
9 772327 435001 80





Journal of Applied Mathematics and Physics, 2022, 10, 2415-2560 
https://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

 

 
 

Table of Contents 
Volume 10   Number 8                                   August 2022 
 
New Solutions for an Elliptic Equation Method and Its Applications in Nonlinear  
Evolution Equations 

M. H. Liu, Y. G. Zheng…………….......……………………………………………..………………………………2415 

Quantum Theory Improvement of the Photoelectric Effect on Metals 

A. de Kertanguy…………………………..…………………………………………..………………………………2432 

The Approximation Error of Ordinary Differential Equations Based on the Moved  
Node Method 

D. Umurdin, H. Dilfuza……………….……………………………………………..………………………………2450 

Formally Inferring Galileo Galilei Principle of Relativity of Motion in an Axiomatic  
System “Sigma+V” from a Triple of Nontrivial Assumptions 

V. O. Lobovikov………………......…………………………………………………..………………………………2459 

Unified Equation of Fundamental Forces’ Coupling Values, and the Existence of  
Subsequent, Fifth and Other, Forces 

K. Mozafari……………………………..……………………………………………..………………………………2499 

Thermodynamics of Hurricanes Revisited 

P. Mohazzabi, J. A. S. Jones, A. Citati……………………………………………………..…………………………2508 

Interpretation of Some Atomistic Concepts from the Characteristic Graph of the Atom 

O. Barry, M. Y. Balde, S. Balde, A. S. Sylla……………………..........………………………………………………2516 

Entropy Production and Fractal Dimensions in Heavy Ion Nuclear Reaction at  
Intermediate Energies 

W. X. Wang, Y. Y. Zhao, Y. Z. Xing……………...............…………………………..………………………………2527 

A Short and Simple Solution of the Millennium Problem about the Navier-Stokes  
Equations and Similarly for the Euler Equations 

K. E. Kyritsis………………………………....………………………………………..………………………………2538 

 
 
 

https://www.scirp.org/journal/jamp
https://www.scirp.org/


Journal of Applied Mathematics and Physics (JAMP) 
Journal Information  
 
SUBSCRIPTIONS  
 
The Journal of Applied Mathematics and Physics (Online at Scientific Research Publishing, https://www.scirp.org/) is published 
monthly by Scientific Research Publishing, Inc., USA.  
 
Subscription rates:  
Print: $39 per issue. 
To subscribe, please contact Journals Subscriptions Department, E-mail: sub@scirp.org 
 

SERVICES  
 
Advertisements  
Advertisement Sales Department, E-mail: service@scirp.org 

Reprints (minimum quantity 100 copies)  
Reprints Co-ordinator, Scientific Research Publishing, Inc., USA. 
E-mail: sub@scirp.org 
 

COPYRIGHT 
 
Copyright and reuse rights for the front matter of the journal: 
Copyright © 2022 by Scientific Research Publishing Inc. 
This work is licensed under the Creative Commons Attribution International License (CC BY). 
http://creativecommons.org/licenses/by/4.0/ 

Copyright for individual papers of the journal: 
Copyright © 2022 by author(s) and Scientific Research Publishing Inc. 

Reuse rights for individual papers: 
Note: At SCIRP authors can choose between CC BY and CC BY-NC. Please consult each paper for its reuse rights. 

Disclaimer of liability 
Statements and opinions expressed in the articles and communications are those of the individual contributors and not the 
statements and opinion of Scientific Research Publishing, Inc. We assume no responsibility or liability for any damage or injury to 
persons or property arising out of the use of any materials, instructions, methods or ideas contained herein. We expressly disclaim 
any implied warranties of merchantability or fitness for a particular purpose. If expert assistance is required, the services of a 
competent professional person should be sought. 
 

PRODUCTION INFORMATION  
 
For manuscripts that have been accepted for publication, please contact:  
E-mail: jamp@scirp.org 

https://www.scirp.org/
mailto:sub@scirp.org
mailto:service@scirp.org
mailto:sub@scirp.org
http://creativecommons.org/licenses/by/4.0/
mailto:jamp@scirp.org


Journal of Applied Mathematics and Physics, 2022, 10, 2415-2431 
https://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

DOI: 10.4236/jamp.2022.108164  Aug. 11, 2022 2415 Journal of Applied Mathematics and Physics 
 

 
 
 

New Solutions for an Elliptic Equation Method 
and Its Applications in Nonlinear Evolution 
Equations 

Minghuan Liu, Yuanguang Zheng 

College of Mathematics and Information Science, Nanchang Hangkong University, Nanchang, China 

 
 
 

Abstract 
In this paper, we study an elliptic equation with four distinct real roots and 
obtain five new solutions to this type of elliptic equation. Using these ob-
tained new elliptic function solutions we can construct a series of explicit ex-
act solutions for many nonlinear evolution equations. As examples, we choose 
combined KdV-MKdV equation, a fourth-order integrable nonlinear Schrödin-
ger equation and generalized Dullin-Gottwald-Holm equation to demonstrate 
the effectiveness of these new elliptic function solutions. These new elliptic 
function solutions can be applied to many other nonlinear evolution equa-
tions. 
 

Keywords 
Elliptic Equation, Periodic Wave Solution, Singular Wave Solution,  
Combined KdV-MKdV Equation, Generalized Dullin-Gottwald-Holm  
Equation 

 

1. Introduction 

Nonlinear phenomena exist in many fields of natural science, such as quantum 
mechanics, condensed matter, optics, electromagnetism, fluid dynamics, biology, 
chemistry, geography, atmospheric circulation, etc., which are essentially go-
verned by nonlinear evolution equations. As traveling waves continue to be dis-
covered in the motion of particles, it is becoming more and more important to 
find new traveling wave solutions, which may help us to explore complex physi-
cal laws and reveal the mysterious nature of matter motion. It is an important 
and interesting task to study exact traveling wave solution for nonlinear evolu-
tion equations. Unfortunately, it is worth noting that there is no one unique 
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method that can solve all nonlinear evolution equations, which led to appearing 
a number of methods, such as the Jacobi elliptic function method [1], the op-
tional decoupling condition approach [2] the homogeneous balance method [3],  

improved simple equation method [4], G
G
′

-expansion method [5] [6] [7], Hi-

rota bilinear form [8] [9], improved G
G
′

-expansion method [10], Truncation  

Painleve expansion method [11], homotopy perturbation method [12], varia-
tional method [13], Bäcklund transformation [14] [15]. 

In [16], the author considered the elliptic equation as following:  

2 3 4
0 1 2 3 4 ,c c c c cϕ ε ϕ ϕ ϕ ϕ′ = + + + +                (1.1) 

where 2 1ε = . The author devised a new unified algebraic method, which is called 
fan sub-equation mapping method. The core of this method is to use solutions 
of a general elliptic equation to construct solutions of nonlinear evolution equa-
tions. When at least two of the five parameters of 0c , 1c , 2c , 3c , and 4c  are 
zero, the author got a lot of results. This method has been shown to be very effi-
cient for constructing solutions to nonlinear evolution equations [17] [18] [19] 
[20] [21]. In [22], the author studied the following elliptic equations  

( )22 2 3 4 2
0 1 2 3 4 ,h h h h h r p qϕ ϕ ϕ ϕ ϕ ϕ ϕ′ = + + + + = + +           (1.2) 

and  

( )22 3 4 2
0 1 3 4 ,h h h h r p qϕ ϕ ϕ ϕ ϕ ϕ′ = + + + = + +            (1.3) 

where 2
0h r= , 1 2h rp= , 2

2 2h rq p= + , 3 2h pq= , 2
4h q= . In [23], the au-

thors discussed the elliptic equation as follows:  

( )( )( )( )2 2 3 4
1 1 2 2 ,A B C D E Dϕ ϕ ϕ ϕ ϕ ϕ γ ϕ γ ϕ γ ϕ γ′ = + + + + = − − − −  

where ( )22B A m= − − , ( )22 1C A m= − , ( )21D A m= − − , 
4
AE = − ,  

0 1m< < . 1γ  and 2γ  are the complex conjugates of 1γ , 2γ , respectively. The 
authors obtained four new unbounded singular solutions for Equation (1.4). In 
[24], the author considered the following equation  

( )( )( )2
1 2 3 ,Aϕ ϕ ϕ α ϕ α ϕ α′ = − − −                (1.5) 

where 1 2 3α α α< < . The author got five different periodic solutions for Equa-
tion (1.5). 

In this paper, we consider the elliptic equation as following:  

( )( )( )( )2
1 2 3 4 ,Aϕ ϕ α ϕ α ϕ α ϕ α′ = − − − −             (1.6) 

where 1 2 3 4α α α α< < < . Obviously, Equation (1.6) is a generalization of equa-
tion Equation (1.5). Next, we will give three new periodic solutions and two new 
singular solutions for Equation (1.6). In addition, we will use these new solutions 
to construct traveling wave solutions for combined KdV-MKdV equation, a 
fourth-order integrable nonlinear Schrödinger equation and generalized Dul-
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lin-Gottwald-Holm equation. 

2. New Solutions for Equation (1.6)  

With the help of Maple, we obtain the following new solutions of Equation (1.6): 
1) When 0A > , there exist two unbounded singular solutions as follows:  

( )
( ) ( )

( )

2
2 1 4 1 2 4

2
1 4 2 4

,
2

,
,

2

Asn k

Asn k

α α α ξ β α α α
ϕ ξ

α α ξ β α α

 
− − −  

 =
 

− − +  
 

         (2.1) 

and  

( )
( ) ( )

( )

2
3 1 4 4 1 3

2
1 4 1 3

,
2

,
,

2

Asn k

Asn k

α α α ξ β α α α
ϕ ξ

α α ξ β α α

 
− − −  

 =
 

− − +  
 

         (2.2) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

3 2 4 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
,  

( ) ( ] [ )1 4, ,ϕ ξ α α∈ −∞ ∪ +∞ . ( ),sn ⋅ ⋅  is an elliptic integral of the first class. 

2) When 0A > , there exists one bounded periodic solution as follows:  

( )
( ) ( )

( )
( ) [ ]

2
1 2 3 2 1 3

2 3
2

2 3 1 3

,
2

, , ,
,

2

Asn k

Asn k

α α α ξ β α α α
ϕ ξ ϕ ξ α α

α α ξ β α α

 
− − −  

 = ∈
 

− − +  
 

 (2.3) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

3 2 4 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

3) When 0A < , there are two bounded periodic solutions as follows:  

( )
( ) ( )

( )
( ) [ ]

2
4 1 2 1 2 4

2 3
2

1 2 2 4

,
2

, , ,
,

2

Asn k

Asn k

α α α ξ β α α α
ϕ ξ ϕ ξ α α

α α ξ β α α

 −
− + −  

 = ∈
 −

− + −  
 

 (2.4) 

and  

( )
( ) ( )

( )
( ) [ ]

2
2 3 4 3 2 4

3 4
2

3 4 2 4

,
2

, , ,
,

2

Asn k

Asn k

α α α ξ β α α α
ϕ ξ ϕ ξ α α

α α ξ β α α

 −
− − −  

 = ∈
 −

− − +  
 

 (2.5) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

4 3 2 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

Interestingly, these two different periodic solutions are parametric symmetry. 
That is to say, the solution (2.4) are converted to (2.5) through the mutual re-
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placement 2 4α α↔  and 1 3α α↔ . 

3. The Elliptic Equation Method and Its Apllications 
3.1. The Ellipse Equation Method  

For a given nonlinear evolution equation, say in two independent variables  

( ), , , , , , , 0,t x tt tx xx tttQ u u u u u u u ⋅ ⋅ ⋅ =                 (3.1) 

where ( ),
t

u x t
u

t
∂

=
∂

, ( ),
x

u x t
u

x
∂

=
∂

. We assume that the travelling wave solu-

tions of Equation (3.1) can be expressed as follows:  

( ) ( ) ( )
0

, ,
N

i
i

i
u x t u ξ β ϕ ξ

=

= = ∑                  (3.2) 

where x ctξ = − , c is wave speed. ( )ϕ ξ  satisfy Equation (1.6) and the follow-
ing equation:  

( ) ( ) ( ) ( )3 2
1 2 3

32 ,
2 2
A AA Aϕ ξ ϕ ξ γ ϕ ξ γ ϕ ξ γ′′ = − + −          (3.3) 

where 1 2 3 4 1γ α α α α= + + + , 2 1 2 1 3 1 4 2 3 2 4 3 4γ α α α α α α α α α α α α= + + + + + , 

3 1 2 3 1 2 4 1 3 4 2 3 4γ α α α α α α α α α α α α= + + + . The N is a positive integer that can be 
determined by balancing the liner term of highest order with the nonlinear 
term in Equation (3.1). With the help of Maple, substituting (3.2), Equation 
(1.6) and Equation (3.3) into Equation (3.1), and setting the coefficients of iϕ  
in the obtained system of equations to zero, we obtain a set of algebraic equa-
tions with respect to 1 2 3 4 1, , , , , , , , Nc A α α α α β β⋅⋅⋅ . These equations can be solved 
by Grobner basis elimination method. Finally, substituting each solution of these 
algebraic equations into (3.2) and using the solutions of Equation (1.6), some 
new parameter expressions of travelling wave solutions for Equation (3.1) can be 
obtained. 

3.2. Combined KdV-MKdV Equation  

Combined KdV-MKdV equation [16] usually expressed in the following form:  

( ) ( ) ( ) ( ) ( ) ( )2, , , , , , 0,t x x xxxu x t pu x t u x t qu x t u x t u x t+ + + =       (3.4) 

where p, q are constant parameters. Equation (3.4) has been studied by some 
authors [16] [25] [26] [27]. In order to seek travelling wave solutions, we assume 
that  

( ) ( ), , ,u x t u x ctξ ξ= = −                      (3.5) 

where c is the wave velocity. Substituting (3.5) into Equation (3.4), we get  

( ) ( ) ( ) ( ) ( ) ( )2 0.cu pu u qu u uξ ξ ξ ξ ξ ξ′ ′ ′ ′′′− + + + =            (3.6) 

Integrating Equation (3.6) once, it follows that  

( ) ( ) ( ) ( )2 3
1

1 1 0,
2 3

cu pu qu u cξ ξ ξ ξ′′− + + + + =             (3.7) 

where 1c  is the integral constant. According to the elliptic equation method, 
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the solutions of Equation (3.7) can be expanded as follows:  

( ) ( ) ( )
0 0

, ,
N N

i i
i i

i i
u x tξ β ϕ β ϕ ξ

= =

= =∑ ∑               (3.8) 

where ( )ϕ ξ  satisfy Equation (1.6) and Equation (3.3). Balancing the term ( )3u ξ  
with term ( )u ξ′′  in Equation (3.7), we get 1N = . Therefore Equation (3.7) 
has the following solution  

( ) ( )0 1 ,u ξ β β ϕ ξ= +                      (3.9) 

where 1 0β ≠ . Substituting Equation (3.3) and Equation (3.7) into Equation (3.9) 
and setting the coefficients of iϕ  ( )0,1,2,3i =  to zero, we obtain the following 
algebraic system  

3 3
1 1

2 2 2
1 0 1 1 1

1 2
0 1 1 2 0 1 1

0 2 3
0 0 0 1 3 1

1: 2 0,
3
1 3: 0,
2 2

: 0,
1 1 1: 0.
2 3 2

q A

p q A

q A p c

c p q A c

ϕ β β

ϕ β β β β γ

ϕ β β β γ β β β

ϕ β β β β γ

+ =

+ − =

+ + − =

− + + − + =

         (3.10) 

With the help of Maple, we get  

1
2 2

0 1 1 0 1 2 0

2 2 3
0 1 1 0 1 2 0 1

1 3 3
1

62
1 1, ,

4 2 6

3 2 4 126 , ,

Ap q
q

c q q q
q

q q q cA
q q

γ
β β γ β β γ β

β β γ β β γ β
β γ

β

−
±

= − = − − −

+ + +−
= ± = −

    (3.11) 

where 0qA < , and 1 2 1, , , , ,p q A cγ γ  are arbitrary constants. 
Substituting (3.11) into Equation (3.9), we get the following travelling wave 

solutions of Equation (3.7)  

( ) ( )
1

62
6 ,

4

Ap q
q Au

q q

γ
ξ ϕ ξ

−
±

−
= − ±             (3.12) 

where ( )ϕ ξ  satisfies Equation (1.6). From Equation (3.12) and (2.1)-(2.5), we 
get the elliptic function solutions of Equation (3.7) as follows: 

1) 0A > , 0q < , we obtain  

( )
( ) ( )

( )

2
2 1 4 1 2 41

2
1 4 2 4

6 ,2 26 ,
4

,
2

AA sn kp q
q Au

q q Asn k

α α α ξ β α α αγ
ξ

α α ξ β α α

  − − − − ±   −   = − ±    − − +     

 (3.13) 

( )
( ) ( )

( )

2
3 1 4 4 1 31

2
1 4 1 3

6 ,2 26 ,
4

,
2

AA sn kp q
q Au

q q Asn k

α α α ξ β α α αγ
ξ

α α ξ β α α

  − − − − ±   −   = − ±    − − +     

 (3.14) 
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and  

( )
( ) ( )

( )

2
1 2 3 2 1 31

2
2 3 1 3

6 ,2 26 ,
4

,
2

AA sn kp q
q Au

q q Asn k

α α α ξ β α α αγ
ξ

α α ξ β α α

  − − − − ±   −   = − ±    − − +     

 (3.15) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

3 2 4 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

Taking 6A = , 1 1α = , 2 2α = , 3 3α = , 4 4α = , 1p = , 1q = − , 1 1γ = ,  

2 1γ = , 3
35

108
γ = , 1 1c = , 1 6β = , 0 1β = − , 4c = , the plane images of these so-

lutions are shown in Figures 1-6, respective.  
 

 
Figure 1. The 2D plot of (3.13).  

 

 

Figure 2. The 3D plot of (3.13).  
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Figure 3. The 2D plot of (3.14).  
 

 
Figure 4. The 3D plot of (3.14).  

 

 

Figure 5. The 2D plot of (3.15).  
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Figure 6. The 3D plot of (3.15).  
 

2) 0A < , 0q > , we obtain  

( )
( ) ( )

( )

2
4 1 2 1 2 41

2
1 2 2 4

6 ,2 26 ,
4

,
2

AA sn kp q
q Au

q q Asn k

α α α ξ β α α αγ
ξ

α α ξ β α α

  −− − + − ±   −   = − ±   − − + −     

 (3.16) 

and  

( )
( ) ( )

( )

2
2 3 4 3 2 41

2
3 4 2 4

6 ,2 26 ,
4

,
2

AA sn kp q
q Au

q q Asn k

α α α ξ β α α αγ
ξ

α α ξ β α α

  −− − − − ±   −   = − ±   − − − +     

 (3.17) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

4 3 2 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

Taking 6A = − , 1 1α = , 2 2α = , 3 3α = , 4 4α = , 1p = , 1q = , 1 1γ = ,  

2 1γ = , 3
23
54

γ = , 1 1c = , 1 6β = , 0 2β = − , 4c = − , the plane images of these so-

lutions are shown in Figures 7-10, respective. 

3.3. A Fourth-Order Integrable Nonlinear Schrödinger Equation  

Consider a fourth-order integrable nonlinear Schrödinger equation [28] [29]  

(
)

2 2 2

2 42

2 8 6

4 2 6 0,

t xx xxxx xx x

x xx

iψ ψ ψ ψ γ ψ ψ ψ ψψ

ψ ψ ψ ψ ψ ψ

+ + + + +

+ + + =
          (3.18) 

where ( ),x tψ  is a function defined in complex, ( ),x tψ  and ( ),x tψ  are 
complex conjugates of each other, γ  is a non-zero real constant. 

Firstly, we assume that  
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Figure 7. The 2D plot of (3.16).  
 

 

Figure 8. The 3D plot of (3.16).  
 

 

Figure 9. The 2D plot of (3.17).  
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Figure 10. The 3D plot of (3.17).  
 

( ) ( ) ( ) ( ),, e , , , ,i x tx t u x ct x t x tδψ ξ ξ δ κ η= = − = −          (3.19) 

where c is the wave speed, ( )u ξ  is a real function, κ  is non-zero constant. 
Substitute (3.19) to Equation (3.18), and letting the real part and imaginary 

part be zero, respectively. We obtain  

( ) ( )
( ) ( )

5 2 3 2 4 2

42 2

6 2 12 10

10 1 6 0,

u u u uu

u u k u u

γ γκ η κ γκ γ

γ γ γ

′+ − + − + +

′′ ′′+ + − + =
          (3.20) 

and  
( ) ( )3 3 24 2 4 24 0,u k c u u uγκ γκ γκ′ ′+ − − + =             (3.21) 

where 
( )d

d
u

u
ξ
ξ

′ = . Integrating Equation (3.21) once yields  

( )3 34 2 4 8 0.u k c u uγκ γκ γκ′′ + − − + =              (3.22) 

Substitute Equation (3.22) to Equation (3.20), we get  

( )( ) ( ) ( ) ( ) ( )22 5
1 2

1 3 0,
2 2

u u u u u uξ λ ξ ξ ξ λ ξ′′ ′+ − + + =         (3.23) 

where  
3 2

4
1 2 2 2

4 2 5 3 3 1, .
16 4 4 8 4 8 16

c c cγ κ κ κ κ ηλ λ κ
κγ γ γ γ γ γ κ
+ −

= = − + − + − +  

From Equation (3.3), Equation (1.6) can be transformed into the following 
form  

( ) ( ) ( ) ( ) ( )( )2 4 3 2
1 2 3 4 ,Aϕ ξ ϕ ξ γ ϕ ξ γ ϕ ξ γ ϕ ξ γ′ = − + − +       (3.24) 

where 4 1 2 3 4γ α α α α= . According to the elliptic equation method, we know that 
the solution of Equation (3.23) can be expressed as follows:  

( ) ( ) ( )
0 0

, ,
N N

i i
i i

i i
u x tξ β ϕ β ϕ ξ

= =

= =∑ ∑               (3.25) 
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where ( )ϕ ξ  satisfy Equation (3.3) and Equation (3.24). Balancing the term 
( )5u ξ  with term ( ) ( )2u uξ ξ′′  in Equation (3.23), we obtain 1N = . There-

fore Equation (3.23) has the following solution  

( ) ( )0 1 ,u ξ β β ϕ ξ= +                     (3.26) 

where 1 0β ≠ . Substituting Equation (3.3), Equation (3.24) and Equation (3.26) 
into Equation (3.23) and setting the coefficients of ( )0,1,2,3i iϕ =  to zero, we 
get the following algebraic system  

( )

( )

( )

( )

5 3 5
1 1

4 2 3 4
0 1 1 1 0 1

3 2 2 3 2 3
0 1 1 0 1 1 1 2 0 1

2 2 2 3 2
0 1 1 1 0 1 2 0 1

1 2 2 3 4
0 1 1 2 0 1 3 1 4 0 1 2 1

0 2
0 1 1 3

: 0,
7 15: 0,
2 2

5 1: 2 15 0,
2 2

3 3: 15 0,
2 2

1 1 15: 0,
2 2 2

1 1:
2 2

A

A A

A A A

A A

A A A

A

ϕ β β

ϕ β β β γ β β

ϕ β λ β β β γ β γ β β

ϕ β λ β γ β β γ β β

ϕ β λ β γ β β γ β γ β β λ β

ϕ β λ β γ

+ =

− + =

+ − + + =

− + + + =

+ − − + + =

− + − 2 5
0 1 4 0 2 0

3 0.
2

Aβ β γ β λ β+ + =

  (3.27) 

With the help of Maple, we obtain  
2
1

1 0 1 1 2

2 4
2 2 2 2 2 1

4 2 1 2 1 3 22

31 1, , ,
4 4 32

151 1 5 1 4 ,
2 8 2 128

AA A A

AA A A
A

γ
β β γ λ γ

γ
γ γ γ γ γ γ λ

= ± − = − = −

 
= − − − + + 

 



     (3.28) 

where 0A < , 1 2 3 2, , ,γ γ γ λ  are arbitrary constants. Substituting (3.28) into Eq-
uation (3.26), we get the following travelling wave solutions of Equation (3.23)  

( ) ( )1
1 ,
4

u A Aξ γ ϕ ξ= − ± −                (3.29) 

where ( )ϕ ξ  satisfy Equation (3.3) and Equation (3.24). From (2.4), (2.5) and 
Equation (3.29), we get the elliptic function solutions of Equation (3.23) as fol-
lows:  

( )
( ) ( )

( )

2
4 1 2 1 2 4

1
2

1 2 2 4

,
21 ,

4
,

2

Asn k
u A A

Asn k

α α α ξ β α α α
ξ γ

α α ξ β α α

  −
− + −     = − ± −   − − + −     

  (3.30) 

and  

( )
( ) ( )

( )

2
2 3 4 3 2 4

1
2

3 4 2 4

,
21 ,

4
,

2

Asn k
u A A

Asn k

α α α ξ β α α α
ξ γ

α α ξ β α α

  −
− − −     = − ± −   − − − +     

  (3.31) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

4 3 2 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 
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To the best of our knowledge, the solutions (3.30) and (3.31) have not been 
obtained in other papers.  

3.4. Generalized Dullin-Gottwald-Holm Equation  

We consider generalized Dullin-Gottwald-Holm equation [30] [31] [32] [33]  

( )32 2 .t xxt x x xxx x xx xxxu au bu cu u du a u u uu− + + + = +         (3.32) 

In [33], the authors studied the bifurcation of Equation (3.32) and obtained 
some travelling wave solutions by the modified simplest equation method. To 
our knowledge, there is no study on the exact solutions for Equation (3.32) other 
than [33]. Using (2.1)-(2.5), we will get some new traveling wave solutions to 
Equation (3.32). 

Firstly, we introduce the traveling wave transformation  

( ) ( ), , .u x t u x tξ ξ µ= = −                    (3.33) 

Substituting (3.33) into (3.32), integrating once and letting the integration 
constant be zero, we get  

( ) ( ) ( ) ( ) ( )2 41 0,
2

u u u u uλ ξ β ξ λ ξ α ξ ξ′′ ′− + − − =          (3.34) 

where ( )4 2b
c

µ
α

−
= , d

a
β µ= − , 4a

c
λ = , 0λ ≠ . We assume the solutions 

of Equation (3.34) as follows:  

( ) ( ) ( )
0 0

, .
N N

i i
i i

i i
u k x t kξ ϕ ϕ ξ

= =

= =∑ ∑                 (3.35) 

Substituting (3.35) into Equation (3.34) and balancing the term ( )4u ξ  with 
term ( ) ( )u uξ ξ′′  in Equation (3.34), we obtain 1N = . Therefore Equation (3.34) 
has the following solution  

( ) ( )0 1 ,u k kξ ϕ ξ= +                       (3.36) 

where 1 0k ≠ . Substituting Equation (3.3), Equation (3.24) and Equation (3.36) 
into Equation (3.34), and taking the coefficients of ( )0,1,2,3,4i iϕ =  to zero, 
we get the following system of algebraic equations  

( )

( )

( )

( )

4 2 4
1 1

3 2 3
0 1 1 1 0 1

2 2 2 2
0 1 1 1 2 0 1

1 2 3
0 1 2 1 3 1 0 1

0 2 4
0 1 3 1 4 0 0

5: 0,
2

: 2 2 4 0,
3 3: 6 0,
2 2

: 4 0,
1 1: 0.
2 2

k A k

k k A k A k k

k k A k A k k

k k A k A k k k

k k A k A k k

ϕ λ

ϕ λ β λ γ

ϕ λ β γ λ γ

ϕ λ β γ λ γ α

ϕ λ β γ λ γ α

− =

− + − − =

− − + + − =

− + − − − =

− − + + − − =

       (3.37) 

With the help of Grobner basis elimination method and Maple, we obtain the 
following travelling wave solutions: 

Case I: If 0 0k = , 1 1, ,k Aγ  and λ  are non-zero constants, we get  
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( )

2
0 2 1 1

1

3 32
1 3

4 1 32 3
1 1

0, , ,

2 2, , ,
5 5

k k

A

βγ γ
γ

β γ γβ γ γ γ α
γ λ γ

= = = −

−
= = = −

          (3.38) 

where 1 3, , ,λ β γ γ  are arbitrary constants. Substituting (3.38) into Equation (3.36), 
we get the following travelling wave solutions of Equation (3.34)  

( ) ( )
1

,u βξ ϕ ξ
γ

= −                     (3.39) 

where ( )ϕ ξ  satisfy Equation (3.3) and Equation (3.24). From (2.4), (2.5) and 
Equation (3.29), we get the elliptic function solutions of Equation (3.23) as fol-
lows: 

1) 0λ > , we obtain  

( )
( ) ( )

( )

2
2 1 4 1 2 4

1 2
1 4 2 4

,
2

,
,

2

Asn k
u

Asn k

α α α ξ β α α α
βξ
γ

α α ξ β α α

 
− − −  

 = −
 

− − +  
 

      (3.40) 

( )
( ) ( )

( )

2
3 1 4 4 1 3

1 2
1 4 1 3

,
2

,
,

2

Asn k
u

Asn k

α α α ξ β α α α
βξ
γ

α α ξ β α α

 
− − −  

 = −
 

− − +  
 

      (3.41) 

and  

( )
( ) ( )

( )

2
1 2 3 2 1 3

1 2
2 3 1 3

,
2

,
,

2

Asn k
u

Asn k

α α α ξ β α α α
βξ
γ

α α ξ β α α

 
− − −  

 = −
 

− − +  
 

      (3.42) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

3 2 4 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

2) 0λ < , we get  

( )
( ) ( )

( )

2
4 1 2 1 2 4

1 2
1 2 2 4

,
2

,
,

2

Asn k
u

Asn k

α α α ξ β α α α
βξ
γ

α α ξ β α α

 −
− + −  

 = −
 −

− + −  
 

     (3.43) 

and  

( )
( ) ( )

( )

2
2 3 4 3 2 4

1 2
3 4 2 4

,
2

,
,

2

Asn k
u

Asn k

α α α ξ β α α α
βξ
γ

α α ξ β α α

 −
− − −  

 = −
 −

− − +  
 

     (3.44) 
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where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

4 3 2 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

Case II: If 0Aλ > , 1k  is a non-zero constant, we get  

( )

2 2
0 0

0 1 1 2 2
1

3 3 2 2 3
1 3 0 0 0

3 3 3 2 2 3 4
4 1 3 0 1 3 0 0 0 04

1

3 61 5 5, , ,
4 2 2

2 2 4 6 8 ,
5 5 5 5 5
1 2 4 6 3 ,

k kA Ak k
k

k k k k

k k k k k k k
k

β βλ λβ γ γ

α γ β β β

γ β γ γ β β β

  + +
= − ± = ± =  

 

= − − − − −

= − + + + + +

   (3.45) 

where 1 3, , , ,A λ β γ γ  are arbitrary constants. From Equation (3.36), Equation 
(3.38) and (2.1)-(2.5), we obtain 

1) 0A > , 0λ > , we get  

( )
( ) ( )

( )

2
2 1 4 1 2 4

1
2

1 4 2 4

,
21 5 5 ,

4 2 2
,

2

Asn k
A Au

Asn k

α α α ξ β α α α
λ λξ β γ

α α ξ β α α

 
− − −     = − ± ±      − − +  

 

 (3.46) 

( )
( ) ( )

( )

2
3 1 4 4 1 3

1
2

1 4 1 3

,
21 5 5 ,

4 2 2
,

2

Asn k
A Au

Asn k

α α α ξ β α α α
λ λξ β γ

α α ξ β α α

 
− − −     = − ± ±      − − +  

 

 (3.47) 

and  

( )
( ) ( )

( )

2
1 2 3 2 1 3

1
2

2 3 1 3

,
21 5 5 ,

4 2 2
,

2

Asn k
A Au

Asn k

α α α ξ β α α α
λ λξ β γ

α α ξ β α α

 
− − −     = − ± ±      − − +  

 

 (3.48) 

where ( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

3 2 4 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

2) 0A > , 0λ > , it follows that  

( )
( ) ( )

( )

2
4 1 2 1 2 4

1
2

1 2 2 4

,
21 5 5 ,

4 2 2
,

2

Asn k
A Au

Asn k

α α α ξ β α α α
λ λξ β γ

α α ξ β α α

 −
− + −     = − ± ±    −  − + −  

 

 (3.49) 

and  

( )
( ) ( )

( )

2
2 3 4 3 2 4

1
2

3 4 2 4

,
21 5 5 ,

4 2 2
,

2

Asn k
A Au

Asn k

α α α ξ β α α α
λ λξ β γ

α α ξ β α α

 −
− − −     = − ± ±    −  − − +  

 

 (3.50) 

where  
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( )( )4 2 3 1β α α α α= − − , 
( )( )
( )( )

4 3 2 1

4 2 3 1

k
α α α α
α α α α

− −
=

− −
. 

The solutions (3.46)-(3.50) have not been obtained in [33], they are new ones. 

4. Conclusion  

In summary, we have obtained five new solutions for Equation (1.6), including 
three periodic solutions and two singular solutions. These solutions are not ob-
tained in other papers. These new solutions are applied to three differential equ-
ations, including combined KdV-MKdV equation, a fourth-order integrable non-
linear Schrödinger equation and generalized Dullin-Gottwald-Holm equation, 
we have obtained new travelling wave solutions for these equations, respectively.  
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Abstract 
This paper concerns the full interaction of a flux of photons onto any metal 
whose extraction potential is known. The photons are described with a full 
wavefunction, including all states of polarization, and the ejected electrons are 
considered with their two spin states. The purpose is to give a full theoretical 
description of the interaction of the photoelectric effect, known since a long 
time, it verifies that the electron of any peculiar metal can escape if a thre-
shold is met. These wavelengths are accessible for many metals, the photoe-

lectrons exist if the condition: 0
0

hc
U

λ λ≤ = . 0U  is the extraction potential 

given in eV , these are tabulated. The system wavefunction (electron + pho-
ton) a product of the electron free wave and of the photon, taken as  

1, 1,0J M ±= , is defined, and the total ( )tΨ  is truncated as required by the 

condition 0
0

hc
U

λ λ≤ = . It is possible to use any combination of polarization 

states for the photon, with at maximum a mixture of all possible polariza-
tions, which is linear and right and left circular. The method applied takes 
into account the basic electron photon interaction, the free electron, which is 
the ejected electron, is described by a free wave, restricted to the first mo-
menta. The quantum theory of the interaction needs to evaluate the integrals: 

max 3
0

e e di
r iiI r r⋅⋅= ∫ K rK r  , where maxr  is a cut-off parameter to insert to enable 

finite values of these integrals. The I is calculated on the variables , ,r θ φ , and 

the 3r  concerns the radial volume multiplied by the r coming from the dipolar 
interaction. It follows that using the Fermi golden rule leads to an estimate of the 
probability of escape of an electron ijP , assuming that the normalisation factor 

of the A  the electomagnetic vector is 
3

max4
3
r

V
×

= . The results for copper 

metal are given, the probabilty of escape, ijP  has the correct dimension 1
T

. 
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1. Introduction 
The interpretation of the photoelectric is historically the first discovery of 
quanta as explained by Albert Einstein (1905). Extracted electrons from the 

metal are subject to the law: 0
hch Uν
λ

= ≥ , where the energy of the photon 

converted in eV has to be greater than the 0U  extraction potential. These po-
tentials are known for most metals. The author proposes to deepen this basic 
electron photon interaction using all possible states of polarization of photons (J 
= 1 is the photon spin: thus 2 1 3g J= × + = . and the two states of the electron: 

2
σ = ±

 . This approach implies at least six states to deal with the photon elec-

tron interaction. This interaction is defined using the electromagnetic field 

( )tA , the electron is considered as a free wave whose energy and impulse K


 

result from the simple energy balance: 
2 2 2

0 2 2
e

e

m V Kh U
m

ν − = =
 . It is known  

that normalizing a free wave for the electron written as: eiK r⋅   is a difficult 
problem when the r radial coordinate goes to infinity. The results are given for a 
quantity: maxr , that is the position of the electron over the metal, it is a probabil-
ity to find the ejected electron at a given place. 

This paper shows how to improve the photoelectric effect on the theoretical 
side, it uses the full photon wavefunction quantum description, dealing with the 
three states of polarization (or any combination of these), classically the photon 
exists linearly polarized: 1, 0J M= = , and left circular and right circular  

1, 1J M= ± , for what concerns the escape electron, its wavefunction is consi-
dered as a free wave, it is not anymore at the metal surface. The electron wave-

function as a free wavefunction has two spin states: 
2

σ = ±
 , the so-called pola-

rized electrons. The useful wavelengths that give rise to the phenomenon of elec-

trons extraction are such that: 0
0

hc
U

λ λ≤ = , this is the basis of the Einstein inter-

pretation of the photoelectric effect and consequently appears the Planck constant. 
In these early days the quantum field of radiation and the Born interpretation of 
the existence probability of such particles (electron, photon, proton) are not 
known, in the Born view, if a wavefunction exists for a particle it should verify: 

* 2
0

d d .1r r
∞
ΨΨ Ω =∫  

For a free photon with the basic wavefunction: eiK r

V
ψ

⋅

=




, integrated on the  

whole space variables, the existence probability tends to ∞ , this divergence is 

https://doi.org/10.4236/jamp.2022.108165


A. de Kertanguy 
 

 

DOI: 10.4236/jamp.2022.108165 2434 Journal of Applied Mathematics and Physics 
 

the major theoretical problem posed by the wave theory of photons in the wave 
corpuscule duality. If a photon is not absorbed or emitted, the free wave descrip-
tion does not match the Born condition. In our paper, the photon interacts with 
the electron on the metal surface, thus it is localized enabling a free wave with no 
divergence when integrated. 

2. Describing a Photon by Its Angular Wavefunction  

We consider the following angular wavefunction 1, 1,0J M= = ±  for a pho-
ton with its different 3 polarization states, orthogonal to each others. These are 
spherical harmonics ( )1

1 ,m
lY θ φ=±
= , these give the circular right and circular left 

the linear is ( )0
1 ,m

lY θ φ=
= . One considers the photon as a boson, thus with ainteg-

er spin 1J = , with three independent states. 
The following equations describe the photon with all its polarized states with 

an equal proportion for these states. 

1 0 11, 1 1,0 1,1a a a−Ψ = − + +                   (1) 

22 2*
1 1 0 1a a a−ΨΨ = + + =                    (2) 

The product * 1ΨΨ =  means that the photon exists, with an equal polariza-
tion probablility, a photon beam linearly polarized implies 1 1 0a a− = = . it fol-
lows:  

1 0 1 1
1
3

a a a a− −= = = =                      (3) 

In order to precise this wavefunction, it is useful to write:  

H EΨ = Ψ                           (4) 

d
d

H i
t

= −                            (5) 

H ωΨ = Ψ                          (6) 

Therefore the solution for Ψ  with d
d

i
t

ω− = Ψ  , gives d di tωΨ
=

Ψ
, integrat-

ing gives log i tωΨ = , thus ( ) ei tt ωΨ = , thus verifying the condition  
* 1ΨΨ =  and taking into account the cut in frequencies involved by the thre-

shold: 0 0 0h Uν ω= ≥  

0U  is the extraction potential of metals, meaning that the electrons before the 
illumination are kept inside the metals. The cutting parameter for the frequen-

cies are 0
0

U
ω =



, (to obtain homogeinity 0U  should be written in Joules). The 

wavefunction is modified this way:  

( ) [ ]0 0,t UnitStepω ω ωΨ = −                   (7) 

( ) ( ) [ ]* 2
0 0 0, ,t t UnitStepω ω ω ωΨ Ψ = −               (8) 

1 0 1 1
1
3

a a a a− −= = = =                     (9) 
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The Mathematica function [ ]0UnitStep ω ω−  is the same as the Heaviside dis-
tribution, it means that:  

[ ] [ ]0 0 0 00 for , 1 forUnitstep Unitstepω ω ω ω ω ω ω ω− = < − = ≥ . 

Finally including the cutting frequency 0ω  (that depends of the irradiated 
metal), the photon wave function is written down: 

( ) ( )T
0 1 0 1, , 1, 1 1,0 1,1 ei tt N a a a ω

ωω ω −Ψ = − + +          (10) 

Nω  is the number of photons at the frequency ω . 
The factor Nω  insures that ( )

2T
0, , t Nωω ωΨ = , that is the wavefunction 

for Nω  photons of the same mode. 
It is possible to perform the Fourrier transform of the function:  
( ) ( ) [ ]* 2

0 0 0, ,t t UnitStepω ω ω ωΨ Ψ = −  
This Fourier transform ( )0 ,G tω  is: 

( ) ( ) ( )0
0

2sin
, 2

t
G t t

t
ω

ω δ= π −
π

                  (11) 

3. The Free Electron Wavefunction  

The energy balance of the photoelectric effect is: 
2 2 2

0 2 2e e

P Kh U
m m

ν − = =
 . When  

the mechanics of the photon electron interaction takes place, the ejected electron 
obtain an impulse P K= 

 , K


 serves to build the free wave function ot the 
electron, that is with the Dirac ket representation: ,iK σ , this ket includes the  

two possible spin states 
2

σ = ±
 . Finally the electron wavefunction is:  

( )
1
2, e i

s

siK r
e i mKφ σ χ

=⋅=




                     (12) 

This wavefunction can be developed on partial waves as shown:  
( )cose e ii iK riK r θ⋅ =



                        (13) 

( ) ( ) ( ) ( )cos

0
e 2 1 cosiiK r l

l l i
l

i l P j K rθ θ
∞

=

= +∑                (14) 

Else for small impulses iK , that concerns an electron near the threshold of 
the ejection mechanism, one can write: 

( ) ( )
( )( ) ( )( )

2
3cos cos

e 1 cos cos
2

i iiK r
i i

K r
iK r O iK rθ θ

θ θ= + − +       (15) 

Spherical Harmonics Description for Kets JM   

First of all setting: 1 1 0
1
3

a a a− = = = , these values mean an equal polarization 

for each independent states, then the photon wavefunction with 1J =  is de-
fined by:  

( )11 ,
JJ MM Y θ φ=                      (16) 
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1,0JM = ±                         (17) 

The full wave function is: 

( ) ( ) ( ) ( ) [ ]T 1 1 1
0 1 1 0 0 1 1 0, , , , , , ei tt a Y a Y a Y UnitStep ωω θ φ θ φ θ φ θ φ ω ω− −Ψ = + + × − (18) 

Explicitly:  

( )1 31 0 cos
2JM θ= =

π
                    (19) 

( )e 31 1 sin
2

i

JM
φ

θ
−

= = −
π

                  (20) 

( )e 31 1 sin
2

i

JM
φ

θ
−

= − =
π

                  (21) 

4. Quantum Theory of the Interaction Electron Photon  

The phenomenon of ejecting an electron from the metal is governed by the di-
pole operator to a good approximation: D er=



 , and the energy associated with 
the interaction mechanism is:  

V D E= ⋅                           (22) 

Since from electromagnetic field theory it is well established that: 
1 AE
c t

∂
= − ×

∂



 , 

with: 

( )
0e iKr tA A ω−=







 , and introducing the normalizing factor: 0
02

A
Vω

=



, then  

( )
0

1 ei Kr tAE i A
c t

ωω −∂
= − =

∂









 , finally the expression of the interaction energy is:  

V D E= ⋅
 

                         (23) 

( )
0ei Kr tV eir A

c
ωω −= −





                      (24) 

1One obtains the probability for an electron to be ejected from the irradiated 
metal by the calculation of:  

( )
2T

0, ,iProb K erE tσ ω ω= Ψ
 

                (25) 

V erE=


                          (26) 

( )
0ei Kr tE i A

c
ωω −=







                       (27) 

( )
2 22 T

0 02 e , , eiKr i t
iProb A K r t

c
ωω σ ω ω= ⋅ Ψ






           (28) 

( )
2 2T

02
0

e , , e
2

iKr i t
i

eProb K r t
V c

ωω σ ω ω= ⋅ Ψ





 


         (29) 

 

 

1-e is a positive quantity. 
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5. Evaluation of the Probability of Ejection of an Electron  

The probability to evaluate is: ( )
2 2T

02
0

e , , e
2

iKr i t
i

eProb K r t
Vc

ωω σ ω ω= ⋅ Ψ










.  

The oscillating factor ei tω  disappears because of the squared modulus. The 
evaluation of the probability already has given theoretical work [1]. For small 
K , thus an electron near the threshold: ( )02 eK m h Uν= −  , a frequency  

0U
h

ν ≈ , then it is easy to write [2]:  

( ) ( )( )
2

3e 1
2

iKr Kr
iKr O Kr≈ + − +





                (30) 

( ) ( )
222

T
02

0

1 , ,
22 i

KreProb K r iKr t
Vc
ω σ ω ω

 
 = ⋅ + − Ψ
 
 

 

  


     (31) 

Making the assumption that the polarization vector can be written as: 

1 0 11, 1 1,0 1,1a a a−= − + +                  (32) 

The probability is at the order ( )( )2O K r⋅ : (that means 1Kr <  ) 
Impulse K and ejection distance of the electron r both small.  

( ) ( )
222

T
02

0

1 1 , ,
22 i

KreProb K r iKr t
Vc
ω σ ω ω

 
 = ⋅ + − Ψ
 
 

 

  


     (33) 

( )

( ) ( ) ( )( )

22

2
0

2
1 1 1

1 1 0 0 1 1

1 e 1 ,
22

, , , e

iiK r

i t

KreProb r iK r
Vc

a Y a Y a Y r ω

ω σ

θ φ θ φ θ φ− −

 
 = + ⋅ −
 
 

+ +



 

  




       (34) 

These can be calculated. 

6. Development of Calculation of the Probabilities  

Then 1Prob  simplifies setting: [ ]( )
12 = 222

0 02
02 s

s

m
efac a UnitStep

Vc
ω χ ω ω
ε

= −
 .  

( )cosr r θ=                           (35) 

( ) ( )1
0cos 2 ,

3
Yθ θ φπ

=                       (36) 

The spherical harmonics are orthonormal functions, obeying to  
( ) ( ) , ,, , dl l

m m l l m mY Yθ φ θ φ δ δ′
′ ′ ′Ω =∫  

It follows that for the development of 1Prob  integrals like: 
( ) ( )1 1

1 0, , d 0mY Yθ φ θ φ=± Ω =∫ , thus stays in the evaluation the quantity: 

( ) ( )( ) 2
cos( )2 1 ) 1* 3

0 0 0
41 , , e , e d
3

iiK r iKr i tProb fac a e Y Y rθ ωσ θ φ θ φπ
= ∫





    (37) 

Using the relation: ( ) ( ) ( ) ( )cos
0e 2 1 cosiiK r l

l l ii l P j K rθ θ∞= +∑  and  
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( ) ( )3 2 2d sin d d d sin d dr r r r rθ θ φ θ= = Ω
 . with ( ) ( )1

0
4cos ,

2 1lP Y
l

θ θ φπ
+

. 

These equations prove that 1Prob  connects only the photon wavefunction  

1, 0JJ M= =  with 2
0

1
3

a = , this probability is evaluated with Mathematica 

restricting the sum:  
( ) ( ) ( ) ( )2cos

0e 2 1 cosi liK r l
l l il i l P j K rθ θ=

=
= +∑ , 

taking into account 3 partial waves 

0,1,2l = . 

An alternative way to calculate 1Prob  is to introduce the development in se-
ries of the bra  

e ,iK r σ⋅  . Equation (15) 

recalling:  

( )
2 2 3

e 1
2

iiK r i
i i

K r
iK r O K r⋅ = + ⋅ − +





 

                (38) 

The squared scalar product 1Prob  serves to estimate the transition probabil-
ity given by the Fermi golden rule. 

For 1Prob   
( )cose ,iiKi θ σ⋅=                     (39) 

( ) ( )1 1*
0 0, ,j Y Yθ φ θ φ= ×                 (40) 

( ) ( )
2

cos2 e , eiiK r iK r
ij i jjP er j E Eθ σ ρ⋅π
= −∑









        (41) 

( ) ( )
22 2

cos2 e , 1 d
2

iiK r
ij

K rP er iK r j E Eθ σ ρ
 π

= × + ⋅ − 
 

∫


 



    (42) 

7. Results Obtained with Mathematica  

The full expression eiK r⋅  , with the trigonometric functions is: 

( ) ( ) ( ) ( ) ( )( )cos sin sin sin cos
3e e

K ri
iK r

θ θ φ θ φ⋅
+ +

⋅ =

              (43) 

integrating 
22 2

1
2

K ri er iKr j
 
+ − 

 


   on angles gives a good approximation of 

the dipole operator ijP , with the condition ( 1Kr ≤


 ). 

A consequence is that development of 
( ) ( ) ( ) ( ) ( )( )cos sin sin sin cos

3e
K ri θ θ φ θ φ⋅

+ +
, connects 

all the polarization states of the photon. 
Mathematica can be used and give results for these integrals.  
To evaluate the probabilities ijP , it is necessary to define the density of states: 
( )i jE Eρ −  or its continuous value ( )dE Eρ  [3]. 

Using the relation = P K  with ( )
( ) ( )3 3

d dd d
2 2

E Eρ Ω = =
π π

K P  and 
2

2 e

pE
m

= , 
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it comes: 
2d d dp p p= Ω                          (44) 

dd
e

p pE
m

=                           (45) 

d
d

emp
E p
=                           (46) 

( )
( ) ( )

2
3 3

d
2 2

empE p pρ = × = ×
π π 

                (47) 

( )
( )32 2

em K
Kρ =

π

                       (48) 

( )
2 2

02 e

KE
m

ω ω= − −


                      (49) 

with 0 0Uω =  and setting: ( )0ω ω ω∆ = −  . 
Applying the Fermi golden rule gives for the ejection probability:  

( ) ( )
2 22

cos1
0

2 e ,
2

iiK r
ij

e

KP D E j
m

θ σ δ ω ω⋅  π
= ⋅ − − 

 

 







       (50) 

( ) ( ) ( )
2 22

cos1
0

2 e , d
2

iiK r
ij K

e

KP D E j K
m

θ σ ρ δ ω ω⋅  π
= ⋅ − − Ω 

 
∫

 







   (51) 

( )
2 22

2
0

2 e ,
2

iiK r
ij

e

KP D E j
m

σ δ ω ω⋅  π
= ⋅ − − 

 



  







        (52) 

( ) ( )
2 22

2
0

2 e ,
2

iiK r
ij

e

KP D E j K
m

σ ρ δ ω ω⋅  π
= ⋅ − − 

 
∫



  







     (53) 

It appears that 1
ijP  only connects the ket ( )1

0 ,j Y θ φ∝  linked to only one 

polarization state 0
1
3

a = . 

If no preferred direction are inserted in the interaction electron photon inte-
raction: 

( )
2 2T

0
0

e , , e
2

iKr i t
i

eProb K r t
V

ωω σ ω ω= Ψ





 


 then eiK r⋅   is written with the 

help of: 

x y zKr K x K y K z= + +

  

Considering isotropic polarization states:  

2 2 2 2 2 2 2,
3x y z x y z

KK K K K K K K= + + = = = . 

Changing into spherical coordinates gives: 

( ) ( ) ( ) ( ) ( )( )cos sin sin sin cos
3

K rKr θ θ φ θ φ⋅
= + +

          (54) 

( ) ( ) ( ) ( ) ( )( )cos sin sin sin cos
3e e

K ri
iK r

θ θ φ θ φ⋅
+ +

⋅ =

                 (55) 
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It follows that using this development, the scalar product is written:  

( ) ( ) ( )( ) ( )
21 1 1

1 1 0 0 1 1e , , , cos eiKr i t
iK r a Y a Y a Y iKr ωσ θ φ θ φ θ φ θ− − + +




 

   then eiK r⋅   

is written: ( )e 1iK r iK r⋅ ∝ + ⋅





  

( ) ( ) ( )( )
2

1 1 1
1 1 0 0 1 1e , , ,iKr

iProb K r a Y a Y a Yσ θ φ θ φ θ φ− −= + +







      (56) 

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

2
cos sin sin sin cos

1 1 13
1 1 0 0 1 1e , , ,

K ri

iProb K r a Y a Y a Y
θ θ φ θ φ

σ θ φ θ φ θ φ
⋅

+ +

− −= + +


 (57) 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
2

1 1 1
1 1 0 0 1 1

.1 cos sin sin sin cos , , ,
3i

K rProb K r i a Y a Y a Yσ θ θ φ θ φ θ φ θ φ θ φ− −
 

= + + + + + 
 



 (58) 

It is possible with this development to connect different polarization states. 

1 1,1a  and 1 1, 1a− −  because ( ) 1
1sin Yθ ±∝   

Integrating on the radial variable means: 3d dr V r r=∫ ∫ . One deals with an 
integral that does not converge, when the range is fixed to 0r =  to the upper 
limit to maxr , the integral becomes a function of this quantity, the value for V 
appears in the definition of the electromagnetic field:  

( ) ( ), †

0

, e e
2

K iK r iK r
K K

k k

A r t a a
V

α
α αω ω

⋅ ⋅= +∑


 

 

 












            (59) 

The quantity Prob  is integrated with Mathematica using the development 

( )
2 2

3 3e 1
2

iK r K riKr O K r⋅ = + − +





 . 

7.1. Calculations of Integrals Required When Applying the Fermi  
Golden Rule  

Integrating on the radial variable means: 3d dr V r r=∫ ∫ . One deals with an integral 
that does not converge, when the range is fixed to 0r =  to r →∞  [3]. 

To avoid this divergence, all calculations are done fixing the upper limit to 

maxr , the integral becomes a function of this quantity, the value for V, included 

in fac = is defined as 3
max

4
3

V rπ
=  and 30.5

2
α =

π
  

eiKz  is developed the maximum number of waves is fixed to lmax = 3 the 
summed waves function are defined: 

( ) ( ) ( )
3

0

0

4e 2 1 ,
2 1

iiK r l
l i l

l
i l j K r Y

l
θ φ⋅

=

π
∝ +

+∑

              (60) 

An alternative way to have results for the integrals is to make a Taylor serie: 
( ) ( ) ( ) ( ) ( )( )1 1 0

1 1 1e sin , e cos , ,

3e e

i i
i

i

iK r Y Y Y

iK r

φ φφ θ φ φ θ φ θ φ

α

− −− +
−

⋅ =


              (61) 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 1 0
1 1 1exp sin , exp cos , ,

e 1
3

i
iiK r

iK r i Y i Y Yφ φ θ φ φ φ θ φ θ φ

α

−
⋅

− − + +
∝ +



 (62) 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) 21 1 0
1 1 1exp sin , exp cos , ,

0.5
3i

r i Y i Y Y
K

φ φ θ φ φ φ θ φ θ φ

α

− − − + +
 +
 
 

(63) 
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Changing the spherical harmonics ( )1 ,mY θ φ  into their trigonometric values: 

( ) ( ) ( ) ( ) ( )1 3 1 3 1 31.671 sin sin sin cos cos
2 2 2 2 2e e

i
i

i K r
iK r

θ φ θ φ θ
 

× − −  π π π⋅  =


            (64) 

( )
( ) ( ) ( ) ( ) ( )( )

( )
.

cos sin sin sin cos23 3
10 0 0

d d d sin e ,
iK r

i
m

ijR e r r Y
θ θ φ θ φ

θ φ θ θ φ
+ +∞ π π

= ∫ ∫ ∫    (65) 

This complete integral diverges when r →∞ , but still possible to obtain a fi-

nite value using an upper limit maxr  and modifying the upper integral to 
0

∞

∫  with 

this upper limit and dividing it with: 
3

max4
3
rπ

. 

The dipole element i er j  is integrated easily with Mathematica, then 
squared to obtain the probability ijP  although the radial variable on its r →∞  
domain does not converge, the author uses the a limit maxr r= . 

It is correct to use Taylor series for e iiK r⋅  , this gives at the fourth order devel-
opment of this quantity ( iz K r= 

 ): 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )(
( ) ( ) ( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( ) ( )( )( ) ( )

22

33

44 5

e sin sin 1.63299 cos sin 1.1547 cos

1 sin 1.63299 cos sin 1.1547 cos
2
1 sin 1.63299 cos sin 1.1547 cos
6
1 sin 1.63299 cos sin 1.1547 cos
24

iz z i i

z i i

z i i

z i i O z

θ θ θ θ φ

θ θ θ φ

θ θ θ φ

θ θ θ φ

= + − −

+ − − +

+ − − +

+ − − +

(66) 

It follows: 

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

max2 3
0 0 0

2 2

2

1 3d d d sin cos
2

1 3 1 31.671 sin sin sin cos
2 2 2 2

1 3 1 3cos 1.396 sin sin
2 2 2

1 3 1 3sin cos cos
2 2 2

ij

r r

i

i

R i er j

e r r

i K r

K r

θ φ θ θ

θ φ θ φ

θ θ φ

θ φ θ

π π =

=

=
π

 
× +  π π

 
+ +  π π 

 + +  π π  

∫ ∫ ∫



     (67) 

( )
( ) ( ) ( ) ( ) ( )( )

( )max
cos sin sin sin cos23 3

10, 1 0 0 0
d d d sin e ,

iK r
ir m

ij mR e r r Y
θ θ φ θ φ

θ φ θ θ φ
⋅

+ +π π

= ±
= ∑ ∫ ∫ ∫ (68) 

( )5 8 3 6 4
max max max0.20944 1.39626 3.14159ij i i iR e K r K r K r= × − +         (69) 

The complete integral is obtained performing the integration over ,r θ  and 
φ  is obtained: 

( )5 8 3 6 4
max max max0.20944 1.39626 3.14159i i ii er j e K r K r K r= × − +



     (70) 

(These quantities are obtained with Mathematica) 
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7.2. Mathematical Treatment of the Interaction  

It shows that exists a coupling with the 1, 0, 1J M= = ± , that is with all com-
ponents of the polarized photons. and thus obtains for 22

ijR i er j=   the for-
mula: 

( )2 2 10 16 8 14 6 12
max max max0.0438649 0.584865 3.2655ij i i iR e K r K r K r= × − +      (71) 

To obtain the probability ijP  of the electron being released from the metal, 

that is using the Fermi golden rule: and defining ( )0ω ω ω∆ = −   with the re-

lation 0 0Iω = , the density of free states ( )
( )32

em K
Kρ =

π





 enables to justify the 

following integrals. 
It is necessary to compute:  

2
1 2

02
2ij ij

e

PP R I
m

δ ω−  
= π × × + − 

 
                 (72) 

( )
2

1 2
02

2ij ij
e

PP R
m

δ ω ω−  
= π × − − 

 
                 (73) 

( )
2 2

1 22 2 d
2ij ij K

e

KP R K
m

ρ δ ω−  
= π × − ∆ Ω 

 
∫



              (74) 

Using the well known δ  function properties (see Apendix):  

( ) ( ) ( )2 2 1
2

x b x b x b
b

δ δ δ− = + + −                 (75) 

with 
2

2

2 e

a
m

=
  thus 

2 em
b

a
ωω ∆∆

= =


 with 1b L−∝  homogeneous to the 

wave vector K. This gives: see Appendix  

2 2

3

2 2
2

e ei e
i i

e

m mK m
K K

m
ω ω

δ ω δ δ
ω

    ∆ ∆ 
 − ∆ = × + + −         ∆      

 





 

(76) 

(
)

2 2 10 16 8 14 6 12

4 10 2 8

0.0438649 0.584865 3.2655

8.77298 9.8696

ij i i i

i i

R e K r K r K r

K r K r

= × − +

− +
      (77) 

It follows the complete formula for the probability of escape of the electron:  

( )
1 2

3 32

2
2

2

2
d

i

ee i e
ij ij i

e
i K

mm K m
P R K

m
K

ω
δ

ω

ω
δ

−
  ∆
= π +  ∆π  

 ∆
+ − Ω   

∫












         (78) 

It is reasonable to reject the factor 
2 e

i

m
K

ω
δ
 ∆

+  
 





, because the wave vec-

tor cannot be negative. 

Defining the factor: 
12

22
012

0 22 s

s

m

efac a
Vc
ω χ

=

=±

 
=   

 
∑


 where the volume V comes 
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from the electromagnetic ( ),A r t

  is 
3

max4
3
r

V
π

= .  

Adding the electron spin contribution given by
 

1 2
2

1
2

2
4s

s

m
χ

=

=±
=∑ 

. Finally 
 

3 2
2

02
04

efac a
Vc
ω

=



 This leads to the escape probability of electrons in a metal, 

with a photon flux 
0

1Nω =  at the threshold 0U  of a peculiar metal is:  

( )

0

1
122 2 2

12
10
2

2

0 1 0

10 e 1, 1
23

1,0 1,1 e

s

i
s

s

m
siK r
m

m

i t

N
Prob e r a

Volc

a a UnitStep

ω

ω

ω χ

ω ω

=
=−

−

=−

= −

 + + − 

∑



 



        (79) 

The electron spin wave function for the two states is:  
1
2

2s

s

sm mχ
=

= = ±


 , because of the squared modulus, the spin function gives for 

1
2sm = ± , that is the final quantity: 

2

1
2

10
sm

Prob
=±

 is the same, each of the two electron states gives the same 

contribution: 
2

4


. 

The full expression giving the final form of the formula is: (with 210ijP Prob= ) 

( ) (

)

2 1 10 10 8 14
max max2 3

6 6 4 4 2 2 2
max max max

3

8 0.0438649 0.584865
2

3.2655 8.77298

2

e i
ij i i

i i i

ee
i

m K
P fac K r K r

K r K r K r

mm
K

ω
δ

ω

−= × π −
π

+ − + π

 ∆
× × −  ∆  









    (80) 

Applying the δ  function to the formula Equation (81) gives: and replacing 

iK  with 
2 e

i

m
K

ω∆
=





, it simplifies, dividing by the volume V that gives:  

5 2 7 13

2 7
0

0.0189977 ee m r
c

ω∆
 

 

2

32 2
0

3
8 2

e e
ij e

e m m
P m

c
ω

ω
= ∆

∆π





               (81) 

5 5 13 4 4 11 3 3 9
max max max

5 4 3

1.40368 9.35785 26.124e e em r m r m rω ω ω ∆ ∆ ∆
− +

   

    (82) 

2 2 7 5
max max

2

35.0919 19.7392e em r m rω ω ∆ ∆
− + 



            (83) 
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5 7 13 4 6 11 3 5 9 2 4 7 3 5
2 max max max max max

7 6 5 4 2

2 2
0

1.40368 9.35784 26.123 35.0919 19.7392

8 2

e e e e e

ij

m r m r m r m r m re
P

c

ω ω ω ω ω ∆ ∆ ∆ ∆ ∆
− + − + 

 =
π

    


(84) 

7.3. Final Formula  

Considering the small value of 341.05457 10 J s
2
h −= = × ⋅
π

 , the greatest term in 

Equation (81) is 7

1


 it is correct to keep for ijP . 

Inserting the values of the constants gives: 

5 2 6 13
max 3

2 6
0

0.0377124 e
e e

ij

me m r m
P

c

ω∆
=





 
              (85) 

The prevailing term is therefore:  

( )
5 2 7 13

2max
02 7

0

0.0377124 ee m r
UnitStep

c
ω

ω ω
∆

 × − 
 

. 

At this stage, the formula for 210Prob  should have the dimemsion of a 

probability 1
T

, instead the upper formula has a dimension: M
T

, it appears that 

this question is exposed in [4] page 1142, formula (2.23). 
I thus use the approach of [4], and this manipulation insures that: 

2 110Prob
T

∝ , thus the final formula is now: 

( )
5 2 6 13

22 max
02 7

0

0.0189977
10 ee m r

Prob UnitStep
c

ω
ω ω

∆
 = × − 

 
      (86) 

Using MKS units for the constants involved in the formula: 

Planck constant 341.05457 10 J s
2
h −= = × ⋅
π

 , electron mass  

319.109 10 kgem −= ×  vacuum permittivity 12
0 8.8545 10 F m−= × , light veloci-

ty 82.99792 10 m sc = × , electron charge 191.6021 10 Ce −= ×  

Inserting the numerical values of the physical constants gives:  
2 12 5 13

max10 2.41471 10Prob rω= × ∆                (87) 

The idea is to define maxr  as: 

max 0.000115772i
i

e

K
r V t t K t

m
= × = × = × ×



            (88) 

Thus the formula with the time t variable and the wave vector iK  is:  

( )240 5 13 13

0

27.6810 10 i
c K t UnitStepω ω ω

λ
−  π  × ∆ ∆ + ∆    

        (89) 

An example is shown using the extraction potential of the copper element: 
giving these numbers for the extraction potential of copper 0 5.1 eVU =  with 
the corresponding wavelength: 
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72.431 10 mλ −= ×  and the so called pulsation is follows  

15 1
0

0

2 7.74607 10 scω
λ

−= π = ×  

with these data the final probality of escape of an electron is:  

( ) ( ) ( )2 240 5 13 13 1510 7.6810 10 7.74607 10iProb K t UnitStepω ω ω−  = × ∆ × ∆ + × ∆  (90) 

Figure 1 illustrates the probability ijP  of electron escape on a Cu metal sur-
face with the basic condition 1iK r⋅ ≤



 . 
The frequency range is: 0 010 100ω ω ω≥ ∆ ≤  for the blue graph, that means 

that the wavelengths 0
0

2 cλ
ω
π

=  associated with the incident photons are shorter 

than the threshold 0
0

hc
U

λ = , thus more energetic compliant with the early Eins-

tein explanation of the photoelectric effect (1905). 
 

 
Figure 1. Escape probability of an electron (with a number of photons 

0
1Nω = ), from a 

Cu surface with condition of frequecy: 15 1
0

0

2 7.74607 10 scω ω
λ

−≥ = π = × , that is:  

0 0ω ω ω∆ = − ≥ . For different frequency ranges the probability exists with the basic 

approximation 1iK r <


 , the probability is 13 13K t∝ , thus very sensible to change in time 

t (in the graph 410 st −= ), the wave vector is 10.04489em VK m−= = ×


. 
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The Mathematica function [ ]UnitStep ω∆  is equivalent to the Heaviside func-
tion, this assures the conformity of the threshold effect prohibiting wavelengths 

0λ λ> . 
Once the escape probability is defined, the electron current is proportional to 

Nω , it is possible to write the intensity with its formula: d
d d d

EI
t sω =

Ω
. We can 

infer: 2d 10
d
E N Prob
t ω ω= × . 

8. Conclusions 

This paper tackles the photoelectric effect, in a upgraded fashion, it includes the 
threshold effect that once checked can possibly produce electrons with the con-
dition 0λ λ≤  0λ  depending on the choice of the metal.  

Recent work [5], on the extraction potentials of metals or semiconductors called 
these as work function, part of it, the present paper dealing with photon electron 
interaction on metal surfaces gives a good quantum approach giving experimen-
tal results. 

The photon electron interaction is taken to be dipolar, and the bulk of the in-
tegration using a free electron wave function, to mix to the photon free wave, is 
performed with symbolic software Mathematica, with the condition 1iK r⋅ ≤

  
One could say that fast electrons should be near a small r , and low electrons 
could be found at a distance 1r > , provided that the condition 1iK r⋅ ≤

  is ful-
filled. It appears in the theoretical part that, all polarization states of the photon 
can furnish different integrals and it is possible to include different polarization 
states: that means that coefficients: 2

0a  and 2 2
1 1 0a a= =  describe a linear 

polarization state, although that circular polarization could be taken on: 
2

1 0a ≠  2
1 0a− ≠ . For what concerns the integral with the exponential func-

tion e iiK r⋅  , that is the electron wave function, there are two approaches: the first  

is to develop the ( ) ( )
( )( ) ( )( )

2
3cos cos

e 1 cos cos
2

i iiK r
i i

K r
iK r O iK rθ θ

θ θ= + − + ,  

Mathematica is very efficient to calculate the overlap, of the photon wave func-
tion with those of the electron. Another way for the integral leading to the proba-
bility ijP  is to perform a wavelet calculation that is evaluating ( )cose e ii iK riK r θ=





. 
Then ( ) ( ) ( ) ( )cos

0e 2 1 cosiiK r l
l l il i l P j K rθ θ∞

=
= +∑ , the sum is restricted to the 

first momenta that is 0, 1, 2l l l= = = . This integral is more difficult to perform 
than in the case of the first approach, the reader can find the integral with the 
partial waves in Appendix A1. 

Finally the aim of this paper is to evaluate the quantity: max 3
0

e e di
r iK riK rI r r⋅⋅= ∫





 , 
K  concerns the photon wavefunction, and iK  is the electron wavefunction, it 
is impossible to perform the evaluation of I, with the range 0r r= → = ∞  but 
it is possible to evaluate this quantity with the range max0r r r= → = , making  

possible to evaluate I, dividing it by: 
3

max4
3
r

Vol
π

= . 
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Table 1. Physical constants MKS. 

Constants SI 

em  9.109 × 10−31 kg 

  1.054 × 10−34 J·s 

0  8.854 × 10−12 F/m 

c 2.997 × 108 m/s 

e 1.602 × 10−19 C 

 
The author suggests that the final formulas the first, involving the frequencies 

that is ( )0ω ω ω∆ = −  

( )
5 2 6 13

22 max
02 7

0

0.0189977
10 ee m r

Prob UnitStep
c

ω
ω ω

∆
 = × − 

 
 

and the second depending on the time t:  

( )2 240 5 13 13

0

210 7.6810 10 i
cProb K t UnitStepω ω ω

λ
−  π  = × ∆ ∆ + ∆    

 can be used to 

perform experiments on different metallic surfaces. 
To illustrate these considerations, if 10.402145 miK −= , the ejection velocity 

Vtest is shown in different units of length 
10.0000465573Vtest ms−= × , 465573Vtest = × 1Ås− , 10.465573Vtest sµ −= ×   

Table 1 summarizes the physical constants used in the calculations.  
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Appendix A 
A.1. Mathematica Full Calculation of L = 0, L = 1, L = 2 Partial 
Waves 

The integral: ijR i er j=  is: 

( )
( ) ( ) ( ) ( ) ( )( )

( )
cos sin sin sin cos23 3

10 0 0
d d d sin e ,

iK r
i

m
ijR e r r Y

θ θ φ θ φ
θ φ θ θ φ

⋅
+ +∞ π π

= ∫ ∫ ∫    (91) 

( ) ( ) ( ) ( ) ( )max2 33 0
100 0 0

4d d d 2 , sin ,
2 1

r r l m
l i lli er j e r r i l j K r Y Y

l
θ φ θ φ θ θ φ

π π =

=

π
=

+∑∫ ∫ ∫ (92) 

L = 0  

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )2 2
max max max max

3.072 2
max max max max

12.27

19.2893 0.63662 0.159155 0.256 0.358 cos 1.671 0.428 sin 1.671 0.256 0.5

12.27

ma

0.256 0.358 cos 1.671 0.428 sin 1.671 0.256

e

0.256 0.358

i i i i i

i i i i

i

i K r K r K r K r K

i

r K r K r K r K

K

K

r

 + − − + − +  

− + −

−( ) ( ) ( )
3.069982 2

x max max max

4

cos 1.671 0.428 sin 1.67109 0.256i i i i

i

K r K r K r K

K

 + −
 
 
 

(93) 

L = 1  

( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

3.067
15 15 2 2 15

max max max max

12.27

15
2 2 15 15

max max max max

4

4.00 1.2813 10 1.1921 10 sin 1.671 2.1412 10 cos 1.671

1.9083 10 2.050 10 sin 1.671 3.425 10 cos 1.671

i i i i

i

i i i i

i

i i r K r K i r K r K

K

r K i r K i r K r K
i

K

− − −

−
− −

× − × + − ×

   ×
+ − × + ×     

3.07


 
 
 
 
 
 

(94) 

L = 2  

( ) ( ) ( )( )2 2
max max max max

4

0.227 2.864 cos 1.671 3 sin 1.671 2.864i i i i

i

r K r K r K r K

K

− − +
(95) 

A.2. Using Dirac δ Functions 

Using the well known δ  function properties, these are useful relations:  

( ) ( )x
ax

a
δ

δ =                         (96) 

( ) ( ) ( )2 2 1
2

x b x b x b
b

δ δ δ− = + + −                  (97) 

It is necessary to apply these basic identities to our problem: first step:  

2
2 2

2

2 2

2 22

e e

e ee

m m
K

m mm
K K

ω
δ

ω ω
δ δ

∆ − 
 
    ∆ ∆
 = + + −           



 

 

 

          (98) 
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2
2 2

2

2 2

2 22
2 2

e e

e ee

e

m m
K

m mm
K K

m

ω
δ

ω ω
δ δ

ω

∆ − 
 

    ∆ ∆
 = × + + −       ∆     



 

 



 



   (99) 

2
2 2

3

2 2

2 2

e e

e ee

m m
K

m mm
K K

ω
δ

ω ω
δ δ

ω

∆ − 
 

    ∆ ∆
 = × + + −       ∆     



 

 

 

     (100) 

Using the well known δ  function properties, these are useful relations: 

One needs to solve: 
2

2

2 e

K
m

δ ω
 

− ∆ 
 



   

( ) ( )x
ax

a
δ

δ =                       (101) 

( ) ( ) ( )2 2 1
2

x b x b x b
b

δ δ δ− = + + −              (102) 

with 
2

2

2 e

a
m

=
  thus 

2 em
b

a
ωω ∆∆

= =


 with 1b L−∝  homogeneous to the 

wave vector K.  

2 2 1
2 2e

K K K
m a aa

ω ωδ ω δ δ
ω

      ∆ ∆
− ∆ = × + + −          ∆      

  





   (103) 

2 2

2

2 21
2

e

e e

K
m

m m
K K

a

δ ω

ω ω
δ δ

ω

 
− ∆ 

 
    ∆ ∆
 = × + + −       ∆     





 

 



       (104) 

2 2

2

2

2 22
2 2

e

e ee

e

K
m

m mm
K K

m

δ ω

ω ω
δ δ

ω

 
− ∆ 

 
    ∆ ∆
 = × + + −       ∆     





 



 



    (105) 

2 2 1
2 2e

K K K
m a aa

ω ωδ ω δ δ
ω

      ∆ ∆
− ∆ = × + + −          ∆      

  





   (106) 

2 2

2

2 21
2

e

e e

K
m

m m
K K

a

δ ω

ω ω
δ δ

ω

 
− ∆ 

 
    ∆ ∆
 = × + + −       ∆     





 

 



        (107) 
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Abstract 
One of the central issues in solving differential equations by numerical me-
thods is the issue of approximation. The standard way of approximating dif-
ferential equations by numerical methods (particularly difference methods) is 
to question the degree of approximation in the form ( )pO h . Here h is the grid 

step. In this case we have an implicit approximation. Based on the difference 
equation approximating the differential equation, the order of approximation 
is obtained using the Taylor series. However, it is possible to calculate the ap-
proximation error at nodal points based on the method of moving nodes. The 
method of moving nodes allows obtaining an approximate analytical expres-
sion. On the basis of the approximate form, it is possible to calculate the ap-
proximation error. The analytical form of the approximation makes it possi-
ble to efficiently calculate this error. On the other hand, the property of this 
error allows the construction of new improved circuits. In addition, based on 
these types of errors, you can create a differential analog of the difference eq-
uation that gives an exact approximation. 
 

Keywords 
Difference Equation, Differential Equation, Approximation Error,  
Moving Node 

 

1. Introduction 

There are various approximate analytical methods for solving differential equa-
tions. For example, in the works [1] [2] new approaches are presented. 

The methods of numerical solution of differential equations are based on the 
transformation of a differential problem into a difference problem, called ap-
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proximation. In simple words: to solve differential equations, you need to know 
the approximation of differential equations. Approximation of a differential eq-
uation by a difference—approximation of a differential equation by a system of 
algebraic equations with respect to the values of the desired functions on some 
grid. [3] [4] 

On the basis of the movable node, an approximate analytical expression for 
the difference solution of the differential problem [5] was obtained. In [6], the 
moving nodes method was used to construct the control volume method. In 
work [5] it is possible to increase the accuracy based on a combination of the 
moving nodes method with the ideas of Richardson’s extrapolation. Some ques-
tions of monotonicity of difference scheme with the help of a movable node are 
described in [6]. The application of the moving nodes method to some applied 
problems is reflected in [7]. 

This paper describes the application of the moving nodes method to the cal-
culation of the approximation error. When a two-point boundary value problem 
is solved by difference methods, the question of the degree of approximation 
usually appears. For the closeness of the exact and approximation of the solution, 
and the quality of the difference scheme are evaluated based on the degree of this 
parameter. With such an analysis, other parameters (the coefficients of the dif-
ferential equation) are not explicitly involved in the approximation error expres-
sion. Obtaining an explicit expression for the approximation error makes it poss-
ible to analyze it. 

Consider the simplest ordinary differential equation with boundary condi-
tions 

( ) ( )
2

2

d , 0 0, 1 1
d

u C u u
x

= = =                    (1) 

where C—const.  
Create a uniform grid on segments [0, 1] with step h. A uniform grid on a 

segment [ ]0,1x∈  with step h has the form: 

{ }, 0,1, , , 1h kx hk k N h Nω = = = ⋅ =
 

Let us replace the second-order derivative by the difference relation: 

1 1
02

2
, 1 1, 0, 1i i i

N
U U U

C i N U U
h

+ −− +
= ≤ ≤ − = =           (2) 

Difference scheme (2) traditionally has order ( )2O h  [8]. However, if we solve 
system (2) by the Tomas algorithm [8] [9], we obtain a numerical solution that 
coincides with the exact analytical solution for any grid steps h at the grid nodes. 
So. scheme (2) approximates (1) exactly. 

Figure 1 shows graphs of exact and numerical solutions for case 1C = . (The 
solid line is the exact solution; the circles are the numerical solution obtained 
using the Thomas algorithm). It can be seen from the figure that, regardless of 
the choice of grid, the exact and approximate solutions are the same. 
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Figure 1. Comparison of the exact and numerical solution: on the left, the internal node 
1; right 3. 

 
Based on this example, we can conclude that the standard indicator of the 

proximity of the differential and difference equations ( )pO h  does not reflect 
complete information. We note an important fact that, regardless of the number 
of grid steps, the exact and numerical solutions coincide. An attempt is made 
here to efficiently calculate this error. 

2. Methodology 

Let we have a differential equation 

,Lu f=                            (3) 

where L is a differential operator, f is a known function, and u is an unknown 
function. (3) the equation is considered in some domain D with appropriate 
boundary conditions. The differential Equation (3) is replaced by the difference 
equation: 

,h h hL u f=                           (4) 

where Lh is the difference operator, uh is the unknown grid function, and fh is the 
approximation of the function f at the grid nodes. 

Usually, the approximation error is given as [6] [7]: 

[ ] ,h h hhQ L u f= −                       (5) 

where [ ]hu  is the exact solution of (3) at the grid nodes. Using the Taylor series, 
from (5) one obtains that, ( )m

hQ O h= , where h is the grid step and m is the 
degree of approximation. 

You can determine an explicit approximation error if you use the method of a 
moving node, which allows you to extend the definition to the entire area D. 
This allows you to introduce an approximation error like this: 

{ } .h h hhR L u f= −                       (6) 

Here { }hu  is a predefined continuous function by means of a moveable node. 
Approximate calculation of the approximation error of type (6) is demonstrated 
using simple examples. 
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3. Results and Discussion 

As an application of the above approach, consider examples. 

3.1. Simple Boundary Value Problem 

Consider a simple boundary value problem: 

( ) ( ) ( )
2

2

d , 0 , 1
d a b

u f x u u u u
x

= = =                  (7) 

Let’s build a non-uniform grid on segments [ ]0;1 : 

{ }0 1 10 1, 0,1, ,h N Nx x x x k Nω −= = < < < < = = 
 

In the non-uniform grid, we replace (7) with the difference problem: 

( )1 1

1 1 1 1

2 , 1, 2, , 1.i i i i
i

i i i i i i

U U U U
f x i N

x x x x x x
+ −

+ − + −

 − −
− = = − − − − 

         (8) 

Here iU  is the grid solution of the problem. From here 

( ) ( )

( )( )( )

1 1 1 1

1 1

1 1
1 , 1, 2, , 1.
2

i i i i i i
i

i i

i i i i i

U x x U x x
U

x x

f x x x x x i N

+ − − +

+ −

− +

− + −
=

−

− − − = −

           (9) 

We redefine the value of the function at non-nodal points as follows. To do 
this, we consider in (9) 1 1 1 1, , ,i i i ix x U U+ − − + , to be fixed, and ix  to be moved, 
and the function ( )f x  to be smooth. Thus, we will complete the grid function 
on each segment ( ) ( )( )1 12, 2i i i ix x x x− ++ + . From (9) we get 

( ) ( )( )( ) ( )( ) ( )1 1 1 1
1 2
2i i i i i i i i i i i iU x f x x x x x f x x x x f x+ − + −′′ ′′ ′= − − − − + − +  (10) 

Then the approximation error for the nodal points looks like this: 

( ) ( )( )( ) ( )( )1 1 1 1
1 2
2h i i i i i i i i i iR x f x x x x x f x x x x+ − + −′′ ′= − − − − + −     (11) 

If the grid is uniform for the approximation error, we obtain the expression 

( ) ( ) 21 , 1, 2, , 1.
2h i iR x f x h i N′′= − = −               (12) 

If on the segments ( )1 1,i ix x− +  the function constant approximation error is 
identically equal to zero and we get the exact solution. 

Based on expression (10), the following conclusion can be drawn. 
Given a two-point boundary value problem 

( ) ( ) ( )
2

*
2

d , 0 , 1
d a b

u f x u u u u
x

= = =  

and ( )*f x  can be represented as 

( ) ( )( )( ) ( )( ) ( )*
1 1 1 1

1 2
2i i i i i i i i i i if x f x x x x x f x x x x f x+ − + −′′ ′= − − − − + − +  
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then the difference scheme 

( )1 1

1 1 1 1

2 , 1, 2, , 1,i i i i
i

i i i i i i

U U U U
f x i N

x x x x x x
+ −

+ − + −

 − −
− = = − − − − 

  

gives a grid solution coinciding with the exact solution at the nodal points. 
If there is only one internal node point (the node being moved is one), then an 

approximate analytical solution can be obtained. Indeed, if we rewrite scheme (8) 
for one moving node, we have 

( ) ( ) ( )2 .
1

b aU U x U x U
f x

x x
− − 

− = 
− 

                (13) 

From here we obtain an approximate analytical solution: 

( ) ( ) ( )( )
1 1

1 1 1 .
2

b a

i i

U x U x
U x f x x x

x x+ −

+ −
= − −

−
             (14) 

In this case, (14) represents the exact solution of the problem (7) 
if we put  

( ) ( )( ) ( )( ) ( )* 1 1 1 2 .
2

f x f x x x f x x f x′′ ′= − − − − +  

The form of the approximation error (11) allows the construction of new 
schemes of the collocation type. Indeed, if in problem (8) we replace the right 
side by the expression 

( ) ( )( )1 1 .i i i i if x A x x x x− ++ − −  

Here A is still an unknown constant. Parameter A is determined so that the 
approximation error (11) for a uniform step at node ix  is equal to zero, i.e. col-
location type scheme. Then we have 

( )1 .
4 iA f x′′=  

3.2. Convection and Diffusion Equation 

Consider a stationary equation in which only convection and diffusion are present 
without a source. 

0,v vε ′′ ′+ =                          (15) 

with boundary conditions ( ) ( )0 0, 1 1v v= = . 
There are various schemes for the difference solution (15) [6] [7]. Based on 

the moving node technique [1] [2], it is possible to explicitly express local errors 
in the approximation of differential equations. Using the moving node method 
[1], we will show the efficient calculation of local approximation errors for the 
model problem (15). 

3.2.1. Scheme with Central-Difference Approximation  
Scheme with central-difference approximation of the convective term. Take a 
segment and any point. Consider the grid analog (15) 
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1 1 1 1

1 1 1 1 1 1

2 ,i i i i

i i i i i i

u u u u u u
x x x x x x x x

ε + − + −

+ − + − + −

   − − −
⋅ − +   − − − −   

            (16) 

At, we have a central difference approximation. Here, is the approximate val-
ue of the solution at the point x.  

From (16) we find 

( )( ) ( )( )
( )

1 1 1 1 1 1

1 1

2 2
,

2
i i i I i i

i i

x x x x u x x x x u
u

x x
ε ε

ε
− + + + − −

+ −

− + − + − − +
=

−
     (17) 

From here we get, 

1 1 1

1 1

2 2
,

2
i i i i i

i i

x x x u u
u

x x
ε

ε
+ − + −

+ −

+ + − −′ = ⋅
−

               (18) 

1

1 1

1 ,i i i

i i

u u
u

x xε
+ −

+ −

−′′ = − ⋅
−

                      (19) 

If the difference solution at nodal points is known, then formula (17) makes it 
possible to determine the unknown at points that are not nodal. 

Using formulas (18) and (19), the derivatives are restored at any point of the 
segment. Multiplying (19) by and adding with (18), we obtain 

1,hu u Rε ′′ ′+ =                         (20) 

were 

1 1 1 1
1

1 1

2
.

2
i i i i

h
i i

x x x u u
R

x xε
+ − + −

+ −

+ − −
= ⋅

−
 

Equation (20) can be called a differential analog of the difference Equation (16); 
difference Equation (16) is a collocation-type scheme. 

Using (19), the approximation error can be written as 

1 1
1

2
.

2
i i

h
x x x

R u+ −+ − ′′= − ⋅  

Equation (20) takes the form 

1 1 2
0.

2
i ix x x

u uε + −+ −  ′′ ′+ + = 
 

                 (21) 

Thus, difference Equation (16) exactly approximates differential Equation (21) 
on the segment [ ]1 1,i ix x− + . 

Comparison of Equations (15) and (21) shows that when Equation (15) is ap-
proximated by scheme (16), scheme diffusion appears with a variable coefficient  
( )1 1 2 2i ix x x− ++ − . 

3.2.2. Upwind Scheme  
Let us consider the difference analog of Equation (15), in which the convective 
term is approximated by the one-sided difference relation 

1 1 1

1 1... 1 1 1

2 ,i i i

i i i i i

u u u u u u
x x x x x x x x

ε + − +

+ − + − +

   − − −
⋅ − +   − − − −   

            (22) 
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from here we get 

( )( ) ( )
( )( )

1 1 1 1 1 1

1 1 1

2 2
,

2
i i i i i i

i i i

x x x x u x x u
u

x x x x
ε ε
ε

− + − + + −

− + −

− + − + −
=

+ − −
         (23) 

determine the first and second derivatives: 

( )
( )

1 1 1
2

1 11

2 2
,

2
i i i i i

i ii

x x u u
u

x xx x

ε ε

ε
+ − + −

+ −−

+ + −′ = ⋅
−+ −

                (24) 

( )
( )

1 1 1
3

1 11

4 2
,

2
i i i i i

i ii

x x u u
u

x xx x

ε ε

ε
+ − + −

+ −−

− + − −′′ = ⋅
−+ −

               (25) 

let us calculate the approximation error 

( )( )
( )

1 1 1 1 1
2 3

1 11

2 2
.

2
i i i i i

h
i ii

x x x x u u
R

x xx x

ε ε

ε
− + − + −

+ −−

− + − −
= ⋅

−+ −
 

The differential analog of scheme (22) has the form 

1 0,
2

ix x
u uε −−  ′′ ′+ + = 

 
                    (26) 

those. with a scheme against the flow, we have a scheme diffusion with a coeffi-
cient ( )1 2ix x −− . Based on (23)—is a hyperbola, which is monotone on the 
segment, i.e. scheme (22) is monotonic. 

Based on the form of the differential analogue (26), we can conclude that the 
differential equation 

0
2
x u uε  ′′ ′+ + = 

 
                       (27) 

is exactly approximated by the scheme 

2 0
1 1
b a bu u u u u u

x x x
ε

− − − + + = − − 
               (28) 

Those. solving (28) with respect to u, we obtain the exact solution of differen-
tial Equation (27). 

Example. Consider an equation with boundary conditions. 

( ) ( )1 0, 0 0, 1 1.v v v vε ′′ ′+ = = =  

Here  

1

, if 1 2
2

1 2 , if 0
2

x x

x x

ε
ε

ε

 + ≤=  − + >


. 

For the solution, we use a scheme with the number of nodal points N = 5. 
Figure 2 shows a comparison of the exact and numerical solutions on a uniform 
grid. The solid lines correspond to the exact, and the circles to the numerical. 

In the case of a non-uniform grid, we will get the same result: the exact and 
numerical solutions coincide (Figure 3). 
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Figure 2. Comparison of the exact and numerical solution: on the left ε = 0.01; right ε = 
0.001. 

 

 
Figure 3. Comparison of exact and numerical solution in non-uniform grid: on the left ε 
= 0.01; right ε = 0.001. 

4. Conclusions 

The method of moving nodes allows the calculation of an explicit expression for 
the approximation error when replacing differential equations with difference 
schemes. 

Based on the method of moving nodes, it is possible to construct a differential 
analogue of the difference scheme 

The differential analogue of the difference scheme in simple cases allows the 
construction of an exact difference scheme 
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Abstract 
The present paper submits a result of applying a hitherto unknown logically 
formalized axiomatic axiology-and-epistemology theory “Sigma+V” to the re-
lativity principle formulated by Galileo Galilei. By this application, the author 
has continued checking the remarkable (paradigm-breaking) hypothesis that 
formal-axiological interpreting strictly universal laws of classical theoretical 
mechanics could have a heuristic value for the theory proper. Along with sys-
tematical studying proper algebraic structure of formal axiology of nature, the 
axiomatic (hypothetic-deductive) method is used in this research as well. The 
investigation accomplishments are the followings. Galileo Galilei principle of 
relativity of motion has been represented in a two-valued algebraic system of 
formal axiology by a wonderful formal-axiological equation which could be 
called a “formal-axiological analog of Galileo relativity principle”. A precise 
definition of that algebraic system is given. The remarkable formal-axiological 
equation has been created (and checked) in that algebraic system by attentive 
computing relevant compositions of evaluation-functions. Precise definitions 
of the relevant evaluation-functions are accomplished by tables. The remark-
able formula modeling Galileo Galilei principle of relativity of motion (given 
the appropriate interpretation of the formal theory) has been formally-logi- 
cally inferred within Sigma+V from a couple of nontrivial assumptions, name-
ly, 1) a precisely defined assumption of a-priori-ness of knowledge, 2) the 
above-mentioned formal-axiological analog of the relativity principle by Galileo 
Galilei. A not-manifest but quite exact axiomatic definition of “a-priori-ness 
of knowledge” is provided. The formal-logical inference is performed in per-
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fect accordance with the mathematical rigor norms formulated within the 
formalism doctrine by D. Hilbert, therefore, examining the formal deductive 
inference submitted in the paper can be accomplished easily. Being a nontrivi-
al scientific novelty for proper theoretical physics, hitherto the formal-logical 
derivation has not been published and discussed elsewhere. 
 

Keywords 
Galileo-Galilei-Principle-of-Relativity-of-Motion, Formal-Axiomatic-Theory- 
Σ+V, Two-Valued-Algebraic-System-of-Metaphysics-as-Formal-Axiology, 
Formal-Inference-from-Assumptions, Pure-a-Priori-Knowledge 

 

1. Introduction 

There is too much tendency to make separate and independent bundles of 
both the physical and the moral facts of the universe. Whereas, all and eve-
rything is naturally related and interconnected.  
Augusta Ada King, Countess of Lovelace. In a letter to Andrew Crosse. [1]  

The present article is inspired by that ideal of (and program for) axiomatiza-
tion and logical formalization of mathematical and physical theories, which (ideal) 
has been created originally and developed substantially by D. Hilbert [2]-[7]. His 
wonderful ideal (and corresponding program) has been called “formalism (in phi-
losophical foundations of mathematics and physics)”. In relation to philosophical 
grounding theoretical physics, the given article presents a significantly new non-
trivial result of applying Hilbert’s formalism to philosophical foundations (namely, 
epistemic, formal-logical, and formal-axiological ones) of rational discourse of 
a-priori aspect of classical theoretical mechanics in general and of Galilean prin-
ciple of relativity of motion especially. 

In the present article, many significant sides and aspects of the formalism 
ideal and method are accepted, and Hilbert’s program of axiomatization and 
logical formalization of theoretical physics is followed. But, along with using 
the formalism methodology, the given paper rejects the notorious positivism 
ideal of nonexistence of metaphysics and axiology (which ideal has been very 
influential and popular one among physicists of Hilbert’s time). Herein I imply 
the concrete positivistic ideal and program targeted at complete extermination 
of metaphysics and axiology in natural sciences and especially in physics, which 
(ideal and program) have been formulated and elaborated by the positivist- 
minded scientists (especially physicists) and philosophers, for instance, by R. 
Carnap [8] [9] [10] [11] [12], E. Mach [13] [14] [15], O. Neurath [16], H. Rei-
chenbach [17]-[22], B. Russell [23] [24] [25] [26] [27], M. Schlick [28] [29] 
[30], L. Wittgenstein [31], etc. Thus, in the given paper, I side with Hilbert’s 
epistemic optimism concerning possibility and heuristic fruitfulness of adequate 
representation (modeling) various content theories (ill-formulated in too fuzzy 
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and ambiguous natural language of “homo sapience”) by formal axiomatic theo-
ries precisely formulated in an unambiguous artificial language having per-
fectly determined syntaxis and well-defined semantics. Nevertheless, I disagree 
with R. Carnap’s and other positivists’ belief and proclamations that meta-
physics and axiology must be excluded from proper theoretic physics com-
pletely [8]-[31]. On the contrary, I believe that some exactly defined aspects of 
proper philosophy (for example, universal formal logic, universal philosophi-
cal epistemology, and universal formal axiology) must be presented in artificial 
languages of well-constructed formal axiomatic theories of physics proper. (By 
the way, this nonstandard belief is in perfect accordance with the above-placed 
extraordinary epigraph taken from the letter written by a mathematician and 
one of the first famous computer programmers Augusta Ada Lovelace, the Coun-
tess.)  

Let us start with some notes of the historical-philosophical background (nat-
ural associations and perquisites) of the perfectly new nontrivial theoretic inves-
tigation result submitted in this paper. In times of Galileo Galilei, R. Descartes, B 
Spinoza, I. Newton, and G.W. Leibniz, proper theoretical physics had been 
known under the name “natural philosophy”, for instance, Newton’s well-known 
treatise on proper physics had been named “Mathematical Principles of Natural 
Philosophy” [32]. The classical theoretical physics in general, and Newton’s 
writings on mathematical foundations of natural philosophy [32] [33] especially, 
had made a strong impression on Immanuel Kant and had influenced substan-
tially on his discourse of metaphysics of nature. In some parts of Kant’s “Criti-
que of Pure Reason” [34], “Prolegomena…” [35], and other writings [36], one 
can find his nontrivial references to the classical theoretical physics, namely, to 
the first and the third Newton’s laws of mechanics. In Kant’s theory of synthetic 
pure a priori knowledge of strictly universal (necessarily necessary) principles of 
nature, the mentioned laws of Newton’s mechanics serve as representative con-
crete instances of the pure a priori knowledge of necessarily universal principles 
of proper theoretical physics.  

This fact of history of natural philosophy can be demonstrated by the be-
low-given citations from Kant’s writings. “The science of natural philosophy 
(physics) contains in itself synthetical judgements a priori, as principles. I shall 
adduce two propositions. For instance, the proposition, ‘In all changes of the 
material world, the quantity of matter remains unchanged’; or that, ‘In all com-
munication of motion, action and reaction must always be equal’. In both of 
these, not only is the necessity, and therefore, their origin a priori clear, but 
also that they are synthetical propositions” ([34], p. 18). Herein, only the third 
Newton’s principle of mechanics is mentioned. But in the following citation, 
Kant has mentioned both the first and the third Newton’s laws of mechanics. 
“As to the existence of pure natural science, or physics, perhaps many may still 
express doubts. But we have only to look at the different propositions which 
are commonly treated of at the commencement of proper (empirical) physical 

https://doi.org/10.4236/jamp.2022.108167


V. O. Lobovikov 
 

 

DOI: 10.4236/jamp.2022.108167 2462 Journal of Applied Mathematics and Physics 
 

science—those, for example, relating to the permanence of the same quantity of 
matter, the vis inertiae, the equality of action and reaction, etc.—to the soon 
convinced that they form a science of pure physics (physica pura, or rationalis), 
which well deserves to be separately exposed as a special science, in its whole ex-
tent, whether that be great or confined” ([34], p. 19).  

According to Kant’s philosophy of physics [34] [35] [36] partly exposed by the 
above-given citations, proper theoretical physics (the perfectly rational natural 
philosophy) is nothing but synthetic pure a-priori knowledge of nature. From 
Kant’s point of view, this means that the extraordinary knowledge is nothing but 
a necessarily necessary condition for all possible physical facts, therefore, it is 
strictly universal for any possible physical experience. Moreover, according to 
the set of remarks titled “To Logic and Dialectics” in “New Paralipomena” by A. 
Schopenhauer ([37], p. 118), a nontrivial fundamental analogy between pure 
a-priori knowledge of laws of proper formal logic (herein Schopenhauer has 
meant the classical two-valued formal logic) and pure a-priori knowledge of 
strictly universal laws of nature necessarily exists and must be found, understood 
adequately, and recognized manifestly. In my opinion, this nontrivial remark by 
Schopenhauer is heuristically important and directly relevant to the purpose of 
the present article. Concerning possible modernizing attempts of formal logical 
deriving qualitatively new nontrivial consequences from conjoining Newton’s 
and Kant’s significantly reinterpreted conceptions of proper theoretical physics 
at the level of artificial language of contemporary symbolic logic and philosophy 
of science, the following theoretically interesting problem can be formulated. If 
such a logically formalized axiomatic system of proper philosophical disciplines 
(epistemology, axiology, etc.) which is perfectly adequate to pure a priori know-
ledge of nature is already given (accidentally found or deliberately constructed 
on purpose—it does not matter), then, is it possible, in this hypothetical formal 
axiomatic system, to make (invent) formal logical (deductive) derivations of pure- 
a-priori principles of perfectly rational physics from the nontrivial presumption 
of a-priori-ness of knowledge? In my opinion, for progressive development of 
proper theoretical physics, the indicated nontrivial problem is very important 
and, obviously, very difficult one.  

Today, some significant aspects (subproblems) of the indicated difficult com-
pound theoretical problem are already solved by means of a formal axiomatic 
theory Σ (originally formulated and published in [38]) and by its various mod-
ifications, for instance, Σ+C [39]. In particular, the formal logical (deductive) de-
rivation of the formula representing the principle of inertia in the formal axi-
omatic theory Σ (given that an appropriate physical interpretation of Σ is pro-
vided) from the nontrivial assumption of knowledge a-priori-ness is already dis-
covered (or invented, i.e. constructed on purpose) and published in [40].  

The general philosophical motivation of my making (constructing) formal 
axiomatic theories for philosophical grounding mathematics and theoretical phys-
ics coincides with the general philosophical motivation of the above-mentioned D. 
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Hilbert’s formalism in philosophical grounding mathematics and theoretical phys-
ics [2]-[7]. My particular (peculiar, singular) philosophical motivation for syste-
matical constructing (inventing) various logically formalized multimodal axiomatic 
epistemology-and-axiology systems is based on my tendency to the worldview 
ideal of a consistent synthesis (fundamental interconnection and unity) of prop-
er philosophical disciplines (ontology, epistemology, axiology, etc.). According 
to the ideal, mathematics and physics have not only formal ontological and for-
mal epistemological, but also formal axiological grounds. This synthesis ideal is 
paradigm-breaking (not habitual) one, hence, there is a special motivation (need) 
for exposing its heuristic potential on concrete examples. Being motivated in this 
way, I have created the formal multimodal axiomatic theory Σ, which is a con-
sistent synthesis of epistemic and axiological modalities [38]. Being inspired by 
the above-cited Lovelace’s letter [1], I have discovered a “mole-hole” in Σ, for 
formal logical deriving deductively “is” from “ought” and conversely [38] [40]. 
Then, being motivated by the above-cited Lovelace’s letter [1], I have decided to 
attempt to use the “mole-hole” found in Σ, for formal logical deriving deduc-
tively some strictly universal laws of theoretical physics in Σ, from very small sets 
of either-epistemic-or-axiological assumptions well-defined in Σ [40] [41] [42]. 
One of successful attempts of such using the “mole-hole” in Σ is presented in the 
article “Formal Inferring the Law of Conservation of Energy from Assuming 
A-Priori-ness of Knowledge” [41]. Then, being inspired by feeling that the result 
is positive, I had decided to continue exploiting the “mole-hole” in Σ with re-
spect to some other necessarily universal laws of theoretical physics, for example, 
in relation to the third Newton’s law of mechanics, but in this concrete relation 
results were negative. Then I had recognized that being well-done for dealing 
with scalar magnitudes, Σ had been not well-done for dealing with vector mag-
nitudes, hence, it was necessary to improve Σ substantially by making some pro-
gressive developments in it. For the sake of successful realizing the purpose con-
cerning the third Newton’s law, I had made a significant mutation in the axi-
omatic theory Σ by some important additions to it. The undertaken nontrivial 
improvements, in particular, addition of vector symbols to the alphabet of ob-
ject-language of Σ, and addition of new axiom-schemes concerning vectors had 
resulted in transformation of Σ into a qualitatively new logically formalized 
axiomatic theory called “Σ-V” which had been significantly richer than Σ. Owing 
to the substantial improvements, finally, the hard problem had been solved and 
the intellectual adventure had arrived to the positive result presented in the ar-
ticle “Formally Deriving the Third Newton’s Law from a Pair of Nontrivial As-
sumptions in a Formal Axiomatic Theory Sigma-V” [42].  

Writing of a-priori-known strictly universal principles of proper theoretical 
physics, Kant used to mention the first and the third Newton’s laws as concrete 
examples of such principles [34] [35]. Today, the two Newton’s laws evaluated 
by Kant as representative examples of pure-a-priori-known laws of nature are 
already derived deductively from small sets of relevant assumptions in either Σ 
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or Σ-V. Is the investigation completely finished? Is there a possibility to move 
further in the direction indicated somehow by G.W. Leibniz, I. Kant, D. Gilbert, 
and A.A. Lovelace? The questions are theoretically interesting and nontrivial. In 
relation to them, it is worth formulating and discussing the following verisimilar 
hypothesis. Probably, the investigation is not completely finished as the set of 
a-priori-known strictly universal principles of rational philosophy of nature is 
not exhausted yet. It is worth pondering over the hypothesis that, probably, the 
set is open (potentially infinite) one.  

In this concrete relation and situation, today, the following still not answered 
theoretically interesting nontrivial question has been raised quite naturally. Can 
the principle of relativity of motion originally quite manifestly recognized and 
precisely formulated by Galileo Galilei [14] [22] [43] [44] [45] be formally-logi- 
cally (deductively) inferred in Σ-V (or in a result of its mutation), from conjunc-
tion of 1) the assumption of a-priori-ness of knowledge and 2) a hypothetical 
formal-axiological equation modeling the relativity principle in the two-valued 
algebraic system of metaphysics as formal axiology [46]? If a definitely positive 
answer to this challenging question is to be given, then 1) the assumption of 
a-priori-ness of knowledge is to be precisely defined, 2) the hypothetical for-
mal-axiological equation is to be precisely formulated and justified by accurate 
computing relevant compositions of evaluation-functions in the algebraic system 
of formal axiology, 3) an easily checkable actually formal logical inference from 
the two premises is to be invented (constructed) either in Σ-V, or in a result of its 
mutation. In this article, not exactly the theory Σ-V as such, but a result of its 
mutation (clarification and rectification) is used. The result of amending is called 
Σ+V. A precise definition of Σ+V is to be given in section 2.2. of the article.  

Thus, the principal purpose of the investigation presented in this paper, is 
making (discovering or intentional constructing) a formal-logical (deductive) de-
rivation (in Σ+V) of such an extraordinary formula which models (under an ap-
propriate physical interpretation of Σ+V) Galileo Galilei principle of relativity of 
motion, if the assumption of knowledge a-priori-ness is accepted. However, for 
successful realization of the precisely and manifestly formulated principal pur-
pose of the investigation, it is indispensable to have sufficiently adequate means, 
in particular, an appropriate system of basic theoretical concepts and effective 
mathematical methods.  

2. Materials and Methods  
2.1. The Method of Mathematical Modeling: An Introduction of  

a Proper Algebraic Structure Defined on a Set of Abstract  
Evaluative Forms of/for Concrete Materials (Two-Valued  
Algebraic System of Formal Axiology) 

Materials of the given article belong to theoretical physics and especially to that 
aspect of it which deals with pure a priori knowledge of strictly universal ma-
thematical principles of natural philosophy. For analyzing and organizing the 
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materials, the method of mathematical modeling is used. In this section of the 
article, I am to introduce the two-valued algebraic system of metaphysics as for-
mal axiology, which (algebraic system) is to be exploited as a necessary means 
for obtaining the main new nontrivial result. Now let us begin with giving pre-
cise definitions of basic notions.  

The two-valued algebraic system of metaphysics as formal axiology is nothing 
but a triple <Θ, Ω, R>, in which the sign Θ denotes the set of all such and only 
such either-existing-or-not-existing units which are either good or bad ones 
from the viewpoint of an evaluator ℰ. The sign ℰ denotes a person (individual or 
collective, natural or artificial one—it does not matter), in respect to which all 
assessments are performed. Certainly, ℰ is a variable: changing values of ℰ can 
result in changing assessments of concrete elements of Θ. However, if a value of 
the variable ℰ is fixed, then assessments of concrete elements of Θ are quite defi-
nite. Elements of Θ are called formal-axiological-objects of metaphysics. The 
signs “g” (good), and “b” (bad) stand for moral values (abstract axiological ones) 
of elements of Θ. Moral actions or persons (individual or collective, natural or 
artificial ones—it does not matter) are concrete instances (particular cases) of 
elements of Θ. In <Θ, Ω, R>, the sign Ω denotes the set of all n-ary algebraic op-
erations defined on the set Θ. (These algebraic operations are called formal-axi- 
ological ones.) In the mentioned triple, the symbol R denotes the set of all n-ary 
formal-axiological relations defined on the set Θ. (For instance, the below-de- 
fined binary relation “formal-axiological equivalence” belongs to R.)  

Algebraic operations, defined on the set Θ, are value-functions. Value-vari- 
ables of these functions take their values from the set {g (good), b (bad)}. Here 
the signs “g” and “b” denote the values “good” and “bad”, respectively. The val-
ue-functions take their values from the same set.  

In the talk of value-functions, the following mappings are meant: {g, b} → {g, 
b}, if one talks of the functions determined by one value-argument; {g, b} × {g, b} 
→ {g, b}, if one talks of the functions determined by two value-arguments (here 
“×” denotes the Cartesian product of sets); {g, b}N → {g, b}, if one talks of the 
functions determined by N value-arguments, (here N is a finite positive integer).  

In algebra of formal axiology, the signs “x” and “у” denote abstract-value- 
forms of elements of Θ. (Moral-value-forms of actions and of individual or col-
lective persons are concrete instances or particular cases of abstract-value-forms 
of elements of Θ.) Elementary abstract-value-forms deprived of their specific 
contents represent independent abstract-value-arguments. Complex abstract-value- 
forms deprived of their specific contents represent abstract-value-functions de-
termined by these arguments. In the present paper, due to its quite definite sub-
ject-matter and page limit, only some concrete examples of the functions deter-
mined by only one value-argument, namely, those which are relevant to the sub-
ject-matter and to the research purpose are considered. Let such functions be in-
troduced by the following glossaries for Table 1 and Table 2. It is necessary to 
take into an account that hereafter in this article, the upper index 1 standing  
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Table 1. Defining the one-placed value-functions.  

x R1
1x R2

1x L1
1x L2

1x M1x M1
1x D1

1x D2
1x I1

1x I2
1x O1

1x E1
1x 

g b g b g b g b g b g b g 

b g b g b g b g b g b g b 

 
Table 2. The value-functions determined by one value-variable. 

x B1
1x N1

1x B2
1x B3

1x B4
1x M2

1x Q1x S1
1x D3

1x D4
1x M3

1x W1x 

g g b g g g g g b g b b g 

b b g b b g b b g b g g b 

 
immediately after a capital letter means that the indexed letter denotes a one- 
placed valuation-function. The capital letters may possess no lower number in-
dexes, for example, M1x in Table 1, and Q1x in Table 2. If a value-functional 
symbol (capital Latin letter) does not have a lower number index, and the same 
letter has a lower number index, then the letter possessing lower index is differ-
ent from the same letter without lower index, for example, M1x and M1

1x (in Ta-
ble 1) are different signs. A difference of lower number-indexes means difference 
of the corresponding signs, for instance, in Table 1, R1

1x and R2
1x are different 

signs.  
Glossary for the above-located Table 1. The symbol R1

1x stands for the val-
ue-function “relativity (or relativeness) of (what whom) x”, or “x’s being in re-
lation”. The symbol R2

1x stands for the value-function “being in relation to 
(what whom) x”, or “relativity to x”. The sign L1

1x denotes the value-function 
“linkage (connection), nexus, bonds of x”, or “x’s being linked, bound, fixed, 
uneasy”. The sign L2

1x denotes the value-function “being linked, bound, fixed, 
tied with (what whom) x”, or “linking (connecting), concatenating by (what 
whom) x”. The symbol M1x stands for the value-function “movement (change) 
of (what whom) x”. The symbol M1

1x—“movement (change) by (what whom) 
x”, or “being moved (changed) by x”. D1

1x—“x’s being dependent, determined, 
defined”. D2

1x—“being dependent, determined, defined by (what whom) x”. 
I1

1x—“being independent of (what whom) x, or “being undetermined, unde-
fined by x”. I2

1x—“x’s being independent (free), undetermined, undefined”. 
O1

1x—“x’s opposite”, or “opposite of/for (what whom) x”. E1
1x—“essence (na-

ture) of x”. The above-mentioned valuation-functions are defined precisely by 
the above-located Table 1.  

Glossary for the above-located Table 2. The symbol B1
1x stands for the val-

ue-function “x’s being (existence)”. N1
1x—“x’s nonbeing (nonexistence)”. B2

1x— 
“x’s being by itself”. B3

1x—“x’s being by its nature (essence)”. B4
1x—“x’s being 

in itself”. M2
1x—“magnitude of quantity of x”, or “x’s quantity magnitude (scalar 

one)”. Q1x—“quickness, rapidity (speed) of x”. S1
1x—“x’s slowness”. D3

1x—“x’s 
own (inner, free, proper) direction”, or “direction by x”, or “(proper) vector of 
x”. D4

1x—“external coercive directing (what, whom) x as an object (of coercive 

https://doi.org/10.4236/jamp.2022.108167


V. O. Lobovikov 
 

 

DOI: 10.4236/jamp.2022.108167 2467 Journal of Applied Mathematics and Physics 
 

directing)”. M3
1x—“matter (material) of x”, or “materialness of (what, whom) x”, 

or “x’s being a material (matter)”. W1x—“world of (what, whom) x”. These valu-
ation-functions are defined precisely by the above-located Table 2.  

For precise tabular definitions, content discussions, and algorithmic computa-
tions of compound compositions of many other value-functions determined by 
one value-argument, see [38] [39] [40] [41] [42] [47] [48] [49] [50] [51].  

Now let us leave the one-placed value-functions for two-placed ones. The bi-
nary functions are introduced by the following glossary. It is worth reminding 
and taking into an account that hereafter in this article, the upper index 2 stand-
ing immediately after a capital letter means that the indexed letter denotes a 
two-placed valuation-function. Also, it is worth reminding here that a difference 
of lower number-indexes means difference of the corresponding signs. For in-
stance, in the following glossary, I1

2xy, I2
2xy, I3

2xy, I4
2xy, I5

2xy, and I6
2xy are six 

different signs. The symbols standing for value-functions may have no lower 
number-indexes, for instance, M2xy, R2xy, L2xy, M1x, W1x. However, when a sign 
does not possess a lower number-index, then that sign is different from the same 
sign possessing a lower number-index. For instance, M1x and M1

1x are different 
signs.  

Glossary for the below-located Table 3 and for the analytical definitions 
Def1-Def7. The symbol M2xy stands for the value-function “movement (change) 
of x by (what whom) y”, or “x’s being moved (changed) by y”. The sign R2xy 
denotes the value-function “x relative to y”, or “x in relation to y”, or “relativi-
ty of x to y”, or “x’s being relative to y”. The symbol L2xy stands for the val-
ue-function “linkage (connection, bounds) of x with y”, or “x’s being linked, 
bound, fixed to/with y”. The sign S2xy denotes the value-function “x’s subjection 
to (dependence from) y”, or “x’s being dependent (subject) of y”. The symbol 
I1

2xy—“interconnection of x and y”. The sign I2
2xy—“interrelation of x and y”. 

D2xy—“x’s being determined (defined) by y”. I3
2xy—“inter-determination (in-

ter-definition) of x and y”. A2xy—“y’s action on x”. I4
2xy—“interaction of x and 

y”. K2xy—“joint existence of x and y”, or “being of both x and y together”, or 
“uniting (conjoining) x and y (in a whole)”. G2xy—“genesis (creation) of y from 
x”. O2xy—“y’s opposition to (or contradiction with) x”. I5

2xy—“inter-opposition 
(or inter-contradiction) of x and y”. I6

2xy—“inter-subjection (or inter-dependence) 
of x and y”. C2xy—“existence of y in x”. E2xy—“equalizing (what, whom) x and 
y”, or “treating x and y as possessing identical values”. B2xy—“x by (what, whom) 
y”, or “x’s being by y”.  

 
Table 3. Defining the two-placed value-functions.  

x y M2xy R2xy L2xy S2xy D2xy A2xy K2xy G2xy O2xy C2xy B2xy 

g g b b b b b b g b b g g 

g b b b b b b b b b b b g 

b g g g g g g g b g g g g 

b b b b b b b b b b b g b 
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Only some of the mentioned two-placed value-functions are precisely defined 
above by Table 3. Some of them are precisely defined not tabularly but analyti-
cally by means of the formal-axiological equivalences Def1-Def7 placed imme-
diately after Table 3.  

AnDef1: I1
2xy =+= K2L2xyL2yx.  

AnDef2: I2
2xy =+= K2R2xyR2yx.  

AnDef3: I3
2xy =+= K2D2xyD2yx.  

AnDef4: I4
2xy =+= K2A2xyA2yx.  

AnDef5: I5
2xy =+= K2O2xyO2yx. 

AnDef6: I6
2xy =+= K2S2xyS2yx. 

AnDef7: E2xy =+= K2C2xyC2yx. 
For understanding the analytical definitions AnDef1-AnDef7, it is necessary to 

have an exact definition of the meaning of “=+=”, therefore, let us immediately 
formulate it precisely.  

Definition DEF-1. In the two-valued algebraic system of formal axiology, any 
value-functions Ξ and Θ are formally-axiologically equivalent (this is represented 
by the expression “Ξ =+= Θ”), if and only if they acquire identical values (from 
the set {g (good), b (bad)}) under any possible combination of the values of their 
value-variables.  

Definition DEF-2. In the two-valued algebraic system of formal axiology, 
any valuation-function Θ is called formally-axiologically (or necessarily, or un-
iversally, or absolutely) good one, or a law of algebra of formal axiology (or a 
“law of algebra of metaphysics”), if and only if Θ acquires the value g (good) 
under any possible combination of the values of its value-variables. In other words, 
the function Θ is formally-axiologically (or constantly) good one, iff Θ =+= g 
(good).  

Definition DEF-3. In the two-valued algebraic system of formal axiology, any 
valuation-function Θ is called formally-axiologically (or invariantly, or abso-
lutely) bad one, or a “formal-axiological contradiction”, if and only if Θ acquires 
the value b (bad) under any possible combination of the values of its value-va- 
riables. In other words, the function Θ is formally-axiologically (or necessarily, 
or universally, or absolutely) bad one, iff Θ =+= b (bad).  

Concerning the two-placed relation “=+=”, the following very important lin-
guistic fact must be taken into an account. At the level of natural human lan-
guage, which is essentially ambiguous and vague one, as a rule, the binary rela-
tion “Ξ =+= Θ” is represented by the words and word combinations “is”, “is 
equivalent to”, “means”, “implies”, “entails”. In the natural language of human 
beings, these words and word combinations are homonyms and homophones: 
they and their utterances (pronouncements) may denote the formal-axiological 
equivalence relation “=+=”. As, in the not quite clear natural language, along with 
having the above-defined formal-axiological meanings, the homophones “is”, 
“means”, “implies”, “is equivalent to” may have also the formal-logic meanings 
(herein I imply the logic operations “equivalence” and “implication”), there is a 
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real possibility of logic-linguistic confusions generated by complete identifying 
and, consequently, substituting for each other the qualitatively different concepts 
“=+=” and “⟷” (logic operation “equivalence”), or “=+=” and “⊃” (logic opera-
tion “implication”). Such chaotic mixing and substituting are strictly forbidden 
in the two-valued algebraic system of formal axiology: violating this ban can gen-
erate shocking illusions of grave paradoxes.  

Using the above-given exact definitions of notions and functions, any intel-
lectual system (natural or artificial—it does not matter) can produce the follow-
ing finite (but potentially infinite) succession of formal-axiological equations. 
The readers are invited to examine all the below-located equations themselves to 
be confident that they are really valid. To help readers to understand the equa-
tions, to the right after each equation immediately after the colon, I place a trans-
lation from the artificial language into the natural human one.  

1) B1
1x =+= M1M3

1x: being of x is formally-axiologically equivalent to move-
ment of matter of x.  

2) N1
1M1M3

1x =+= N1
1x: nonbeing of movement of matter of x is formal-

ly-axiologically equivalent to nonbeing of x. 
Checking the formal-axiological equations 1) and 2) is quite elementary. How-

ever, although, in first approximation, the equations are not in a conflict with 
ordinary (statistically normal) intuition of physicist, the reader may be disap-
pointed by feeling that they are somewhat trivial (too simple) ones. Certainly, 
the technical simplicity and content triviality of 1) and 2) are quite expectable 
results of limiting the discourse domain to one-placed functions exclusively. 
Therefore, responding to that somewhat critical hypothetic feeling, let us move 
immediately to some not so simple equations representing some more fine and 
profound ideas. Certainly, reducing the technical simplicity and content triviali-
ty is to be a quite expectable result of adding two-placed functions to the dis-
course domain. Thus, not only one-placed functions but also two-placed ones 
are to be used hereafter for construction of compositions of functions under in-
vestigation.  

3) R2N1
1xy =+= R2N1

1yx: (nonbeing of x) in relation to y is formally-axiologi- 
cally equivalent to (nonbeing of y) in relation to x. This is a hitherto not recog-
nized nontrivial principle of relativity of nonbeing, which is very interesting for 
proper theoretical philosophy and necessary for systematical mathematizing 
(modeling) proper theoretical knowledge of nature.  

4) R2M1xy =+= R2M1yx: (x’s movement) in relation to y is formally-axiologi- 
cally equivalent to (y’s movement) in relation to x. One can be strongly surprised 
by recognizing an amazing similarity between the equations 3) and 4). In my 
opinion, from the viewpoint of proper theoretical philosophy and proper theo-
retical physics, the enigmatic similarity is very important. Also, one can feel a 
strongly surprising similarity between the equation 4) and the famous principle 
of relativity of motion by Galileo Galilei. 

5) R2Q1M1xy =+= R2Q1M1yx: quickness (speed, rapidity) of x’s movement in 
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relation to y is formally-axiologically equivalent to quickness (speed, rapidity) of 
y’s movement in relation to x. Herein, the astonishing similarity with Galileo’s 
principle of motion relativity becomes significantly stronger. It makes up an odd 
but heuristically important puzzle. What does this odd puzzle allude to (hint 
on)? I guess that this hypothetical allusion is such a substantially innovative 
nontrivial problem which is worth taking seriously and investigating systemati-
cally. 

Here, it is worth taking into an account also a wonderful similarity with the 
well-known formal-logic law of contraposition. Usually (as a statistical norm), in 
academic literature on mathematical logic, the word combination “law of con-
traposition” means the law of contraposition of classical (“material” or Philo-
nian) implication. (Originally, the truth-functional meaning of the conditional 
had been recognized and defined precisely by Philo the logician of Magara.) Let 
such a binary operation of two-valued algebra of logic which (operation) is ma-
thematically dual to the classical (material) implication, be called “correction”. 
Usually, in natural language, the logic operation “correction” is represented by 
“not-A, but B”, where A and B are sentences. In the artificial language of sym-
bolic logic, the binary operation called “correction” is represented by the formu-
la ((¬A) & B), where & means the classical conjunction and (¬A) means the 
classical negation of the sentence A. In algebra of classical mathematical logic, it 
is not difficult to find out and justify deductively an almost unknown formal- 
logic law of contraposition of the correction. The recognition and justification 
can be accomplished either by computing truth-tables, or by applying the well- 
known logic principle of duality to the logic law of contraposition of classical 
(material) implication. (In algebra of logic, the principle of duality affirms that if 
two logic functions are logically equivalent, then such logic functions which are 
mathematically dual to them, are logically equivalent ones as well.) Thus, ac-
cording to the logic principle of duality, if the contraposition of the implication 
is valid then the contraposition of the correction is valid too. This abstract talk of 
the two qualitatively different contraposition laws (in mathematical logic), is 
quite relevant to the subject-matter of the present article, because by means of 
the above-given definitions, one can discover that the tables defining formal- 
axiological meanings of formulae R2M1xy and R2M1yx are formal-axiological 
analogues of the tables defining truth-functional meanings of the binary logic 
operations called “correction”. According to the above-said, let either of the eq-
uations 3), 4), and 5) be called hereafter “a formal-axiological law of contraposi-
tion of the binary operation R2xy (x relative to y)”.  

Originally, the psychologically unexpected (surprising) formal-axiological equi-
valences 4) and 5) representing the formal-axiological law of contraposition of the 
binary operation R2xy (x relative to y), have been recognized manifestly, formu-
lated precisely, and justified convincingly by computing compositions of relevant 
value-functions, in the article [46]. Nevertheless, in the present article, it is indis-
pensable to understand perfectly and to emphasize especially, that the wonderful 
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equations 4) and 5) of the indicated algebraic system, which (equations) have 
been discovered and discussed initially in [46], are exactly formal-axiological 
(ones of that algebraic system). This means that they are not statements of “what 
is” but statements of “what is good”. Hence, strictly speaking, the algebraic justi-
fication of 4) and 5) by computing relevant evaluation-tables is not a proper 
formal logical proof of Galileo’s relativity principle, which (principle) is a state-
ment of “what is”. Certainly, the remarkable equations 4) and 5) do make up a 
formal-axiological analog of Galileo relativity principle, but strictly speaking, in 
fact, the algebraic justification of the analog is not quite sufficient for actually 
formal logic grounding Galileo’s principle of mechanics. 

Thus, still the motion-relativity principle of proper theoretical physics affirm-
ing of what is (in nature), is grounded by formally-logically (deductively) deriv-
ing it (from small number of acceptable axioms and assumptions) neither in [46] 
nor in any other publication. A realization of the hitherto not fulfilled goal of 
formal logical (deductive) deriving Galileo relativity principle (of what is in na-
ture) from a couple of relevant nontrivial assumptions (in a logically formalized 
axiomatic theory) is the main purpose of the present article. The nontrivial result 
of realizing this purpose has not been published elsewhere. One of the men-
tioned nontrivial assumptions, namely, the formal-axiological analog of Galileo’s 
relativity principle is already formulated precisely and substantiated above in the 
present section of this article (by computing compositions of relevant value-fun- 
ctions in the two-valued algebraic system of formal axiology (see the above-lo- 
cated equations 4 and 5). The second of the mentioned nontrivial assumptions is 
the epistemological presumption of knowledge a-priori-ness. Therefore, success-
fully to fulfill the above-formulated purpose, it is necessary to have quite an ex-
act definition of the epistemic notion “a priori knowledge about (what, whom) 
q”. A sufficiently precise definition of this important notion of epistemology is 
given below in the next section of this article. The definition is given by means of 
a formal axiomatic theory. Hence, it is such an indirect (axiomatic) definition 
which is in accordance with Hilbert’s formalism ideal. Although it is not a ma-
nifest definition, it is sufficiently precise and acceptable one for intentional con-
structing and scrutinizing the hypothetical formal inference. Now let us move 
directly to precise axiomatic defining the nonstandard (unhabitual) epistemic 
modality “agent a-priori knows that q”.  

2.2. The Axiomatic Method at Work: Such an Unknown Logically  
Formalized Axiomatic System Called “Sigma+V” Which Has  
Been Invented Intentionally for Deductive Organizing a  
Hypothetical System of a-Priori Known Necessarily Universal 
Laws of Theoretical Mechanics 

Concerning possibilities of fruitful using axiomatic method in theoretical phys-
ics, it is worth making acquaintance with [6] [20] [52] [53] [54]. Especially, in-
teresting attempts to axiomatize some concrete aspects of theoretical physics 
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have been undertaken by D. Hilbert [6] [52] and H. Reichenbach [20]. Thus, the 
precedent has been made. Now, let us apply it to the substantially analogous 
case.  

As the main purpose of the present paper is formal axiomatic grounding the 
relativity principle manifestly formulated and systematically advocated by Gali-
leo Galilei, it is indispensable to provide a precise definition of that formal axi-
omatic theory, which is to be used for realizing the purpose. Moreover, as Gali-
leo’s principle of relativity of motion is to be derived deductively within some 
logically formalized axiomatic theory (given its relevant physical interpretation) 
from that pair of assumptions which contains the assumption of a-priori-ness of 
knowledge, also, it is indispensable to provide a precise definition of “a-priori-ness 
of knowledge”. These two sufficiently exact definitions are to be given below in 
this section of the article, by virtue of an inevitably complicated but perfectly 
strict definition of the unknown formal axiomatic theory called “Σ+V”, which is 
a result of mutation (rectification) of the almost unknown theory Σ-V published 
only in [42].  

The formal axiomatic theory Σ+V is an outcome of significant mutations in 
(and additions to) the logically formalized axiomatic epistemology-and-axiology 
systems Σ [38] [40] [41], Σ+C [39], and [42]. For constructing a sufficiently pre-
cise definition of the formal axiomatic system Σ+V, it is indispensable to provide 
exact definitions of its basic concepts, namely, the concept “alphabet of ob-
ject-language of Σ+V”, the abstract syntactic notion “term of Σ+V”, the abstract 
syntactic concept “formula of Σ+V”, and, finally, the fundamental notion “axiom 
of Σ+V”. Exact definitions of the mentioned basic concepts of Σ+V are analogous 
to the definitions of corresponding concepts of Σ [38] [40] [41] and Σ+C [39]. 
However, strictly speaking, in the given paper, it is necessary to provide exact de-
finitions of the concept “alphabet of object-language of Σ+V”, the notion “term of 
Σ+V”, the general concept “formula of Σ+V”, and the basic notion “axiom of 
Σ+V”, notwithstanding the mentioned analogousness, because, strictly speaking, 
“analogy” is not logically equivalent to “identity”. The above-mentioned ba-
sic concepts (of Σ and Σ+C) are not in relation of proper identity (which is an 
equivalence one) to the corresponding analogous concepts of Σ+V. The proper 
identity relation is transitive, while, generally speaking, the analogy relation is 
not transitive one. Consequently, although the impression (sensation) of repeti-
tions of the already published statements is truthlike, in fact, rigorously speak-
ing, it is false (illusory). Therefore, now I am to begin formulating the rigorous 
definitions necessary for adequate understanding the present paper.  

First of all, it is necessary to fix the meaning of “alphabet of object-language of 
Σ+V”. According to the definition, the alphabet of object-language of Σ+V in-
cludes all the symbols which are contained in the alphabet of object-language of 
the logically formalized theory Σ. However, the conversion of this prpposition is 
not true, because, in Σ+V, some novel signs are added to both: the alphabet of Σ, 
and the alphabet of Σ+C. The result of such substantial changes (complements) 

https://doi.org/10.4236/jamp.2022.108167


V. O. Lobovikov 
 

 

DOI: 10.4236/jamp.2022.108167 2473 Journal of Applied Mathematics and Physics 
 

is the below-located rigorous definition of the notion “alphabet of object-language 
of Σ+V”.  

1) The lowercase Latin letters p, q, d (and these letters having lower number 
indexes) belong to the alphabet of object-language of Σ+V; these lowercase Latin 
letters are named “propositional (or sentential) letters”. In the alphabet of ob-
ject-language of Σ+V, not all lowercase Latin letters are called propositional ones 
because, according to the given definition, those lowercase Latin letters which 
belong to the set {g, b, e, n, x, y, z, t, f} do not belong to the set of propositional 
letters of object-language of Σ+V.  

2) The habitual logic symbols ¬, ⊃, ↔, &, ∨ named, respectively, “classical 
negation”, “classical (or ‘material’) implication”, “classical equivalence”, “clas-
sical conjunction”, “classical not-excluding disjunction” belong to the alphabet 
of object-language of Σ+V.  

3) Elements of the set {�, K, A, E, S, T, F, P, D, C, G, W, O, B, U, J, E} are ele-
ments of the alphabet of object-language of Σ+V as well. They are named “mod-
ality symbols” in Σ+V.  

4) The signs “→” and “←”, called “vector symbols” or “arrows” (“left-right 
arrow” and “right-left one”) belong to the alphabet of object-language of Σ+V. 
In comparison with the formal theories Σ and Σ+C, the vector symbols are no-
velties as the “arrows” do not belong to the alphabets of object-languages of the 
already published and investigated formal theories Σ and Σ+C. Moreover, with 
respect to proper physical interpretations of formal theory Σ+V, the vector 
symbols belonging to its alphabet are very important for possible fruitful inno-
vations and applications of that theory. By the way, the vector symbols are not 
habitual (and even very unusual, odd) for object-languages of formal theories 
based on classical symbolic logic. Thus, even at the level of its alphabet, Σ+V 
differs much from the theories Σ and Σ+C.  

5) The lowercase Latin letters x, y, z (and also these letters having lower num-
ber indexes) belong to the alphabet of object-language of Σ+V. Such and only 
such letters are named “axiological variables” in Σ+V.  

6) The lowercase Latin letters “g” and “b” named “axiological constants” also 
are elements of the alphabet of object-language of Σ+V.  

7) The capital Latin letters having number indexes—E1, C1, K1, K2, E2, C2, Cj
n, 

Bi
n, Dm

n,Ak
n, … are elements of the alphabet of object-language of Σ+V (such 

capital Latin letters are named “axiological-value-functional symbols”). Here the 
upper number index n informs that the indexed axiological-value-functional 
symbol is n-placed one. Absence of the upper number index indicates that the 
value-functional symbol is determined by only one axiological variable. The axi-
ological-value-functional symbols may possess no lower number index. If a val-
ue-functional symbol does not have a lower number index, and the same symbol 
has a lower number index, then the symbol with lower index is different from 
the same symbol without lower index, for example, M1x and M1

1x are different 
signs. If value-functional symbols possess lower number indexes, then, if these 
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indexes are different, then the indexed functional symbols are different ones, for 
example, I3

2xy and I4
2xy are different signs.  

8) The signs “(”, “)” named “round brackets” are elements of the alphabet of 
object-language of Σ+V as well. These auxiliary signs are utilized in the present 
article as usually in symbolic logic, namely, as pure technical symbols.  

9) The signs “[”, “]” (“square brackets”) are elements of the alphabet of ob-
ject-language of Σ+V also. However, it is worth emphasizing here that in con-
trast to the “round brackets”, in Σ+V, the “square brackets” are used not as the 
habitual pure technical symbols, but as ontologically meaningful signs. Such non-
standard using the “square brackets” is psychologically unexpected (unhabitual) 
one. In relation to natural language psychology, square brackets and round ones 
seem identical as very often in natural language they are used as synonyms. But 
in the object language of Σ+V, the two kinds of brackets possess significantly 
different meanings (play substantially different roles): usage of round brackets is 
purely technical (auxiliary) one, while square-bracketing possesses an ontologi-
cal meaning. The ontological meaning of square-bracketing is defined below in 
that part of the present paper which is devoted to semantics of object-language 
of Σ+V. Nevertheless, even at the level of syntaxis of the artificial object language 
of Σ+V, square brackets play a substantial role in the precise definition of the 
concept “formula of Σ+V”. (This definition is to be given below in this section of 
the article.) Moreover, square-bracketing plays a substantial role in the precise 
formulations of some axiom-schemes of Σ+V” (which formulation are to be given 
below also in this section of the article).  

10) An unhabitual artificial symbol “=+=” named “formal-axiological equiva-
lence” is an element of the alphabet of object-language of Σ+V. The odd symbol 
“=+=” plays a substantial role in the precise definition of the concept “formula 
of Σ+V” and also in the precise formulations of some axiom-schemes of Σ+V.  

11) The habitual symbols “-” (negative-number sign called “minus”) and “=” 
(equality of numbers) from the language of arithmetic are elements of the alpha-
bet of object-language of Σ+V.  

12) The habitual symbol “/” also belongs to the alphabet of object-language of 
Σ+V, although, in Σ+V, this quite habitual symbol is used in a quite unexpected 
(unhabitual) special meaning (to be defined precisely below while formulating 
semantics of Σ+V).  

13) The habitual symbol  belongs to the alphabet of object-language of Σ+V, 
but quite an unhabitual role (meaning) of  in Σ+V differs much from the 
well-known habitual one.  

14) A sign is an element of the alphabet of object-language of Σ+V, if and only 
if the sign belongs to this alphabet due to the above-formulated items 1)-13) of 
the given definition.  

Any finite chain (queue) of symbols is named “an expression of the object- 
language of Σ+V”, then and only then, when that chain contains such and only 
such signs which are elements of the alphabet of object-language of Σ+V.  
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A precise definition of the concept “term of Σ+V” is the following. 
1) the above-mentioned axiological variables (see the definition of alphabet of 

Σ+V) are terms of Σ+V.  
2) the above-mentioned axiological constants (see the definition of alphabet of 

Σ+V) are terms of Σ+V. 
3) If Φk

n is an n-placed axiological-value-functional symbol (see the definition 
of alphabet of Σ+V), and ti, …, tn are terms of Σ-V, then Φk

nti, …, tn is a term of 
Σ+V. (It is worth noting here that signs ti, …, tn belong to the meta-language be-
cause they denote any terms of Σ+V. The analogous note is worth making with 
respect to the sign Φk

n belonging to the meta-language as well.)  
4) If tk is a term of Σ+V, then the expressions kt



 and kt


 are terms of Σ+V.  
5) If tk is a term of Σ+V, then the expression tk is a term of Σ+V.  
6) If tk is a term of Σ+V, then the expression /tk/ is a term of Σ+V.  
7) If tk is a term of Σ+V, then the expression -/tk/ is a term of Σ+V. 
8) An expression of the object-language of Σ+V is a term of Σ+V, then and 

only then, when it is so due to the above-formulated items 1)-7) of the given de-
finition.  

Thus, the syntaxis aspect of the abstract notion “term of Σ+V” is quite fixed. 
Now we are to move to constructing exact definition of the syntaxis aspect of the 
abstract notion “formula of Σ+V”. To perform this move, let us accept the con-
vention that in the given article, lowercase Greek letters α, β, and ω (belonging 
to meta-language) denote any formulae of Σ+V. Keeping this convention in 
mind, it is possible to give the following precise definition of the notion “formu-
la of Σ+V”.  

1) All the propositional letters belong to the set of formulae of Σ+V. 
2) When α and β are formulae of Σ+V, then all the expressions of the ob-

ject-language of Σ+V, which (expressions) have forms ¬α, (α ↔ β), (α ⊃ β), (α ∨ 
β), (α & β), belong to the set of formulae of Σ+V as well.  

3) When ti is a term of Σ+V, then [ti] is a formula of Σ+V.  
4) When ti and tk are terms of Σ+V, then (ti =+= tk) is a formula of Σ+V.  
5) When ti and tk are terms of Σ+V, then (/ti/ = /tk/) is a formula of Σ+V.  
6) When ti and tk are terms of Σ+V, then (/ti/ = -/tk/) is a formula of Σ+V.  
7) When α is a formula of Σ+V, and the symbol Ψ (belonging to the me-

ta-language) denotes any modality symbol from the set of {�, K, A, E, S, T, F, P, 
D, C, G, W, O, B, U, J, E}, then any expression of object-language of Σ having 
the form Ψα, is a formula of Σ+V also. It is worth noting here, that, strictly 
speaking, the expression Ψα (belonging to the meta-language) is not a formula 
of Σ+V, but a scheme of formulae of Σ+V.  

8) Chains of symbols from the alphabet of object-language of Σ+V are formu-
lae of Σ+V, if and only if it is so due to the items 1)-7) of the given definition.  

In this part of the article which (part) is reduced intentionally to syntaxis of 
object-language of multimodal formal theory Σ+V, the set of modality symbols 
{�, K, E, A, S, T, F, P, D, C, G, W, O, B, U, J, E} is nothing but a set of very short 
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names. The symbol � is a name for the alethic modality “it is necessary that…”. 
The symbols K, E, A, S, T, F, P, D, C, respectively, are names of/for the modal 
expressions “agent Knows that…”, “agent Empirically (a-posteriori) knows that…”, 
“agent a-priori knows that…”, “under some concrete conditions in some definite 
time-and-space, an agent has a Sensation, i.e. verification by feeling (either im-
mediately or by means of mediating tools), that…”, “it is True that…”, “agent 
has Faith that…(or agent believes that…)”, “it is Provable in a consistent theory 
that…”, “there is an algorithm for Deciding that…(hence, a machine could be 
constructed for such Deciding)”, “it is Consistent that…”.  

The symbols G, W, O, B, U, J, E, respectively, are names of/for the modal ex-
pressions “it is Good (morally perfect) that…”, “it is Wicked (morally bad, im-
perfect) that…”, “it is Obligatory (mandatory, compulsory) that…”, “it is Beau-
tiful (aesthetically perfect) that…”, “it is Useful (helpful, valuable, gainful, re-
warding) that…”, “it is a Joy (delight, happiness, pleasure) that…”, “the state of 
affairs indicated and described by the dictum…, exists (or does exist)”. In the 
present section of the article, pure syntaxis meanings of the modal symbols are 
defined quite precisely (although not manifestly but indirectly) by the below-given 
schemes of own (proper) axioms of multimodal formal philosophy (epistemolo-
gy-and-axiology) system Σ+V which axioms are added to the ones of classical 
logic of propositions.  

Thus, proper formal logic axioms and formal logic inference rules of Σ, Σ+C, 
and Σ+V are the ones of classical sentential logic calculus. Schemes of axioms 
and inference-rules of the classical propositional logic are applicable to all for-
mulae of these three multimodal theories. Hence, the proper logic foundations 
of Σ, Σ+C, and Σ+V are identical but the mentioned logically formalized axi-
omatic systems based on these identical logic foundations are substantially dif-
ferent. It seems that, corresponding definitions of Σ, Σ+C, and Σ+V are identical, 
but strictly speaking, it only seems so. The formal theories Σ, Σ+C, and Σ+V 
have different alphabets of their object-languages, different sets of expressions, 
different sets of terms, different sets of formulae, different sets of definitions, 
different sets of axioms, and, finally, different sets of theorems.  

In the given section of the article, exactly syntax meanings of all the modality 
symbols and of all the other special signs included into the alphabet of object 
language of Σ+V are defined precisely by the following list of schemes of proper 
philosophical (epistemological and axiological) axioms of Σ+V. (Certainly, such 
axiomatic definition of proper epistemology-and-axiology notions is not manif-
est one, but, nevertheless, it is quite precise one.) If α, β, ω are any formulae of 
Σ+V, then any such and only such expressions of the object language of Σ+V, 
which have the following forms, are proper axioms of Σ+V.  

AX-1: ( )Aα ⊃ �β ⊃ β .  

AX-2: ( ) ( )( )Aα ⊃ � ω ⊃ β ⊃ �ω ⊃ �β .  

AX-3: ( )( )( )A K & & S &α ↔ α ¬◊¬α ¬◊ α � β↔ Ωβ .  
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AX-4: ( )( )( )E K & Sα ↔ α ◊¬α∨ ◊ α∨¬� β↔ Ωβ . 

AX-5: Ωα ⊃ ◊α . (It is a nontrivial multimodal generalization of “Kant prin-
ciple” combining the alethic and the deontic modalities: Oα ⊃ ◊α .)  

AX-6: ( )&�β �Ωβ ⊃ β . (It is a nontrivial multimodal generalization of the 
famous formula (�β ⊃ β ) underivable in Σ+V. About the underivability of 
(�β ⊃ β ), see paper [55].)  

AX-7: ( ) [ ] [ ]( )i k i kt t G t G t=+= ↔ ↔ .  

AX-8: ( ) [ ]i it g G t+= ⊃ �= . 

AX-9: ( ) [ ]i it b W t+= ⊃ �= .  

AX-10: ( )G Wα ⊃ ¬ α . This axiom scheme is justified in A.A. Ivin’s book 
[56].  

AX-11: ( )W Gα ⊃ ¬ α . This axiom scheme is justified in [56] as well.  

AX-12: ( ) ( )( )A Ф xy Ф xy Ф xy Ф yx   α  =+=   ↔  ↔    ⊃
 

. 

AX-13: ( ) ( )( )A Ф xy Ф xy /Ф xy/ /Ф yx /α  =+=   ↔  ⊃ = −
 

.  

Definition DF-1 of the operation  called “contraposition”: 1) (( i it t=+= 
 

) 
& ( i it t=+= 

 

)) & (ti =+= ti), where ti is a term of Σ+V; 2) Ф2xy =+= 
Ф2yx, where the symbol Ф2xy stands for any binary operation; 3) Ф1x =+= 
Ф1x; (d) Ф1x =+= Ф1x, where Ф1x stands for any unary operation.  

Definition DF-2: if ω is a formula of Σ+V, then ◊ω is a name of/for ¬�¬ω.  
In AX-3, AX-4, AX-5, and AX-6, the sign Ω (belonging to the meta-language) 

denotes only a “perfection modality”. However, not all the modalities mentioned 
in this paper are called “perfection ones”. For example, W and ◊ stand for mod-
alities which are not perfections. In the present article, the set ∆ of signs denot-
ing perfection-modalities is {K, D, F, C, P, E, J, T, B, G, U, O, �}. Evidently, ∆ is 
only a subset of the set of symbols denoting modalities mentioned in this paper.  

In AX-12 and AX-13, the sign Φ (belonging to the meta-language) denotes a 
binary operation of the two-valued algebraic system of formal axiology, and the 
sign  (also belonging to the meta-language) denotes any such one-placed func-
tion, a value of which is the inversion of value of its variable.  

Evidently, the precise syntactic definitions given above are meaningless from 
the semantic viewpoint. This is not an accidental result of negligence but such a 
consciously accepted scientific abstraction which is perfectly rational under some 
definite condition. Nontheless, for making the present paper perfectly meaningful 
one, now, it is upportune immediately to move to semantics of the artificial lan-
guage of Σ+V.  

2.3. An Unknown Semantics of/for the above-Defined Syntaxis of  
Object-Language of Formal Axiomatic Theory “Sigma+V”  

Above in section 2.1 of this article, the definition of Σ+V is performed in the 
purely syntactic manner as the submitted formulation of Σ+V is ideliberately 
deprived of its concrete contents due to the relevant scientific abstraction. Hence, 
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the multimodal axiomatic theory Σ+V is defined above and discussed hitherto as 
namely formal one. Below in this section of the article, I move from the pure 
syntaxis aspect of artificial language of Σ+V for defining its semantics.  

The artificial language of Σ+V includes the well-known proper logic symbols 
and technical signs of classical mathematical logic of propositions. There is no 
need to provide here the habitual definitions of semantic meanings of the well- 
known propositional logic symbols as their habitual semantic meanings are al-
ready defined exactlly in relevant handbooks on mathematical logic. In particu-
lar, semantic meanings of the sentential variables (represented in Σ+V by the 
lowercase Latin letters “q”, “p”, “d”, and also by the same letters having lower 
number indexes) are well-defined in available handbooks on classical sentential 
logic as well. However, it is necessary to provide definitions of semantic mean-
ings of the unhabitual symbols (sometimes even odd compound ones) belonging 
to the artificial object-language of Σ+V. 

Definition of semantic meanings is definition of an interpretation-function. 
For defining the interpretation-function it is necessary to define 1) a set called 
“domain (or realm) of interpretation” (let the letter Θ be used for denoting the 
interpretation domain) and 2) an evaluation-maker called “evaluator” ℰ. By de-
finition, the set Θ (which is necessary for any standard interpretation of Σ+V), is 
such a set, every element of which possesses: 1) one and only one axiological 
value from the set {good, bad}; 2) one and only one ontological value from the 
set {exists, not-exists}.  

The axiological variables (z, x, y, zi, xk, ym) take their values from the set Θ. 
The axiological constants “b” and “g” mean the values “bad” and “good”, re-

spectively.  
Certainly, any concrete evaluation necessarily implies existence of a concrete 

evaluator (interpreter). Making an evaluation of an element from the interpreta-
tion-domain Θ by quite a definite (fixed) evaluator ℰ is attaching an axiological 
value (good or bad) to the element. The valuator ℰ is either any individual or any 
collective—it does not matter. Obviously, changing ℰ may result in changing 
some valuations (relative ones), nevertheless, no change of valuator can change 
the set of laws of the algebraic system of formal axiology as these laws are not 
relative but absolute evaluations. By definition, the laws of two-valued algebra of 
formal axiology are such and only such constant evaluation-functions which pos-
sess the value g (good) under any possible combination of axiological values of 
their axiological variables. Certainly, ℰ is a variable. It takes its values from the 
set of various evaluators. However, if an interpretation of Σ+V is well-defined, 
then the value of the variable ℰ is well-defined also. Changing the value of ℰ is 
changing the interpretation.  

In the present article, “e” and “n” stand for “…exists” and “…not-exists”, re-
spectively. The signs “e” and “n” are named “ontological constants”. By defini-
tion, in a standard interpretation of Σ+V, one and only one element of the set 
{{g, e}, {g, n}, {b, e}, {b, n}} corresponds to every element of Θ. The signs “e” and 
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“n” belong to the meta-language. By definition of the alphabet of object-language 
of Σ+V, “e” and “n” do not belong to the object-language. Nevertheless, “e” and 
“n” are indirectly represented at the level of object-language of Σ+V by means of 
square-bracketing: “ti exists” is represented by [ti]; “ti does not exist” is represented 
by ¬ [ti]. This means that square-bracketing is a significant part of exact defining 
formal-axiological-and-ontological semantics of Σ+V.  

N-placed terms of Σ+V are interpreted as such n-placed valuation-functions 
which are defined on the set Θ (the domain of interpretation). The notion 
“one-placed evaluation-function” is exemplified by the above-located Table 1 
and Table 2. The notion “two-placed evaluation-function” is instantiated by the 
above-located Table 3.  

To reduce possibilities of misunderstanding, it is worth emphasizing here that 
in standard interpretations of Σ+V, the symbols M1x, N1

1x I3
2xy, C2xy, K2xy, R2xy 

denote not predicates but evaluation-functions. When a standard interpretation 
of Σ+V is fixed, then the expressions of object-language of Σ+V, which have 
forms (ti =+= g), (ti =+= b), (ti =+= tk), represent predicates in Σ+V.  

According to the definition of semantics of the formal theory Σ+V, in a stan-
dard interpretation of this formal theory, a formula possessing the form (ti =+= 
tk) represents an either true or false proposition having the form “ti is formal-
ly-axiologically equivalent to tk” which proposition is true, if and only if the 
terms ti and tk possess identical axiological values (either “good” or “bad”) under 
any combination of axiological values of the variables.  

According to the definition of semantics of the formal theory Σ+V, in a fixed 
standard interpretation of this formal theory, a formula possessing the form (ti 
=+= b) represents a proposition (either true or false one) having the form “ti is a 
formal-axiological contradiction” which proposition is true, if and only if (in the 
fixed interpretation) the term ti possess the value “bad” under any combination 
of axiological values of the variables.  

According to the definition of semantics of the formal theory Σ+V, in a fixed 
standard interpretation of this formal theory, a formula possessing the form (ti 
=+= g) represents a proposition (either true or false one) having the form “ti is a 
formal-axiological law” (or “ti is absolutely good”) which proposition is true if 
and only if (in the fixed interpretation) the term ti has the value “good” under 
any combination of the values of variables.  

According to the definition of semantics of Σ+V, when ti is a term in Σ+V, 
then, in a fixed interpretation of Σ+V, such a formula of Σ+V, which has the 
form [ti], represents a proposition possessing the form “ti exists” which proposi-
tion is either true or false one (in the fixed interpretation). By the definition, a 
formula having the form [ti] is true in a fixed interpretation, if and only if ti has 
the ontological value “e (exists)” in that fixed interpretation. By the definition, a 
formula having the form [ti] is false in a fixed interpretation (of Σ+V), when and 
only whwn ti has the ontological value “n (not-exists)” in that fixed interpreta-
tion.  
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Existence of expressions possessing the forms kt  


, kt  


, /tk/, -/tk/, k/t /


, 

k/t /


, k/ /t−


, (/ti/ = /tk/), ( i k/ / /t t /=
 

), ( i kt /t/ / /= −
 

), in the object-language 
of Σ+V, makes up a very important qualitative difference between Σ and Σ+V. In 
relation to the expressions possessing such forms, herein, it is necessary to say 
that, in Σ+V, by definition of its object-language semantics, “/…/” means a 
quantity magnitude of “…”, and “-/…/” denotes a negative quantity magnitude 
of “…”.  

Also, herein, it is necessary to say that, by definition of semantics of ob-
ject-language of Σ+V, in a fixed standard interpretation of Σ+V, the symbol “=” 
denotes the identity of quantity magnitudes, consequently, (/ti/ = /tk/) denotes 
identity of quantity-magnitudes of 𝑡𝑡i and 𝑡𝑡k. Hence, if and only if a concrete 
standard interpretation is well-fixed, then (in this well-defined interpretation) 
the formula ( i kt /t/ / /= −

 

) represents a predicate (having a sufficiently definite 
truth-value in this interpretation). Herein, I presume that the syntactic and se-
mantic meanings of the signs from the alphabet of formal arithmetic (for in-
stance, the symbol “=”) belonging also to the alphabet of object-language of 
Σ+V, are already well-defined in arithmetic [57]. Hence, it is not necessary to 
repete defining them manifestly in the given paper. In this relation, it is quite 
sufficient to make the reference to the well-written handbook “Introduction to 
Mathematical Logic” by E. Mendelson [57]. Therefore, the proper arithmetic 
axioms precisely definining the meanings of the above-exploited proper arith-
metic signs (“=” and “-”) were not included manifestly into the above-given de-
finition of Σ+V, but it is presumed that these arithmetic axioms also belong to 
Σ+V.  

The principal qualitative difference between Σ and Σ+V is created by the vec-
tor symbols “→” and “←” belonging to the alphabet of object-language of Σ+V 
and making the theory Σ+V significantly richer. The theories Σ and Σ+C deal 
with only scalar evaluation-functions. In contrast to/with them, being more 
general and fundamental, Σ+V operates with both the scalar and the vector 
functions. This is so because, owing to the definition of semantics of Σ+V, gen-
erally speaking, the evaluation-functions may be either vectored or not-vectored 
(scalar) ones. The above-given Table 1, Table 2, and Table 3 exemplify scalar 
evaluation-functions. Due to exactly definining the semantics of object-language 
of Σ+V, the sign it



 denotes a vectored evaluation-function, which is a “synthe-
sis” (combination or conjunction) of the scalar evaluation-function (ti) and the 
proper vector (own inner direction) of ti (indicated by “←”). Certainly, some-
times, either an evaluation-function does not possess a proper vector at all, or 
the inner (own) vector of evaluating is not important and, hence, may be ig-
nored (“annihilated” by means of a quite acceptable abstraction). However, 
sometimes, a proper vector is significant and, consequently, ignoring it is a grave 
blunder (accepting the abstraction is not well-grounded). Exactly in this theo-
retically interesting and practically significant special case, using the rich lan-
guage of Σ+V is quite relevant and meaningful. While such using the language of 
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Σ+V, the symbol “ it


” denotes the proper vector (own inner direction) of ti and 
the symbol “ it



” denotes the directly opposite vector of ti. Obviously, from the 
vewpoint of ordinary (statistically normal) human beings, the talk of vectored 
evaluation-functions is odd (unhabitual) one. Taking this talk seriously is a chal-
lenge to the dominating paradigm in the humanities to which formal philosoph-
ical ontology, axiology, logic, and philosophy of physics belong somehow (at 
least partly). Nevertheless, in contemporary theoretical physics (which could be 
evaluated as a necessarily mathematized part of the proper rational philosophy 
of nature), in principle, an abstract talk of vectored functions is not an unhabi-
tual (odd) event. Modern physicists are used to systematical talking of vectors. 
Thus, in principle, statements of vectors in rational philosophy of nature can be 
meaninful and disputable. In the given article (namely, in its immediately fol-
lowing section), I apply the precedent made in mathematized theoretical physics 
to investigating the substantially similar (analogous) case of proper philosophi-
cal (formal-axiolofical) discourse of the classical mechanics. The results of ap-
plication of the precedent are submitted below.  

3. Results  

The below-located finite sequence of formulae and schemes of formulae is an 
accomplishment of the principal goal of this article, namely, a formal deductive 
inference (within the axiomatic theory Σ+V) of such formulae which represent 
Galileo Galilei principle of relativity of motion, when a relevant physical inter-
pretation of the formal theory Σ+V is given. The formal logical inference de-
pends essentially of the three deliberately accepted nontrivial assumptions in-
serted manifestly into the below-located finite sequence. The first assumption is 
the one of a-priori-ness of knowledge. In Σ+V, this assumption is modeled by 
Aα. The second assumption used substantially in the below-located formal logi-
cal inference is a formal-axiological analog of Galileo Galilei principle of relativ-
ity of motion. This formal-axiological analog of the principle of motion relativity 
is modeled (within the formal theory Σ+V) by formula R2M1xy =+= R2M1yx. 
Another formal-axiological equation, namely, formula R2Q1M1xy =+= R2Q1M1yx 
is also a formal-axiological analog of the principle by Galileo Galilei. The two 
formal-axiological equations (justified above within the algebraic system of for-
mal axiology by computing relevant functions) have been already recognized as 
the formal-axiological analogues of Galileo Galilei principle of motion relativity, 
in [46]. But the below-located perfectly novel formal deductive derivation from 
the above-formulated nontrivial assumptions has not been invented, examined, 
and discussed hitherto.  

1) ( ) ( )( )A Ф xy Ф xy Ф xy Ф yx   α  =+=   ↔  ↔    ⊃
 

: the  

axiom-scheme AX-12.  

2) ( ) ( )( )2 1 2 1 2 1 2 1A R M xy R M xy R M xy R M yx   α =+=  ↔ ↔ ⊃  

 

: from 1, 
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by substitution of R2 for Φ, and substitution of M1 for ©.  
3) Αα: the assumption of a-priori-ness of knowledge.  

4) ( ) ( )( )2 1 2 1 2 1 2 1R M xy R M xy R M xy R M yx   =+=  ↔ ↔   

 

: from 2 and 3 by 

modus ponens.  

5) ( ) ( )( )2 1 2 1 2 1 2 1R M xy R M xy R M xy R M yx   =+=  ⊃ ↔   

 

: from 4 by the 

logic derivation rule called “elimination of ↔”.  

6) ( )2 1 2 1R M xy R M xy=+=  : the assumption justified in the algebraic system 

of formal axiology by computing evaluation-functions.  

7) ( )2 1 2 1R M xy R M yx   ↔
   

 

: from 5 and 6 by modus ponens.  

8) ( ) ( )2 1 2 1 2 1 2 1A , R M xy R M xy R M xy R M yx   α =+=  ↔
   

 

 : by the succes-

sion 1—7. (Here, “  … … ” means “from…it is logically derivable in Σ+V, 
that…”.)  

9) ( ) ( )( )A Ф xy Ф xy /Ф xy/ /Ф yx /α  =+=  ↔  = − ⊃ 
 

: the  

axiom-scheme AX-13.  
10) 

( ) ( )( )2 1 1 2 1 1 2 1 1 2 1 1A R Q M xy R Q M xy /R Q M xy/ / R Q M yx /α =+=  ↔ = −⊃
 

: from 

9, by substitution: of R2 for Φ, and substitution of Q1M1 for ©.  

11) ( ) ( )( )2 1 1 2 1 1 2 1 1 2 1 1R Q M xy R Q M xy /R Q M xy/ / R Q M yx /=+=  ↔ = −
 

:  

from 10 and 3 by modus ponens.  

12) ( ) ( )( )2 1 1 2 1 1 2 1 1 2 1 1R Q M xy R Q M xy /R Q M xy/ / R Q M yx /=+=  ⊃ = −
 

: from 

11 by the logic derivation rule called “elimination of ↔”.  

13) ( )2 1 1 2 1 1R Q M xy R Q M xy=+=  : the assumption justified in the algebraic 

system of formal axiology by computing evaluation-functions.  

14) ( )2 1 1 2 1 1/R Q M xy/ / R Q M yx /= −
 

: from 12 and 13 by modus ponens.  

15) ( ) ( )( )2 1 1 2 1 1 2 1 1 2 1 1A R Q M xy R Q M xy /R Q M xy/ / R Q M yx /,α =+=  = −
 

 :  

by the succession 1-14.  
Thus, the formal logical inference from the assumptions in Σ+V, is con-

structed. Now, the formal inference is to be interpreted. (Perhaps, here, it is 
worth recalling that, in the algebraic system of formal axiology, the symbol R2xy 
stands for the noncommutative binary operation represented in natural human 
language by expressions “x relative to y”, or “x in relation to y”.) In accordance 
with the main target of the present article, R2M1xy is interpreted herein as the 
evaluation-function “movement of x in relation to y”. R2M1yx is interpreted as the 
evaluation-function “movement of y in relation to x”. R2Q1M1xy—the evalua-
tion-function “quickness of movement of x in relation to y”. R2Q1M1yx—“quick- 
ness of movement of y in relation to x”. Evaluation-functional meanings of the 
signs M1, Q1, R2 are precisely defined above (in 2.1) by Table 1, Table 2, and 
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Table 3, respectively. By means of the exact definitions given above in this pa-
per, it is possible to justify quite convincingly (by attentive calculating composi-
tions of relevant valuation-functions) that (R2M1xy =+= R2M1yx) and, conse-
quently, according to the above-given definition of , it is true that (R2M1xy 
=+= R2M1xy). These two equations mean that (scalar aspect of) movement of x 
in relation to y is formally-axiologically equivalent to (scalar aspect of) move-
ment of y in relation to x.  

Concerning quickness (speed) of movement, it is relevant to affirm here that 
due to the above-given exact definitions, it is possible to justify quite convin-
cingly (by attentive computing compositions of appropriate valuation-functions) 
that (R2Q1M1xy =+= R2Q1M1yx) and, consequently, according to the above-given 
definition of , it is true that (R2Q1M1xy =+= R2Q1M1xy). These two equations 
modeling the speed (rapidity) aspect of Galileo’s principle of relativity of motion 
mean that scalar aspect of velocity (i.e. quickness, speed) of movement of x in 
relation to y is formally-axiologically equivalent to scalar aspect of velocity (quick-
ness, rapidity) of movement of y in relation to x. Originally, the surprising for-
mal-axiological identifications of the compositions of valuation-functions rele-
vant to Galileo’s relativity principle have been discovered (recognized) or invented 
(constructed on purpose) in the article [46], in which article either of the won-
derful identifications has been named “a formal-axiological law of contraposi-
tion of R2xy”.  

In the mentioned original paper [46], also for the first time, a vector interpre-
tation of R2xy has been suggested and investigated as well. This means that, in 
[46], for the first time, the formal-axiological law of contraposition of R2xy has 
been interpreted as a namely vectored law of contraposition. Thus, for the first 
time, the formal-axiological analogs of Galileo’s principle of relativity of vec-
tored motion have been created (noticed or invented) and demonstrated (by ac-
curate computing appropriate valuation-functions) in [46]. But the discovered 
(noticed) or created on purpose (in [46]) formal-axiological analogs are not af-
firmations of “what is”. They are affirmations of “what is good”. According to 
the principle ascribed to D. Hume by interpreters of his famous treatise [58] and 
also according to G.E. Moore’s systematical anti-naturalism in ethics [59], a log-
ically unbridgeable gap exists between “what is” and “what is good”. Moreover, 
according to that intellectually respectable empiricist paradigm which still do-
minates in the humanities, formal logical bridging the gap between “is good” 
and “is” is absolutely impossible.  

Thus, although, precise formulating and algebraic justifying the formal-axio- 
logical analog of Galileo Galilei principle of relativity of motion had been dis-
covered (invented) and published initially in [46], the above-mentioned noto-
rious formal-logic gap had not been bridged logically in [46], and the firm faith 
that the gap is logically unbridgeable had not been challenged in [46]. In contrast 
(and in substantial supplement) to [46], for the first time in relevant literature, 
the present article has submitted an option of logical bridging the allegedly un-
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bridgeable formal-logic gap between the relativity principle by Galileo Galilei 
and its already discovered and published formal-axiological analog. The above- 
submitted logical bridging is the main nontrivial scientific innovation of the 
present paper. It is a significant challenge to the habitual paradigm limiting de-
velopment of science. 

The substantially novel nontrivial result submitted in the present article means 
that under some quite definite extraordinary condition, there is a possibility of 
formal logical bridging the gap between “is” and “is good”. The belief that the 
gap is logically unbridgeable is adequate if and only if knowledge is empirical. 
Consequently, if and only if knowledge is a priori, the gap is logically bridgeable. 
According to the above-said, from conjunction of the assumption of a-priori- 
ness of knowledge, and the two formal-axiological equations grounded deduc-
tively in algebra of formal axiology, Galileo’s principle of relativity of motion is 
formally logically derived in Σ+V.  

The result of interpretation and translation of formula  

( )2 1 2 1R M xy R M yx   ↔
   

 

 from the artificial language into the natural one of 
human beings is the following: “A vectored movement of x in relation to y exists 
if and only if the oppositely vectored movement of y in relation to x exists”. The 
result of interpretation and translation of formula  

( )2 1 1 2 1 1/R Q M xy/ / R Q M yx /= −
 

 from the artificial language into the natural 
one of human beings is the following: “quantity-magnitude of quickness of vec-
tored movement of x in relation to y is exactly equal to the negative quanti-
ty-magnitude of quickness of vectored movement of y in relation to x”.  

4. Discussion  
4.1. Representing Relativity in a Discrete Mathematical  

Model of Formal Philosophical Ontology in General  
and of Antiquity Physics Especially: Being and  
Nonbeing, Noncontradiction and Movement, Being  
and Consistency of the World, Material World and  
Universal Interconnection (as Evaluation-Functions  
in Algebra of Formal Axiology) 

Above in this article, only such two formal-axiological equations 4) and 5) of 
two-valued algebraic system of formal axiology have been considered, which are 
necessary premises (manifestly accepted basic assumptions) of/for the main re-
sult of the paper, namely,—formal logical deductive inference of Galileo Galilei 
relativity principle in the formalized axiomatic epistemology-and-axiology theory 
Σ+V, under the condition of a-priori-ness of knowledge. Now let us continue 
generating and discussing formal-axiological equations of the two-valued alge-
braic system of formal axiology concerning 1) abstract philosophical theory of 
being in general and 2) the material world as subject-matter of proper physics 
especially. Certainly, some of the following formal-axiological equations making 
up the mathematical model are not directly connected with Galileo Galilei prin-
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ciple of relativity of motion but they are quite relevant to physics in general and 
to physics of Antiquity especially. (Herein, first of all, I imply the early Greek 
physicists of Ionia [60] [61], “Physics” by Aristotle [62], etc.) Nevertheless, along 
with construction and discussion of the discrete mathematical model of philo-
sophical ontology (as formal axiology) in general, the formal-axiological mean-
ing of the word “relativity” as an evaluation-function (x relative to y) in two-va- 
lued algebra of formal axiology is defined precisely and studied especially. Thus, 
being focused mainly on the concrete meaning of the word “relativity” used by 
Galileo Galilei, the given paper is targeted also at recognizing and defining pre-
cisely an abstract universal meaning of the word “relativity (of x to y)” which is 
common for meanings of “relativity” in morals [58] [63] [64] and in physics [13] 
[14] [15] [43] [44] [65] [66]. 

To continue generating and discussing the list of equations making up the 
discrete mathematical model under construction and investigation, by means of 
the following glossary for below-placed Table 4, I introduce a set of new valua-
tion-functions.  

Glossary for the below-located Table 4. The symbol P1
1x stands for the val-

ue-function “possibility of x”. I3
1x—“impossibility of x”. G1

1x—“genesis (appear-
ance, emergence, creation) of x”. G2

1x—“genesis (appearance, emergence, crea-
tion) from x”. D5

1x—“disappearing (dissolving) in (what, whom) x”. D6
1x—“x’s 

disappearance (dissipation)”. C1
1x—“contradictoriness (inconsistency) of x”. 

C2
1x—“consistency (non-contradictoriness) of x”. C3

1x—“contradiction (what) 
x”. D6

1x—“division (split) of x, or dividedness of x”. M4
1x—“measuring (what, 

whom) x”, or “measurement of (what, whom) x as an object”. M5
1x—“measure- 

ment by (what, whom) x”. These valuation-functions are defined precisely by the 
following Table 4.  

The discrete mathematical model under construction and discussion in this 
part of the paper is made up by the following chain (queue) of formal-axiological 
equations. The immediately following succession of equations begins with num-
ber 5) as it is a continuation of the above-started list of formal-axiological equi-
valences. (The list starts above in the section 2.1 of this article.)  

5) B1
1x =+= B1

1x: “being is”, or “what is, is” (Parmenides [61] [67]).  
6) N1

1x =+= N1
1x: “nonbeing is not”, or “what is not, is not” (Parmenides [61] 

[67]).  
3) B1

1N1
1x =+= N1

1B1
1x: being of nonbeing is nonbeing of being.  

4) B1
1x =+= N1

1N1
1x: being of x is nonbeing of nonbeing of x.  

5) N1
1x =+= B1

1N1
1x: nonbeing of x is being of nonbeing of x.  

6) N1
1x =+= N1

1B1
1x: nonbeing of x is nonbeing of being of x. 

7) B1
1x =+= B2

1x: being of x is equivalent to being of x by itself.  
8) B2

1x =+= B2xx: being of x by itself is equivalent to x’s being by x.  
9) B2xx =+= B1

1x: being of x by x is equivalent to x’s being.  
10) B1

1x =+= x: being of x is equivalent to x. 
11) B4

1x =+= C2xx: being of x in itself is x’s being in x.  
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Table 4. Defining the value-functions determined by one variable. 

x P1
1x I3

1x G1
1x G2

1x D5
1x D6

1x C1
1x C2

1x C3
1x D6

1x M4
1x M5

1x 

g g b g b g b b g b b b g 

b b g b g b g g b b g g b 

 
12) C2xx=+= g: being of x in x is a formal-axiological law of two-valued alge-

bra of metaphysics. By the way, this formal-axiological equation is quite relevant 
to the notorious stormy and long (even still existing yet) discussion of I. Kant’s 
“being of thing in itself” [34] [35]. 

13) B3
1x =+= B2xE2

1x: being of x by its nature is x’s being by nature (essence) 
of x. 

14) B1
1x =+= N1

1M1x: being of x is equivalent to nonbeing of movement 
(change) of x (Parmenides, Zeno, Melissus [61] [67]). 

15) M1x =+= N1
1x: movement (change) of x is equivalent to nonbeing of x 

(Parmenides, Zeno, Melissus [61] [67]).  
16) C3

1x =+= O2xx: contradiction x is equivalent to self-contradiction to (or 
by) x. 

17) C3
1x =+= b: contradiction x is equivalent to the negative value constant b. 

18) C2xb =+= N1
1x: being of contradiction in x is equivalent to nonbeing of x 

(Parmenides, Zeno, Melissus [61] [67], Aristotle [62]).  
19) C1

1x =+= C2xb: inconsistency (contradictory-ness) of x means being of 
contradiction (self-contradiction) in x. 

20) C1
1x =+= N1

1x: inconsistency (contradictory-ness) of x is equivalent to 
nonbeing of x. 

21) B1
1x =+= N1

1C2xb: being of x is equivalent to nonbeing of (being of con-
tradiction in x). 

22) M1x =+= C1
1x: movement (change) of x is equivalent to inconsistency 

(contradictory-ness) of x (Parmenides, Zeno, Melissus [61] [67]).  
23) B1

1x =+= C2
1x: being of x is equivalent to consistency (noncontradicto-

ry-ness) of x (Parmenides, Zeno, Melissus [67], Aristotle [62]).  
24) M3

1x =+= N1
1x: matter, material, materialness of x is equivalent to nonbe-

ing of x. (Plato [68], Aristotle [62], Plotinus [69], W.K.S. Guthrie [70] [71] [72]).  
25) M1x =+= M3

1x: movement (change) of x is equivalent to matter, material, 
materialness of x. 

26) M3
1x =+= C1

1x: matter, material, materialness of x is equivalent to incon-
sistency (contradictory-ness) of x.  

27) M3
1W1x =+= C1

1W1x: materialness of world of x is equivalent to inconsis-
tency (contradictory-ness) of world of x.  

28) B1
1x =+= G1

1x: being of x is equivalent to genesis of x. (Consequently, in 
relation to the algebraic system under discussion, the words “being” and “gene-
sis” are synonyms. Hence, both translations “The Book of Being” and “The Book 
of Genesis” are quite acceptable in this relation.) 
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29) G1
1x =+= G2N1

1xx: genesis of x is genesis of x from nonbeing of x.  
30) B1

1x =+= G2N1
1xx: being of x is genesis of x from nonbeing of x.  

31) B1
1x =+= P1

1G2N1
1xx: being of x is equivalent to possibility of genesis of x 

from nonbeing of x.  
32) I3

1G2N1
1xx =+= N1

1x: impossibility of genesis of x from nonbeing of x is 
equivalent to nonbeing of x.  

33) B1
1x =+= P1

1G2N1
1M3

1W1xM3
1W1x: being of x is equivalent to possibility of 

genesis of material world of x from nonbeing of material world of x.  
34) I3

1G2N1
1M3

1xM3
1x =+= M3

1W1x: impossibility of genesis of matter of x 
from nonbeing of matter of x is equivalent to materialness of world of x.  

35) M3
1W1x =+= I3

1G2N1
1M3

1W1xM3
1W1x: materialness of world of x is equiv-

alent to impossibility of creation (genesis) of material world of x from nonbeing 
of material world of x.  

36) M3
1W1x =+= I3

1G2N1
1xx: materialness of world of x is equivalent to impos-

sibility of genesis of x from nonbeing of x. This equation models the materialistic 
views of the well-known early Greek physicists of Ionia [60] [61]. In contrast (it 
seems that even in logical opposition) to the equations 34)-36) modeling the 
materialistic world-views by Ionia physicists, the equations 28)-33) model the 
religious ontology of creation (genesis) represented in Biblia. Herein, I imply 
“The Book of Being (Genesis)” especially. However, the impression of logical 
opposition is a logic-linguistic illusion as the alleged opposites belong to differ-
ent worlds, namely, to the one of being material and to the one of being proper 
(in Parmenides’ meaning of the word “being”).  

37) B1
1x =+= C2M3

1W1xI1
2zy: being of x is equivalent to being of universal in-

terconnection (of every z with every y) in the material world of x [51]. At the 
level of too vague and ambiguous natural language of humans, this profound 
ontological idea had been expressed somehow since ancient times to our days by 
many great philosophers, for example, by G.W. Leibniz ([73] pp. 116, 424).  

38) B1
1x =+= C2M3

1W1xI2
2zy: being of x is equivalent to being of universal in-

terrelation (of any z with any y) in the material world of x [51]. 
39) B1

1x =+= C2M3
1W1xI6

2zy: being of x is equivalent to being of universal in-
terdependence (of any z and any y) in the material world of x [51]. 

40) B1
1x =+= C2M3

1W1xI4
2zy: being of x is equivalent to being of universal in-

teraction (between every z and every y) in the material world of x [51].  
41) B1

1x =+= C2M3
1W1xI3

2zy: being of x is equivalent to being of universal in-
ter-determination in the material world of x [51]. 

42) M3
1x =+= R1

1x: materialness of x is equivalent to relativity of x.  
43) R1

1x =+= O1
1R2

1x: relativity of x is opposite to relativity to x. 
44) R1

1x =+= O1
1B2

1x: relativity of x is opposite to being of x by itself.  
45) R2

1x =+= B2
1x: relativity to x is equivalent to being of x by itself.  

46) R2
1x =+= x: relativity to x is equivalent to x.  

47) B1
1x =+= R2

1x: being of x is equivalent to relativity to x.  
48) B1

1x =+= N1
1R1

1x: being of x is equivalent to nonbeing of relativity of x.  
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49) B1
1x =+= R1

1R1
1x: being of x is equivalent to relativity of relativity of x.  

50) B1
1x =+= R1

1N1
1x: being of x is equivalent to relativity of nonbeing of x. 

51) N1
1R1

1N1
1x =+= N1

1x: nonbeing of relativity of nonbeing of x is equivalent 
to nonbeing of x.  

52) B1
1x =+= R1

1I3
1x: being of x is equivalent to relativity of impossibility of x.  

53) R2I3
1xy =+= R2I3

1yx: (impossibility of x) relative to y is formally-axiologi- 
cally equivalent to (impossibility of y) relative to x.  

54) B1
1x =+= R1

1C1
1x: being of x is equivalent to relativity of contradictoriness 

of x. 
55) B1

1x =+= R1
1M3

1x: being of x is equivalent to relativity of matter (mate-
rialness) of x.  

56) R2M3
1xy =+= R2M3

1yx: (x’s being material) relative to y is formally-axio- 
logically equivalent to (y’s being material) relative to x.  

57) N1
1R1

1M3
1x =+= N1

1x: nonbeing of relativity of matter (materialness) of x 
is equivalent to nonbeing of x.  

58) R2M4
1xy =+= R2M4

1yx: ((measurement of x) relative to y) is formally-axi- 
ologically equivalent to ((measurement of y) relative to x).  

59) R2D6
1xy =+= R2D6

1yx: (x’s being divided) relative to y is formally-axiologi- 
cally equivalent to (y’s being divided) relative to x. 

60) B1
1x =+= R1

1M1x: being of x is equivalent to relativity of movement (change) 
of x.  

61) N1
1R1

1M1x =+= N1
1x: nonbeing of relativity of movement of x is equivalent 

to nonbeing of x. 
A remarkable subset of the set of above-listed affirmations can be modeled con-

cisely (given in a short economical form) by a significantly more general state-
ment represented by the following theorem-scheme which condense the know-
ledge.  

62) R2xy =+= R2yx: ((x) relative to y) is formally-axiologically equivalent 
to ((y) relative to x). Herein, it is worth recalling that, in the given paper, the 
symbol  (belonging to the meta-language) stands for any one-placed function, 
values of which are opposites (inversions) of values of its argument. In some re-
lation, theorem-scheme 62) is a substantial generalization of Galileo’s principle 
of relativity of locomotion. The relativity of locomotion in mechanics is a well- 
known particular case of the hitherto unknown more universal relativity prin-
ciple represented by 62) which may be called a “general law of contraposition of 
relativity”. The above-formulated hitherto unknown “principle of relativity of 
nonexistence” (see equation 3 in section 2.1 of this article) is another noteworthy 
particular case of the law of contraposition of relativity. 

Thus, the two-placed evaluation-function “relativity of x to y” and its particu-
lar (degenerate) cases, namely, “relativity of x” and “relativity to y” are indis-
pensable for making such an adequate discrete mathematical model of philoso-
phy of nature which (model) combines both the proper axiological and the prop-
er ontological aspects of heavily mathematized system of strictly universal pure a 
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priori principles of theoretical physics. By the way, the remarkable intellectual 
tendency to combine essentially the proper axiological and the proper ontologi-
cal aspects has been developing since ancient to modern times, for example, 
since Anaximander of Miletus [60] ([61] pp. 89-92) and Plotinus [69] to G.W. 
Leibniz [73] and A.A. Lovelace [1], in spite of the positivists.  

4.2. Recognizing and Exploiting a “Mole Hole” for Formal  
Logical Inferring “Is” from “Is-Good”, and for Reverse  
Formal Logical Deriving “Is-Good” from “Is”, within  
the Axiomatic Epistemology-and-Axiology Theory  
Σ+V for the Sake of Making Nontrivial Discoveries  
in Physics 

Originally, the formal logical “mole hole” deductively bridging (under some ex-
traordinary epistemic condition) the allegedly unbridgeable gap between “is” and 
“is-good” has been discovered (accidentally noticed or intentionally created—it 
does not matter) in [38]. Then, being quite recognized, the discovery (or inven-
tion) of formal-logical (deductive) “mole hole” has been systematically exploited 
on purpose in [40] [41] for philosophical grounding pure a priori knowledge of 
strictly universal principles of proper theoretical physics. Also in the present ar-
ticle, the “mole hole” has been used on purpose for axiomatic grounding the 
motion relativity principle by Galileo Galilei. According to the above-submitted 
investigation results, Galileo’s principle of relativity of motion is strictly-logically 
(deductively) grounded in the formal axiomatic epistemology-and-axiology 
theory Σ+V, by means of the above-constructed formal deductive derivation 
(from the triple of manifestly indicated and well-defined nontrivial assump-
tions).  

Along with the above-considered “mole hole” in Σ+V for formal-logical bridg-
ing such statements of “what is” and “what is good”, which are affirmations of 
vectors, there is also a “mole hole” in Σ+V for formal-logical bridging such 
judgements of “what is” and “what is good”, which have nothing to do with 
vectors. Firstly, I mean the psychologically surprising theorem-schemes (Aα ⊃ 
(α ↔ Gα)) and (Aα ⊃ (�α ↔ Gα)), which are formally-logically provable in the 
formal axiomatic theory Σ+V, along with the psychologically unexpected theo-
rem-scheme (Aα ⊃ (α ↔ �α)). Formal proofs of these psychologically odd theo-
rem-schemes are already published in [40] [41] [55] [74]. In the indicated triple 
of theorem-schemes (which are the implications), generally speaking, the con-
sequents are false, but in that very rare (extraordinary) particular case, when it is 
true that Aα, the implications are true and formally provable in Σ+V. Secondly, I 
mean the wonderful theorem-scheme (Aα ⊃ ((ti =+= tk) ↔ ([ti] ↔ [tk]))) a for-
mal-logical proof of which in the formal theory Σ (having nothing to do with 
vectors) has been published originally in [38] [40] [41]. In the above-defined 
formal axiomatic theory Σ+V, the wonderful theorem-scheme (Aα ⊃ ((ti=+=tk) 
↔ ([ti] ↔ [tk]))) is also formally provable as all the axiom-schemes and log-
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ic-inference-rules, which are necessary and sufficient for formally proving it, 
belong to Σ+V as well. 

Consequently, the following formal logical inference may be constructed in 
Σ+V. 

1) Aα ⊃ ((ti =+= tk) ↔ ([ti] ↔ [tk])): the theorem-scheme. 
2) Aα: assumption. 
3) (ti =+= tk) ↔ ([ti] ↔ [tk]): from 1 and 2 by modus ponens. 
4) (ti =+= tk) ⊃ ([ti] ↔ [tk]): from 3 by the rule of elimination of ↔.  
5) (R2M4

1xy =+= R2M4
1yx) ⊃ ([R2M4

1xy] ↔ [R2M4
1yx]): from 4, by substitu-

tion of R2M4
1xy for ti, and R2M4

1yx for tk.  
6) (R2M4

1xy =+= R2M4
1yx): premise (see equation # 58 in the above-generated 

list). 
7) ([R2M4

1xy] ↔ [R2M4
1yx]): from 5 and 6 by modus ponens.  

8) Aα, (R2M4
1xy =+= R2M4

1yx)  ([R2M4
1xy] ↔ [R2M4

1yx]): by 1-7. 
A translation of ([R2M4

1xy] ↔ [R2M4
1yx]) into the natural language of hu-

mans is the following: measuring x in relation to y is measuring y in relation to 
x. Another translation: measurement of x relative to y takes place, if and only if 
measurement of y relative to x takes place. This means that measurement is rela-
tive. And this is a statement of what is. The statement may be called “the prin-
ciple of relativity of measurement”. There is a very important fundamental anal-
ogy between this principle and Galileo’s principle of relativity of movement, as 
both evaluation-functions “measurement of x” and “movement of x” are inver-
sions of x’s value. Moreover, the above-submitted succession 1-8 can be contin-
ued as follows. 

9) (M4
1x =+= M1x) ⊃ ([M4

1x] ↔ [M1x]): from 4, by substitution of M4
1x for ti, 

and of M1x for tk.  
10) (M4

1x =+= M1x): such a premise which can be justified by comparing the 
tabular definitions of M4

1x and M1x (see Table 1 and Table 4, respectively).  
11) ([M4

1x] ↔ [M1x]): from 9 and 10 by modus ponens.  
12) Aα, (M4

1x =+= M1x) |— ([M4
1x] ↔ [M1x]): by 1-11.  

A translation of ([M4
1x] ↔ [M1x]) into the natural language of humans is the 

following: a measurement of x takes place, if and only if a change of x takes place. 
Another translation: for any x, measuring x is changing x. In other words: mea-
suring is changing the object of measuring. This is a statement of what is. The 
statement is formally-logically derived in Σ+V from the formal-axiological equa-
tion, i.e. from the statement of values, under the extraordinary epistemic condi-
tion that Aα.  

Thus, in some extraordinary sense (taking into an account not only empirical 
but also a priori knowledge), Ada Lovelace was quite right when she wrote in her 
letter to Andrew Crosse: “There is too much tendency to making separate and 
independent bundles of both the physical and the moral facts of the universe. 
Whereas, all and everything is naturally related and interconnected” [1]. Cer-
tainly, in their ordinary concrete meanings, “moral relations and values” imply 
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“human ones” which (according to the dominating worldviews of humans) do 
not exist among stones, planets, stars, and galaxies. Therefore, herein, we are to 
elevate (generalize) significantly the ordinary concrete meaning of “moral” (in 
natural human languages) to extraordinary abstract one of artificial language of 
universal formal axiology operating with abstract values having moral values of 
humans as modest particular cases of the necessarily existing formal-axiological 
side (aspect) of universe. Thus, the “mole hole” naturally connects the axiologi-
cal side (aspect) of universe with its ontological one, under the precisely defined 
extraordinary condition.  

4.3. Clarifying the Improvement of the Proposed Method and  
Explaining Why the Expectations Are Fulfilled  

Herein, to clarify the improvement of the proposed method and to explain why 
the expectations are fulfilled while other methods cannot, I am to highlight the 
following items exhibited as bullet points. 

1) The proper empirical methods (of observations and experiments) cannot 
justify perfectly (quite sufficiently) such strictly universal or necessarily universal 
(or necessarily necessary) statements of proper theoretical physics, which are 
statements of pure a priori knowledge of nature, i.e. statements of such an ex-
traordinary knowledge of it which is independent of any physical experience and 
exists before it. That is why a discussion of physical experience proper (in par-
ticular, of physical experiments) is not included into this paper. This is so be-
cause a discussion of experiments is not relevant to the theme and to the main 
goal of the article intentionally reduced completely to improving formal logical 
structure of the pure theory of nature. 

2) This explains why exactly axiomatic method has been systematically ex-
ploited in the present article, and the exploited logic is not inductive but deduc-
tive one. (Certainly, it is presumed herein that the traditional (not-mathematized) 
formal logic cannot be an effective method of/for realizing the goal of this paper, 
only the modern mathematical logic using artificial languages is an appropriate 
method for doing this).  

3) I have improved the method of constructing and investigating logically 
formalized axiomatic theories by manifest including formal-axiological aspect 
to it. The result of improvement is synthetic multimodal one. The mathematical 
logic systems having nothing to do with modalities are not suitable for the syn-
thetic goal. Even the modal logic systems dealing with only one kind of modali-
ties are not appropriate (too primitive) for it. The sufficiently improved method 
for realizing the synthesis goal implies logical uniting epistemic, axiological, 
and some other kinds of modalities in one logically formalized axiomatic 
theory.  

4) The proposed substantial improvement of the method of constructing and 
investigating logically formalized axiomatic theories has resulted in creating a 
possibility of invention (construction) of such multimodal axiomatic epistemol-
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ogy-and-axiology system Σ+V, in which there is a possibility of invention (con-
struction) of a perfectly formal deductive inference of Galileo’s relativity prin-
ciple from some nontrivial assumptions precisely defined in that multimodal 
axiomatic system.  

5) For the first time in the world professional literature, the possibility of con-
structing the formal logical inference has been realized above in the given paper, 
namely, in section 3. Results. Consequently, the main expectations and the main 
results coincide. Thus, the above-formulated principal goal of this article is ful-
filled.  

5. Conclusions  

Generally speaking, from the present article as a whole, it follows logically that 
under the extraordinary epistemic condition of a-priori-ness of knowledge, in 
the axiomatic epistemology-and-axiology system Σ+V, there is a rare possibility 
of exactly formal-logical deriving “what is” from “what is-good” (and converse-
ly), i.e. the possibility of fundamental connecting ontology and axiology, respec-
tively. It has been recognized and justified in the given article, that the impossi-
bility of formal-logical bridging the gap between “is” and “is-good” is not abso-
lute but relative. Certainly, the impossibility of logical (deductive) bridging the 
gap remains quite a universal principle for (and only for) the habitual (ordinary) 
domain of empirical knowledge, but the discovered “mole-hole” (significant ex-
clusion from the allegedly universal principle) is located within the unhabitual 
(extraordinary) realm of (and only of) pure a-priori knowledge, i.e. beyond the 
domain of empirical knowledge. However, this abstract formulation of the qua-
litatively new attitude to the universal concept of relativity is very wide (ex-
tremely general), consequently, by means of this abstract conclusion formulation 
it is not easy to maintain the key findings of the given article. Therefore, in order 
to make the conclusion section more concrete and quite clear, below I include 
the point-by-point findings of this article.  

1) A logically formalized multimodal axiomatic epistemology-and-axiology 
theory Σ+V has been exactly formulated (in artificial language) and precisely de-
fined for the first time.  

2) An original attempt of applying the formal theory Σ+V to the system of 
classical mechanics with a view of formalizing it logically has been undertaken.  

3) In the logically formalized axiomatic theory Σ+V, a hitherto unknown for-
mal logical derivation (inference) of the well-known Galileo principle of relativ-
ity of locomotion has been constructed for the first time. 

4) The nontrivial assumptions, from which Galileo’s relativity principle is 
formally logically derivable in Σ+V, are exactly formulated (in the artificial lan-
guage of Σ+V) and precisely defined for the first time.  

5) One of the three nontrivial assumptions, namely, the assumption Aα (of 
a-priori-ness of knowledge) is defined precisely (although indirectly) in Σ+V (by 
the system of its axioms and logic derivation rules) for the first time. 
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6) Also, for the first time other two of the three nontrivial assumptions, name-
ly, the couple of formal-axiological equations of two-valued algebra of formal 
axiology, which couple makes up a formal-axiological analog (model) of Gali-
leo’s principle of relativity of motion, is represented in Σ+V. In the two-valued 
algebraic system of formal axiology, this couple of formal-axiological equations 
is exactly formulated and justified by accurate computation of compositions of 
evaluation-functions relevant to physics. Combining this couple of formal-axio- 
logical equations with the epistemic assumption of a-priori-ness of knowledge 
makes up such a triple of premises from which (triple) Galileo’s relativity prin-
ciple is formally derived in Σ+V (given the appropriate physical interpretation of 
the formal theory). 

In general, the surprising formal logical derivation of Galileo’s relativity prin-
ciple (in the logically formalized multimodal axiomatic epistemology-and-axiology 
system Σ+V) means that proper philosophical foundations of proper theoretical 
physics contain not only ontological, epistemological, and formal-logical aspects, 
but also formal-axiological one, and the four aspects are necessarily connected 
somehow. Hence, inventing and investigating mathematical models of their es-
sential connections are heuristically significant for proper theoretical physics 
and, therefore, worth undertaking. Who knows, probably, deductive logic justi-
fications of some other strictly universal “mathematical principles of natural 
philosophy” also could be formally represented (modeled) in Σ+V (or success-
fully grasped as a result of its mutation). Let us wait and see.  
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Abstract 
This paper provides an equation to entangle all known fundamental forces by 
employing their coupling constants, i.e., strong ( sα ), electromagnetic (α ), 
weak ( wα ), and gravitational ( gα ) interaction coupling values. The constant 

coupling formulation is further indicative of many other fundamental forces 
with significantly weaker coupling values. As an example, the fifth fundamen-
tal force, Kashi’s Force, is found to have a coupling constant of 10−1446, which 
is significantly smaller than the smallest known fundamental force, gravita-
tional force, with an approximate coupling constant value of 10−38. Addition-
ally, the paper finds the sum of all fundamental forces based on the equation 
proposed is equal to 0.0117, which is within the range of effective world value 

of the strong coupling constant 0.1 ( )2
s zMα . 
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1. Introduction 

As of now, physics has discovered four known fundamental forces: strong nuc-
lear force, electromagnetism, weak nuclear force, and gravitational interaction. 
For the author, the phrase “fundamental” could imply a commonality beyond 
what has been discussed in terms of physical property and origin. That is, a ma-
thematical equation could untangle these forces. Such relation has been obtained 
arbitrarily through careful observation of the known coupling values. Each of the 
mentioned fundamental forces has particular properties and ranges. The current 
paper does not discuss the physical properties of such interaction; instead, it fo-
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cuses on a few mathematical findings associated with them. Such findings intend 
to present a unique formulation to bound the forces to a single nature. It appears 
a mathematical equation can entangle the magnitudes of the four fundamental 
forces. 

The mere existence of such a relationship can have significant implications 
for our understanding of the universe as a whole. One of the primary out-
growths of such a relationship can shed light on the actuality of other funda-
mental forces. The current paper insinuates one such formula, in which a single 
formula presents the relative magnitudes of all the forces. The submitted article 
focuses on mathematical findings rather than the physical implication of such a 
formulary. It is imaginable that provided the obtained results are acceptable, 
many compelling determinations could be made to advance our knowledge of 
our physical surroundings further. Discussion of such conclusions is beyond 
the scope of the presented paper, yet the author provides some hints for inter-
ested readers. 

2. Math and Equations 

In order to compare the magnitude of the known fundamental forces and ulti-
mately formulating the relationship between them, the coupling constants are ap-
plied. The dimensionless electromagnetic coupling strength, α , is employed and 
presented as follows [1]. 

22

photon photon

ke
E

α
λ

π
≡  

Provided the energy of a photon with 1 nm wavelength has an experimental 
value of 1240 eV, the alpha can be calculated as shown. 

2 1.44 eV nm 1
1240 eV 1 nm 137

α ⋅
≡ =

×
π×  

The strength of the dimensionless electromagnetic coupling can increase [2] 
in specific conditions that are in the focus of the presented paper; however, it 
would be utilized in proceeding approximation and formulation. 

On the same note, the dimensionless coupling value of the strong interaction, 

sα , is outlined bellow [3]. 

1sα ≈  

Similarly, the value of weak coupling, wα , can be circumscribed as follows. 
610wα
−≈  

Ultimately, the coupling strength for the gravitational force, gα , can be de-
termined by the following equation. 

3810
1240 eV nm

p p
g

Gm m
α −≡ ≈

⋅
 

Table 1 summarizes the obtained value, along with their approximation used 
in the current paper [1]. 
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Table 1. Coupling strength of the known fundamental forces. 

Fundamental Force Relative Strength (1 GeV) 

Strong Force 1sα ≈  

Electromagnetic Force 
1

137
α =  

Weak Force 610wα
−≈  

Gravitational Force 3810gα −≈  

 
For a more simplified formulation, the fundamental forces are ranked in an 

ascending order based on their strength, with the strong force being 1α . Table 2 
depicts the approximate relative coupling strength values for the known funda-
mental forces. 

Provided the approximated relative coupling values, Equation (1) can be ap-
propriated to connect the values. 

( )2 2
1 10 nx

nα
− +

+ ≈                          (1) 

where nx  is the approximate power of the nth coupling value, provided 1 0x =  
(Figure 1). 

( )2
1 2n nx x −= − +                         (2) 

That is, the following calculations can be interpreted for the coupling values. 
Note the n can only take integer values, and for its similarities with quanta con-
cept, it can be called “Quanta Fo”. 

The strong force coupling value can be retrieved using the following equation. 
0

1 10α ≈  

As 1 0x = , 2α , the electromagnetic force coupling value, can be obtained uti-
lizing Equation (1). 

( )20 2 2
2 10 10α

− + −≈ =  

Similarly, since 2 2x = − , 3α , the weak force coupling value, can be calculated 
by utilizing Equation (1). 

( )( )22 2 6
3 10 10α

− − + −≈ =  

Finally, 4α , the gravitational force coupling value, can be obtained substitut-
ing 3 6x = −  in Equation (1). 

( )( )26 2 38
4 10 10α

− − + −≈ =  

The next reasonable move would be to find the sum of coupling values where 
x is not equal to zero even though the x equals zero point integral would not af-
fect the overall result. Accordingly, the integral of Equation (1) is assessed and 
presented in the following. 

( ) ( )
2 2 110 d lim erf log10

200 log10

t
x

t
t

x t
∞ − +

−∞ →∞
−

 
=   

 

π
∫  
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Table 2. Approximate relative coupling strength of the known fundamental forces. 

Fundamental Force Approximation of Relative Strength 

Strong Force 0
1 10 1α ≈ =  

Electromagnetic Force 2
2 10α −≈  

Weak Force 6
3 10α −≈  

Gravitational Force 38
4 10α −≈  

 

 
Figure 1. The figure coupling value versus as a function of x, where x is not equal to zero. 
The figure was prepared by utilizing the Matlab 2022 application. 

 
where erf is defined as the error function.  

( )2 2
10 d 0.0117

x
x

∞ − +

−∞
≈∫                     (3) 

The value obtained in Equation (3) is very close to the experimental value of 
the effective coupling constant of strong force 0.1 ( )2

s zMα . This fact is depicted 
in Table 3 [4]-[16]. 

That is, the sum of all possible forces found in Equation (3) is within the range 
of most accurate experimental effective strong interaction coupling constant of 
0.1 ( )2

s zMα  [16] [17]. 
It is also possible to find 0x  by extracting the nx  from Equation (2) as pre-

sented in the following line. 

( )2
1 2n nx x −= − +  

Since 1x  is equal to 0, then the following can be concluded (Figure 2). 
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Table 3. Selected world average values for ( )2
s zMα  since 1989 [10], with current value 

of 0.1185 ± 0.0006 [16].  

Year ( )2
s zMα  value and error 

1989 [10] 0.11 ± 0.01 

1992 [11] 0.1134 ± 0.0035 

1995 [12] 0.118 ± 0.003 

1997 [13] 0.118 ± 0.003 

2000 [14] 0.1184 ± 0.0031 

2006 [15] 0.1189 ± 0.0010 

2008 [18] 0.1198 ± 0.0032 

2009 [6] 0.1171 ± 0.0024 

2012 [7] 0.1173 ± 0.0011 

2013 [16] 0.1185 ± 0.0006 

 

 

Figure 2. Selected world average values for ( )2
s zMα  as a function of time, with current value of 0.1185 ± 0.0006. 

The figure was prepared by utilizing the Microsoft Excel application. 
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0 2x i∴ = ±  

Therefore, the quanta fo that generates the strong coupling interaction value is 
2i± . 

3. Discussion 

The methods of ascertaining values of coupling constants are subject to a lot of 
complexion; hence, variation [7] [19] [20]. Moreover, these values are restricted 
to specific conditions and physical properties. Therefore, a coherent conclusion 
is not the most logical approach, yet ignoring the findings is illogical. 

The concept of formulation of coupling constants represented in Equation (1) 
indicates the possibility of other fundamental forces that are far weaker in nature 
than the proceeding known fundamental forces. As an example, provided the 
quanta fo, n, value is equal to 5, the coupling constant of the fifth force, Kashi’s 
Force, can be achieved by utilizing Equation (1), which is an entirely different 
concept from other proposed fifth forces [21]. 

( ) ( )2 2
4 2 38 2 1446

5 10 10 10
x

α
− + − − + −≈ = =  

Even though the proposed fifth force and subsequent forces have significantly 
smaller coupling constant; however, their value can be measurable and even sig-
nificant on massive scales. The uncovered fundamental forces can be the an-
swers to some of the demanding concepts in physics, such as dark matter and 
dark energy. 

The other point worth noting, which requires more extensive research, is the 
origin of all fundamental forces. As all the presently recognized fundamental 
forces have been tied to a single equation (Equation (1)) and the sum of their 
constant coupling value is within the most precise estimations of 0.1 ( )2

s zMα  it 
can be inferred the other fundamental forces could be originated from the strong 
force. Such a claim asks for more extensive research and discussion to prove 
noble. 

Another possible exciting finding that requires more detailed attention is the 
fact that Equation (1) resembles a normal curve. The normal nature of the curve 
has considerable implications, which are beyond the scope of the provided paper; 
however, it seems to be an intriguing topic for further research. 

Moreover, the fact that Figure 1 resembles both positive and negative forces 
can imply the possibility of counter-forces, Ka Forces, for all existing funda-
mental forces. Such a finding requires more attention and could lead to more 
solutions and questions in the physical universe. It appears a mathematical equ-
ation can entangle the magnitudes of the four fundamental forces. 

The mere existence of such a relationship can have significant implications for 
our understanding of the universe. One of the primary outgrowths of such a re-
lationship can shed light on the actuality of other fundamental forces. The cur-
rent paper insinuates one such formula: a single formula presents the relative 
magnitudes of all the forces. The submitted article focuses on mathematical find-
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ings rather than the physical implication of such a formulary. It is imaginable 
that provided the obtained results are acceptable, many compelling determina-
tions could be made to advance our knowledge of our physical surroundings 
further. Discussion of such conclusions is beyond the scope of the presented pa-
per, yet the author provides some hints for interested readers. 

4. Conclusion 

The purpose of the presented article was to seek a possible mathematical formu-
lation between the known fundamental forces coupling values. Such formulation 
was achieved by approximating the already known values. The delivered equa-
tion explained the coupling values for the know fundamental forces. Additional-
ly, the extrapolation of the formula enhances one to embrace possible new fun-
damental forces. The author decided to dobbed the fifth force as Kashi’s force, in 
memory of the great mathematician Jamshid Kashani. The Kashi’s force has an 
extremely small coupling value compared to the strong force, 1446

5 10α −≈ , yet 
on a large scale, it can have a significant effect on the physical property of the 
university. Such correlation is beyond the range of the offered paper, yet the cu-
rious reader may find some avenue between Kashi’s force and large-scale phe-
nomena, such as galactic motion in superclusters, within our know universe. 
Another interesting correlation could be discovered by overviewing the addi-
tional suggested fundamental forces and the proposed dark force in astrophysics. 
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Abstract 
Hurricanes and tropical storms are heat engines operating between warm 
tropical oceans and the cold upper troposphere. The purpose of this article is 
to examine the existing theories for hurricanes and tropical storms, and to 
discuss their validity. It is argued that contrary to previous claims that hurri-
canes are Carnot engines, these systems operate at efficiencies considerably 
below their maximum thermodynamic efficiency. As such, the validity of the 
current theories of thermodynamics of hurricanes remains questionable, and 
the phenomenon continues to be a geophysical enigma. 
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1. Introduction 

Conversion of energy is a process that takes place continuously, either naturally 
in the universe or artificially by humans on Earth. In stars, for example, nuclear 
energy is continuously converted into heat and electromagnetic energy through 
thermonuclear fusion. On Earth, we convert chemical energy into heat and even-
tually into mechanical energy in internal combustion engines or convert electrical 
energy into chemical energy by charging batteries. During the process of energy 
conversion, any form of energy can be completely converted into any other form 
except when the energy to be converted is heat. 

The history of conversion of heat into mechanical energy or work goes back to 
the invention of the heat engine [1] [2] [3]. Initially, the heat engine concept was 
to invent a device that would absorb heat from a hot region and convert it all to 
mechanical work. This idea never worked, and today we know why. According 
to the second law of thermodynamics, for a heat engine to work it must also be 
in contact with a cold region so that part of the heat absorbed by the engine from 
the hot region is rejected to the cold region. 
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Figure 1 schematically shows a heat engine. The engine is in contact with a 
hot and a cold region at the same time. Regardless of its internal structure, the 
engine absorbs some heat HQ  from the hot region at temperature HT , ex-
hausts part of it CQ  to the cold region at temperature CT , and converts the 
difference between the two heats H CQ Q−  into work W, as shown in Figure 1, 
i.e.,  

H CW Q Q= −                           (1) 

Therefore, the efficiency of the heat engine, or the fraction of the heat intake that 
is converted into work, is given by  

1H C C

H H

Q Q Q
Q Q

η
−

= = −                       (2) 

One of the statements of the second law of thermodynamics is the Clausius in-
equality [4] [5],  

dQdS
T

≥                           (3) 

in which dQ is the heat absorbed by a system during a process, T is the absolute 
temperature of the system, and dS is the change of the entropy of the system. 
Therefore, for the heat engine shown in Figure 1, since the engine absorbs HQ  
at the constant temperature HT  and exhausts CQ  at the constant temperature 

CT , we have  

CH

H C

QQS
T T

∆ ≥ −                        (4) 

But since entropy is a state function, in one cycle of the engine, we have  
0S∆ = , therefore,  

0CH

H C

QQ
T T

− ≤                         (5) 

Since all quantities in this equation are positive, it reduces to  

C C

H H

Q T
Q T

≥                           (6) 

 

 
Figure 1. Heat engine. 
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Multiplying both sides by −1, and changing the inequality sign, we get  

C C

H H

Q T
Q T

− ≤ −                          (7) 

Finally, adding a 1 to both sides gives  

1 1C C

H H

Q T
Q T

− ≤ −                         (8) 

Comparing with Equation (2), we have  

1 C

H

T
T

η ≤ −                           (9) 

Therefore, the second law of thermodynamics sets a maximum efficiency for a 
heat engine that is given by  

max 1 C

H

T
T

η = −                        (10) 

which is only a function of the temperatures of the hot and cold regions, and is 
independent of the engine’s design. We also mention that although we have ob-
tained this maximum efficiency for converting heat into mechanical work, it ap-
plies to the conversion of heat to any other form of energy. 

A hypothetical thermodynamic process that achieves the maximum thermo-
dynamics efficiency is the Carnot cycle, in which an ideal gas undergoes four re-
versible processes: an isothermal expansion, an adiabatic expansion, an isother-
mal compression, and an adiabatic compression [6]. 

The objective of this article is to examine the validity of the current theories of 
hurricanes and tropical storms, and whether these systems are in fact Carnot 
cycles.  

2. Hurricane as a Heat Engine 

A tropical cyclone is a rotating system of clouds and thunderstorms with a 
low-pressure center that originates over warm tropical waters, typically when the 
water temperature is above 26˚C - 27˚C [7] [8]. Depending on where the tropical 
cyclone forms, the system has different names. For example, in the Northern 
Atlantic and Eastern Pacific regions, a tropical cyclone with wind speeds of over 
120 km/h is called a hurricane, whereas in the Western Pacific or North Indian 
Oceans, it is called a typhoon. These systems, which are some of the most violent 
storms on Earth, are typically between 100 to 2000 km in diameter [8]. The 
highest hurricane wind speed ever recorded worldwide was 306 km/h (190 mph) 
during hurricane Camille when it struck the coast of Mississippi in 1969 [9]. 

Despite numerous articles that have been published over many years on the 
thermodynamics of hurricanes [10]-[24], some elementary and some advanced, 
a simple mathematical description is still lacking. Furthermore, despite enorm-
ous progress made in investigating hurricanes, many aspects of it still remain 
poorly understood [25]. 
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A hurricane is essentially a heat engine operating between a warm and a cold 
region. In 1950, it was realized that the energy source, or the warm region, of a 
hurricane is the warm waters of tropical oceans [25] [26]. Warm air and mois-
ture rise from the surface of tropical oceans, which results in a low-pressure re-
gion. The low-pressure region causes air from the surrounding high-pressure re-
gion to move in. Due to the rotation of Earth about its axis, the air that moves 
toward the low-pressure region experiences a Coriolis acceleration. An object of 
mass m, moving relative to the surface of Earth, which is a non-inertial frame of 
reference, experiences a Coriolis force given by [27] [28]  

2c m= − ×F vω                         (11) 

where ω  is the angular velocity of the rotating Earth, and v is the velocity of 
the object relative to the Earth’s surface. This force has a component normal to 
the Earth’s surface and a component parallel to it. The normal component usually 
is very small compared to the weight of the object because the Coriolis force it-
self is much smaller than the weight of the object, since  

2 sin 2cF m v v
mg mg g

ω θ ω
= ≤                   (12) 

where 9.80g =  m/s2 is the acceleration due to gravity at the surface of Earth, 
and the angular velocity of the rotation of Earth is  

52 rad rad7.272 10
24 3600 s s

ω −= = ×
×
π               (13) 

Therefore, unless the speed of the object is of the order of 67,000 m/s (150,000 
mph), the Coriolis force is much smaller than the weight of the object. As a re-
sult, the normal component of the Coriolis force either reduces the weight of the 
object slightly, or is balanced by the normal force from the Earth’s surface. 

The component of the Coriolis force that is parallel to the surface of Earth, on 
the other hand, is perpendicular to the velocity vector of the object, pushing the 
object to the right of its motion in the northern hemisphere, and to the left of its 
motion in the southern hemisphere. As a result, the air that is moving into the 
low-pressure region rotates counterclockwise in the northern hemisphere and 
clockwise in the southern hemisphere, as shown in Figure 2 [29]. 

 

 
Figure 2. Rotation of a tropical cyclone in the northern and 
southern hemispheres. 
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Because the Coriolis force is perpendicular to the Earth’s surface at the equa-
tor and has no horizontal component, hurricanes and tropical cyclones rarely 
form at the equator and within ±5˚ latitude [30]. This is also why these systems 
do not cross the equator [31]. 

During the formation of a hurricane, the humid air from warm tropical oceans 
rises to at least 15 km or so [32], which is well past the tropopause. This means 
that the air passes through temperatures as low as −55˚C in the upper part of the 
troposphere [33]. Therefore, the upper region of the troposphere is the cold re-
gion of the hurricane heat engine, where some heat is delivered by the air. Final-
ly, when the storm settles down and calm air replaces it, the cycle of the heat en-
gine is completed. 

3. Discussion and Conclusion 

Hurricanes and tropical cyclones, in general, are heat engines operating between 
a warm and a cold region. The warm region is the warm tropical oceans [34] [35] 
[36] with temperatures of about 27˚C (300 K), and the cold region is the upper 
part of the troposphere with temperatures of about −55˚C (218 K). The working 
system or the engine itself, is the air. Based on these temperatures, the maximum 
possible thermodynamic efficiency from Equation (10) is about 27%, which is 
nearly the same as that of a heat engine operating between ice-cold water (273 K) 
and boiling water (373 K). The thermal energy from the warm ocean converted 
into mechanical energy becomes the kinetic energy of the air (hurricane wind). 

In the theory of hurricanes suggested by Emanuel [35] [37] [38], it is sug-
gested that a hurricane is a Carnot engine. Since a hurricane is not a reversible 
process, it cannot be a Carnot engine. Furthermore, since a reversible process 
must run infinitely slowly, hurricanes are not remotely Carnot engines. In fact, it 
has been shown that the thermodynamic efficiency of tropical cyclones is about 
40% lower than the Carnot efficiency [39], or about 16%. 

Furthermore, in their approach to the thermodynamics of hurricanes, Bister 
and Emanuel [21] have assumed that the mechanical work W generated during 
the process is added to the heat input QH. This assumption has been criticized by 
Makarieva et al. [40], who have argued that this assumption is in extreme viola-
tion of the first law of thermodynamics. They have also criticized the work of 
Emanuel on the theory of hurricanes [35], which summarizes much of the pre-
vious work, for violation of the second law of thermodynamics as well. 

In conclusion, the validity of the current theories of hurricanes is still ques-
tionable and the phenomenon itself remains a geophysical enigma [40]. Conse-
quently, the only simple theory that can be asserted with certainty is that a hur-
ricane or tropical cyclone is a heat engine running between a warm and a cold 
region, in accord with the second law of thermodynamics. The warm region is 
the tropical ocean and the cold region is the upper part of the troposphere. The 
engine itself is the air, operating at efficiencies considerably below the maximum 
thermodynamic limit. 
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Abstract 
The study of the characteristic graph of an atom in all its aspects, allows to 
describe the concepts of atomistic. From this graph, some concepts of the re-
composition of the electronic cloud have been described by specific graphs 
derived from it. The results are very conclusive. This graph illustrates each of 
the concepts of atomistics such as blocks, orders, periods and electronic lay-
ers. These concepts have been represented by lines, segments and even points. 
This has made it possible to draw up tables with orders, periods and even their 
correlations. Thus, this work promotes a better understanding of theoretical 
concepts by transposing the “abstract” aspect to a more “concrete” aspect of 
these concepts. This eventually facilitates the learning of this essential part of 
chemistry at its core. These results indicate that the research hypothesis has 
been verified. 
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1. Introduction 

From the antiquity to the current classification, the study of the atom is charac-
terized by the succession of several theories. At the beginning of the 19th cen-
tury, these theories were supported by experimentations. Today, many interest-
ing and well-founded principles, laws and rules have been developed to better 
understand the phenomena of study [1].  

In spite of these experiments, the rules and principles that are formulated con-
vey a rather abstract character. These reasons continue to give rise to concerns 
and serious problems in understanding the formidable field of chemistry that is 
atomistics. 

On the other hand, the evolution of conceptions on the structure of the atom 
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has undergone several milestones. The knowledge of the atom beyond its literary 
meaning developed with the discovery of its smaller particles (electrons, protons, 
neutrons). The evolution of such a development is reflected in a fairly coherent 
timeline [2]. 

In 1808 John Dalton demonstrated that matter is made up of atoms, particles 
that are indivisible but different depending on the nature of the matter. A few 
decades later, in 1897 Thomson proved experimentally the existence of the elec-
tron in the laboratory. He formulated the hypothesis that the atom is the sum of 
positive and negative charges which are united in a homogeneous way. Subse-
quently, in 1911 Rutherford demonstrated the lacunar structure of atoms and 
indicated that the positive particles are concentrated in very small volumes form-
ing nuclei and that the electrons gravitate around them at different energy levels. 
In 1913 Niels Bohr, using the quantum method (atomic spectroscopy), demon-
strated that the energy of an electron is quantified, hence the main quantum 
number “n”. He establishes that the trajectory of the electron is carried out on 
stationary orbits around the nucleus; on these orbits the energy of the electron is 
invariable; these orbits are today the electronic layers. A few years later, in 1917 
Arnold Sommerfeld improved Bohr’s method. He indicated that the movement 
of the electron is elliptical; this implies the secondary and magnetic quantum 
number, characteristic of the atomic orbitals. He affirms that the electron is dif-
ferent from a material point. 

In 1924 Louis De Broglie associated a wave with any particle in motion, espe-
cially when it is infinitesimal. After one year Werner Heisenberg stated the un-
certainty principle on the simultaneous very precise knowledge of the position 
and the speed of a particle such as the electron. In the same year, 1925, Erwin 
Schrödinger described the movement of the electron by a wave equation that 
bears his name; hence wave mechanics. He explains that the electrons around the 
nucleus are on atomic orbitals, i.e. the sublayers (s, p, d, f). He thus introduced 
the notion of the electron cloud, which is still valid today [2]. 

The atom is a particle structured in two (2) distinct fundamental regions ac-
cording to Rutherford [2]. The nucleus is made up of nucleons (protons and neu-
trons) occupying the same position in the atom and forming a single population 
of the same energy level, i.e. a degenerate population. It is the seat of a very in-
tense repulsion force; this force is the basis of the fission reaction limiting the 
number of natural atoms in general. This is at the threshold of 100, with artificial 
atoms the known number of atoms is 118 [3]. The electron cloud is the space in 
which the electrons move. Unlike nucleons, electrons are totally different from 
each other in the same atom by the energy levels they occupy. The different so-
lutions of the Schrödinger equation are the main characteristics of electrons. 
Today, the electrons of an atom are defined by a quantum set (n, l, m, s). The 
first three parameters are the solutions of the Schrödinger equation, the fourth 
characterizes the rotation of the electron on itself. The interdependence of the 
first three quantum numbers defines all the forms of energy that differentiate the 
electrons of an atom. The electrons that are supposed to be closest to each other 
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differ by the fourth parameter. An atom can never have two identical electrons, 
even the heaviest (118 electrons); they are all individually different. This fact di-
vides them into different populations, each with its own energy level, hence the 
Pauli exclusion principle [4]. Knowledge of the structure of the electron cloud 
consists of identifying the different energy levels that can explain the position of 
each electron in an atom in its ground state. Therefore, the structure of an atom 
in its ground state poses a real problem for identifying the different energy levels 
that make up the electron cloud. 

The establishment of these energy levels is done through literary diagrams which 
are, among others: the Klechkowski rule, the spaghetti rule, the poly-electronic 
atom energy diagram, the 49-square checkerboard model, the Russian model. All 
of these characterizse the principle of filling the energy level of the orbitals [5]. 
These different schemes are still complex enough to be memorized logically or 
simply. The multiplicity of these proposed literary diagrams even intensifies the 
difficulty of understanding the classification, making it more difficult to me-
morize the positioning of the 22 “elements”, i.e. the sub-layers of the electron 
cloud divided into four (4) blocks, including 7 “elements” for the “s” block 
(1s-7s), 6 “elements” for the “p” block (2p-7p), 5 “elements” for the “d” block 
(3d-7d) and, finally, 4 others for the “f” block (4f-7f). 

To work out the order of positioning of the elements of the electron cloud, prin-
ciples and/or rules have been developed and refined over time. In 1936 Ervin Ma-
delung developed the rule for the order of filling the different atomic orbitals. 
Subsequently, in 1962 Vsevolod Mavrikievih Klechkowski justified for the first 
time and generalised the importance of this energy level order given by the for-
mula OE = n + l, hence the rule that bears his name [6]. 

In sum, the whole atomistic theory conveys enough concepts that remain suf-
ficiently abstract. The atom itself is an infinitesimal particle; to speak of others 
within it is even more minute and of course abstract, mainly at the level of young 
users (pupils, students and teachers). So many concerns that serve as a reference 
to promote the search for new, more concrete scientific models, i.e. to innovate 
with new, more or less consumable proposals in this rather abstract field of ato-
mistics. 

This work is a continuation of a publication in the Journal of Applied Mathe-
matics and Physics (JAMP) [7]. It deals with the explanation of the concepts of 
atomistics by the elements of analytic geometry, accessing very elementary no-
tions such as “the point” and/or “the line”. The characteristic graph of the atom 
[7] [8], which correlates all the literary diagrams, explains the composition of the 
electron cloud by points and lines representing each concept of atomistics; they 
are easily spotted and logically interpretable and are prepared to be known and 
memorized as simply as possible. They express the most important facts of ato-
mistics. 

The aim of this work is to develop creative imaginations instead of the classic-
al methods, which are ambiguous because of their rather abstract character. 

Obtaining the specific graphs from the characteristic graph of the atom has 
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been explained in the methodology part. Electronic cloud concepts were illu-
strated and discussed and a conclusion was made. 

2. Methods 

The characteristic graph of the atom is constructed in an orthonormal axis sys-
tem of the type (n, N, OE): a plane whose origin is the nucleus “N”, the abscissa 
is the period “n” and the ordinate is the energy level order “OE”. In this graph, 
the sub-layers are the different points of the plane. The grouping of these into 
layer, block, period and order is presented in the form of straight lines. 

A point is the intersection of several lines; a line is an infinite succession of 
points. The line can be a segment if it is limited at both ends, thus designating a 
definite concept; a half-line if it is limited at one end, designating an indefinite 
concept. The lines are horizontal, vertical, oblique and even broken; they are ei-
ther parallel or intersecting. Each of these component lines of the atom’s charac-
teristic graph can represent a salient fact or concept in atomistics [7]. 

The use of the graph already elaborated and published [7] makes it possible to 
illustrate all the concepts of atomistics. The simplest way to draw it is to draw 
the system of orthonormal axes (n, N, OE): the first and last sub-layer of each 
block are represented according to their coordinates (n, OE). Then connect them 
by straight lines of equation: 

OE = n + ℓ                         (1) 

In Figure 1, blocks 1s-7s, 2p-7p, 3d-7d and 4f-7f are represented by segments. 
This graph is completed by plotting horizontal lines (or asymptotes) of the type:  

OE = k                           (2) 
 

 
Figure 1. Representation of blocks by line segments. 
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with k ranging from 1 to 10; for k ranging from 1 to 7, these lines end on the 
segment of block “s”, and the others end on the elements of layer 7. The graph 
also contains vertical lines (or asymptotes) of the type  

n = k'                            (3) 

With k' ranging from 1 to 7; by analogy, these vertical asymptotes end on the 
“f” block when k' takes the values 4, 5, 6 and 7; for values of k' lower than 4, they 
end on the beginning of the “s”, “p” and “d” blocks respectively for k' = 1, k' = 2 
and k' = 3. 

This thus results in Figure 2 showing the arrangement of all the sub-shells of 
the electron cloud. 

Figure 2 is the intersection of the various straight lines indicating the position 
of the intermediate sub-shells at each block, which form the electron cloud of the 
atom. Figure 3, characteristic of the atom, results by replacing the various points 
of intersection of the straight lines by the corresponding subshells. This is the il-
lustration of the “new overview of the energy classification of sublayers” [7]. 

Such a graph can be obtained by representing each of the 22 subshells accord-
ing to their coordinates (n; OE) and by drawing these different lines. The elabo-
ration of this graph simultaneously solves several problems related to the con-
cepts of atomistics such as layers, blocks, periods, orders etc. Indeed, each of these 
concepts can be described by a specific graph and represented by points, seg-
ments, half-lines or lines. 

 

 
Figure 2. Positioning of the electronic cloud sublayers. 
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Figure 3. Characteristic of the atom. 

3. Results 

The developed graph (Figure 3) allows for more perfect illustrations of a set of 
concepts on atomistics. It promotes a better understanding of theoretical con-
cepts by moving from the “abstract” to a more “concrete” aspect of these con-
cepts. This eventually facilitates the learning of this essential part of chemistry at 
its core. An illustration of some concepts such as the different groupings of the 
electron cloud; i.e. electron layers, element blocks, order and period is presented 
by specific graphs. 

3.1. Illustration of Electronic Layers 

The layers are represented by the vertical asymptotes of type n = k' (k ranging 
from 1 to 7). By masking the horizontal and oblique lines of the characteristic 
graph of the atom, the electronic cloud is recomposed into groups according to 
Figure 4. 

3.2. Illustration of Blocks 

By abandoning the horizontal and vertical lines of the characteristic graph of the 
atom, the electronic cloud is recomposed into a block represented by segments 
of equation OE = n + ℓ. The slope of each of the segments is:  
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the blocks, never cut the axes. This finding is explained by the fact that the elec-
tron never falls into the nucleus (Bohr’s postulate). Academically, these lines 
would intersect the axes at their coordinates at the origin, which are respectively 
0, 1, 2 and 3 at the different blocks (spdf). These coordinates at the origin are the 
respective secondary quantum numbers of these different subshells as shown in 
Figure 5. 

 

 
Figure 4. Ilustration of layers. 

 

 
Figure 5. Ilustration of blocks. 
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Graphique 4 : Illustrationdes couches      
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    Graphique 5 : Illustration des blocs
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3.3. Illustration of Orders 

The illustration of the “orders” is carried out on the basis of Figure 3, keeping 
only the horizontal asymptotes OE = k with k ranging from 1 to 8 practically. 
Each value of k indicates the classification of the sub-layers of the same order 
according to the increasing “n” period; moreover, the number of sub-layers is a 
function of the size of the order. For example, for k equal to 1 and 2, the respec-
tive orders are formed by one sub-layer each (1s and 2s). If k equals 3 and 4, the 
orders are two sublayers (2p 3s and 3p 4s respectively). When k is 5 and 6, there 
are three sub-layers which are 3d 4p 5s, 4d 5p 6s respectively. The highest order 
is for k equal to 7 with four sub-layers which are: 4f 5d 6p 7s. For k equals 8, the 
order is undefined. 

This shows that an order always ends with the sublayer “s” and can start with 
any sublayer depending on the size of the order. Thus, the structure of the “or-
der” becomes quantifiable and is expressed by the relation:  

(n − 3)f, (n − 2)d, (n − 1)p ns                 (5) 

For the block “s”: OE = n. The order-specific graph developed in this way is an 
effective tool for better understanding the Klechkowski rule. Figure 6 perfectly 
illustrates this rule and the principle of Aufbau (stacked construction). 

3.4. Illutration of Periods 

The periods are 8, 18 and 32 columns, i.e. short, medium and long. Here we 
present the long period graph. For this purpose, the segments representing the 
blocks shown in the figure characterizing the atom are removed. The periods, 
like the layers, are defined along the abscissa of the graph. A period is defined, 
for the most part, by the intersection between two successive orders and two or 
three consecutive layers except for n = 1 and 2, for which the electronic layer is 
identical to the period. However, even for n = 2, the layer or period lies between 
two orders. For n ≥ 3, the periods become more complicated and lie on a qua-
drilateral or quadrilaterals resulting from the intersection between successive or-
ders and consecutive layers. The period is thus a part of the elements of this qu-
adrilateral going from the lower right vertex “ns” to the upper left vertex “(n − 
1)d” and/or “(n − 2)f” of the transition elements and including all the elements 
of the upper side up to “np”. Thus a period always starts with the sub-layer “ns” 
and ends with “np” and the intermediate sub-layers are necessarily transition 
elements “d” and “f” whose coefficients are (n − 1) for “d” and (n − 2) for “f”. 
This observation thus makes it possible to define a coherent limit of the struc-
ture of a period according to the values admitted by the relation: “ns (n − 2)f (n 
− 1)d np”. 

It should be noted that the sub-layers “s” and “p” have the same coefficients 
(period number). For example, for n = 1, the period is formed by a sub-layer “1s” 
according to the accepted values. However, if n is equal to 2 and 3, there are two 
sublayers per period: “2s 2p” and “3s 3p”. For “n” ranging from 4 to 5, there are 
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three sub-layers with the appearance of the first transition elements: “4s 3d 4p” 
and “5s 4d 5p”. For the last two periods, there are four sub-layers with all transi-
tion elements: “6s 4f 5d 6p” and “7s 5f 6d 7p”. 

Order and period are subject to the principle of stability. Figure 7 depicts the 
difference between order and period. 

 

 
Figure 6. Ilustration of orders. 

 

 
Figure 7. Ilustration of periods. 
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Table 1. Group of subshells according to the order of energy [(n − 3)f (n − 2)d (n − 1)p ns]. 

Orders OE 1 2 3 4 5 6 7 8 

Sub-shells 1s 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s 4f 5d 6p 7s 5f 6d 7p… 

 
Table 2. Group of subshells according to the period [ns (n − 2)f (n − 1)d np]. 

Period n 1 2 3 4 5 6 7 

Underlays 1s 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s 4f 5d 6p 7s 5f 6d 7p 

 
Table 3. Relationship between period and order. 

Period 1 2 3 4 5 6 7 

Subshells 1s 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s 4f 5d 6p 7s 5f 6d 7p… 

Order 1 2 3 4 5 6 7 8 

4. Discussion 

Figure 4 and Figure 5 are not subject to the stability rule, unlike Figure 6 and 
Figure 7, which describe the composition of the elements of the electron cloud 
in order (Figure 6) and in period (Figure 7). The arrangement of the sublayers 
from “1s” to “7p” is practically in the order of increasing energy level either by 
OE or by n in the usual ordering of natural numbers. 

The structure of an order according to the accepted values is (n − 3)f (n − 2)d 
(n − 1)p ns. That of the period is ns (n − 2)f (n − 1)d np. It is remarkable that the 
order ends with the sub-layer “ns”, whereas it can start with any sub-layer, even 
“ns” if the order is short, for example, for n = 1 or 2. In practice, orders range 
from 1 to 8. For periods, they start with “ns” and end with “np”. The coefficients 
of the intermediate sub-layers are counted from “n” up to the limit values or al-
lowed values. The order is then different from the period which goes from 1 to 7. 
The coefficients of the sublayers in each case are related to OE and/or n, where 
for the block “s” OE = n. 

Thus, it is sufficient to be able to count from 1 to 7 and/or from 1 to 8 to ela-
borate the stability rule. Table 1 and Table 2, derived from graphs 6 and 7, allow 
the classification of the 22 atomic orbitals according to their increasing energy 
order to be memorized in a logical and very simple way. They relate the period 
numbers and/or order to the coefficients of the corresponding sublayers. Table 1 
and Table 2 show the grouping of the sublayers according to energy order and 
period respectively. 

In Table 1 and Table 2, all sub-layers are arranged in the order of stability, 
despite their difference. In view of the above, a relationship between order and 
period emerges as illustrated in Table 3. 

5. Conclusions 

In this work, a part of the concepts of atomistics has been demonstrated from 
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the characteristic graph of the atom. It is a unique diagram that explains the most 
important concepts of the atom. The recomposition of the electronic cloud into 
layers, blocks, orders and periods has been illustrated by specific graphs derived 
from the characteristic graph of the atom. The relationship between period and 
order is matched in perfect agreement with the stability rule. The number of or-
der practically ranges from 1 to 8 and that of period from 1 to 7 and for each 
value the different specific sub-layers are logically and easily identifiable. 

Retaining Klechkowski’s rule or the principle of stability, i.e. the arrangement 
of the sub-layers from “1s” to “7f” according to the level of increasing energy 
order, is no longer a daunting task. Today, it has been simplified and made easi-
er so that you can start at the end or in the middle. To do this, it is sufficient to 
be able to count or decount from 1 to 7 or from 1 to 8. 

The simplification of the establishment of the electronic structure of the ele-
ments and the proposal for a new classification model will be the subject of the 
next publication. 
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Abstract 
The characteristics of the nonlinear dynamics in the Heavy Ion Collision 
(HIC) at intermediate energies have been studied by evaluating the produc-
tions of the Generalized Entropy (GE) and the Multifragmentation Entropy 
(ME) as well as the features of the information and fractal dimensions within 
the Isospin Quantum Molecular Dynamical Model compensated by the lattice 
methods. Results demonstrate from various views that the existence of de-
terministic chaos in the dynamical process of reaction. 
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Multifragmentation is an important phenomenon occuring in the Heavy Ion 
nuclear Collisions (HICs) at intermediate energies. The dynamical mechanism 
of the process has been explored for a long time theoretically from both statistics 
and dynamics aspects [1] [2] and such studies are still a current focus [3] [4] [5]. 
The liquid-gas phase transition has been revealed in the fragmentation of the hot 
nuclear matter [6] [7] [8] [9]. Correspondingly, the spinodal instability, non-sta- 
tistical fluctuation, etc., have been explored in the processes of the HICs inten-
sively in the last decades [10] [11]. In fact, such phenomena link intimately to 
the non-linear dynamics or deterministic chaos which is considered as one of the 
possible mechanism of the multifragmentation [12] [13] [14] [15]. The chaos, or 
nonlinear dynamics, which became an independent science in the 70’s of the last 
century [16], has provided us with new perspectives and ways of understanding 
the complex world. Therefore, it will make sense for us to reexamine the dy-
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namical process of the HICs from the viewpoints of the nonlinear science. In 
this letter, we present the production of Generalized Entropy (GE), Multifrag-
mentation Entropy (ME) and the feature of the fractal dimension by simulating 
the simple realistic collision system, 40Ca+40Ca, at incident energy within the 
Isospin Quantum Molecular Dynamical Model (IQMD) compensated by the lat-
tice methods. 

The IQMD model is an extended version of Quantum Molecular Dynamics 
(QMD) model [1] [2] in which the correlations have been kept and thus it is very 
suitable for studying the multifragmentation of HICs at medium energies. Great 
successes have been achieved in the interpretation for the HICs induced particu-
larly by the radioactive beams within the IQMD model [17] [18] [19]. This mod-
el contains two ingredients: density-dependent mean field containing correct isos-
pin terms including symmetry potential and the in-medium nucleon-nucleon 
cross sections which are different for neutron-neutron (proton-proton) and neu-
tron-proton collisions. The potential is  

( ) ,Sky C sym Yuk MDI PauliU U U U U U U= + + + + +ρ              (1) 

where CU , SkyU , YukU , MDIU  and PauliU  are Coulomb potential, Skyrme po-
tential, Yukawa potential, momentum dependent interaction and the Pauli po-
tential, respectively. Their concrete expressions for the potentials and the para-
meters involved in the formulas are given in Refs. [17] [18] [19] [20] [21]. 

There are a variety of expressions for the nucleon-nucleon (NN) cross section 
in the model for studying the intermediate energy nuclear collisions. In the present 
calculation the formula of the isospin dependent NN cross sections proposed in 
Ref. [22] are used. They look like  

( )
0.06 1.48

1 2 4
1.46

1.0 7.772
13.73 15.08 8.76 68.67

1.0 18.01
lab

nn
E− − +

= − + +
+

ρ
σ β β β

ρ
     (2) 

( )
0.04 2.02

1 2
1.90

1.0 20.88
70.67 18.18 25.26 113.85

1.0 25.86
lab

np
E− − +

= − − + +
+

ρ
σ β β β

ρ
    (3) 

2

1.01.0 , 1.0,
931.5

labE
= − = +β γ

γ
                    (4) 

where β  is the ratio of projectile velocity to light velocity and ρ  is nuclear 
matter density in the unit of fm3. nnσ  and npσ  are the neutron-neutron (or 
proton-proton) and the neutron-proton cross sections, respectively. labE  is the 
incident energy in laboratory frame. The quantum Pauli-blocking effects have 
been accounted by embedding a novel energy-dependent factor [23]  

( ) 2 30.644 0.011 1.513 6.214E E E E= + − +ξ                (5) 

which is extracted from the comparison of experiment data and theoretic simu-
lation. The factor ξ  in Equation (5) modifies the uncertainty relation  

r pR R h× ≥ ξ  which represents the quantum property of the nucleon in the phase 
space. Here rR  and pR  are the radius of the Fermi sphere occupied by a nucleon 
in coordinate and momentum space respectively. In the following investigation, 
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our numerical calculations will be performed with these equations and keep the 
relevant parameters unchanged like in Refs [23] [24]. 

The entropy is an important thermodynamic quantity. The variation of its’ 
magnitude reflects the confusion in the microscopic state of a system, or the 
equilibrium of the system under certain macroscopic condition. And thus the 
entropy production in the HICs have attracted considerable attentions in both 
nuclear physics and nonlinear dynamics [12] [25]. In 1981, Bertsch and Cugnon 
[26] studied quantitatively the entropy production in the collision 40Ca+40Ca at 
incident energy 800 MeVE =  within cascade model and concluded that the 
generation of the entropy are closely relate to the formation of clusters. In Ref. 
[27], based on the fireball model, the authors investigated the same issue and 
speculated that the amount of the entropy production are not the same during 
the various stage of nuclear reactions and pointed out that there are barely en-
tropy generated in the final stage, expansion stage, since the density of the par-
ticles has become so small that they seldom collide and the Liouville’s theorem 
guarantees that the particle’s density in phase space remains constant in the ab-
sence of collisions. However, S. Das Gupta et al., [28] developed a microscopic 
model for treating the fragmentation of nuclear matter in which both hard colli-
sion and propagation of nucleons are treated. They argued that the mean field 
can lead to fragmentation of nuclear matter and the entropy increase simulta-
neously. Therefore, the mechanisms responsible for, and the significance of, the 
entropy generation in HICs has been a matter of much disputed issue in nuclear 
physics [25]. 

The expression of the entropy for a fermi system is defined by [28]  

( ) ( ) ( )
( )3

d dd ln 1 ln 1 ,     d
2

S f f f f g= − − − − =  π∫
r p


γ γ         (6) 

where ( ),f f= r p  stands for the occupation probability of nucleons in a phase 
space volume of 3h  and 4g =  is the degeneration of the spin-isospin degree of 
freedom. In order to avoid the complicated integration which is very time-con- 
suming, we turn to calculate the temporal evolution of the coarse-grained en-
tropy, namely, the so-called generalized entropy (GE) defined in Ref. [29] and 
adopt the ansantz used in Ref. [28]. Specifically, the available phase space is bro-
ken up into cells of volume 3hβ  with β  is an adjustable parameter. Then the 
entropy becomes  

( ) ( ) ( )4 ln 1 ln 1 ,     
4i i i i i

i

NS n n n n n
R

 = − − − − = ∑β β
         (7) 

where N is the number of nucleons in a cell of volume 3hβ  and R the number 
of runs in our numerical simulation. in  indicates the occupation probability of 
a phase space of volume 3h . 

It’s still not easy to perform the calculation of Equation (7) in the six dimen-
sion space, in particular for a nucleus with large nucleons. Moreover, there is a 
set of parameters , Rβ  including the size of the cells which are all adjustable ar-
tificially. Fortunately, Ref [29] has proved that the trend of the variation of the 
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GE does not depend sensitively on the size of the cells although the magnitude of 
the entropy being determined significantly by the volume of a cell. Coinciden-
tally, our main concern here focus mainly on the tendency of the GE variation 
reflecting the chaotic behavior of the system. Nevertheless, in order to prevent 
our calculations from being too rough and to determine an appropriate size of 
the cells, we first check the results given in the Ref. [26] for the entropy produc-
tion in the reaction 40Ca+40Ca at incident energy 800 MeV/u, and plot our results 
in Figure 1. It shows that the value of the entropy is saturated at 4.0 - 4.4, which 
is a reasonable value quoted in Ref. [26] for 10 events or 800 nucleons. In the left 
panel of Figure 1 the curves from bottom to top correspond respectively to the 
magnitude of the mesh side-length in six dimension space, (a) 35 fmr∆ = ,  

0.29 GeV cp∆ = , (b) 24 fmr∆ = , 0.19 GeV cp∆ = , (c) 17 fmr∆ = ,  
0.15 GeV cp∆ =  and (d) 14 fmr∆ = , 0.15 GeV cp∆ =  with 0.8=β .  

Comparing the behaviors of each curves we can learn that the sensitivity of the 
variation of the GE to the mesh size since the function ( )lni in n  depends sensi-
tively on the value of the distribution in , as has illustrated in Figure 1 of Ref. 
[26]. Figure 1 here shows that the magnitude of the entropy tends to saturation 
with decrease of the size of the cell. Of course, it can be expected that the loca-
tion and the magnitude of the peak of the S will vary with the size of cells if we 
keep the size going down so that the most cells would be empty. But we are not 
going to do so because we have come to a reasonable range in the case (d) with 
the 4.0 ~ 4.4S ≈  which is consistent well with the value given in Ref. [26]. We 
also notice that the increment 0.1 ~ 0.2S∆ ≈  produced in the expansion stage 
of the reaction [28] has been confirmed in our calculation.  

 

 
Figure 1. The variation of the Generalized Entropy (GE) with respect to time in the 
central collision of 40Ca+40Ca at incident energy E = 800 MeV/u. Left panel: the GE 
created in full phase space. Right panel: the GE created in position space (solid line) 
and in the momentum space (dashed line). 
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Our results, obtained by using IQMD combining with the lattice method, dem-
onstrate explicitly the production of the GE during the whole reaction process, 
i.e., the rapid increase in the stage of the collision phase and the slow growth in 
the expansion stage of the reaction. 

As has pointed out by Schuster [30] that entropy increases not only because of 
the increase of the number of particles, but also because of the dynamical fluctu-
ations. We therefore consider a multifractal description of that fluctuation and 
focus on the fractal dimension of the system. Fractal geometry is also a new 
science that comes with chaos which devotes to answer the question how the 
microscopic behavior is related to what we observe on the macroscopic scale. 
According to the Fractal theory the information dimension ID  is defined by 
[31]  

( )0
lim

lnI
SD

→
= −

δ δ
                        (8) 

with δ  being the size of each cell. In Figure 2 we show the result for the cen-
tral collision of 40Ca+40Ca at incident energy 800 MeV uE =  at time  

100 fm ct =  when the generalized entropy has come at plateau. In this figure 
the straight line is the fitted results with our computed results indicated by the 
scattering points and the extracted information dimension is 0.484ID = . ID  
is not a integral meaning that the existence of the self-similarity in the distribu-
tion of the available phase space. 

In 1999, Y.G. Ma introduced a method [32] to diagnose a nuclear liquid gas 
phase transition by multiplicity entropy (ME),  

( )ln ,b i i
i

H k p p= ∑                       (9) 

which determines the critical point by finding the maximum value of multiplici-
ty entropy in a certain state of the system. In this definition bk  is Boltzmann 
constant and the probability distribution ip  is the ratio of the number of “i” 
particles produced by iN  to the total number of particles produced by N, i.e. 

i ip N N=  and 1 1N
ii p

=
=∑ . He used the ME to study of the liquid gas phase 

transition of nuclei in the framework of the isospin dependent lattice gas model 
and the molecular dynamical model and concluded for the first time that the 
maximum of the ME indicates that the system comes at a largest fluctuation/sto- 
chasticity/chaoticity in the event space at this time. It is naturally making 
sense to check such behavior of the ME and compare of the values of the ME 
with GE in a given reaction system under the same incident conditions exact-
ly. The calculated results for the ME in the reaction system are plotted in Figure 
3.  

Figure 3 shows clearly that there is a maximum of the ME appearing at the 
time 20 fm ct ≈ , in the compressing stage of the reaction. The peak is a signifi-
cant indicator of phase transition since the maximum of the ME represents 
the largest fluctuation of the multiplicity probability distribution in the critical 
point. Comparing the behaviors of the variations of the GE shown in Figure 1 
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and the ME displayed in Figure 3, we can see that both kinds of entropies have a 
common feature that increase rapidly in the compress stage of the reaction and 
arrive at their respective maximum values at almost the same moment. Follow-
ing their peaks, the ME decrease while the GE still increase slowly due to the 
viscous interaction in the mean field of the nuclear matter. Anyway, the produc-
tion of both types of the entropy is responsible for the increase in disorder or 
chaoticity. 

 

 

Figure 2. The information dimension corresponding the Generalized 
Entropy at time = 100fm ct  in the same collision as given in Figure 
1. 

 

 
Figure 3. The variation of the Multifragmentation Entropy (ME) in 
term of the time in the central collision of 40Ca+40Ca at incident 
energy E = 800 MeV/u.  
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Intermittency is a manifestation of the scale invariance of the physical process 
and randomness of underlying scaling law. According to nonlinear dynamics 
theory [33], the emergence of the intermittency during the spatial-temporal evo-
lution of a dynamics system is considered as a indicative sign of chaotic beha-
vior, similar to the period-doubling bifurcation. The original idea of studying 
intermittency in nuclear collisions came from the work of Bialas and Peschanski 
[34] who looked at the rapidity distributions of produced particles in cosmic ray 
experiments. They proposed using scaled factorial moments of these rapidity 
distributions to study the possible appearance of intermittent behavior in such 
collisions and evidence for non-Poissonian fluctuations. The greatest merit of this 
method is that the scaled factorial moments filter out the statistical fluctuations 
and retain only dynamical fluctuations which are just the most essential concerns 
of the chaotic dynamics. The intermittent behaviour and the self-similarity pat-
tern of the fluctuations in the charge distribution in the breakup of 197

79 Au  nuc-
lei of energy at 1 GeV uE =  in a nuclear emulsion [35] have been explained by 
scaled factorial moments method based on the percolation model [34] [35] [36] 
and microcanonical model of the thermal breakup of the nucleus [37]. The scaled 
factorial moments which defined as [34] [37] [38]  

( ) ( )
( ) ( )

1 1 1 1
1 1

M
m m mq m

q

n n n q
F M

N N N q
− =

− − +
=

− − +
∑ 



               (10) 

The range Z∆  of the distribution of fragment charges Z is divided in to M 

bins with each of interval ZZ
M
∆

=δ . mn  is the multiplicity of fragments in the 

mth bin, ( )1m Z Z m Zδ δ− < < . The angle bracket denotes the average over 
events. We calculate the scaled factorial moments for the central collision of 
40Ca+40Ca at incident energy 800 MeV uE =  by using IQMD. Figure 4 is the 
results obtained by analyzing the 1000 events.  

 

 

Figure 4. The scaled factorial moments in 40Ca+40Ca at E = 
800 MeV/u. 
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Table 1. The intermittency exponents and fractal dimensions. 

q 2 3 4 5 6 

qα  0.018 0.043 0.074 0.107 0.142 

qd  0.018 0.022 0.025 0.026 0.028 

 
Each curve corresponding to different q in Figure 4 looks roughly like a straight 

line indicates that a power-like increase of the scaled factorial moments with de-
creasing bins size. The slops of these fitted lines, qα , termed as the intermitten-
cy exponent [39], can be express as  

( ) .q
qF Z −∝ αδ                         (11) 

This is just the typical characteristics of the self-similarity [40] emerged at all 
scales in the distribution. The fractal dimension can be derived from the formula  

( )1 .q qd q= −α                        (12) 

Both the intermittency exponent qα  and fractal dimension qd  for various q 
are listed in Table 1.  

As shown by Table 1 the fractal dimension qd  is not integrals this fact indi-
cates that there is scale invariance in the fragmentation pattern. 

In summary, we have observed quantitatively the typical characteristics of de-
terministic chaos in the HICs at intermediate energy with the help of the isospin 
quantum molecular dynamical model compensated with the lattice methods. The 
generalized entropy(GE) and multifragmentation entropy (ME), the information 
dimension and the fractal dimension have been evaluated simulating the central 
collision of 40Ca+40Ca at incident energy 800 MeV uE = . The scale invariance 
of the fragmentation and the randomness of the scaling law have simultaneously 
demonstrated in both the phase space and the event space for the certain reac-
tion at exactly the same incident conditions. Comparing the various behaviors of 
GE in the position space and momentum space, it is clearly shown that the pro-
duction of GE in the compress stage of the reaction in the phase space comes 
from the combination of the collisions and attracting mean field. By the way, al-
though the reaction system we have selected here is not too complicated, the 
features we have obtained are general and universal for such collisions and the 
extension of the method to other reaction colliding systems, e. g. the heavier and 
isospin-dependent reaction systems, is straightforward. 
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Abstract 
This paper presents a very short solution to the 4th Millennium problem 
about the Navier-Stokes equations. The solution proves that there cannot be a 
blow up in finite or infinite time, and the local in time smooth solutions can 
be extended for all times, thus regularity. This happily is proved not only for 
the Navier-Stokes equations but also for the inviscid case of the Euler equa-
tions both for the periodic or non-periodic formulation and without external 
forcing (homogeneous case). The proof is based on an appropriate modified 
extension in the viscous case of the well-known Helmholtz-Kelvin-Stokes 
theorem of invariance of the circulation of velocity in the Euler inviscid flows. 
This is essentially a 1D line density of (rotatory) momentum conservation. 
We discover a similar 2D surface density of (rotatory) momentum conserva-
tion. These conservations are indispensable, besides to the ordinary momen-
tum conservation, to prove that there cannot be a blow-up in finite time, of 
the point vorticities, thus regularity. 
 

Keywords 
Incompressible Flows, Regularity, Blow-Up, Navier-Stokes Equations, Euler 
Equations, Clay Millennium Problem 

 

1. Introduction 

The Clay millennium problem about the Navier-Stokes equations is one of the 7 
famous problems of mathematics that the Clay Mathematical Institute has set a 
high monetary award for its solution. It is considered a difficult problem as it has 
resisted solving it for almost a whole century. The Navier-Stokes equations are 
the equations that are considered to govern the flow of fluids, and had been 
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formulated long ago in mathematical physics before it was known that matter 
consists from atoms. So actually they formulate the old infinite divisible material 
fluids. Although it is known that under its assumptions of the millennium prob-
lem the Navier-Stokes equations have a unique smooth and local in time solu-
tion, it was not known if this solution can be extended smoothly and globally for 
all times, which would be called the regularity of the Navier-Stokes equations in 
3 dimensions. The corresponding case of regularity in 2 dimensions has long ago 
been proved to hold but the 3-dimensions had resisted proving it. Of course the 
natural outcome would be that regularity holds also in 3-Dimensions. Many 
people felt that this difficulty hides our lack of understanding of the laws of 3- 
dimensional flow of the incompressible fluids.  

This paper presents a very short solution to the Clay Millennium problem 
about the Navier-Stokes equations. The solution proves that there cannot be a 
blow up in finite or infinite time, and the local in time smooth solutions can be 
extended for all times, thus regularity. This happily is proved not only for the 
Navier-Stokes equations but also for the inviscid case of the Euler equations both 
for the periodic or non-periodic formulation and without external forcing (ho-
mogeneous case). But it is also indicated that once the hypotheses of external 
forcing of the millennium problem allow 1) for the existence of a unique smooth 
solution local in time, and 2) the criterion of the accumulation of the vorticity as 
in Theorem 2.2 still holds with external forcing as in the formulation of the Mil-
lennium problem, then the same result of regularity (no blow up) holds also for 
this inhomogeneous case. I try to keep the length of this paper as short as possi-
ble so as to encourage reading it, and make the solution as easy to be understood, 
as possible. 

My first attempt to solve the millennium problem about the regularity of the 
Navier-Stokes equations problem was during the spring 2013 (uploaded at that 
time see [1] Kyritsis K. October 2013). Later attempts and solutions were pub-
lished between 2017 and 2022 (see references [2]-[7]). All of them in the same 
direction of regularity and no Blow-up. But some of the proofs where imperfect 
and longer, that in the current paper have been perfected and shortened. In the 
current paper we prove also something more compared to my previous publi-
cations that the regularity holds also for the Euler inviscid equations, with the 
same hypotheses of the millennium problem putting ν = 0, for the viscosity coef-
ficient.  

The author has also solved the 3rd Millennium problem P vs NP in computa-
tional complexity with 3 different successive solutions each one simpler that the 
previous (see references [3] [6] [8] [9] [10]).  

This millennium problem seems by the title of the articles as if solved by other 
authors like [11] Durmagambetov Asset et al. 2015 also [12] Moschandreou. T. 
2021, and [13] Ramm G. A. 2021.  

Nevertheless, in my assessment they do not really solve it but eventually prove 
something else. In [9] Durmagambetov Asset et al. 2015, the authors do not util-
ize the strict hypotheses of the formulation of the millennium problem, and the 
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existence in general of blows-ups that they prove is a rather known fact. In [14] 
Ramm G. A. the strict hypotheses of the formulation of the millennium problem 
are indeed utilized but the solution essentially gives the existence of a smooth 
solution locally in time. Because the local in time [0, t1] smooth solution that he 
produces does depend on the initial data, we cannot repeated it in [t1, t2] [t2, t3] 
till infinite with certainty because we cannot claim that t1 = t2 − t1 = t2 − t3 etc. or 
that their repetition will converge to infinite. Thus there is no really a proof for 
no blow up and regularity. On the other hand, in [13] Ramm G. A. 2021 he 
proves that any solution of the Navier-Stokes equations, with the hypotheses of 
the millennium problem it will blow-up in finite time. There is obviously the 
counter example of potential (irrotational) flows that it is known that they do 
not blow up, and plenty many other specific counter examples in various publi-
cations of various authors, that do not blow up. Thus his solution cannot be 
correct (although I could not find the error in his arguments). And finally in [12] 
Moschandreou T. the solution as he writes in the conclusions is regular but he 
leaves open that fact that for a set of measure zero of the 3-space there might be 
a blow-up in finite time. Thus it does not really proved either regularity or the 
existence with certainty of a blow up.  

2. The Formulation of the Millennium Problem and the 4  
Sub-Problems (A), (B), (C), (D) 

In this paragraph we highlight the basic parts of the standard formulation of the 
4th Clay millennium problem as in [15] Fefferman C.L. 2006. 

The Navier-Stokes equations are given by (by R we denote the field of the real 
numbers, ν > 0 is the density normalized viscosity coefficient) 

( )
1

3 , 0, 3
n

i
i j i

j j i

R t
u pu u u x

t x x
nν

=

∂∂ ∂
≥+ = − + ∆ ∈

∂ ∂ ∂
=∑          (2.1) 

( )
1

3 , 0,0 3
n

i

i i

u
divu x R t

x
n

=

≥
∂

= = ∈
∂

=∑               (2.2) 

with initial conditions ( ) ( )0,0u x u x=  3x R∈  and ( )0u x C∞∈  diver-
gence-free vector field on R3                                       (2.3) 

If ν = 0 then we are taking about the Euler equations and inviscid case.  
2

2
1

n

i ix=

∂
∆ =

∂∑  is the Laplacian operator. The Euler equations are (2.1), (2.2), (2.3) 

when ν = 0.  
It is reminded to the reader, that in the equations of Navier-Stokes, as in (2.1) 

the density ρ, is constant, it is custom to normalized to 1 and omit it. 
For physically meaningful solutions we want to make sure that u0(x) does not 

grow large as x →∞ . This is set by defining u0(x), and f(x, t) and called in this 
paper Schwartz initial conditions, to satify  

( ) ( )0
, 1

Ka
x a Ku x C x

−
∂ ≤ +  on R3 for any α and K      (2.4) 

(Schwartz used such functions to define the space of Schwartz distributions)  
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Remark 2.1. It is important to realize that smooth Schwartz initial velocities 
after 

(2.4) will give that the initial vorticity ω0 = curl(u0), in its supremum norm, is 
bounded over all 3-space.  

( ) ( ), ,, 1
Ka m

x t a m Kf x t C x t
−

∂ ∂ ≤ + +  on [ )3 0,R × +∞  for any α, m, K  (2.5) 

We accept as physical meaningful solutions only if it satisfies  

[ )( )3, 0,p u C R∞∈ × ∞                    (2.6) 

and  

( )3

2
, du x t x C

ℜ
<∫  for all 0t ≥  (Bounded or finite energy)   (2.7) 

Remark 2.2 It is important to realize that smooth external force (densities) 
with the Schwartz property as in (2.5), have not only a rule for upper bounded 
spatial partial derivatives but also the same rule for time upper bounded partial 
derivatives. 

Remark 2.3 We must stress here that imposing smoothness of the coordinate 
functions of velocities and external forces of the initial t = 0 data and later time t 
data in the Cartesian coordinates plus and Schwartz condition as in (2.5) is not 
equivalent with imposing similar such smoothness of the coordinate functions 
and conditions in the cylindrical or spherical coordinates. We will give in the 
paragraph 4, remark 4.5 an example of a strange blowup, where at any time t > 0 
the coordinates of the velocities are smooth and bounded in all space as func-
tions in the polar coordinates and still the vorticity has infinite singularity at ze-
ro. 

Alternatively, to rule out problems at infinity, we may look for spatially peri-
odic solutions of (2.1), (2.2), (2.3). Thus we assume that u0(x), and f(x, t) satisfy  

( ) ( )0 0
ju x e u x+ = , ( ) ( ), ,jf x e t f x t+ = , ( ) ( ),0 ,0jp x e p x+ = , for 1 3j≤ ≤  

(2.8) 

(ej is the jth unit vector in R3)  
In place of (2.4) and (2.5), we assume that u0(x), is smooth and that 

( ) ( ), ,, 1 Ka m
x t a m Kf x t C t −∂ ∂ ≤ +  on [ )3 0,R × +∞  for any α, m, K (2.9) 

We then accept a solution of (2.1), (2.2), (2.3) as physically reasonable if it sa-
tisfies  

( ) ( ), ,ju x e t u x t+ = , ( ) ( ), ,jp x e t p x t+ = , on [ )3 0,R × +∞  for 1 3j≤ ≤  (2.10) 

and [ )( )3, 0,p u C R∞∈ × ∞                    (2.11) 

In the next paragraphs we may also write u0 instead of u0 for the initial data 
velocity. 

We denote Euclidean balls by ( ) { }3, : :B a r x R x a r= ∈ − ≤ , where x  is 
the Euclidean norm.  

The 4 sub-problems or conjectures of the millennium problem are the next: 
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(Conjecture A) Existence and smoothness of Navier-Stokes solution on R3. 
Take ν > 0 and n = 3. Let u0(x) be any smooth, divergent-free vector field sa-

tisfying (4). Take f(x,t) to be identically zero. Then there exist smooth functions 
p(x, t), u(x, t) on [ )3 0,R × +∞  that satisfy (2.1), (2.2), (2.3), (2.6), (2.7).  

(Conjecture B) Existence and smoothness of Navier-Stokes solution on R3/Z3. 
Take ν > 0 and n = 3. Let u0(x) be any smooth, divergent-free vector field sa-

tisfying (8); we take f(x, t) to be identically zero. Then there exist smooth func-
tions p(x, t), u(x, t) on [ )3 0,R × +∞  that satisfy (2.1), (2.2), (2.3), (2.10), (2.11).  

(Conjecture C) Breakdown of Navier-Stokes solution on R3 

Take ν > 0 and n = 3. Then there exist a smooth, divergent-free vector field 
u0(x) on R3 and a smooth f(x, t) on [ )3 0,R × +∞  satisfying (4), (5) for which 
there exist no smooth solution (p(x, t), u(x, t)) of (2.1), (2.2), (2.3), (2.6), (2.7) on 

[ )3 0,R × +∞ .  
(Conjecture D) Breakdown of Navier-Stokes solution on R3/Z3 

Take ν > 0 and n = 3. Then there exist a smooth, divergent-free vector field 
u0(x) on R3 and a smooth f(x, t) on [ )3 0,R × +∞  satisfying (2.8), (2.9) for which 
there exist no smooth solution (p(x, t), u(x, t)) of (2.1), (2.2), (2.3), (2.10), (2.11) 
on [ )3 0,R × +∞ .  

Remark 2.4. It is stated in the same formal formulation of the Clay millen-
nium problem by C. L. Fefferman see [15] Fefferman C.L. 2006 (see page 2nd 
line 5 from below) that the conjecture (A) has been proved to holds locally. “…if 
the time internal [0, ∞), is replaced by a small time interval [0, T), with T de-
pending on the initial data…” In other words there is ∞ > T > 0, such that there 
exists a unique and smooth solution ( ) [ )( )3, 0,u x t C R T∞∈ × . See also [16] A.J. 
Majda-A.L. Bertozzi, Theorem 3.4 pp 104. In this paper, as it is standard almost 
everywhere, the term smooth refers to the space C∞. 

In the next the 
m

 is the corresponding Sobolev spaces norm and. We de-
note by Vm = {u in Hm(Rn) and divu = 0} where Hm(Rn) are the Sobolev spaces 
with the L2 norm.  

We must mention that in A.J. Majda-A.L. Bertozzi [16], Theorem 3.4 pp 104, 
Local in Time existence of Solutions to the Euler and Navier-Stokes equations it 
is proved that indeed if the initial velocities belong to Vm [ ]3 2 2m ≥ +  there 
exist unique smooth solutions locally in time [0, t]. Here, in the formulation of 
the millennium problem the hypotheses of smooth with Schwartz condition ini-
tial velocities satisfies this condition therefore we have the existence and uni-
queness of smooth solution locally in time, both in the non-periodic and the pe-
riodic setting without external forcing (homogeneous case). 

The existence and uniqueness of a smooth solutions locally in time is stated in 
the formulation by C.L. Fefferman [15] for the homogeneous cases and conjec-
tures (A), (B). When a smooth Schwartz condition external force is added (in-
homogeneous case), it is natural to expect that also there should exist a local in 
time unique sooth solution. But this I did not find to be stated in the A.J. Maj-
da-A.L. Bertozzi [16], so I will avoid assuming it.  
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We state here also two, very well-known criteria of no blow-up and regularity.  
In this theorem the 

m
 is the corresponding Sobolev spaces norm and. We 

denote by Vm = {u in Hm(Rn) and divu = 0} where Hm(Rn) are the Sobolev spaces 
with the L2 norm.  

Theorem 2.1 Velocities Sobolev norm sufficient condition of regularity. Given 
an initial condition 0

mu V∈  [ ]3 2 2 3.5m ≥ + =  e.g. m = 4, then for any vis-
cosity 0ν ≥ . there exists a maximal time T ∗  (possibly infinite) of existence of 
a unique smooth solution ( ) ( )1 20, ; 0, ;m mu C T V C T V∗ ∗ −   ∈ ∩     to the Euler 
or Navier-Stokes equation. Moreover, if T ∗ < +∞  then necessarily  

( )lim .,
t T m

u t∗→
= +∞ . 

Proof: See A.J. Majda-A.L. Bertozzi [16], Corollary 3.2 pp 112). QED 
Remark 2.5 Obviously this proposition covers the periodic case too. 
Theorem 2.2 Supremum of vorticity sufficient condition of regularity 
Let the initial velocity 0

mu V∈  [ ]3 2 2m ≥ + , e.g. m = 4, so that there exists a 
classical solution [ ]( )1 20, ; mu C T C V∈ ∩  to the 3D Euler or Navier-Stokes eq-
uations. Then: 

1) If for any T > 0 there is M1 > 0 such that the vorticity ω = curl(u) satisfies 

( ) 10
., d

T

L
Mω τ τ∞ ≤∫  

Then the solution u exists globally in time, [ ]( )1 20, ; mu C C V+∞∈ ∩  
2) If the maximal time T ∗  of the existence of the solution  

[ ]( )1 20, ; mu C T C V∈ ∩  is finite, then necessarily the vorticity accumulates so 
rapidly that  

( )
0

lim d.,
T

T

Lt
ω τ τ∞∗→

∞= +∫                  (2.12) 

Proof: See A.J. Majda-A.L. Bertozzi [16], Theorem 3.6 pp 115, L∞ vorticity con-
trol of regularity. QED. 

Remark 2.6 Obviously this proposition covers the periodic case too.  

3. What Is That We Do Not Understand with the  
Navier-Stokes Equations? The Need for More  
Consciousness for Interpretations. Why We Chose  
the Geometric Calculus Approach for the Solution?  

It has been written in the initial formulation of the problem, that our difficulty 
of solving this millennium problem shows that there are several things that we 
do not understand very well in the Navier-Stokes equations. In this paragraph 
we will investigate this issue. We will explain also why the rather elementary 
geometric calculus approach is better so as to solve the millennium problem, 
compared to more advanced functional analysis.  

1) One primary point, known but often forgotten is the next. The Euler and 
the Navier-Stokes equations are the equations that are considered to govern the 
flow of fluids, and had been formulated long ago in mathematical physics before 
it was known that matter consists from atoms. So actually they formulated the 
old infinite divisible material fluids. After L. Boltzmann and the discovery of 
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material atoms, the truer model is that of statistical mechanics. We may consider 
that the two different types of matter, 1) infinite divisible, 2) made from finite 
atoms, behave the same as far as flows in fluid dynamics, and certainly there are 
many common properties but ultimately are mathematically and logically dif-
ferent. One example of the difference is that in the atomic structured material 
fluid model, the angular velocity of the spin e.g. of electrons, protons, neutrons 
which is about 1 terahertz (infrared range) can vary increase or decrease, inde-
pendently from the vorticity, which is only the part of the angular velocity which 
is “geared to the environmental” rotation of the fluid. In the classical Weierstrass 
calculus of infinite divisible material fluids (Euler and Navier-Stokes equations) 
this distinction does not exist and all the angular velocity of a point is due to the 
vorticity. In [17] Muriel, A. 2000 a corresponding to the millennium problem in 
statistical mechanics has been solved in the direction of regularity. Similarly, in 
[18] Kyritsis, K. November 2017 a solution of the current millennium problem 
has been proved in the direction of regularity, but only if adding an additional 
hypothesis to the initial formulation, that of existence of finite atomic particles 
that are conserved during the flow. Strictly speaking a mathematical model of 
the material fluids and their flow which will have a high degree of exactness 
should take in to account that matter consists of atoms, (the electron range of 
magnitudes is of the order 10−15 meters) and this suggests that we should avoid 
utilizing concepts of continuity and smoothness that use ε > 0 δ > 0 in their defi-
nition smaller than 10−15 meters. To address this difficulty of our current (Weier-
strass) calculus the author developed the Democritus digital and finite decimal 
differential calculus (see [19] Kyritsis K. 2019b, [20] Kyritsis K. 2017 B, [21] Ky-
ritsis K. 2022). In this finite calculus, we define concepts, of seemingly infinite-
simal numbers (they are finite), seemingly infinite numbers (they are finite) and 
feasible finite numbers, so as to develop a differential and integral calculus up to 
decimal numbers with only a fixed finite number of decimals (decimal density of 
level of precision). Different levels of precision give different definitions of con-
tinuity and smoothness. These multi-precision levels Democritus calculi are 
what an applied mathematician is doing when applying the Newton-Leibniz and 
Weierstrass calculus with the infinite (and infinitesimals). The Democritus cal-
culus strictly speaking is not logically equivalent to the Newton-Leibniz calculus 
or to the Weierstrass calculus. E.g. classical Weisstrass calculus continuity cor-
responds in the Democritus calculus of being continuous not only to a single 
precision level but to all possible precision levels. Because in the Democritus 
calculus continuity and smoothness is only up to a precision level, the turbu-
lence can be defined in a way that in Weierstrass calculus cannot be defined. In a 
turbulent flow, the flow in the Democritus calculus may be smooth relative to a 
precision level but non-smooth relative to a coarser precision level (or the oppo-
site) in the Weierstrass calculus this is impossible. Furthermore, now when a 
computer scientist is experimenting with computers to discover if in a flow there 
will be a blow up or not in finite time, within the Democritus calculus and its 
Navier-Stokes equations he will have an absolute proof and criterion. If the vor-
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ticity will become seemingly infinite (still finite) in a feasible finite time interval 
there is a blow up. If it becomes only feasible finite in any feasible finite time in-
terval, there is no blow up. Of course blow-up in the Democritus calculus is not 
equivalent with a blow up in the Weisstrass calculus. Finally, with the Democri-
tus calculus the applied mathematician acquires the subjective quality of con-
gruence. In other words, what he thinks, sais and writes is what he acts and ap-
plies. With the infinite in the ontology of calculus this is not possible and it is 
unavoidable the incongruence, because infinite cannot be acted in the applica-
tions in a material reality where all are finite.  

2) It is known that when the calculus (which is used in modeling the fluids) 
was discovered by Newton and Leibniz, the original mathematical ontology was 
utilizing infinitesimals, smaller than any positive real numbers but not zero. 
Then later with Weierstrass calculus this ontology was abandoned, we restricted 
ourselves to the real numbers only, and we utilized limits and convergence. So 
when we take the law of force (momentum conservation) of Newton F = m * γ 
on a solid finite particle and then take the limit by shrinking it to a point to de-
rive the Euler and Navier-Stokes equations, we must not forget, that originally 
the limit was not to a point but to an infinitesimal solid body particle. This is not 
the same! In [21] Kyritsis K. 2022, I have restored with strict mathematics the 
original ontology of infinitesimals of Newton-Leibniz, utilizing algebra of inter-
vals (or inverses of ordinal numbers as J.H. Conway has also done with the sur-
real numbers see [22] J.H. Conway and [23] K. Kyritsis ordinal real numbers 1, 2, 
3). Then we have a two-density calculus with two different linearly ordered fields, 
a) the real numbers, b) a larger such field of Newton-Leibniz fluxions, with infi-
nitesimal, finite and infinite numbers. The topologies of convergence of a solid 
finite particle by shrinking it to a point or to an infinitesimal solid particle are 
different! And this affects the issue of vorticity and angular velocity of infinite-
simal particle. When I was a University student, and I was learning about the 
equations of Navier-Stokes, I was satisfied to see that the simple law of force 
(momentum conservation) of Newton F = m * γ was converted to the Navier- 
Stokes equations, but I was shocked to realize, that the rest of the independent 
information about the motion of the solid finite particle, namely its rotational 
momentum, was not shrunk to an angular velocity ω of the infinitesimal solid 
particle. So we see now that this is not reasonable in the Weisstrass calculus, 
which shrinks to a point, while it is possible in the older Newton-Leibniz calcu-
lus which shrinks to an infinitesimal solid body, and would lead to a different 
model of flows of fluids, with independent initial data of angular velocities, be-
sides linear velocities and besides the derived from them vorticity.  

3) In the current solution of the millennium problem, we may observe a 20% - 
80% Pareto rule. In other words, more than 80% of the equations utilized as go-
verning equations of the flow, are those derived from fundamental theorem of 
the calculus, (in the form of Stokes theorem, divergence theorem, green theo-
rem, Helmholtz-kelvin theorem, fundamental theorem of calculus etc.) and less 
that 30% the PDE of the Navier-Stokes equations. So I might say that the main 
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equations governing the phenomenon of flow is the machinery of exterior diffe-
rential algebra (wedge product) differentiation (differential forms) etc. rather than 
simply PDE equations. For reasons of simplicity and because we are restricted 
here to only 3 spatial dimensions, we do not utilize the symbolism of the wedge 
products and differential forms, but only the Stokes theorem, divergence theo-
rem etc.  

4) These versions of the fundamental theorem of the calculus (Stokes theorem 
etc.) lead to an extension of the law of momentum conservation of 3D fluid parts 
to a law of 1D line density (rotatory) momentum conservation (Theorem 4.1) 
and law of 2D surface density (rotatory) momentum conservation (Theorem 
4.2). These laws are very valuable for infinite divisible fluids so valuable as the 
existence of finite atoms in the atomics structured fluids. Without these extra 
laws of momentum density conservation, we would have no hope to solve the 
millennium problem. As T. Tao had remarked (see [24] [25]), only an integral of 
3D energy conservation and an integral of 3D momentum conservation is not 
adequate to derive that momentum point densities ρ•u, or energy point densities 
(1/2)ρ•u2 will not blow up.  

5) Besides the forgotten conservation law of finite particles, which unfortu-
nately we cannot utilize in the case of infinite divisible fluids to solve the millen-
nium problem, there are two more forgotten laws of conservation or invariants. 
The first of them is the obvious that during the flow, the physical measuring 
units dimensions (dimensional analysis) of the involved physical quantities (mass 
density, velocity, vorticity, momentum, energy, force point density, pressure, etc.) 
are conserved. It is not very wise to eliminate the physical magnitudes interpre-
tation and their dimensional analysis when trying to solve the millennium prob-
lem, because the dimensional analysis is a very simple and powerful interlink of 
the involved quantities and leads with the physical interpretation, to a transcen-
dental shortcut to symbolic calculations. By eliminating the dimensional analysis, 
we lose part of the map to reach our goal. 

6) The 2nd forgotten conservation law or invariant, is related to the viscosity 
(friction). Because we do know that at each point (pointwise), the viscosity is 
only subtracting kinetic energy, with an irreversible way, and converting it to 
thermal energy, (negative energy point density), and this is preserved in the flow, 
(it can never convert thermal energy to macroscopic kinetic energy), we know 
that its sign does not change too, it is a flow invariant, so the integrated 1D or 
2D work density is always of the same sign (negative) and as sign, an invariant of 
the flow. The conservation or invariance of the sign of work density by the vis-
cosity (friction) is summarized in the lemma 3.1 below.  

7) Finally we must not understate the elementary fact that the force densities 
Fp due to the pressures p, pF p= −∇  are conservative, irrotational vector field, 
and they do not contribute to the increase or decrease of the rotatory momen-
tum and vorticity of the fluid during the flow. Because of this we get that the 
conserved 1D and 2D densities of momentum in Theorems 4.1 and 4.2 are only 
of the rotatory type.  
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8) Anyone who has spent time to try to prove existence of Blow up or regular-
ity in the various physical quantities of the fluid like velocity, vorticity, accelera-
tion, force density, momentum, angular momentum, energy etc., he will observe 
that in the arguments the regularity and uniform in time boundedness propa-
gates easily from derivatives to lower order of differentiation, while the blowup 
arguments propagate easily from the magnitudes to their derivatives. The con-
verses are hard in proving. This is due to the usual properties of the calculus de-
rivatives and integrals. The hard part of the proofs, must utilize forms of the 
fundamental theorem of the calculus like Stokes theorem, divergence theorem 
etc.  

9) Based on the above 8 remarks about what is not very well understood with 
Navier-Stokes equations I decided that elementary geometric calculus should be 
the appropriate context to solve the millennium problem, and this I did indeed.  

Lemma 3.1 The viscosity sign forgotten invariant. 
If we integrate the force point density of the viscosity, over a line (1D work 

density) or surface (2D work density) or a volume (work) its sign will remain the 
same during the flow. 

Proof: Because we do know that pointwise, the viscosity is only subtracting 
kinetic energy, with an irreversible way, and converting it to thermal energy, 
(negative energy point density), and this is preserved in the flow, (it can never 
convert thermal energy to macroscopic kinetic energy), we deduce that its sign 
does not change too it is a flow invariant, so the integrated 1D or 2D work den-
sity is always of the same sign (negative) and as sign an invariant of the flow. 
QED.  

4. The Helmholtz-Kelvin-Stokes Theorem in the Case of  
Viscous Flows. New Monotone Semi-Invariants of Viscous  
Flows with the Interpretation of Average Rotational  
Momentum Axial 1-D Line Densities 

Here we apply the idea that the most valuable equations that govern he flow of 
the fluid are not literally the Navier-Stokes equations but the invariants or semi- 
invariant properties of the flow, derived from the abstract multi-dimensional fun-
damental theorems of calculus, in the forms of divergence theorems, Stokes theo-
rems, Greens theorems etc. Actually this is the mechanism of wedge-products and 
abstract algebra of differential forms which is beyond classical partial differential 
equations. We do not utilize though definitions and symbolism of wedge-products 
and differential forms in his paper so as to keep it elementary and easy to read. 
The main discovery of this paragraph is the Helmholtz-Kelvin-Stokes theorem 
4.3 in the case of viscous flows and the resulting general no-blow-up theorem 4.4 
for the viscous flows without external forcing. A blow-up when it occurs, it will 
occur at least as blow-up of the vorticity, or of ρ•ω. If we discover average value 
invariants of the flow with physical units dimensions ρ•ω, that in the limit can 
give also the point value of the ρ•ω, and that are invariants independent from 
the size of averaging, it is reasonable that we can deduce conclusions, if the point 
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densities can blow-up or not.  
Theorem 4.1 The Helmholtz-Kelvin-Stokes theorem in the case of inviscid 

Euler equations flows without external force or homogeneous case. (Α 1D line 
density of rotatory momentum, conservation law) 

Let initial data in R3 so that they guarantee the existence of a unique smooth 
solution to the Euler equation in a local time interval [0, T]. Then at any time 

[ ]0,t T∈  the circulation Γ(c) of the velocities on a closed smooth loop is equal 
to the flux of the vorticity on smooth surface S with boundary the loop c, and is 
constant and preserved as both loop and surface flow with the fluid. In symbols 
(ρ = 1 is the density of the incompressible fluid) 

( ) d dc t c S S
u l sρ ρ ω

=∂
Γ = = ⋅∫ ∫∫

                 (4.1) 

Proof: See [16] Majda, A.J-Bertozzi, A. L. 2002, Proposition 1.11 and Corol-
lary 1.3, in page 23. The proof is carried actually by integrating the Euler equa-
tions on a loop c and utilizing that the integral of the pressure forces (densities) 
defined as –∇p are zero as it is a conservative (irrotational) field of force (densi-
ties). Then by applying also the Stokes theorem that makes the circulation of the 
velocity on a loop equal to the flux of the vorticity on a smooth surface with 
boundary the loop (see e.g. Wikipedia Stokes theorem  
https://en.wikipedia.org/wiki/Stokes%27_theorem) the claim is obtained. QED. 

We may notice that this circulation and surface vorticity flux has physical 
measuring units [ρ]*[ω]*[s]^2 = [m]*[s]^(-3)*[t]^(-1)[s]^2 = [m]*[s]^(-1)*[t]^(-1) 
= [moment_of_inertia]*[ω]*[s]^(-3) thus angular momentum point density. While 
the ρ*ω has physical measuring units dimensions [ρ]*[ω] = [m]*[s]^(-3]*[t]^(-1) = 
[moment_of_inertia]*[ω]*[s]^(-2) thus 2nd spatial derivative of rotational mo-
mentum of point density.  

A blow-up when it occurs, it will occur at least as blow-up of the vorticity, or 
of ρ•ω. If we discover bounded average value invariants of the flow with physical 
units dimensions ρ•ω, that in the limit can give also the point value of the ρ•ω, 
and that are invariants and bounded independent from the size of averaging, it is 
reasonable that we can deduce conclusions, if the point densities can blow-up or 
not.  

Here we convert the surface vorticity flux invariant of Helmholtz-Κelvin-Sto- 
kes to one with 3D integration which will be more convenient in the arguments 
as the volumes are preserved by incompressible flows and most important, the 
integration is 3-dimensional which can be utilized to define average values of the 
vorticity (flux) on 3D finite particles. 

We will prove at first a lemma about the 3D volume integral of Theorem 4.2, 
and convergence of average values of vorticity, based on this 3D integral, to 
point values to vorticity. 

We define an average value for the volume 3D integral of vorticity flux.  
Definition 4.1 We define as average value on ball in of the vorticity ω, denoted 

by Bω , the unique constant value of the vorticity on the interior of the ball that 
would give the same 3D flux of vorticity on the ball, 
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0 0
d d

S S
sd sdρ ω θ ρ ω θ

π π
⋅ = ⋅∫ ∫∫ ∫ ∫∫ . The integration on the surfaces S for the flux 

of the vorticity is on parallel circular discs in the ball. This average value ω  of 
the vorticity is of course the  

0
d d

S
B

s

B

ρ ω θ
ω

π
⋅

= ∫ ∫∫                   (4.2) 

and its direction is that of the vertical axis of the ball Β.  
Where ( ) 34 3B r= ∗ ∗π  is the volume of the ball B, of radius r, and Bω  

is the Euclidean norm of the vector. A more detailed symbolism of the average 
vorticity is the ( ) ( ),

,t B r t
x tω . 

The numerator of this average value of vorticity has also the interpretation of ro-
tational momentum average axial density on the ball B and relative to the axis a. A 
reason for this is that the physical dimensions of measuring units of this magnitude 
is that of rotational momentum line density. This is because the rotational mo-
mentum point density has physical dimensions [moment_of_inertia]*[ω]*[s]^(-3) 
= [m][s]^(-1)[t]^(-1), where [m] for mass, [s] for distance, [t] for time, and this 
magnitude has physical units dimensions, ([ρ][ω][s]^3) =  
([m][s]^(-1)[t]^(-1))[s]^(1), thus rotational momentum point density integrated 
on 1-d line axial density. And the full quotient therefore has physical units di-
mensions [m][s]^(-3)[t]^(-1)) = [ρ][ω].  

Lemma 4.1 Let a ball B of radius r and center x, and the average vorticity Bω  
in it as in the Definition 4.1 so that its axis a that defines the average vorticity is 
also the axis of the point vorticity ωx at the center x of the ball. By taking the lim-
it of shrinking the ball to its center x, ( 0r → ), the average vorticity Bω  con-
verges to the point vorticity ωx. In symbols 0limr B xω ω→ = . If the axis a of the 
ball to estimate the average vorticity is not the axis of the point vorticity, then 
the limit of the average vorticity will be equal to the projection component ωa(x, 
t) of the point vorticity ω(x, t) on the axis a.  

Proof: We simply apply an appropriate 3-dimensional version, with iterated 
integrals of the 1-dimensional fundamental theorem of the calculus. QED. 

Remark 4.1. Such a limit of 3D body to a point is the same as the limit that 
from the Newton equation of force F = mγ, we derive the Navier-Stokes equa-
tions.  

Since the flow of a fluid under the Euler or Navier-Stokes equations, with or 
without smooth Schwartz external force is a smooth and continuous mapping F, 
then such a limit will be conserved to still be a valid limit during the flow. In oth-
er words ( ) ( ) ( )0 0limlimB B BF B FF ω ω→ →=  and 0B → , implies ( ) 0tF B → . 
We define of course in an obvious appropriate way the average vorticity ( )t BF ω  
as in definition 4.1, for the flow-image of a ball B after time t. Simply the disc sur-
faces will no longer be flat, and the loop no longer perfect circle. But the integrals 
in the definition will be the same. Constancy of the average vorticity on such 
surfaces will only be, up to its Euclidean norm and vertical angle to the surface. 
We must notice though that although a relation ( ) ( )0 0lim limBB B BF Fω ω−>→ =  
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would hold, the value of this limit will not be the vorticity ωF(x) at the flowed point! 
Unfortunately, the Lemma 4.2 holds not on arbitrary 3D shapes and arbitrary in-
tegration parametrization on it, but only when we start with standard 3D shapes 
like a sphere, a cylinder a cube etc. and the normal parametrization on them. The 
reason is that we need to take in to account in a normal way the average vorticity 
around a point in an unbiased way, that an arbitrary shape will not give.  

Another important conservation point is that the relation of the vorticity ωx 
being tangent to an axis a (or general curve) is conserved during inviscid Euler 
flows. It is the conservation of vorticity lines (See [16] Majda, A. J.-Bertozzi, A. L. 
2002, Proposition 1.9 in page 21). Therefore for inviscid (and incompressible) 
flows the axis of the initial point vorticity ω(0), which is also the axis to estimate 
the average vorticity on the ball B, will still be after the flow and at time t, tan-
gent to the point vorticity ω(t). But for general viscous flows this will not be so. 
Notice that such limits of average values would not work for the circulation of 
the velocity on a loop, as in the application of the iterated 1-dimensional funda-
mental theorem of the calculus would require boundaries of the integration.  

Lemma 4.2 Let the Euler or Navier-Stokes equations of incompressible fluids 
in the non-periodic or periodic setting, with smooth initial data and we assume 
that the initial data in the periodic or non-periodic case, are so that the supre-
mum of the vorticity is finite denoted by Fω on all 3-space at time t = 0. Let the av-
erage vorticity, or average rotational momentum density, defined as in Definition 
4.1 but with integration parametrization one any smooth 3D shape B of any size, 
that of course both as a diffeomorphic image of a spherical ball with its spherical 
coordinates integration parametrization. Then the average vorticity or average ro-
tational momentum density is also upper bounded by the Fω. In symbols  

0
d d

S
B B

s
Fω

ω θ
ω

π
⋅

= ≤∫ ∫∫                     (4.3) 

Proof: Since ( )F Fω ωω ω ω≤ =  in the flux-integration we have for the 
inner product of ω and the unit area vector n, ( ) ( )( ), ,n F n Fω ωω ω ω≤ ≤ . 
Thus in the integration we may factor out the Fω 

0 0 0
d d d d d d

S S S Bs F s s
F F F

B B B B
ω

ω ω ω

ω θ θ θ
π π π

⋅
≤ = = =∫ ∫∫ ∫ ∫∫ ∫ ∫∫ . QED. 

Theorem 4.2 A 3-dimensionl integral version of the Helmholtz-Kelvin-Stokes 
theorem. (Α 2D surface density of rotatory momentum, conservation law) 

Let initial data in R3 so that they guarantee the existence of a unique smooth 
solution to the Euler equation in a local time interval [0, T]. Then at any time 

[ ]0,t T∈  let a sphere B of radius r (as in figure 4.) considered as a finite particle, 
then the azimuthal θ-angle, θ-integral on a meridian in spherical coordinates of 
the circulations Γ(c) of the velocities on all closed longitude smooth loops paral-
lel to the equatorial loop is equal to the same θ-integral of the surface flux of the 
vorticity on smooth flat disc surfaces S with boundary the loops c (as in figures 
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4.2), and both integrals are constant and preserved as both surface and volume 
integrals during the flow with the fluid. In symbols (ρ = 1 is the density of the 
incompressible fluid) 

0 0
d d d d

c S S
u l sρ θ ρ ω θ

π π

=∂
= ⋅∫ ∫ ∫ ∫∫

               (4.4) 

After (4.2) 0
d d

S
B B

sω θ
ω

π
⋅

= ∫ ∫∫  it holds also 

for [ ]0,t T∈  ( ) ( )0B B tω ω=                   (4.5) 

Proof: We simply take the θ-azimuthal angle θ-integral of both sides of the 
equation 4.1 in the theorem 4.1. Both sides are preserved during the flow and so 
is their θ-integrals too (See Figure 1). We notice that the measuring physical 
units dimensions of the conserved quantity 

0
d

c S
u ldρ θ

π

=∂∫ ∫  is  
[mass]*[length]^(-3)*[velocity]*[length]^(2) = [mass]*[length]^(-2)*[velocity] 
thus integration in 2-dimension surface of momentum 3D-point-density, or equi-
valently momentum 1D density QED. 

Theorem 4.3. The Helmholtz-Kelvin-Stokes theorem in the case of viscous Na- 
vier-Stokes equations flows without external force (homogeneous case). 

Let initial data in R3 so that they guarantee the existence of a unique smooth 
solution to the Navier-Stokes equation with viscosity coefficient ν > 0, in a local 
time interval [0, T]. Then at any time [ ]0,t T∈  the circulation Γ(c) of the ve-
locities on a closed smooth loop is equal to the flux of the vorticity on smooth 
surface S with boundary the loop c, and is decreasing as both loop and surface 
flow with the fluid. In symbols (ρ = 1 is the density of the incompressible fluid) 

d d
c S S

u l sρ ρ ω
=∂

= ⋅∫ ∫∫

                    (4.1) 

And for [ ]0,t T∈  ( ) ( )0 d d
c S c S

u l u t l
=∂ =∂

>∫ ∫ 

           (4.6) 

and similarly for the 3D volume integration as in Theorem 4.2 
 

 
Figure 1. Spherical coordinates. 
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for [ ]0,t T∈  ( ) ( )
0 0

0 d d d d
S S

s t sρ ω θ ρ ω θ
π π

⋅ > ⋅∫ ∫∫ ∫ ∫∫          (4.7) 

After (4.2) 0
d d

S
B B

sω θ
ω

π
⋅

= ∫ ∫∫  it holds also for initial finite spherical par-

ticles for [ ]0,t T∈  ( ) ( )0B B tω ω>                (4.8) 

Proof: Again The (4.1) is nothing else of course but the Stokes theorem. 
We shall utilize here the next equation (See [16] Majda, A.J-Bertozzi, A. L. 

2002, (1.61), in page 23.) in the case of viscous incompressible flows under the 
Navier-Stokes equations  

( ) ( ) ( ) ( )
d d d d d
d dc t c t c t c t

u l u l curl l
t t

ν ν ωΓ = = ∆ = −∫ ∫ ∫  

           (4.9) 

This equation is derived after applying as in Theorem 4.1 the loop integral 
of the circulation at the Navier-Stokes equations instead at the Euler equations 
taking the material-flow derivative outside the integral, and eliminating the 
conservative, irrotational part of the pressure forces as gradient of the pressure. 
Here the viscosity is not zero thus the left hand of the equations is not zero as in 
the case of Euler equations, where it is conserved. The right hand side is nothing 
else than the loop work density of the point density of the force of viscosity at 
any time t. And as the viscosity always subtracts energy, this right hand side 
work density is always negative during the flow. We notice after the Lemma 3.1 
that the viscosity force point density keeps constant sign on the trajectory path 
as orbital component during the flow and relative to the velocity on the trajecto-
ry. It is always as orbital component opposite to the motion and represents the 
always irreversible energy absorption and linear momentum and angular mo-
mentum decrease. Similarly, for any rotation of the fluid e.g. with axis the tra-
jectory path. The viscosity force point density as component on the loop is al-
ways opposite to the rotation, it never converts thermal energy to add to linear 
or angular momentum. This opposite to motion monotonicity of the viscosity  
force density applies to the Navier-Stokes equations but also as opposite to rota-

tion monotonicity in the vorticity equation uD
Dt
ω νω ω= ∗ +∇ ∆  (see [16] Maj-

da, A.J.-Bertozzi, A. L. 2002, (1.33) and (1.50) in pages 13 and 20). So if we  
choose a direction of the loop so that the circulation integral on the right hand 
side is positive then this will have the same sign during the flow (although dif-
ferent absolute value), and will make the left hand side of the (4.9) always nega-
tive during the flow. But this means from the left-hand side of the equation that 
the circulation of the velocity on the loop is always decreasing during the flow.  

( )
d d 0
d c t

u l
t

<∫  for any t in [0, T]             (4.10) 

Thus (4.6) is proved, and (4.7) is direct consequence.  
To prove the equation 4.8 we notice that due to incompressibility, the flow is 

volume preserving, thus ( )( ) ( )( )0B x t B x= , and by dividing both sides of the 
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equation (4.7), and after the definition  

0
d d

S
B B

sω θ
ω

π
⋅

= ∫ ∫∫  it holds also 

for [ ]0,t T∈  ( ) ( )0B B tω ω>  (4.8) QED. 
Remark 4.2. We can extend the results of the theorems 4.1, 4.3 with Euler or 

Navier-Stokes equations to similar ones in the inhomogeneous case with exter-
nal forces Fext., provided of course 1) we have the existence and uniqueness of a 
smooth solution local in time, and 2) the criterion of the accumulation of the 
vorticity as in Theorem 2.2 continuous to hold with external forcing as in the 
formulation of the Millennium problem. We would start from an equation  

( ) ( ) ( ) ( ) ( )
d d d d d d
d d ext extc t c t c t c t c t

u l curl l F l F l
t t

ρ νρ ω ρ ρΓ = = − + ≤∫ ∫ ∫ ∫   

 

Similarly  

( ) 0
d d d d d
d ext extS c t S S

s curl l curlF s curlF s S M
t
ρ ω νρ ω ρ ρ⋅ = − + ⋅ ≤ ⋅ ≤∫∫ ∫ ∫∫ ∫∫

 

since as in the proof of Theorem 4.3 the friction circulation term is always nega-
tive and due to the Schwartz conditions on the external force in space and time 
the constant M0 is independent from space and time and the size of the surface 
of the loop in the integration. |S| is the area of the flux integration. 

Then from smoothness and elementary 1-dimensional calculus we would get 
an inequality like  

( ) ( ) ( )10 d d ,extS S
s t s S M F tρ ω ρ ω⋅ − ⋅ ≤∫∫ ∫∫  

where again due to the Schwartz conditions on the external force in space and 
time the constant M1 is independent from space and the trajectories paths and 
depends only on the time and the external force.  

Similarly by dividing the first equation by |B| which does not change by time 
and integrating for 3D ball, we can result similarly to an inequality like  

( )
( )

( )
( )

( ) ( )0 0
1 1

d d 0 d
,

0

d
,S S

ext ext

t s s
M F

B
BB t B

t M F t
ω θ ω θ

π π
⋅ ⋅

− ≤ =∫ ∫∫ ∫ ∫∫   

where again the constant M2 is independent from space and the size of the ball 
and depends only on the time t.  

Theorem 4.4 The no blow-up theorem in finite or infinite time in the Euler, 
Navier-Stokes, periodic or non-periodic and homogeneous cases.  

Let the Euler or Navier-Stokes equations of incompressible fluids in the non- 
periodic or periodic setting (homogeneous case with no external forces), with  

1) smooth initial data and whatever else hypothesis is necessary so as, also to 
guarantee the existence and uniqueness of smooth solutions to the equations lo-
cally in time [0, T). 

2) Furthermore we assume that the initial data in the periodic or non-periodic 
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case, are such that the supremum of the vorticity, denoted by Fω, is finite at t = 0. 
(In the periodic case, smoothness of the initial velocities is adequate to derive it, 
while in the non-periodic setting smooth Schwartz initial velocities is adequate 
to derive it) 

Then it holds that there cannot exist any finite or infinite time blow-up at the 
point vorticities during the flow.  

Proof: The proof will by contradiction. The main idea of the proof is to utilize 
that in the case of a blow-up the vorticity will converge to infinite, so it will be-
come larger than an arbitrary lower bound M + Fω, Μ > 0, Fω > 0 and by ap-
proximating it with average flux vorticity of a 3D spherical particle, and tracing 
it back at the initial conditions where all is bounded by Fω, utilizing the semi- 
invariance of the average vorticity that we have proved, we will get that Fω > M + 
Fω.  

So let us assume that there is a blow up, in a finite time or infinite time T ∗ , 
with the hypotheses of the theorem 4.2. Then from the Theorem 2.2 and (2.12) 
which is the well-known result of the control of regularity or blow up by the vor-
ticity we get that,  

( )
0

lim d.,
T

T

Lt
ω τ τ∞∗→

∞= +∫                  (2.12) 

We conclude that there will exist an infinite sequence of points {
nt

x , n natural 
number, 0 nt T ∗< < , limn n Tt→∞

∗= } so that the point vorticity ( )nt
xω  blows- 

up, or equivalently ( )lim
nn txω→∞ = +∞ . We do not need to assume them on the 

same trajectory. Therefore, for every positive arbitrary large real number M0, 
there is a n0 such that for all natural numbers n > n0, it holds that ( ) 0nt

x Mω > . 
We choose M0 = M00 + Fω, for an arbitrary large positive number M00. So  

( ) 00tnx M Fωω > +                       (4.11) 

Now we approximate this point vorticity with an average flux vorticity on a 
3D particle after Definition 4.1, theorem 4.2 and Lemma 4.1.  

Let a spherical ball particle ( ),
nt

B r x  as in theorem 4.2. with center 
nt

x  and 
radius r > 0. After Definition 4.1, theorem 4.2 and Lemma 4.1. we have that  

( )0lim
nr B x tω ω→ = , with 

( )( )
0

d d

,
S

B
n

s

B R x t

ω θ
ω

2π
⋅

= ∫ ∫∫            (4.2) 

Therefore for arbitrary small positive number ε > 0, there is radius R, with  

( ) ( )nB R x tω ω ε> −  or 
( )( ) ( )

0
d d

, n

S
x t

n

s

B R x t

ω θ
ω ε

2π
⋅

> −∫ ∫∫           (4.12) 

Thus after (4.11) 
( )( )

0
00

d d

,
S

n

s
M F

B R x t ω

ω θ
ε

2π
⋅

> + −∫ ∫∫          (4.13) 

Now we trace back on the trajectory of the 
nt

x  the parts of the (4.13). 
At initial time t = 0. We use the advantage that as the incompressible flow is 
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volume preserving, the ( ) ( )( )0 ,, nBB R Rx x t= . We also utilize theorems 4.2, 
4.3, and (4.5), (4.8), which prove that at the initial conditions t = 0, this average 
vorticity is the same or higher than that at tn. 

( )( ) ( )( )
0 0

d d d d

, 0 ,
S S

n

s s

B R x B R x t

ω θ ω θ
2π 2π

⋅ ⋅
≥∫ ∫∫ ∫ ∫∫  

We conclude that  

( )( )
0

00

d d

, 0
S

s
M F

B R x ω

ω θ
ε

2π
⋅

> + −∫ ∫∫                 (4.14) 

From the (4.14) and (4.3) of Lemma 4.2 we conclude that  

00F M Fω ω ε> + −                      (4.15) 

But M00 was chosen in an independent way from ε > 0 to be arbitrary large, 
while ε > 0 can be chosen to be arbitrary small. Therefore, a contradiction. Thus 
there cannot be any blow-up either in finite or infinite time T ∗ . QED.  

Remark 4.3. Infinite initial energy. We must remark that we did not utilize 
anywhere that the initial energy was finite, only that the vorticity initially has fi-
nite supremum. Thus this result of no-blow-up can be with infinite initial energy 
too. But when applying it to the millennium problem we do have there also that 
the initial energy is finite.  

Remark 4.4. Inhomogeneous case. It is interesting to try to extend this result 
of no blowup, for the inhomogeneous case too of the Euler and Navier-Stokes 
equations and investigate where it would fail, if at all, provided of course we 
have 1) the existence and uniqueness of a smooth solution local in time and 2) 
the criterion of the accumulation of the vorticity as in Theorem 2.2 still holds 
with external forcing as in the formulation of the Millennium problem. We would 
utilize the last inequality of remark 4.2 

( )
( )

( )
( )

( )0 0
1

d d 0 d d
,

0
S S

ext

t s s
M F t

B t B

ω θ ω θ
π π

⋅ ⋅
− ≤∫ ∫∫ ∫ ∫∫   

and we would anticipate for the choice of the constant M0 in (4.11),  

0 00 1M M M Fω= + + . We would reason similarly as in the proof of the Theorem 
4.4 and we end to a same contradiction  

00F M Fω ω ε+ −>  

But since at least in the book [16] Majda, A.J-Bertozzi, A. L. 2002, that I took 
as reference on the subject, it does not claim the existence and uniqueness of a 
smooth solution locally in time, in the case of external forces, as we wrote in re-
mark 2.4, I will avoid using it, and I remain only in the homogeneous case. 
Therefore, for the moment I will not spend space in this paper on the inhomo-
geneous case.  

Remark 4.5. A strange blow up for any time t > 0 of initially smooth data. We 
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might be curious to ask the question if it is possible, starting with zero initial ve-
locities and pressures, to create an artificial blow-up only with external forcing. 
A good candidate is the perfect circular vortex, where all the trajectory paths are 
perfect circles, which is known that it is an instance of the solution of the Euler 
and Navier-Stokes equations. We can formulate the circular vortex in 3D with 
cylindrical or spherical coordinates. But for simplicity we will formulate it in 2 
dimensions, in spite the fact that we do know that in 2D dimensions there can-
not be a blow up under the hypotheses of the millennium problem. So with an 
external forcing also as perfect circular vortex that in polar coordinates are as 
follows 

0rF = , ( )( )2 1 expF rθ ρ= +                  (4.16) 

we raise the absolute initial rest within finite time t the flow to a circular vortex 
which has velocities in polar coordinates  

0ru = , ( )( )2 1 expu t rθ = +                   (4.17) 

Now it is elementary to show that 
1) This flow follows the Euler and Navier-Stokes equations. 
2) Because curlω = 0, the viscosity has no effect it is as if an inviscid flow.  
If ω is the vorticity then it is calculated in polar coordinates at the verical 

z-axis by the formula  

r
z

u u u
r r r r
θ θω

∂ ∂
= + −

∂ ∂
                     (4.18) 

4) Although the velocity has smooth polar coordinates, the vorticity is in 
steady blow-up (singularity) at r = 0 for any t > 0. That is although at t = 0 the 
initial data are smooth, for any t > 0, there is a blow-up. 

5) The 4) is so because the external forcing although it has smooth polar coor-
dinates, in the Cartesian coordinates, it has curl(F) = +∞, at r = 0, thus it does 
not satisfy the smooth Schwartz condition external forcing of the millennium 
problem.  

5. The Solution of the Millennium Problem for the  
Navier-Stokes Equations but Also for the Euler Equations 

We are now in a position to prove the Conjectures (A) and (B), non-periodic and 
periodic setting, homogeneous case of the Millennium problem. 

(Millennium Homogeneous Case A) Existence and smoothness of Navier-Stokes 
solution on R3. 

Take ν > 0 and n = 3. Let u0(x) be any smooth, divergent-free vector field sa-
tisfying (2.4). Take f(x, t) to be identically zero. Then there exist smooth func-
tions p(x, t), u(x, t) on [ )3 0,R × +∞  that satisfy (2.1), (2.2), (2.3), (2.6), (2.7).  

Proof: All the hypotheses of the no-blow-up theorem 4.4 are satisfied. After 
remark 2.4, with the current case of the millennium problem there exist indeed a 
unique smooth solution locally in time [0, t] (after A.J. Majda-A.L. Bertozzi [15], 
Theorem 3.4 pp 104, Local in Time existence of Solutions to the Euler and Navi-
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er-Stokes equations). And also the Schwartz condition of the initial data, guar-
antees that the supremum of the vorticity, is finite at t = 0. (see Remark 2.1) 
Therefore we conclude by Theorem 4.4 that there cannot be any finite or infinite 
time blow-up. Thus from Theorem 2.2 Supremum of vorticity sufficient condi-
tion of regularity we conclude that this local in time [0, t] solution, can be ex-
tended in [0, +∞). QED 

(Millennium Homogeneous Case B) Existence and smoothness of Navier-Stokes 
solution on R3/Z3. 

Take ν > 0 and n = 3. Let u0(x) be any smooth, divergent-free vector field sa-
tisfying (8); we take f(x, t) to be identically zero. Then there exist smooth func-
tions p(x, t), u(x, t) on [ )3 0,R × +∞  that satisfy (2.1), (2.2), (2.3), (2.10), (2.11).  

Proof: All the hypotheses of the no-blow-up theorem 4.4 are satisfied. After 
remark 2.4, with the current case of the millennium problem there exist indeed a 
unique smooth solution locally in time [0, t] (after A.J. Majda-A.L. Bertozzi [15], 
Theorem 3.4 pp 104, Local in Time existence of Solutions to the Euler and Navi-
er-Stokes equations). And also the compactness of the 3D torus of the initial da-
ta, guarantees that the supremum of the vorticity, is finite at t = 0. Therefore we 
conclude by Theorem 4.4 that there cannot be any finite or infinite time blow-up. 
Thus from Theorem 2.2 Supremum of vorticity sufficient condition of regularity 
and remark 2.6 (that the previous theorem covers the periodic setting too) we 
conclude that this local in time [0,t] solution, can be extended in [0, +∞). QED 

Remark 5.1. Now in the previous two Millennium cases we could as well take 
ν = 0, and we would have the same proofs and conclusions because the Theorem 
4.4 of the no-blow-up covers too the case of inviscid Euler equations flows.  

6. Epilogue 

In this paper I solved the millennium problem about the Navier-Stokes equa-
tions in the homogeneous case without external forcing, and proved that there 
cannot be a blowup in finite or infinite time (regularity) both in the periodic and 
non-periodic setting without external forcing (homogeneous case). But it is also 
indicated how to prove that once the hypotheses of external forcing of the mil-
lennium problem allow 1) to have the existence and uniqueness of a smooth so-
lution local in time, and 2) the criterion of the accumulation of the vorticity as in 
Theorem 2.2 continuous to hold with external forcing as in the formulation of 
the Millennium problem, then that the same result of regularity (no blow up) 
holds also for this inhomogeneous case with external forcing. Furthermore, I 
proved also the by far more difficult same result for the Euler inviscid flows. I 
did so by utilizing (e.g. in the inviscid case) that not only the momentum is con-
served but also rotatory versions of the momentum 1D line and 2D surface den-
sities are conserved. Then I extended the conservation in the case of viscous 
Navier-Stokes flows to monotone semi invariants, in other words, these densities 
are monotonously decreasing due to friction. This allowed me to prove with 
elementary geometric calculus that there cannot be any blow up (regularity). The 
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solution of this millennium problem gave the opportunity to discover 2 new 
monotone semi invariants (1D and 2D densities of (rotatory type) momentum) 
for the viscous Navier-Stokes equations.  
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