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ABSTRACT 
This paper discusses the hypothesis of height distribution on a forest stand of Acacia mearnsii De Wild, known as 
black wattle. It remains constant at varied growing environments and, in addition, they are not influenced by age 
factor. The Wakeby equation was applied. The research was carried out in a black wattle stand at varied age 
levels and over two different agroecological regions where plantations are found: Serra do Sudeste and Encosta 
do Sudeste, Rio Grande do Sul State, Brazil. It was observed that as the age rises there is an increase in the stand 
total height; while the number of trees decreases for the lower classes, it increases for the upper ones. This re-
sulted in lengthening of the curve tail to the left and mode shift to the right, generating negative asymmetrical 
curves. Two types of height distribution were found: the sharp increase of probability in a specific class and 
some similar probabilities in successive classes. The distribution curves between the cultivation areas were statis-
tically different and therefore the height distribution was dependent of environment. 
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1. Introduction 
The forestry production forecast, especially by wood volume, is an important problem in the Forestry Science 
and the lack of comprehensive studies, as the stem diameter and tree height are related to the volume, so these 
variables become the main elements to the forest structure assess. 

The stem diameter and tree height distribution are particularly valuable to the estimation of the forest stand 
volume and necessary for the production planning. Even for those non-properly planned forest stands, the class 
distribution modeling for those variables promotes useful information as a comparison standard among various 
stands. 

The probabilistic model may express the empirical distribution of various stand variables, since their parame-
ters are properly estimated. Among the parameter estimation methods are highlighted the moments [1], maxi-
mum likehood [2] and percentile [3]. A great number of probability density functions (henceforth called PDF) 
have been applied in the Forest Science, and the studies in the most part are related to stem diameter. 

The Weibull PDF is one of the functions of the best performing for modeling the diameter distribution. For 
this reason, it is used in many situations, mainly in the forest sector, such as [4-13]. Besides, it is also easy and 
correlated to the stand characteristics [4]. 

The authors [14,15] observed that other functions demonstrated superiority related to the Weibull. According 
to these researches, the Burr and Dagum were more flexible than Weibull as they covered an area of greater 
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asymmetry and kurtosis. Others have also been widely used as: Beta [16-21], Gamma [22], Johnson’s SB [23-25] 
and Log-normal [26]. 

It is known that the growing and production levels of a certain species are considerably varied to the detri-
ment of environment. The tree height, particularly the dominant one, is a variable strongly related to environ-
mental factors and has little influence of silvicultural treatments and tree competition. For this reason, it is con-
siderably applied to the growing and production models. 

However, understanding the height behavior of the trees is relevant and allows the forester to have the know-
ledge of many factors related to the cultural treatments for decision making. However, there are few works that 
modeled the height distribution, even when related to the stem diameter. As examples: [27-33]. 

The height probabilistic distribution is a practical tool for the prediction of the section number in the stem 
wood with pre-established dimensions on the basis of mechanized harvest. The height growing assess is inte-
grated to the cultivation environment, or the last soil use, as the cultural treatments and planting model. There is 
also the possibility to evaluate the pest, disease and others. Thus, the study hypothesis is based on the presuppo-
sition that tree height distribution and growth keep constant in varied environment conditions and stand age. 

The black wattle species, which is used in this study, is one of the most important forest species in Brazil not 
only economically but also environmentally and socially. Besides, being the most cultivated genera in the coun-
try by small farmers, its cultivation generates thousands of direct or indirect jobs. The cultivation is performed in 
South of Rio Grande do Sul State especially in two agroecological regions: Serra do Sudeste e Encosta do Su-
deste, so over different environmental conditions.  

In this way, for the present research, it was aimed to verify whether the different cultivation environments in-
fluence in the stand height distribution of black wattle. Additionally, we studied the age effects on the height 
distribution.  

2. Methodology 
The data of 24 temporary plot were used for the present work. The plots were performed in commercial planting 
of black wattle in the agroecological regions of Serra do Sudeste and Encosta do Sudeste in the Rio Grande do 
Sul State. For each location it was performed studies for different stand age: one; three, five and seven years, in 
order to cover the crop cycle. 

In the Encosta do Sudeste, the evaluated areas are located between 30˚54’ South and 50˚40’ West coordinates 
and in the Serra do Sudeste, are between 31˚25’ South and 52˚58’ West, all in the altitude of 320 to 370 meters 
above sea level. 

For both regions, the plantings were made even for new areas (first rotation) and for areas under reformation 
(second rotation), according to Framework 1. For all cases, the soil preparation was performed on the crop row 
(minimal cultivation), the plots were subsoiled with three chisel plows in a 40 cm depth and harrowed twice. 
The crop spacing was of 3 × 1.75 m (1904 plant/ ha) for the first year treatment and 3 × 1.5 m (2222 plants/ ha) 
for the other ages and added 50 g of NPK (5-30-15) by plant. 

For each stand was selected a northern exposure slope, where three plots were designated in the superior, me-
dium and inferior one-third. The plot sizes were delimited in 9 × 16 m for the one year stands and 9 × 14 m for 
the others, in a total of 4 crop rows with 10 plants each. 

The stem diameter was measured for the plots, in a height of 1.3 m from soil, using a dendrometrical tape 
measure and the height with an electronic clinometer (Haglöf), together with a digital tape measure (Sonin Mul-
timeasure Combro-pró, 10300) in order to identify the distance to the tree.  
 

Framework 1. List of the areas where stands were performed. 

Stand Age (years) Encosta do Sudeste Serra do Sudeste 

1 Second rotation First rotation 

3 First rotation Second rotation 

5 Second rotation Second rotation 

7 Second rotation First rotation 

In which: First rotation refers to the first planting on the area, while the Second rotation refers to the second 
planting on the area. 
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The following PDFs were tested to describe the height frequency: Beta, Burr (3p and 4p), Dagum (3p and 4p), 
Gamma (2p and 3p), Generalized Extreme Value, Generalized Logistic, Generalized Pareto, Log-logistic (3p), 
Normal, Pert, Wakeby and Weibull (2p and 3p). 

All functions were adjusted using the Maximum Likehood Method by stand age (1, 3, 5 and 7) and cultivation 
area (Encosta do Sudeste e Serra do Sudeste). The class amplitude was 1 meter for 1 year stand and 2 meters for 
the others. The number of classes has varied due to the amplitude obtained from each stand. 

The best probabilistic function was selected after the Kolmogorov-Smirnov test at 5% probability. The statis-
tical scores were used joint to the Kolmogorov-Smirnov test. And then put in order according to efficiency, 
where the most efficient got 1 and higher values for the other functions establishing a ranking. So, the selected 
function was the one that presented the lowest value. 

The cultivation environment and age level effect over the development of the diameter distribution curves was 
evaluated on the asymmetry and kurtosis measurements and mean and maximum and minimum. 

The asymmetry was evaluated according to the following aspects: 
• Symmetric: mode = median = arithmetic mean.  
• Negative asymmetry: mode < median < arithmetic mean. 
• Positive asymmetry: mode > median > arithmetic mean. 

If the module correlation coefficient is between 0.15 and 1, the asymmetry is considered moderate, and if it is 
higher than 1, that is considered strong. 

While kurtosis is the relative flatness or peakedness degree of a distribution, usually considered in a normal 
distribution. [34,35] defined three kurtosis curve types:  
• Leptokurtic: highly peaked distribution, negative, kurtosis coefficient < 0.263. 
• Platykurtic: the curve is flatter topped, positive, so the kurtosis coefficient is > 0.263. 
• Mesokurtic: intermediate curve, the kurtosis coefficient is 0.263. 
• After choosing the best-fit function, and compering the curves, i.e., checking the significant difference, the 

chi-square test was applied (χ²). The χ² was obtained through:  

( )
( )

2
2
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n
i

nfi nFi
nFi

χ
−

−
= ∑                                 (2.1) 

where: 
fi = i class probability; 
Fi = class i calculated probability and 
n = total frequency.  
Firstly, the test was performed for each stand age, which allows verifying the environmental effects of each 

region over height distribution. Secondly, applied to each area to verify the age effect reaching all age combina-
tions: 1 to 3; 1 to 5; 1 to 7; 3 to 5; 3 to 7; and 5 to 7 years. The significance was verified at 5% probability. 

3. Results 
3.1. Exploratory Analysis of the Variables: Total Height, Diameter at Breast Height and Survival 

The statistics for total height and stem diameter regardless cultivation area are presented in Table 1. The found 
means for the height variable were: 5.77 m; 10.50 m; 14.09 m; and 16.95 m for 1; 3; 5; and 7 years respectively. 
For the stem diameter the means were: 5.09 cm; 8.15 cm; 10.29 cm and 12.79 cm, also respectively to age level. 
And the survival was: 91%; 86%; 75%; and 65% at the same sequence. The longest intervals, due to the variable 
range, were observed to 5 and 7 stands. Consequently, the largest standard deviations were observed for the 
same stands. 

3.2. Distribution Selection 
The Kolmogorov-Smirnov test for goodness of fit for each stand age and cultivation area is presented in Table 2. 
Among the tested functions, the test has shown that the Burr (4p); Dagum; Gen. Extreme Value; Gen. Logistic; 
Wakeby and Weibull (3p) were flexible enough to represent the height distribution for all ages and areas be-
cause the test values were not significant. This indicates that the predicted and observed frequencies do not dif-
fer statistically in such essential respects as the null hypothesis. On the other hand, significant values indicate 
inadequate estimates of the height frequency due to the test sensitivity to any difference from the main value and  
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Table 1. Descriptive Statistics for: total height and diameter at breast height, measured in Acacia mearnsii De Wild 
stands at 1; 3; 5; and 7 years in Cristal and Piratini County, Rio Grande do Sul State, Brazil. 

Statistics Year 1 Year 3 Year 5 Year 7 
Diameter at breast height (cm) 

Mean 5.09 8.15 10.29 12.79 
Standard error 0.09 0.16 0.24 0.26 

Standard deviation 1.36 2.29 3.37 3.59 
Minimum diameter 1.59 1.27 2.55 3.66 
Maximum diameter 8.44 13.05 17.19 21.49 

Total height (m) 
Mean 5.77 10.50 14.09 16.95 

Standard error 0.09 0.19 0.22 0.24 
Standard deviation 1.42 2.68 3.06 3.40 
Minimum diameter 2.80 2.40 4.10 5.60 
Maximum diameter 9.10 15.20 23.00 23.80 

 
Tabela 2. The Kolmogorov-Smirnov test of the 19 PDFs to describe the height frequency in black wattle stands at 1; 3; 
5; and 7 years, located in Serra do Sudeste and Encosta do Sudeste, Rio Grande do Sul State, Brazil. 

Distribution 
Cristal Piratini 

Year 1 Year 3 Year 5 Year 7 Year 1 Year 3 Year 5 Year 7 
Beta 0.047ns 0.116ns 0.077ns 0.144* 0.094ns 0.106ns 0.113ns 0.048ns 
Burr 0.040ns 0.126ns 0.118ns 0.164* 0.073ns 0.108ns 0.114ns 0.081ns 

Burr (4P) 0.044ns 0.093ns 0.077ns 0.131ns 0.062ns 0.086ns 0.079ns 0.051ns 
Dagum 0.055ns 0.106ns 0.068ns 0.130ns 0.060ns 0.095ns 0.102ns 0.051ns 

Dagum (4P) 0.054ns 0.718* 0.463* 0.111ns 0.066ns 0.074ns 0.770* 0.060ns 
Gamma 0.086ns 0.199* 0.164* 0.222* 0.113ns 0.148* 0.185* 0.134ns 

Gamma (3P) 0.072ns 0.197* 0.156* 0.193* 0.105ns 0.143* 0.176* 0.118ns 
Gen. Extreme Value 0.053ns 0.114ns 0.070ns 0.128ns 0.076ns 0.100ns 0.092ns 0.051ns 

Gen. Logistic 0.051ns 0.083ns 0.068ns 0.090ns 0.061ns 0.074ns 0.061ns 0.054ns 
Gen. Pareto 0.091ns 0.175* 0.121ns 0.207* 0.125* 0.139* 0.147* 0.098ns 

Log-Logistic (3P) 0.053ns 0.098ns 0.100ns 0.141* 0.065ns 0.075ns 0.082ns 0.075ns 
Normal 0.065ns 0.177* 0.137* 0.197* 0.094ns 0.129ns 0.163* 0.109ns 

Pert 0.092ns 0.178* 0.106ns 0.171* 0.142* 0.169* 0.168* 0.091ns 
Wakeby 0.047ns 0.076ns 0.046ns 0.061ns 0.076ns 0.045ns 0.045ns 0.050ns 
Weibull 0.051ns 0.189* 0.141* 0.173* 0.079ns 0.145* 0.201* 0.103ns 

Weibull (3P) 0.049ns 0.093ns 0.077ns 0.130ns 0.096ns 0.101ns 0.083ns 0.052ns 

Where: ns = non-significant at 5% probability; and *significant at 5% probability according to Kolmogorov-Smirnov distribution. 
 
theoretical dispersion of a data set [8]. 

For the best-fit functions in the Kolmogorov-Smirnov test, there was an assignment of weights to these values 
so that best-fit equation got 1 and the others in a growing weight ranking. In this way, the best-fit function was 
the one with the lowest score value, in this case obtained from Wakeby function (Table 3). 

The Wakeby function coefficients are presented in Table 4 and the frequencies and values observed in Figure 1. 
As shown in Figure 1, more clearly in stands 7 years old, the smaller height classes are somehow atypical for 
the adjustment of probability functions such as Weibull, Gamma and Beta, and because of that the Wakeby 
function was selected. 

3.3. Age and Cultivation Environment Effects Height Distribution 
As time passed, there was an increasing trend in height total amplitude, the number of trees has decreased for 

the lowest classes and increased for the highest ones and as a result the curve sharpness changed to the right. 
The asymmetry indexes and kurtosis indicated an enhance of asymmetry over time, generating negative asym- 
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Table 3. Statistical scores due to the best-fit function order evaluated by Kolmogorov-Smirnov test. 

Distribution 
Score sum 

Encosta do Sudeste Serra do Sudeste 
Wakeby 5 8 

Gen. Logistic 10 12 
Burr 4P) 16 13 

Weibull (3P) 16 22 
Gen. Extreme Value 18 18 

Dagum 19 15 

 
Table 4. Adjusted coefficient to Wakeby function to describe the probability of tree occurrence in height class func-
tion in black wattle stand at 1; 3; 5; and 7 years in Serra do Sudeste (left) and Encosta do Sudeste (right), in Rio 
Grande do Sul State, Brazil. 

Region Age α β γ δ ξ 

Encosta do 
Sudeste 

Year 1 18.08292 8.75185 1.74169 −0.48624 3.80552 
Year 3 101.31593 12.23290 1.44379 −0.33463 3.70090 
Year 5 58.82723 5.94314 2.84974 −0.47133 4.80367 
Year 7 62.77079 6.60004 1.57718 −0.26770 6.08538 

Serra do 
Sudeste 

Year 1 10.60594 6.06333 0.60963 −0.11517 2.64435 
Year 3 110.32339 18.55696 2.76733 −0.56469 1.14122 
Year 5 176.70787 18.65681 3.35321 −0.71092 1.84163 
Year 7 70.99357 8.89073 7.31813 −0.85770 7.25754 

 
metries, i.e., a distribution with a longer right tail. The distribution was symmetric in the initial age (1 year), and 
a moderate symmetry in the other ones. In accordance with kurtosis, they are considered leptokurtic for all ages 
(Table 5). 

In order to evaluate the height distribution in the black wattle stand over time and its effects on the Wakeby 
predicted curves, it was plotted for each age and in each cultivation area curves based on the best-fit function 
(Figure 2). 

When comparing the areas in each age, it was found specific height distribution because all the chi-square 
values were significant (P < 0.05), except for 5 and 7 year stands in the Encosta do Sudeste. For the first ages the 
individual frequency was higher in the lowest height classes, although decreasing as the age goes up. At the 
same time, due to the forest growing, the major height frequency became higher as the age increases changing 
the curve to the right side (Figure 2). 

Curves were plotted for each stand age, allowing the verification of local effect. Thus, all the chi-square tests 
were significant, being an indicative of the difference between the agroecological regions. The stands at 1; 3 and 
5 years in the Encosta do Sudeste tended to present major frequency of tree height in the higher classes, what 
has changed when comparing with 7 years. Furthermore, the distribution curve shape has also changed between 
those cultivation areas (Figure 2). 

4. Discussions 
The Wakeby function was the most flexible among the tested ones, to accurately describe the probability of in-
dividual occurrence on the basis of height class for all stand ages and in both agroecological regions. The Wa-
keby properties might be found with details in [36]. The adjustment by the Maximum Likehood Estimation 
(MLE) method for this function is presented by [37,38]. The Wakeby distribution is defined by its quantile func-
tion or by the inverse function of cumulative distribution, x(F), being:  

( ) ( )( ) ( )( )1 1 1 1x F F Fβ δα γξ
β δ

= + − − − − −                     (4.1) 

where: α, β, γ, δ, ξ are distribution parameters.  
In the distribution are conferred the following restrictions: 

α ≠ 0 ou γ ≠ 0, β + δ > 0 ou β = γ = 0, Se α = 0, então β = 0, Se γ = 0, então δ = 0, γ ≥ 0 e α + γ ≥ 0. 
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Figure 1. Observed and Predicted values by Wakeby function on the probability of tree occurrence in height class 
function in black wattle stand at 1; 3; 5; and 7 years in Serra do Sudeste (left) and Encosta do Sudeste (right), in Rio 
Grande do Sul State, Brazil. 
 
Table 5. Average, minimum, maximum height values and median, mode, asymmetry and kurtosis for a black wattle 
stand at 1; 3; 5; and 7 years in Serra do Sudeste and Encosta do Sudeste, Rio Grande do Sul State, Brazil. 

Region Age (years) Average Minimum Maximum Median Mode Asymmetry Kurtosis 

Encosta do 
Sudeste 

1 6.83 3.20 9.10 7.00 7.20 −0.47 0.21 
3 12.49 5.00 15.20 13.00 13.00 −1.80 3.83 
5 15.26 5.60 19.90 16.20 17.00 −1.09 0.50 
7 15.64 5.60 19.30 16.55 17.20 −1.46 2.36 

Serra do 
Sudeste 

1 4.69 2.80 6.50 4.70 5.20 −0.40 0.04 
3 8.58 3.30 11.40 8.65 7.90 −0.87 1.03 
5 12.88 4.10 16.00 13.10 12.50 −1.63 3.65 
7 18.43 8.50 23.80 19.15 17.30 −0.83 0.15 
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Figure 2. Tree occurrence probability for each height class related to the age and cultivation area of black wattle 
stand in Rio Grande do Sul, Brazil. 
 

The tree height frequencies presented different distribution for all stands, however, having as a common cha-
racteristic the sharp increase in probability for a certain class and similar probabilities for the successive ones. 
The Wakeby distribution presented by [39] was flexible enough for this. So that was possible by the use of a 
more flexible function with more parameters than those traditionally used. For the height distribution of Pinus 
sylvestris L., [33] observed that Dagum and Burr functions were more flexible to represent the height frequen-
cies, while [30] used the Weibull. 

The Wakeby distribution has been mainly used for modeling extreme events and in the most cases for hy-
drology studies, for example researches developed by [40-45]. The distribution has five parameters, more than 
the most used ones. Nevertheless, it allows more flexibility and variety in shape and curve and can be expected 
to have a good function performance on the basis of variability of sample frequencies. In fact, that was more 
flexible when compared to the traditional ones applied in the Forestry Sciences as Weibull, Beta and Gamma. 

As the stand age grows older, the tails tend to lengthen to the left. At the same time, the better probability 
peaks, revealed by the modal class moved to the right with different intensity for each cultivation area, resulting 
in distinct heights. [46] cited many factors that may influence in the forest structure being as inherent – ageing 
and genetics; as physical—the local properties; natural—fire, wind and insects and also those related to the 
management—as thinning. [47] added that in same age stands; the light, water and nutrient competition depends 
on the number of individuals in a certain area and by the canopy enclosure some trees become dominant while 
others are suppressed. Thus, these factors act in the forest height distribution. 

In younger stands, one year old, the distribution was symmetric and, as the ageing progress they tended to 
present asymmetrical distribution. It was resulted by the forest growth effect in disproportionate way along the 
height classes that is a competition effect, in which some of them stand out from the others. The negative 
asymmetry or to the right happens by the frequency increase of height in the highest classes. 

Even though the Encosta do Sudeste soils are less fertile, the stand until five years tend to present higher fre-
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quencies of height in the higher classes. Only the seven year stands in Serra do Sudeste present the highest 
height frequencies in the higher classes and, for both areas at this age, the mode remained in the same class, 
however differed in the median and maximum values.  

In the Encosta do Sudeste, the curve shift to the right was bigger until the five year stand, when stabilization 
started. The five and seven year stands revealed average, maximum, minimum height values as median and 
mode at the same frequency class, being observed instability only for asymmetry and kurtosis, probably because 
of the few changes based on the intraspecific competition. 

Moreover, in the Serra do Sudeste there was no stabilization of these values, which is possibly due to the fact 
that the 7 year stand present better soil characteristics to the black wattle cultivation, specially to the phosphorus 
content that favor the species growth as observed by [48,49]. 

[48,49] in South Africa and [50] in Rio Grande do Sul State-Brazil, have researched the influence of chemical 
and physical soil attributes in the growth of dendrometric variables of black wattle. These authors observed a 
direct relation between physical and chemical soil properties and the species growth, however impaired, because 
the correlations were not high. 

The major distribution differences between the two cultivation areas seem to be reflection of the soil charac-
teristics, once there was no great contrast in the weather element values. It was proved that the cultivation envi-
ronment influences in the height distribution, despite the difficulty of a direct relation establishment with the 
weather and soil elements and their effects over the height distribution. According to [50], the black wattle spe-
cies has aptitudes to grow well in soils with non-favorable physical characteristics since the chemical ones are 
favorable or vice versa. 

In this way, it is true that researches treating of the relation between cultivation environment and height dis-
tribution must be performed, as the final result brings information for culture management. Furthermore, it be-
came obvious that the probabilistic function is utilized to assess cultivated stands at varied situations. 

5. Conclusions 
The Burr (4p), Dagum, Gen. Extreme Value, Gen. Logistic, Wakeby and Weibull (3p) functions are flexible to 
represent the height distribution of black wattle along all stand ages. 

The Wakeby function describes adequately the occurrence probability of individuals on the basis of height 
class, what allows identifying that: 
• As the stands get older there is a tendency of increase in total height amplitude, the number of trees decreases 

for the lower classes and increases for the higher ones. This causes a tail lengthening to the left and mode 
shift to the right, resulting in negative asymmetric curves. The curve shift is different and obtains varied 
height distributions between the two cultivation areas. 

• The distribution is symmetric in the younger stands (1 year); and, as the age advances, the distributions be-
come asymmetric due to the forest growth effect in a disproportional way along height classes. All curves are 
leptokurtic.  

• The curve shift to the right for the Encosta do Sudeste is higher until the 5 year stand. When a stabilization 
start, that is not observed in Serra do Sudeste. 

• Two characteristics are common to the height distribution: the sharp increase of the probability for a certain 
class and similar probability occurrence for successive classes.  

• The distribution curves between cultivation areas are statistically different, so the height distribution depends 
on the cultivation environment.  

• The differences between the two cultivation areas are a reflection of soil characteristics. Once there are no 
bigger differences for the weather elements, it is difficult to establish a direct relation among them. 

In this way, it is true that researches on the treating of the relation between cultivation environment and height 
distribution must be performed, as the final result brings information for culture management.  

It is obvious that the probabilistic function is utilized to assess cultivated stands at varied situations. 
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