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Abstract

In this paper, a mathematical model that describes the flow of gas in a pipe is formulated. The
model is simplified by making some assumptions. It is considered that the natural gas flowing in a
long horizontal pipe, no heat source occurs inside the volume, transfer of heat due to heat conduc-
tion is dominated by heat exchange with the surrounding. The flow equations are coupled with
equation of state. Different types of equations of state, ranging from the simple Ideal gas law to the
more complex equation of state Benedict Webb Rubin Starling (BWRS), are considered. The flow
equations are solved numerically using the Godunov scheme with Roe solver. Some numerical re-
sults are also presented.
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1. Introduction

The purpose of this paper is to describe the flow of natural gas in a pipeline by employing the full set of diffe-
rential equations along with different types of equations of states(EOS), ranging from the simple Ideal gas law to
the more complex equation of state, Benedict Webb Rubin Starling (BWRS). The flow equations are derived
from the physical principles of conservation of mass, momentum, and energy. More detailed discussion of con-
servation laws can be found in [1]-[4]. The natural gas is inviscid and compressible. The gas flows in along a
horizontal pipe, and then can be considered as one-dimensional flow. It is assumed no heat source occurs inside
the pipe and transfer of heat due to the heat conduction is much less than the heat exchange with the surround-
ing.

In this paper, the results obtained by solving the flow equations along with different types of EOS are compared
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[5]. The ideal gas equation works reasonably well over limited temperature and pressure ranges for many sub-
stances. However, pipelines commonly operate outside these ranges and may move substances that are not ideal
under any conditions. The more complicated EOS will approximate the real gas behavior for a wide range of
pressure and temperature conditions.

The Godunov scheme with Roe solver [3] is used to solve the Euler equations numerically. The Godunov
scheme for conservation laws is known for its shock-capturing capability.

The rest of the article is organized as follows. In Section (2) we review the set of partial differential equations
which describe the flow of gas in a pipe. Several equations of states are discussed in this section. In Section (3) a
thermodynamical relationships among the physical quantities are presented. One can refer [6] for more thermo-
dynamical relationships. Section (4) contains the discussion of the numerical method used to solve the flow equ-
ations together with different types equation of states. Some numerical results are given in this section. Conclu-
sions are deferred to Section (5).

2. Governing Equations of Real Gas Flow in a Pipe

Let us consider a gas occupying a sub domain Q, attime t=0.Let x= (D(Y,
tion of the particle X at time t. Then at time t the gas occu%ies the domain Q,
locity of the gas at position x and time tis given by u(x,t)= chD(Y,t) .

t),X e Q, describes the posi-
. @(Y,t),feQO}. The ve-

2.1. Transport Theorem

Let f:Q x[0,t] >R be some physical quantity transported by the fluid. The total amount F(t) of the
quantity f contained in Q, atimetisgivenby F(t)= J'Q f(xt)dx.
Notation: J(X,t)=det Vd(X,t) ‘
The rate of change of F(t) is given by:

dF(t) d
T:a-’.ﬂxf (X,t)dx

d

=gt laf (@(x.1))J (X,t)dx

- QO[% f(@(X))J(X,t)+f ((D(Y,t),t)%J (Y,t)]di using product rule
of

= QO([E(Q(Y,t),t)Jr(u-V)f((D(X,t),t)JJ(Y,t)+f((D(Y,t),t)JV-ude
= Q[[%(x,t)+(u-v)f(x,t)+f(x,t)V~ujdx

_ Q(gg(xty+v.(n0(x¢)de

Then we get the transport theorem: %J'Q f(x,t)dx= jﬂ (%(xt) +V-( fu)(x,t)j dx . The transport theorem

is useful in the derivation of the governing equations.

2.2. Conservation of Mass (The Continuity Equation)

The total mass m in a volume €, is given by jﬂp(x,t)dx. Mass is conserved during the deformation of

Q,—>Q e (jj—T:O, %Qtp(x,t)dx:o
[ [i—fw ( pu)j dx=0 (By transport theorem)
0
H?+V(p®=0 @
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Since the above integral holds true for arbitrary region €,

2.3. Conservation of Momentum (Equation of the Motion)

The total momentum M of particles contained in €, isgivenby M =

p(x, u(x,t)dx
According to Newton’s second law: The rate of change of momentu

tequals the action of all the forces F
applied on Q,
am _F
dt

% Qtp(x,t)u(x,t)dx= F

0
'[Qt(%quv(pu@u)jdx: F

We have two types of forces actingon €, :
1) Volume forces f,, for example gravitation, which is given by

f, —.[ p(xt)g(xt)dx
where g is the gravitational acceleration.

2) Surface forces f, acting on Q, through the boundary 0Q, of €, such as pressure and inner friction
forces.

Surface forces are given by

f,=] o (xt)nds
t
where o is the stress tensor defined as:

Oy O O
O0=|0y Op Opn
O3 O3 Oy

and n is the outer normal. The total force F = f, + f. Then, we have d_M: f
opu
fﬂt[F+V~(pu®u))dx:J'Qt (xt)g(xt) dx+j (x,t)nds

By applying divergence theorem, the second term on the right side of the above equation can be transformed
to integral over the domain €, and then we get:

fgt(agt;u+v(pu ®u)jdx _[ p(x, t)g(x,t)dx+thV-c7(x,t)dx

ag;tu+V~(pu®u)—pg—V-0':0

+ f

v S

or

agtu (u-V)(pu)+pu(V-u)—pg-v-oc=0

For Newtonian fluid, the stress tensor depends linearly on the deformation velocity, Vu, i.e.
o==pl+7=(-p+AV-u)l +2uD

where 7 is the viscous part of o, p is pressure, | is the identity matrix, 4 and g are friction coefficients
and D is the strain tensor given by

D :%(Vu +(Vu)‘)

For inviscid fluid, friction is neglected and then & =—pl
Therefore, the equation of motion for inviscid fluid becomes
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2.4. Conservation of Energy

Conservation of energy accounts for effects of temperature variations on the flow or the transfer of heat with in
the flow. The 1% Law of Thermodynamics states that: The total energy of a system and its surroundings re-
mains constant.

Let ¢ be the total energy of the fluid in €, and Q be the amount of heat transfered to €,. The rate of
change of the total energy of the fluid occupying €, is the sum of powers of the volume force acting on the
volume Q,, powers of the surface force acting on the surface o€, , and the amount of heat transmitted to €, ,
i.e.

de

& J.Qtp(x,t)g (x,t)u(x,t)dx+Imta(x,t)u(x,t)nds+Q

Juf’

where €= jﬂp(x,t)E(x,t)dX and E = e+7 is the density of energy (per unit mass), e is internal energy

Jul’

density, and T3 is the density of kinetic energy.

Q= p(x)a(x o[ a(xtn(x)ds+ [ T(x 1)

where q is the density of heat sources (per unit mass), and

g is the heat flux (transfer of heat by conduction).

The transfer of heat by conduction is given by Fourier’s law:

g =-«VT where T is the absolute temperature and x>0 is the coefficient of thermal conductivity of the
fluid.
is the density of heat transfered from the surrounding and is given by:

=k_xsurface areax(T,, —T) where k_ is the total heat transfer coefficient and T, is the temperature

of the surrounding.

Then the energy equation for inviscid gas flow becomes:
p(Xt)E(xt)dx :sz(x,t)g (x,t)u(x,t)dx+_|'m (=pl)u(xt)nds

+op(xta(xt)de- [ g(xt)nds+ [ T(xt)dx

By applying the transport and divergence theorems to the above equation we obtain the following equation:
o(pE
jgt%(x,t)JrV-(pEu)(x,t)dx = thp(x,t)g (x,t)u(x,t)dx+J.QtV~(pu)dx

Jop(xt)a(xt)ydx— [ v-gde+ [ T(xt)dx

<l

dt o

opE _ surface area
%+V-(pEu):pgu—V~(pu)+pq—V~q+kLW( OUI—T).
opE surface area
%+V-(pEu):pgu—V~(pu)+pq+V-(WT)+kLW( o —T) 3)
There fore, from the equations (1), (2), (3) we get the following system of equations.
op
—+V-(pu)=0
& TV ()
opu
%ﬁt(u-v)puﬁtpu(v-u)—pg+Vp:0 4
OopE surface area
—+V-(pEU)—pgu+V - (pu)—pq-V-(«VT )=k ———— -
o TV (PEU)=pgu V- (pu)=pd =V (&VT) =k = 2o = (To = T)
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2.5. Simplifications

In practice the form of mathematical model varies with the assumptions made as regards of operation conditions
of the pipeline. Simplified models are obtained by neglecting some terms in the basic equations. In our case, we
consider natural gas (Methane) flowing in a long horizontal pipeline. Hence we can consider the flow as a one
dimensional flow. By assuming the pipe is horizontal, we can neglect the contribution of the gravitational force.

. N . surface area 4 .
Assume also no heat source occurs inside the volume. For a cylindrical pipe, “oume D where D is the
volume

diameter of the pipe. By applying the assumptions we made, (4) is reduced to
8_p+6’;u =0

ot ox

2
U opU R ()
ot OX
o(pE u o

e AP ol ST S )

ot OX OX D

Furthermore, Methane gas has the following properties. The specific heat capacity ¢, = 2165[J/kg~K],
thermal conductivity & =0.030[W/m-K], dynamic viscosity x =1.02E —5[kg/m-s]. Typical values for the
overall heat transfer coefficient k, are 0.6 W/m?- K} for 0.5 m diameter insulated and buried in soil. If the
pipe is exposed on the air Kk, is 19 [W/m2 -K

C
Prandtl number (Pr), defined as Pr:”—ﬂ, describes the relative strength of viscosity (the diffusion of
K

momentum) to that of heat. It is entirely a property of the fluid not the flow. In our case the value of Pr is about
0.7, this enables us to regard the flow as inviscid flow. For gas flow typical values of Pr are between 0.7 and 1.
Another dimensionless constant we can use to simplify our system of equations is the Nusselt number (Nu). The
Nusselt number is defined as Nu = kD , where D is a characteristic width of a flow, for example the diameter
K
of the pipe. The Nusselt number compares convection heat transfer to fluid conduction heat transfer.
For Methane gas flowing through an insulated pipe of diameter 0.5 m buried underground, the value of Nu is

approximately 10. If the pipe is exposed to air, it will be around 300. Therefore, the term included in the energy
2
equation due to heat conduction (Z—T] can be neglected in favor of the term due to heat exchange with the

XZ
. 4k, . . . .
surrounding F(Tom —T) . Incorporating these assumptions to Equation (5) yields:

a_p + a’;u =0

o ox

2

opu N opu® +p _0

ot X (6)
opE . d(pE+p)u 4k

ot OX D
p=p(pT)
where p = p( ,o,T) is an equation of state used to complete the system of conservation laws. In the next chap-
ter we will solve Equation (6) with different equation of state numerically.

(T,

out

T)

2.6. Equation of State (EOS)

An equation of state is a relationship between state variables, such that specification of two state variables per-
mits the calculation of the other state variables. For an ideal gas, the equation of state is the ideal gas law. More
complicated EOS have been formulated by several workers to try to model the behavior of real gases over a
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range of pressures and temperatures. This includes Van der Waals (VDW), Sovae Redlich Kwong (SRK), Peng
Robinson (PR), and Benedict Webb Rubin Starling (BWRS).

2.6.1.Ideal Gas law
The ideal gas law is given by

p=pRT )

where p is the pressure, p is the density, R is the gas constant, and T is the absolute temperature.

The ideal gas law is derived based on two assumptions:
* The gas molecules occupy a negligible fraction of the total volume of the gas.
* The force of attraction between gas molecules is zero.

The ideal gas equation works reasonably well over limited temperature and pressure ranges for many sub-
stances. However, pipelines commonly operate outside these ranges and may move substances that are not ideal
under any conditions. Hence, we need to look for equation of state with wider validity.

2.6.2. Van der Waals (VDW) EOS

It was observed that the ideal gas law didn’t quite work for higher pressures and temperatures. The first assump-
tion works at low pressures. But this assumption is not valid as the gas is compressed. Imagine for the moment
that the molecules in a gas were all clustered in one corner of a cylinder, as shown in the figure below. At nor-
mal pressures, the volume occupied by these particles is a negligibly small fraction of the total volume of the gas.
But at high pressures (when the gas is compressed), this is no longer true. As a result, real gases are not as com-
pressible at high pressures as an ideal gas. The volume of real gas is therefore larger than expected from the
ideal gas equation at high pressures. Van der Waals proposed that we correct for the fact that the volume of real
gas is too large at high pressures by subtracting a term from the volume of the real gas before we substitute it in
to the ideal gas equation. He therefore introduced a constant b in to the ideal gas equation that was equal to the
volume actually occupied by the gas particles. When the pressure is small, and the volume is reasonably large,
the subtracted term is too small to make any difference in the calculation. But at high pressures, when the vo-
lume of the gas is small, the subtracted term corrects for the fact that the volume of a real gas is larger than ex-
pected from the ideal gas equation.

The assumption that there is no force of attraction between the gas particles cannot be true. If it was, gases
would never condense to form liquids. In reality, there is a small force of attraction between gas molecules that
tends to hold the molecules together. This force of attraction has two consequences: (1) gases condense to form
liquids at low temperatures and (2) the pressure of a real gas is sometimes smaller than expected for an ideal gas.
To correct for the fact that the pressure of a real gas is smaller than expected from the ideal gas equation, Van
der Waals added a term to the pressure in the ideal gas equation. This term contains a second constant a. The
complete Van der Waals equation is written as follows:

PRT 2
P 1-bp P ®)

Or in terms of molar volume
(p+%)(v—b)= RT
v

where

27R*T?
a=
64P.

L
8P

c

R is gas constant, P, critical pressure, and T, critical temperature Note that the values of the constants a
and b differ from gas to gas. Even though, VDW EOS is better than Ideal gas law, still it is inadequate to
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describe real gas behavior.

We will consider three widely used equations of state that do work reasonably well near the dew point: So-
vae-Redlich-Kwong (SRK), Peng-Robinson (PR), and Benedict-Webb-Rubin-Starling (BWRS). In addition to
covering a wide range of conditions, these equations also can be expressed in generalized forms with mixing
rules that permit the calculation of the coefficients for different compositions.

SRK and PR, along with VDW are called cubic equation of state, because expansion of the equations into a
polynomial results in the highest order terms in density (or specific volume) being cubic. BWRS adds fifth and
sixth power and exponential density terms. The cubic equation are all of the form

RT ap’
1-pb 1+Ap+Bp
2.6.3. The Sovae-Redlich-Kwong (SRK) EOS
The SRK EOS of state is given by
RT ap’
p=Fr"L 4P (10)

- 1-bp 1+bp

where

a:a1(1+ fw(l—\/f))2

_ 0.42748R’T?
- P

c

f, =0.48+1.5746w—0.176wW’

_ 0.078664RT,
P

c

b

w is the accentric factor which is a measure of the gas molecules deviation from the spherical symmetry, R is

.. L. T .
gas constant, P, critical pressure, T, critical temperature, and T, =1 is the reduced temperature.

c

2.6.4. The Peng-Robinson (PR) EOS
The PR EOS is defined as

2

PRT ap

- _ 11
1-bp 1+2bp—b?p? (1)

p

where

a:a1(1+ fw(l—\/f))2

_ 0.45724R*T?
- P

c

f, =0.37464 +1.54226w — 0.26992w*

_ 0.07780RT,
P

Cc

b

2.6.5. Benedict-Webb-Rubin-Starling (BWRS) EOS
Probably because of its ability to cover both liquids and gases and the availability of coefficients and mixing



A. Atena, T. Muche

rules for many hydrocarbons in one place, BWRS is the most widely used equation of state for simulation of
pipelines with high density hydrocarbons, or with condensation.
Simplicity is not among the good qualities of the BWRS equation of state. The form of the equation is:
p=pRT +| BRT - A—%+%—£4 p° +| bRT —a—9 P’
L N T
d e (12)
a(a—k?)pa +TL2<1+ 7p2)exp(—yp2)

where the eleven coefficients A,B,C,D,E,a,b,c,d,a, and y are determined from p,, T, P, and o of
the gas of interest and the universal constants A and B, as follows.
_A+Bo _ A +Bw

B, A RTC
Pe Pe
B
c, = A3+B3a)RTc3 y= A4+24a)
Pe P
b:A5+ZBsa) a:AﬁJrzBﬁwRTc
Pe P
a:A7+SB7w C:ABJFPBCURTC3
P P
D, =2+ B pree g = Aot B e
pC pC
E, - A, + B, wexp(-3.80) RTCS
P
where

A =0.443690 B, =0.115449

A, =1.28438 B, =-0.920731

A, =0.356306 B, =1.70871

A, =0.544979 B, =-0.270896
A =0.528629 B, =0.349261
A, =0.484011 B, =0.754130

A, =0.0705233 B, =-0.04448
A; =0.504087 B, =1.32245

A, =0.0307452 B, =0.179433
A, =0.0732828 B,, =0.463492
A, =0.006450 B, =-0.022143
BWRS can be adapted for mixtures by the rules:

By =Y %By A =22 %X JAuA; (1-k)

Co= XX Gy (1) 7=(Tx*)
b=(inbf/3)3 a=(2xia§/3)3

oz:(inozi]/s)3 c=(zxici1/3)3

D, =22xixjm<l—kij )]/4 d :(Z Xidim)3
Ey = X3 o (1K)
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where x; is the mole fraction of the pure component i of the mixture, and k;; are the binary interaction coef-
ficients.

2.6.6. The Universal Gas Law
The universal gas law is p=ZpRT where Z is called the compressibility factor (Real gas factor). It is a
measure of how far the gas is from ideality. At atmospheric conditions, the value of Z is typically around 0.99.
Under pipeline conditions, the value is typically around 0.9. A good equation of state can be selected by its abil-
ity to approximate the compressibility factor at critical conditions Z, .

For example the experimental value of Z_  for Methane is 0.288. But its approximate value by VDW is
0.3025, by SRK is 0.2904, by PR it is 0.2894, and by BWRS it is 0.2890.
3. Thermodynamical Relations

In this section we will briefly discuss thermodynamical relations that exist among different physical quantities.
First law of thermodynamics states that

de =Tds — pdv (13)
The specific total enthalpy is defined as h=e+ pv which implies
dh =Tds + vdp (14)

Assume e=e(s,v), then de=

Derivative relationships: (
Equation (13) we get

%) ds+(%) dv. Comparing the coefficients of this equation to that of
S v S

oe oe

=\ =7, | =] =- 15

(asl (avl P 4
Similarly, assuming h=h(s, p) we get

dh:[a—hj ds+| M dp
0s /), op ),
And comparing the coefficient of this equation with that of Equation (14) we get

DRICR

Reciprocal relations involving internal energy e and entropy s:
Consider the internal energy and entropy to be a function of temperature and specific volume, i.e, e= e(v,T) ,

s=s(v,T).
de:(@j dv+(@j T, ds:(@j dv+(§j aT (17)
o ) e ), o) Y ar),

Then
The coefficient of dT, in the first equation, is by definition the heat capacity at constant volume, c, . Substi-
tute these two equations in (13) to get

oe 0S oe 0S
(al =T (al P (a—Tl =T (a—Tl (49)

Differentiating the first equation of (18) with respect to T and the second with respect to v gives us

e () (2)
vaT  ovaT \ov), \aT),

and
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o%e T o%s
ovoT ovoT
=[5 ®
ov ) \oT ),
Substituting (19) in the first equation of (18) yields
oe op
Z =722 - 20
(avl (aT j P 20

One useful form involving internal energy is obtained by substituting ¢, for the coefficient of dT in (20) for
the coefficient of dv in the first equation of (17).

op
de=cdT +|T|—| —p|dv 21
o fr(2) o =

Reciprocal relations involving enthalpy h
Assume h=h(p,T), s=s(p.T)
Then

=dh= (a—h dp + (a—hj dT (22)

p ); aT ),

The coefficient of dT is by definition the heat capacity at constant pressure, C,. In a similar procedure as in
the internal energy and entropy case, above we get the following relationships.

M (& Ly, [a—hj =T(§j (23)
op J; op ); ar J, ar J,
By double differentiating we do get
LRV (ﬁj (24)
ap ): aT ),

ov
dh=c,dT J{V—T(a—_rjjdp (25)

Heat capacities
By equating the difference of (13) and (14) to the difference of (21) and (25) we get

ov op
c,—C, dT:T(—j dp+T(—j dv (26)
( P ) aT ), aT ),

Dividing by dT and holding p constant gives
ov op
—c)=T| =21 | £ 27
(¢ -2) [aTMaTl @7

4. Numerical Methods: Godunov Scheme with Roe Solver

In this section we will consider a numerical scheme to solve homogeneous Euler equation with initial condition
by employing different EOS. The Euler equation in vector form:

{Ut+F(U)X:0

U (%,0)=U, (x) )
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where
P pu
U=|pu|and F(U)=| pu’+p
€ (e+p)u
And p=p(pT)

One of the methods to solve a 1D nonlinear hyperbolic systems is the Godunov scheme

4.1. Godunov Scheme

Suppose we have subdivided our domain [a,b] in to N subintervals with x =a and x,,,=b, so that
N

. 1 xi+1 . . . . .
Let us define U/ ::A—L U, (x)dx. Assume U attime t" is known and that u is piecewise constant
XX 1

i-= i+
2 2

with initial condition

on [x» DX 1}. Then we solve exactly the local Riemann problem for U, +F(U) =0 on [x;, xm]x[t“,t””}

u' forx<x ,

U(X'tn): u"

i+l =

Let us denote the solution by w/" (x,t). Then the solution w(x,t) of the local Riemann problems are used
to define the global solution v as

w(x,t) if x, <x<x ,andt"<t<t™
v(xt)= 2
wl(x,t) if x , <x<xandt"<t<t™

-2
2

Then the solution U™ is defined by

Un+1 _LJXH%V<X tn+1)dx
"AX X1 ’
2

Conservation form:

Since v is an exact solution on {x_ 1 X } , we have

1
i-= i+
2 2

T e [T (<o

1 it
2 2

- J-:if(V(Xltnﬂ)—v(x,t”))dx+jttnn+1£F [v(xﬂz,tD— F [v(xi_;,tn]dt -0
= Ax(U™ —Ui”)+A{F [U”i]_ F (U‘in =0

n+1

where U :v[x_ l,t] is constant for t" <t<t
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:>ui"+1zui”—£ FIU , |-F|U ,
AX HE i—E

g(UU;) = F{Ui;]

With the numerical flux

This scheme is called Godunov scheme.

Solving a Riemann problem exactly is not always an easy task. Then we may need to consider an approximate
solution of the Riemann problem.

4.2. Riemann Problem for a Linear System

Suppose we have a linear system U, + AU, =0 with initial condition
U(x,0)= {

Let 4 <4, <4, are the eigenvalues and r,1,,r, are the corresponding eigenvectors. Define ¢;,i=1,2,3
such that

U, forx<0
U, forx>0

3
U, -U, =>ar.
i=1
Then the solution of the Riemann problem is given by
U, for % <A

U(xt)=qU, forlks%<lk+1, k=12

r

u for?xzﬂ3
where
K
U, =U, + X ar,
i=1

A variety of approximate Riemann solvers have been proposed that can be applied more easily than the exact
Riemann solver. One of the most popular Riemann solvers currently in use is due to Roe.
Godunov scheme with Roe approximation.

The idea is to replace the non-linear Riemann problem solved at each interface by an approximate one.
U +A(U,U U, =0
where U, and U, are the left and right values and A(U,,U, ) satisfies
F(U,)-F(Y,)=A(U,U,)(U, -U))

A(U,,U,) is diagonalizable with real eigenvectors.

AU, \U,)>F'(U) as U,,U —>U

Conservation form of the Roe scheme.

The Roe scheme can be written in conservation form as

n+ n At n n n n
Ui 1:Ui _E[g(ui ’Ui+1)_g(Ui—1'Ui ):I
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where

a(u.w)=3( F(u)+F(w)-Shifar |

where 4 and 1, are the eigenvalues and eigenvectors of A(u,w) and w-u= Z. Lo,
The main task in the Roe scheme is the determination of the matrix of linearization A.
Now let us consider our equation (28) together with an equation of state of the form p = p(p,T) .
Then we approximate this non-linear system with an approximate linear system as follows:

Define A(U,,U,)= DF( ) where

D
U=|pu
€
And
ﬁz\/plpr

S+,
i

ﬁﬁ

plh + prhr

R

h _ErP is the specific enthalpy. These averages are called the Roe mean values. A(U,,Ur) satisfies the

Roe conditions.

To solve our problem with the Roe scheme, we need to calculate the eigenvalues and their eigenvectors of the
Jacobian matrix DF (LT which are needed to compute the Roe flux. But for complex EOS the determination
of these eigenvectors may not be simple. One way of determining the eigenvectors of this Jacobian is by ex-
pressing the Euler equation in terms of primitive variables V = (p,u,T)t. We choose the temperature T as one
of primitive variables than the pressure p, because in most equation of state p is expressed in terms of T.

Let V,+BV, =0 be the Euler equation in terms of the primitive variables V and U, +F (U )X =0 bein
conservative variables. The approximate linear system is U, + DF (LT)UX =0

:@v DF(u)Qv =0
oV oV

=V, +M'DF (U)MV, =0

where M :ﬂ
oV

B=M’1DF(LT)M

= the matrices Band DF (U) have identical eigenvectors.
Further more, if B=PAP™ then DF(U)=MPAP*M™. Then R=MP is the right eigenvectors of

DF (U)
4.3. Solving Euler Equation Using the Ideal Gas Law

In this section we solve one dimensional Euler equation with Ideal gas EOS. Consider the Euler equation (28)

with the ideal gas law p = pRT .
Using (21), the change of internal energy is given by de=c,dT which implies e=c,T, and the total energy
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2
e isgivenby: e=pc,T +% :

Now let us express (28) in terms of the primitive variables V =(p,u,T)‘, so that we can apply the Roe
scheme easily.
Continuity equation:

p+(pu) =0
= p, +Up, + pu,
Momentum equation:
(pu), +(pu2 + p)X =

:>ut+uux+&:0

Yo
Now using p, :6_ppx +@TX, @ _ RT , and P_ pR, the momentum equation in terms of the primi-
tive variablesis 9P 9T op oT

ut+ﬂpx+uux+RTx =0
Yo

Energy Equation:
q+((e+ p)u)x=0
NIRRT, S AL +@T +p, [+(e+p)u, =0
t 6pp 6u X aT X X

U +—
op Ut T aT

:E(p[ +up, ) +(e+ p)u, +2—Z(ut +uux)+upx+§—_|€_(Tt +UT,)=0

op
= 2 Cpu )+ (e pyuy + 2 2Py up, + %1 4uT ) =0
op 6u ol oT
1 Ge Oe
—+e+p U+ ———+U T +uT,)=0 29
(o lrernfus (-2 pr Zqru)- @)
. Oe u?  oe Oe - . .
Now, using —=c¢T+—, —=pu, and — = pc,, the coefficient of u, in Equation (29) becomes
op 2 ou oT

PRT
and the coefficientof p, isO.
Then equation (29) reduces to

T, +uT, +EuX =0 (30)

v

Then the Euler equation in primitive variables is written as

u 0
o RT § o
ul+|— u Rjju| =0 (31)
)7 T
RT x
— u
C
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Or in vector form
V,+BV, =0
Eigenvalues and eigenvectors of the coefficient matrix B of (31) are computed as follows.
A-Uu -p 0
|41 -B|= BT i-u -Rr|=0
Yo
0 _RT A-u
CV
2
= (l—u){(ﬂ—u)z R T]kp{(ﬁ—u)[—ﬂﬂ =0
C, P
2
=A=u or {(l—u)z— RT —RT}zO
v
A=u-c, A4 =u, and L, =u+cC
where the local speed of sound c is given by
2 =R+ pr Ry
CV
The matrix of the corresponding eigenvectors is:
1 1 1
O
P P
RT gt RT
C,.p C,.p
oV where

To compute the eigenvectors of the Jacobian DF (U) we need to compute the matrix M

t

U :(,o,,ou,e)t and V =(p,u,T)
P P
pu | = puU
€ pu2
c, T+
PCy 2
Hence
1 0 0
M = u p 0

cT +u? pu c,p

The matrix R of eigenvectors of DF (U) is given by:
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1 1 1

R=MP = u-c u u+c

2 u2

2
oT +u7—uc+ RT ¢p(1-T)+— T +”7+uc+RT

Since the total specific enthalpy h is given by h=c,T +u7+ RT we can write the eigenvectors in terms of h
as

1 1 1

R=|u-c u u+c

uZ

h—uc Cvp(l—T)-i-? h+uc

4.4. Solving Euler Equation Using the Van der Waals (VDW) EOS

Here we solve one dimensional Euler equation with VDW EOS. Consider again the euler equation (28) with
2712

PRT 27R"T, and b= RT,

1-bp 8P,

c c

VDW EOS p= —ap’ where a=

, R is gas constant, P, critical pressure, T,

o T .
critical temperature, and Tr:T_ is the reduced temperature.

c

Again using (21), the change of internal energy is given by:
1 op
de=cdT ——|T|—=| —p|d
v e { ( oT jp P} Y

Here, (a_pj :p—R, T(a—pj _PRT ,and T(@j -p=ap’.
, 1-bp P P

oT oT ), 1-bp oT

Integrating the above differential equation gives the internal energy e=c,T —ap.
The total energy ¢ is given by:

2
e=pcT —ap’ +%

Now let us express (28) in terms of the primitive variables V =(p, u,T)t
Continuity equation:

P+ (pu), =0
= p+HUp, + pl,
Momentum equation:

(pu), +(pu2 + p)X =0

:>ut+uux+&=0

P
Here, pxza—ppx+@Tx, a_p:—RT 2—2ap,and a—p=p—R
op or op (1—bp) oT 1-bp

Hence the momentum equation is reduced to
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RT R
U +uu, +| ————-2a|p, + T,
p(1-bp) 1-bp

Energy Equation;
et+((e+ p)u)xzo
Oe Oe Oe Oe Oe Oe
=>—p+—U+—=T +U|—p, +—Uu +—T, + +(e+p)u, =0
PR TR {ap’ox ou ot p*} (c+pu,
Oe Oe Oe
=—(p +Up,)+(e+p)u, +—(u, +uu, )+up, +—(T, +uT, )=0
ap(pt px) (6 p) X au( t x) px 8T( t x)
Oe oe(—p Oe
=—(-pu,)+(e+p)u, +—| —= |+up, +—(T, +uT,)=0
ap( p X) (6 p) X au( ,D j pX aT(t X)
Oe 1 Oe Oe
=>|-p—+e+p U +| ———+U +—(T, +uT,)=0 32
[pap € pjx [ pau jpx a-l—(t X) ( )
. Oe u®  de Oe
Using —=c¢T-2ap+—, —=pu,and —=pc,.
A R T ot P
The coefficient of u, in (32) becomes
PRT
1-bp
and the coefficient of p, isO0.
Then (32) reduces to
T, +uT, +Lux =0 (33)
c,(1-bp)

The Euler equation is written as

Ujl+jay, U aylul| =0 (34)
T \ 0 a, u .
RT R RT
where a, =———-2a, a,=——,and a, =———.
21 p(l— bp)2 23 1— bp 2 CV (1_ bp)

Eigenvalues and eigenvectors of the coefficient matrix B of (34) are computed as follows.

A-u -p 0
|11 -B|=|-a,, A-u -a,|=0
0 -a, A-u

= (2-U)[ (A=)’ ~axay |+ p[(A-u)(-ay)] =0

= A=uU or [(/1—u)2—a23a32 —paszo

A=u-c A =uand L, =u+cC

where the local speed of sound c is defined as

1668
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2
C" =8y8; + pay

The matrix of the corresponding eigenvectors is:

1 1 1
p_l_& o <&
p p

8 8y 3

P 8 P

To compute the eigenvectors of the Jacobian DF (U) we need to compute the matrix M = oV

=—— where
U=(p,pue) and V=(p,u,T) N
p p
pu | = pu
2
pc,T —ap’ +%
Hence

1 0 O
M = u p 0

2

c,T —2ap+u7 pu Cc,.p

The matrix R of eigenvectors of DF (U) is given by:

1 1 1
R=MP = u-c u u+c
a
m,, —Uc + mwﬁ m,, — My, —2&  myuc+ mwi
P Ay

2
u
where my, =c,T —2ap+? and my, = pc,

Since the total specific enthalpy h is given by h=m,, +m,, % we can write the eigenvectors in terms of h
as P

1 1
R=| u-c u u+c
h—uc r, h+uc
a
where 1, =my —m,; 2.
23

4.5. Solving Euler Equation Using the Soave-Redlich-Kwong (SRK) EOS
Let us consider (28) with SRK EOS

_ pRT  ap’
1-bp 1+bp

p
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2 272
where a=a1(1+ f(2-T) q:%, F, =0.48+1.5746w—0.176W? b:().OYS(FS)ﬂ,

c
is the accentric factor R is gas constant, P, critical pressure, T, critical temperature, and T, is the reduced
temperature.

The internal energy is given by:
de=c,dT —— —
p

) _ pR P
(a—Tl—mnm (1”( ﬂ)[rj
9 RT 2
:T(a—$jp=£—bp+lfbpai(l+f )
2 2
W(l—\/f)fw\/f+lf a1(1+fw(1-ﬁ))
:1f;pa1(1+ fw(l—ﬁ))(1+ fw)zlf; af,,

Jo,

where f 6 = L
Yo, (14T
After integrating the differential equation of the internal energy, we get

e=cT+ LW' log(1+bp)

The total energy ¢ is given by:

2

e—ch+ fu log(1+bp)+ P
b 2
Continuity equation:
Pt (pu), =0

= pt + upx + pux
Momentum equation:

(pu), +(pu2 + p)x =0

= U, +UU, +Pg

Yo
2
using px=6—ppx+a—pTx, a_p: RT Z_ap(2+b2p)’ and @z PR + pafwfw, the
op " ar dp (1-bp)” (1+bp) oT 1-bp (1+bp)fTT, (1+1,)

momentum equation is written as

Ul RT  a(2+bp) - R, paf, £, T
L p(-bp) (1+bp) ) | 1-bp (1+bp)TT, (14 1,) )

Energy Equation:
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Oe Oe Oe Oe Oe Oe
=>—p+—U+—T +u|—p +—U +—T,+p |+(e+p)u, =0
o Tau AT ap ™ Tau XAt

:i(pt +up, )+ (e+ p)u, +2—j(ut +UUX)+UpX+§—_|6_(Tt +UT,)=0

Oe Oe ([ —p Oe
=—(-pu,)+(e+p)u, +—| —= |+up, + —(T, +uT,)=0
ap( p X) (6 p) X au( ,D j pX aT(t X)
= —pﬁ+e+p u, + —£ﬁ+u px+£(Tt+uTX):0 (35)

op L ou oT
2
@=CVT—ﬂlog(1+bp)—&fw'+”—
op b 1+bp 2
o
ou P
Oe paf, f]
—=pc, +———2%__Jog(1+b
o P T T (L 1) 9(L+br)

The coefficient of u, in Equation (35) becomes

pRT _ap®  paf,
l1-bp 1+bp 1l+bp

And the coefficient of p, isO.
Notations: Let a,,, denote the coefficient of u, and a,,, denote the coefficientof T, i.e.

2
paf, log(1+bp)

=Cp+—p—u
Bz = CP T, (1+ f,)

Then Equation (35) reduces to

a
T, +uT, +—=2u
a322

=0 (36)
The Euler equation is written as
P u p 0)fp

Uujl+ja,, U a,ful| =0 (37)
T 0 &, ulT

X

where,

___RT a(2+bp)
p(1- bp)2 (1+ bp)2

aZl

a. = R + pafwfwl
® 1-bp (1+bp)JTT, (1+f,)

v
a322

Eigenvalues and eigenvectors of the coefficient matrix A of Equation (37) are given as follows.

ay =
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A-u -p 0
|11 -B|=|-a,, A-u -a,|=0
0 -a, A-u

= (2-U)[ (A=)’ ~axay |+ p[(A-u)(-a)] =0

= A=Uor [(/l—u)2 —a23a32—pa21J:0

A=u-c, AL =uand L =u+c
where

2
C" =8y + pay
The matrix of the corresponding eigenvectors is:

1 1 1
p_l_C o ©
p p
3 _% )
% 83 P
To compute the eigenvectors of the Jacobian DF(U) we need to compute the matrix M Y where
U=(p,pue) and V=(p,u,T) v
P p
pu = pu

2

pc,T —%Iog(l+ bp)p+ ’D;

Hence

1 0 O
M=lu p O
m31 pU m33
where my, =c,T —ﬂlog(1+ bp)_&fwurﬁ
b 1+bp 2
paf, f]
byTT, (1+ fw)
The matrix R of eigenvectors of DF (U) is given by:

And mg =c,p+ log(1+bp)

1 1 1
u u+c

a
M, —UC+ My =2 my, —m,, —2-  m,uc+m,, L]
P 23
Since the specific enthalpy h is given by h=m,, + m,, %

we can write the eigenvectors in terms of h as
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1 1
R=lu-¢c u u+c

h—uc r,; h+uc

a
where fy, =my —m,, —2
23

4.6. Solving Euler Equation Using the Peng-Robinson (PR) EOS
Let us consider (28) with PR EOS.

pRT ap’
1-bp 1+2bp-b*p°

p:

2 212
where a=a,(L+ f,(1-T,)) | qzw, F, = 0.37464+154226W - 0.26992w7,

c

b= 0077}3& w is the accentric factor R is gas constant, P, critical pressure, T critical temperature, and

c
T, is reduced temperature.
The internal energy is given by:

1 op
de=cdT -——|T|—| —p|d
v pz|: (GTJP p:| P

Here,
) __pR P’ ~ f,
(El_l—bp—i_l-i-pr—bzpzal(l—i_ fw(l \/TT))[ TT,
2
DT@_‘IUP :1p—RbTo+1+ 2b5—b2p2 a,(1+ £, (1T )) T,
a 2
:T(%)p_p:HZbZ—bzpzai(“f (=T T
0?
+1+2bp—b2p2a1(1+f ( “/7))
0
:1+2bp—b2p2a1(1+f (1-m))a+ 1)
P
= Ti2bp pipr
where f 1+1,

"L g (14T
Integrating the above differential equation for internal energy we get

afy | gJE+1 bp
NG - —-1+bp

e=c,T +
The total energy e is given by:

J2+1-bp  pu?
+_
NP l+bp 2

=pc,T + 2 Llog

\/_b
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Continuity equation:
p+(pu) =0
= p, +Up, +pu, =0
Momentum equation:
(pu), +(pu2 + p)X =0

Using the continuity equation, it is reduced to

:>ut+uux+&:0

Yo
2ap(1+b
Here, pX:@pﬁ@Tx, % __RT - ap(1+bp) 5 and
op ar op  (1-bp) (1+2bp—bzp2)
ap _ pR pzafwfwl

= + .
0T 1-bp (1+2bp-b*p*)TT, (1+f,)
The momentum equation is written as

RT  2a(l+bp) R paf, £, T
p(l—bp)z (1+2bp—b2p2)2 * | 1-bp (1+ pr—bzpz)«/TTC (1+f£,) "

U, +uu, +

Energy Equation:
€ +((e+ p)u)x =0

e,
op e

ut+ﬁTt+u ﬁpx+ﬁux+ﬁTx+pX +(e+p)u, =0
T op Tau AT

(e o 5

:g—;(—pux)+(e+ p)u, +%[_foj+upx +§—_I€_(Tt +UT,)=0

= —pﬁ+e+p u, + —lﬁ+u px+ﬁ(Tt+uTx):O (38)
op p ou oT

Using

V2+l-bp P af +£

2-11bp” Tr2bp_bip? M2

ac

ou

O o7 4 Bl log
o " 8b

pu
And
de paf, 2 J2+1-bp

—=pC, — 0 )
ar V8o fTT, (1+ f,) V2 1ibp

The coefficient of u, in (38) becomes

PRI ap®  paf,
1-bp 1+2bp-b%p? 1+2bp-b*p’
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And the coefficient of p, isO.
Notations: Let a,,, denote the coefficientof u, and a,,, denote the coefficient of T,

2
83 =C,0 — o2, fu 0g V2 +1-bp
VBT, (1+f,)  V2-1+bp

Then (38) reduces to

T +uT, + 232y =0 (39)
a322
The Euler equation is written as

=0 (40)

where,

RT 2a(1+bp)
8y = 2" 2
p(1=bp)" (1+20p-b°p?)

R pafw fwI

%" oy (1+20p-b%p*)fTT, (1+ 1)

A5
ay =
A3

A-u -p 0
|41 -B|=|-a, A-U -—a,|=0
0 -a, A-u

= (2-u)[ (2-U) ~ agag, |+ p[(A-u)(-a,)] =0

= Ai=uor |:(A—U)2 — 8y, —paﬂ} =0

A=u-c, A =uand 4 =u+c
where

2
C" =8y8; + pay

The matrix of the corresponding eigenvectors is:

1 1 1
bl 4 ©
P P

8, 8y 8

P 83 P

To compute the eigenvectors of the Jacobian DF (U) we need to compute the matrix M _J where
U=(p,pue) and V=(p,u,T) v
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P p
pu = pu
€ 2
ch+ Iog\/—Jrl bp +p—
fb Z-1+0p" " 2
Hence
1 0 O
M=lu p O
my  pu Mg
V2 +1- bp Yl u?
where m af  +—
ar fb gf 11bp”  1tr2bp_bip? M 2
paf, 2 I+1 bp
and mj, = pC, -
V8o [T, (1+ 1) N 1+bp
The matrix R of eigenvectors of DF (U ) is given by:
1 1 1
R=MP= u-c u u+c
m31—u0+m33& m31—m33h m3luc+m33&
P A

Since the specific enthalpy h is given by h=m,, + m,, ') we can write the eigenvectors in terms of h as

1 1
R=lu-c u u+c
h—-uc r, h+uc

a21

where r, =my —my; —=.
a23

4.7. Solving Euler Equation Using the Benedict-Webb-Rubin-Starling (BWRS) EOS
Let us consider (28) with BWRS EOS.

3

p=pRT +(BRT A—_|_£+R—_|_£4j,o2 +(bRT —a—%jlf +a(a+%jp6 +%(1+yp2)exp(—ypz)

The internal energy is given by:

1 op
de:chT——T(—) —pldp
'02|i T P :|

0
op C 3D 4E d ad
(a—ij—pR-F(BR-FTZ _T4 +T_5 p2+(bR+T—2)p3—T—2p6—
op B 3C 4D 5E) , 2d) 2d) & 3c/ 3 5 2
:T(Ejp_p_[AH_T_Z_TTJFT_A)'D +(a+T p—a a+T P —T—z(p +p )exp(—;/p)
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~ 3C 4D SE 2d)) p? 2d)p° 31 p° )
:>e—CVT—(A+T—Z—T—3+T—4jp—(a+?J?+a(a+—j——— —+7 eXp(—yp )

The total energy ¢ is given by:
3C 4D 5E) , 2d )\ p° ( 2djp6 3k(p p° 5 u

—la+— |—+a|a+— |——=| —+— |exp(- +p0—

j(sza T 72p()/p)p2

6=pCVT —(A+T—2—T—3+T—4 P

Continuity equation:
p+(pu) =0
= p, +Up, + pu,
Momentum equation:

(pu), +(pu2 + p)X =0

:>ut+uux+&:0

P
pX:a_prJra_pTX
op T
a—p=RT+2(BRT—A—%+%—£4jp+3(bm—a—9jpz
op T2 T8 T T

+ 6a(a+%) PN +_|_L2(3p2 +3yp* — 272p6)exp(—7p2)

0 2C 3D 4E d d 2cp®
_p:pR+(BR+— +—jp2+(bR+T—2jp3—a(—j 6_ Tf (1+)/p2)exp(—}/p2)

ot TS T4T T
Let
»
a21:a—p:ﬂ+2(BRT—A—%+R3—£4)+3(bRT—a—EJp
P P T° T T T
d) 4 cp 2 2 4 2
+6a(a+FJp +T—2(3+37/p -27°p )exp(—yp )
ap
or 2C 3D 4E d
ad 2cp?
—(T—szS— T’; (1470 )exp (707

The momentum equation is written as
U, +Uuu, +ayp, +a,l, =0

Energy Equation:
& +((€+ p)u)x =0

Oe Oe Oe Oe Oe Oe
—p+—U+—T +u| —p, +—U +—T,+p, |+(e+p)u, =0
op ou oT op ou oT
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:s_;(/’t +Up,)+(e+ p)u, +Z_j(“t +”ux)+pr+§_;(T‘ Ful)=0

:g—;(—pux)+(e+ p)u, +%(_T?Xj+upx +§_-|6-(Tt +UT,)=0

2(—p§—;+e+ pJux +(—£E+uj P, +(;3—_|€_(Tt +UT,)=0

pou
ﬁ=ch—2(A+£—£+E)p—g[a+ﬁjpz
op T2 T° T 2 T
6 2d) s 3c(1 p* 2y, U
+—a|la+— |p°—=| ———~- exp(— +—
Sa( ij Tz[y o1 |exp (=" )+ S
o
ou P

e 6C 12D 20E) , d 5, 2ad 5 6¢(p p° )
—=pC, +| ———5+ +—=p0 ——p +t—| —+— |exp(—
o (Ta T T Jp TR A ) p(-7°)
The coefficient of u, in Equation (41) becomes

2C 3D 4E) , d 3 d ¢ 2¢c/ 5 2
pRT +(BRT +T—2—T—3+T—4jp +(bRT+?jp —Of?p _T_Z(’D +}/,D )eXp(—}/ )

and the coefficient of p, isO.

Notations: Let a,,, denote the coefficient of u, and a,,, denote the coefficientof T, i.e, aw:a—T

Then (41) reduces to

a
T, +uT, +—=2u, =0
a322

The Euler equation is written as

where,

Oe

Eigenvalues and eigenvectors of the coefficient matrix B of Equation (43) are computed as follows.

A-u -—p 0
|11 -B|=|-a, A-uU -a,|=0
0 -a, A-u
= (2=u)[ (2-U) ~ agay, |+ p[(A-u)(-a,)] =0
=A=uor [(A—u)z—azgagz—paﬂJ:O

A=u-c, AL =uand L =u+c

(41)

(42)

(43)
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where

2
C" =8y8; + pay

The matrix of the corresponding eigenvectors is:

1 1 1
p_|_& o <&
p p

& A

P 8 P

. . . ou
To compute the eigenvectors of the Jacobian DF (U) we need to compute the matrix M =— where
U=(p,pue) and V=(p,u,T) 0

p P
pu | = pu

€ 3C 4D 5E) , 2d )\ p° [ 2dj,o6 3c P’ ) u?
CT—| A+t———+— +la+— |—+a|at+t— |—— +— |exp(— +p—
P ( T2 T T“jp ( T)Z T )5 T 7 |op(et)

Hence

< |

where

M = J
my, puU mg
m31:cVT—2(A 32 4D SEJ ( j
T
+§a(a+ﬁj s (L P exp(— )+£
5 T P Ty 2 4 » 2

+—=p ==t —| £+ L lex
] sz 5T2p T }/ 2 p( )

and my, = pC, +(T3 T4 + 5

The matrix R of eigenvectors of DF (U is given by:

R=MP = u—-c u u+c
a32 a21 a32
My —UC+ My =5 My — Mgy —2L MyUC + My, —=
P 23
Since the specific enthalpy h is given by h=m,, +m,, ') we can write the eigenvectors in terms of h as
o
1 1
R=|u-c u u+c
h—-uc r, h+uc
a21

where r, =my —my; =,
a'23
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Density at time t= 0.3000 Presure at time t= 0.3000 Velocity at time t= 0.3000
35 35 0.7

Temperature at time t= 0.3000 Compressibility factor at time t= 0.3000
230 1.005
—— IDEAL
220 VDW 1
210 — — SRK
- — PR
BWRS 0.995
200
0.99
190} -
180 0.985
170 098f
160 0.975—
0 0.5 1 0

Figure 1. The results obtained by solving the homogeneous Euler equation by employing the ideal
gas law and the other four equation of states.

Density at time t= 0.3000 Presure at time t= 0.3000 Velocity at time t= 0.3000
35 4.5 0.7 =
\
3 4 0.6
25 35 0.5
3 04
2
25 0.3
1.5
2 02 1
1 1.5 0.1 '
I
0.5 1 0
0 0.5 1 0 0.5 1 0 0.5 1
Temperature at time t= 0.3000 Compressibility factor at time t= 0.3000
305 1
0.998
0 -~ PR 0.996
—— BWRS :
295 0.994
0.992
290
099} /
7
285 0.988
0 0.5 1 0 0.5 1

Figure 2. The results obtained by solving the Euler equation (including the source term) by em-
ploying the PR and BWRS EOS.
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4.8. Application of the Roe solver

Now to apply the Roe scheme on (28), on each cell [xi , x”l] , We approximate the system by

U +AU, =0
u' forx<x,
n) "3
U(xt')=
( ul, forx>x,

i+=
2

where A= D(FJ) and U is determined from the Roe averages. The solution is determined as:

n+ n At n n n n
UM =u; _E[g(ui ’Ui+1)_g(ui—1’Ui )]

where
a(6.w)=3( F(u)+F () Shifar |

where 4 and r, are the eigenvalues and eigenvectors of A(u,w) and w—-u=3" ar.

i i=1 it

The last equation is a system of simultaneous algebraic equations for the variables ¢; .

The conservative variables (p, pu,e) are determined by the scheme. The velocity is obtained from o and
pu . But to determine the value of the temperature T we use an iteration method (especially for the cases of
complex EOS). Then the pressure P is computed from the EOS

4..9. Numerical Results

In this section we present some numerical results. We consider a tube of length 1, filled by Methane gas, the ini-
tial discontinuity is located at X, = 0.5. In our simulation the following initial data is used.

=3, pp=3, u =0 for x<05

o =1, p,=1, u =0 for x>05.

In Figure 1, we have plotted the density, pressure, velocity, temperature, and the real gas compressibility
factor computed by using each of EOS we discussed.

Figure 2 depicts results of (6), i.e, the Euler equation with the source term included, obtained by applying PR,
and BWRS EOS.

5. Conclusion

The model that describes the flow of gas in a pipe is presented. Simplifications to the equations are made using
appropriate assumptions. Several Equations of states that close the system of equations are examined and the
results obtained for each equation of state are compared.
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