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Abstract 
In this paper, the boundary layer equations (abbreviation BLE) for exterior flow around an ob-
stacle are established using semi-geodesic coordinate system (S-coordinate) based on the curved 
two dimensional surface of the obstacle. BLE are nonlinear partial differential equations on un-
known normal viscous stress tensor and pressure on the obstacle and the existence of solution of 
BLE is proved. In addition a dimensional split method for dimensional three Navier-Stokes equa-
tions is established by applying several 2D-3C partial differential equations on two dimensional 
manifolds to approach 3D Navier-Stokes equations. The examples for the exterior flow around 
spheroid and ellipsoid are presents here. 
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1. Introduction 
In computational fluid dynamics, one need to compute the drag exerted on a body in flow field; in particular, 
optimal shape design has received considerable attention already, see Li and Huang [1], Li, Chen and Yu [2], 
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and Li, Su, Huang [3]. It has become vast enough to branch into several disciplines on the theoretical side, many 
results deal with the existence of solutions to the problem or its relaxed form, on the practical side, topological 
shape ℑ  optimization which solves numerically the relaxed problem or by local shape variation. In this case  

we have to compute the velocity gradient 1 : uu
n
∂

=
∂

 along the normal to the surface of the boundary and normal  

stress tensor nσ  to the surface. All those computation have to do in the boundary layer. Therefore this leads to 
make very fine mash; for example, 80% nodes will be concentred in a neighborhood of the surface of the body. 

In this paper a boundary layer equations for 1 0,  u p p
ℑ

=  on the surface will be established using local  

semi-geodesic coordinate system based on the surface, provide the computational formula for the drag func- 
tional. In addition, a dimensional split method for three dimensional Navier-Stokes equations is established by 
applying several 2D-3C partial differential equations on the two dimensional manifolds to approximate 3D 
Navier-Stokes equation. 

The Dimensional Slitting Methods deal, for examples, with thin domain problem as elastic shell (see Ciarlet 
[4], Li, Zhang and Huang [5]), Temam and Ziane [6], and with boundary value problem with complexity boun- 
dary geometry (see [7]-[10]). 

The content of the paper is organized as the followings. Section 2 establishes semi-geodesic coordinate 
system and related the Navier-Stokes equations; Section 3 assumes that the solutions of Navier-Stokes equa- 
tions in the boundary layer can be made Taylor expansion with respect to transverse variable, derive the 
equations for the terms of Taylor expansion; Section 4 proves the existence of the solutions of the BLE; Section 
5 provides the computational formula of the drag functional; Section 6 provide a dimensional splitting method 
for 3D Navier-Stokes equations; Section 7 provide some examples. 

2. Navier-Stokes Equations and Its Variational Formulation in a  
Semi-Geodesic Coordinate System 

Through this paper, we consider state steady incompressible Navier-Stokes equations and its variational formu- 
lation in a thin domain δΩ , a strip with thickness δ  and by a Lipchsitz continuous boundary  

0 1:∂Ω = Γ = Γ ∪Γ ,  

( )

0

1

,
div 0,

0,  essential boundary condition,

,  Nature boundary condition,

pµ

σ
Γ

Γ

− ∆ + ∇ +∇ =
 =
 =

 ⋅ =

u u u f
u

u

n h

                             (2.1) 

or 

( ) ( )

0

1

2 ,
div 0,

0,  essential boundary condition,

,  Nature boundary condition,

ij i ij i
j je g p fµ

σ
Γ

Γ

− ∇ + ∇ + ∇ =


=
 =
 ⋅ =

u u u
u

u

n h

                             (2.1') 

which are invariant form in any curvilinear coordinate system. Let  

( ) ( ){ }
( ) ( ){ }

0

1

2
1

,  0,

,  d 0  if meas 0,q L q x

δ δ

δ δ

Γ

Ω

Ω = ∈ Ω =

Ω = ∈ Ω = Γ =∫

V u H u

M
 

At first, we introduce semi-geodesic coordinate system (abbreviation S-coordinate). As well known thhat 
boundary layer 3EδΩ ∈  in 3D Euclidean space bounded by bΓ = ℑ  and tΓ  where α αℑ = ∪ ℑ  is bottom of 
the boundary layer, a surface of solid boundary of the flow fluid, and ( ):t δ δΓ = ℑ+ = ℑn  is a top boundary of 

δΩ , an artificial interface of the flow fluid where n  is unit normal vector to ℑ  and δ  is a parameter, the  
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thickness of the strip, the boundary layer. Assume that there exits a smooth immersion ( )1 2 2 3, :x x D Eα⊂ ℜ ℑ ∈θ  

such that ( )1 2, ,  x x D
xα α

θ∂
∀ ∈ =

∂
e  are linearly independent where 2D ⊂ ℜ  is a Lipschitz domain with 

boundary Dγ = ∂  and ( )1 2,x x  are parameters which are called Gaussian coordinate on the surface ℑ . It is  

obvious that αe  are basis. So the geometry of the surface ℑ  is given by first fundamental form and second  
fundamental form and third fundamental form which coefficients are metric tensor aαβ α β= e e  and curvature 

tensor bαβ α β= −n e  and tensor cαβ α β= n n  respectively where n  is unit normal vector to ℑ   

( )1 2 1 2

1 2

,    det 0a a
a αβ

× ×
= = = >

×
e e e en
e e

 

Their contravariant components ,  ,  a b cαβ αβ αβ  are given by  

,    ,    a a b a a b c a a cαβ α αβ αλ βσ αβ αλ βσ
βλ λ λσ λσδ= = =  

What’s follows that we will frequently used the inverse matrix ( )ˆ ˆ,b cαβ αβ  of ( ),b cαβ αβ :  

ˆ ˆ,    b b c cαβ α αβ α
βλ λ βλ λδ δ= =  

Now, assume that there exists an unique normal vector n  to ( )1 2
0 ,P x x= ∈ℑ  from each point P δ∈Ω  

such that (see Figure 1)  

( )0 ,    0xα ξ ξ δ= + ≤ ≤
 

OP OP n  

where O  is origin. Thereby, point P  is determined by triple numbers ( ),xα ξ . Inversely, a triple numbers 

( )( ), ; ,0x xα αξ ω ξ δ∈ ≤ ≤  can determine uniquely a point P δ∈Ω . Curvilinear coordinate ( )1 2, ,x x ξ  in 3E   

is called semi-geodesic coordinate based on the surface ℑ . Its bases vectors are ( ),αe n  and the metric tensor 
ijg  of 3D Euclidean space 3E  in this semi-geodesic coordinate are given by  

3 3 33,    ,    ,

contravariant components   ,

,

ij i
jk k

g g g g
x x x

g g

αβ α αα β α ξ ξ ξ
δ

ξ

∂Θ ∂Θ ∂Θ ∂Θ ∂Θ ∂Θ
= = = =

∂ ∂ ∂∂ ∂ ∂

=

= + nθΘ

 

Therefore, the metric tensor of 3E  can be expressed by the metric tensor of ℑ  in the semi-geodesic coor- 
dinate system:  

 

 
Figure 1. The diagram of semi-geodesic coor- 
dinate system.                              
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( )( ) ( )( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

( )

2

3 3 33

2

2 2 2 2

3 3 33

2

2 ,

, , 0,    , 1,

, det ,    det ,

ˆ ˆ, 2 ,

, , 0,    , 1,
1 2 ,

1 4 4

ij

x x
g a x b x c x

x x
g x g x g x

g x g a x a a

g x a x Kb x K c x p a q b

g x g x g x
H K

p H

α α

αβ αβ αβ αβα β

α α

αβ

αβ αβ αβ αβ αβ αβ

α α

ξ ξ
ξ ξ

ξ ξ ξ

ξ θ

ξ θ ξ ξ θ ξ ξ

ξ ξ ξ
θ ξ ξ

ξ ξ

− −

∂ + ∂ +
= = − +

∂ ∂
= = =

= = =

= − + = +

= = =
= − +

= − +

n nR R

( ) ( )2 2 2,    2 2 .H K q Hξ ξ ξ ξ














 − = −

        (2.2) 

(see ref. [1]) wherre ,  H K  are mean curvature and Gaussian curvature of ℑ . Throughout this paper, we 
employ semi-geodesic coordinate system ( )3, :x xα ξ=  based on the surface ℑ  (see [1] and Figure 1) (later  
on, denote S -coordinate). The metric tensor of 3E  in this coordinate are denoted by ,  ij

ijg g . It is obvious 

that the determinate ( ) 2det 0ijg g aθ= = >  if ξ  is small enough. Hence coordinate ( ),xα ξ  is nonsingular. 

In addition, we review the main notation. Greek indices and exponents belong to the set { }1,2 , while Latin 
indices and exponents (except when otherwise indicated, as when they are used to index sequences) belong to 
the set { }1,2,3 , and the summation convention with respect to repeated indices and exponents is systematically  
used. Symbols such as α

βδ  or i
jδ  designate the Kronecker’s symbol. The Euclidean scalar product and the the 

exterior product of 3,  E∈a b  are noted ⋅a b  and ×a b ; the Euclidean norm of 3R∈a  is noted a . Fur-  
thermore, the physical or geometric quantities with the asterisk ∗  express the quantities on the manifold ℑ , 
for example, α

∗
∇  is covariant derivative on ℑ . Furthermore, the physical or geometric quantities with the 

asterisk ∗  express the quantities on the manifold ℑ , for example, α

∗
∇  is covariant derivative on ℑ . Further- 

more, the notations ,  αβ
αβε ε  are given contravariant components and covariant components of the permuta- 

tion tensor on ℑ  

( ) ( )

( ) ( )

1 ,  , : odd permutation of 1,2 ,
,

1,     ,  , : even permutation of 1,2 ,
0,

0,   otherwise,

aa
a

aαβ αβ

α β

ε ε α β




 
 = − = − 
 
 



 

There are following relations of the first,second and third fundamental forms (ref. [1]) 

( )2 2

ˆ ˆ2 0,    2 0;
ˆ2 0;

ˆ4 2 0;

Ka Hb c a Hb Kc

Ha b Kb
K H a Hb K c

αβ αβ αβ
αβ αβ αβ

αβ αβ αβ

αβ αβ αβ

 − + = − + =
 − − =
 − + + =

 

The following give the relations of differential operators in the space and on ℑ  (see [1]). For example, under 
the S -coordinate system, the Christoffel symbols of 3E  and ℑ  satisfy  

1 1 3 3 3 3
3 3 3 33 33,    ,    , 0.R I Jγ γ γ α α α

αβαβ αβ β β αβ αβ β βθ θ
∗

− −Γ = Γ + Γ = Γ = Γ = Γ = Γ = Γ =  

and covariant derivatives of the vector field are given by  

( )

( ) ( ) ( )
( ) ( )

31,   ;    ,   on ;
1 1div ;    div ;

;    .

j
j j k

i iki

j i
i i

x
ijk

j k i

u uu u u H u u u T
x x

u u gu u u au
xg a

u u u u u

β
β β λ

αλα α

α α
α

α

αβ
α βε ε

∗∗

∗ ∗

∗ ∗

∂ ∂
∇ = + Γ ∀ ∈ Ω ∇ = +Γ ∀ ℑ

∂ ∂
∂ ∂

= ∇ = = ∇ =
∂∂

= ∇× = ∇ = ∇rot e rot

 



J. Su et al. 
 

 
52 

where j
i iju g u=  is covariant component of vector u . The strain tensor of vector field in 3ℜ  and on ℑ  are 

given by respectively  

( ) ( ) ( )

( ) ( )

1 1 ;
2 2
1 1 ;
2 2

k k l
ij i j j i i jl j il ke u u u g g u

e u u u a a uλ λ σ
αβ α β λβ α α βσ β ασ

δ δ

δ δ
∗ ∗ ∗ ∗

= ∇ +∇ = + ∇

 = ∇ +∇ = + ∇ 
 

 

Of course, ( ) ( )div ij
iju g e u= ; ( ) ( )div .u a e uαβ

αβ

∗ ∗
=  Under the S -coordinate system there are following 

formula for the covariant derivatives of the vectors in the space ℜ  and on the ℑ  (ref. [1]) 

( )

( ) ( )

3
1 3 3

3
1 3

3 3

3
1 3 3 2

2

,    ,

,    ,

div div 2 2 2 ,

,    ,

ˆ

uu u I u R u u J u
x

u uu I u u

uu u Hu Ku u H u K

I b K J b c

R b Kb b b

β β β β λ β
αα α αλ α αβα

β
β β α

α

λ λ
λ λ

α α α
β β β αβ αβ αβ

α α α µ α
σ σ σβσ β µ β β

θ

θ
ξ ξ

θ ξ ξ
ξ

ξδ ξ

ξ ξ ξ

∗
−

−

∗
−

∗ ∗ ∗

∂
∇ = ∇ + + ∇ = +

∂
∂ ∂

∇ = + ∇ =
∂ ∂

∂  = + + − + − ∇ + ∇ ∂
= − + = −

= −∇ + ∇ = −∇ ( ) 22 .H b bα α µ
σµ µ βδ ξ

∗












 + − ∇

                   (2.3) 

The strain tensors of the vectors in ℜ  and on ℑ  can be expressed as  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

1 2
2

1 2
3 2

3 33 3

3
3

33 3

1 ;
2
1 ;
2

;

e u u u u u u

ue u g u u u u

ue u u

αβ αβαβ α β β α αβ

β

α α αα αβ α

γ γ ξ γ ξ

γ γ ξ γ ξ
ξ

ξ

∗


= ∇ +∇ = + +


  ∂ = +∇ = + +  ∂ 
 ∂ = ∇ =

∂

                      (2.4) 

where 

( ) ( )

( )

( )

( ) ( )

( ) ( )

( ) ( ) ( )

3

1
3

2

3
3 3

1 2

3 3

3 1 2

33 3333

,

;

1 ;
2

1 ,
2

1,    ,
2

,    0

e b u

b u b u c u b u

c u c u c u

ua u

u ub c

u

αβαβ αβ

λ λ
β α λαβ αλ βλ λ αβ αβ

λ λ λ
β α λαβ αλ βλ αβ

β

αα α αβ

β β

α ααβ αβ

γ

γ

γ

γ γ
ξ

γ γ
ξ ξ

γ γ γ
ξ

∗

∗ ∗ ∗

∗ ∗ ∗

∗

= −

 = − ∇ + ∇ + −∇ 
 
 = ∇ + ∇ +∇ 
 

 ∂
= = +∇ ∂ 

∂ ∂
= − =

∂ ∂

∂
= = =
∂

u u

u

u

u u

u u

u u u

( ) ( )

.

.a aαβ αν βσ
νσγ γ





















= u u

                         (2.5) 

In the semi-geodesic coordinate system (see next section), define the bilinear form ( ),a ⋅ ⋅  and trilinear form 

( ), ,b ⋅ ⋅ ⋅   
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( )

( ) ( ) ( ) ( ) ( )

( )

( ) ( )
1

, d d ,

or
, 2 d d 2 d ,

; , d ,

, , , , , ,

ij m k
km i j

ij ik jm
ij km ij

D

j i k
j ik

a V g g u v g x

a e e g x g g e e a x

b u u v u u g v g x

δ δ

δ

δ

µ µ

µ ξ µ θ

Ω Ω

Ω

Ω

Γ

 = ∇ ∇ = ∇ ∇



 = =



= ∇

 = + ⋅ = +


∫ ∫

∫ ∫

∫

u v u v

u v u v u v

F v f v n v f v h vσ

                 (2.6) 

Then, the primitive variable variational formulation for Navier-Stokes Equations (2.1') is given by  
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

Find ,  such that

, , , ,div , ,    ,

,div 0,    ,

p V M

a b p V

q q M

∈ Ω × Ω


+ − = ∀ ∈ Ω
 = ∀ ∈ Ω

u

v v u u v v F v v

u

                        (2.7) 

while the Navier-Stokes Equations (2.7) in semi-geodesic coordinate system are expressed as  

( )

( )

( )

2 3
1 3

2

1 3 1

2 3 3 3
1 1 3

2

3

4

    2 ,

1 12 2 div
2 2

    

u u u uI g u g p u u

I u u R u u f

u u u p uH K g g g R u

u

α γ α
α αβ α αβ β α

β β βγ

α β α β σ α
β βσ

β
λσ µ

λ βσ βµ λσ

β

µ θ
ξ ξ ξξ

θ θ

µ θ ξ
ξ ξ ξ ξ ξξ

∗ ∗ ∗
−

− −

∗ ∗
− −

 ∂ ∂ ∂ ∂
− + + ∇ + + + ∇ + ∇ ∂ ∂ ∂∂ 

+ + =

 ∂ ∂ ∂ ∂ ∂ ∂ − − − + + ∇ − Θ + +   ∂ ∂ ∂ ∂ ∂∂   

+ + ∇

u

u

u



 3 3

3
1 3 3 2

,

div div 2 2 0,

u J u u f

u Hu Ku u H u K

β σ
β βσ

β β
β βθ ξ ξ

ξ

∗

∗ ∗ ∗
−












+ =


∂    = + − + − ∇ + ∇ =   ∂   
u u

     (2.8) 

( ) ( ) ( )

( ) ( )

2
1 1 3

0

2
3 3 1 1 3

0

: 2 2 ,

1 12 ,
2 2

k k
v k

k

k
k

k

g g R g I u

g u g I g R u

α αβ λσ αβ σ
λ σβσ βσλβ β

λσ λσ β λσ β
λ σ ββσλ λσ

µ γ γ ξ θ

µ θ γ ξ θ

∗ ∗
− −

=

∗ ∗ ∗
− −

=

   = − ∇ − Θ + ∇      


  = − ∇ ∇ − − ∇   

∑

∑

u u u

u u





          (2.9) 

3. Boundary Layer Equations  
Assume that ℑ  is a two dimensional manifold parameterized by ( )x . In the neighborhood of the orientate 
surface ℑ  let define a surface ( )δℑ :  

( ) ( ) ( ) ( ){ }2, ,   is unit outward normal vector to x x x x Dδδ δℑ = = + ∀ ∈ ⊂ ℑn E nR R  

It is obvious that ( )δℑ  ia a geodesic parallel surface of ℑ  and the geodesic distance each other is equal to 
δ  where δ  is a small constant.In this paper we only consider exterior flow around a body occupied by Ω  
with a two dimensional manifold ℑ = ∂Ω  without boundary. The boundary layer domain  

( ) ( ){ } ( )3,  0 ,    bounded by x x x Dδ ξ ξ δ δΩ = = + ≤ ≤ ∀ ∈ ⊂ ℑ∪ℑR n ER  

Domain δΩ  is called the “stream layer”. 
Assumption AI assume that the solutions ( ), pu  of Navier-Stokes Equation (2.7) in boundary layer δΩ  in 

semi-geodesic coordinate system and right term f  can be made Taylor expansion with respect to the 
transverse variable 0 ξ δ≤ ≤   

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2
1 2

2
0 1 2

2
0 1 2

, ,

, ,

, ,

x x x

p x p x p x p x

x x x x

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

 = + +
 = + + +


= + + +







u u u

f f f f

                          (3.1) 
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In same time, the test vector also can be made Taylor expansion  

( ) ( ) ( ) ( ) ( )2 2
1 2 0 1 2,    x x q q x q x q xξ ξ ξ ξ= + + = + + + v v v  

Theorem 1 In a boundary layer domain δΩ  with non-slip boundary condition 0 0=u , if the Assumption 
AI (3.1) is satisfied, then nine unknown of ( )1 2 0 1 2, , , ,p p pu u  satisfy following a system of three partial dif- 
ferential equations which are called boundary layer equations I (BLE I): 

( )

( )
( )

3 3 4

1 1 1 1 1 1 1 1 1

3

0 2

3
3

0 1 1

1 0

div div
3 3 4

2    ,
3

, 0,
3
, satisfies periodic boundary condition.

p

D

u a Ku a u a p u u u

H a p

p M F u

p

α αλ α αβ σ αβ λ α α
λ β λβσ

αβ α
β

µδ δ δη

δ

δ

∗ ∗ ∗ ∗ ∗ ∗

∗

∗

∂

    − ∆ + ∇ + + − ∇ + ∇ −      
 + ∇ =


− ∆ + = =



u u

u

u

u

F     (3.2) 

and five algebraic equations  

( )

( )

3 3
2

2 1 0

3
2 1

3 2 3 4 3 2 3

2 1 1 0 1 1 0 1 1

2 3
1

1 3

3 2 3 3

1 0

2 ,
3 3

2 div 0,

4 2 2div
3 2 3 4 3 2 2 3

2 7    div ,
2 3

2 3 92
3 2 3 2 3

u a F a q u a p

u

H Hp p p b u u

H F

Hp p

α αβ αβ σ αβ
ββ βσ

α β
αβ

µδ δ

δ δ δ δ µδ µ δ δκ β

δ δµ

δ δ δ µδ

∗

∗

∗

∗

= − + ∇

+ =

    
+ − + + − − +         
 

− + = 
 

 
+ − + 

 

u

u u

u

2
1 3div ,F

∗















=


u

   (3.3) 

Associated variational formulations with (3.2) is given by  

( ) ( ) ( ) ( ) ( )

( )( ) ( )

( ) ( )( ) ( ) ( )

3 4

1 0 1 1 1 1 1 1 1 1 1

3 3

1 1 0 1 2 1

3

0 1

Find ,  such that , , div ,
3 4

2,div , , ,    ,
3 3

, , , ,    ,
3 p

p V D M D a u v a u u u v

Hp p v a v V D

p q M q F q q M D

α β λ α α β
λαβ αβ

β α β
β αβ

δ δη

δ δ

δ

∗ ∗

∗ ∗

   ∈ × + + ∇ −     
   + + ∇ = ∀ ∈   

   


∇ ∇ + = ∀ ∈


u u v u

v u v

u

F  (3.4) 

where the bilinear forms defined by  

( ) ( ) ( )0, : ,a a e eαβλσ
αλ αλ

∗ ∗ =  
 

u v u v                                 (3.5) 

( ), da x
ℑ

⋅ ⋅ = ⋅×⋅∫  

and  

( ) ( )

( )

2 3 2 2 3 3

2 3 3
2

1 1 1 1

2 3 3

2

2 6 2 4 4, ,
2 2 3 2 2 2 3 3

12 2div 10 div , ,
2 2 3 3

4 4
2 2 3 3

p

H H Ha b q a b

HM H b u F a F

Ha a b

αβ αβ αβ αβ αβ αβ

α β αβ
α αβ β

α αβ
αβ αβ

µ δ δ δ µ δ δ δη δ

µ δ δ µδµ

µ δ δ δ

∗ ∗ ∗ ∗

        
= − + − = − −        

           
 

= + − − ∇ = ∇ 
 

 
= − + + 

 

u u u

uF
3

3 1
2 2 ,

2 3
u u a Fα αβ

β β
µ δ ∗








   + ∇ +     

       (3.6) 
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where  
2 33

1 2 20 01 ,    
2 3 3
δ δδ

δ δ= + + = +
f ffF h F h  

h  is normal stress tensor at tΓ  (top boundary of boundary layer), 1f  are defined by (3.1). 
Next, let consider interface equation. In this case ℑ  is a flexible surface (slip and passing through 

conditions). 
Assumption AII Assume that the solutions ( ), pu  of Navier-Stokes Equation (2.1) in stream layer  

( ) ( )1 2
1 1,  ,  
2 2

x x x Dξ ξ±
 Ω = = + − ≤ ≤ ∈ 
 

R nR  in semi-geodesic coordinate system based on ℑ  and right 

term f  can be made Taylor expansion with respect to the transverse variable ξ   

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2
0 1 2

2
0 1 2

2
0 1 2

, ,

, ,

, ,

x x x x

p x p x p x p x

x x x x

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

 = + + +
 = + + +


= + + +







u u u u

f f f f

                       (3.7) 

Theorem 2 Assume that the Assumption II is satisfied. Then six unknown of ( ), , 0,1, 2k kp k =u  in (3.7) 
satisfy following system of the nonlinear partial differential equations which are called stream layer equations 
II (abbreviation SLE II) (interface equations):  

( )

3 3 3 0
0 0 0 0 0 0 0 1 0 0

3 2 3 3 0
0 0 0 0 0 0 0 0 1 3

3
0 0 1

div 4 2 ,

2 2 4 2 2 2 div ,

div 2

u a Ku a Hu b u u u u u a p a F

u H K u u u b u u H p b u F

Hu u

α αλ α αλ αβ λ β β αβ αβ
λ λ β λ α α

λ λ σ α β
λ αλσ β

µδ δ δ

µδ µδ δ δ µδ µδ

∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗

    − ∆ + ∇ + + ∇ + ∇ + ∇ + − ∇ =        
 − ∆ + − + ∇ + − − ∇ − =  

− +

u

u

u 3 0,









=


(3.8) 

( )

2 2 2 2
3

1 1 0 0 0

2 2
3 3 3 3 1
0 0 0 0 0 1 0 0 0

2 2 2

1 0 0 0

div
2 2 2 2

4 2 2 ,
2 2

4
2 2 2

H b u a u u a Ku

a Hu b u a p u u u u b u u a F

Hp p

α α β αβ α αλ α
β λβ β

αλ αβ αβ λ α α α β αβ
λ β β λ β β

δ δ µδ µδµ δ δ

δ δ

δ δ µδδ β

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

    − − + ∇ − ∆ + ∇ +         

  + ∇ + ∇ + ∇ + ∇ + − =   
 

− − − − − 
 

u

u

( )

2 2
3 3 1
0 0 0 0 0 3

3 3
1 0 0 1

,
2 2

div 2 2 4 0,

u u u b u u F

H Ku Hu

λ α β
λ αβ

µδ δ∗ ∗

∗








   ∆ + ∇ + = 

 

 − + − = u u

       (3.9) 

The right terms  

( )

( )

0 0 3 3 1 1 3
3 3

3
111 0
22

3 3 3
10 1 1 0 0

12
2

,    ,    ,    ,

,    ,

2 ,    ,

t b t b t t

b b

t t

F a h h F h h F a h F h

h u h p

h p u h u a u b u

α α α
β αβ β αβ

α α
δδ

α α αβ α β
β βδ

δ

δ δ

µ

µ µ

   ℑ −ℑ −      

∗

 ℑ    ℑ   
 



 = − = − = =


= = −

   = − + = + ∇ −   


                      (3.10) 

In particular, for flexible (slip condition 0 0u ≠ ) boundary surface ℑ , neglect hight order terms and keep 
one order term of δ , then (3.3) (3.4) and (3.5) become 

The Proof of Theorems 1 and 2 is neglected. 
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4. The Existence of the Solution  
In this section we prove the existence of the weak solution of (3.2). To do that we consider variational 
formulation of (3.2). Let ( ) ( ) ( )1 1

p pV H D H Dℑ = ×  where ( )1
pH D  is a sobolev space of 1-order with perio-  

dic boundary condition. Since ([14], Th.1.8.6) we claim  

( )1 1 1 1
1 div
2

u a Ku eα αλ α αβ
λ β

∗∗ ∗ ∗ ∗ ∆ + ∇ − = ∇  
u u  

where  

( )1 1 1
1
2

e a u a uαβ αλ β βλ α
λ λ

∗ ∗ ∗ = ∇ + ∇ 
 

u  

Let define bilinear form: ( ),  u v V∀ ∈ ℑ ,  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

3 3

3

0 1 1

3 3
2

0

0 0 0

, , , ,
32 32

           , , ,
3

, , , ,     ,  ,
3 3

, , , ,     

a e e a a e e Q u v

a e e Q u v

a p q p q a p q p q L D

U V a a p q U

αβ αλ βσ α β
λσ αβαβ αβ

αβλσ α β
λσ αβ αβ

αβ
α β

δ δµ µ

δ

δ δ

α β

∗ ∗ ∗ ∗

∗ ∗

∗ ∗ ∗ ∗

   = = +   
  

 = + 
 
   = ∇ ∇ = ∇ ∇ ∀ ∈   
   

= + ∀

u v u v u v

u v

u vL ( ) ( )2,  ,V V D L D










 ∈ ×

       (4.1) 

where ( )0 0,α β  are two positive constants and ( ) ( ), ,  ,U p V q= =u v  and  

( ) { }, . d
D

a x⋅ ⋅ = ⋅ ⋅∫  

Then corresponding variational formulation for (3.2) is given by  

( ) ( ) ( )
( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )

2
1 0

2
0 1 1 0 0 0 0 1

Find , 1,2,  such that

, , , , , , ,    ,

U u p V D L D

U V p v M q F V V V D L D

α

β
β

α

α α β

 = = ∈ ×


+ + + = ∀ ∈ × u u v uL B D
 (4.2) 

where  

( )

( ) ( ) ( )

( )

( )

( )

4

1 1 1 1 1 1

4

1 1 1 1 1 1 1 1 1 1

4

3 1 1 1 1

3

0 0 0

3 3
1 2

0 1

1, , div ,
4 2

1, div ,    , , ,
4 2

, ,
4

4 ,
3

, ,
4 3 3

a u u u v

B a u u u B a B

B b u u

p d p Hp

F V F F p v

λ α α β
λαβ

λ α α α αβ
λβ αβ β

λ σ
λσ

α
α ββ β

α
β α

αβ α

δ

δ

δ

δ

η µδ δα

∗ ∗

∗ ∗

∗ ∗

∗

  = ∇ −  
  

 = ∇ − = 
 

=

= ∇ − ∇

 
= − − ∇

 

u u v u

u u u u u u u

u u

B

D

2
0 , .a F qαβ

α ββ
∗














  + ∇    

        (4.3) 

Lemma 1 Assume that the metric tensor and curvature tensor of ℑ  satisfy ( )1a C Dαβ ∈  and ( )1b Cαβ ∈ D  

respectively. Then viscosity tensor of ℑ  a aαβ
λσµ  and metric tensor aαβ  are positive definition, i.e. for any 

symmetric matrix ( )tλα , there exists two constants ( ),Dλ∗ ℑ , 0λ  independent of ( )tλα  such that  
2

,

2 2
0 0

2 ,

,      ,

a a t t t

a t t t a t t t

αβ λ σ λ
λσ α β α

α λ

αβ α β
α β α αβ α

α α

µ µλ

λ λ

∗≥

≥ ≥

∑

∑ ∑
                           (4.4) 
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Therefore,  

( )

( )

2 2

, 0, 1,

3 3

0 2 2
0 1,

0,

, : , 2 : 2 ,

, .
33

D D

D

D

a a a u u u

a p p
pp

αβ λ β β
α β αλσ

α β
µλ µλ

δ δ
λ

∗ ∗ ∗ ∗

∗ ∗ ∗

∗

 = ∇ ∇ ≥ ∇ = ∇ 
 

≥ ≥

∇

∑u u u

              (4.5) 

Furthermore, If ( )1,  H K C D∈  and the thickness δ  of boundary domain small enough, then bilinear form 

( ),Q u vα β
αβ  is positive  

( ) ( )0,, 2 ,      DQ u u V Dα β
αβ µδ≥ ∀ ∈u u                           (4.6) 

Proof The proof of (4.4) can be found in ([1] [4]). It remain to prove (4.6). By virtue of the positive definition 
of metric tensor aαβ  and assumption of lemma and using Hoelder inequality, we assert that  

( ) ( ) ( )

( )

2 3 2 3
2

1 1 1 1 1 1

2 2 2 22 2
0 1 1 1 1 10, 0, 0, 0,

3 11, 2 , 4 2 ,
8 2 2 3 2 3

1                   2 2 2 , if ,
8 8 8D D D D

H HQ u u a u u K H a b u u

C C V D C

α β α β α β
αβ αβ αβ αβ

δ δ δ δ δµ

δ δµ λ δ µ δ µδ δ

      
= + + − + −               

   ≥ − = − ≥ ∀ ∈ ≤     
u u u u u

 

where C  is a constant independent of 1u  depending ( ) 0, ,  H K λ . The proof is complete. #  
Lemma 2 Assume that the two-dimensional manifold ℑ  is smooth enough such that the metric tensor aαβ  

of ℑ  and curvature tensor bαβ  satisfy ( )1,  a b C Dαβ αβ ∈ . Then the bilinear forms ( ) ( )1, ,  ,a U Vu v L  

defined by (4.1): ( ) ( ) ( )1 1: pD D H D= × ⇒ℜW H  is symmetric, continuous  

( ) ( ) ( ) ( ) ( )
( )

( ) ( )

1, 1,

3
0

0 1 01, 1, 1,1,

, , ,    , , ,    , ,

, ,

, 2 ,    , ,
3

D D

D D DD

a a U V V U U V D

a C

U V C C p q U V D

δ

β δ
α µδ


 = = ∀ ∈
 ≤

 ≤ + ∀ ∈

u v v u W

u v u v

u v W

L L

L

             (4.7) 

where ( ) ( ){ }1 1 , satisfying . . . .pH D u H D u P B CΓ= ∈  Furthermore if δ  is smaller enough such that  

1 1min ,
8C

δ
λ∗

  ≤  
  

                                    (4.8) 

then they are also coercive respectively  

( )

( ) ( )

3
2 2

1 1 1 11, 0,

3 3
22 2

0 1 1 0 0 01, 0, 1,

, 2 ,
3

, 2 ,     
3 3

D D

D D D

a C

U U C p U D

δµ δ

δ δµα δ β λ

  
≥ +  

  


  ≥ + + ∀ ∈   

u u u u

u u WL

            (4.9) 

where C  is a constant independent of ,  U V  having different meaning at different place and  

( ) ( )
2 222 2 2

0 1 0 0 0 0 1 01, 1, 1,1,
,   ,   , ,   : ,D D DDU p V q U p V qα β α β= + = + ∀ = =u v u v  

Proof Indeed it is enough to prove the coerciveness (4.8) since the continuous and symmetric are obvious by 
Hoelder inequality. Since Lemma 1,  
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( ) ( ) ( ) ( ) ( )

( ) ( )

23 3

1 1 1 1 1 1 1 1 0,
, 0,

23 3
22

0 1 1 0 0 00, 1,
, 0,

2 2, , , 2 ,
3 3

2, 2 ,
3 3

D
D

D D
D

a a a e e Q u u e

U U e p

αλ βσ α β
λσ αβ αβαβ

α β

αβ
α β

µδ µδ λ µδ

µδ δα λ µδ β λ

∗ ∗ ∗

∗

∗

∗

 = + ≥ + 
 

 
≥ + + 

  

∑

∑

u u u u u u

u uL

 

In view of Korn inequality on Riemann manifold (see [4] Th.1.7.9 )  

( ) ( )
2 2 2 2

2 2
1 1 1 1 1 10, 0,

0, 0, 0, 0,

1, ,D D
D D D D

C e e
C

αβ αβ
αβ αβ

∗ ∗ ∗ ∗ 
∇ ≤ + ≥ ∇ −  

 
∑ ∑u u u u u u  

we assert that  

( ) ( )

( )

3 3
2 2 2 22

1 1 1 1 1 11, 0, 1, 0,

3 3
22 2

0 1 0 1 0 0 01, 0, 1,

2 2, 2 1 2 ,
3 3

2, 2 ,
3 3

D D D D

D D D

a C C

U U C p

µδ µδµδ δ λ µδ

µδ δα α µδ β λ

∗≥ + − ≥ +

≥ + + +

u u u u u u

u uL

       (4.10) 

if δ  satisfies ( ) 12 .δ λ −
∗≤  To sum up, we conclude our proof. #  

Next we consider variational problem (4.2) corresponding to boundary layer Equation (3.4). Let  

( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( )

0 1 1 0 0 0 1

2

, , , , , , ,

, ,

A U V U V p v M q

U V W D V D L D

β
βα β = + + + 

∀ ∈ = ×

u u v uL B D
              (4.11) 

Lemma 3 Assume that the manifold ℑ  satisfies that ( )1,  ,  ,  a b H K C Dαβ αβ ∈  such that there exists a 

constant 0Cδ >   

{ }max , , , ,a a b K H Cαβ
αβ αβ δ≤  

The thickness δ  of the boundary layer is small enough. Then bilinear form  

( ) ( ) ( ) ( )1 1, : : p pA D D H D⋅ ⋅ = × ⇒ℜW H  defined by (4.11) is continuous:  

( ) ( )
( )

3
2 2

0 1 1 0 0 1 11, 1, 0, 1,1,1, 0,
, 2 v ,

3

                                , ,

D D D DDD D
A U W C p q

U W D

δµα δ δ β δ δ
   

≤ + + + +        
∀ ∈

u u u u

W

  (4.12) 

where 1 01, 1,1,
: D DD

U u p= +  and also satisfies following inequality 

( ) ( )( ) ( )( )

( ) ( ) ( )

3
22 23

0 0 1 0 0 1 0 1 0 1 0 0 01, 0, 1,

3
22 23 3

1 1 0 1 1 0 0 00, 1, 1, 0, 1,

1, , , ,
4 3

1, 1 1 ,
4 3

D D D

D D D D D

U U p u M p p

A U U C C p

β
β

δα β µδ µα δ β λ

δµδ δ µα δ δ β λ


+ + ≥ + +


 ≥ − + − +

u u u

u u u u

L D
  (4.13) 

where δ  is small enough and parameters ( )0 0,α β  satisfy  

( ) ( ) ( )
0 0 0

0 0 0 0 0 0

0
0 0 0

0 0

33 1 1 1 1min , , min , , , , ,
4 3 4 2 8 2 8 8

2 1 3 ,
3 2

C C C C C Cδ δ δ δ

β α µβ λ µ λ
δ

α µβ α µβ α µβ µλ

λ
β α α

µλ µ λ

∗ ∗

∗

     ≤ ∩   
+ + +      

   
≤ ≤ ∩ ≤   

   

  (4.14) 

Proof It is easy to verify (4.12) by applying Hoelder inequality and Poincare inequality. It remains to prove 
(4.13). At the first, we recall that the assumptions of the lemma shows  
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{ }
, ,

, , , ,sup
D

H K H a b Cαβ αβ δ
α β

∇ ≤  

Taking (4.8) into account, from (4.10) it infers  

( ) ( ) ( ) ( )( ) ( )( )0 1 1 0 0 0 1, : , , , , ,A U U U U p v M qβ
βα β ≥ − − − u u v uL B D               (4.15) 

(1) Since Lemma 1 and (4.3) we have 

( )( ) ( ) ( )

( )( )

3 3 2 3
1

0 1 0 0 1 0 1 0 1

2 3 3

1 1 0 1 0 1 1 0

4 4 3, , ,div ,
3 3 2 2 3

4 4, 2 div , 3 , ,
2 3 3

p u d p Hp u Hp H b p u

HM p p b u u H p

β α β α α α β
α β αβ β β β β

α β β
α ββ

δ δ δ δδ δ

δ δ µδµ

∗ ∗ ∗ ∗

∗ ∗ ∗

     = ∇ − ∇ = + + − ∇            
    = − + ∇ + ∇         

u

u u

D

 

Moreover, using Godazzi formula b bα ββσ ασ

∗ ∗
∇ = ∇ , we obtain  

( ) ( )

( )
1 1 1 1 1

3 3

1 1 0 1 1 0

3 3

1 0 1

2 ,

4 43 , ,
3 3

4 4                                                     ,
3 3

b u b u u b b u Hu H

b u u H p b u u H p

b u p u

α β α β β α α β β
α α α α ββ β β β

α β β α β β
α β α ββ β

α β
αβ

µδ µδ

µδ µδ

∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗

∇ = ∇ − ∇ = ∇ − ∇

   ∇ + ∇ = ∇ + ∇   
   

 = − ∇ + 
 

0, ,H pβ
β

∗ ∇ 
 

 

Therefore  

( )( ) ( )( ) ( )

( )( )

2 3
1 0

0 0 1 0 1 1 0 0 0 0 1

2 33
0 0

0 0 0 0 1 0 1

2 4, , 2 ,div
2 3

43       4 , , ,
2 2 3 3

I p u M p H p

H b p u Hp u

β
β

α α α β β
α ββ β β

µβ δ δα β α µβ

α δ µβ δδδ α δ α µβ

∗

∗ ∗

  
= + = + −     

    
+ + + + ∇ + ∇         

u uD

 

Thanks to  

1 1 1div lnu auβ β
β β

∗
= ∂ + ∂u  

( )

( )( )

( )

2 3
0

0 0 0 1

2 3
0

0 0 0 0 1

2 3
0

0 0 0 0 1

1 2 3

2 4 2 ,
2 3

3      4 ,
2 2 3

2 4      2 ln ,
2 3

  ,

I H p u

H b p u

H a H p u

I I I

β
β

α α α β
αβ β β

β
ββ

µβ δ δ α µβ

α δ δδ α δ α µβ

µβ δ δ α µβ µβ

∗

∗

  
= + − ∂     

  
+ + + + ∇     
   

+ + − ∂ + ∇        
= + +

             (4.16) 

We assert that  

( ) ( )

( ) ( )

0 0 0 02 2
1 0 0 1 0 0 1 1,1,

0 0

2
0 0 1 1,1,

0 0 0 0

0 0

2 24 41 , 1
3 3

   2 ,

2 24 41 1 2.
3 3

DD

DD

H H
I p u C p

C p

H C

β
β

δ

α µβ α µβ
µβ δ δ µβ δ δ

µβ µβ

µβ δ

α µβ α µβ
δ δ

µβ µβ

  − −
= + ∂ ≤ +      
≤

− +
+ ≤ + ≤

u

u  

Second inequality shows  
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( )
0

0 0

3
4 2 Cδ

µβ
δ

α µβ
≤

+
                                   (4.17) 

Using Young inequality  

2 21
4

ab b aε
ε

≤ +  

we have  
3

2 22 20
1 0 0 0 1 1,1,

0

1 12
4 3 DDI p C u

βδ β λ µ δ
λ

≤ +                          (4.18) 

By similar manner, 

( )( )

( )

( )

2
2 0 0 0 0 0 1

0

2
0 0 0 0 1 0,1,

0

23
2 22 0

0 0 1 0 0 0 10, 0,1, 1,
0 0

0

0 0

3 4 4 ,
4 9

3 4    1 4
4 9

1    ,
4 3

3if   ,
4 4

DD

D DD D

I H b p u

C p

p p

C

α α α β
αβ β β

δ

δ

α δ δ δ α δ α µβ
α

α δ δ α µβ
α

αδα δ β λ
λ β

α
δ

α µβ

∗   
= + + + ∇       


  ≤ + +   


≤ ≤ +




≤
+

u

u u

                (4.19) 

( )

( )

( )

2 3
0

3 0 0 0 0 1

2
0 0 0 0 0 1

0

2 2
0 0 0 0 1 0 0 10, 0,1, 1,

0
3

2 0
0 0 0 1,

2 4 2 ln ,
2 3

4   1 2 ln ,
3
4   1 3 2
3

1   4
4 3

D DD D

D

I H a H p u

H a H p u

C p p

p

β
ββ

β
ββ

δ

µβ δ δ α µβ µβ

µβ δ δ α µβ µβ
β
δµβ δ α µβ µβ δ
β

βδ β λ µ
λ

∗

∗

   = + − ∂ + ∇       
  = + − ∂ + ∇  

  
 

≤ + + ≤ 
 

≤ +

u u

( )

2
1 0,

0

0

0 0

,

3if   ,
4 3

Du

Cδ

β
δ

α µβ
















≤ +

            (4.20) 

Substituting (4.18-4.20) into (4.16) leads to  

( ) ( ) ( )

2 23
2 2 22 20 0 0

0 0 0 1 11, 0,1,
0 0 0

0 0 0

0 0 0 0 0 0

3 12 ,
4 3

3if   min , , ,
4 3 4 2

D DDI p C u

Cδ

β α µβδ β λ µ δ δ
λ λ β

β α µβ
δ

α µβ α µβ α µβ

 +
≤ + +


    ≤   + + +  

u

                (4.21) 

Taking (4.9) into account, it yield  

( )

( ) ( ) ( )

2 2 3
22 22 0 0 0

1 0 1 0 0 01, 0, 1,
0 0 0 0 0

0 0 0

0 0 0 0 0 0

1, 2 2 1 ,
2 4 3

3 1 1if   min , , ,     min , ,
4 3 4 2 8

D D DU U I C p

C Cδ

β α µβ δµδ δ µ µα δ β λ
λ α µλ β α

β α µβ
δ δ

α µβ α µβ α µβ λ∗

    +
+ ≥ − + − +   

   
       ≤ ≤    + + +      

u uL

   (4.22) 

If  
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2
0 0 0

0 0 0 0 0

1,     
2 2 2

Cµβ α µβδ
λ α µλ α β

+
≤ ≤                                (4.23) 

Then  

( )

( ) ( ) ( )

3
22 23

1 0 1 0 0 01, 0, 1,

0 0 0

0 0 0 0 0 0

1, ,
4 3

3 1 1if   min , , ,     min , ,
4 3 4 2 8

D D DU U I p

C Cδ

δµδ µα δ β λ

β α µβ
δ δ

α µβ α µβ α µβ λ∗


+ ≥ + +


       ≤ ≤    + + +      

u uL

          (4.24) 

It is easy to verify that (4.23) is satisfied if the parameters ( )0 0,α β  in the definition (4.1) are held  

0
0 0 0

0 0

2 1 3,     
3 2

λ
β α α

µλ µ λ
≤ ≤ ≤                                 (4.25) 

Next we consider trilinear form. Taking into account of  

1 1 1 1 1,     div lnu u u u auα α α σ α α
λσλ λ α α

∗∗ ∗
∇ = ∂ + Γ = ∂ + ∂u  

we claim that  

( )

( ) ( )

4

1 1 1 1 1 1 1 1

4 4
2

1 1 1 1 1 1 1 1 1 11, 0, 0,4,

, , div ,
4

, ln , ,
4 4 D D D

u u u a u

u u u u a u a u u a u C

α λ α β
λ αβ

λ α α λ β α α σ λ β
λσλ λ αβ λ σ αβ

δ

δ δδ

∗ ∗

∗

 = ∇ − 
 

   
≤ ∂ − ∂ + Γ − ∂ ≤ +   

    

u u u u

u u u

B

 

By Ladyzhenskya inequality (Temam [11])  
4 2 2 2 2

1 1 1 1 10,4, 0, 0, 0, 1,2 2D D D D D≤ ∇ =u u u u u                     (4.26) 

it infers that  

( ) ( )
4

2 2
1 1 1 1 1 1 11, 0, 0, 1,, , |

4 D D D D

Cδ
≤ +u u u u u u uB                (4.27) 

Combing (4.15) (4.24) and (4.27), we obtain  

( ) ( ) ( )
3

22 23 3
1 1 0 1 1 0 0 00, 1, 1, 0, 1,

1, 1 1
4 3D D D D DA U U C C pδµδ δ µα δ δ β λ≥ − + − +u u u u     (4.28) 

This complete our proof. #  
Theorem 3 Assume that the hypotheses in Lemma 3 are satisfied and the mapping  

( ) ( )1 1 1, ,    V D→ ∀ ∈u u u v vB  

is sequentially weakly continuous in ( )V D   

( ) ( ) ( ) ( )1 1 1weak limit  in  implies limit , , , , ,    m m mm m
V D B B V D∗ ∗ ∗→∞ →∞

= = ∀ ∈u u u u v u u v v  

Then there exists at least one solution ( )1 0,U p= u  of (4.2) satisfying  

1 01, 1,

3
3 0 0

0

, : ,

1 1 1max , , ,
2 2 4 3

D Dp
M

M

ρ ρ

β λ δ
µδ µα δ

∗+ ≤ =

  =  
  

F
u

                             (4.29) 

where δ  is the thickness of boundary layer, 8,  ,  kC λ λ  are constants defined in the followings. 
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Proof We begin with constructing a sequence of approximate solutions by Galerkin’s method. Since the space 
( ) ( )D D=Y W  is a separable Hilbert space, there exist sequence ( ), 1i iΦ ≥  in ( )DY  such that: 1) for all 
1i ≥ , the elements 1 2, ,Φ Φ   are linearly independent; 2) the finite linear combinations of the iΦ  are dense 

in ( )DY . Such sequence ( ), 1i iΦ ≥  are called a basis of the separable space. Denote by ( )m DY  the 
subspace of ( )DY  spanned by finite sequence 1 2, , , mΦ Φ Φ . Then we solve an approximate problem of 
(4.2)  

( )
( ) ( ) ( ) ( )

1 0Find : ( , )  such that

, , ,    , ,
m m m m

m m m

U p D

A U W W W q D

= ∈


= ∀ = ∈

u Y

F v Y
                          (4.30) 

Setting  

1

m

m i i
i

U C
=

= Φ∑  

Problem (4.30) is equivalent to a system of nonlinear equations with m unknowns iC . For each m  problem 
(4.30) has at least one solution. In fact, when defining a mapping ( ) ( ):m m mD D→Y YM  by  

( )( ) ( ) ( ), , , ,    1m m i m i iU A U i mΦ = Φ − Φ ≤ ≤FM  

where ),( ⋅⋅  is the scalar product in ( )DY , ( )m mU D∈Y  is a solution of problem (4.30) if only if 

( ) 0m mU =M  Since  

( )( ) ( ) ( ) ( ), , , ,     m mU U A U U U U D= − ∀ ∈F YM  

it follows from (4.28) 

( )( ) ( ) ( ) ( )
3

22 23 3
1 1 0 1 1 0 0 00, 1, 1, 0, 1,

1, 1 1 ,
4 3m D D D D DU U C C p F Wδµδ δ µα δ δ β λ≥ − + − + −u u u uM  

Let 2 22 2
1 1 0 01, 0, 1, 0,

,  ,  ,  D D D Dp pρ ρ ρ ρ≤ ≤ ≤ ≤u u  Furthermore, assume that  

1 3
31 1 11 ,  1 ,  . .   

2 2 2
C C i e

C
δρ δ ρ δ

ρ
 

− ≥ − ≥ ≤  
 

                          (4.31) 

if δ  is small enough. Then  

( )( )

( )

3
22 23 0 0

1 0 1 01, 0, 1,1,

2

1, 1, 1, 1,

1 1 1,
2 2 4 3

                    0,

m D D DD

D D D D

U U p U

M U U M U U M

β λ δ
µδ µα δ

∗

∗ ∗

≥ + + −

≥ − = − ≥

u u F

F F

M
            (4.32) 

if  

1,

3
3 0 0

0

,

1 1 1: ,     max , , ,
2 2 4 3

DU

M
M

ρ

β λ δ
ρ µδ µα δ∗

 ≤

   = =  

   

F                      (4.33) 

Hence, we conclude  

( )( )1,If ,  Then , 0mDU U Uρ≤ ≥M                               (4.34) 

Moreover, M  is continuous in a finite dimension space mY , we can apply following lemma ([12]).  
Lemma 4 Let H  be a finite dimensional Hilbert space whose scalar product is denoted by ( ), ⋅



 and the 
corresponding norm by ⋅ . Let Ψ  be a continuous mapping from H  into H  with the following property: 
there exists 0ζ >  such that  

( )( ), 0     with f f f H f ζΨ ≥ ∀ ∈ =                              (4.35) 
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Then, there exists an element f  in H  such that  

( ) 0,    f f ζΨ = ≤                                      (4.36) 

Therefore there exists a solution mU  for problem (4.30) with  

1,m DU ρ≤                                          (4.37) 

This shows that the sequence ( mU  of the solutions to (4.30) in mY  are uniformly bounded. Therefore we 
can extract a subsequence (still denoted by mU ) such that  

( ) ( )weakly  in  as mU U D m∗ → ∞ Y  

Then, the compactness of the embedding of ( )DY  into ( )32L D  implies that  

( ) ( )32strongly  in  as mU U L D m∗→ →∞  

Since mY  is dense in ( )DY , it is obvious that if  

( ) ( )1 1, , limit , ,m mm
B u u v B v∗ ∗ →∞

= u u  

Taking the limit of both sides of (4.30) implies  

( ) ( ) ( ), , ,     mA U W W W D∗ = ∀ ∈F Y  

therefore  

( ) ( ) ( ), , ,     A U W W W D∗ = ∀ ∈F Y  

Then U∗  is a solution of (4.2) and which satisfies  

1,DU ρ∗ ≤  

The proof is complete. #  
Remark The mapping ( ) ( )1 1 1, ,  V D→ ∀ ∈u u u v vB  is sequentially weakly continuous in ( )V D  can be 

found in [3]. 

5. Dimensional Split Method for Exterior Flow Problem around an Obstacle  
and a Two Scale Parallel Algorithms 

In this section, we proposal a dimensional split algorithm for the three dimensional exterior flow around a 
obstacle occupied by 3Ω̂ ⊂ ℜ . ˆℑ = ∂Ω  is a smooth surface of the obstacle and 3 ˆℜ = Ω∪Ω . Assume that 
Ω  is decomposed by a series of geometric parallel surfaces ,  1, 2,i iℑ =   into a series of stream layer , 1i i+Ω  
bounded by 1,  i i+ℑ ℑ  such that , 1 1i i i i+ +∂Ω = ℑ ∪ℑ . 

On every surface ,  0,1, 2,k k Nℑ =  , it generalis a global system including one system of BLE I on the 
boundary surface ℑ  of the obstacle and N-1 systems of flexible boundary equations BLE II on 1 2 1, , , N −ℑ ℑ ℑ : 

( )
( ) ( )

0
1 0

1 1
0 0 0 0

BLEI , ,

SLEII , , ,SLEII , ,N

u p

u p u p

α

α α −

=

= =

F

F F
 

where right terms are given by  

( )

( )

( )

1 1 3 2 2 1 2 3 0 0 3 3
3 3 3

3
1 0

3
1 0 0

3 3
0 1

,   ,   ,   ,   ,   ,

,   ,

,

2 ,

t t t t t b t b

b b

t

t

F a h F h F a h F h F a h h F h h

h u u p

h u a u b u

h p u

α α α α
β αβ β αβ β αβ

α α

α α αβ α β
β β

δ

δ

δ δ δ δ

µ

µ

µ

ℑℑ

∗

ℑ

ℑ

 = = = = = − = −

 = = −

  = + ∇ −   
 = − +
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The features of these systems are that the right terms of them depend upon the solution of next system, for 
example, the right term of kth-system depend upon the solution of ( )1k + th. system. It is better to apply 
alterative iteration algorithm to solve these systems. That is 

(1) Suppose that right hands 0 1 2, , ,F F F , are known; 
(2) Solve system of ( )BLEI,  BLEII ,  1, 2, , 1k k N= −  

(3) Modifying 0 1 2, ,F F F  by using results obtained , then goto (2) to be continuous until reach certainly 
accuracy. 

In order to find solution of Navier-Stokes equations at any point P in Exterior domain 3ℜ∈Ω  
(i) Identify point P in which stream layer , 1i i+Ω  bounded by 1i i+ℑ ∪ℑ , then set ( ),P xα ξ=  in local 

coordinate system; 
(ii) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2

0 1 2 0 1 2,  P x x x p P p x p x p xξ ξ ξ ξ= + + = + +u u u u  

where ( ) ( ) ( ) ( ) ( ) ( )( )0 1 2 0 1 2, , , ,x x x p x p x p xu u u  are solution of BLE on iℑ . 

In details, 
(I) For 0i =  i.e. solid surface with non-slip boundary condition, we give the boundary layer equations BLE 

I (3.2) on the boundary surface 0ℑ = ℑ  of obstacle. from Theorem 2, three unknown ( )1 0,u pα  solve  

( )

( )
( )

3 3

1 1 1 1 1

4 3
1

1 1 1 1 0 0

3
2

0 0 1

1 0

div
3 3

4    div ,
4 3

,
3
, satisfies periodic boundary condition

D

u a Ku a Q u a p

u u u d p a Hp a

p M a F

p

α αλ α αβ σ αβ
λ ββσ

λ α α αβ αβ αβ
λ β β β

αβ
β α

µδ δ

δ δ

δ

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗

∂

  − ∆ + ∇ + + + ∇   
  + ∇ − + ∇ − ∇ =  
  

− ∆ + = ∇



u

u

u

u

F
          (5.1) 

and six unknown ( )3
1 2 1 2, , ,u p pu  can be found by six algebraic equations  

( )

( )

3 3
3 2
1 2 1 0

3
2 1

3 2 3 4 3
1

2 1 1 0 1 1 0 1 3

3 2 3 3
2

1 0 1 3

20, ,
3 3

2 div 0,

4 2 ,
3 2 3 4 3

2 3 52 div ,
3 2 3 3

u u a F a u a p

u

Hp p p b u u F

Hp p F

α αβ αβ σ αβ
ββ βσ

α β
αβ

µδ δζ

δ δ δ δ µδκ β

δ δ δ µδ

∗

∗

∗


= = − − ∇


 + =
  

+ − + − + = − 
 

   + − − =   

u

u

u

          (5.2) 

Associated variational formulations with (5.1) is given by  

( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

1 0
3

0
1 1 0 1 1 1 1 0 1 1

1
0 0 1 0 0 1 0 1

Find ,  such that

, , , , , ,div
3

    , , ,     , ,

p V D M D

A p q b Hp p

p d v M q v q V D M Dα β β
α β β

α δ

α β α

∗

∗

 ∈ ×


  + + −    


  − ∇ + = ∀ ∈ ×   

u

u v u u v v

u vF

      (5.3) 

where 0 0,  α β  are two positive arbitrary constants, the bilinear forms and trilinear form are  

( ) ( )( ) ( ) ( ) ( )

( )

3 3
0

1 0 0 1 1 0 0

4
0

1 1 1 1 1 1 1 1

2
, , , : , , , ,

3 3

, , div , ,
4

A p q a a e e Q u v p q

b u u u a v

αβ λσ α β
αλ βσ αβ

λ α α β
λ αβ

µα δ εδα β

α δ

∗ ∗ ∗ ∗

∗ ∗

    = + + ∇ ∇    
    


  = ∇ −   

u v u v

u u v u
   (5.4) 

and  



J. Su et al. 
 

 
65 

( )

( )

2 3 3

2 32 2 3

2 3 3

2 3 3 3

0 1 1 1 1

2 22 ,
2 3 3

4 21 3 112 ,
8 2 3 3 2 3

3 ,
2 2 3 3

4 4 122 div ,
2 3 3 3

p

H a b

K HH HQ a b

Hd a b

HM u b u u H

F a

αβ αβ αβ

αβ αβ αβ

αβ αβ αβ

α β α
α αβ

δ δ δζ µ

δδ δ δµ δ

δ δ δ

δ δ µδ µδµ
∗ ∗ ∗

  
= − +  

   
  −    = + + + −       

 
= + − 
 

 
= − + ∇ + ∇ 

 

=

u

( )

2

3
1 1 1 2 3

2

,
3 ,
4 2 3

F

a a F a Ha b F a u

αβ
α β

αβ αβ αβ αβ αβ αβ
ββ β β

µ δδ

∗

∗
−














 ∇


  = − − + + ∇   
F

         (5.5) 

The right terms are given by  

( )
( )

( )

1 1 3 2 2 2 2 3
3 3

3 3 3
1 0 0 0 1

,    ,    ,    ,

,    2 ,

t t t t

t t

a F h F h a F h F h

h u a u b u h p u

αβ α αβ α
β β

α α αβ α β
β β δ

δ

δ δ δ δ

µ µ
∗

ℑ
ℑ

 = = = =


  = + ∇ − = − +   

                (5.6) 

where ( ) 1δℑ = ℑ . 
(II) For 1, 2, , 1i N= − , i.e. on flexible surfaces, corresponding boundary layer equations SLE II (for 

0 1 0,  ,  pu u ) at flexible surface (artificial interface) iℑ , 1, 2, , 1i N= −  are given by (3.8) and (3.9)  

( )

3 3 3
0 0 0 0 0 0 0 0 0

0
0

3 3 0
0 0 0 0 0 0 0 0 1 3

div 4 2 2

    ,

2 2 2 div ,

u a Ku a Hu b u u u b u u

a p a F

u u u b u u H p F

α αλ α αλ αβ λ α α β
λ λ β λ β

αβ αβ
β α

λ λ σ
λ λσ

µδ δ

δ

µδ µδβ δ δ µδ

∗ ∗ ∗ ∗ ∗ ∗

∗

∗ ∗ ∗

     − ∆ + ∇ + + ∇ + ∇ + ∇ −         
 − ∇ =
  − ∆ − + ∇ + − − =   

u

u u

   (5.7) 

( )1 1 3
1 0 3 1 0 0,    ,    0u a F p F uα αβ

βµδ δ γ= − = + =u                          (5.8) 

( )
( ) ( ) ( )( ) ( )( )

( ) ( )

0 0 3 3 1 1 3
3 3

3 3 3 3
1 0 0 1 0 1

3 3
1 0 0 1 0 0

,    ,    ,    ,
1,    ,    2 1 2 1 ,
2

1 1 1 ,
2

t b t b t t

b b t

t

F a h h F h h F a h F h

h u k h p k h p u k p u k

h u a u b u k u a u b u k

α α α
β αβ β αβ

α α

α α αβ α β α αβ α β
β ββ β

δ δ

µ µ µ

µ
∗ ∗

= − = − = =

 = = − = − + + + − + − 
    = + ∇ − + + + ∇ − −        

       (5.9) 

On the other hand we can improve (5.7). To do that, making covariant derivative α

∗
∇  on both sides of the 

first equation in (3.9) and combining last equation in (3.9), ( )0 1 1, ,p p u  can be found by  

( ) ( )
2

3 1
0 0 0 0 0div 2 2 4 ,

2
satisfies periodic boundary conditions on ,

p H Ku H a F

D

αβ
α β

δ µδ γ
∗ ∗ ∗ − ∆ = − − − − ∇ 

 
∂

u u                 (5.10) 

( ) ( )
2 2 2 2 2

3 3 1 3
1 0 0 0 0 0 0 0 0 3 1 0 0

2 2
3 3

1 0 0 0 0 0 0

2

0 0 0 0

, ,
2 2 2 2 2

div 4 2
2 2

             2
2

Hp p u u u b u u F u

u u a Ku a Hu b u a p

u u b u u

λ α β
λ αβ

β α αλ α αλ αβ αβ
λ λ β β

λ α α β
λ β

δ δ µδ µδ δδ β γ

µδ δµδ

δ

∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗

   − = − + + ∆ + ∇ + + = −   
  

  = ∆ + ∇ + + ∇ + ∇ − ∇    

+ ∇ −

u u

u

3 1 ,a Fαβ
β

  + 
 

  (5.11) 



J. Su et al. 
 

 
66 

The variational formulations corresponding to (5.7) and (5.1) are given respectively by  

( ) ( ) ( )

( ) ( )( ) ( )

( )( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )

3 1
0 0

3 3
0 0 0 0 0 0 0 0 0 0 0

3 3 3
0 0 0 0 0 0 0 0

3 0 3 3 1
0 0 0 1 0 1 3 0 0 0

Find ,  such that

, , , ; , ,div

2 , ; , 2 ,

, , div , ,    , ,

p

p

u V D H D

A u v b p

v b v Hp v

F v u u a v F v v V D H Dβ α β
β αβ

δ δ δα

µδτ β δ τδ

α δ τ δ

∗

∗

 ∈ ×

  + +  
  

− + −


 = − + + ∀ ∈ ×   

u

u v u u v v

u u u

u v

       (5.12) 

and  

( )

( ) ( ) ( )

1
0

3 1 1
0 0 0 0 0

Find  such that

, div 2 2 4 , ,    ,

p

p

p H D

p q H Ku H a F q q H Dαβ
α βδµ µδ γ

∗ ∗ ∗ ∗

 ∈

     ∇ ∇ = − − − + ∇ ∀ ∈         

u u
     (5.12') 

where the bilinear forms and linear form are defined by  

( ) ( ) ( )( )

( )

( )

3 3
0 0 0 0 0 0 0 0 0

3
0 0 0 0 0 0 0 0 0

3 3 3
0 0 0 0 0 0 0 0 0

, : , 2 , ,

; , : 2 , ,

; , , ,

A a u v

b a u u b u u v

b v u u b u u v

αβλσ
λσ αβ

λ α α β
λαβ αβ

λ λ σ
λ λσ

α δ γ γ µτδ

α

τ

∗ ∗

∗

∗

  = + ∇ ∇   
  = ∇ −  

 
  = ∇ +  

 

u v u v

u u v

u u

                (5.13) 

(III) For i N=  i.e. a last artificial interface Surface Nℑ . There are two choices to do that (1) assume that 
∞=u u  on Nℑ  where ∞u  is known infinity up stream flow velocity. (2) we assume that the flow outside 

Nℑ  is governed by Oseen equation and give a boundary integrating equation on Nℑ  via fundamental solution 
of Oseen equations. 

(1) Let ( ), ,x y z  is Cartesian coordinate and u∞ ∞=u k  where ( ), ,i j k  are base vectors. The surface Nℑ  

can be parametrization by ( ) ( ) ( )1 2 1 2 1 2, , ,x x x y x x z x x= + +r i j k  where xα  are parameters, i.e. are Gaussian  

coordinate on Nℑ . Then base vectors αe  and unit normal vector n  in semi-coordinate on Nℑ  are given by  

( ) ( ) ( ) ( )1 2 1 2 1 2 1 2 2 1 1 2 1 2

,
1 1
x y z

y z z y z x z x x y y x
a a

α α α α= + +

 = × = − + − + −  

e i j k

n e e i j k
               (5.14) 

while the metric tensor aαβ  and curvature tensor bαβ  are given  

( ),    det ,

1 ,    ,

a x x y y z z a a

x y z
b x y z c a b b

a x y z

αβ α β α β α β αβ

αβ αβ αβ
λσ

αβ α α α αβ αλ βσ

β β β

 = + + =

  
  = =  
   

                        (5.15) 

where 
2

,  x xx x
x x xα αβα α β

∂ ∂
= =
∂ ∂ ∂

. Our aim is to give boundary conditions on Nℑ . Owing to (4.12) we claim  

3

0

3 3
3

0 0

,

3 12 grad 2 ,
2N

t

t

uh a u b u

u uh p
r

α
α αβ α β

β β
ξ

ξ ξ

µ
ξ

µ µ
ξ ξ

∗
∞

∞ ∞

=

∞ ∞
∞ℑ

= =

 ∂ = + ∇ −
 ∂ 

∂ ∂
= − + = − +

∂ ∂
u
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On other hand, we show  

( )

3

0 0

0

3
1 2 1 20

2 ,    0,

,

.

u ub z u

u a u a u a z u

uu u x y y x
a

α
αβ

β
ξ ξ

α αβ αβ αβ
β β βξ

ξ

ξ ξ
∞ ∞

∞

= =

∞ ∞ ∞ ∞=

∞
∞ ∞=

∂ ∂
= =

∂ ∂


= = =

 = = −


ke

kn

 

Indeed,  

( ) [ ]( )

( )

0 0

3
3 3

1 2 1 2
0

,

2 see 1.8.23 in 1 ,    2 ,

,    0.

u g u g u g z u

ug gb z u b x u

uu uu u x y y x
a

α αβ αβ αβ
β β β

ααβ αβ
αβ

αβ β β
ξ ξ

ξ

ξ ξ ξ

ξ ξ

∞ ∞ ∞ ∞

∞
∞ ∞

= =

∞∞ ∞
∞ ∞

=

= = ⋅ =

∂∂ ∂
= = =

∂ ∂ ∂

∂∂
= = − = =

∂ ∂

k e

kn

 

Finally we imply  

( ) ( )
( )31 2 1 2 3 1 3,    grad

2 2t t

z xx y y xh N u a b z h N u u
r ra

α
α αβ αβ

β βµ ∞ ∞ ∞

 − 
= ∂ + = = −  

  
k        (5.16) 

where ( )xα=r r  is describing Nℑ . (5.16) will be used for solving BLE I on 1N −ℑ  with th . 

(2). Let assume that the flow outside of Nℑ  is governed by Oseen equation  

( ) ( )0 1

,    in ,

div 0,    in ,

,    , ,    on ,

,    at   ,
m m m

p f

δ σ σ
+ −+ −

ℑ ℑ ℑ ℑ

∞

−∆ + ⋅∇ +∇ = Ω

 = Ω

 = = + = ℑ

 → →∞





u b u

u

u u u u u p u p

u u x

                    (5.17) 

∞u  is known and b  is a well known vector, for example ∞=b u , and , 1
0

ˆ
m

i i
i

+
=

Ω = Ω∪ Ω∑ , and 0 1,  u u  are 

solutions of 2D-3C Navier-Stokes equations on the 1m−ℑ . Furthermore, ( ),σ
+

ℑ
=u p h  is normal stress tensor 

to be found in the section. Let x  be a Cartesian coordinate. ,  ki k   are fundamental solutions of the follow- 
ing equations  

( ) ( ) ( ) ( )

( ) 0.

k
ki ki ki

i

ki

i

b
y

y

ν δ δ
∂− ∆ − + − + ⋅∇ − = − − ∂

∂ − =
 ∂


 



x y x y x y x y

x y
                  (5.18) 

( ),ki k   can be expressed as  

( ) ( ) ( ) ( ) ( ) ( )
2

,    ki ki k
k i k

x y
x y x y x y x y

x x x
ν δ

∂ Φ − ∂
− = ∆Φ − − − = − ∆ + ⋅∇ Φ −

∂ ∂ ∂
  b          (5.19) 

where Φ  is a fundamental solution of following equation  

( ) ( ) ( )
( )

[ ]2 10

1,    d
x y

x y tδ
⋅ −

∞∆ + ⋅∇ ∆Φ = − Φ − = − Φ −Φ∫
b

bu x y
b

                (5.20) 

where for 0≠b   
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( ) ( )

( )
( )

2
2

1 2
2

2

22

1 1exp ,    3
2π 4π 2 2

2 2 , 3,
2π

1 ln , 2,
2π

n

n

n
n

x y
x y K n

x y

n

n x y n
x y

x y n

−

−

−

   −   Φ − = − − ⋅ − ≥      −    
  Γ   − − − ≥Φ − = 

 − =

b b
b x y

           (5.21) 

where Kα  is a Bessel function of second kind. 
Then integral expressions of solutions of Oseen problem (5.9) are given by  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
Art

Art

, , d ,

, , d ,

y u p s

y p p p s

η σ σ

η σ σ

∞
Γ

∞
Γ

 = − ⋅ − ⋅  


= − ⋅ − ⋅   


∫

∫

  

  

y u u u

y u u
                    (5.22) 

where σ  is stress tensor  

( ) ( ){ }, j i
ij ij i jp p u uσ δ µ= − + ∂ + ∂u  

( )
1, Oseen Domain;
1 , Artificial Surface.
2

x
x

x
η

∈
= 

∈

 

Here we employ Cartesian coordinate system ( )( )1 2 3, ,x x x=x  and artificial surface Art mΓ = ℑ  is a two  

dimensional manifold. The integrate representation (5.17) of the solution of Oseen problem is invariant, it is 
valid for any curvature coordinate. Since formula for fundamental solution cal ,   is represent at Cartesian 
coordinate. It also can be compute at any curvature coordinate according transformation rule of tensor of one 
order. 

Vector λ  in (5.17) is normal stress tensor at ℑ  ( ) ( ){ }, , , 1, 2,3j
ijp p n iλ σ= =u u  The normal stress tensor 

λ  at mℑ  is continuous 
m m

λ λ+ −

ℑ ℑ
= = h . This means that λ  on both sides of mℑ  are coincidental. 

Normal stress tensor h  on the artificial boundary mℑ  satisfies following equation  

( ) ( )
( )

( )( )

1 22 , , 2 , 0,    ,

, d d ,    , d ,

, , d ,
m m m

m m

m

i ij j x y i i

c K H

c h s s u s

K s

χ χ χ χ

χ χ χ χ

χ σ χ

−

ℑ ℑ ℑ

ℑ ℑ

− + = ∀ ∈ ℑ

= =

⋅ ⋅

∫ ∫ ∫

∫ ∫



 

h u u

h u

u u

                      (5.23) 

(5.23) can be rewrite in semi-geodesic coordinate based on 1m−ℑ :  

( ) ( )( )
( )

( )

31 2

3 3
0 0

0

2 , , 2 , 0,    ,

, d ,    , d ,

, , d ,

m

i j
ij

D D D

i j
ij

D D

c K H

c u a x a u u a x

K u a x

α γ
αβ

χ χ χ χ

χ χ χ χ χ

χ σ χ

−− + = ∀ ∈ ℑ

 = = + 

=

∫ ∫ ∫

∫ ∫








 

h u u

h u

u

                  (5.24) 

where, ( )3,x xα ξ=  is semi-geodesic coordinate. By the transformation of coordinate, 
i j

i j ij i j

X X
x x′ ′ ′ ′

∂ ∂
=

∂ ∂
   

where iX  are Cartesian coordinate and ( )i iX X x=  is the parametrization representation of the surface 

1m−ℑ . 
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Lemma 5 The bilinear form ( ),c ⋅ ⋅  defined by (5.23) is symmetric, continuous and coercive from  

( ) ( )1 2 1 2
m m

− −ℑ × ℑH H  into 3ℜ   

( ) ( ) ( )
( ) ( )
( ) ( )

1 2
1 2 2 1 1 2

1 2
1 2 1 2 1 21 2, 1 2,

2 1 2
1 1 1 11 2,

, , ,    , ,
, ,    , ,

, ,    ,

m

mm m

mm

c c
c C

c C

χ χ χ χ χ χ
χ χ χ χ χ χ

χ χ χ χ

−

−
− ℑ − ℑ

−
− ℑ

= ∀ ∈ ℑ

≤ ∀ ∈ ℑ

≥ ∀ ∈ ℑ

H
H

H

 

Theorem 4 Assume that 0 0,  pu  are smooth and bounded in ( )1
p DH  Then there exists a unique solution of 

following variational problem  

( )

( ) ( )

1 2

1 2
0 0

Find  such that
1, , , ,    ,
2

p

m

D

c Kχ χ χ χ

−

−

 ∈



= − ∀ ∈ ℑ

h H

h u u H
                      (5.25) 

Parallel algorithms. The Domain ia made partition by m interfaces surfaces and we obtain 1m +  the systems 
of BLE I and SLE II. Solving each BLE I and SLE II independently, then applying alternatively iterative 
algorithm are performance at the same time. On the other hand, the parallel algorithms for BLE I and SLE II can 
be used. Therefore, parallel algorithms are applied in two direction at the same time. 

6. Computation of the Drag 
The drag is a force exerted on a solid boundary surface, for example, 0ℑ . There is normal stress on 0ℑ  which 
can expressed under semi-geodesic coordinate based on ℑ  by  

( )
0

, dij
ip n a xσ

ℑ
∫ u  

The drag is a projection of normal stress on the direction of infinite stream flow u∞ ∞=u k . Hence  

( )
0

, dij
d i jF p n a xσ

ℑ

= ∫ u k                                  (6.1) 

Since unit normal vector at 0ℑ  is ( )0,0,1=n  and by (5.1)  

1 2 2 1
3,    

x y x yk z k n
aα α α
−

= = = =ke k                             (6.2) 

Therefore  

( ) ( ) ( )3 33 1 2 2 1, , ,ij
i j

x y x yp n k p z p
a

α
ασ σ σ

−
= +u u u  

As well known that the stress tensor is given by  

( ) ( ), 2ij ij il jm
lmp pg g g eσ µ= − +u u  

At surface 0ℑ   

( ) ( )
00

3
33 3

0 33 0 0 1 0
0

, 2 2 2up p e p p u p
ξ

σ µ µ µ
ξℑℑ

=

∂
= − + = − + = − + = −

∂
u u  

( ) ( )
0

3
3 0, 2p a e uα αβ
βσ µ

ℑ
=u  

Since  

( ) ( )

( )

3 1 3
3 3 33

3 1 3

1 1
2 2

1 1 1          ,
2 2 2

m
m

ue g u g u g I u u J u

u ug u g I J u g u

σ
σ λ λ

ββ β β βσ λ βλ

σ σ
σ λ

β ββσ βλ λ βλ βσ

θ
ξ

θ
ξ ξ

∗
−

∗ ∗
−

  ∂
= ∇ + ∇ = + +∇ +   ∂  

   ∂ ∂
= +∇ + + = +∇   ∂ ∂   

u
 

because of  
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[ ]( )

( )

( )
0 00

0

1

3
1 3 1

3
1

0,    see Lemma 1.8.1 Li 1 ,

10,    0,    ,
2

, .

g I J

u e a u

p u

σ
βλ λ βλ

λ
β βλ

α α

θ

σ µ

−

ℑ ℑℑ

ℑ

+ =

= = =

=

u u

u

 

Hence  

0

1 2 2 1
0 1 dd

x y x yF p u z a x
a

α
αµ

ℑ

− 
= − + 

 
∫                               (6.3) 

The drag is a force exerted on a solid boundary surface, for example, 0ℑ . There is normal stress on 0ℑ  

which can be expressed under semi-geodesic coordinate based on ℑ  by ( )
0

, dij
ip n a xσ

ℑ
∫ u . The drag is a pro- 

jection of normal stress on the direction of infinite stream flow u∞ ∞=u k . Hence  

( )
0 0

1 2 2 1
0 1, d dij

d i j
X Y X YF p n a x p u Z a x

a
α

ασ µ
ℑ ℑ

− 
= = − + 

 
∫ ∫u k                    (6.4) 

where ( ) ( ) ( ),  ,  X x Y x Z x  are parameter representation of 0ℑ . 

7. Examples  
7.1. The Flow around a Sphere 

Assume that ( ), ,x y z  and ( )3 2 1, ,x r x xϕ θ= = =  are Cartesian and spherical coordinates respectively  

( ) 2 2

2

1 0 0
sin cos ,    sin sin ,    cos ,    0 sin 0

0 0
ijx r y r z r g r

r
θ ϕ θ ϕ θ θ

 
 = = = =  
 
 

 

Simple calculations show that the metric tensor of spherical surface constr = . is given  
2 2 2 4 2

11 12 21 22

11 2 12 21 22
2 2

,    0,    sin ,    det sin ,

1,    0,    ,
sin

a r a a a r a a r

a r a a a
r

αβθ θ

θ
−

 = = = = = =



= = = =


                    (7.1) 

The tensor of second fundamental form, i.e. curvature tensor of spherical surface is given by  

( )

2 22 11 12
11 22 12 3 3 3

1 2 1 2 2 2
1 2 2 1

2

1 1,    sin ,    0,    ,    ,    0,
sin

1 ,    0,    det sin ,

1 1,    ,

b r b r b b b b
r r

b b b b b b r
r

bK H a b
a rr

αβ

αβ
αβ

θ
θ

θ

 = = = = = =

 = = = = = =



= = = =

                (7.2) 

the base vectors of semi-geophysical coordinate system are given  

1

2

cos cos cos sin sin ,
sin sin sin cos ,

,

r r r
r r

r

ϕ θ θ ϕ θ
ϕ θ θ ϕ


 = − + −


= − +

 =


e i j k
e i j

rn

                             (7.3) 

We remainder have to give the covariant derivatives of the velocity field, Laplace-Betrami operator and 
trace-Laplace operator. To do this we have to give the first and second kind of Christoffel symbols on the 
spherical surface ℑ  as a two dimensional manifolds  
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2 2
12,2 21,2 22,1 ,

2 2 1
12 21 22

sin cos ,    sin cos ,    0,    other way,

cot ,    sin cos ,    0,    other way,

r r αβ γ

γ
αβ

θ θ θ θ

θ θ θ

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

Γ = Γ = Γ = − Γ =

Γ = Γ = Γ = − Γ =
 

Then covariant derivatives of vector 3u uα
α= +u e n  on the two dimensional manifold ℑ  is given by  

1 1 1 1 1 1 2
21 2

2 2 2 2 2 1
1 2

1 2 1

2 1 2 2 1
1 1

2 2 2

2 1
2

2 2

,    sin cos ,

cot ,    cot ,

div cot ,
1 1div cot ,

sin
1div

sin

u u u u u u u

u u u u u u

u u u u
u u ua u

r
ua

r

λ
λθ ϕ ϕ

θ ϕ

λ
λ θ ϕ

β
β

β
β

θ θ

θ θ

θ

θ
θ ϕ θθ θ

θθ

∗∗ ∗

∗ ∗

∗ ∗

∗ ∗

∗ ∗

∇ = ∂ ∇ = ∂ + Γ = ∂ −

∇ = ∂ + ∇ = ∂ +

= ∇ = ∂ + ∂ +
 ∂ ∂ ∂

∇ = + + − ∂ ∂ ∂∂ 
∂

∇ =
∂

u

u

u
2 2 1

2 cot ,u uθ
ϕ ϕϕ












 ∂ ∂ + +  ∂ ∂∂ 

 

Nonlinear terms  
1 2 2 1

1 1 2 1 2 2 1 1 2 2 1 2 1 21div sin2 cot , div cot ,
2

u u u uu u u u u u u u u u u u u u u uλ λ
λ λθ θ θ

ϕ ϕ θ θ

∗ ∗ ∗ ∗∂ ∂ ∂ ∂
∇ − = − − − ∇ − = − +

∂ ∂ ∂ ∂
u u  

and  

( ) ( )
2 3 2

2 2 1 2 1
11 22 11 12 0 1 1 1 1

1 2 52 ,    sin ,    0, cot
8 2 8 3 2

rQ r Q Q Q M u u uθ ϕ
δ δ µδµ δ θ θ

 
= + + = = = ∂ + ∂ + 

 
u  

The associated Laplace-Betrami operator and divergence operator on ℑ  are given by  
2 2

2 0 0 0
0 2 2 2 2

1 sin cot
sin

p p p
p

r
θ θ

θθ θ ϕ

∗  ∂ ∂ ∂
∆ = + + ∂∂ ∂ 

                         (7.4) 

while trace-Laplace operator on ℑ   
2 1 2 1 1 2 2

1 2 1
2 2 2 2 2 2

2 2 2 2 1 2 2 2
2 2 2 2

2 2 2 2 2 2 2 2

1 1 cot 2cot cotsin ,

1 1 cot 3cot cotsin sin sin ,

u u u uu u
r r r r r

u u u u u uu
r r r r r r

θ θ θθ
θ ϕ θ ϕθ

θ θ θθ θ θ
θ θ ϕθ ϕ

∗

∗

 ∂ ∂ ∂ ∂
∆ = + + − − ∂ ∂ ∂ ∂∂


∂ ∂ ∂ ∂ ∂∆ = + + + + − ∂ ∂ ∂∂ ∂

        (7.5) 

(A) BLE I 
Substituting previous formula into Theorem 1 we assert that  

2 1 2 2 2 1 1 23 2 3
2 2 1 11 1 1 1 1

1 12 2 2 2 2

1 22 3 4
2 1 2 2 1 10 1 1
1 1 1 1 1 12 3

2 1 2cot 4 6sin 2cot
3 2 2 3

1 3 4 1 1 sin2 cot
2 2 3 4 2

u u u u u u u
rr r r r

p u uu u u u u u
r r

µδ θ µ δ δθ θ δ
θ ϕ θ ϕ θ ϕθ

δ δ δ θ θ
θ ϕ ϕ

      ∂ ∂ ∂ ∂ ∂
− + + + − − + − +      ∂ ∂ ∂ ∂ ∂ ∂∂       

  ∂ ∂ ∂
+ − + − − −  ∂ ∂ ∂  

( )
3

1 11
1 22 2

2 2 2 2 1 1 2 23
2 2 21 1 1 1 1 1

2 2 2 2 2 2 2

2 3 2 3
2 2 2 3

12 2 3

1 1 ,
3

1 1 cot 3cot cotsin sin sin
3

4 6 1 3 4 1    sin sin sin
2 2 3 2 2 3

pF
r r

u u u u u u
r r r r r

u
r r r r

δ
θ

µδ θ θ θθ θ θ
θ ϕ θ ϕθ ϕ

µ δ δ δ δθ δ θ θ

 ∂
= − + ∂

  ∂ ∂ ∂ ∂ ∂ ∂
− + + + + +  ∂ ∂ ∂ ∂∂ ∂   

   
+ − + + −   

   

uF

( )

0

2 14 3
1 2 1 2 2 1 2 21 1 1
1 1 1 1 2 22 2

2 2 1 23 2
2 2 1 10 0 0 1 1

12 2 2 2 2

1 1    cot sin sin ,
4 3

1 1 cot 2sin sin cot ,
3 2 p

p

u u pu u u u F
r r

p p p u u u F
r r r

ϕ

δ δθ θ θ
θ θ ϕ

δ θ µδθ θ θ
θ θ ϕθ ϕ












 ∂
 ∂
  ∂ ∂ ∂ + − + = − + ∂ ∂ ∂  


   ∂ ∂ ∂ ∂ ∂− + + + + + =    ∂ ∂ ∂∂ ∂   

uF

(7.6) 
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In particular, if the flow is axial symmetric then  

( )

2 1 13 2 3
2 1 11 1

1 12 2 2 2

2 3 4
2 2 1 10
1 1 1 12

3
1 11

1 1 22 2

2 2 13
21 1

2 2 2 2

2 2cot 4 62cot
3 2 2 3

1 3 4 1 sin2 cot
2 2 3 4 2

1 1 ,
3

1 cot 3cotsin
3

u u u u
rr r r

p
u u u u

rr
pF

r r
u u

r r r

µδ θ µ δ δθ δ
θθ

δ δ δ θ θ
θ

δ
θ

µδ θ θθ
θθ

   ∂ ∂
− + − + − +  ∂∂   

  ∂  + − − +   ∂   
∂

= + +
∂

∂ ∂
− + +

∂∂

uF

( )

( )

2 2 3
2 21

12

2 14
1 2 1 2 2 1 11 1
1 1 1 1 2 2 22

2 13 2
2 1 10 0 1

12 2 2

1 0 0 π

4 6sin
2 2 3

1    cot sin ,
4

1 cot sin cot ,
3 2

, ,

p

u u
r r

u uu u u u F
r

p p u u F
r r

u pα

θ θ

µ δ δθ δ
θ

δ θ θ
θ θ

δ θ µδθ θ
θ θθ

= ∪ =










    ∂

+ − +   ∂   
 ∂ ∂

+ − + = + ∂ ∂ 
   ∂ ∂ ∂

− + + + =   ∂ ∂∂   
< ∞

uF












         (7.7) 

where  

( )

( )

3
1 1 2 3

1 2 1 22 2

1 1 2
2 2 22

1 3 1 1 ,  
2 2 3

1 3 1 .
2

F u
rr r

F
rr

θ
µ δδ

δ

−

−

 = − + ∂ 
 
 = − 
 

u

u

F

F

 

(5.7) is a two points boundary value problem for ordinary differential equations. 

( )

( )

3
1

3 2
1 2 1
2 1 1 02 2

3 2
2 2 2 2
2 2 12

3 1 1
2 1 1

3 3 2 3
2 1 1

1 3 0 1 1

3 3 2 2 3 4
1 1

2 1 0 1 12

0,
2 1 1 ,

3 2 2
2 1 sin ,

3 2 2
1 cot ,
2

1 1 5 cot ,
3 2 3 2 3

4 4 3 s
3 3 2 2 3 4

u

u F u p
r r

u F u
r

u u u

p F p u u
r

p p p ru u r
r r r

θ

θ

θ

µδ µ δ

µδ µ δθ

θ

δ δδ δ µδ θ

δ δ δ δ δ δδ

=

= − + ∂

= +

= − ∂ +

 
= + − + ∂ + 

 
   

= − − − + + +   
   

( )

( )

2 2 2
1 1

3
1 1
1 1

in

2 1          cot ,
3

u u

u u
r θ

θ

µδ θ


















 − ∂ +


         (7.8) 

( ) ( )

( )
( )

1 1 3 1 2 2 2 3 2
1 0 0 1 0 02 2

3 3
0 1

1 2 1 1 2 2 2 1 3 2 2 2 1
1 2 3 1

2 2 2 2 2 2 2 1 2 2 1
2

1 1 1 1,    sin ,

2 ,

,    sin ,    ,    ,    

sin , sin cot

t t

t

t t t t

t p t t t

h u u u h u u u
r rr r

h p u

F r h F r h F h F r h

F r h F r h h h

θ θ
δ δ

δ

θ ϕ

µ µ θ

µ

δ δ θ δ δ

δ θ δ θ θ

ℑ ℑ

ℑ

   = + ∂ − = + ∂ −   
   

= − +

= = = =

 = = ∂ + ∂ +  ,











            (7.9) 

(B) SLE II 
The first, we note  
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( )

( )

( )

( )

( ) ( )

( )

1
2

11

1 2
2

12

2
2 2 1

22

1
2 3

11 0

1 2
2

12 21

2
2 2 1 3 2

22 0
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1 sin ,
2

sin cos ,

,   

1 sin ,
2

sin cos sin ,

ue r

u ue r

ue r r u

ur ru

u ur

ur r u u r

θ

θ
ϕ θ

θ θ
ϕ

γ
θ

γ γ θ
ϕ θ

γ θ θ θ
ϕ

∗

∗

∗

 ∂
= ∂

  ∂ ∂ = + ∂ ∂  

 ∂

= + ∂


∂ = − ∂
  ∂ ∂
 = = + ∂ ∂  


∂
= + − ∂

u

u

u

u

u u

u

 

So that  

( )

( ) ( )

( )

1 2
1 30 0

0 0 02

1 2
1 30 0

0 0 0 0 0

3 3
0 1 2 1 1 2 2 20 0

3 0 0 0 0 0 0 0 0

cot 2 ,
sin

1 cot 2 ,
sin sin

, sin ,

u u
b r r u u

r

u u
a u u

r

u u
u u ru u r u u

αβ
αβ

αβ
αβ

θγ
θ ϕ θ

θγ γ
θ θ ϕ θ

θ
θ ϕ

 ∂ ∂
= + + + 

∂ ∂ 

∂ ∂
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∂ ∂

∂ ∂
= + + +

∂ ∂

u

u u

u uB

 

Taking (5.7) into account, we claim that  

2 1 2 2 2 1 1 2 3
2 2 10 0 0 0 0 0

02 2 2 2 3

1 2
2 1 2 2 1 1 1 3 00 0 0
0 0 0 0 0 0 1 0 12 2

2 2
0

2 2

2 1 2cot 2sin 2cot

1 1    sin2 cot ,
2

1 1

u u u u u u
u

r r r r

p u u
u u u u u u u u F

r r

u
r

θµδ θ θ
θ ϕ θ ϕ θ ϕ θθ

δ δ θ θ δ
θ ϕ ϕ

µδ
θ

    ∂ ∂ ∂ ∂ ∂ ∂
− + + + − − +    

∂ ∂ ∂ ∂ ∂ ∂ ∂∂     
 ∂ ∂ ∂

− + − − − + = ∂ ∂ ∂ 

∂
− +

∂

2 2 1 1 2 2
2 2 2 2 30 0 0 0 0

02 2 2 2 2 3

2 1
2 1 2 2 1 3 2 2 00 0 0

0 0 0 0 0 1 22 2

2 3
20

2 2 2

cot 3cot cot 1sin sin sin sin

1    sin cot sin ,

1 12 sin

u u u u u
u

r r r r r

p u u
u u u u u u F

r r

u
r r

ϕ
θ θ θθ θ θ θ

θ ϕ θ ϕϕ

δ θ δ θ θ
ϕ θ θ

µδ θ
θ

  ∂ ∂ ∂ ∂ ∂
+ + + + + ∂  

∂ ∂ ∂ ∂∂   
 ∂ ∂ ∂
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∂ ∂ ∂ 

∂
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∂
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2 3 3 1 2
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0 0 0 0 0 0 0 1 1 1 3
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2

u u u u
r r u u
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u u
u u ru u r u u p u u u F

r
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θ ϕ
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θ θ ϕ θϕ
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θ ϕ

    ∂ ∂ ∂ ∂
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∂ ∂
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∂ ∂
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p

u u u F
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θ
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









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

 ∂  = − ∂ + ∂ + +    ∂ 

 

(7.10) 

If the flow is symmetric then  
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2 1 1
1 30 0
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2 2 1 1 3 3 00
0 0 0 0 1 0 12 2
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2 1 cot 2cot 12
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1 cot 3cotsin
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  ∂ ∂ ∂
− + +  

∂ ∂∂   
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

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
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







  ∂ ∂  − + = − ∂ + +   ∂∂  

 (7.11) 

and  
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3
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u
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ϕ

θ
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1 3 0 1 0 0 0 0 0 0 0 0
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2 20 0 0
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2cot 0,

4 2 sin
2 2 2 2

1 1 cot              sin sin ,
2

u u u u
r
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r

u u u
r r r

ϕ

θ ϕ

θ

δ δ µ δδ µδ θ

µδ θθ θ
θθ ϕ















+ ∂ + − =


   = − − − + ∂ + ∂ + +   
 

 ∂ ∂ ∂
+ + +  ∂∂ ∂ 

 

(7.12) 
where  

( ) ( )
( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

0 2 1 1 0 2 2 2 2 0 3 3
1 2 3

1 1 2 3 1 1 1 1 2 3 1 1
1 0 0 1 0 0

2 2 1 1 2 2 1 1
1 0 1 0

3 3 3 3
0 1 0 1

1 1
1 1

,    sin ,    ,

,    1 ,

,    1 ,

2 ,    2 1 ,

cot

t b t b t b

t b

t b

t b

p

F r h h F r h h F h h

h u r u r u k h u r u r u k

h u r u k h u r u k

h p u k h p u k

F u u

θ θ

θ

θ

µ µ

µ µ

µ µ

δµ θ

− − − −

− −

= − = − = −

= + ∂ − = + ∂ − −

= − = − −

= − + = − + −

= ∂ + 1 1 1 2 3 2 3
0 0 0 02 2

1 1 1 cotcot sin ,
k

u u u u
r r r rθ θ θ

θθ θ + ∂ + + ∂ + ∂  

               (7.13) 

The drag is given by  

( )

( )

1 21 2 2 1
0 1 0 1

1 2
0 1

d cos sin sin d d ,

cos sin sin d d .

d

d

x y x yF p u z a x p u r
a

F p ru r

α
αµ θ µγ θ θ θ ϕ

θ µ θ θ θ ϕ
ℑ ℑ

ℑ

− 
= − + = − + 

 

= − +

∫ ∫

∫
           (7.14) 
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7.2. The Flow around an Ellipsoid 
Let parametric equation of the ellipsoid be given by  

,
cos sin ,    sin sin ,    cos ,

0 ,    , , constants,

x y z
x y zα ϕ θ β ϕ θ γ θ

γ β α α β γ

= + +
 = = =
 < < < =

r i j k
                         (7.15) 

where ( ), ,i j k  are Cartesian basis, ( ),ϕ θ  are the parameters and ( )2 1,x xϕ θ= =  are called Guassian co- 
ordinates of ellipsoid. The base vectors on the ellipsoid  

1

2

2 2
1 2

cos cos sin cos sin ,
sin sin cos sin ,

1 1 cos sin sin sin sin cos ,n
a a

θ

ϕ

α ϕ θ β ϕ θ γ θ
α ϕ θ β ϕ θ

βγ ϕ θ αγ ϕ θ αβ θ θ

= ∂ = + −

= ∂ = − +

 = × = − + + 

e r i j k
e r i j

e e i j k

 

The metric tensor of the ellipsoid is given by  

( ) ( )
( )

( ) ( ) ( )

2 2 2 2
22 11

2 2 2 2
12

2 2 2 2
0 0

22 1 11 1 12 21
11 22 22 11

,

sin ,    cos sin ,

0,    sin cos ,

det sin ,    cos sin ,

,    ,    0,

a

a a

a

a a a a

a a a a a a a a a a

αβ α β

αβ

ϕ θ ϕ θ γ θ

ϕ α ϕ β ϕ

θ ϕ ϕ θ γ θ
− −

 =


= Λ = Λ +
 = Λ = +


 = = = Λ Λ +  


= = = = = =

e e

                (7.16) 

Curvature tensor, mean curvature and Gaussian curvature are given by  

( )

( ) ( )

2 2 2 2 4

11 22 12
00

2 2
11 22

11 11 22 220 0

2 2
12 21 1 2

1 2
11 220 0

2 2 2 2

2
00 0

sin sin,    0,    det ,

sin sin,    ,

sin sin0,    ,    ,

sin sin
,    ,

b b b b b
aa

b b
a a a aa a

b b b b
a aa a

bK H
a aa a

αβ
αβγ θ α β γ θ

αβγ θ αβγ θ

αβγ θ αβγ θ

αβγ θ ϕ γ θαβγ


= = = = =



 = =



= = = =

Λ +
= = =








               (7.17) 

Semi-Geodesic Coordinate System Based on Ellipsoid ℑ   
That is  

2 1 3,    ,    x x xϕ θ ξ= = =  
The radial vector at any point in 3ℜ   

ξ= +R r n  

1 2
1 2 1 2

0

1
2a

αβ
α βε

×
= × × = = ×

e en e e e e e e  

Corresponding metric tensor of 3ℜ  are given by (2.1). We remainder to give the covariant derivatives of the 
velocity field, Laplace-Betrami operator and trace-Laplace operator. To do this we have to give the first and 
second kind of Christoffel symbols on the ellipsoid ℑ  as a two dimensional manifolds  

( )( )2 2 2 2 2 2 2
1 1 2

11 12 11

11 11 22
2 2 2

2 2 1 22
12 22 22

22 11

1 cos cossin2 ,    sin2 , sin2 ,    
2 2 2

sincot , sin2 ,    2 cot ,
2

a a a
a

a a

γ ϕ α β θ α β θθ ϕ ϕ

α β θθ ϕ θ

∗ ∗ ∗

∗ ∗ ∗

− Λ − −
Γ = Γ = Γ = −

−
Γ = Γ = Γ = −
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Then covariant derivatives of vector 3u uα
α= +u e n  on the two dimensional manifold ℑ   

( )( )

( )

2 2 2 2
1 1 1 2

1
11 11

2 2
1 1 2 1 2

2
11

2 2 2 2 2 2
2 2 1 2 2 2 1 2

1 2
22 22

1

1 cossin2 sin2 ,
2 2

1 cos sin2 sin2 ,
2
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2 2
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u u u u
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u u u u
a

u u u u u u u u
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u

θ

ϕ

θ ϕ

θ

γ ϕ α β θθ ϕ

α β θ ϕ ϕ θ

β α θ α β θϕ θ θ ϕ

∗

∗
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∗

− Λ −
∇ = ∂ + +

 −
∇ = ∂ + −Λ 

 
 − −

∇ = ∂ + + ∇ = ∂ + + 
 

= ∂ + ∂u
( )( )2

2 1 2
1 2 1

11

2 2 2 2

2
11 22

1, sin2 cot ,   
2
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2

u d u d u d
a

d
a a

ϕ

γ ϕ
θ θ

α β θ θϕ

−Λ
+ + = +

 −
= + 

 

  (7.18) 

The associated Laplace-Betrami operator on ℑ   

( )
( ) ( )( ) ( )

( )
( )( )

2 2
0 0 0 0

0 1 22 2
11 22

2 2
2

1 11 112 2
11 11

2 2
2
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1 1 ,
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2

p p p p
p C C
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C
a

θ ϕθ ϕ
ϕα β ϕ ϕ θ θ

ϕ

α β ϕ γ ϕ
ϕ

∗ ∂ ∂ ∂ ∂
∆ = + + +

∂ ∂∂ ∂

Λ Λ−
= + Λ − −

Λ

−
= Λ −

Λ

              (7.19) 

Trace-Laplace operatoe on ℑ   

( ) ( ) ( )( )

( )
( ) ( )

( ) ( )

2

2
1 2 2 2 2
1 3

11
2 2 2 2

2 2 2 2 2 2
2
11 22

3 2 2
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11 22

,
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         sin2 cot cos sin 2 sin sin 2 ,
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2

u uu a A A u
x x x

A
a

a a

A
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α µ
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γ ϕ
θ ϕ θ γ θ

α β α βϕ ϕ θ θ γ ϕ ϕ θ θ
ϕ
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∗ ∂ ∂
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∂ ∂ ∂
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2
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2
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A
a
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θ
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α β


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4
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2
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2

A
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A A
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A
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θ θ

β α ϕ θ θ
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( )

2 2 2 1
11 2221 2 12

1 2
11 11 22 22 11
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11 2222 2 2

2
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2
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A
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ϕ
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  Γ Γ −  = − + = +    Λ  

               (7.20) 

In addition, nonlinear terms  

( )

( ) ( )
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B u u u d u u d u u d u u
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∗
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d d d
a a

d d
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θ







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
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           (7.21) 

and linear terms  
2 1 2 2 1 2

11 1 21 1 1 1 2 1 1 2
1 1 12

11 11 11 11 11 11

2 1 2 2 1 2
22 1 21 1 1 1 2 1 1 2

1 1 12
22 22 22 22 22 22
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


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

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u u

u u u

      (7.22) 

(i) BLE I. Taking (5.1-5.6) and above formula into account we obtain BLE I on the ellipsoid  
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∂ ∂∂
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δ ϕ θ ϕ θ
ϕ θϕ θ





   ∂ ∂ ∂
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      (7.23) 

where  
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( ) ( ){ }

( ) ( )( )( )
( )

1 1 2 2 ! 1 2 2
0 1 1 1 1 2 0 1 0 1

2 3 2 3
1 2
1 12 1

2 1
2 3 3

1 2 2 2
0 1 3 2

0
2 3 2 2 3

2 2 2 2
0 2

0

see 5.5 ,
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2 3 2 3

2
8

M m u m u m u m u

m m
b b

m d H
a

m d H
a

Q

θ ϕ
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  (7.25) 

The right terms are given by  
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             (7.26) 

(ii) SEL II. Let consider SEL II given by (5.7) and corresponding variational formulation (5.12) which are 
followings in semi geodesic coordinate system based on the ellipsoid  
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(7.27) 
where  
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Calculation of Drag Assume that  
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(iii) Axial symmetry Case. If α β= , then boundary layer Equation (7.23) is axial symmetry with z -axes. 
Indeed, in this case,  
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The covariant derivatives become  
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Let  
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where  
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The drag is given by  

( ) ( ) ( )π 2 2
0 220

π sin 2 ddF p a Uθ α θ µαγ θ θ = − + ∫                        (7.38) 

In the following we concern with the axi-symmetric flow around an ellipsoid, which depends significantly on 
the Reynolds number and the geometry of the ellipsoid. And the boundary layer equations are solved with 
spectral method. The fluid approaches the ellipsoid with a uniform free-stream velocity from inlet to outlet. In 
order to compare with the results in reference conveniently, the results should be dimensionless. Therefore the 
other parametric equation of ellipsoid is proposed  

( )1
0 0 0tanh ,    cosh ,    sinhc cξ α γ α β ξ γ ξ−= = = =  

where c  a constant and the parameter 0ξ  defines the surface of the spheroid and is related to the axis ratio by 
0ξ . A perfect sphere would be represented by 0ξ → ∞  whereas a flat circular disk would be represented by 
0 0ξ = . 

The Reynolds number based on the focal length, i.e. 2
Re

c Uρ
µ

∞= , varies from 0.1 to 1.0. In the case the  

focal length 2γ  is the reference length and inlet velocity U∞  is the reference velocity. Let the total drag 
coefficient be, 

d
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where 2 2
0π coshA c ξ=  is the spheroid projected area. From BLE I the total drag includes two terms and the 

first term is the pressure part while the second term is the viscous part, i.e. d dp dvF F F= + , which are defined 
as,  
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Therefore the total drag coefficient is also decomposed into pressure and viscous part: D DV DPC C C= + , in 
which,  

, ,dpdv
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= =  
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Firstly the numerical solution of boundary layer equations is validated quantitatively by comparison with 
results in references and finite element method. Table 1 presents results of pressure and total drag coefficients 
for various Reynolds numbers at 0 0.5ξ = . Table 2 presents results of pressure and total drag coefficients for 
various values of 0ξ  at Re 1.0= . An excellent agreement between the present results and that of Alassar and  
Badr [13] are both achieved. And the normal stress tensor ( )h

δℑ
 to the supper surface of boundary layer is  

considered as the boundary condition of boundary layer equations, which is obtained from the solutions of finite 
element method. According to Table 1 and Table 2 the precision of drag computation with boundary layer 
equations is higher than the finite element method, so the boundary layer equations could be used to improve the 
computation precision of flow in the boundary layer with low cost. 

Figure 2 presents the nearly stationary streamline patterns and pressure distributions at different Reynolds 
numbers 10, 30, 60 and 100 respectively for 0 0.5ξ = . Here we note that our streamline patterns are similar to 
those obtained by Rimon and Cheng [14] for the sphere, since the separation angles and wake lengths are in 
close agreement with each other. Figure 2(b) shows a clearly visible secondary vortex at Re 60= , in this 
regard our result is also consistent with Rimon and Cheng’s [14] in spite of the difference in the size of the wake. 
Furthermore, Figure 2(d) shows a nice structure which corresponds to the a phenomenon observed for the flow 
around a circular cylinder. Since secondary vortices appear only at relatively high Reynolds number, we may 
conclude that the wake region is much more active at higher Reynolds number rather than that the wake length 
has to increase with the Reynolds number. 

Figure 3 presents the nearly stationary streamline patterns and pressure distributions at different 0ξ  0.25, 0.5, 
1.0 and 1.5 respectively for Re 1.0= . As expected, no separation occurs at the low Re values. 

 

      
(a)                                (b) 

      
(c)                                (d) 

Figure 2. Streamlines of the flow:(a) Re 10= ; (b) Re 30= ; (c) Re 60= ; (d) Re 100=  for 0 0.5ξ = .        
 

Table 1. Comparison of drag coefficients for various Reynolds numbers at 0 0.5ξ = .                                  

Re  
DC  DPC  

Ref. [13] FEM BLE Ref. [13] FEM BLE 

0.1 4.8934 4.9518 4.8734 2.6866 2.7615 2.6754 

0.5 5.1638 5.3143 5.2036 2.8363 2.9146 2.8562 

1.0 5.4700 5.6147 5.5813 3.0075 3.1164 3.0819 
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Then the flow details around the trailing edge of ellipsoid for Re 60= , 0 0.5ξ =  are given in Figure 4. It is 
obvious that the secondary vortex appears in the result of BLE, so more details could be computed by BLE than 
FEM. Although these flow details is obtained by FEM, its computational cost would be much more expensive 
than BLE. Let dimensionless pressure be ( ) ( ) ( )πp p pθ θ∗ ′ ′= −  and the definition of p′  is as follows,  

( ) ( )p c
p

U
θ

θ
µ ∞

′ =  

Figure 5 shows shows the surface dimensionless pressure distributions for the case 0 0.5ξ =  when Re 10= , 
30, 60 and 100. As Re increases, the difference in the pressure between the front and the rear stagnation points 
increases.  

Figure 6 proposes the corresponding pressure distributions in 3D. 
 

 
(a)                                                   (b) 

 
(c)                                                   (d) 

Figure 3. Streamlines of the flow: (a) 0.25ξ = ; (b) 0.5ξ = ; (c) 1.0ξ = ; (d) 1.5ξ =  for Re 1.0= .      
 

 
(a)                                     (b) 

Figure 4. Comparison of flow details for Re 60= , 0 0.5ξ = : (a) FEM; (b) BLE.         
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Figure 5. Surface pressure distribution for 0 0.5ξ = .      

 

   
(a)                                                      (b) 

   
(c)                                                         (d) 

Figure 6. Surface pressure distribution in 3D: (a) Re 10= ; (b) Re 30= ; (c) Re 60= ; (d) Re 100=  for 0 0.5ξ = .   
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The effect of 0ξ  on the pressure distribution can be seen in Figure 7. The figure which show the results at 
Re 1.0=  when 0 0.25ξ = , 0.5, 1.0 and 1.5 indicates that when 0ξ  decreases, a positive pressure gradient may  
be expected. The surface pressure distributions are compared between FEM and BLE in Figure 8 for the case 
Re 1.0=  when 0 0.25ξ = , 0.5, 1.0 and 1.5. The pressure distributions obtained by FEM and BLE are almost 
the same, however the absolute value of pressure in FEM is generally a little higher than these in BLE, which is 
consistent with the results in Table 2. 

Figure 9 proposes the corresponding pressure distributions in 3D. 
 

 
Figure 7. Surface pressure distribution for Re 1.0= . 

 

     
(a)                                           (b)  

     
(c)                                         (d) 

Figure 8. Comparison of surface pressure distribution between FEM and BLE: (a) 0 0.25ξ = ; 

(b) 0 0.5ξ = ; (c) 0 1.0ξ = ; (d) 0 1.5ξ =  for Re 1.0= .                                  
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(a)                                           (b) 

 
(c)                                           (d) 

Figure 9. Surface pressure distribution in 3D: (a) 0.25ξ = ; (b) 0.5ξ = ; (c) 1.0ξ = ; (d) 
1.5ξ =  for Re 1.0= .                                                            

 
Table 2. Comparison of drag coefficients for various values of 0ξ  at = 1.0Re .                                     

0ξ  
DC  DPC  

Ref. [13] FEM BLE Ref. [13] FEM BLE 

0.25 5.6995 5.8013 5.7124 4.0390 4.0928 4.0845 

0.5 5.4700 5.6123 5.5167 3.0075 3.0967 3.0616 

1.0 4.4265 4.5741 4.5638 1.8140 1.8816 1.8564 

1.5 3.2020 3.3569 3.2964 1.1635 1.2001 1.1757 

 
Finally, it has to be emphasized that since flow axisymmetry is assumed in the present study, none of our 

results give any indication about symmetry-breaking in a real flow. The presented method are, however, not 
restricted to axi-symmetric flow, the BLE I aforementioned could be used to compute the non-axisymmetric 
flow. 
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