , ker .

n i itExt S S M e M e M e M e Mγ βαγ βαγ−

Λ = → ℑ →
 

We compute the kernel for  

( )6 3 1:d e M e M× →  

to have  

( )( ) ( )( )6 1 2 1 20,0, , , , , , 0,0, ,0, , , , ,0,0
t t

s j sd a a a a a a a× =   
 

where 1a  is in the coordinate number 2n i− +  and therefore sa  is in the 
coordinate number 1 , 1 1n i s n i s js j i n− + + − + + = = + − −  and consequently 

1 .s j i n+ = + −  This show that 

( ) ( )( ){ }3 1 1ker 0,0, 0,0, , , , , 1, ,
t

s j re M e M a a a k r s j+→ = ∈ = +   . 

We compute the image for  

( )( )5 3 3:
i

d e M e Mβαγ× →  

to get  
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( )( ) ( )( )5 1 2 1 20,0, , , , 0,0, 0,0, ,0, , , ,
t t

j i j id b b b b b b×
− −=  

 

where 1b  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }3 3 10,0, 0,0, , , , , , 1, , 1 .
i t

j i te M e M b b b k t jβαγ
−ℑ → = ∈ = −    

Hence ( )( ) ( )5
1 3dim , , , 1 1t

k Ext S S M i j i n n jΛ = + − + − = + − . This shows 
that ( )dim 3 ,3t

k Ext i j n jΛ = −  for 1,2,3,4t =  and 1n j− +  for  
5, 0, 1 0t n j n j= − = − + =  which implies n j=  and 1 .n j+ =  

It follows from the computation of the fifth Ext-group that the condition 
( ), 0nExt M NΛ =  for ( )0 , 0nn Ext N MΛ⇔ =  for 0n  holds. 

We calculate the Ext-groups for the combination ( )3 ,3 2i j + . 

( )( )1
1 3, , ,tExt S S MΛ   

where M  is the module of length 3 2j +   

( )( ) ( )( ) ( )( )1
1 3 1 2 1 1, , , ker .

n i itExt S S M e M e M e M e Mα γβα γβα−

Λ = → ℑ →
 

We compute the kernel for  

( )( )2 1 2: ,
n i

d e M e Mα γβα −
× →  

we have  

( )( ) ( )( )2 1 2 1 1 2, , , , , ,0,0 0, 0,0, ,0, , , , ,0
t t

s j sd a a a a a a a×
+ =   

 

where 1a  is in the coordinate number 1n i− +  and therefore sa  is in the 
coordinate number 1n i s j− + = + . Hence s j i n= + −  and consequently 

1 2s j i n+ = + + − . This shows that 

( )( )
( )( ){ }

1 2

1 1

ker

0,0, ,0, , , ,0,0 , 1, , 1 .

n i

t
s j r

e M e M

a a a k r s j

α γβα −

+ +

→

= ∈ = + +  

 

Computing the image for 

( )( )1 1 1:
i

d e M e Mγβα× →  

we have  

( )( ) ( )( )1 1 2 1 1 1, , , ,0,0 0,0, ,0, , , ,0,0 ,
t t

j j id b b b b b×
+ + −=  

 

where 1b  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }1 1 1 10,0, , , , ,0,0 , 1, , 1 .
i t

j i te M e M b b b k t j iγβα
+ −ℑ → = ∈ = + −    

We therefore have  

( )( ) ( ) ( )1
1 3dim , , , 1 2 1t

k Ext S S M i j i n n jΛ = + − + + − = − +  

for 1j n+ ≤ . 
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Next we have  

( )( ) ( )( ) ( )2
1 3 2 2 1 2, , , ker .

itExt S S M e M e M e M v e Mαγβ
Λ = → ℑ

 

We compute the kernel for  

( )( )3 2 2: ,
i

d e M e Mαγβ× →  

we have  

( )( ) ( )( )3 1 2 1 1 10, , , , ,0 0, 0,0, ,0, , ,
t t

j j id a a a a a×
+ + −=  

 

where 1a  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }2 2 1 1ker 0, 0,0, ,0, , , ,0 , 1, , 1 ,
i t

j re M e M a a a k r jαγβ
+→ = ∈ = +    

where 1a  is in the coordinate number 2j i+ − . We compute the image for  
( )( )2 1 2: .

n i

d e M e Mα γβα −
× →  

We have  

( )( ) ( )( )2 1 2 1 1 2, , , , , ,0,0 0, 0,0, , , , , ,0
t t

s j sd b b b b b b b×
+ =   

 

where 1b  is in the coordinate number 1n i− +  and therefore sb  is in the 
coordinate number 1n i s j− + = + . Hence 1s j i n= + + − . This shows that  

( )( ) ( )( ){ }1 2 1 10, 0,0, ,0, , , ,0 , 1, , 1 .
n i t

j te M e M b b b k t jα γβα −

+ℑ → = ∈ = +    

We therefore have  
( )( ) ( ) ( )2

1 3dim , , , 1 2 1t
k Ext S S M n i j i n jΛ = − + − + − = − +  for 1j n+ ≤ . 

Next we have 

( )( ) ( )( ) ( )( )3
1 3 2 3 2 2, , , ker .

n i itExt S S M e M e M e M e Mβ αγβ αγβ−

Λ = → ℑ →
 

Similarly, we have;  

( )( ) ( )( ){ }2 3 1 1ker 0, 0,0, , , , ,0 , 1, , 1 ,
n i t

j re M e M a a a k r jβ αγβ −

+→ = ∈ = +    

where 1a  is in the coordinate number 2j i n+ + − . We also have  

( ) ( )( ){ }2 2 1 10, 0,0, ,0, , , ,0 , 1, , 1 ,
t

j i te M e M b b b k t j i+ −ℑ → = ∈ = + −    

where 1b  is in the coordinate number 1i + . We therefore have  
( )( ) ( ) ( )3

1 3dim , , , 1 2 1t
k Ext S S M i j i n n jΛ = + − + + − = − +  for 1j n+ ≤ .  

Next we have  

( )( ) ( )( ) ( )( )4
1 3 3 3 2 3, , , ker / .

i n itExt S S M e M e M e M e Mβαγ β αγβ −

Λ = → ℑ →
 

We compute the kernel for  

( )( )5 3 3: .
i

d e M e Mβαγ× →  

We have  
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( )( ) ( )( )5 1 2 10,0, , , , 0,0, 0,0, ,0, , ,
t t

j j id a a a a a×
−=  

 

where 1a  is in the coordinate number 1i + . This shows that  

( )( ) ( )( ){ }3 3 1ker 0,0, 0,0, , , , , , 1, , ,
i t

j re M e M a a a k r jβαγ→ = ∈ =    

where 1a  is in the coordinate number 1j i+ − . We compute the image for  

( )( )4 2 3: .
n i

d e M e Mβ αγβ −
× →  

We have  

( )( ) ( )( )4 1 2 1 1 20, , , , , ,0, 0,0( 0,0, , , ,
t t

s j sd b b b b b b b×
+    

where 1b  is in the coordinate number 1n i− +  and therefore sb  is in the 
coordinate number 1n i s j− + = +  and therefore s j i n= + − ,  

( )( ) ( )( ){ }2 3 10,0, 0,0, , , , , 1, , .
i t

j i te M e M b b b k t jβ αγβ
−ℑ → = ∈ =    

We therefore have ( )( ) ( )4
1 3dim , , , 1 1t

k Ext S S M n i j i n jΛ = − + − + − −  for 
j n≤ . Finally, we have  

( )( ) ( )( ) ( )( )5
1 3 3 1 3 3, , , ker .

n i itExt S S M e M e M e M e Mγ βαγ βαγ−

Λ = → ℑ →
 

We compute the kernel for  

( )( )6 3 1: ,
n i

d e M e Mγ βαγ −
× →  

we have  

( )( ) ( )( )6 1 2 10,0, , , , , 0,0, ,0, , , ,0,0
t t

s j sd a a a a a a× =   
 

where 1a  is in the coordinate number 2n i− +  and therefore sa  is in the 
coordinate number 1 , 1n i s j s j i n− + + = = + − −  and consequently  

1s j i n+ = + − . This shows that  

( )( ) ( )( ){ }3 1 1ker 0,0, 0,0, , , , , 1, , .
n i t

j re M e M a a a k r jγ βαγ −

→ = ∈ =    

We compute the image for  

( )( )5 3 3: ,
i

d e M e Mβαγ× →  

we have  

( )( ) ( )( )5 1 2 1 20,0, , , , 0,0, 0,0, ,0, , , ,
t t

j j id b b b b b b×
−=  

 

where 1b  is the ith  coordinate number 1i +  and hence  

( )( ) ( )( ){ }3 3 10,0, , , , 1, , .
i t

j i te M e M b b b k t j iβαγ
−ℑ → = ∈ = −   

We therefore have 

( )( ) ( )1 3dim , , , 1 1t
k Ext S S M i j i n n jΛ = + − + − = + −  for 1j n≤ +  
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( ) ( )dim 3 ,3 2 1t
k Ext i j n jΛ + = − +  for 1,2,3t = , n j−  for 4t =  and 

1n j+ −  for 5t = . We therefore have 1,n j n j= + =  and 1n j= − . 
It follows from the computations of the forth and fifth Ext-groups that the 

condition ( ), 0nExt M NΛ =  for ( )0 , 0nn Ext N MΛ⇔ =  for 0n  holds. 
We now discuss the Ext-groups of the Nakayama algebras with the projectives 

of length 3 2n +  using the combination ( )3 1,3 1i j+ + , where 3 1i +  and 
3 1j +  are also modules of length 3 1i +  and 3 1j +  respectively. 

Let Γ  be a path with the relations ,βαγ γβα γβα αγβ   and αγβ βαγ  
where the length of each relation is 3 2,n n+  is a positive integer. Let  

, , .k βαγ γβα γβα αγβ αγβ βαγΛ = Γ     

The projectives of the above path algebra are as follows:  

( ) ( ) ( )1 1 2 1 2 2 2 3 2 3 3 3 1 3 1, , , , , , , , , , , , , , .t ttP S S S S P S S S S P S S S S= = =    

The above projectives , 1, 2,3iP i =  each has length 2n + . The minimal pro-
jective resolution of module ( )1 3, , iS S  of length 3i  is given as; 

6 5 34

02 1

6 5 4 3 2

1 0     0.

d d dd

dd d

Q Q Q Q Q

Q Q N

→ → → →

→ → → →



 

where N  is the module of length 6 6 1 1 6 2 6 3 33 , ,i i i ii Q Q P Q Q P+ + += = = =  and 

6 4 6 5 2i iQ Q P+ += =  for 0i ≥  and 6 1id +  is a multiplication by ( ) 6 2,i
idγβα +  is a 

multiplication by ( ) 6 3,n i
idβα γβα −
+  is a multiplication by ( ) 6 4,i

idβαγ +  is a 
multiplication by ( ) 6 5,n i

idαγ βαγ −
+  is a multiplication by ( )iαγβ  and 6id  is 

multiplication by ( )n iγβ αγβ − . 
The combinations have been reduced to four class because in the above reso-

lution, we see that the module of length 3i  is in the same group with the mod-
ule of length 3 2i + . The two modules therefore have the same properties with 
respect to the condition ( ), 0nExt M NΛ =  for ( )0 , 0nn Ext N MΛ⇔ =  for 

0n . 
From the above resolution we have,  

7 6 5 4

3 02 1

1 2 2 3 3

1 1     0.

d d d d

d dd d

e e e e e

e e N

Λ →Λ →Λ →Λ →Λ

→Λ →Λ → →



 

The pdN = ∞  since the resolution is periodic. The period is 6. The trunca-
tion of the above resolution is given as:  

6 5 4

3 02 1

1 2 2 3

3 1 1       0.

d d d

d dd d

P e e e e

e e e

Λ → Λ →Λ → Λ

→Λ →Λ →Λ →



 

Applying ( ),Hom M  where M  is the module of length 3 j , we have  

( ) ( ) ( )

( ) ( ) ( )
( )

0 1 2

3 5

6

1 1 3

4
3 2 2

1

0 , , ,

, , ,

, ,

d d d

dd d

d

Hom e M Hom e M Hom e M

Hom e M Hom e M Hom e M

Hom e M

λ

× × ×

× ×

×

Λ Λ Λ

×

Λ Λ Λ

Λ

→ Λ → Λ → Λ

→ Λ → Λ →

→ Λ

 

where ( ) ( )1 1 2 2, , ,Hom e M e M Hom e M e MΛ ΛΛ Λ   and  
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( )3 3,Hom e M e MλΛ  . 
We discuss the Ext-groups of the Nakayama algebras with projectives of 

length 3 2n +  by considering the case: ( )3 1,3 1i j+ + . 3 1i +  is the module 
( ) 1

1 1, , iS S +
  of length 3 1i +  and 3 1j +  is the module ( ) 1

1 1, , iS S +
  of 

length 3 1j + . 
The minimal projective resolution of the module ( ) 1

1 1, , iS S +
  of length 

3 1i +  is given as;  
6 5 34

02 1

6 5 4 3 2

1 0    0

d d dd

dd d

Q Q Q Q Q

Q Q A

→ → → → →

→ → →→ →



 

where 6 6 3 1 6 1 6 4 2,i i i iQ Q P Q Q P+ + += = = =  and 6 2 6 5 3i iQ Q P+ += =  for 6 10, ii d +≥  
is a multiplication by ( ) 1

6 2,i
idα γβα +
+  is a multiplication by ( ) 6 3,n i

idβ αγβ −
+  

is a multiplication by ( ) 1
6 4,i

idγ βαγ +
+  is a multiplication by ( ) 6 5,n i

idα γβα −
+  

is a multiplication by ( ) 1iβ αγβ +  and 6 6id +  is a multiplication by ( )n iγ βαγ −  
and A  is the module of length 3 1i + . 

Considering the above resolution, we have  

6 5 34

02 1

1 3 2 1 3

2 1   0.

d d dd

dd d

e e e e e

e e A

→Λ →Λ →Λ →Λ →Λ

→Λ →Λ → →



 

The dp A = ∞  since the resolution is periodic. The period ic 6. The trunca-
tion of the above resolution is given as; 

6 5 4

3 02 1

1 3 2 1

3 2 1

:

0.

d d d

d dd d

P e e e e

e e e

Λ →Λ →Λ →Λ

→Λ →Λ →Λ →



 

Applying ( ), ,Hom MΛ  where M  is in the module ( )1, ,
j

jS S  of length 
3 j , we have 

( ) ( )
( ) ( ) ( )
( ) ( )

0 1

32 4

5 6

1 2

3 1 2

3 1

0 , ,

, , ,

, , ,

d d

dd d

d d

Hom e M Hom e M

Hom e M Hom e M Hom e M

Hom e M Hom e Mλ

× ×

×× ×

× ×

Λ Λ

Λ Λ Λ

Λ Λ

→ Λ → Λ

→ Λ → Λ → Λ

→ → Λ

 

where ( ) ( )1 1 2 2, , ,Hom e M e M Hom e M e MΛ ΛΛ Λ   and  

( )3 3,Hom e M e MλΛ  . 

We compute the Ext-groups for 1)1,3(3 ++ ji . The first Ext-group is;  

( )( ) ( )( ) ( )( )111
1 1 2 3 1 2, , , ker ,

n i iiExt S S M e M e M e M e Mβ αγβ α γβα− ++
Λ = → ℑ →

 

where M  is the module of length 3 1j + . We compute the kernel for  

( )
2 2 3: .

n i
d e M e Mβ αγβ −
×  → 
 

 

We have  

( )( ) ( )( )2 1 2 10, , , , , , ,0 0,0, 0,0, ,0, , , ,
t t

s j sd a a a a a a× =   
 

where 1a  is in the coordinate number 1n i− +  and therefore sa  is in the 
coordinate number ,n i s j s j i n− + = = + −  and consequently, 1 1s j i n+ = + + − . 
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This shows that  

( )( ) ( )( ){ }2 3 1ker 0, 0,0, ,0, , , ,0 , 1, , .
n i t

s j re M e M a a a k r s jβ αγβ −

+→ = ∈ = +    

We compute the image  

( )( )1

1 1 2: .
i

d e M e Mα γβα +
× →  

We have  

( )( ) ( )( )1 1 2 1 1 1, , , ,0,0 0, 0,0, ,0, , , ,0 ,
tt

j j id b b b b b×
+ − +

 =  
 

    

where 1b  is in the coordinate number 2i + . Hence  

( )( ) ( )( ) ( )
1

1 2 1 10, 0,0, ,0, , , ,0 , 1, , 1 .
i t

tj ie M e M b b b k t j iα γβα +

− +
  ℑ → = ∈ = − +  
  

    

We have ( )( ) ( )1
1 1dim , , , 2 1 1t

k Ext S S M i j i n n jΛ = + − + + − = + −  for 1j n≤ + . 
Next, we compute the second Ext-group.  

( )( ) ( )( ) ( )( )1
2

1 1 3 1 2 3, , , ker .
i n itExt S S M e M e M e M e Mγ βαγ β αγβ+ −

Λ = → ℑ →
 

We compute the kernel for 

( )( )1

3 3 1: .
i

d e M e Mγ βαγ +
× →  

We have  

( )( ) ( )( )3 1 2 1 10,0, , , , 0,0, ,0, , , ,0,0 ,
tt

j j id a a a a a×
− +

 =  
 

    

where 1a  is in the coordinate number 2i + . This shows that  

( )( ) ( )( ){ }1

3 1 1ker 0,0, 0,0, ,0, , , , 1, , ,
i t

j re M e M a a a k r jγ βαγ +

→ = ∈ =    

where 1a  is in the coordinate number j i− . We compute the image for  

( )( )2 2 3: .
n i

d e M e Mβ αγβ −
× →  

We have  

( )( ) ( )( )2 1 2 10, , , , , , ,0 0,0, 0,0, ,0, , , ,
t t

s j sd b b b b b b× =   
 

where 1b  is in the coordinate number 1+− in  and therefore sb  is the coor-
dinate number n i s j− + =  and s j i n= + − . This implies that  

( )( ) ( )( ){ }2 3 10,0, 0,0, ,0, , , , 1, , ,
n i t

j te M e M b b b k t jβ αγβ −

ℑ → = ∈ =    

where 1b  is in the coordinate number 1+− in . We have 

( )( ) ( )2
1 1dim , , , 1 1t

k Ext S S M n i j i n jΛ = − + − − = + −   

for 1j n≤ + . We compute the third Ext-group.  

( )( ) ( )( ) ( )( )1
3

1 1 1 2 3 1, , , ker .
n i itExt S S M e M e M e M e Mα γβα γ βαγ− +

Λ = → ℑ →
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We compute the kernel for  

( )( )4 1 2: .
n i

d e M e Mα γβα −
× →  

We have  

( )( ) ( )( )4 1 2 1 1, , , , , ,0,0 0, 0,0, ,0, , , ,0 ,
t t

s j sd a a a a a a×
+ =   

 

where 1a  is in the coordinate number 1n i− +  and therefore sa  is in the 
coordinate number 1, 1n i s j s j i n− + = + = + + −  and consequently,  

1 2s j i n+ = + + − . Hence  

( )( ) ( )( ){ }1 2 1 1ker 0,0, ,0, , , ,0,0 , 1, , 1 .
n i t

s j re M e M a a a k r s jα γβα −

+ +→ = ∈ = + +    

We compute the image for  

( )( )1

3 3 1: .
i

d e M e Mγ βαγ +
× →  

We have  

( )( ) ( )( )3 1 2 10,0, , , , 0,0, ,0, , , ,0,0 ,
t t

j j id b b b b b×
−=  

 

where 1b  is in the coordinate number 3i + . This implies that  

( )( ) ( )( ){ }1

3 1 10,0, ,0, , , ,0,0 , 1, , .
i t

j i te M e M b b b k t j iγ βαγ +

−ℑ → = ∈ = −    

We therefore have ( )( ) ( )3
1 1dim , , , 3 2 1t

k Ext S S M i j i n n jΛ + − + + − = + −  
for 1j n≤ + . We discuss the fourth Ext-group.  

( )( ) ( )( ) ( )( )1
4

1 1 2 3 1 2, , , ker .
i n itExt S S M e M e M e M e Mβ αγβ α γβα+ −

Λ = → ℑ →
 

We compute the kernel for  
( )( )1

5 2 3: .
i

d e M e Mβ αγβ +
× →  

We have  

( )( ) ( )( )5 1 2 10, , , , ,0 0,0, 0,0, ,0, , , ,
t t

j j id a a a a a×
−=  

 

where 1a  is in the coordinate number 2i + . Hence  
( )( )

( )( ) ( )

1

2 3

1 1

ker

0, 0,0, ,0, , , ,0 , 1, , 1 ,

i

t

rj i

e M e M

a a a k r j i

β αγβ +

− +

→

  = ∈ = − +  
  

  

 

where 1a  is in the coordinate number j i− . We compute the image for  
( )( )4 1 2:

n i

d e M e Mα γβα −
× →  

to have  

( )( ) ( )( )4 1 2 1, , , , , ,0,0 0, 0,0, ,0, , , ,0 ,
t t

s j sd b b b b b b× =   
 

where 1b  is in the coordinate number 1n i− +  and therefore sb  is in the 
coordinate number ,n i s j s j i n− + = = + − . Consequently, 1 1s j i n+ = + + − . 
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This shows that  

( )( ) ( )( ){ }1 2 10, 0,0, ,0, , , ,0 , 1, , ,
n i t

j i te M e M b b b k t jα γβα −

−ℑ → = ∈ =    

where 1b  is in the coordinate number 1n i− + . We have 

( )( ) ( )4
1 1dim , , , 1 1t

k Ext S S M n i j i n jΛ = − + − − = + −  

for 1j n≤ + . We discuss the fifth Ext-group.  

( )( ) ( )( ) ( )( )1
5

1 1 3 1 2 3, , , ker .
n i itExt S S M e M e M e M e Mγ βαγ β αγβ− +

Λ = → ℑ →
 

We compute the kernel for  
( )( )6 3 1: .

n i

d e M e Mγ βαγ −
× →  

We have  

( )( ) ( )( )6 1 2 10,0, , , , , , 0,0, ,0, , , ,0,0 ,
t t

s j sd a a a a a a× =   
 

where 1a  is in the coordinate number 2n i− +  and therefore sa  is in the 
coordinate number 1 , 1n i s j s j i n− + + = = + − −  and consequently,  

1s j i n+ = + − . This shows that  

( )( ) ( )( ) ( ){ }3 1 1ker 0,0, 0,0, ,0, , , , 1, , .
n i t

s j re M e M a a a k r s jγ βαγ −

+→ = ∈ = +    

We compute the image for  
( )( )1

5 2 3: .
i

d e M e Mβ αγβ +
× →  

We have 

( )( ) ( )( )5 1 2 10, , , , ,0 0,0, 0,0, ,0, , , ,0,0 ,
t t

j j id b b b b b×
−=  

  

where 1b  is in the coordinate number 2i + . Hence  

( ) ( )( ){ }1

2 3 10,0, 0,0, ,0, , , , 1, , .
i t

j i te M e M b b b k t jβ αγβ +

−
 ℑ → = ∈ = 
 

    

We therefore have 

( )( ) ( )5
1 1dim , , , 2 2t

k Ext S S M i j i n n jΛ = + − + − = + −  for 2j n≤ + . 

( )dim 3 1,3 1 1t
k Ext i j n jΛ + + = + −  for 1,2,3t =  and 4, and 2n j+ −  for 5t = . 

We therefore have 1n j+ =  and 2n j+ = . 
It follows from the fifth Ext-group that the condition ( ), 0nExt M NΛ =  for 

( )0 , 0nn Ext N MΛ⇔ =  for 0n  holds.  

4. Conclusion  

The study found that the Ext-groups of pairs ( ),M N  of modules over Naka- 
yama algebras of type ( ), ,n n n  satisfy the condition ( ), 0nExt M NΛ =  for 

( )0 , 0nn Ext N MΛ⇔ =  for 0n  and justified the claim with projectives of 
lengths 3 1n +  and 3 2n +  by using combinations of modules of different 
lengths. 
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