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Abstract

The relative motion between multiple satellites is a developed technique with
many applications. Formation-flying missions use the relative motion dy-
namics in their design. In this work, the motion in invariant relative orbits is
considered under the effects of second-order zonal harmonics in an equatori-
al orbit. The Hamiltonian framework is used to formulate the problem. All
the possible conditions of the invariant relative motion are obtained with dif-
ferent inclinations of the follower satellite orbits. These second-order condi-
tions warrantee the drift rates keeping two, or more, neighboring orbits from
drifting apart. The conditions have been modeled. All the possibilities of
choosing mean elements of the leader satellite orbit and differences in mo-
menta between leader and follower satellites’ orbits are presented.
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1. Introduction

As the geostationary Earth orbits (GEO) belt becomes more crowded it is in-
creasingly difficult to acquire slots for new satellites. Consequently, many or-
ganizations choose to collocate their spacecraft in the same slot. Also for mis-
sions which a single satellite cannot accomplish, as global position satellite sys-
tem (GPS), the needed of formation flight began.

The formation flight concept is the use of several small satellites, which work
together in a group (or constellation) to accomplish the objective of one larger,
usually more expensive, satellite. This increases the likelihood of mission success

in the event of a malfunction Hughes [1]. Formation flights have invariant rela-
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tive orbits for their satellites to ensure that they will not separate over time.

The invariant relative orbits have been studied for a long time, as the earlier
work of Clohessy and Wiltshire [2] in addition to the studies of Tschauner and
Hempel [3]. These models introduced conditions on the initial relative position
and velocity so that the relative orbits result to be periodic, which are closed or-
bits. Recently, Schaub and Alfriend [4], Abd El-Salam et a/ [5] passing through
Li and Li [6] until Abd El-Salam and El-Saftawy [7] in which they discussed the
invariant relative orbits due to the influence of the perturbative effects of the as-
phericity of the Earth, the relativistic corrections and the direct solar radiation
pressure. Rahoma [8] also, discussed the /, invariant relative orbits with the ef-
fect of lunisolar attraction.

In this paper, we extend the works of Schaub and Alfriend [2] and Abd
El-Salam et al [5] model by introducing an atlas for the curves of invariant rela-
tive orbits” conditions. This atlas will be presented using Mathematica program
to calculate and plot graphics of the initial conditions of invariant relative orbits.
Those graphics will be shown as curves in 2D; in the case of the orbit of the

leader satellite is equatorial.

2. Hamiltonian System

There are several ways to derive the equations of motion for any such system.
We emphasized on the Hamiltonian structure of this system. The Hamiltonian
formulation allows additional conservative forces to add to the Hamiltonian,
thus the addition of complexity to the model can be incorporated with ease.
Non-conservative forces can add in the momenta equations of motion. The Ha-
miltonian equations of motion allow us to directly use control and simulation
techniques.
After expressing the Hamiltonian, as a series in power of /, (The second geo-
potential zonal harmonic) up to the second order, and using Lie-Deprit-Kamel
perturbation method Kamel [9] to eliminate, in successive, the short and long
periodic terms, the transformed Hamiltonian, A, for different orders 0, 1, and
2, are obtained by El-Saftawy et al [10].

2

k% ko ok J k%
H" =H, +J,H, +72H2 (1)
where,
2
Hg* 2_%772,0 (L.1)
H" = 4,n,,(35° -2) (1.2)
H = ﬁy[(—55 1717, + 2461, , 34561, , +1357;,)S
+(115201, 4 — 29767, , +8064n, ; +6727; 5 ) S’ 13)
+ (47047, , +576n, , ~15361, ; +2887; ; )]
3 s 2
+5 Ao (573, —3n55)(35S° —40S” +8)
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With, 7,,=L'L/, S =Sin/(/is the inclination of the orbit), x is the gra-
vitational parameter of the planet and zero order quantities defined as:

r
4, = 4' >

_ ,Uérjjat
3277

22

where /. and L, are the Delaunay elements (L =\/ua, L, =1L (l—ez) ,
L, =L,Cosl ), r, isthe equatorial radius of the Earth, and /,, /, are the second
and fourth geopotential zonal harmonic respectively.

The problem of designing invariant relative orbits for spacecraft flying forma-
tions is outlined as follows:

1) Compute the secular drift of the longitude of the ascending node and the
sum of the argument of perigee and mean anomaly.

2) These secular drift rates are set equal between two neighboring orbits.

3) Having both orbits drift at equal angular rates on the average, they will not
separate over time due to the influence of the perturbative effects of the asphe-
ricity of the Earth up to the desired order of magnitude (or the accuracy) to the
equations of motion.

Using the canonical equations of motion,

jOH M s )
oL, al

Since the argument of mean latitude & is the sum of the mean anomaly and
the argument of perigee (/ + 4). Evaluating the derivatives yields the sum of the
argument of perigee and the mean anomaly rate of changes. Follows, the rate of
change of mean latitude, @, and the secular drift rates of the longitude of the
ascending node, I, can be calculated, ie. 6=1 +1,.

So, using Equation (1) in Equation (2), the result can written in the form:

. 2 Jn . 2 Jn

0= D] and [;=3 —2D] 3)
n=0 MN:

n
n=l1 I’l'

With, D’ and D% are published by Abd El-salam et a/. [5] and given by:

D] = 1K,
Di =4,Z
0 2\ =
D1 :AHZ 0
i=1
AZ 5 7
g_i_lzl Z,+§Azzzzz
128/1 i=2 2 i=6
3 A2 8 _ 3 12 _
DI=—UNEK +=4,> K
2 128/12; it 22; i

where K, and Z, are function of the action variable and introduced in Ap-
pendix.

To prevent the satellites from drifting apart over time, the average secular
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growth needs to be equal. So, it would be desirable to match all three rates 1,1,
and I, between the satellites in each formation. So @ and I, of all satellites

in the formation should be equal.

6";' :jl,i+i2,i :l.l,j+l.2,j :é, Vi# j

j3,i = 1.3,‘/‘

! (4)
Vi#j

Denoting the reference means orbit elements with the subscript “0”. Using

« »

Taylor expansion for the drift rate 6, and 1'3, of a neighboring orbit “/* about

the reference orbital elements, retaining the terms up the second-order deriva-

tives, can be simplified as:

56? 69 +1.,, % +C — 0, oL,
6L . " oL, —x, oL, .
06, 69
+C—+ o
+7_ 10|:8L2 . oL, XXO] /N [77 21 L - m]
1| 0%, %6, ,0%0, %6,
5 2 T =7 A2 |
20 o |, ol oL OL,OL |
%0, %0,
20| == +C l 1 + ’720 —
OLOL,| _  OLOL| aL2 .
o°6, ) 1 0, )
+2C ! 2L ) S? ol
OL,OLy| oL | ]( ) {2"“ oL, | (67)
21 21 21
+| 1., —afi +(C2—a€i +2C o9
" oL . oL; . OL,0L, —

629.. 620
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(e P A (on(en..)
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T2 = op A LT (o1)(97)

where 56, =6, -0, is the difference between the drift rates of the argument of
mean latitude of the reference orbit and one of the neighboring orbits, and
i |X:X0 =6

And 61'3! ;= 1'3’1. —1'3’0 is the difference between the drift rates of the ascending
node of the reference orbit and one of the neighboring orbits, and
l3,i|X:X0 =l,-
Now, the conditions satisfying the invariance property for the relative orbits
are:
56, -6,-6,-0 7)
o=k, =L, =0 )

N

siy, =1,

Substituting the included derivatives of the last two equations into Equations

(5) and (6) and after the needed mathematical manipulations we will get:

A, (SL) + [Af&] + A0 (51Y J w42 (5, ) + 40, (5L)(5m,,)

(79
+[A§ +AL (51)](577,,_] )+[AZ + A, (51)](&1 )=0
A, (5L) + [ ABST+ A% (ST) ] w48 () + 48, (8L)(sm,.,) )
g

+[A’; + A (5[)](5771A71)+[A2 + A7, (51)](54): 0

Multiplying Equation (7') by AZ ;, and Equation (8) by Afl ;, and subtract-
ing we will get:

2
aSLon_ +a,(n,_,) +a, 5L +a,on,_ +a;=0 (9)

with the coefficients g,’s are:

_ 10 4k L o40
a=A A —ALAL

Lin Lin
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ay = AL AL, = A AL
ay=[A] + AL (SI)|Ap, - AL [ AP + Af (01)]
a, =[ AV + A} (51)| AP, - A, [Ajs + AR (51)]
as =| AL (81)+ A7 (1) | Ay, = AL [ AP (8T)+ A (1) ]

and the derivatives of A’’s and A"’s are in the appendix. Solving Equation
(9), for OL,, we get:

a, (5771,71 )2 +a45’71,71 +a;

oL =— S
aon, _, +a,

Substituting the last results in Equation (7') we get the quartic equation:
b (5m_) +b,(6m ) +by(6m,) +b,(5m_)+b; =0,
where the coefficients b,’s are functions of L,’s and given by:
b=a, A, —aaA] +al A
b, =2a,a,A], (a0, +aa,) A}, —ayq, [.Afl +Ap, (51)]
+al [Af +Ap (51)] +2a,a, A
b, = (aj +2a2a5)Af]L1 —(a,ay +asa)) A, +a; Ay,
~(aya, +a,a, )| A + Aj (51) |+ 2aa, [ AL + A (ST)]
vai [ AL (81)+ A (51) ]
b, =2a,a,A], —asa, A, —(a,a, +asa) Al + A (S1)
+al[A) + AL (81) |+ 2aga [ AT (51)+ A (51) ]
b= a2 AL, —asa, [ Al + Ay (S1)]+a [Af (81)+ Al (51)2]
Solving the resulting equation we will get four roots of &7, ,:

(5771,71 )1’2 =A-AFA,

(10)
(5771,_1)3,4 =A+ATA,.
and four roots of OL;:
(5L ) _ % (A —2AA +2A4,A,-2A A ) +a, (A - A, — Ay)+a; ’
i a (A -A-A)+a
(5L, )2 _ 4 (A —2AA —2A A +2A A ) +a, (A - A, — Ay)+a; ’
al(Al - A, _‘43)'“13 (10
(5L,) :_02(146 +2A A, —2A A -2AA ) +a, (A + A - A)+a; ’
H3 a (A +A, - A)+a
(5L,), - 4y (A +2A A + 24 A +2A A ) +a, (A + A - A)+a ’

al(Al +142—143)+a3
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where,

b,

A=—2
ab,

, 42:% B +B,+B,, 43:%\/231—32—33—34,

144 :%\/231 _Bz_Bs+B4 > Als :A12+A22+A32’ Aﬁ :A12+A22+A42’

_b 2y 2PG G G
1 2 > 2 > 3 1/3 > 4
4b2  3b, 3h,C, 3x2"°p, 84,

S 4b,b
C =b2-3bb, +12bb,., C, = _’;_zﬁ#_gbﬂ
1 1 1

C, =2b; —=9b,b,b, +27b,b; +27b;b, —72b,bb
1
C, :(c3 +y—4(C) +C? )3.

3. Modeling of Invariant Relative Orbit Conditions for near
Equatorial-Circular Case

When we choose the leader orbit to be circular equatorial then, we will obtain
four solutions for 67, _, (which we redefined as o7 for simplicity), as in Equ-
ation (10), and four solutions for JL, as in Equation (10'). Here, we will
present the plots of these solutions, which we obtained in the last section (Equa-
tions (10) and (10")) to compare the effect of /, on the conditions of invariance
for the formation. Before we introduce the graphs, it is important to mention
that in all figures, we provided a set of curves in each condition for the inclina-
tion of each member of the formation with respect to the leader orbit
(—2° <ol < 2°) as example. By means that the follower satellites’ orbits, in the
formation, will be inclined by a range of 2° with respect to the leader satellite or-
bit, of course we can extend this range. Also, we will introduce a comparison
between the effects of J, in the formation.

The variation of the formation relative to the leader orbit in o7 is related to

the variation in eccentricity for the followers through:

e

on=-— Se=MAG(e)de,

1-é°

Le. the variation in the follower’s orbit in 7, , (6n) is scaled by MAG(e)
in their variations in eccentricities de. It is important to note that the scale
function MAG(e) is always negative for circular and elliptical orbits. In our
case the eccentricity of the leader orbit, ¢, is zero, then de=e—¢, is always
positive.

While the variation in the &L, for the followers, is scaled by mag(a) for

the variation of the semi-major axis through the relation

L, = ;éa =mag (a)da . It is important to note that the scale function
2\ ua

mag(a) is always positive, but da maybe positive, negative or zero.

DOI: 10.4236/ijaa.2019.93016

223 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.93016

S. A. Altalhi, M. I. El Saftawy

3.1. The First Solution (Circular Formation)

The first solution of Equations (10) for de and (10') for Sa for the orbits of
the followers with respect to the leader orbit, for inclination range [-2°, +2°] in
case of /, and the net effects of /, and /; can represent in the following curves.
Figure 1(a) and Figure 1(b) show the first choice of the invariant relative
conditions, in the equatorial-circular case. In this choice, o7 and 5L, get
Zero for all da,0e and &I values. That is mean, the formation for the fol-
lowers orbit will be in the same orbital plane of the leader satellite (In Plane
Circular Formation) with their eccentricities and semi-major axis was scaled by
MAG (e) and mag(a) of the leader satellite. The scale function MAG (e), for
this solution, is equal zero whatever the choosing the value of Je. Also the scale
function mag(a) never equal zero, then Sa must equal zero. That can me
conclude that the follower satellite’s must be in the same orbit of the leader one.

In this case, the effect of /, has no significant variation in the formation.

3.2. The Second Solution

Figure 2(a) and Figure 2(b) show the second choice of the invariant relative
formation, in the equatorial-circular case. In this solution, the choice of eccen-
tricites and semi-major axis for the followers orbit is not affect the formation in
case of J, effect whatever choosing the inclination for folowers orbits. But the /,
effects change the choosing of eccentricities slightly while the choosing the
semi-major axis still unaffected whatever chosing the inclinations for the fol-
lowers orbits. As we see in the vertical axis. The semi-magor axis and eccentri-

cites of the followers orbits must be greater than those for the leader one.

1%t Solution For 61 in equatorial inverient orbit 1%t Solution for 6Ly in equatorial inverient orbit
MAG(e)se mag(a)sa L2
— (-2 1(-2)
1.0 1.0 St
on(-1) 11
— 6n(0) — 6L4(0)
o8 — onin 0% — L)
— 6n(2) — 6L4(2)
a a
2 3 4 5 2 3 4 5
-0.5 -0.5
-1.0 -1.0
(a)
t . . e )
1% Solution For 61 in equatorial inverient orbit 15t Solution For 61 in equatorial inverient orbit
MAG(e)5e MAG(e)se
1.0 — on-2) 10 — on-2)
6n(-1) 6n(-1)
— 6n(0) — 6n(0)
0.5 — on(1) 05 — 6n(1)
— on(2) — 6n(2)
a a
2 3 4 5 2 3 4 5
~05 -05
1.0 -1.0
(®)

Figure 1. (a) The formation under the effect of /, only for the 1st solution in the circular
equatorial of the leader orbit; (b) The formation under the net effect of /, and J, for the
Ist solution in the circular equatorial of the leader orbit.
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24 golution For 61 in equatorial inverient orbit 2nd- Solution for 6L, in equatorial inverient orbit
MAG(e)se mag(a)sa
1.1
-0.44 — 6n(-2)
én(-1) 1.0
-0.45 =1)
— 6n(0)

— 6L1(-2)

-0.46 — &n(1) SLi-1)
047 — on(2) 08 — 6L4(0)
07 — oL(1)
-0.48 — 6L4(2)
0.6
-0.49
-0.50 “ 2 3 4 5 7
(a)
2"d Solution For &n in equatorial inverient orbit 2"d" Solution for 6Ly in equatorial inverient orbit
MAG(e)se mag(a)éa
— 6n(-2)
-0.4965 1.1
6n(-1)
-0.497
0.4970 — 6n0) 1.0
-0.4975 — &n(1) 0.9 — 6L1(-2
6Lq(-1
-0.4980 — 6n(2) 08 1(=1)
. — 6L4(0)
-0.4985
0.7 — 6L4(1)
-0.4990 — 6L4(2)
0.6 1(2)
-0.4995
2 3 4 5 ° 2 3 4 57

(b)

Figure 2. (a) The formation under the effect of /, only for the 2nd solution in the circular
equatorial of the leader orbit; (b) The formation under the net effect of /, and J, for the
2nd solution in the circular equatorial of the leader orbit.

The effects of /, are changing slightly while the choosing of eccentricies is not

for choosing the semi-major axis.

3.3. The Third Solution

Figure 3(a) and Figure 3(b) show the third choice of the invariant relative for-
mation, in the equatorial-circular case. In this solution, the value of the function
MAG (e) e < —1.3 which gives the limits for the eccentricities through the inqu-
alety e*+1.69¢" —=1.69<0.

The solution for this inqualety has only one positive value 0.839936. With re-
spect to choosing the semi-major axis, it is not depend on choosing the inclina-
tion, by mean that the formation will be in plane of the leader one.

In the case of the formation, under the effects of /, and J,, the function
MAG (e)Se is modified the limit of the eccentricities to be 0.774904.

3.4. The Fourth Solution

Figure 4(a) and Figure 4(b) show the fourth choice of the invariant relative
formation, in the equatorial-circular case. In this choice, the formation for def-
ferent inclination is distributed about the leader orbit (with 67/ =0) and the
function MAG(e)de is increasing for positive &/ while it is decreasing for
negative &7 . For choosing the semi-major axis, it increases by increasing the
semi-major axis of the leader orbit whatever choosing o7 .

In this formation choics, the effect of J is significant for choosing the eccen-

tricities for the followers as it clear from the first of Figure 4(b). In the first of
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3" Solution For 61 in equatorial inverient orbit 3" Solution for 6L in equatorial inverient orbit
MAG(e)de mag(a)éa
-1.30

-1.31
oL4(-2)

-1.32 — 6L4(-1)
— 6L4(0)
-1.33 — 6L4(1)
— 6L4(2)
-1.34
a
4 5
3" Solution For &n in equatorial inverient orbit 3" Solution for 6L, in equatorial inverient orbit

MAG(e)se mag(a)sa

-1.00

-1.05

-1.10

-1.15

-1.20

(®)

Figure 3. (a) The formation under the effect of J, only for the 3rd solution in the circular
equatorial of the leader orbit; (b) The formation under the net effect of /, and J for the
3rd solution in the circular equatorial of the leader orbit.

4™ Solution For 61 in equatorial inverient orbit 4™ Solution for 6L4 in equatorial inverient orbit
MAG(e)se
— 6n(-2)
-0.490 — ont-1)
— 6n(0)
0.495 — ot
- — 6n(2)
-0.500
-0.505
9
-0.510
a a
2 3 4 5
(a)
4™ For 6n in equatorial inverient orbit 4th- Solution for L4 in equatorial inverient orbit
MAG (e)de mag(a)éa
1.60
0.04 — 6L4(-2)
1.58 — 8L4(-1)
0.03
— 6L4(0)
1.56 0.02 — 6L4(1)
— 6L4(2)
1.54 0.01 _
\_\\‘:_:
a . a
2 3 4 5

()

Figure 4. (a) The formation under the effect of /, only for the 4th solution in the circular
equatorial of the leader orbit; (b) The formation under the net effect of /, and J for the
4th solution in the circular equatorial of the leader orbit.

Figure 4(b), the function MAG(e)de is positive and increasing while MAG (e)
is always negative. And Je, in our case, must be positive or zero. For that this

solution is not mathematically accepted.
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Also, the second of Figure 4(b) shows that this choice is not continuous for
orbits with semi-major axis greater than 2.5 earth radii. And the function

mag(a)da is decreasing by increasing the semi-major axis.

4. Conclusions

The problem formulated using the oblate Earth model, truncating its potential
series at J, to the equations of motion, and then the canonical equations of mo-
tion and the Hamiltonian formed. In order to keep the relative motion invaria-
ble, eight-second order conditions between the differences in the semi-major
axis a and the inclination 7 are obtained. These conditions guarantee that the
drift rates of neighboring orbits are equal on the average. The resulting orbits
require less control and maintenance fuel. Then we studied the curves of these
conditions in equatorial-circular case. The plots of these cases are presented as
relations between o7 or JL, and the semi-major axis of the leader satellite
orbit, at different o7 .

In the first choice, we can conclude that the follower satellite’s must be in the
same orbit of the leader one (on orbit formation).

In the second choice, whatever the choosing the inclination for the followers it
is not affect the choosing the semi-major axis (In plane with different eccentrisi-
ties).

The third choice, under the effects of /, and J,, the value of the function
MAG (e)de<—-1.3 which gives the limits for the eccentricities through the in-
equality e*+1.69¢’ —1.69 < 0. The solution for this inqualety has only one posi-
tive value 0.839936. With respect to choosing the semi-major axis, it does not
depend on choosing the inclination, by mean that the formation will be in plane
of the leader one.

The fourth choice, the function MAG(e)Se is positive and increasing while
MAG (e) is always negative. And Se, in our case, must be positive or zero. For
that, the eccentricities of the followers must be negative and that is not mathe-
matically accepted.

Also, the second of Figures 4(b) shows that this choice is not continuous for
orbits with semi-major axis greater than 2.5 earth radii. And the function

mag(a)da is decreasing by increasing the semi-major axis.
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