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Abstract

In this paper we present some identities for the sums of squares of Fibonacci and Lucas numbers
with consecutive primes, using maximal prime gap G (X) ~log®x , as indices.
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1. Introduction

The two most well-known linear homogeneous recurrence relations of order two with constant coefficients are
those that define Fibonacci and Lucas numbers. F, denotes the n™ Fibonacci number and L, denotes the
n" Lucas number. The Lucas sequence is defined by L, =F _, +F, ,. The Fibonacci numbers are generated
by the recursion F, =F _,+F,,. The Lucas numbers also have the property that for n>2, L, =L, +L, ,.
Note that a Lucas number is always greater than its corresponding Fibonacci numbers except for L, . Fibonacci
and Lucas numbers are represented by the same recurrence relation. This is the reason that Fibonacci and Lucas
numbers have so many common or very similar properties.

Hundreds of Fibonacci and Lucas identities involving both Fibonacci and Lucas numbers appeared in various
journals [1]-[3] and books [4] [5] over the years. Our goal in this paper is to present some identities concerning
sums of squares of Fibonacci and Lucas numbers with consecutive primes as indices. Regarding consecutiveness
of primes we consider maximal gap between consecutive primes.

G(x), the maximal gap between consecutive primes is defined by many approximations [6] [7]. Among those
we observed that G (x) ~log?x gives the value nearest to the actual value while calculating sums of squares of
consecutive primes. Based upon this, here we have chosen G(x) ~log?x and calculated sums of squares of
Fibonacci and Lucas Primes.
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2. Identities on Sums of Squares of Fibonacci and Lucas Numbers

Here the following formulae are repeatedly used.
I-n = Fn—l + I:n-¢-l

I:n = I:n—l + I:n—2
I‘n = Ln—l + Ln—2
5F,,, =L +L2

n+l

F

2n+1

=F’+F’

n+l

F,F.,=F’

n-1" n+2 n+l

FoFoy=F2—F2 +(-1)"

m

~F?

_ 2 2
FZn—l - Fn + Fn—l

The difference between two consecutive primes ( p >3) always being an even integer, the indices are taken as
pand p+2k,k>1 to calculate sums of squares of two Lucas numbers with indices as primes and its consecu-
tive primes.

2.1. Proposition

2 2
Lp + Lp+2k = 2F2 p-1 + 5F2 p-3 2Fz p-5 2F2 p+4k-5 + 5F2 p+4k-3 + 2F2 p+4k-1 4
where k>1.
Proof.
Using the basic recurrence relation L, =L, ,+L,,, foranodd prime p we have
2 2 2 2 2 2
L+l =L+l +20 0+ Lo o+ Lo 20 ool pias
=9F,, 3 +5F, s +2 [( Fost+Foy ) ( FootF, ) + ( Foioks T Foiaka )( Foioka + Fooa )]
=5F, b3t 5F, prak3 T 2[pr2 pr3 + FHpr2 + FHFp + Fp prl + Fp+2k73 FMkf2
+FposFpok + FoakaFpaaa + Fp+2k—le+2k]
_ 2 2 p-2 2 2 p-1 2 2
=5F,, 3 +5F, 4 + Z{Fp_2 —F L +(-1) T +FL-F L, +(-1) +F -F,
p 2 2 p+2k-2 2 2 p+2k-1 2
+(=1)" + Foiace — Fracs +(-1) +Foaca = Foiaee +(-1) +Fpa
2 p+2k 2 2 2 2
~Foaat(-1) T +FL - F L, + Pl - Fp+2k—2}
2 2 2 2 2 2 2 2
= 5F2 p-3 + 5F2 p+4k-3 + 2|:( I:p + Fp—l) - ( Fp—3 + I:p—2 ) - ( I:p+2k—2 + Fp+2k—3 ) + ( I:p+2k + Fp+2k—l):| -4
2 2
Lp + Lp+2k = 2F2 p-1 + 5F2 p-3 2F2 p-5 2Fz p+4k-5 + 5F2 p+4k-3 + 2F2 p+4k-1 4
Illustrations
p k sz + L2D+2k 2F2 p-1 + 5F2p—a - 2F2p75 - 2F2p+4k—5 + 5F2p+4k—3 + 2F2p+4k—1 -4
3 2 4? +29% =857 2(5)+5(2)-2(1)-2(34)+5(89)+2(233) -4 =857
2(75025) +5(28657) — 2(10946) — 2(3524578)
13 3 521° +9349° = 87675242

+5(9227465) +2(24157817) — 4 = 87675242

2(365435296162) + 5(139583862445) — 2(53316291173) - 2(365435296162)
+5(956722026041) + 2(2504730781961) - 4 = 1.038435842 x 10"

29 1 1149851% +3010349° =1.038435842 x 10"
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As the number of primes is infinite we try to use LG(X)J the maximal gap between consecutive primes as
indicies. Through there are many formulae available for G(x), in [8]. It is observed that while calculating sums
of squares of consecutive primes log® x gives the value nearest to the actual value. Hence LG(X)J ~log?® x

has been used.

2.2. Proposition

s -4

P+ 6(

0] S 2Fapa +9F 5 s = 2R, s = 2F, o s T O apaici e T 2 apa o

Proof.
Again using the recurrence relation L, =L, ,+L,, we have,
2

2 2 2 2 2
LP + Lp+|_G(><)J - LP—2 + LP—l + ZLP—ZLP—l + Lp+‘_G(x)J—2 + Lpﬂ_G(x)J—l + 2Lp+|_G(x)J—2 Lp+‘_G(x)J—1

=5F, p3 ™ 5 Fz p+2| G(x) -3 +2 |:< Fp—3 + Fp—l ) ( Fp—Z + Fp ) + ( Fp{G(x)J—I& + Fp+LG(><)J—1)( Fp{G(x)J—Z + Fp+LG(x)J )]

=9F,, ; +5F fat 2[pr2 Foast+tFoaF o+ F R +FF L+ FMG(X) J—3Fp+LG(x) |2

2p+2LG(x)
*+ FoomrsForeo)  FosampaForame + Forferm J—le+Le<x>J

-2 -1
Lt 2{Fp{2 R+ (-1 P+ R —F2, + (1) B2 F2 4+ (-1)

PG | 2
+ (_1) + FpﬂG(x)J

=5F;, 3 +5F, p+2/6(x) |

p+LG(x)J—2 n F2 _ Fz

2 2
+ Fp+[G(x)J—2 - Fp+LG(x)J—3 + (_1) p+ G(x) |1 p+ G(x) |-2

2 P+ G(x)] 2 2 2 2
- Fp+LG(x)J—l + (_1) + Fp—l - FD—Z + FpﬂG(x)J—l - Fp+LG(x)J—2}
2 2 2 2 2 2 2 2
=9F, pat 5 Fz p+2| G(x) -3 +2 |:< Fp + Fp—l) - ( Fp—a + Fp—z ) + ( Fp+LG(x)J + Fp+LG(x)J—1) - ( Fp+LG(><)J—2 + Fp{G(x)J—s )} —4
2 2
LP + Lp+LG(x)J <2 F, pat oF, -3 2 F, p-5 2 Fz p+2 G(x) |-5 +95 Fz p+2 G(x) |3 +2 Fz p+2 G(x) -1 4

Now using Binet’s formula, sums of squares of two Fibonacci numbers with consecutive primes as indicies
has been expressed in terms of Lucas humbers.

2.3. Proposition

1
sz + sz+2k =E[L2p + LZ(p+2k) +4]
Proof.
2
2 _ a’ - p° 1 o 20 _o(_1\P
Fp—{ 7 }—g[a +B7-2(-1)" |
1
=g e (-0’
In general

F2 1|:a2(p+2k) +ﬂ2( p+2k) _2(_1)P+2k:|
F2 —E[L ~2(-1)" ]
p+2k — 5 2( p+2k)

Fo + FPZ+2k :%[sz _2(_1)p]+%[|-2(p+2k) _2(_1)p+2k]

p
1 +2k
:g[sz + L2(p+2k) - 2[(_1);3 +(_1)p ’ ﬂ
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1
2 2
Fp + Fp+2k _E[LZp + Lz(p+2k) +4:|

Illustrations
p k Fr+F %[sz Ly +4]
5 6 5% 115972 = 2550434 %(123 +12752043 + 4) = 2550434
11 4 89° +4181* =17488682 %(39603+87403803+ 4) =17488682
23 1 28657% +75025° = 6449974274 %(4106118243+ 28143753123+ 4) =6449974274

As discussed in proposition 2.2, G(x) has been taken for this proposition also.

2.4. Proposition

2 2 1
FP + Fp+LG(x)J = EI:LZP + L2(p+LG(><)J) + 4:|

Proof.
_1 P, 1 p+6(x)]
sz + szJrLG(x)J - E[LZp - 2(_1) j|+g|:L2(p+LG(x)J) B 2(_1) }
_1 p p+{6(x)]
= | Lor + Lo =2 (D + (2]

2 2 1
FP + Fp+LG(x)J = gI:LZP + L2(p+LG(><)J) + 4:|

Finally, sums of squares of a Fibonacci and Lucas number is found.
2.5. Proposition
1
12 4+ F2 =g[6|_2n 128 (—1)”}

Proof.
Using Binet’s formula, we have

L=(a"+p")
L =a"+p" +2(ap)
2 1 2n 2n n
F; :g(a +B" =2(ap)’)
12 +F? =a” + 2" + 2(ap)" +%(a2” +B"-2(ap)|
2n 2n 2n 2n n 2 n
=a’"+p +%(a +p )+2(—1) —g(—l)

1 23 n
L+F2=L,, +§Lz” +E(_1)

5(L% +F7)=6L,, +2°(-1)'
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Notation

| x| (The Floor of X)—The Greatest Integer < X
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