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Abstract 
Geometric Brownian Motion (GBM) is widely used to model the asset price dynamics. Option price 
models such as the Black-Sholes and the binomial tree models rely on the assumption that the 
underlying asset price dynamics follow the GBM. Modeling the asset price dynamics by using the 
GBM implies that the log return of assets at particular time is normally distributed. Many studies 
on real data in the markets showed that the GBM fails to capture the characteristic features of as-
set price dynamics that exhibit heavy tails and excess kurtosis. In our study, a class of Levy process, 
which is called a variance gamma (VG) process, performs much better than GBM model for mod-
eling the dynamics of those stock indices. However, valuation of financial instruments, e.g. options, 
under the VG process has not been well developed. Here, we propose a new approach to the valua-
tion of European option. It is based on the conditional distribution of the VG process. We also ap-
ply the path simulation model to value American options by assuming the underlying asset log re-
turn follow the VG process. Such a model is similar with that proposed by Tiley [1]. Simulation 
study shows that the proposed method performs well in term of the option price. 
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1. Introduction 
Option has become a popular choice as one of instruments for hedging strategy. Nowadays, there are hundreds 
of traded options in the markets which are tailored to meet the need of market participants. They tailor options 
depending on the characteristics of underlying assets. The Black-Scholes model which is widely used to value 
European options and the binomial tree which is well known as the standard model to value American options 
rely on assumption that the underlying asset price dynamic follows the geometric Brownian motion. It means 
that the log return of asset is normally distributed. Study on many traded assets showed that distribution of the 
log return of asset exhibits the excess kurtosis. Its distribution is leptokurtic. Those characteristic features cannot 
be captured by a normal distribution. Study on some stock indices listed in Indonesia market, i.e. Jakarta 
Composite Index (JCI), LQ45 and Jakarta Islamic Index (JII), shows that a class of Levy process, i.e. the va-
riance Gamma process, can captured those characteristics features [2]. However, modelling of financial instru-
ments under the VG process has not been well developed. For valuation of European option, Madan and Seneta 
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[3] has proposed a closed form formulae, although it is not easy enough to understand and to apply. Moreover, 
finding the existing model to value American option under the VG process is still a difficult task. 

The contribution of this paper is to model the dynamics of Indonesia Stock Indices using VG model and 
compare the performance to the GBM model according to some performance criteria. We also develop a new 
approach to value the European plain vanilla options. It is developed by using the conditional distribution of the 
VG process, that is under the VG process the distribution of the stock indices option, conditionally on the gam-
ma time change is log normally distributed. To valuation of American plain vanilla options, we apply the path 
simulation model which is similar with that apply to American options by Tiley [1] under assumption that the 
underlying asset price dynamics follow the GBM. To investigate performance of the proposed method applied to 
European options, we compare the European option prices obtained by the proposed method to those obtained 
by the Monte Carlo simulation. Performance of the proposed method applied to American options is investi-
gated by comparing the obtained American option prices to the European option prices. 

The rest part of this paper is structured as follows. In Section 2, we describe the stochastic models used in this 
paper, namely the Variance Gamma (VG process). In this section, we also describe how to value the European 
and American options under the assumption that the log return of underlying asset price dynamics follows the 
VG process. In Section 3, we investigate performance of the proposed models. Section 4 is devoted for com- 
parison between both methods. Conclusions and further research are relegated in the last section. 

2. Modeling the Asset Price Dynamics under the VG Process 
2.1. The VG Process 
The VG process with three parameters was introduced by Madan et al. [4] as a development of the two parame-
ters VG process proposed in Madan and Seneta [3] and Madan and Milne [5]. The two parameters control the 
volatility and kurtosis. The third parameter to control skewness is added by generalizing the VG model. 

Consider a Brownian motion with drift and volatility represented by following stochastic process: 

( ) ( ); ,b t t W tθ σ θ σ= +  

where ( )W t  is a standard Brownian motion. The VG process is obtained by evaluating Brownian motion at a 
random time change given by a gamma process. The Gamma process ( ); ,G t µ υ  with mean rate µ  and va-
riance rate ν  is the process of independent gamma increments over non-overlapping intervals of time ( ),t t h+ . 
By using subordinate of Brownian motion process, we define the VG process in terms of Brownian motion 
( ); ,b t θ σ  and gamma process ( );1,G t υ  as follows: 

( ) ( )( ); , , ;1, ; ,X t b G tσ ν θ υ θ σ=  

The three parameters involved in the VG model are: 
σ : volatility of Brownian motion which controls volatility 
υ : variance rate of the gamma time change which controls kurtosis 
θ : the drift in Brownian motion which control skewness. 
The first four central moments of the VG process are 

( )( )
( ) ( )( ) ( )
( ) ( )( ) ( )
( ) ( )( ) ( ) ( )

2 2 2

3 3 2 2

4 4 2 2 2 4 3 4 2 2 4 2 2

,

( ,

( 2 3 ,

( 3 12 6 3 6 3 .

E X t t

E X t E X t t

E X t E X t t

E X t E X t t t

θ

θ ν σ

θ ν σ θν

σ ν σ θ ν θ ν σ σ θ ν θ ν

=

 − = +  
 − = +  
 − = + + + + +  

 

Under the risk-neutral process, the asset price dynamics following the VG process is given by: 

( ) ( ) ( )( )0 exp ; , ,S t S rt X t tσ υ θ ω= + +                           (1) 
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where ( )21 ln 1 0.5ω θυ σ υ
υ

= − − . 

Then the asset’s log return can be modeled as follow: 

( ) ( ) ( ) ( ) ( )log log 0 ; , , ; , ,R t S t S rt X t t ct X tσ υ θ ω σ υ θ= − = + + = +  

where c r ω= + , r  is the risk-free interest rate and σ  is volatility. Parameters of model can be estimated by 
applying the moment matching method [6]. 

Madan and Seneta [3] showed that the VG model used to model the log of S&P500 Index performed quite 
well. Other models to determine the index option have been developed by some researchers for indices other 
than indices in the ISE [7]-[10]. In this paper we will use the VG process to model the log return of the JCI, 
LQ45 and JII Indices. 

2.2. Valuation of European Option 
Madan and Seneta [3] derived closed form expressions for pricing European plain options under the VG process. 
The formulae are similar with those derived under the Black-Sholes model, but they are not simple. Instead of 
the cumulative standard normal distribution functions, the cumulative distribution functions in the formulae in-
volve the modified Bessel function of the second kind and the degenerate hypergeometric function of two va-
riables. Here, we will proposed a new approach to valuation of the European option. 

In our proposed model, we will take the advantage of the conditional distribution property of the VG process 
introduced by Luciano and Schoutens [8]. Assuming the asset price process follows Equation (1) then we can 
obtain the conditional distribution, conditionally on ( )G T x= , as follows: 

( ) ( )( ) ( )log 0S T S G T x=  is normally distributed with mean: cT xθ+  and variance: 2 xσ . 

It means that ( )( ) ( )log S T G T x=  is normally distributed with mean: ( )log 0S cT xθ+ +  and variance: 
2 xσ . 
In other words, ( ) ( )( )S T G T x=  is lognormally distributed with location parameter  
( ) ( )( )log 0m x S cT xθ= + +  and scale parameter ( )s x xσ= . 

Then we can calculate the mean of ( )S T , conditionally on ( )G T x= , as follows: 

( ) ( )( ) ( ) 210 exp
2

E S T G T x S cT x xθ σ = = + + 
 

. 

Now, we can calculate the call option price with the strike price K  by the following integral: 

( ) ( )( )( )
( ) ( ) ( ) ( )( )

0

exp max ,0

  exp ; , ; , d d .Y X
K

c rT E S T K

TrT y K f y m x s x g x y xυ
ν

∞∞

= − −

 = − −  
 ∫ ∫

 

where ( ) ( )( ); ,Yf y m x s x  is a probability density function of lognormal distribution and ; ,X
Tg x υ
ν

 
 
 

 is a  

probability density function of gamma distribution. The last expression can be easily calculated numerically, for 
example by applying double quadrature integral provided by Matlab. Put option price can be obtained by apply-
ing the Put-Call parity as follows: 

( ) ( )( )expp c rT K E S T = − − −  , 

where ( )( ) ( ) ( )( )0
; , dX
TE S T E S T G T x g x xυ
ν

∞  = =  
 ∫ . 

2.3. Valuation of American Option 
The standard approach to valuation of an American option is to use one factor of the continuous stochastic mod-
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el describing the asset price dynamics, and then to create a lattice, i.e. a binomial tree, to represent the asset price 
movements. The option price is valued by backward induction on the lattice. Valuation of the American option 
by using a lattice model is extremely difficult. One approach to valuation of the American option is by applying 
the simulation model. Many literatures thought that the simulation model, e.g. the Monte Carlo simulation, can-
not be used to value the American option efficiently [11]-[13]. Simulation models consume large amounts of 
computer processing time and also too much execution time. Fortunately, Tiley [1] has developed an algorithm 
so that the path simulation model can be applied to the American option more efficiently. In the algorithm, Til-
ley sampled free-arbitrage underlying asset prices, then the option price is estimated from that sample paths. 
Here, we will adopt that approach to valuation the American option under the VG process assumption. 

The algorithm begin by generating a finite sample of R  underlying asset paths (for example, see [14]). Each 
path has N  epochs. It is assumed that the k-th path in the sample is represented by the sequence: 

( ) ( ) ( ) ( )0 ,  ,1 ,  , 2 ,  ,  ,S S k S k S k N . 

Reorder the asset price paths by the asset price, then we make partition for the set of R  paths into Q  distinct 
bundles of P  paths each. 

Let be defined the intrinsic value ( ),I k t  of the option on path k  at epoch t  as: 

( )
( ){ }

( ){ }
max 0, , for call option

,
, for put optionmax 0,

S T K
I k t

K S T

 −= 
−

 

The holding value ( ),H k t  is defined as the expectation current value option over all paths in the bundle 
containing the path- k . In the same bundles, the holding values are equal. 

The key of algorithm is to determine the path index ( )k t∗  as the sharp boundary to make decision to hold or 
to exercise the option. The exercise-or-hold variable ( ),y k t  takes 1 for ( )k k t∗≥ , and takes 0 for ( )k k t∗<  
The indicator variable ( ),z k t  is estimated as follows 

( ) ( ) ( )1,   if  , 1  and  , 0  for all  
,

0, otherwise
y k t y k s s t

z k t
= = <

= 


 

when the option is exercised, the current option value equals to intrinsic value, and the other hand the current 
option value equals to holding value when the option is hold. The option price at time 0 can be estimated by 
backward induction. However, the accuracy of estimation depends on the choosen partition of the paths. 

3. Simulation Study 
To investigate performance of the VG process to model the log return of assets traded in Indonesia market, we 
will compare performances of the VG process to the GBM model. We collect daily observations of JCI, LQ45 
and JII Indices from July 2004 to December 2011. The dynamics of those indices and their log indices is given 
in Figure 1. We model those indices’ dynamics by GBM and VG process given by (1). 

GBM model assumes that the log return of index is normally distributed. However, such assumption is vi-
olated for Indonesian Indices data as shown by descriptive statistics and histogram of indices’ log return vs. 
normal density given by Table 1 and Figure 2 below. Descriptive statistics and histogram of log return index of 
all those indices show that the distribution of log return has positive kurtosis and non-zero skewness. This find-
ing gives an indication that the GBM model is not an appropriate model. 

For modelling the dynamics of Indonesian Indices using variance gamma model, we employ density of VG as 
given in [3]. Model’s parameters are then estimated by matching the first four moments of log returns to the first 
four moments of VG process as described in [6]. The parameter estimates of the VG process and GBM are given in 
Table 2. Note that both GBM and VG models given the same volatility parameter estimates for all three indices. 

We also compare the performance of the VG model and GBM model by generating 100 paths using Monte 
Carlo simulation and compare the descriptive statistics of the original data (OG) and the simulated paths based 
on those two models for all those indices. For simulation gamma process we can refer to [14]. The results are 
tabulated in Table 3 below. The empirical density, the normal density and the VG density for all indices are 
given in Figure 3. 
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Figure 1. Dynamics of indonesian indices (left) and their log indices (right). 
 

 
Figure 2. Histogram of Index log return vs. Normal density, JCI (left), LQ45 (middle) and JII (right). 
 
Table 1. Descriptive statistics of log return of indonesia indices. 

Index Mean Standard Deviation Skewness Kurtosis 

JCI 0.0007 0.0153 −0.6909 9.2000 

LQ 45 0.0007 0.0180 −0.5968 9.3325 

JII 0.0007 0.0185 −0.5437 8.8234 

 
Table 2. Parameter estimates of VG process and GBM. 

JCI LQ45 JII 

VG Process VG Process VG Process 

c  υ  θ  σ  c  υ  θ  σ  c  υ  θ  σ  

0.0024 2.0667 −0.0017 0.0153 0.0024 2.1108 −0.0017 0.018 0.0024 1.9411 −0.0017 0.0185 

GBM GBM GBM 

µ  σ  µ  σ  µ  σ  

0.0009 0.0153 0.0009 0.018 0.0009 0.0185 
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Table 3. Descriptive statistics of original data and simulated paths. 

Path Mean Standard Deviation Skewness Kurtosis 

JCI 

OG 0.0007 0.0153 −0.6909 9.2000 

GBM 0.0007 0.0153 −0.0127 2.9834 

VG 0.0007 0.0156 −0.6488 9.581 

LQ45 

OG 0.0007 0.0180 −0.5968 9.3325 

GBM 0.0007 0.0180 0.0001 2.9901 

VG 0.0007 0.0181 −0.5509 9.2573 

JII 

OG 0.0007 0.0185 −0.5437 8.8234 

GBM 0.0007 0.0185 0.0036 2.9897 

VG 0.0007 0.0187 −0.5440 8.9276 

 
From Table 3 and Figure 3 it is clear that both VG and GBM model can match the mean and standard 

deviation of the original log return indices, however the GBM model fails to match the skewness and kurtosis 
compared to the VG model. Therefore the VG model outperforms the GBM in matching the skewness and 
kurtosis. 

To investigate performance of our proposed model, we compare the option prices obtained by our proposed 
model to those obtained by the Monte Carlo simulation for several assets’ parameters. For the Monte Carlo si-
mulation, we generate 10,000 terminal asset prices ( )( )S T  to get the call option prices, then we repeat it 1000 
times. We choose the mean of those option prices as the estimate of call option price. 

Suppose that the risk-free interest rate r  is 5% per annum and the time of maturity of option is 1 year and 
other parameters of the asset price’s dynamics are 0.1923r = , 0.004ν = , 0.2956θ = − , 0.2865σ =  and the 
current stock index ( ) 30 99. 6S = . The option prices obtained by our proposed method and the Monte Carlo 
simulation for different strike prices (On The Money, In The Money and almost At The Money options) are 
given in Table 4. Standard errors for the Monte Carlo simulation are written in italic. Results tabulated in Table 
4 show that the prices obtained by the proposed method (denoted by VG) are very close to those obtained by the 
Monte Carlo simulation (MC). The relative errors are less than 1%. Note that we calculate the relative error as: 

( )relative error 100 VG MC MC= ∗ − . 

It means that our method performs very well in terms of the option price. 
It is difficult to find another model to get the American option prices under the VG process. In that reason, to 

investigate performance of the path-simulation model applied to American options, we compare American op-
tion prices obtained by the path-simulation model to European option prices obtained by the VG model and the 
Monte Carlo simulation. Theoretically, the European option prices is cheaper than the American option prices. 

Suppose that the basket parameters are given as follow: ( ) 30 99. 6S = , 5%r =  per annum, 0.1923r = , 
0.004ν = , 0.2956θ = − , 0.2865σ = , 1T =  year. The number of epochs for each path 100n = , the number 

of paths 5250R =  which is divided into 70 bundles ( )70Q = . Here, there are 75 paths for each bundle 
( )75P = . Simulation results are given in Table 5. 

Simulation results show that American call option prices obtained by path simulation model are higher than 
European call option prices obtained by the VG model and the Monte Carlo simulation. The discrepancies are 
less than 11%. Although we did not compare American option prices obtained by the path simulation model to 
those obtained by other models, the discrepancies between American and European options prices are shown by 
Table 5 is suitable with theory given literatures. 
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Figure 3. Empirical vs. Normal density (left) and Empirical vs. VG density (right) of JCI (above), LQ45 (middle) and JII 
(below). 
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Table 4. Put and call option prices obtained by the proposed method vs. by the monte carlo simulation for various strike 
prices. 

Strike Price Call Option Price Put Option Price 

( )K  MC VG Rel. Error (%) MC VG Rel. Error (%) 

94 16.4577 16.4534 −0.0261 6.5034 6.5090 0.0861 

 0.0074   0.0033   
99 13.8172 13.8202 0.0217 8.6345 8.6319 −0.0301 

 0.0066   0.0037   
104 11.5179 11.5200 0.0182 11.0900 11.0879 −0.0189 

 0.0063   0.0042   
 
Table 5. European call option prices obtained by the monte carlo simulation and the VG model vs. American Call option 
prices obtained by path simulation model. 

Strike Price ( )K  
European Call Option Price American Call Option Price 

MC Model VG Model Simulation Path Model 

94 16.4577 16.4534 16.7663 

99 13.8172 13.8202 15.2811 

104 11.5179 11.5200 11.9742 

4. Conclusions and Further Research 
Based on our analysis in modeling Indonesia Stock Indices we can conclude that the VG model performs very 
well compared to the GBM model. The VG model can match the first four moments, including skewnesss and 
excess kurtosis. We develop a new method to the valuation of the stock indices option based on the conditional 
distribution of the VG process. Simulation study shows that the proposed method performs very well in term of 
the stock indices option price. Application the path simulation to value American options by assuming the log 
return of underlying asset follows the VG process also performs well. 

The closed form expressions proposed by Madan and Seneta [3] can be more attractive compared to our pro-
posed model to valuation of European plain vanilla options, but our proposed model has an advantage. Our 
model can be extended to valuation of basket options. It is still as our ongoing research. To pursue for further 
research, we would also like to apply the proposed method for valuing European and American options to the 
real data in Indonesia market. We want to compare the option prices obtained by the proposed method to those 
obtained by Black-Scholes. Other directions for further research include comparison the performance of the VG 
model and the GBM model in VaR calculation. 
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