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Abstract 

Numerical methods can provide extremely powerful tools for analysis and design of engineering 
systems with complex factors that are not possible or very difficult with the use of the convention-
al methods. In this paper, we use the 2-D boundary element method (BEM) program to model elas-
tic wave excited by a point explosive source propagating in cracked rocks. As an example, we con-
sider the typical crack distributions in rocks, both models for the real crack structure are also 
talked about. The elastic wave propagating in rocks with aligned cracks and parallel fractures is 
assumed. Effects of different crack parameters, such as crack scale length and crack density are 
analyzed. Numerical results show that the BEM is a powerful interpretive tool for understanding 
the complicated wave propagation and interaction in cracked solids. 
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1. Introduction 

In recent years, the problem of scattering of elastic waves by cracks or inclusions has gained importance espe-
cially in seismology and geophysics. There have been many theories in the literatures that attempt to predict ef-
fective properties of elastic wave-fields [1] [2], but few are valid when the size of cracks is large compared with 
a wavelength. 

Various numerical methods have been employed to study elastic wave scattering problems, including Maslov 
theory [3], the finite difference method [4], the finite element method [5], the Born approximation [6], the com-
plex screen approach [7], Kirchhoff-Helmholtz integration [8], pseudo-spectrum method [9] and the boundary 
element method [10]. Among these methods, the boundary element method (BEM) is based on a boundary 
integral equations form required only a mesh of the boundary in a given domain, which means the problem size 
has been reduced by one dimension and only data in the boundary are calculated. This method has been suc-
cessfully applied to solve various types of elastodynamic problems in engineering and seismology. 

In this paper, a two-dimensional BEM based on workstation or personal computer is developed to modeling 
the elastic wave propagation in anisotropic and/or heterogeneous medium. The program could be adapted easily 
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to three-dimensional case but will require a long computer time and large storage memory. We first compute 
synthetic seismograms for the case without any cracks to check the accuracy of the program. Our results for 
synthetic seismograms are achieved in time-domain by means of the inverse Fourier transform of the solution at 
many frequencies. 

2. Boundary Element Method 

We consider a planar crack D  with boundary R  in a 2-D unbounded domain subjected to an incident wave 
0u  and assume that the elastic source is located somewhere in the medium outside the crack as Figure 1. The 

complete displacement wave field u  is then written as the superposition of the incident wave-field 0u  and the 
scattered wave-field su : 

= + 0su u u                                             (1) 
Using displacement Green’s function, the scattered wave-field is represented as: 

( ) ( ') ( , ') ', , 1, 2,3s
i j ijL

u x x G x x dL i j= Φ =∫                            (2) 

where ( )s
iu x  is the i-th displacement component of scattered waves at any point x ; and ( ')j xΦ  is the 

strength of the source located at any point 'x  on the boundary R  of the crack with outwards normal n . 
( , ')ijG x x  is the displacement Green’s tensor. 

Similarly, using the traction Green’s function, the traction representation can be expressed as: 

1( ) ( ) ( ') ( , ') '
2i ij j j ijL

t x x x F x x dLδ= ± Φ + Φ∫                            (3) 

where the “+” and “−” signs correspond to approach the boundary of the crack from the interior and exterior re-
spectively. ( , ')ijF x x  is the traction Green’s tensor. 

3. Numerical Examples and Discussions 

The inclusions studied here are circular and elliptical cracks, distributed in full spaces. We modeled 2-D elastic 
waves excited by a point explosive source isx  ( 1,3i = ) that centers at (30 m, 160 m). 65 receivers are in 
aligned in the 3x -direction at 1 120mx = , starting at 3 320mx = and with an increment of 3 5mx∆ = − . The 
source time functions of displacement field are introduced as: 

1 1 3 1 1 3

2 1 3

3 1 3 3 1 3

( , , ) ( , ) ( )
( , , ) 0                    
( , , ) ( , ) ( )

u x x t g x x f t
u x x t
u x x t g x x f t

=
 =
 =

                                  (4) 

where 

{ }2 2
1 3 1 1 3 3( , ) ( ) exp [( ) ( ) ] ,    1,3i i is s sg x x x x a x x x x i= − − − + − =  

{ }2
0 0( ) ( ) exp ( )f t t t t tλ= − − −  

Here a  = 0.1 and λ  = 1500 are control parameters. 
 

 

Figure 1. Configuration for the BEM.           
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Figure 2 shows the wave propagation in the elastic solid without cracks, which means the inclusion material 
has the same properties as the surrounding medium, so only the incident wave is produced and the wave speed is 
independent of the direction. Excellent agreement was achieved between our results and the theoretical results. 

The synthetic seismograms of the scattering due to a circular crack in a full-space are shown in Figure 3. The 
center of the crack is located at (90 m, 160 m), the crack has a radius of 2.5 m and its boundary is discretized in- 
to 30 elements. The crack surrounding solid has 1 25.168Gpaλ = , 1 12.584Gpaµ = , and density 3

1 2600kg/mρ = , 
and the elastic inclusion has 2 6.417Gpaλ = , 2 5.175Gpaµ = , and density 3

2 2300kg/mρ = . Upon hitting the 
boundary of the crack, the incident wave is scattered, as is shown in Figure 3. We can find that the scattering 
waves reaches the receivers with a time delay proportional to their creeping path along the boundary of the crack 
and the path from the boundary to the receivers. 

When there are many cracks in the rock, the problem is too difficult to deal with deterministically but it will 
be simply treated by statistical methods. The model geometry used to generate the synthetic seismograms is 
shown in Figure 4. The source, receivers and fracture are situated in an elastic ( 5800 m sα = , 3340 m sβ = ,

32600 kg mρ = ) full space. Two groups of receivers are located at 1 0x = , and 3 0x =  with 50m spacing in-
terval respectively. 

In this model, crack is placed on a uniform rock matrix. As shown in Figure 4, cracks are placed isolated at 
pre-assumed location. Two different shapes of cracks are considered here. First, we placed the cracks at only 
one isolated grid point (Figure 4(a)). This intends to model the case where there is no directional effect. Then, 
we placed the cracks using 3 grid points (all along the 1x  direction as shown in Figure 4(b)) as a group. This 
way of arrangement makes the medium has an anisotropic property. We investigated the response of the medium 
to two sources with different peak frequencies. For source 1, the peak frequency is 1 Hz. In this case, the wave-
length is much longer than the crack size. For source 2, the peak frequency is 50 Hz; the corresponding wave-
length is about the same of the crack size. For the reason of easy comparison, the crack density is fixed at 0.12 in 
all case. 

 

   

(a)                                    (b) 

Figure 2. Elastic waves excited by a point explosive source propagating in 
the medium without any crack. (a) the horizontal displacement component 
( 1u ); (b) the vertical displacement component ( 3u ).                       

 

   

(a)                                    (b) 

Figure 3. Elastic waves excited by a point explosive source propagate in the 
medium containing one circular crack. (a) the horizontal displacement com-
ponent ( 1u ); (b) the vertical displacement component ( 3u ).                 
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Figure 5 and Figure 6 give the results for source 1 and 2 for the model 4a. As expected, the results are iso-
tropic. In the low frequency case, several wave propagating events could be identified, although scattering is 
observed. On the other side, for the higher frequency case, as the wavelength is in the same order with the crack 
size, scattering of elastic wave dominates the propagation process. It is hard to identify any event in the wave 
field except the beginning of the wave propagating. 

Figure 7 and Figure 8 give the results for source 1 and 2 for the model 4b. Comparing Figure 7 with Figure 
5, the P-wave velocity has shown the character of anisotropic medium, which agrees well with the theoretical 
result. Figure 8 is again dominated by the scattering. The P-wave velocities are different along the 1x  and 
along the 3x  direction. 

4. Conclusions 

In this paper, we modeled 2-D elastic waves excited by a point explosive source propagating in the media con-
taining some inclusions by 2-D BEM code. The inclusions studied here are circular and elliptical cracks, distri-
buted in full spaces. For the convenience, we assume that all circular cracks are identical. We have compared 
our results for the wave propagating in the elastic solid without cracks with the exact analytic solutions to test 
the accuracy of our program, and then obtained satisfactory solutions.  

 

    
(a)                                      (b) 

Figure 4. Illustration for the model. (a) the case when a crack occupied only one single 
isolated grid; (b) the case when a crack occupied three connected grids in the 1x  direc-
tion.                                                                        

 

 
Figure 5. Seismograms for the dry cracks calculated using model 4a. The peak frequency for 
the source is 1 Hz.                                                                
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Figure 6. Seismograms for the dry cracks calculated using model 4a. The peak frequency for the 
source is 50 Hz.                                                                   

 

 
Figure 7. Seismograms for the dry cracks calculated using model 4b. The peak frequency for 
the source is 1 Hz.                                                                 

 

 
Figure 8. Seismograms for the dry cracks calculated using model 4b. The peak frequency for the 
source is 50 Hz.                                                                   
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In order to study the effects of relative relation for the interface of the cracks, we started with one circular 
crack; we have found that there are diffracted waves, including reflected, transmitted, converted waves. In the 
case of two cracks, there exists not only the arrivals due to two cracks respectively but also the arrivals corres-
pond to the waves reflected between the boundaries of the two cracks. In the study of more cracks, we will be 
interested in the statistical characteristics of the scattered waves instead. 

Numerical test shows that the BEM is applicable. We used different models to calculate the seismograms for 
elastic wave propagating in cracked rocks. The results show that scattering of elastic waves in fractured mate-
rials could be modeled by placing the crack in a uniformed rock matrix using the BEM. This primary result only 
shows the applicable of the method and the result is basically agreed with the condition of long wave approxi-
mation. Further researches required to get the quantitative results due to the different crack distributions. 
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