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Abstract

Based on the Krylov-Bogolyubov method of averaging the closed system of equations for particle
motion and temperature in inhomogeneous rapidly oscillating velocity and temperature of fluid
phase is derived. It is shown that the particle movement in a rapidly oscillating fluid velocity field
occurs not only under the force of gravity and resistance, but also under force of migration. The
migration force is the result of particle inertia and in homogeneity of oscillation of velocity field of
the carrier phase. Effects of dynamic and thermal relaxation times of particle and gravity force
have been studied. It is shown possibilities of accumulation of particles under the combined action
of gravity and migration forces. For a linear dependence of the amplitude of velocity and temper-
ature fluctuations of the fluid an analytical solution was presented. The analytical solutions have
been found in good agreement with the results of numerical solution of system of equations of
motion and heat transfer of particle.
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1. Introduction

Fluid or gas turbulent flows with particles or droplets widely occur in natural phenomena and are intensively
used in various technical applications. Owing to the slip condition for fluid phase intensity of velocity and tem-
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perature fluctuations has substantial heterogeneity. In this case, the additional force of migration occurs, and
consequently the particle drifts to a channel wall [1]-[4]. Temperature fluctuations and migration of particle to
the wall lead to an additional heat flux. Magnitude of these effects is determined by dynamic and thermal relaxa-
tion times of the particle and integral time scale of turbulence. In theoretical studies of two-phase turbulent
flows migration force is included on the basis of the probability density function [2]-[4]. The main purpose of
the present work is to investigate the physical mechanism of inertial particles drifting in the inhomogeneous
turbulence. We use a simple model in which the fluctuations of velocity and temperature of the liquid phase are
approximated by periodic oscillations. The amplitude of the oscillations is inhomogeneous in space. For separa-
tion of a particle motion into fast and slow components is involved the method of averaging developed by Kry-
lov and Bogolyubov [5]-[7]. Closed system of ordinary differential equations for particle trajectories and tem-
perature averaged over the oscillation period was derived. It is shown that migration force is directed toward re-
ducing the amplitude of the velocity fluctuations of liquid phase. Effect of particles drift reaches a maximum
value for particles with dynamic relaxation time compared with the oscillation period.

For a linear dependence of amplitude of velocity and temperature oscillation on the distance from a wall, the
analytical solution was obtained. Combined influence of gravity and migration forces on a particle trajectory
was studied. The results of numerical integration of complete system of differential equations of dynamics and
temperature of particles are in satisfactory agreement with the calculations obtained by analytical formulas.

2. Basic Equations

For the purpose of compactness of the presentation and elucidate the physical meaning of obtained results, we
consider one-dimensional case. We study oscillating field of fluid velocity in the direction normal to the solid
wall (see Figure 1). Coordinate axis x is directed along the normal to the wall. Fluid velocity U (x,t) and
gravity vector g are parallel to the normal.

Differential equations for a particle velocity V (t), coordinate X (t) and temperature ©(t) have the form

dvd_t(t):%[u(x(t),t)+rvg—V(t)],dXd—t(t)=V(t)v @
O L z(x(0.-0(0] @

Here Z(x,t)is fluid temperature; 7,7, are dynamic and temperature relaxation times of the particle [4]

2
_3p G, S 1 PGy dy
- T = :
2 p; CylU-Vv| 6NU, p;C; a
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Here p,,p, are densities of fluid and particle material; c,,c, are heat capacities of fluid and particle ma-

terial; d, is particle diameter; a, is thermal diffusivity; C, is coefficient of aerodynamic drag; Nu, is
Nusselt number of the particle.

Generally, the drag coefficient and Nusselt number depends on the particle Reynolds number
Re, =|U —V|dp/vf (v, is kinematic viscosity coefficient of fluid phase). In the analysis we assume drag
coefficient and Nusselt number as constant. This approximation corresponds to the Stokes flow regime. For
Stokes flow regime C, = 24/Rep , Nu, =2 and the ratio of dynamic and temperature time scales of the par-

ticle is equal
To 4% Vi _4C
, 3¢ a; 3¢
where Pr is Prandtl number of the fluid.
It can be seen, that the distinction in the thermo-physical properties of liquid and material of particle leads to

different values of thermal and dynamic relaxation times.
The initial conditions for the system of Equations (1) and (2) have the form
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\ g U(x,t)

Figure 1. Sketch of the problem.

V(0)=V,,0(0)=0,, X (0)=X,. (3)
Dependences of velocity and temperature of fluid on the distance from the wall (see Figure 1) are defined as
U (x,t)=F(x)sin(at),Z(x,t) = D, (X)+ D, (x)sin(et). 4)
The main purpose of this manuscript is to show that in an inhomogeneous, rapidly oscillating non-isothermal
fluid flow appear migration force and an additional heat flux connected with inertia of the particles.
3. The Averaging Method
Equation (1) is reduced to the single equation for displacement of a particle
d’X(t) 1 dX (t)

e _ZU(X(t),t)Jrrvg——dt . 5)

To solve the Equation (5) we involved the Krylov-Bogolyubov method of averaging [4]-[6]. Displacement
and temperature of particles composed of slow averaged components (X (t)), (©(t))and fast oscillations of

displacement 5X (t) and temperature 5O (t)

X (t)= (X (t))+5X (1),0(t) = (O(t))+D(t).

By averaging over the oscillation period T =2m/@ we obtain the following expressions
1% 1% 17 1%
(X (1)) :?£X (t)dt, (O(t)) :?_r[@(t)dt, (8X (1)) =?£5x (t)dt=0, (sO(t)) =?£&9(t)dt =0.

Fluctuations of particle coordinate is substantially lesser than the averaged displacement &X (t) < <X (t))

Functions representing the amplitude of velocity and temperature of carrier fluid (4) along the particle trajectory
are written in the form of an expansion in the sense of small oscillations of the particle coordinate
dF (x) do(x)

F(X (1))~ F({X (t)>)+T SX (1), d(X (1)) = d((X (1)) +—— >5x (t).

dx

w=(X(0)

With these formulas and the equation for temperature (2) and coordinate (5) of the particle take the form

d2<x<t>>+d25x<t>=i{[F(<x<t>>)+dF(x) 5x<t>}in<wt>+rvg{d<x“)>+d‘”“)ﬂ ®

dt? dt? 7, ) dt dt

d(GZt(t» . dﬁgﬂt(t) :i{(po((x (1)) +@, ((X (1)))sin(at)

To

J{d@o (x) . dq}l(x)sin(a}t)}

dx dx

()

Fluctuations of velocity and temperature of a particle represented as
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SX(t)=a(t)sin(wt)+b(t)cos(at), O(t)=a(t)sin(wt)+p(t)cos(wt). 8

Correctness of the above presentations are illustrates in Appendix. Period of oscillation T is substantially
less than the time scale of variation of averaged parameters for the particle. Time derivatives of velocity and
temperature fluctuations of the particle have the form

d(S()j(t(t) ~ w[ a(t)cos(wt)-b(t)sin(at)],

BO) _ e (t)cos (at)— A(t)sin(at)].
dt
d*SX (t)
dt’
Upon substituting these expressions into the Equation (6) we write down

~—0’5X (t)

w_a)z [a(t)sin(wt)+b(t)cos(at)]

(a(t)sin(a)t)+b(t)cos(a)t))]sin(a)t) 9)

MJr wa(t)cos(wt)—wb(t)sin (a)t)ﬂ

+ J—
i { dt

For particle temperature (7) following equation is rewritten

@+ wa (t)cos(wt)—wp(t)sin(ot)

:%{cpo (X (0)))+ @, ((X (1)))sin(et)

(10)

{dCDSX(X)Jqu)J)fX)Sin(M)} (a(t)sin(awt)+b(t)cos(at))

_[<®(t)>+ a(t)sin (a)t)+ﬁ(t)cos(a)t)]},

Unknown coefficients a(t),b(t), «(t), B(t) are obtained from the Equations (9) and (10) taking into

account the orthogonally of functions sin(t) and cos(wt) on the temporary interval t<[0T]

0

17 17 17t
?E[sin (wt)dt = ?gcos(a)t)dt = ?_[sin (wt)cos(awt)dt=0,

l]sin2 (wt)dt = i]cosz (wt)dt = l, 1] sin® (wt)cos(ot)dt = iT[sin (wt)cos® (wt)dt=0.

Ty Ty 2 Ty Ty

Equations (9) and (10) is multiplied sequentially by functions sin(awt), cos(wt) and integrated over the
period of oscillation T . As aresult, from Equation (9) we obtain expressions for the coefficients a(t), b(t)

e

)
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From Equation (10) we obtain expressions for the coefficients «(t), A(t)

a(t) = —— o, (X () -2 R (x (1) =2

1+(a)r)2
B(t)=-——2C o, ((X (1))~ L5, 70" F((x (t)))dq)f’(x)
1+ (ro0)’ ' a)[1+(r@a))2][l+(a)r)2}

After averaging the Equations (9) and (10) over the period of oscillation we obtain the following equations for
averaged velocity and temperature of the particle

X=X (t)

o) 1| 100 aix (o)
dt _; _1+(a)fv)ZZ dx |x<x(1)>+rvg_<v (t)> ' <V(t)>_T' (1)
d<(zt(t)>=% d’°(<x(t)>)‘%1+(zrv) F ((x ) 222 . ()>—<®(t)> - 12)

From the Equations (11) and (12) is seen that in homogeneity in amplitude of velocity and temperature fluc-
tuations of carrier fluid leads to migration force and an additional heat transfer for particles. The drift velocity in
Equation (11) is proportional to derivative of the square of amplitude of fluid velocity fluctuations and
directed toward reducing intensity of fluctuations dF(x)/dx > 0. From Equation (12) one can notice that at

inhomogeneous temperature of fluid on the particle acts additional cooling heat flux for d®, (x)/dx >0.

It follows from the Equation (11) that, for particles of low inertia t, < T additional migration force and
additional heat flux disappears. Value of migration force and additional heat flux is also reduced for particles
with high inertia 1, > T . Migration force is maximal for particles with a relaxation time @z, ~1.

Actual coordinate and velocity of particles are calculated based on the following algebraic equations

F((x (1)

a)[l+(a)r\, )2]

F(x)

[ 7y wsin(wt)+cos(at)], (13)

V(t)=(v (1)) [ sin(ot) - o7, cos(at) | . (14)
1+ (w7,
Actual temperature of particle is
O(t)=(O(t))+a(t)sin(at)+ B(t)cos(wt) . (15)
From the formulas (3) it is follow the initial conditions for the averaged velocity, temperature and particle
coordinate
F((X(0 F(X
(0~ X ON) o 0),
1+(wz, ) 1+(w7, )
F({(X(0 F(X
(x(0) =, LKD) L P Ox),
1+(a)rv) 1+(a)z'v)
- 2 do
(O(0) =0, + (X, )+ o)

1+(r®ao)2 ' x=Xo

+ F (X,
a)[1+(r®a))1[1+(a)r)2} (%o) dx

)
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4. Linear Dependence of Velocity and Temperature Amplitudes

Consider the analytical solution for the case of linear dependence of amplitude of fluctuations of velocity and
temperature of liquid with the distance from the wall (see Figure 1)

F(x)=U"x/L,, ®y(x)=Z,x/L, ®,(x) =5, x/L; .

4.1. Solution of the Equations for a Particle Velocity and Coordinate
In considered case the equation for averaged particle coordinate has the following form
(X)) dx®) 1 7 (uY
f e 2 (X (1) =50,
dt dt 21+ (0, )’ Ly
Solution of the last equation can be written as

X (1)) = Aert oyt i, o _ g A - g
< ()> ABT +Ae +7172 A A1+71(3’1_72) A=h

2
L]
71,2 :_2_ 1+ 1_—2
Ty 1+(a)z'v)

Constants A, A, is founded from the initial conditions (3)

u/L,
a)[1+(a)r\, )2]

Expression for actual coordinate of particle follows from (13)

X
y A 7A=Y, "’UOL_

Arh =Xl 1+(a)rv)2 Ly,

= —A 7, 0sin(wt) + cos( o
=K g o))

In this considered special case equation for averaged particle velocity has the form

7, M-q-(V (t)>=_1T—V(£jz<X (t)>+‘rvg :

E1+(602'\, )2 Ly

Solution of this equation is

<v<t>>=<v<o>>e"3+rvg[1—e‘3vJ L= (]

_§1+(a)r\, )

o t . t )
WA (e”‘ —ef}r—AQ (e”t —efj+ 9 l1-e ™
1+y7, 1+y,7, 2
Initial values for the averaged coordinate and velocity of a particle are
(X(0)) =X, [1+
Actual velocity of a particle follows from expression (14)

u- (X
L,

L)} (v (0)) =V +u —2

Ko
1+(wr, 1+(o7, ) L .

[ 7y wcos(at)-sin(at)] .
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4.2. Solution of Equation for a Particle Temperature

Equation for averaged temperature of a particle follows from Equation (12) and has the form

o —d<(3t( Litor0)- {: 3 1+(va y i}uf» | (10

Initial value of average temperature of a particle is equal

1-1,7,0° U’ To® X
0(0))=0, +1= vlo S N AT
< ( )> o a)[l+(r®w)1[1+(wr)z} L, ’ l1+(r®a))2 L

Solution of Equation (16) represented

<®(t)>=(®(0)>e:@+{50—:1 } o guon

2 1+(a)rv

By substituting in the above integral expression for the averaged particle displacement <X (s)> we find
out the following formula

t t

- = . o _ g ro _ -
<®(t)>:<®(0)>e o _{50 _= T—VZU_}% A € et +A € e g [1—e r@J _

1+ 7, 1+ 7,76 7172

Formula for actual temperature of a particle follows from expression (15) and takes the form

o(t)=(0(1))-— <X(t)>{s To * 7 E_sl}sin(m)

L(rew) L | 14(or) L

_<X (1) 1 1-7y7o0° U°

Lo [1+(r®a))z} ’ a)[l+(a)r) j||-u

[1]

—+ T, cos(a)t)

5. Calculation Results

We give comparison of the results of analytical research with the data of direct numerical calculation of the sys-
tem of Equations (1) and (2). As dimensionless variables we used Stokes number St=r1, /T, dimensionless

temporary variable t* =t/T and dimensionless coordinates x" =x/L,, X" =X/L, . Dimensionless gravity

acceleration is g* =Tg/U° and dimensionless thermal relaxation time is z;, =z, /T .

Figure 2 illustrates a satisfactory agreement between results of calculations using analytical formulas from
the previous paragraph and numerical integration the ordinary differential Equations (1) and (2). Migration of
particles towards the wall is a result of its inertia. One can see that particle drifts to the wall. This effect can be
explained as follows. On the one hand, a particle leaves the region with high level of velocity fluctuations and
enters in a region with low level. On the other hand, viscous resistance leads to loss of kinetic energy of the par-
ticle. Particle due to its inertia cannot return to the region with a higher level of velocity fluctuations.

The Figure 3 illustrates the effect of preferential concentration of particles at some distance from the wall
when the gravity force is directed along the normal to the wall (see Figure 1). Unlike the case (g* =0), the par-
ticle periodically fluctuates at a certain distance from the wall.

The Figure 4 presents a satisfactory agreement between the results of numerical integration of differential
Equations (1) and (2) and calculations using analytical formulas for the particle temperature. Figure represent
the alteration of temperature with time (a) and change the particle temperature along its trajectory (b). The par-
ticle drift toward the wall and its temperature decreases.
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Figure 2. Dimentionless coordinate (a), velocity (b) and phase diagram (c) for St = 1: 1—analytical formulas for actual
coordinate and velocity of a particle; 2—solution of ODE; 3—average trajectory.

v
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Figure 3. Nondimensional coordinate (a), velocity (b) and phase diagram (c) for St = 1, g” # 0. Other designations as in
Figure 2.

®*

X*

Figure 4. Nondimensional temperature (a) and phase diagram (b) for St = 1, 7, =2. Other
designations as in Figure 2.

6. Conclusions

Simple model of a particle motion and heat transfer in inhomogeneous field of fluctuating velocity and temper-
ature of fluid was suggested. The proposed model reflects the main features of the turbulent flow near the wall.
For separation of the fast and slow components of velocity and temperature fluctuations of a particle averaging
method of Krylov-Bogolyubov was used.

Physical interpretation of migration force and additional feat flux in inhomogeneous rapidly oscillating veloc-
ity and temperature of fluid phase is established. It is shown that the force of migration and additional heat flux
disappear for low inertia particles and decrease with increasing particles Stokes number.

For a linear dependence of the amplitude of velocity and temperature fluctuations on the distance to the wall
analytical solutions was found. The results of numerical solution of the system of equations of motion and heat
transfer of a particle are in satisfactory agreement with the calculations by analytical formulas.

The possibility of formation regions with preferential concentration of particles in a gravitational field and in
inhomogeneous velocity fluctuations is illustrated.

)
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Appendix

Here we will illustrate the correctness of presentation of velocity and temperature fluctuations in the form (8).
For a homogeneous fluid velocity in dimensionless variables we have the equation for a particle velocity

(LVT::é[Wsin(m*t*)—V*],V*(O) —V; .

Particle velocity with the initial condition is

t

v (t*) :Vo*eé +_°tj:e*13%5 sin (a)*s)ds =Vo*e7t37‘ U Sin(a)*t*)—a)*St Cos(a);t*)+ 'Ste St
Sto 1+(a'st)

For a sufficiently long interval of time t* > St , we obtain the following expression
sin(w't” )—w"Stcos(w't”
) Pl )osion(ort)

2
1+ (a)*St)
From above expression we see that stationary amplitude of oscillation decreases with increasing Stokes num-
ber.
The Figure Al illustrates process of reaching the stationary regime for particle velocity fluctuations.

=asin (a)*t*)+ bcos(a)*t*) .

Figure Al. Particle velocity in versus of time.
Dached line shows velocity oscillation of fluid
phase.



Scientific Research Publishing (SCIRP) is one of the largest Open Access journal publishers. It is
currently publishing more than 200 open access, online, peer-reviewed journals covering a wide
range of academic disciplines. SCIRP serves the worldwide academic communities and contributes
to the progress and application of science with its publication.

Other selected journals from SCIRP are listed as below. Submit your manuscript to us via either
submit@scirp.org or Online Submission Portal.

tson srefone vt s nsaons ‘:.::( soanune P —— ‘m
’w\ﬁl\ . Advances in A .rlcqn Journal of
ingcfcnme and Biotechnology Ci Creative Education
I P ;{T
}’\f-_\'j N i sas ey ~ _ Inwestment of SO Captals
le |
> | -
=i |
e L 3 :
S ‘T!n"(

il LI B

AL £

Journal of

Modern Physics

{1

R ==

Journal of

Agricultural Sciences

Environmental Protection

Psychology

N

LI

LI e

o s o s O TRl - o
Natural lournallof Cancer Terapy, A Il\merical;dcouhmaluf
i B nalytical Chemistry
Science

I e 1] LT N (m



mailto:submit@scirp.org
http://papersubmission.scirp.org/paper/showAddPaper?journalID=478&utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ABB?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AM?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJPS?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/CE?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ENG?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/Health?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCC?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JMP?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JEP?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AS?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/FNS?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/PSYCH?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/NS?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ME?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCT?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJAC?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper

	Movement and Heat Transfer of Particles in Inhomogeneous and Nonisothermal Rapidly Oscillating Fluid Flow
	Abstract
	Keywords
	1. Introduction
	2. Basic Equations
	3. The Averaging Method
	4. Linear Dependence of Velocity and Temperature Amplitudes
	4.1. Solution of the Equations for a Particle Velocity and Coordinate
	4.2. Solution of Equation for a Particle Temperature 

	5. Calculation Results
	6. Conclusions
	Acknowledgements
	References
	Appendix

