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Abstract
Proton inelastic scatterings from several s-d shell nuclei are analyzed using optical potential model and collective model in Dirac coupled channel formalism. The optical potential parameters obtained phenomenologically for the scatterings from the s-d shell nuclei are compared with each
other for systematic Dirac analysis. Dirac equations are reduced to the second-order differential
equations in order to obtain the Schroedinger equivalent effective central and spin-orbit optical
potentials, and the surface-peaked phenomena are observed at the real effective central potentials
for the scatterings from 22Ne, 20Ne and 24Mg. By analyzing the obtained effective spin-orbit potentials, it is confirmed that the spin-orbit interaction is a surface-peaked interaction. The first-order
rotational collective models are used to describe the low-lying excited states of the ground state
rotational bands in the s-d shell deformed nuclei, and the obtained deformation parameters are
analyzed by comparing with each other, and compared with those obtained by using the nonrelativistic calculations. The obtained deformation parameters of Dirac phenomenological calculations for the s-d shell nuclei are found to agree pretty well with those of the nonrelativistic calculations using the same Woods-Saxon potential shape, even though the theoretical bases are quite
different.
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1. Introduction
Relativistic approaches based on the Dirac equation as the relevant wave equation have been remarkably successful in treating nuclear structure and nuclear reactions. While complete relativistic descriptions of nuclear
matter and finite nuclei using a relativistic quantum field theory are absent, considerable progress has been made
by using approximate descriptions [1]-[3]. Because Dirac analysis of intermediate energy proton-nucleus elastic
scatterings have proven to be very successful for the spherically symmetric nuclei and a few deformed nuclei
[3]-[6], the relativistic approaches have been expanded to the inelastic scatterings and have shown considerable
*
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improvements compared to the conventional nonrelativistic approaches [7]-[9]. It should be noted that one of the
merits of the relativistic approach based on the Dirac equation instead of using the nonrelativistic approach
based on the Schroedinger equation is that the spin-orbit potential appears naturally in the Dirac approach when
the Dirac equation is reduced to a Schroedinger-like second-order differential equation, whereas the spin-orbit
potentials should be inserted by hand in the conventional nonrelativistic Schroedinger approach.
In this work we performed a relativistic Dirac phenomenological coupled channel analyses for the inelastic
proton scatterings from several s-d shell nuclei such as 20Ne, 22Ne, 24Mg and 26Mg, systematically. The optical
potential model [3] and the first order collective model are used in the calculation. The scalar-vector (S-V) model for the optical potentials is employed, where only Lorentz-covariant scalar and time-like vector potentials are
included in the calculation. Woods-Saxon shape is used for the geometry of the optical potentials. The first order
rotational collective model is employed in order to describe the collective motion of the low-lying excited states
of the ground state rotational bands in the nuclei. The complicated Dirac coupled channel equations are solved
numerically to calculate the differential cross-sections by using a computer program called ECIS [10], which
employs the sequential iteration method. The Dirac equations are reduced to the Schroedinger-like second-order
differential equations by considering the upper component of the Dirac wave function in order to obtain the effective central and spin-orbit optical potentials and the obtained effective potentials for the s-d shell nuclei are
analyzed by comparing with each other. The calculated results for the deformation parameters for the low-lying
excited states of the ground state rotational band in the s-d shell nuclei are analyzed and compared with those
obtained using the nonrelativistic calculations.

2. Theory and Results
Dirac coupled channel analyses are performed phenomenologically for the 800 MeV proton inelastic scatterings
from several s-d shell nuclei such as 20Ne, 22Ne, 24Mg and 26Mg, using the optical potential model and the first
order collective rotational model. Because the s-d shell nuclei considered in this calculation are spin-0 nuclei,
only scalar, time-like vector and tensor optical potentials survive [1] [11], as in spherically symmetric nuclei
[12]; hence, the relevant Dirac equation for the proton elastic scattering from the nucleus is given as

(

)

α ⋅ p + β ( m + U S ) − E − UV0 − VC + iα ⋅ rˆβ U T  Ψ ( r ) =
0



(1)

Here, U S is a scalar potential, UV0 is a time-like vector potential, U T is a tensor potential, and VC is the
Coulomb potential. The scalar and the time-like vector potentials are used as direct potentials in the calculation.
Tensor potentials are always present due to the interaction of the anomalous magnetic moment of the projectile
with the charge distribution of the target. However, because tensor potentials have been found to be always very
small compared to scalar or vector potentials [8], they are neglected in this calculation. The scalar and time-like
vector optical potentials are complex and it is assumed that these potentials have Fermi distribution as they are
assumed to follow the distribution of nuclear density. Fermi model form factor of Woods-Saxon shape is used
for the geometry of the Dirac optical potentials. In the first order rotational model of ECIS, the deformation of
the radius of the optical potential is given using the Legendre polynomial expansion method;

R (θ=
) R0 ( β 2Y20 + β 4Y40 + )

(2)

with R0 being the radius at equilibrium, β λ a deformation parameter and λ the multipolarity. It is assumed
that the shape of the deformed transition potentials follows the shape of the deformed nuclear densities and that
the transition potentials can be obtained by assuming that they are proportional to the first-order derivatives of
the diagonal potentials. However, it is true that pseudo-scalar and axial-vector potentials may also be present in
the equation when we consider inelastic scattering, depending on the model assumed. In the collective model
approach used in this work, we assume that we can obtain appropriate transition potentials by deforming the direct potentials that describe the elastic channel fairly well [12]. In order to compare the calculated results with
those of the previous nonrelativistic calculations, we reduce the Dirac equation to a Schroedinger-like secondorder differential equation by considering the upper component of the Dirac wave function to obtain the effective central and spin-orbit optical potentials [4]. The experimental data for the differential cross sections are obtained from [13]-[15] for the 800 MeV unpolarized proton inelastic scatterings from the s-d shell nuclei, 20Ne,
22
Ne, 24Mg and 26Mg.
Firstly, the 12 parameters of the diagonal scalar and vector potentials in Woods-Saxon shapes are determined
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numerically to reproduce the experimental elastic scattering differential cross section data by using a sequential
iteration method. The observable elastic experimental data are found to be reproduced quite well as shown in
our previous publications [8] [9] [16] [17]. The Dirac equations are phenomenologically solved to obtain the
best fitting optical potential parameters to the experimental data by using the minimum chi-square χ 2 method. The calculated optical potential parameters of the Woods-Saxon shape for the 800 MeV proton elastic
scatterings from the s-d shell nuclei are compared in Table 1 [8] [9] [16] [17]. We observe that the real parts of
the scalar potentials and the imaginary parts of the vector potentials turn out to be large and negative, and that
the imaginary parts of the scalar potentials and the real parts of the vector potentials turn out to be large and positive for all of the considered s-d shell nuclei, showing the same pattern as in the spherically symmetric nuclei [4]
[5]. The potential strengths of 22Ne are found to be smaller than those of 20Ne except in scalar imaginary potential, and the potential radii of 22Ne are found to be larger than those of 20Ne in all the potentials. Similarly, the
potential strengths of 26Mg are found to be smaller than those of 24Mg in all the potentials, and the potential radii
of 26Mg are found to be larger than those of 24Mg except in scalar imaginary potential. The diffusiveness parameters of 22Ne are found to be smaller than those of 20Ne except in scalar real potential, and those of 26Mg are
found to be smaller than those of 24Mg in all the potentials.
In Figure 1, we compared the effective central and spin-orbit potentials of the several s-d shell nuclei. Surface-peaked phenomena are clearly observed for the real parts of the effective central potentials (CR) at 22Ne.
The same surface-peaked phenomena are shown at the scatterings from other s-d shell nuclei such as 20Ne and
24
Mg, even though they are less clearly shown. The potential strength for the imaginary central potential turned
out to be negative, about −20 MeV, at the center of the nucleus 22Ne, while those of other s-d shell nuclei have
positive values and that of nonrelativistic calculations was 46.2 MeV [15]. However, the imaginary central potential strength at the surface area is observed to be positive as shown in the figure. It is shown that the potential
strength at the surface is important in the phenomenological calculations for the proton scatterings in the previous publication [18]. The surface-peaked phenomena are clearly shown at the effective spin-orbit potentials,
and the effective spin-orbit potential strengths turned out to be about the same order with those obtained from
nonrelativistic calculations [13]-[15]. It should be noted that the surface-peaked phenomena never appear at the
conventional nonrelativistic approaches because they use the Woods-Saxon shapes for both the central and

( )

Table 1. Calculated phenomenological optical potential parameters using Woods-Saxon shape for 800 MeV proton elastic
scatterings from several s-d shell nuclei.
Potential

Nuclei

Strength (MeV)

Radius (fm)

Diffusiveness (fm)

20

−200.7

2.677

0.7578

22

Ne

−177.6

2.793

0.8065

24

Mg

−285.9

2.700

0.7795

26

−260.3

2.871

0.7317

127.2

1.859

0.7802

Ne

Scalar
real

Mg

20

Ne

Scalar
imaginary

22

Ne

160.0

2.213

0.7792

24

Mg

221.7

1.842

0.8309

26

114.0

1.104

0.8256

20

Mg

113.0

2.693

0.7419

22

Ne

75.95

3.098

0.7176

24

Mg

161.8

2.737

0.7656

26

Ne

Vector
real

151.4

2.878

0.7102

20

Mg

−107.4

2.409

0.6781

22

Ne

−101.6

2.649

0.6332

24

Mg

−144.3

2.556

0.6895

26

−88.61

2.791

0.6008

Ne

Vector
imaginary

Mg
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Figure 1. Comparison of the effective central and spin-orbit potentials of several sd shell nuclei. CR and CI represent central real and imaginary potentials, and SOR
and SOI represent spin-orbit real and imaginary optical potentials, respectively.

spin-orbit potentials. It is observed that the peak position is shifted to the direction of large r for the nuclei with
larger atomic number for both the real (SOR) and the imaginary (SOI) spin-orbit potentials, indicating that the
spin-orbit interaction is a surface-peaked interaction. It is noted that one of the merits of the relativistic approach
based on the Dirac equation instead of using the nonrelativistic approach based on the Schroedinger equation is
that the spin-orbit potential appears naturally in the Dirac approach when the Dirac equation is reduced to a
Schroedinger-like second-order differential equation, while the spin-orbit potential should be inserted by hand in
the conventional nonrelativistic Schroedinger approach.
Next, eight-parameter searches are performed by including the low-lying excited states of the ground state rotational band, the 2+ and the 4+ states, in addition to the ground state, starting from the 12 parameters for the direct optical potentials obtained in the elastic scattering calculations. Here, the eight parameters are the two deformation parameters, β S and βV , per each excited state by assuming the real and imaginary deformation parameters are the same for each excited state, and the four potential strengths; the scalar real and imaginary potential strengths and the vector real and imaginary potential strengths, keeping the potential geometries unchanged. The optical potential strengths obtained by fitting the elastic scattering data in the elastic scattering
calculation are varied because the channel coupling of the excited states to the ground state should be included
in the inelastic scattering calculation. The results of the coupled channel calculations for the differential crosssections of the excited states in the ground state rotational band are shown in the figures of our previous publications [8] [9] [16] [17] and it is shown that relativistic Dirac coupled channel calculation using an optical potential model could describe the low-lying excited states of the ground state rotational band for 800 MeV unpolarized proton inelastic scatterings from the s-d shell nuclei reasonably well.
In Table 2, we show the deformation parameters for the 2+ and the 4+ excited states of the s-d shell nuclei;
20
Ne, 22Ne, 24Mg and 26Mg. The deformation parameters for the excited states of 22Ne are shown to be smaller
than those of 20Ne, even though the excitation energies for the 2+ and the 4+ states are smaller for 22Ne. Hence,
we can say that the couplings of the 2+ and 4+ states to the ground state are weaker for 22Ne than they are for
20
Ne. Similarly, the deformation parameters for the 2+ state of the 26Mg are found to be smaller than those of
24
Mg, even though the excitation energy for the state is larger for 26Mg in this case. However, the deformation
parameters for the 4+ state of 26Mg are shown to be larger than those of 24Mg. Hence, we can say that the couplings of the 2+ state to the ground state are weaker for 26Mg than they are for 24Mg and the couplings of the 4+
state to the ground state are stronger for 26Mg than they are for 24Mg. It is observed that the deformation parameters for the 2+ states are larger than those for the 4+ states in all four s-d shell nuclei, indicating that the
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Table 2. Comparison of the deformation parameters for the 2+ and the 4+ excited states for 800 MeV proton scatterings from
several s-d shell nuclei.
Target
nuclei
20
Ne
2+ state

βS

βV

βNR

1.63

0.600

0.587

0.47 [13]

22

Ne

1.27

0.202

0.313

0.46 [15], 0.47 [19]

24

Mg

1.37

0.539

0.555

0.592 [14]

1.81

0.421

0.429

0.448 [14]

20

4.25

0.237

0.245

0.25 [13]

22

Ne

3.36

0.019

0.048

0.10 [15], 0.05 [19]

24

Mg

4.12

−0.032

−0.027

−0.022 [14]

26

4.32

−0.163

−0.140

−0.105 [14]

26

Mg
Ne

4+ state

Energy (MeV)

Mg

couplings of the ground states to the 2+ states are stronger than those to the 4+ states in the nuclei. The deformation parameters obtained using the Dirac coupled channel calculations are also compared with those obtained by
using the nonrelativistic calculations [13]-[15] [19]. Even though the theoretical bases are quite different, the
results of Dirac phenomenological coupled channel calculation for the 2+ and 4+ state excitations of the s-d shell
nuclei show pretty good agreement with the results of the nonrelativistic calculation using the same WoodsSaxon potential shape for the geometries of the optical potentials.

3. Conclusion
Relativistic Dirac coupled channel analyses using an optical potential model are performed for the 800 MeV
proton inelastic scatterings from several s-d shell nuclei such as 20Ne, 22Ne, 24Mg and 26Mg. The optical potential
parameters for the s-d shell nuclei are obtained phenomenologically using scalar-vector potential model and
compared with each other for systematic Dirac analysis. The potential strengths of 22Ne are found to be smaller
than those of 20Ne except in scalar imaginary potential, and the potential radii of 22Ne are larger than those of
20
Ne in all the potentials. Similarly, the potential strengths of 26Mg are found to be smaller than those of 24Mg in
all the potentials, and the potential radii of 26Mg are larger than those of 24Mg except in scalar imaginary potential. The diffusiveness parameters of 22Ne are found to be smaller than those of 20Ne except in scalar real potential and those of 26Mg are found to be smaller than those of 24Mg in all the potentials. The effective central and
spin-orbit potentials are obtained by reducing Dirac equations to the Schroedinger-like second-order differential
equations, and the surface-peaked phenomena are observed at the real effective central potentials for the scattering from 22Ne, as shown in the cases of 20Ne and 24Mg. It is found that the peak position is shifted to the direction of large r for the nuclei with larger atomic number for the spin-orbit potentials, indicating that the spin-orbit
interaction is a surface-peaked interaction. The first-order rotational collective models are used to describe the
low-lying excited states of the ground state rotational bands in the nuclei, and the obtained deformation parameters are analyzed. Even though the excitation energies for the 2+ and the 4+ states are smaller for 22Ne, the deformation parameters for the excited states of 22Ne are shown to be smaller than those of 20Ne, indicating that the
couplings of the 2+ and 4+ states to the ground state are weaker for 22Ne than they are for 20Ne. Similarly, we can
say that the couplings of the 2+ state to the ground state are weaker for 26Mg than they are for 24Mg because the
deformation parameters for the 2+ state of the 26Mg are found to be smaller than those of 24Mg. The deformation
parameters for the 2+ and the 4+ excited states of the ground state rotational band are also compared with those
of nonrelativistic calculations, and the deformation parameters obtained in the Dirac phenomenological calculations for the s-d shell nuclei are found to agree pretty well with those of the nonrelativistic calculations using the
same Woods-Saxon potential shape, even though the theoretical bases are quite different.
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