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Abstract 
Studying the dynamical behaviors of the liquid spike formed by Rayleigh-Taylor instability is im-
portant to understand the mechanisms of liquid atomization process. In this paper, based on the 
information on the velocity and pressure fields obtained by the coupled-level-set and volume-of- 
fluid (CLSVOF) method, we describe how a freed spike can be formed from a liquid layer under 
falling at a large Atwood number. At the initial stage when the surface deformation is small, the 
amplitude of the surface deformation increases exponentially. Nonlinear effect becomes dominant 
when the amplitude of the surface deformation is comparable with the surface wavelength (~0.1λ). 
The maximum pressure point, which results from the impinging flow at the spike base, is essential 
to generate a liquid spike. The spike region above the maximum pressure point is dynamically 
free from the bulk liquid layer below that point. As the descending of the maximum pressure point, 
the liquid elements enter the freed region and elongate the liquid spike to a finger-like shape. 
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1. Introduction 
When an external acceleration directs from a light fluid to a heavy one, instability takes place on the interface, 
which is usually called Rayleigh-Taylor (RT) instability. One of the most familiar phenomena associated with 
the RT instability in our daily life is the water falling from the ceiling. The RT instability also plays an important 
role in the formation of supernova [1] [2], ignition in the inertial confinement fusion (ICF) [3] [4], and liquid 
atomization [5] [6]. 
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The RT instability was first described mathematically by Rayleigh [7]. Later, Taylor [8] conducted a linear 
analysis on the RT instability in the absence of the surface tension and viscosity. He derived that the amplitude 
of the initial disturbance grows exponentially over time. Lewis [9] then observed the RT instability for various 
experimental conditions. He found that the instability development agreed well with the linear theory proposed 
by Taylor [8] until the amplitude was comparable with the wavelength λ. When the surface amplitude becomes 
large, the development must be treated as a nonlinear process. The light fluid penetrates the heavy fluid as a 
bubble and the heavy fluid penetrates the light fluid as a spike. Several models have been proposed to describe 
the nonlinear dynamics. Layzer [10] obtained an approximate analytic solution for the instability of a fluid-va- 
cuum interface in a gravitational field. In such case of limited Atwood number ( ) ( )( )t H L H L 1a r r r r= − + = , 
where ρH is the density for the heavy fluid and ρL for the light fluid, he find that the bubble velocity is a constant 
value eventually, which is proportional to (gλ)1/2, where g is the gravitational acceleration. Goncharov [11] ge-
neralized the result of Layzer [10] to arbitrary Atwood numbers for both two-dimensional (2D) and three-di- 
mensional (3D) geometries. The bubble velocity predicted by these models has been validated by various expe-
rimental studies [12]-[15]. 

In experiments, it is difficult to control the initial disturbance, while it is easy to be conducted in numerical 
simulations. Furthermore, the numerical simulation can provide us information on the detailed flow-field data, 
which are difficult to measure in experiments. Thus, as the development of computer capacity and numerical 
schemes, more numerical investigations have been conducted to study the RT instability [16]-[19]. 

Most of the previous studies focused on the bubble behavior, especially on the constant velocity of the rising 
bubble. However, for applications of RT instability to some fields, e.g., the liquid atomization, the spike beha-
viors are of greater interest. Ramaprabhu et al. [18] have pointed out that the spike behaves similar to the bubble 
for at far smaller than unity and approaches a free-fall for at being close to unity. In the liquid atomization field, 
in which at approaches unity, we have to reveal the mechanism of how the spike develops freely from the bulk 
liquid based on the detailed information on pressure and velocity. To our knowledge, few investigations have 
studied this. Although Baker et al. [20] have conducted a numerical study on the effects of liquid depth on the 
bubble speed and the spike acceleration, the detailed physics associated with that how a liquid spike is formed 
are not discussed. Therefore, we conduct the present numerical simulation. As the first step to study the problem 
in 3D case, which requires large calculation time, we first pay attention to 2D case in this study. 

2. Problem Statement and Numerical Setups 
2.1. Physical Model 
In this 2D study, as shown in Figure 1, we consider an inviscid liquid layer lying on a falling plate. The liquid 
density is ρl, and the gas density is ρg. For numerical stability, the density ratio is set to be ρl/ρg = 100. The cor-
responding Atwood number is at = 0.98, which approaches unity. The surface tension coefficient on the liq-
uid-gas interface is σ. The plate falls with acceleration (A + g). In the reference frame attached to the plate, the 
governing equations to be solved are Euler equations 

( )

0

y sp A
t

ρ ρ

∇ ⋅ =

∂ + ⋅∇ = −∇ + + ∂ 

u
u u u e F

                           (1) 

where u is the velocity vector, ρ is the density, p is the pressure, ey is the unit vector along y-direction, and Fs 
represents the surface tension force according to the continuum surface force (CSF) method [21]. According to 
the dispersion relation including viscosity obtained by Piriz et al. [22], the viscous damping effects are negligi-
ble if k3ν2  A for a large Atwood number (at → 1), where ν is the liquid kinematic viscosity coefficient. Thus, 
the calculation results based on the inviscid assumption are valid for the condition k3ν2/A  1. 

As shown in Figure 1, the horizontal dimension of the calculation domain was one wavelength, Lx= λ = 2π/k. 
The depth of the liquid layer was h0 = λ. Baker et al. [20] has pointed out that the liquid depth effects are signif-
icant only when the depth becomes smaller than ~0.5λ. In the present study, though the liquid surface trough 
moves downwards as time elapses, the smallest liquid depth is still around 0.5λ at the end of the calculation (see 
Figure 3), which indicates that the liquid depth effects were negligible throughout the present calculations. The 
vertical direction of the gas phase was 1.5λ, with the purpose to offer enough room for the growth of liquid spike. 
Thus, the entire vertical dimension of the calculation domain was Ly = 2.5λ. 



Y. K. Li, A. Umemura 
 

 
973 

 
Figure 1. Illustration of the calculation model.              

 
Equation (1) was non-dimensionalized with the characteristic time ts = (λ/A)1/2, the characteristic length ls = λ, 

the characteristic velocity us = (λA)1/2, and the characteristic pressure ps = ρl Aλ. In the following, we denoted 
the dimensionless quantities with a superscript∗. After non-dimensionalization, a dimensionless parameter A∗ 
was derived as 

2
* l AA ρ λ

σ
= .                                         (2) 

2.2. Boundary and Initial Conditions 
The boundary and initial conditions were imposed into the calculation domain as shown in Figure 1. Since we 
only consider a normal mode RT instability, the cyclic boundary conditions were imposed on the left and right 
edges. The bottom edge was a slip wall due to the negligibility of viscosity in this study. The top was a free edge. 
We initiated the disturbance with a sinusoidal vertical velocity distribution ( ) ( )00, sins sv t x v kx= =  on the 
liquid surface. s0v∗  = 0.001 was set in this study. 

2.3. Numerical Setups 
A uniform and staggered mesh was used to discretize the governing equations. The governing equations were 
solved based on the “marker-and-cell (MAC)” method [23]. A tentative velocity field excluding the pressure 
term was first computed. A second order upwind scheme was used to discretize the convective term. Then, a 
pressure Poisson equation with the divergence of the tentative velocity as the source term will be solved to de-
termine the pressure field at the new time step. Finally, the velocity field at the new time step is updated by the 
determined pressure field. The liquid-gas interface was captured by the coupled-level-set and volume-of-fluid 
(CLSVOF) method [24] [25]. The LS function φ, which is the normal distance from the interface, is naturally a 
continuous function and thus can evaluate the interface curvature correctly, but it loses the mass-conserving in 
the re-initialization process. The VOF function F, which is the volume fraction in each calculation grid, is natu-
rally mass-conserving, but its step-like property introduces more errors in the curvature evaluation. The 
CLSVOF method takes advantages of both methods. The details of the numerical methods to be used can be 
found in Ref. [25]. The grid size was set to be Δ = Δx = ∆y = λ/64, which is the finest one used by Ramaprabhu 
and Dimonte [26]. The time step at each calculation instant is restricted by two considerations, i.e., materials 
(e.g., free surface) and capillary waves cannot move more than the size of one cell in one time step, which can 
be expressed as 

( )
( )l g 3

max max

min ,
min , , min ,

4r r
x yt C C x y

u v

ρ ρ

σ

 ∆ ∆ ∆ = ∆ ∆
 
 

               (3) 
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where Cr is the Courant number, which is set to be 0.25 in this study. 

3. Results and Discussions 
In this study, we conducted a series of calculations of the dimensionless parameters A∗ ranging from 2.4π3 to 
8.8π3, with an interval of 0.8π3. The similar spike formation structure was observed for these cases. Thus, we 
discuss the major dynamics associated with the spike formation due to RT instability based on the prototype 
case of A∗= 4.48π3. A typical corresponding physical condition is ρl = 1000 kg/m3, ρg = 10 kg/m3, λ = 5 cm, σ = 
0.073 N/m, A = 4.35 m/s2. 

3.1. Surface Evolution 
Figure 2 shows the temporal evolution of the shape of liquid (dark region) surface. At the beginning, the surface 
is in a flat shape and a disturbance is introduced on the surface. Then the surface shape deforms continuously 
with time. According to the linear theory [7] [22], the amplitude of the surface deformation δ grows exponen-
tially as 

3
0

3
l

l

sinhsv kkA t
kkA

σδ
ρσ

ρ

 
 = −
 
 −

,                              (4) 

which is depicted as the solid line in Figure 3. Until about t∗ = 2.4, the surface is in a sinusoidal shape and the 
magnitude of the surface deformation is small. Therefore, as shown in Figure 3, the evolutions of the absolute 
value of surface elevation at the spike tip (x∗ = 0.25) and the trough bottom (x∗ = 0.75) agree well with the linear 
prediction. After t∗ = 2.4, the amplitude of the surface deformation is no longer a small value compared with the 
wavelength (δ * > 0.1). The nonlinearity becomes dominant and the calculation results depart from the linear 
prediction. It is noticeable that the trough bottom descends with a steady velocity after t∗ = 2.4. This is a typical 
nonlinear phenomenon associated with the RT instability, which has been studied extensively before [10] [11]. 
Based on an approximate potential flow model, Goncharov [11] derived an expression of the constant descend-
ing velocity as V = [A/(3k)]1/2 for the large Atwood number in 2D configuration. Using the characteristic veloci-
ty us = (λA)1/2 in this study, the dimensionless descending velocity is V∗ = 0.23, which is close to our calculation 
results (V* = 0.225 as shown in Figure 3). Since the Atwood number approaches unity in this study, the Kelvin-  
 

 
Figure 2. Temporal evolution of the surface deforma-
tion. The dark region represents the liquid phase and 
the white represents the gas phase.                 
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Figure 3. Temporal evolutions of the absolute val-
ue of the surface elevation at the spike tip (x* = 
0.25) and the trough bottom (x* = 0.75). The solid 
line is the linear solution described by Equation (4).         

 
Helmholtz instability [15], occurring on the surface of the upward moving spike when the densities of two fluids 
are comparable, is not observed. 

3.2. Dynamical Structures 
To understand the process of spike formation due to RT instability, we should study the liquid spike structure in 
detail. Figure 4 shows the vertical pressure distributions along the spike centerline (Figure 4(a)) and the trough 
centerline (Figure 4(b)). According to the different dynamical characteristics, we divided the liquid spike into 
three regions, which are discussed as below. 

Region A In the Region A near the plate, as shown in Figure 4, the pressure distributions are almost identical 
along the spike centerline and the trough centerline. Because the liquid flow is limited around the surface, the 
magnitude of the velocity away from the surface is small. Thus, the linear theory, which predicts the vertical 
distribution of vertical velocity v(y) ∝ sinh(ky), is valid in Region A. This means that there is a region in which 
the expression lg[v∗(y∗)] ∝ 2π lge·y∗ in dimensionless form should be valid. In Figure 5, we showed that the 
vertical distribution of the vertical velocity along the spike centerline at t∗ = 3.6 and t∗ = 4.0, when the surface 
deformation is large. It can be seen that the numerical results of the velocity distribution in Region A are consis-
tent with the linear theory, which indicates that for a thick liquid layer, the dynamics in the region away from the 
surface can be described by the linear theory and this region is not important for the spike formation from the 
liquid surface. 

Region B The formation of the spike is greatly dependent on the dynamics in Region B. The most important 
dynamic occurring in the spike base region (Region B) is the formation of the maximum pressure point after t∗ = 
3.2, as shown in Figure 4(a). Figure 6 demonstrates the flow field and the pressure contours near the spike base. 
The liquid flow from the neighboring troughs collides at the spike base. This impinging flow increases the pres-
sure at the spike base, which inhibits the liquid elements entering spike region and deviates the calculation re-
sults from the linear prediction as shown in Figure 3. When the magnitude of the liquid velocity increases large 
enough, a local maximum pressure point is formed at the spike base. The formation of the maximum pressure 
point, where the vertical pressure gradient dp∗/dy∗ is zero, results in the liquid above the maximum pressure 
point (Region C) dynamically free from the bulk liquid layer below the maximum pressure point. As shown in 
Figure 4(a), the maximum pressure point descends with time. The liquid elements entering the spike region 
elongate the spike and result in a finger-like shape. An interesting phenomenon is shown in Figure 7, which 
shows the temporal evolution of the dimensionless distance ξ∗ between the maximum pressure point and the 
trough bottom after the maximum pressure point forms. ξ∗ almost keeps at a same value around 0.35, which in-
dicates that the maximum pressure point descends with the trough bottom as a whole. 

Region C As shown in Figure 4(a), the pressure in the liquid region above the maximum pressure point is 
nearly uniform along the spike centerline except in the tip region, where the capillary pressure is important. For 
a finger-like liquid spike, as shown in Figure 2, the surface (except the bulbous tip) is in a shape of nearly  
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Figure 4. Vertical pressure distributions along (a) the spike centerline (x* = 0.25) and (b) the trough centerline (x* 
= 0.75) at t* = 2.4, 3.2, 3.6 and 4.0.                                                                 

 

 
Figure 5. Vertical velocity distribution along the spike 
centerline at t* = 3.6 and 4.0. The ordinate is on a 
logarithm scale. The dashed line is the exponential 
distribution obtained by linear theory.               

 

 
Figure 6. Pressure contours and the flow field at the spike 
base.                                             

 
straight-line, the curvature of which is small. Thus, the liquid pressure in the spike region is close to the gas 
pressure around, which is almost uniform due to the large density ratio considered in this study. The vertical 
momentum equation of a liquid element in Region C can be expressed as 

( )2

2

dd 1
d d

y tv
t t

∗ ∗∗

∗ ∗= =                                      (5) 
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where y*(t*) is the vertical position of the liquid element. Then, we obtained the solution of Equation (5) 

( ) ( ) ( )2

0 0 0 0
1
2

y t t t v t t y∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗= − + − + ,                          (6) 

where 0v∗  and 0y∗  are the vertical velocity and the vertical position at 0t t∗ ∗= . Figure 8 shows the temporal 
evolution of the vertical position of a liquid element which locates at 0 1.1y∗ =  and holds 0 0.64v∗ =  at 

0 3.6t∗ = . It clearly shows that the vertical position of the liquid element in Region C is well described by Equa-
tion (6), which is consistent with the free-fall behavior of the liquid spike concluded by He et al. [27] for large 
Atwood number. 

4. Conclusions 
By using the CLSVOF method, we numerically studied the mechanisms of the spike formation due to RT insta-
bility for a large Atwood number. The following conclusions were reached. 

1. At the initial stage, the amplitude of the surface deformation increases exponentially, which can be de-
scribed by linear theory. 

2. For a thick liquid layer, there is a region away from the surface, in which the linear theory is valid even 
when the surface deformation is large. 

3. The local maximum pressure point, which is formed by the impinging flow at the spike base, is essential to 
the formation of a freed spike. 
 

 
Figure 7. Temporal evolution of the dimensionless 
distance ξ* between the maximum pressure point 
and the trough bottom.                          

 

 
Figure 8. Temporal evolution of the vertical position 
of a liquid element which locates at 0 1.1y∗ =  and 

holds 0 0.64v∗ =  at 0 3.6t∗ = .                    
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4. The element in the liquid spike region above the maximum pressure point is dynamically freed from the 
bulk liquid layer below the maximum pressure point, which approaches a free-fall. 
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