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Abstract

We investigate the Hill differential equation (1+ A(t)) y"(t)+B(t)y'(t)+ (/1 +D (t)) y(t)=0, where
A(t), B(t), and D(t) are trigonometric polynomials. We are interested in solutions that are

even or odd, and have period ©® or semi-period 7. The above equation with one of the above
conditions constitutes a regular Sturm-Liouville eigenvalue problem. We investigate the repre-
sentation of the four Sturm-Liouville operators by infinite banded matrices.
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1. Introduction

The first known appearance of the Ince equation,
(1+acos(2t))y"(t)+(bsin(2t))y'(t)+(A+dcos(2t))y(t)=0,

is in Whittaker’s paper ([1], Equation (5)) on integral equations. Whittaker emphasized the special case a=0,
and this special case was later investigated in more detail by Ince [2] [3]. Magnus and Winkler’s book [4]
contains a chapter dealing with the coexistence problem for the Ince equation. Also Arscott [5] has a chapter on
the Ince equation with a=0.

One of the important features of the Ince equation is that the corresponding Ince differential operator when
applied to Fourier series can be represented by an infinite tridiagonal matrix. It is this part of the theory that
makes the Ince equation particularly interesting. For instance, the coexistence problem which has no simple
solution for the general Hill equation has a complete solution for the Ince equation (see [6]).

When studying the Ince equation, it became apparent that many of its properties carry over to a more general
class of equations “the generalized Ince equation”. These linear second order differential equations describe
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important physical phenomena which exhibit a pronounced oscillatory character; behavior of pendulum-like
systems, vibrations, resonances and wave propagation are all phenomena of this type in classical mechanics,
(see for example [7]), while the same is true for the typical behavior of quantum particles (Schroédinger’s equa-
tion with periodic potential [8]).

2. The Differential Equation
We consider the Hill differential equation
(1+A(t))y"(t)+B(t)y'(t)+(2+D(t))y(t) =0, (2.1)

where

A(t):iaj cos(2jt),

j=1

B(t)= b, sin(2]t),

i1

D(t):édjcos(th).

Here 7 is a positive integer, the coefficients a;, b;, d;, for j=12,---,n are specified real numbers.

i
The real number A is regarded as a spectral parameter. We further assume that Z|aj|<1. Unless stated
j=1

otherwise solutions y(t) are defined for teR. We will at times represent the coefficients _a;, b;, d;, for
j=12,-n inthe vector form: a=[a,a,,~-.a,], b=[b,b,, b ], d=[d,d,d,]
The polynomials
. 2 d .
will play an important role in the analysis of (2.1). For ease of notation we also introduce the polynomials
Equation (2.1) is a natural generalization to the original Ince equation
(1+acos(2t))y"(t)+(bsin(2t))y'(t)+(2+dcos(2t))y(t)=0. (2.4)

Ince’s equation by itself includes some important particular cases, if we choose for example a=b=0,
d =-2q we obtain the famous Mathieu’s equation

y"(t)+(2—2qcos(2t))y(t)=0, (2.5)
with associated pzlynomial
Q(u)=a. (2.6)

If we choose a=0, b=-4q, and d=4q(v—1), where g, v are real numbers, Ince’s equation
becomes Whittaker-Hill equation

y"(t)-4q(sin2t)y'(t)+(A+4q(v—-1)cos2t)y(t) =0, (2.7)
with associated polynomial
Q(,u):Zq(Z,u—v+l). (2.8)

Equation (2.1) can be brought to algebraic form by applying the transformation & =cos’t. For example
when =2, and a=b=0, we obtain

dzy+1[ 1-2& de 1[8d2§2+(2d1—8d2)§—d1+d2+/1]y=0

d¢ 4

(2.9)

dg? 2\ £(1-¢) £(1-¢)

()
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3. Eigenvalues

Equation (2.1) is an even Hill equation with period 7. We are interested in solutions which are even or odd and
have period 7 or semi period 7 ie. y(t+m)==+y(t). We know that y(t) is a solution to (2.1) then
y(t+m), and y(-t) are also solutions. From the general theory of Hill equation (see [9], Theorem 1.3.4); we
obtain the following lemmas:

Lemma3.1. Let y(t) be asolution of (2.1), then y(t) iseven with period n if and only if

y'(0)=Y'(n/2)=0; (3.1)

y(t) iseven with semi period m if and only if

y'(0)=y(n/2)=0; 3.2)
y(t) is odd with semi period n if and only if
y(0)=y'(n/2)=0; (3.3)
y(t) is odd with period = if and only if
y(0)=y(n/2)=0. (3.4)
Equation (2.1) can be written in the self adjoint form
~((1+ A©) @)y (1)) ~DB)@(t) y() = 20(t) (1), (35)
where
_ B(t)-A'(t)
o(t)= exp{IH—A(t)dtJ. (3.6)
Note that a)(t) is even and m -periodic since the function M is continuous, odd, and -
1+A(t)
periodic.
Proof. Let r(t)=(1+A(t))a(t). (3.5)can be written as,
(-r(®)y'(1)) =P(O)@(1)y(t) = 20(t) (1) (37)
which is equivalent to
—r'()y'(t)-r(t)y"(t)-D()@(t) y(t) = Ao (t) y (t). (3.8)
Noting that
r'(t)=(1+A(t)) o' (t)+ A'(t) o(t),
and
(2 BO-A()
()= 1+A(t) (®).
we see that

Therefore, (3.8) can be written as
“B(Y(t)y'(1)-(1+ A (t)y"(1)- DD @ (1) (1) = 20() y(1). (39)

Since w(t) is strictly positive, the lemma follows. o
In the case of Ince’s Equation (2.4), we have the following formula for the function @

()
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(1+acos2t )’l’b/ 2

o(t)= _
( ) exp(?cosZt) if a=0.

if a=0,
(3.10)

When 7 >2, the function can be computed explicitly using Maple. For example, let us consider the case

n=2 with a= Bﬂ b=[1,1]. Applying (3.6), we obtain

1
2\3°
(7+20052t+2(0052t) )

o(t)=

Equation (2.1) with one of the boundary conditions in lemma 3.1 is a regular Sturm-Liouville problem. From
the theory of Sturm-Liouville ordinary differential equations it is known that such an eigenvalue problem has a
sequence of eigenvalues that converge to infinity. These eigen values are denoted by «,,, @n.;:  Pomsys and
Pomszr M=0,1,2,--- to correspond to the boundary conditions in lemma 3.1 respectively. This notation is
consistent with the theory of Mathieu and Ince’s equations (see [4] [10]). Lemma 3.1 implies the following
theorem.

Theorem 3.2. The generalized Ince equation admits a nontrivial even solution with period = if and only if
A=a,,(a,b,d) for some meN; it admits a nontrivial even solution with semi-period n if and only if

A=, (a,b,d) for some meN; it admits a nontrivial odd solution with semi-period 7 if and only if
A= Pona(ab,d) for some meNg; it admits a nontrivial odd solution with period n if and only if
A= Ponir(a,b,d) forsome meN,.

Example 3.3. To gain some understanding about the notation we consider the almost trivial completely
solvable example, the so called Cauchy boundary value problem

y'(t)+4y(t)=0, (3.11)

subject to the boundary conditions of lemma 3.1. We have the following for the eigenvalues A in terms of
m=0,12,---.

1) Even with period 7 we have 1= a,, =(2m)’.
2) Even with semi-period © we have 4 =a,,,, =(2m+1)°.
3) Odd with semi-period 7 we have 2= f3,,., =(2m+1)°.
4) Odd with semi-period m we have 1= f,,., =(2m+2)’.
The formal adjoint of the generalized Ince equation is

((L1+ Ay (1)) ~(B(t)y(t) +(A+D(1)y(t)=0. (3.12)

By introducing the functions

B (t)=2A'(1)-B(t) =),

j=1

D*(t)=D(t)+ A(t)-B"(t) =,

=1

(2ja; +b;)sin(2jt),

(4j%a;+2jb; —d; )cos(2]t),

we note that the adjoint of (2.1) has the same form and can be written in the following form:
(1+ A1) y"(t)+ B (t)y'(t)+(4+ D" (1)) y(t) =0. (3.13)

Lemma 3.4. If y(t) is twice differentiable defined on R, then, y(t) is a solution to the generalized Ince
equation if and only if @(t)y(t) isasolution to its adjoint.
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Proof. We Know that

B"=2A'-B, D'=D+A"-B’, w,:B—A’w’
1+ A
and
B'—A")(1+ A - A (B-A’ B_ A"\
o (BoA)AA) K (B-A) (B AY
(1+A)
For ease of notation, let
B-A’ (B’—A")(l+A)—A’(B—A’)-}-(B—A,)z
p: , q: 2 ’
1+ A (1+A)

then
(1+A)(@y) +B" (0y) +(4+D")(ay)
=(1+A)(a"y+20'y + @y")+ B (w'y + @y')+(2+D")(wy)
=(1+ A)(qoy + 2pwy’ + wy")+ B ( poy + wy')+ (l + D*)(wy).
Substituting for p, g, B", and D" and simplifying we obtain
(1+ A)(wy) +B* (wy) +(/1 + D*)(a)y) =o((1+A)y"+By'+(2+D)y). ©

From lemma 3.4 we know that if y is twice differentiable, y is a solution to the generalized Ince’s
equation with parameters A, a, b, and d if and only if wy is a solution to its formal adjoint. Since the
function @ is even with period =, the boundary condition for y and wy are the same. Therefore we have
the following theorem.

Theorem 3.5. We have for me N,

a,(a;.b;,d;) =, (a;,-4ja; -b;,d; —4j%a; - 2jb;), j=1,2,-7, (3.14)

IR
ﬂm+1(aj,bj,dj):ﬂm+1(aj,—4jaj ~b,,d, -4j’a, —2jbj), j=1,2,-1. (3.15)

From Sturm-Liouville theory we obtain the following statement on the distribution of eigenvalues.
Theorem 3.6. The eigenvalues of the generalized Ince equation satisfy the inequalities

o @, 24)
oy < < < <-e (3.16)
A

The theory of Hill equation [4] gives the following results.

Theorem 3.7. If A<a, or A belongs to one of the closed intervals with distinct endpoints ¢,,, f,,
m=0,1,2,---, then the generalized Ince equation is unstable. For all other real values of A the equation is
stable. In the case

a,(ab,d)=4,(ab,d), (3.17)

for some positive integer m and the parameters a, b, d the degenerate interval [am, ﬂm] is not an
instability interval: The generalized Ince equation is stable if

A=a,(a,b,d)=4, (ab,d).

4. Eigenfunctions

By theorem 3.2, the generalized Ince’s equation with A =a,,, (a,b,d) admits a non trivial even solution with
period m. It is uniquely determined up to a constant factor. We denote this Ince function by
Ic,, (t) = Ic,, (t;a,b,d) when it is normalized by the conditions Ic,, (0)>0 and

()
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/2 2 —E
jo (1c,, (1)) dt_4. (4.1)

The generalized Ince’s equation with 4 =a,,,,,(a,b,d) admits a non trivial even solution with semi-period
m. It is uniquely determined up to a constant factor. We denote this Ince function by Ic,,., (t) = Ic,,., (t;a,b,d)
when it is normalized by the conditions Ic,,.,(0)>0 and

n/2 2 —E
[ (1cy (1)) dt = . (4.2)

0

The generalized Ince equation with 2=, (a,b,d) admits a non trivial odd solution with semi-period 7.

It is uniquely determined up to a constant factor. We denote this Ince function by s, ; (t) = Is,,., (t;a,b,d)

when it is normalized by the conditions %Is2m+1 (0)>0 and

n/2 2 —E
[, (15 (1)) dt = 7 (4.3)

The generalized Ince equation with 1 =4, ., (a,b,d) admits a non trivial odd solution with period = . It is

uniquely determined up to a constant factor. We denote this Ince function by Is,,,, (t) = Is,,., (t;a,b,d) when

it is normalized by the conditions %Is2m+2 (0)>0 and
/2 2 T
o (22 (1)) dt = (4.4)

From Sturm-Liouville theory ([11] Chapter 8, Theorem 2.1) we obtain the following oscillation properties.
Theorem 4.1. Each of the function systems

{1C2n} o0 (4.5)

UComtf g (4.6)

USomenf g 4.7

{|52m+2 }::o 1 (48)

is orthogonal over [O, TC/2] with respect to the weight a)(t) , thatis, for m=n,

[ (t)1c, () I,y (t)dt =0, (4.9)

(70 (1) 16,30 (1) 1051, (1)t =0, (4.10)

[7 (1) 18,01 () 15504 (1)t = O, (4.12)

[T (t) 18,0 (1) 15,0, (£)dt =O0. (4.12)

Moreover, each of the previous system is complete over [0,7/2].
Using the transformations that led to Theorem 3.5, we obtain the following result.
Theorem 4.2. We have

Ic, (t:a,b",d")=c, (a,bd)o(t;a,b)lc, (ta,b.d), (4.13)
Is, (ta,b",d")=s,(ab’,d")m(t:a,b)ls, (t;a,b,d), (4.14)

where ¢ (a,b,d) and s (a,b,d) are positive and independent of t, and
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b =[b/,b5,by |, d”=[d],d;d) ],
with

. . . - . .
b, =-4ja;-b;, d;=d;-4j%a;-2jb;, j=12,7n

i
The adopted normalization of Ince functions is easily expressible in terms of the Fourier coefficients of Ince
functions and so is well suited for numerical computations [6]; However, it has the disadvantage that Equations
(4.13) and (4.14) require coefficients ¢, and s, which are not explicitly known.
Of course, once the generalized Ince functions Ic,, and Is,, are known we canexpress ¢, and s, inthe
form

1 I, (0ab",d")

b,d)= , 4.15
Cn (2.0.d) o(0;a,b) Ic,(0;a,b,d) (419
Is, (0;a,b",d”
s, (ab,d)=—— o ) (4.16)
w(0;a,b) Is,(0;a,b,d)
If we square both sides of (4.13) and (4.14) and integrate, we find that
¢ ["(w(t:ab)lc, (ta,b,d)) dt=m/4, (4.17)
$2 [ (o(tab)ls, (tab,d)) dt=r/4. (4.18)

If a)(t;a,b) is very simple, then it is possible to evaluate the integrals in (4.17), (4.18) in terms of the
Fourier coefficients of the generalized Ince functions. This provides another way to to calculate ¢, and s, .
Once we know c, and s, we can evaluate the integrals on the left-hand sides of the following equations

¢, [ o(tab)(Ic, (ta,b.d)) dt = [ic, (tab,d)lc, (t:a,b’,d")dt. (4.19)

s, [ (t:a,b)(1s,, (tiab,d)) dt = [is, (tiab,d)ls, (tia,b",d")dt. (4.20)

The integrals on the right-hand sides of (4.19) and (4.20) are easy to calculate once we know the Fourier
series of Ince functions.

5. Operators and Banded Matrices

In this section we introduce four linear operators associated with Equation (2.1), and represent them by banded
matrices of width 27 +1. It is this simple representation that is fundamental in the theory of the generalized
Ince equation. We assume known some basic notions from spectral theory of operators in Hilbert space.

Let H, be the Hilbert space consisting of even, locally square-summable functions f :R — C with period
7. The inner product is given by

(f.g)=["f (t)g(t)dt. (5.1)

By restricting functions to [0,m/2], H, is isometrically isomorphic to the standard L*(0,m/2). We also
consider a second inner product

(f.9), = [To(t) f (t)g (t)ct. (5.2)
We consider the differential operator
(Siy) (1) =-(1+ A(t))y"(1)-B(t) y'(t) - D(t) y(t). (5.3)

The domain D( ) of definition of consists of all functions y e H, for which y and y’ are absolutely
continuous and y" € H,, by restricting functions to [0 n/2] this corresponds to the usual domain of a Sturm-
Liouville operator associated with the boundary conditions (3.1). It is known ([12] Chapter V, Section 3.6) that

()



R. Moussa

S, is self-adjoint with compact resolvent when considered as an operator in (Hl,(,)m) , and its eigenvalues are
a,,(a,b,d), m=0,1,2,--. All eigenvalues of S, are simple. If we consider S, as an operator in the

Hilbert space (H,,(,)), thenitsadjoint S is given by the operator

y=~((1+ A®)y () +(BO)Y(O) ~DO)y(),
on the same domain D(Sl); see ([12], Chapter I1l, Example 5.32). The adjoint S, is of the same formas S,
but with b, d replaced by b", d", respectively. By Theorem 3.5, we see that S, has the same eigen-
values as S,. Let ¢*(N,) be the space of square-summable sequences x={x |~ with its standard inner

0
product (,). Then

(Tx) = Xo ixn cos(2nt),

\/E n=1
defines a bijective linear map T,:¢?(N,)— H,. Consider the operator M, :=T,*S.T, defined on
D(M,)=T,*(D(S,))= {x e (*(Ny): in“ x.|" < oo}. (5.4)
n=0

Let e, denotes the sequence with a 1 in the n™ position and 0’s in all other positions, we also define

u, (t)=(Te,)(t), ie. uo(t)=i and u,(t)=cos(2nt) for n=12,---. We find that the operator M,

V2

can be represented in the following way,

U .
Y V2gle, if n=0,
=1
Me, =1’ , , (5.5)
he,+ 200, €, j+ 2 dne,.; if n21,
=1 =1

where &, -2 and 5,=0 if k=0, and r, =4n’, neN. Note that the factor /2 should appear only
with e,.

M, is self-adjoint with compact resolvent in ¢*(N,) equipped with the inner product (T,x,T,y) . This
inner product generates a norm that is equivalent to the usual ¢ (NO). The operator M, has the eigenvalues

Oy (a, b,d) and the corresponding eigenvectors form sequences of Fourier coefficients for the functions Ic,,.

Now consider the operator S, that is defined as S, in (5.3) but in the Hilbert space H, consisting of even
functions with semi-period 7. This operator has eigenvalues «,,.,(a,b,d), with eigenfunctions Ic,,., (t),
m=0,1,2,---. Using the basis cos(2n+1)t, neN,, then,

(T,%)(t):= S, cos(2n +1)t,

n=0

defines a bijective linear map T, :¢?(N,)— H,. Consider the operator M, :=T,*S,T, defined on

D(Mz):TZ1(D(Sz)):{xeéZ(NO):in4|xn|2<oo}.
n=0
Let u, (t):=(T,e,)(t)=cos(2n+1)t, for n=0,1,2,--, we get the following formula for M,

n
_ 1]
M,e, =re, +>q e

=

U .
_ ‘ L+ anke,;, n=0, (5.6)
el

n J+1
2
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where
. 1+q!!  ifn=0,
qIJ=QJ[n_1]’ j=L2eg = 0
2 (2n+1)" ifn>1.

Now consider the operator S, that is defined as S, but in the Hilbert space H, consisting of odd func-
tions with semi-period 7. This operator has the eigenvalues S, ., Wwith eigenfunctions Is,,.,,(t), m=0,12,---.

Using the basis functions sin(2n+1)t, neN,.

(T,x)(t):= 3%, sin(2n +1)t,

n=0

defines a bijective linear map T,:¢?(N,)— H,. Consider the operator M, :=T,"S,T, defined on

D(M,) :Tgl(D(S3)):{x eéz(No):§n4|xn|2 <oo}.

Let u,(t):=(T,e,)(t)=sin(2n+1)t, for n=0,1,2,---, we have the following formula for M,

n . n .
MSen = r-nfen + qur{‘c“je 111 + quulemj’ (57)
j=1 ‘”*l‘rg‘*g j=1
where
. 1-q'  ifn=0,
;J:Qj(n_lj’j:]ﬂz’.“’n! IrnT: ’ 2 .
2 (2n+1)" if n>1,
and

1 ifn>j
& = . .
Pol-1 ifn<

Finally, consider the operator S, that is defined as S, but in the Hilbert space H, consisting of odd
functions with period . This operator has the eigenvalues f,,., with eigenfunctions Is,,,,, m=0,12,---.
Using the basis sin(2n+2)t, neN,

(Tx)(t):= D, sin(2n+2)t,

n=0

defines a bijective linear map T, : ¢*(N,)— H,. Consider the operator M, :=T,*S,T, defined on

D(M4):T41(D(SA)):{X eZZ(NO):§n4|xn|z <oo}.

Let u, (t):=(T,e,)(t)=sin(2n+2)t, for n=0,1,2,---. Then, the formula for M, is
min(n,n7) n

. Ui . .
M4en = I’nen + Z q—Jn—lgjen—j - Z q—Jn—lej—n—Z +qu:+1en+j' (58)
j=1

j=n+2 j=1

where
r,=(2n+2)", n=01,2,--.
Example 5.1. For the Whittaker-Hill Equation (2.7) in the following form [8]
y"+(2+4ascos2t+2a% cos4t)y =0, aeR,seN, (5.9)

the function a)(t) from (3.6) is equal to 1, therefore the operators S;, j=1,2,3,4, are self-adjoint on the
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Hilbert spaces (H,,(,)), j=12,34, respectively. Hence the infinite matrices §;,
mmetric. They are represented by

0 “2\V2as 202 0
“2\2as  4-a? —2as -da’
22 225 16 -2as

M, = 0 -a’ —2as 36 ’
0 0 —a? —2as
0 0 0 -t
0 0 0 0
1-2as  -a(2s+a) -a° 0
—a(2s+a) 9 —2as -a?
-a’ —2as 25 -2as
M. = 0 -a* —2as 49
? 0 0 o 2as |
0 0 0 o’
0 0 0 0
1+2as -a(2s-a) -a 0
—a(2s-a) 9 —2as —a?
—-a’ —2as 25 2as
M. = 0 a’ —2as 49
: 0 0 o 2as |
0 0 0 -a
0 0 0 0
4—a® -2as -a 0
—2as 16 -2as -a?
-a* -2as 36 —2as
M, 0 -a’ —20523 64
0 0 -a° -2as
0 0 0 -
0 0 0 0

6. Fourier Series

The generalized Ince functions admit the following Fourier series expansions

Ic,, (t) = %+ ZAZ" cos(2nt),

ICymy () = iAZn cos(2n+1)t,
n=0

j=1,2,3,4, are sy-

(5.10)

(5.11)

(5.12)

(5.13)

(6.1)

(6.2)



R. Moussa

18,1 (1) = iBZM sin(2n+1)t, (6.3)
n=0

IS50,5 (1) = iBM sin(2n+2)t. (6.4)
n=0

We did not indicate the dependence of the Fourier coefficients on m, a,b,d. The normalization of Ince
functions implies

iAin =1, %+i/&n >0, (6.5)
ilAzzm-l :l' Z::)AZm-l > O! (66)
ZBZnu i(Zn +1) ane1 > 0, (6.7)

o

n=

M

ZBZMZ - 1
Using relations (4.13) and (4.14), we can represent the generalized functions in a different way

Ic, (a,b,d) =(e(t;a,b)c, (a,b,d)) " Ic, (a,b",d"), (6.9)

(2n+1)B,,., >0. (6.8)

=]
Il
o

Is, (a,b,d)=(a(t:ab)s,(ab,d)) Is,(ab",d"), (6.10)
where
b =-4ja,~b,, d =d, —4j%a -2jb, j=12--7.

J

Therefore, we can write

Ic,, (a,b,d) =((t;a, b))f (f/:, +ZC2n cos(2nt) j (6.11)

ICyn,1 (a,h,d) = (@ (t;a,b)) (ZCZnﬂ cos(2nt) (6.12)

(6.14)

15,01 (a,b,d) = (e(t;2,b)) (i ania SiN(20t J (6.13)

IS,0,., (a,b,d) = (e(t;2,b)) 1(ZDZmzsm (2nt)

n=0

where

Cn =(cn(a, b,d))f1 A, D,=(s, (a,b,d))fl B

and the Fourier coefficients A, and B, belong to the parameters a,b”,d”. Properties of the coefficients C,
and D, follow fromthose of A, and B,.

A generalized Ince function is called a generalized Ince polynomial of the first kind if its Fourier series (6.1),
(6.2), (6.3), or (6.4) terminate. It is called a generalized Ince polynomial of the second kind if its expansion
(6.11), (6.12), (6.13), or (6.14) terminate. If they exist, these generalized Ince polynomials and their
corresponding eigenvalues can be computed from the finite subsections of the matrices M;, j=1,2,3,4 of
Section 5.

Example 6.1. Consider the equation

(1+cos2t+cos4t)y”+(sin2t+sin4t)y'+ Ay =0, (6.15)
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one can check that if we set 2A=0, any constant function y is an eigenfunction corresponding to the

eigenvalue o, =0. The adopted normalization of Section 4 implies that Ic, (t) = E It is a generalized Ince

polynomial (even with period w).
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