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Abstract

Exact quasi-classical asymptotic beyond WKB-theory and beyond Maslov canonical operator to the
Colombeau solutions of the n-dimensional Schrodinger equation is presented. Quantum jumps
nature is considered successfully. We pointed out that an explanation of quantum jumps can be
found to result from Colombeau solutions of the Schrédinger equation alone without additional
postulates.
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1. Introduction

A number of experiments on trapped single ions or atoms have been performed in recent years [1]-[4]. Monitor-
ing the intensity of scattered laser light off of such systems has shown abrupt changes that have been cited as
evidence of “quantum jumps” between states of the scattered ion or atom. The existence of such jumps was re-
quired by Bohr in his theory of the atom. Bohr’s quantum jumps between atomic states [5] were the first form of
quantum dynamics to be postulated. He assumed that an atom remained in an atomic eigenstate until it made an
instantaneous jump to another state with the emission or absorption of a photon. Since these jumps do not appear
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to occur in solutions of the Schrodinger equation, something similar to Bohr’s idea has been added as an extra
postulate in modern quantum mechanics.

Stochastic quantum jump equations [6]-[8] were introduced as a tool for simulating the dynamics of a dissipa-
tive system with a large Hilbert space and their links with quantum measurement theory were also noted [9]-[13].
This measurement interpretation is generally known as quantum trajectory theory [14]. By adding filter cavities
as part of the apparatus, even the quantum jumps in the dressed state model can be interpreted as approximations
to measurement-induced jumps [15].

The question arises whether an explanation of these jumps can be found to result from a Colombeau solution
[16]-[18] ( (x t; h)) of the Schrédinger equation alone without additional postulates. We found exact qua-
si-classical asymptotlc of the quantum averages with position variable with localized initial data.

(i,t,%5:7,8), (Ix

i.e. we found the limiting Colombeau quantum averages (limiting Colombeau quantum trajectories) such that
[18]:

(X,t,%; 7 | dx) . €€(0], x,%eR?, i=1--d (1.1)

(i,t.x5;€), = (lim, i,t,x5;7,8) (Ilm,Hij (X,t,%; 7 | dx) : 12
ce€(01], xeR?, i=1--,d, te[0,T]
and limiting quantum trajectories q(t,%,)={q, (t. X)), 0y (t. %)} € R?, te[0,T] such that
G (%) =(i,t. %) =lim,_ o lim, _, (i,t,X,;7, &)
=1im, o lim, o [% [¥, (x.txgi7) dx, xR, i=1,-d. 43

if limit in LHS of Equation (1.3) exists.

The physical interpretation of these asymptotic given below, shows that the answer is “yes” for the limiting
quantum trajectories with localized initial data.

Note that an axiom of quantum measurement is: if the particle is in some state |'¥,,) that the probability
P(x,6x) of gettingaresult xR’ atinstant t withan accuracy of || <1 will be given by

2
P.(X,0%, X,;h,€) = jux—x'usuaxu (X, ) dx' = Jux g (X txo,h| dx’ . (1.4)
We rewrite now Equation (1.4) of the form
1 ? ool X=X
P (X, 0X Xgih, ) =—————| |, (X',t,%: )| exp| ———— |dX’ 15
(oacniha) el o o) 120 -

We define well localized limiting quantum trajectories q(t)=gq(t,%,)={a, (t.% ), 0y (t. %)} e R?,
q(0,%) =%, te[0,T] such that:

(timy H_)Ollmh_)oPt(q(t),&q(t),xo;h,g))g =1 (1.6)

and well localized limiting quantum trajectories q(t)=q(t,%,)={d (t. X)), ds (t. X))} € R, (0, %) =%, ,
te[0,T] such that:

lim, o fimy oo limy o R ) (a(t),sa(t), x;h6) =1 (1.7)

if limit in LHS of Equation (1.7) exists.

2. Colombeau Solutions of the Schréodinger Equation and Corresponding Path
Integral Representation

Let H be acomplex infinite dimensional separable Hilbert space, with inner product (--) and norm |{.

Let us consider Schrédinger equation:
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_ih(aq(;t(t)jﬂ:wt)‘{’(t):o, ¥(0) =¥, (x). 2.1)
H(t)=- (;;]A+V(xt) (2.2)

Here operator H (t):RxH —H is essentially self-adjoint, H (t) isthe closure of H (t).
Theorem 2.1. [19] [20]. Assume that: (1) W, (x)e L, (Rd ) (2) V(xt) iscontinuous and

SUP_.a o] |V (x,t)| < +oo. Then corresponding solution of the Schrédinger Equations (2.1)-(2.2) exist and can

be represented via formulae

nm

d(n+1)/2 i
\P(t’x):"mnaw (mj J'Rd'“J.Rd dXdei"'dxanO(XO)eXp|:E (XO’Xl’ 1 X n+1't):|' (23)

where we have set x,,, =X and

2
m |Xi+1 - Xi|
S(Xgs Xp, oy Xy Xoups t) = MR Sy X 6) | 2.4
(%0, % ait) 2.1{4 (t/n)z (%1 )] (2.4)
where t, :E, Let q,(t) be a trajectory; that is, a function from [0,t] to R® with g, (0)=x, and set
qn( ,) Xi i =1,---,n+1. We rewrite Equation (2.3) for a future application symbolically for short of the fol-
lowing form

w0 =tim,.. [, O[a (0] (0, 0))exp| +5(a, (0. x1) | @5

where we have set 1) S(g, (), Xt) =S (%, X, %, X,,;;t) and 2) D[q,(t)] thatis, a

L (R (B

d(n+1)/2
D[q,(1)] =[ Lu ] IT).,dx, (2.6)

Amith

Trotter and Kato well known classical results give a precise meaning to the Feynman integral when the poten-
tial V (x,t) is sufficiently regular [18] [19]. However if potential V (x,t) is a non-regular this is well known
problem to represent solution of the Schrodinger Equations (2.1)-(2.2) via formulae (2.3), see [19].

We avoided this difficulty using contemporary Colombeau framework [16]-[18]. Using replacement
X >— e (0,1], k=1 we obtain from potential V (x,t) regularized

IR T

Potential V, (x,t), £e(0,1] suchthat V,_ ;(xt)=V(xt) and

1) (v, (xt)) eG(R'),

sup L (xt)| <40, £€(01]. 2.7)

xeRd

Here G (Rd ) is Colombeau algebra of Colombeau generalized functions [16]-[18].
Finally we obtain regularized Schrédinger equation of Colombeau form [21]-[24]:

‘ih[a\yfT(t)l +HH ()P, (1) =0, (¥,(0)), =% (x). (2.8)

hz
2m

.-

Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrédinger Equations
(2.8)-(2.9) exist and can be represented via formulae:

jA+V (x,t). (2.9)
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d(n+1)/2 .
(‘Pg(t,x))}::[limn%m(%) .[Rd...LRd dxodxl..-dxn\PO(xo)exp[I o (Xou X0 Xy X )D , (2.10)

&

where we have set x , =X and

2
S, (%o, Xy, ,xn,xnﬂ,t):z:‘l{%xi(*:/—;))ﬂ—vg(xm,ti )] (2.11)
where we have set t; = %
We rewrite Equation (2.10) for a future application symbolically of the following form
(P, (tx) = (Iimn% .[qn(t):x D[ a, (t)]¥, (g, (0))exp B s, (a, (t);t)D , (2.12)

or of the following form

(%, (%), =(im, . P, , (t,%)). :[nmm I, DA ()] %s(a, (0))exp[igsg(q(t),q(t);t)D @)

&

For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation

(7.0, =[ [, L] (a(0))exp 1. (a(0).a0) | @14

&

where S, (d(t),q(t))= I;[%qz (s)-V, (q(s),s)}ds .

Substitution n =8k +7 into RHS of the Equation (2.10) gives

_ (8k+7)m " i
(\pg (t, X)){T =|lim_,, W _[]Ru "'_[]Ru dxodx, - X7 P (Xo)eXp %Sg (XO’ Xl!"'nxsk+7vX8k+a;t) .

&

2.15
We rewrite Equation (2.15) for a future application symbolically of the following form o
(¥, (tx) = (Iimn_m J‘qn(l):x D" [q, (t)]¥,(a, (0))exp [%Sg (a, (t);t)_] : (2.16)
or of the following form g

(¥, (tx)) :(Iimn% J'q(t D; [a(t)]¥, (a( )exp[ (q(t),q(t);t)_j . (2.17)

For the limit in RHS of (2.16) and (2.17) we will be used following path integral not_at;on
(¥, (t.x)), {L(t)-xD*EQ(t)]‘Po(Q(O))eXDHSE(q(t),q(t))D : (218)

Let us consider now regularized oscillatory integral 8

(3. (t;h))g =URd "'.[md dx,dx, ---dx, f (xo,xl,--~,xn)lPO(xo)exp[%Sg (xo,xl,---,xn;t)D . (2.19)

Lemma 2.1. (Localization Principle [25] [26]) Let Q be a domain in R™" and f eCy (2) be asmooth
function of compact support, S, €C”(Q), ge(O,l] be a real valued smooth function without stationary
pointsin supp(f),ie. 0,S,(x)#0 for xeQ.Let L be adifferential operator

L(f)=—3" i( 5., (0] " 2 ] (2.20)

=L ox; oX;
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Then (

I, (th)|) < hfg L( f (x))dx. vn,meN, VA<l thereexist c, such that

(Jen (61)), <cut[f] [[]=supa X0

Lemma 2.2. (Generalized Localization Principle) Let Q_ be a domain in R™" and f, eCy(€,) bea
real valued smooth function without stationary points in supp(f), i.e. 0,S,(x)=0 for xeQ, and let
(2, (t;h))_ be infinite sequence neN:

(é‘@svn(t;h))g:[[ h jd(n+l)/zjﬂndx0dxl'--dxnfn(xo,xi,---,xn)‘PU(xo)expB S, (Xor X2 Xy )B . (222)

D* f

(2.21)

Amith

&

Then there exist infinite sequence {7, }, ., lim,_,, 7, =0 such that

[Iimn%w pg,n (t’hk)] = 0 :

k—o0

Proof. Equality (2.23) immediately follows from (2.21).

Remark 2.1. From Lemma 2.2 follows that stationary phase approximation is not a valid asymptotic ap-
proximation in the limit 7 — 0 for a path-integral (2.14) and (2.18).
3. Exact Quasi-Classical Asymptotic Beyond Maslov Canonical Operator

Theorem 3.1. Let us consider Cauchy problem (2.8) with initial data ¥, (x) is given via formula

dja vV
__n n(X=%)
Yo (x)= (Zn)d/4 Y exp{— T } , (3.1)
where 0<i<n<l1 and x*=(xx).
1) We assume now that: a) (Vg x,t))a eG(Rd) b) VZU( t)=V(xt):R, xR’ >R and c) VteR,
function V (x,t) isapolynomial on variable x=(X,--,X,), i.e.
V(0= e G (X7, a=(idy), X =, o =27, (32)

2) Let u(z,t,A,x,y)= (ul(r,t,i, X,¥),-,Uy (7.t,4,%,Y)) be the solution of the boundary problem

W = Hess[V (4,7) Ju" (7.t 2,%, y)+[V'(4,7)]', (3.3)
u(0t,A4,xy)=y, u(ttA,xy)=x. (3.4)

Here A=(4, - 4)eR", u'(r,t,2,%y)= (U (z.t, 4, X, y), U (r,t,l,x,y))T,
[ 6V (x1) {M} J and Hess[V(ﬂ,r)]:{Ml : (3.5)

0X, Ny, OX;OX; s
3) Let S t, /1,x, be the master action given via formula
S(t, 4,x,y) = J' u(z,t,A,%y).u(rt,4,xy),7)dr, (3.6)
where master Lagrangian L(u,u,z) are

L(u,u,r):%uz(r,t,/l,x,y)—\i(u(r,t,/l,x, y),7), u:(%,---,%), 0% =(u,u), (3.7)
V((z.t. A% y).7)=u(z.t. A, y)Hess[V (4,7) Ju" (., 4, % y)+V (A )u" (7,1, 4., Y). (3.8)

Let y, =Y, (t,4,X)e R? be solution of the linear system of the algebraic equations

588
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oS(t, 4, %, .
{ ( y)} 0, i=1.-d. (3.9)
ayi Y=Yer
4) Let X=X(t,4,%))e R? be solution of the linear system of the algebraic equations
Yor (64, 8)+A=%,=0. (3.10)

Assume that: for a given values of the parameters t, 4, X, the point X = R(t,/i, XO) is not a focal point on a
corresponding trajectory is given by corresponding solution of the boundary problem (3.3). Then for the limiting
quantum average given via formulae (1.1) the inequalities is satisfied:

limiooli,t, X, 71— 4 | < Zﬂdetsyuyc, (L2 R(624%), Ve (t,/l,i(t,g,xo)))uflrzi (tA%), i=L-d. (311

Thus one can to calculate the limiting quantum trajectory corresponding to potential V (x,t) by using tran-
scendental master equation

% (t,4,%)=0, i=1--d. (3.12)
Proof. From inequality (A.15) and Theorem Al, using inequalities (A.53.a) and (A.53.b) we obtain
n_mzi%li_mm|<>‘<i,T;a,|,/1,g)—/1,|s|imhﬁ0[7e1(T,z)+7z?(T,z)], i=1--,d, (3.13)
where
ﬂ):jdx{j - D [a(t)]¥(a( [|q |] cos[1 (4,0, /IT)}} (3.14)
ﬂ)=IdX{I 1 D La]¥(a(0))Ja (7 I]zsi“E%(q,q,M)}} - (315)
We note that
Ry (T.A)= [ix[ R (xT.2) ]\ Ry (T.4)= [ix[ R, (xT.4)] . (3.16)
where
R (x,T,2)= jT D [a(t)]¥(a( [|qI H cos[ (qqAT)}
_jdy_[qE D*[q(t) (0))[|qi (T) |] cos[1 (4,0, ﬂT)} (3.17)
='[dy7?1 xy,T,4),
ﬁ(x,y,T,l):jE) D" [a(t)]¥(a( Uq H cos[1 (g, qﬂ,T)} (3.18)
a(0
and

R, (xT,2) I(T) D [a(t)]¥(a( DqI |] sm[1 (4,4, /IT)}

= [dJo D" [a(O)] ¥ (a( 0))[fa, T)I]Zsm[ Sl(q,q,ﬂ,T)} (3.19)
:jdy7?2 x,y,T,/l),
7§z(X’y’T%)ﬂq() D [a(t)]¥(a(0))[Jai (T) |]1S'n{1 (qqﬂ)] (3.20)
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From Equation (3.18) one obtain

R (%, y,T,A):%[ﬁu(x, YT A)+ Ry, (% Y.T,4)], (3.21)

where
Ry (% y.T,A)= qu D*[a(t)]¥(a(0))[|a (T) |]1 exp[%sl(q,q,/l,T)] (3.22)
R (X ,T,2)= Jgg)):; D* [a(t)]¥(a(0))[Ja (T )I]é exp[—%sl(q,qm)} : (3.23)

Let us calculate now path integral 7?11(x, y,T,A) and path integral 7?12 (x,y,T,4), using stationary phase
approximation. From Equation (A.23) follows directly that action Sl(q,q,/l,T) coincide with master action
S(t,l,x, y) is given via formulae (3.6)-(3.8) and therefore from Equation (3.22) and Equation (3.23) one ob-

tain
R 4) g0 a0 o O o . 40|
o (3.24)
:[|xi|]2‘P(y)exp[%s(t,ﬂ,x,y)},
and
Rip (%, y,T,2)= quT))fx D" [a(t)]¥(a(0))[Ja (T )|]% expB Sl(q,q,/l,T)}
o (3.25)

N .
=[|x|]? ‘{J(y)exp[—%s(t,/i, X, y)}
From Equation (3.17) and Equation (3.24) we obtain
Ry(XT,2) = [dyR, (%, y.T,2). (3.26)
Substitution Equation (3.25) into Equation (3.26) gives

L(xT,2) [|x|] fdy®(y) exp[ S(t, 4, %, y)} (3.26"
Similarly one obtain
(xT,4)=[|x |] [dy®(y) exp{——S(t A, X, y)} (3.27)

Let us calculate now integral 7’<’1 (x,T,4) and integral 7?1 (x,T,4) using stationary phase approximation.
Let y, =Y (t,4,%) eR? be the stationary point of master action S(t A, %, y) and therefore Equation (3.9)
is satisfied. Having applied stationary phase approximation one obtain

0% Y (1.4,%),T,2)
= Udetsycrycr (L2 % Y (6.2, x))”% (1% H% ¥ (Y, (1.4, X))exp BS (1A% Yy (1.4, x))}
o (% Yer (64,%),T, 2)

= UdetSycrycr (62X Yy (1.2, x))H% []x |]% P (Y, (1.4, X))exp [—%S (t 2% Yq (6.4, x))} '

Substitution Equations (3.28)-(3.29) into Equation (3.21) gives

, (3.28)

(3.29)
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Ry (% Yo (1. 4,%), T, 2) :%[ﬁm(x, Yo (L4,X), T, 2)+ Ry, (X, ¥ (1.4, x),T,/I)]

5N

= UdetSycrycr (t 4, Yy (L4, x))H_% (%12 % (Yer (t.4,%))

x{exp[%s (t, A, %, Yy (1,4, x))} +exp[—%3 (2% Ve (82, X))}}

1

[[%|]2 ¥ (yer (t.2,X))cos ES (62X Y (1.2, x))}

=[[dets,,.,,, (t.4,% v (t.2,))] ]

(3.30)
Substitution Equation (3.30) into Equation (3.16) gives
Ry (T, 4) = fax[ax[ R, (x. T, 2) |
4 1 (3.31)
= jdx“detsycryﬂ (62X, Yy (t,/l,x))ﬂ |%| %2 (Y (t, 2, X)) cos? [Es(t,ﬂ,,x, Yer (t,/l,x))}.
Similarly one obtain
R, (T.2) = ax[dx[ R, (x.T.2)]
4 1 (3.32)
= '[dxﬂdetsyﬂym (t 2% Y, (6,4, x))H |%| ¥ (Ve (t,4,%))sin? bs (t 2% Y (6,2, x))}
Therefore
R(T,2) =Ry (T, 2)+ R, (T,2) = 2fox[|detS, . (t.4,% Yy (1.4, x))”*1 %2 (Ve (82, %))- (3:33)
Substitution Equation (3.1) into Equation (3.33) gives
a/2 a 7(Yer (1, 4,%) = x0)2
R(T,A)= 2(27t;7dwj‘dx[|detsyuycr (t 24X Yy (L4, x))H |xi|exp[— - . (3.34)

Let us calculate now integral (3.34) using Laplace’s approximation. It is easy to see that corresponding sta-
tionary point X =X(t,4,%,)e R? is the solution of the linear system of the algebraic Equation (3.10). There-
fore finally we obtain

R(T,2)=2|% (1.4, x0)|Udetsy”yﬂ (2Rt 2% ), Yo (1A X(E A, xo)))H_l +0(#*), i=1l--d.  (3.35)

Substitution Equation (3.35) into inequality (3.13) gives the inequality (3.11). The inequality (3.11) com-
pleted the proof.

4. Quantum Anharmonic Oscillator with a Cubic Potential Supplemented by
Additive Sinusoidal Driving

In this subsection we calculate exact quasi-classical asymptotic for quantum anharmonic oscillator with a cubic
potential supplemented by additive sinusoidal driving. Using Theorem 3.1 we obtain corresponding limiting
quantum trajectories given via Equation (1.3).

Let us consider quantum anharmonic oscillator with a cubic potential
2

V(x):mg) x> —ax®+bx, xeR, a,b>0. (4.1)
Supplemented by an additive sinusoidal driving. Thus
2
V(x,t)=mwa2—ax3+bx—[Asin(Qt)]x. (4.2)

The corresponding master Lagrangian given by (3.7), are
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2
L(uu7)= (%)uz - m({%} (3:1/1Bu —(me’ 4 +3a4® —b— Asin(Qt))u. (4.3)
We assume now that: 6072+3%1 >0 and rewrite (4.3) of the form
L(u,u,r)=(m/2)u2—(mwzﬂ/Z)u2+g(l,t)u. (4.4)
3al

2
where @ ()= [2|%+>4
2 m

and g(4,t)= —[ma)zﬂ +3a4’ —b— Asin(Q t)] .

The corresponding master action S(t,i, X, y) given by Equation (3.6), are

_ 2 2 2X t .
S(t,A,x,y)= — [(cosm)(y +X )—2xy+—fog(/1,r)sm(wr)dr s
) _ .
+%ﬁg(l,r)sm(w(t z o ZIJ g(4,7)g(4,s)sina (t- r)sm(ws)dsdr}
The linear system of the algebraic Equation (3.9) are
oS(t, 4, %,
% 2ycosat — 2x+—j g(At)sin(@(t-7))dr=0 (4.6)
Therefore
X 1 t .
= - - . 4.7
Yer (1,4, %) P _[Og(/i,t)sm(m(t z’))dz’ 4.7)
The linear system of the algebraic Equation (3.10) are
X
(4.t t—7))dr+4A-x,=0. 4.8
cosawt mwcoswt-[ g(At)sin(@ (t-7))dr+2-% (“.8)
Therefore the solution of the linear system of the algebraic Equation (3.10) are
A~ 1 .
x(t,/i,xo):@jog(i,t)sm(m(t—r))dr+(/1(t)—xo)coswt. (4.9)
Transcendental master Equation (3.11) are
—f g(A(t).t)sin(@ (t—7))dz+(A(t)-x,)coswt =0 (4.10)
Finally from Equation (4.10) one obtain
cos(a@t) 1) A(msin(Qt)-Qsin(at))
d(z(t))[ - ‘;)* — —(A(t)— %, )macos(at) =0. (4.11)

where d(1)=meo’1+3al’-b.

Numerical Examples

Example 1 (in Figure 1 and Figure 2). x, =0, m=1, Q=0, =9, a=3, b=10, A=0.

5. Comparison Exact Quasi-Classical Asymptotic with Stationary-Point
Approximation

We set now d =1. Let us consider now path integral (2.14) with S, (q (t),q(t);t) given via formula

s, (4(t),a(t).t) =%I;[Q(T)— . (a(e).7)] dr. (5.1)
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0.3 T T T T
0.2
A(D)
0.1 % T
* A | 1 1 \\\
9 92 94 96 98
t

Figure 1. Limiting quantum trajectory
A(t) with a jump.

0.3

T T
021 5
A(D)
0.1 b
0 j“-‘-\l‘?‘\
9.6 9.7 9.8 9.9

t

Figure 2. Limiting quantum trajectory
A(t) with a jump.

Note that for corresponding propagator Kg(x,t|y,0) the time discretized path-integral representation
K.n (X.1]y,0) are:

dx,dx, ---dx,, _ i
K.n (%1y.0) :J'Wexp[%sgyN (Xore*) Xy )} , (5.2)
where S, \ (Xy,+, %y ) are:
S At N-1f Xy — X, ’
L,,N(xo,~~-,xN)=Tzn:0 T—Fg(xn,tn) . (5.3)

Here the initial- x, and end-points x, are fixed by the prescribed x, and by the additional constraint
Xy =Y

Let us calculate now integral (5.2) using stationary-point approximation. Denoting an critical points of the
discrete-time action (5.3) by X, :(Xi,s,k"“'XN—l,s,k) it follows that x,_, satisfies the critical point condi-
tions are

6Sg,N (XO,c,k L] XN—l,e,k7XN,s,k)

=0 5.4
axn,g,k ( )

for n=1..-,N-1, supplemented by the prescribed boundary conditions for n=0, n=N:x, , =X, ,
Xy o = X
From Equation (5.2) in the limit 7 — 0 using formally stationary-point approximation one obtain

K;:,N (X’t| XO ’ 0) = Za,N—l (X;:,k 1 XO,a,k 1 XN,.»:,k )explié Ss,N (X.c,k ' XO,s,k ’ XN,a,k )} + O(h) . (55)

Here the pre-factor Z, (x&k) is given via N-dimensional Gaussian integral of the canonical form as
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. 2
Z, N (Xg,k 1 X0,6.k XN s k ) = I Ml — L Wy exp[ : e 7 Sen (X&k ook XN'E'k)

— . 5.6
(47'ChAt)N/2 2% Zn,mzly” X o ym:l ( )

n,e k Xm,g,k

The Gaussian integral in (5.6) is given via canonical formula

OX_ . OX

n,e,k m, &,k

-1/2
%S,y (X, 0 X0 o X s
ZEYNl(XCYk,XOVEVk,xNYCYk)={4nhAtde{2At e Xk Koo X k)ﬂ . nm=L--N-1. (5.7)

Here det(Am) denote the determinant of an N —1x N -1 matrix with elements A .
Let us consider now Cauchy problem (2.8) with initial data ‘¥, (x) is given via formula

¥, (x)= ' exp{_q(xz—hzo )2 }

(27)* ¥

Note that for corresponding Colombeau solution ¥, (t, x) given via path-integral (2.14) the time discretized
path-integral representation ¥,  (t,x) are

¥, (tx)= J"PO (%) K,n (%)%, 0)dx,

; (5.8)
= ZkJ.dXOZS,N—l(Xc,k 1 X0 XN,k )lPo (XO)EXD[% S (Xg,k 1 %01 XN k ):|[1+O(h)]

Let us calculate now integrals in RHS of Equation (5.8) using stationary-point approximation. Corresponding
critical point conditions are

oS, n (Xo,g,k 7 XN ko XN ek )

=0. 5.9
6XO,c,k ( )
From (5.8) we obtain

i

W (6X) =D Zo (X Xoowr X) Wo (X )exp[% Sen (Xesr X0 x)} [1+0(n)]. (5.10)
-1/2

0%S. K ,

Z, w0 (Ko Xoopr X) = | Atdet| 24t e (Xesc Yo X) . n,m=0,1,--,N-1. (5.11)
Xn,g,kaxm,g,k

Letas denote X, o = (%o, 01X c00 X100 ) = (X000 (X) Xia0 (X)s+2 Xy 100 (X)) the critical point for which
the critical point conditions (5.4) are

X X

n+l,e,0

At

Therefore the time discretized path-integral representation of the Colombeau quantum averages given by Eq-
uation (1.1) are

(Ltzgsh,¢),
2

=(jx
12 _
:’7]/—2#/2 J‘dxef,N(xs,k,xoygyo,x)exp —M [1+O(h2)J

(20)

228 —F, (o0t ) =0, N=01-+ N-1. (5.12)

n,e,07n

¥ (x,t;h)|2 dx)

&

2
+L AXXZ 2\ (X, s X0 000 X)EXP —M 1+0(h*) |+O(exp(-cn™)),
(27[)1/2 hl/z Zkzl ) ) V& A

&

(5.13)
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where ¢ >0, ge(O,l], xeR. Let us calculate now integrals in RHS of Equation (5.13) using stationary-
point approximation. Corresponding critical point conditions are

Xo,6,0 (XN,s,O ) -2,=0, (5.14)
Xoen (Xnox ) =2 =0, k=1. (5.15)

Here x,, can be calculated using linear recursion (5.12) with initial data x,, , = z,.
From Equations (5.13)-(5.14) one obtain

(Lt,zg:0,¢) = (XN’&OZE’N (Xesr Xo.0.00 Xy 20 ))'c , (5.16)
-1/2
GRS o orer
and Z, (X, X X0 ) = | Atdet| 24t e (X Koo Yoo , nm=01--N. (5.17)
' Y o v Xn,s,kaxm,s,k

As demonstrated in [24] the determinant appearing in (5.11) can be calculated using second order linear re-
cursion:

Qn+1,g,k - 2Qn,g,k - Qn-l,g,k -2 Qn,s,k Fx,(xn,s,k 'tn ) - Qn—l,g,k Fx,(xn—l,g,k 'tn—1>

(At)z At
X +Lek X &,k "
_Qn,g.k |:“A—tn_ Fg (Xn,g,k 'tn ):| ngxz (Xn,g,k ’tn ) (518)
2 2
+ Qn,s,k |:Fs',x (Xn,s,k 'tn ):| - Qn—l,s,k |:Fsl,x (Xn—l,g,k ’tn—l ):I '
oF, (x,t) O*F, (x,t)
F/ (x,t)=——"+—=, F/ (xt)=—5"——.
)= ) e (- TR

with initial data Q,,, =At, Q,,, =Q,,, +At+ o((m)z) (5.19)

from which the pre-factor Z, , (X, . X .4 X.00) in (5.16) follows as

ZE,N (Xs,k ’ XO,E,k ’ XN,s,O ) = \/ QN,s,k . (520)

Inthe limit At — 0 from critical point conditions (5.12) and (5.14) one obtain

X(t)-F, (x(t),t)=0, x(0)=2z,. (5.21)

&

In the limit At — 0 from a second order linear recursion (5.18) one obtain the second order linear differen-
tial equation

d

Q.,(t)= 2E[Q€,0 () F/, (x(t),t)] (5.22)
with initial data
Q.0(0)=0, Q,,(0)=L. (5.23)
By integration Equation (5.22) one obtain the first order linear differential equation
Q.0 (1)=2Q,, (t)F./, (x(t).t)+1 Q,,(0)=0. (5.24)
Inthe limit At — 0 from Equation (5.16), Equations (5.20)-(5.21) and Equation (5.24) one obtain
E(t)=((Lt.zihe)) =x()QA (). (5.25)
We set now in Equation (5.1)
F.(g,7)=-aqg’ +bx+ Asin(Qr). (5.26)

Corresponding differential master equation are
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q=—(3a2* ~b)q—(ai’~bi)+ Asin(Qr), q(0)=2z-4. (5.27)
From Equation (5.27) one obtain that corresponding transcend dental master equation are
AL exp(ta[4(1)) .
zy—A(t) |[-—F—=={exp(tA| A(t) || -1 + A5——=——510] A(t) |sin(Qt) - Qcos(Qt)
Q
+A———==0.

Q*+07[A(t)]

Numerical Examples

Comparison of the: 1) classical dynamics calculated by using Equation (5.1) (red curve), 2) limiting quantum
trajectory /1(t) calculated by using master equation Equation (5.28) (blue curve) and 3) limiting quantum tra-
jectory calculated by using stationary-point approximation given by Equation (5.25) (green curve) (in Figure 3
and Figure 4).

Figure 3. Limiting quantum trajectory A(t) without jumps a =
03,b=1A=2

Figure 4. Limiting quantum trajectory A(t) withajumpa=1,

b=1,A=03.
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6. Conclusions

We pointed out that there existed limiting quantum trajectories given via Equation (1.3) with a jump. Such jump
does not depend on any single measurement of particle position q(t) at instant t and is obtained without any
reference to a phenomenological master-equation in Lindblad’s form.

An axiom of quantum mechanics is that we cannot predict the result of any single measurement of an observ-
able of a quantum mechanical system in a superposition of eigenstates. However we can predict the result of any
single measurement of particle position q(t) atinstant t with a probability P(t,q,5q)=1 if valid the con-
dition: lim, o fimy o lim, o B (a(t),oq(t), xp; &) =1, where P, is given by Equation (1.5).
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Appendix

Let us consider now regularized Feynman-Colombeau propagator (KS(X,T|y,O))_ given by Feynman path
integral: )

K, (xT]y.0;0,1)= J'gg)):; D [q(t)]exp[—%sl (q,T;a,I)}exp{—% S, (q(T),l)}expE S, (a, q,T)} . (A1)

where 71 ¢e(0,1],

s, (aTiol)=[ dt[{[q ﬂ (A2)
S,(a(T).2)=[a(T)-2], A=(A, . 4)eR", (A3)
S.(4.0.7)= [y L(a(t).a(0).t)d L(a().a(0).t) =760V (a().1). (A4)
V.o (xt)=V(xt), (A5)
V(x,t):gl(t)x+gz(t)x2+gg(t)x3+---+ga(t)x“, (A.6)

o =(ipig) X =Xt ol = X
V. (a(t),t)=V (g, (t)t), g, (t)=(d. (t). 0. (), (A7)
q”(t)_1+g?ki|(c:zt)|2k £e(04], k=1, (A8)

Here:1) oe(0,1], #<o and 2) for each path q(t) such that q(t)= asm( th+u(tT Y, X)),

u(0,T,y,x)=y, u(T,T,y,x)=x,where u(t,T,y,x) isagiven function, operator {p(t);o-,l} are

{Q(t);o—,l}=2' asm[n_l_ j+zn 112 sm(n_:_rtj (A.9)

3) D*[q(t)] isa positive Feynman “measure”.
Therefore regularized Colombeau solution of the Schrédinger equation corresponding to regularized propa-
gator (A.1) are

(¥, (T.x0.1,2))
:(f:cdyq‘(y)&(X,le,O;a,l))g
:[wf)_x D* [Q(I)J‘P(Q(O))exp[—%s(%T;o,l,l)}exp[ése(q,q,T)Bg (A.10)
_[Idyjq D" [a(t)]¥(a( )exp[——S(q Tiol ﬂ)}exp[ (4.9 T)D.

Here S(q,T;0,1,2)=S,(a,T;o.1)+S,(a(T).2). (A.11)
Let us consider now regularized quantum average

(%.T;o,1,4,¢), (

v, (T %0, |,/1)|2) . (A12)

&

From (A.5) and (A.12) one obtain
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(1%.T:o.1, 2,¢)).

[;{ [ o faT(ao) o] exp[—%S<q'T:G"'ﬂ>}°{%~°’s<q’q’”m

+[jdx{jT D [a(t)]®(a())[a (T)|]" exp{—%S(q,T;a,I,l)}sin[%Ss(q’q'T)}}zll

From Equations (A.5)-(A.13) one obtain
|)A(i ,T;0',|,/"L,8—Z,,|

:‘)“(i,T;a,l,ﬂ,,g—ﬂ,,'fiderg(T,x;a,l,/l)ﬂ

:‘_E;dx[xi -4, (T,x;a,l,/‘t)|2‘ <[ dx|x -4, (T,x;a,l,/1)|2

][, 0 To¥(@)l (1)-4[] 00| -Es(aTiot ) s 25, @]

Using replacement g (t)— 4 :=q;(t), i=1---,d into RHS of the Equation (A.9) one obtain
|%.T;o0,2,6— 4]

dex{q(Tj D [q }P Uq H exp{—%S(q,T;Oﬂ)}COS[%SE(qu+ﬂ,T)}}z

+jdx{ J D' [a(t)]%(a(0)) |q H exp{_%s(q,T;o—,l)}inESf(q,q+l,-|-)}}z

= fax[ 17 ( xTamg] fax[ 17 (xT;0.1,4,6) ).

Here
(q T;0.1)=5,(a.T;0.1)+S,(a(T)),
q T; O'| I dt[{ )JZ;G,IH, AeRY,
s:(a(m)=[a(T)]"
And
I,(x.T;0,1,4,¢)
=IqT D*[a(t)]¥(a( )Uq |] exp{—%S(q,T;a,I)}cosESs(q,q+ﬂ,T)}
I,(x,T;0,l,4,¢)
:j D [a(t ]‘P [ J exp[—ls(q,T;o—,l)}sinESg(q,q+/1,T)}
Let us rewrite a function V( +A,t ) in the following equivalent form:
V, (a(t)+ m):v (a(t).t,2)+V,,(a(t).t.4),

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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( t,A)=a,(a(t).t.2)q(t)+a,,(q(t),t,.2)a*(t), (A.20)
vV, (at ) a,;(a(t).t, ) S(t)+-+a,, (a(t).t,2)g* (1), (A21)

where a, 01(q()txl) a,,,(a(t).t.A)=c ey A, (a(t)tA)=c, (t,2).
Let use valuate now path mtegral | (T o,l, /1) given via Equatlon (A.17). Substitution Equation (A.19) into

RHS of the Equation (A.17) gives
IL,(x,T;0,1,4,¢)

=I()(xTo-I/15) )(XTJI/IE)

= [ o'[a(t)]¥(a(0)) qu (T) Hz exp[—%s(q,T;G,I)}COS[%SS’l(q,q+l,T)}COS[%S&2(q+l,T)} ,

a(T)
+JqT D*[a(t)]¥(a( [|q |:| exp{—%s(q,T;a,I)}sin[%S&l(q,q,ﬂ,T)}sin[—%ngz(q,ﬂ,T)},
(A.22.3)

l,(x,T;0,1,4,¢)

=10 (xT;o,1,4,6)+ 1 (x,T;0,1,,¢)

= q(TI):X D" [Q(t)JT(Q(O))qu (T)H% exp{—% $(q,T;0,1 )} COSE S,.(d,q+ /I,T)}sin E S,,(q+4,T )} .
e D La() ] (a(0)) o (T )Hﬂz exp{—%S(q,T;o—,I)}sinESayl(q,q,A,T)}cos[—%S&z (q,A,T)}

(A.22.h)
where

(6,9,4,T) j L, ( (t).t,.2)dt, L, (q( ).a(t).t,A)= 2q () =V, (a(t).t.2), (A.23)
(0 4,T) j V., (A.24)

1 (x,T;0,0,2,¢)
:J' D’ [a(t)]w(a( [|q |] exp{—%S(q,T;a,I)}cos[%ngl(q,q,ﬂ,T)}cos[%S&z(q,l,T)}
(A.25.3)

1Y (x,T;0,0,2,¢)
:J' D’ [a(t)]¥(a( [|q |] exp{—%s(q,T;a,I)}cos[%Sg,l(q,q,/l,T)}sin[%S&z(q,/’t,T)}
(A.25.5)

1% (x,T;0,1,2,¢)

=Ly 0 [ ¥ (0@ o ()] o0 -5 (@Tionn) o] 2., @ 2m)Jan] 25, 0.27)]

(A.26.3)

1 (x,T; 0,1, 2,¢)
j D [a(t)]¥(a( [|q H exp{—%s(q,T;a,I)}sin[%sgyl(q,q,/l,T)}cos{—%sﬁz(q,/l,T)}
(A26.0)
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Let us evaluate now n-dimensional path integral 1" (x,T;0,1,4,6):

1Y (x,T;ol,4,¢)

- q(Tj):x D; [ g (t)]‘P(q(O))qu (T )H% exp[—%s (q,T;a,I)}cos[% S,.(d,a,4,T )}cos[% S, , (q,i,T)}
D; [« (t)]‘P(Q(O))qu (T )H% exp[—%s (q,T;a,I)HcosE S,.(d, q,ﬂ,T)} +1}cos[% S, (a, /I,T)}

a(T)=x
2 1 . 1
_q(Tj) D; [a(t)]¥(a(0))[Ja (T)[]? exp[—gs(q,T,a,l)}cos[gsﬂ(q,A,T)}.
(A.27)
From Equation (A.27) one obtain the inequality
flr?(x,T;o-,I,/l,g)‘
jD [q ]‘P [|q |]2exp{—%s(q,T;a,I)Hcos[%s&l(q,q,ﬂﬁ)}+l}
2 1 . 1
_q(TJ') D; [a(t)]¥(a(0))[Ja (T)[]2 exp[—%s(q,T,a,I)}cos[%ngz(q,l,T)}
(A.28)
j D; [a(t)]¥(a( Uq |]2 exp[—%s(q,T;O',I)}COS[%SS’l(q,q,A,T)}
+ I D; [a(t)]¥(a( [|q |] exp[—%S(q,T;a,l)}
_q(Tj):an La(®)]®(a(0))[|a (T)|J? exp{—%S(q,T;a,I)}cosES&z(q,/’t,T)}.
From In Equation (A.28) one obtain the inequality
}}g(x,T;a,l,z,g)‘
J; (a(0))[Jo, (T)H;exp[—%S(q,T;a,I)}cos{%sgvl(q,q,ﬂj)}
- (A.29)
le a(0))[Ja ( H [S..(q.4T)] exp[——S(qT o, I)}
- Jlj(x,T,a,l,/i,g,h ‘ Zi_l%Rﬁ)(x,T;a,l,n),
where
IO (xT;o,1,4,6,h)
L , (A.30)
j D; [a(t)]¥(a( “q |] exp{—%s(q,T;o-,I)}cos{%sf,l(q,q,ﬁﬁ)}
(g)(x,T;a,I,n)
(A31)

= 21 [a(0]¥(a(0)) o (OIE[.. (27T exp[—%s (aTio, |)} ‘

1
Using replacement g, (t):=72q;(t), te [O,T] , 1=1---,d into RHS of the Equation (A.31) one obtain
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RO (x Ty =1 | D:[a(t)]\v(hiqw)}[lqi (O [s.. (%47 o] 25 (20 Ticu1)

X

q(T)Zﬁ
=0 fdy [ Dy [a(t)]¥(a( Uq, ”%[ ,(9,4,T, h)]iexp[—s(q,T;o-,l)j

904

=¥ nPRY (x,T;o,1,n),

(A.32)

D; [a(t)]=D; {h;Q(t)}, te[0,T], ¥(q(0))= (21t37dd/i4hd/4 eXp{"q 2(0)} , see Equation (3.1) and
S..(q.A4T.n)= [V, (q(t).t.2.7)dt, (A33)
V,,(a(t).t.A.n)=a,,(q(t).t,2)q° (t)+-~-+h%3agla (a(t).t,2)a (t). (A.34)

R (X T;0,1,n) = [dy fac fy%D a()]#(a(0)[Ja (T[S, (a2T.0)] exp[-S(aTiol)].  (A39)
qo’ﬁ
From (A.29)-(A.35) one obtain

1 o iz
18 (xTiou0,2,2)| < P8 (il 2,20) - 12 ) RY(x,T;0,1,n)
(2 (A.36)
1
< Jg%g(x,T;a,l,z,g,h)‘—hiag(x,T;a,l,n),
E, (xT;olan)=3" 1((2)7 ﬁ(')(x,T;o-,I,n). (A.37)

Proposition A.1. [27] [28] Let{ }n ::1 be a double sequence s:NxN—C.Let lim s =a.

Then the iterated limit: lim
neN.
Proposition A.2. Let 17 (x,T;0,1,4,6,1)= 1 (x,T;0,1,4,¢), where 1Y (x,T;0,1,4,¢) is given via Eg-

_1@

- N
uation (A.25) and let 1Y (x,T;o,1,4,6,1) = 1P (x,T; 0,1, 4,¢), where 11 (x,T;0,1,4,¢) is given via Equa-
tion (A.26). Then
lim: o lim, 0J'dx[l ®(x,T;0,1,4, g)}

slimwjdx{ D [a(t)]¥(a(0))[|ai (T) |]§cos[l . (0.0.2, T)}}

2) limeoo lim, , [ox[ 17 (x,T;0,1,4, g)} -0,
2

lim,__s ) exist and equal to a if and only if lim_ s exists for each

n—o ( m—o°n,m

1)

(T)=x

1P (6 T;0,0,2,6)1 (x,T;01,2,8) | =0,

ollm,HO_[dx 1P (x,T;0,1,4, g)}

D [q(t)] (0))“% (T) Hl sm[1 (60,4, T)}}z

4)

K
3) limolim, Ojdx[
[
I

< Ilmhﬁo.[dx{

(T)=x
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5) limealim, , [k 19 (x T;01, 2,6) | =0,
6) ||_mf;(3)||_mMjo|x[|g2 (xT;o.0,2,2) 18 (xTi0.1,4,8) | = 0.
Here

S (4. AT)=S, 5, (4.0 4T)= OT Lo (4(t),a(t).t,2)dt,

Lo (4(t).a(t),t,2) —q 2(t) V.o (a(t),t,2).

Proof (I) Let us to choose an sequence {i‘zm}ﬁz1 such that
1) lim . % =0 and

m—oo”"m

2) Ilmmnwj'dx{ ™ (x,T;0,,1, n)} _Ilmmnwfdx{ 1(_(12):;?Im ﬁﬁi)(x,T;o—,l,n)} =0.

We note that from (ii) follows that: perturbative expansion

[dx{E, (x T;o, 1,7, n)}

— 7% o {z( ) '(xTo,I,n)}z

(2i)!

vanishes in the limit m,n — o . From (A.36) and Schwarz’s inequality using Proposition A.1, one obtain

mn%jdx[ (xT;0,0, 4,67 )]
sli_mm,n%jdx{

sIi_mmyn%wjdx{Jfr)](x,T;o-,I,/I,g,hm) i

+I|mmn%{Zh%“\/[jdx{‘]fg(x,T;a,I,/i,g,h }J'dx{E (x,T;0,1,h, n}} [ox{z, (xT;0.1,2,, n)}}

=lim,, . jdx{Jfg (x,T;o,l,/l,g,hm)}2

IV (x,T;0,0, 4,,1,)| -

—1 E(xTalhn)}

=lim, i wadx{ 3 xT;a,I,/l,g,h)}2

=|im,HoIdX{IT o [a()]¥(a ()] (T |]§cos[1 (QQlT)}}z

(A38)
© 2

Let us to choose now an subsequence {%,, }m | such that the limit: lim, .., J'dx[ll(f,f(x,T;a,l,/l,g,hmk )}
-

2

exist and lim, , ., Jax[18) (x Tiol 2e.hy, )| =lim, . fox[18)(x Tiol, 2.6, )] (A39)
From (A.39) and Proposition A.1 one obtain
lim, ... Jx[ 19 (x.Tio 0 Ae g, )|
~lim,_,, {limm fox[19 (¢ Tio Aoy, )]2}

From (A.39), (A.40) and (A.38) one obtain

(A.40)
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lim o lim, o [ox[ 12 (x,Tio 1, 4,£) |

< limeo lim, {"m“»w Ja 15 (e Tl 2t )T}

—IlmHo lim, wjdx[ (X Tiol A& h, )T (A.41)

slimh_)ojdx{IT D [a(t)]¥(a(0))[ |a (T HICOSESl(q,q,/I,T)}}Z.

The inequality (A.41) completed the proof of the statement (1).
(11) Let us estimate now n-dimensional path integral

I(Z)(X,T;O',I,ﬂ,,g)

=y Do [a (V)] (0))[Iqi(T)I]”eXp[—%s(q,T;a,|)}sinEsc,l(q,q,/l,T)}sin{-%sﬂ(q,m)}

(A.42)
From Equation (A.42) one obtain the inequality
Il(n)(x T:0,1,1, g ‘< (J': D, [q }‘{’ qu H exp‘:—%S(q,T;G,l)] Sin[—%sgvz (q,/l,T):H
. h—(2i+l) . 1 (2”1) 1
< ;(2i+1)!qaj):x D; [q(t)]‘l'(q(o))ﬂqi (T)”2 [ sgvz(q,ﬂ,T)H exp[—ES(q,T;a,l)}
~ " h—(2i+1) i T |
= Loy KTt
(A.43)
where
o (xT:oln) :J D [q :| (a( )Uqu (T)Hg[ Sg’z(q,ﬂ,T)”(ZHl) exp[—%S(q,T;a,l)] (A.44)
Using replacement q,() h2 (t , te[ T] 1,---,d into RHS of the Equation (A.44) one obtain
@ (xTioln)=n" [ D;fa(t )]\P(hz JUQ. e [Is..(@2m)]"" exp[_%s(hwq’na'l)}
a7
w2 fay [ 0;[a(0)]#(a(0))[Ja (T[S, (@aT)]" " exp[-S(aTion0)]
oT)=
907
= 1200 (x,T;0,1,0),
(A.45)
. ol ; __n" n9°(0) :
D, [a(t)]=D; |#%q(t)|, te[0T], lP(q(O))—(2 )d/4 o exp| ——— |, see Equation (3.1) and
T
(.4 T, 1) = [V, (a(t) .t 2,7)dt, (A.46)
Vg,l(q(t),t,l,h)zag'3(q(t),t,l)q3(t)+--~+ha77agva(q(t),t,ﬂ)qa (). (A47)
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ég,z(q,/lyT)H(ZM)exp[—S(q,T;a,I)]. (A.48)

P (xTieln) = ey o7 [a(t) ] (a(0) [Jo (T
q(o)*ﬁ
From (A.43)-(A.48) one obtain
hz(m)
O(2i+1)!

12 (x,T;0,1, 4, 5)‘<h4z ———p! (xT;o,,n) =0, (X T;o,1,n). (A.49)

Let us to choose an sequence {7, }”  such that
1) lim h =0 and

m) ) " hfn(i-ﬂ) ) . 2
2) Ilmmn_m.[dx{ "(x,T;0,0,h,, )} :I'mm.n—mjdx{zi_0(2i+1)!50e (x,T;o,l,n)p =0.

We note that from 2) follows that: perturbative expansion

[dx{®, (xT;o,l,h,, n)} :h],{fj'dx{i

= (2i+1)!

Vanishes in the limit m,n — oo . From (A.49) one obtain

hZ(i+l)

2
{og)(x,T;a,l,n)} ,

lim,, ... [ox[ 12 (x Tio 1, 2,6,2,) | <lim,,, . fix{®, (x Tio 2,0} (A50)

Let us to choose now an subsequence {hmk }w

such that the limit: 1im, ., [ax[ 11% (xTio 1, 2,61, )|

exist and lim, jdx[ ) (xTiol 4,61, )T =Ii_mm,n%jdx[Il(f’)(x,T;o-,I,/i,g,hm)]2 (A.51)
From (A.51) and Proposition A.1 one obtain
lim, . jdx[ 2 (xTio A8, )T = Iimk%{limn% jdx[h(fn)(x,T;a,l,z,e,hmk )]2} (A52)

From (A.50), (A.51) and (A.52) one obtain
) ) 2 ) ) ) 2
lime o lim, o [ox[ 1% (x T; 0,1, 4,¢) sn_mgz%nmkﬁo{nmnﬁo Jox[ 1) (% Ts0,0,,2,1,, )| }

= limeoo lim, o [ 12 (x,Tio1, A, )| =0,

Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2).
Theorem Al Letl, (X, T;o,1,4,6,7) =1, (xT;o,l,4,¢), L, (xT;0.1,4,6,n)=1,(xT;0,1,4,¢),
where 1, (x,T;o,1,4,¢) is given via Equations (A.22a)-(A.22b). Then

lim »ollmh_,ofdx[ xT; a,l,ﬂg)}<l|mhﬁojldx{.[T D*[a(t)]¥(a( Uq H;sin_%sl(q,q,;t,T)_}

(A.53.3)
Ii_mgi%li_mhﬁoj'dx[lzz(x,T;o-,I,}t,g)]s lim, _[dx{_[ D*[a(t)]¥(a( Uq ”;sin _%Sl(q,q,/l,T)_}
_ (A53.b)
Here
S,(64.0.4T) =S, (4.0, 4T) = [ L, (4(t).q(t).t, 2)dt, (A54)
ngo(q(t),q(t),t,l):%qz(t)—vezovo(q(t),t,/l). (A55)
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Proof. We remain that
L(xT;o,0,4,60)= 10 (xT;0,l, 4,6,7)+ 117 (x,T;0,1,2,,1) . (A.56)
From Equation (A.56) we obtain

jdx[ xTaIlgh] jdx[ xTaI/lgh] +J.dX|:|2 XT;O',I,ﬂ,g,h)T

2 (e Ticn )1 (1 Ticl )]

= Jax[19 (x Tio L 2, m) |+ fx[1P (0 Tio L 26 m) | (AS7)

+2\/jdx xTaugh]jdx[ xTal/lgh)]

Let us to choose now an sequences {#,,}” ., {&}, . {0y}, suchthat:
1) lim,__#n,=0, lim__ g =0, lim_ o =0,

m—oo”™"m

2) tim,_, Jim,  Jax[ 112 (x.Ti0,.1, 2,6, 2y ) | =limeoslim, fox[12 (x,Ti01,0, 2,61, )| =0, (A58)

[

H_mr:;cli_mmﬁwj-dx[ Il(l) (xT;00.1, 4, 6,0, )T

3) 2 (A.59)
S'immode{Lm_x D" [a(t) ] (a(0))[Ja (T)] 2 CO{ 1 (d.0.4 T)}}
Therefore from inequality (A.57), Equation (A.58) and inequality (A.59) we obtain
lime-o lim, , [dx[ 17 (x,Tio1, 4,6,7) ]
<limeoelim,,.,, [dx[ 17 (% T;0,,0, 4,6, 71y ) |
< limeolim, jdx[l ® xT;cr,,I,A,gk,hm)J +I|mr:w im,,_,, [ax[ 12 (Tiop 1, 4.6 )]z
+2lim,_,_ lim, \/jdx 19 (Tionl A i) | (12 (Tio 0 Ay hy) | (A.60)

[

—|Imk»wllmm_mj‘dx|: (X T, O, I A € h ):IZ

=Iim,‘H0jdx{jT D [a(t)]¥(a(0))[]a (T) ”;cos[%sl(q,q,/l,T)}}z.



	Exact Quasi-Classical Asymptotic beyond Maslov Canonical Operator and Quantum Jumps Nature
	Abstract
	Keywords
	1. Introduction
	2. Colombeau Solutions of the Schrödinger Equation and Corresponding Path Integral Representation
	3. Exact Quasi-Classical Asymptotic Beyond Maslov Canonical Operator
	4. Quantum Anharmonic Oscillator with a Cubic Potential Supplemented by Additive Sinusoidal Driving
	Numerical Examples

	5. Comparison Exact Quasi-Classical Asymptotic with Stationary-Point Approximation
	Numerical Examples

	6. Conclusions
	Acknowledgements
	References
	Appendix 

