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ABSTRACT 
Propagation of electromagnetic wave (EW) through multilayer structure consisting anisotropic layers with gra-
dient refractive index material is studied theoretically. Analytical solution for linear dependence of refractive 
index profile is examined. The structure consist the forbidden gaps, which are sensitive to parameters of refrac-
tive index profile. 
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1. Introduction 
Propagation of EM waves in gradient index medium has been extensively studied in the past century. Materials 
with refractive indices gradually varying in space are important type of inhomogeneous medium. They can be 
used in radar devices in the centimeter wavelength range, mobile satellite communications, transformation op-
tics, medical applications, as an optics component to optoelectronic system, etc. In particular in 1944 Luneburg 
analyzed [1] a more common type of spherical inhomogeneous medium with central symmetry where the focus 
is situated outside the lens. But the use of Luneburg lenses in practical application hampered by technical com-
plexity of manufacturing the lens with variable index of refraction, which determines their high cost. New op-
portunities to create graded refractive index (GRIN) medium emerged with the discovery of a new class of arti-
ficially structured materials [2-4] called metamaterials which make it possible to achieve both negative effective 
dielectric permittivity ε and magnetic permeability μ parameters in a certain frequency bandwidth. This means 
the ability to have materials in which refractive index changes from negative (left-handed metamaterials (LHM)) 
to positive (conventional, right-handed metamaterials (RHM)) values (and vice versa). Propagation of EW in 
GRIN media studied in [5,6]. The choosing of hyperbolic tangent dependence for permittivity and permeability 
allowed analytical results presented in [5]. Resonant enhancement of EW propagating at oblique incidence in 
metamaterials, with dielectric permittivity and magnetic permeability linearly changing from positive to nega-
tive values, has been predicted and theoretically studied in [6]. In [7] optical properties of one dimensional pho-
tonic crystals containing graded materials investigated theoretically. Affect of gradation profiles on photonic 
band gap engineering was shown.  

Anisotropic media is additional tool to manipulate EM wave propagation. The term “anisotropic media” is 
applied to a medium where refractive index is different in measurement along different axes (is directionally 
dependent). As a result the induced polarization is not parallel to the electric field, and this factor leads to many 
optical phenomena such as birefringence effect, conical refraction, optical rotation etc. These and other effects 
have found wide application, and anisotropic structures are an important and fundamental part of many modern 
semiconductor and optical devices. 

In the present work we study theoretically propagation EM wave through anisotropic layers with linear gra-
dient refractive index. The linear dependence is examined as functions of refractive index profile. We studied 
influence of graded region and angle of incidence on propagation of EM wave in the structure.  

2. Theoretical Formalism 
We consider propagation of EM waves in a nonmagnetic (we put everywhere for dielectric permeability μ = 1) 
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periodic medium made up of two types of alternating layers: homogeneous and graded layer with space-dependent 
permittivity. In a case of TE (or H-) polarized wave there are nonzero Hz, Ex, and Ey components of electromag-
netic field which can be given by expressions: 

0H( r ) H( x, y )z= −


   

0 0E( r ) E( x, y )cos( )y E( x, y )sin( )xθ θ= −


                       (1) 

And then from the Maxwell equations we obtain for H  
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For homogeneous layer solution of Equation (2) can be represented in the form of plane wave Aexp(ikx) + 
Bexp(-ikx), where A and B are expansion coefficients to be found. 

For GRIN layer we assume that effective dielectric permittivity εx, εy, can vary only in the one direction (x- 
axes) and that the medium is homogeneous in the y direction. The magnetic field can be written as H = H(x) 
exp(ikyy), where ky—wave vector in a y direction and ky = k0sin(θ) = w/c sin(θ), θ-angle of incidence. Introduc-
ing dimensionless length x → x/L (L—length of gradient region), wave vector k = ωL/c we have finally 
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For fixed value of εx and εy, = ε0 + bx Equation (3) can be solved analytically: 
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where 2 2
p y xk k k ε= −  

Using expressions for EM waves in GRIN and homogeneous layers in transfer matrix technique we can find 
and analyze frequency dependencies of transmission coefficients. 

3. Results and Discussion 
As follows from Equation (3) anisotropy factor can be ignored for normal incidence. Corresponding results of 
calculation for TH polarization were studied in detail in [7] for different dependences of εy. In the present paper 
we consider oblique incidence and anisotropy factor when εx. ≠ εy. As it is shown below, both factors can signif- 
icantly affect transmission spectra. 

We consider 1D periodic structure embedded inside an isotropic medium (air). Each period consist of GRIN 
layer of thickness d1 with permittivity εy = ε0 + bx and homogeneous layer of thickness d2 with permittivity εh = 
1.5. We used next values: ε0 = 4. b = 3, d1/d2 = 2. Figure 1 demonstrates frequency dependences of transmission 
coefficients for εx = 1 and θ = 10˚ and 60˚. It is seen that for oblique incidence both width and position of band 
gap changes. Increase of incidence angle leads to a more clearly defined and wider band gap. To explain these 
features we consider a structure of Equation (3). Magnitude 

2 2 21p y x xk k k / sin( ) /ε ω θ ε= − = −  

can be accepted as wave vector of EM wave along propagation direction. On the other hand, we can use estima-
tion of frequency band gap from formula [8] 

2

p y
nk ( x ) E dx

n
∆ω ∆ ε
ω

= ∫


 

Because solution for E is Bessel function consisting in argument kp, integral in (4) will result to inverse de-
pendence of band fap versus kp. Such estimation is evident also from asymptotic: for kp = 0 propagation of EM 
wave absence, and formula (4) will give us infinity for frequency width of band gap. As incidence angle in- 
creases, kp is decreasing and band gap becomes larger (see Figure 2). It is easy to see from the expression for kp  
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Figure 1. Transmission spectra of the five-period structure for different incidence angles: solid-θ = 10˚, dash-θ = 60˚. 
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Figure 2. Orientation of the electric and magnetic fields and propagation direction of electromagnetic waves. 

 
that an increase in εx is equivalent to reducing the incidence angle, and vice versa. That is, a quite small value of 
εx (εx < 1) corresponds to large angles of incidence, for which a larger band gap is formed. On the other hand, a 
quite big value of εx (εx > 1) corresponds to a small angles of incidence, for which the spectrum does not change 
significantly, i.e. it becomes insensitive to a big range of incidence angle.  

In conclusion, Maxwell equations solved to find the amplitude of electromagnetic wave propagated through 
multilayer structure consisting anisotropic layers with gradient refractive index region. Band gaps appearing in 
transmission spectra can experience significant change as we change incidence angle and (or) anisotropy factor 
(of dielectric permittivity). The change occurs due to corresponding modification of the wave vector of propa-
gating EM wave. 
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