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Abstract

Coupling effects of Earth oblateness and direct solar radiation pressure on the motion of an artifi-
cial satellite are evaluated. Secular and periodic terms are retained up to order three and two re-
spectively, where the coefficient J, of the second zonal harmonic of the geopotential is consi-

dered of first order. The solution revealed the existence of secular terms at order three that arises
from the couplings between terms, of lower orders, resulting from the solar radiation pressure.
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1. Introduction

Analytical theories of celestial mechanics are usually more tractable when tackled within the domain of Hamil-
tonian mechanics, and fortunately most non-Hamiltonian systems of differential equations can be Hamiltonized
by a simple technique [1] [2]. As for as canonical perturbation methods are concerned, the basic demand is a
canonical transformation such that the new Hamiltonian has fewer degrees of freedom, which results in integrals
of motion equal in number to the number of ingrate coordinated, and thus successive transformations reduce the
system to quadratures. If the Hamiltonian is a periodic function of time, a further requirement would be the av-
eraging of the Hamiltonian to eliminate the time.

If the Hamiltonian admits a Taylor series expansion in powers of a small parameter ¢ at ¢ =0, a generator
of the transformation can obtain a series of ¢ up to any desired power.
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Many works deal with the effects of solar radiation pressure, Musen (1960) [3] derived first order expansion
for the rate of change in the osculating elements using the method of variation of vector elements. Kosai (1961)
and Brouwer (1962) [4] [5] used Lagrange’s planetary equations to find the first order solutions with the inte-
gration performed between the times of exit from, and entry into, the shadow. The resonance effects produced
by the commensurabilities between the different mean motions provided good field for detailed theoretical stu-
dies (e.g. Musen, 1960 [3]; Brouwer, 1962 [5] and Hori, 1966 [6]). De Moraes (1981) [7] developed semi-ana-
Iytical theory including the joint effects of direct solar radiation pressure and atmospheric drag for satellites of
perigee heights between 500 and 900 Kms. The difficulties arising from solar radiation pressure are analyzed in
three very useful and interesting expositions given by Kampos (1968) and Sehnal (1970 and 1975) [8]-[10]. An
interesting application is to use solar radiation pressure as means of spacecraft propulsion (solar sailing). The
idea is described and its dynamics is studied by Mc Innes and Brouwn (1990) [11].

It has been repeatedly stated by many authors (e.g. Kampos, 1968; Ferraz-Mello, 1972 and Anselono et al.,
1983) [8] [12] [13] that there are no secular or long periodic changes of the semimajor axis and no second order
terms (or even, by some author, no secular terms whatever the order). But Geyling and Westerman (1971), Lala
(1972) and Sehnal (1975) [10] [14] [15] drew attention to secular terms which appear at higher orders. McMa-
hon, Jay W., (2011) [16] modeled the solar radiation pressure acceleration as a Fourier series which depends on
the Sun’s location in a body-fixed frame; a new set of Fourier coefficients are derived for every latitude of the
Sun in this frame, and the series is expanded in terms of the longitude of the Sun. Licking et al. (2012) [17]
further explores a passive strategy based on the joint effects of solar radiation pressure and the Earth’s oblate-
ness acting on a high area-to-mass-ratio object. In 2001, Cook found that the most significant effect relating to
solar radiation pressure is the changing cross-sectional area of the satellite projected to the Sun [18].

The present work is concerned with the effects of solar radiation pressure at higher orders to emphasize the
effects of the couplings between them and with those resulting from the oblate gravity field of the Earth. The
canonical equations of motion are formed in terms of the Delaunay elements augmented with the pair (k, K)
where k is the mean longitude of the sun. The equations include the radiation pressure force and the geopoten-
tial up to J,. Two canonical transformations are made to eliminate the short and long period terms in succes-
sion respectively. The Hamiltonians and generator are assumed to be expandable as

3 n
H(é,g,h,k;L,G,H,K;Jz)zz%Hn
n=0 .
H (-, ¢ hkLGHK; )= i:o%H:
3 ‘]; ok

s J
,,,,, 2
n=0 n' n+l

As expected secular terms arise at order 3 from the brackets (H;, W ) and ((Hl*;Wl’; );Wl*r) where the suffix
r refers to terms arising from solar radiation pressure.
2. Equation of Motion

In terms of the Delaunay variables (ﬁ, g,h,k;L,G,H, K) the equations of motion of an artificial satellite about
an oblate Earth and perturbed by direct solar radiation

d(4,9.h,k) oH _ d(LGH,K)  —oH O
dt  3(LG,H,K) dt ~9(¢,9,h,k)
With the Hamiltonian [6] [19]
H= 32 H 322 AH 2
_HZ:(‘SH oA 2
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K
TES
H, =%¢)322 +0oK,,
H, :%(0422 +%€Dsz4v ®)

2

AH, = AlL;[(1+ c)(1+c, )cosF; ™ +(1+c¢)(1-c, )R +(1-c)(1+c, )Ry

+(1-c)(1-c, ) Ry +2ss, (cosF, ™ - cosFﬁl)].

Z, =(3s* -2)(-3s°cosF,, ),
Z, = (155 ~12s)sinF,, —5ssinF,
4
Z, =(24-120s” +105s* ) + (1205 ~140s* ) cosF,, +35scosF,,, @)
a .
o= R =if + jg+sh+tk.
And
B 1 in2 /‘5R3‘J2 /UGR4‘]4
= s = — R s =, =,
A=z Rt R AT ATy
AE
=—(1+a)a’cos’y.
ﬁl me( ) o X
E. isthe solar constant, c, is the speed of light, a_ is the mean distance Earth-Sun.
v
o=—), 5
3, ®)

c=cosl, c,=cose, s, =sing, s=sinl.

v being is the mean motion of the sun, A is a constant, & is the obliquity of the ecliptic and R is the
equatorial radius of the Earth.

When deriving the above equations the Sun is assumed moving in a circular orbit so that its mean longitude is
t+const, and the direction and distance of the satellite from the Sun are considered similar to those of the Earth.
Clearly AH, represents the contribution of solar radiation pressure.

3. Short-Period Perturbations

Since H, depends only on L, the angle ¢ will be a fast variable while the other angles are slow variables.
Therefore, we shall perform two transformations to eliminate, in succession, the short and long period terms.
Adopting the transformation techniques developed by Deprit (1969) and Kamel (1969) [1] [20], the identities for
the short period transformation will be:

H: = H, ¢4
H, = H, +(Ho:W,) 2
Hy = Hy+ X0 T (Hy W) +CT G H, | e

-2 ~j1
G, =L, —Zm:OCn’1 L...G,

n+1~" j—-m-1?

1< j<n. (6.4)

where L, =L, is the Lie derivative generated by W, and the Hamiltonian and generating function at order n

are obtained from (6.2) by choosing
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H =(H 6.5
o =(H), (6.5)
Then
(Wn;Ho):Pn:Hn_H: (66)
The elements of the transformation are obtained from
6ghi)=(bgh i)+ X: L (5(”) 9, A, k) (7.1)
(LG H,K) = (LG A,K) + an (L<n) HON: (O K<n>) (7.2)
N 2 33 (1) () B L)
(2,4,h, k)_(l,g,h,k)+znzlﬁ(l g™ h™ K ) (7.3)
f e 2 (1) @ )
(L,G,H,K)=(L,G,H,K)+ ZMF(L G HO K™ (7.4)

. S . oW, an=1Y N
(Z(n)'g'(n)'h(n)’ k(n)) =" 4 zn 1( J ] G} (f(n—]),g(n—])’h(n—])’k(n—])) (81)

o(LGH' K") j=1
. -1 . . . .
[ ¢m @) gm)) = - W n-1f N (L) =) g o) g e
(£, 6@, AM, k) TR Z,-_l( j G (L®D,60N He=D g @=N),  n>1(82)
(g(n),g(n),h(n),k(n)) = _(g‘(n) ™ R, M) + Z [ j j(f =), gn=) =), k(n—;)) n>1 (83)

n-1

(L(n) G gm), K(n)) = —(L M ¢ go g (n)) + z ‘1[
J

] (L‘(n—j), G(n—]')’[:](n—i)']((ﬁ—j)), n>1

(8.4)

Performing the operations described in Equations (6) with the secular and periodic terms retained up to the
third and second order respectively, we arrive, after some lengthy manipulations, at the following results. All
variables are understood to be single primed but the primes will be dropped out for the sake of simplicity of
writing.

2

Ho == ©)
Hy = Lfé (35" -2)+ ok (10.1)
W, = ,u?& {(352 —2)(f —€+esinF)—gs2 (sian2 +esinF,, +%sinF32j} (10.2)

At the subsequent orders (order 2 and 3) we will be concerned only with terms arising from the radiation
pressure and those due to the coupling between oblateness and radiation pressure effects. We thus separate W,
as

W, =W, +W,, (11)

where the suffixes g and r refer to gravity and radiation pressure, respectively. At the second order we have

H, = —%AiAeLz (12.1)

&)
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w, =2 50 Al (1-Le? |sine - Esin2e |- S| & cos2E - cosE (12.2)
S 2 4 L|4

where:
A=(1+c)(1+c, )cosk, , +(1+c)(1-c, )cosFy,, +(1-c)(1+c, )cosF_y, +(1—-c)(1—c, )cosF

(13.1)
+2ss, (cosFy,_, —cosF, ).
B =(1+c)(1+c, )sinF, , +(1+c)(1-c, )sinFysinF,; +(1—-c)(1+c, )sinF_sinF,_, 13.2)
+(1-c)(1-c, )sinF_,_sinF,_, , +2ss (sinF_sinF, , —sinFsinF, ).
Regarding (6.3) we find that the manipulations at order 3 require evaluating
A= A, (14)

where:
H31:2(H1;W2r)' H32:<H1*;W2r)' H~33=(H2r;W1), H~34:2(H2r;W1)-

Evaluating these brackets and performing the averaging process in Equation (6.5) we obtain, after lengthy
calculations

2

Hy = 2A% {@11A+‘T’165h +(P5, A+ ¥ A+ WL B, )cos2g +(¥5,B+ ¥5,B + ¥5 A, )sin2g +(22‘1—2"]@17A(}

u
(15.1)
. — _ 2A0 \—
H,, = A"?z {‘I’21A+‘I‘ZGBh +{%}‘P27 Bk} (15.2)
H, = Aiﬁz {‘?31A+‘¥‘368h +(‘T’§1A+‘T’§3A+‘T’§68h>00329 +(‘¥‘ZZB+‘T’§4§+‘T’§5A])sin29} (15.3)
7]
H, = A"j‘z {(‘T’ZIA+‘?23A)00329 +(‘T’sz+‘T'jsAh)sin29} (15.4)
U
So that
H;
=%{@1A+@68h +(TEA+PEA+ TEB, cos2g +(T3B + P5B + T A Jsin2g +(22‘26j(2‘f’l7Ak +F, B, )}.
(16)
where the s are functions of (LGH) the subscripts h and k mean partial derivatives with respect to

each, and

A=— {(1+ Co )COSFy, , +(1-c,, )cosF,, —(1+¢, )cosF,_;, —(1—c, )cosF,_, , — ZCST@(cosmel —CosFy, )} (17.1)

B=-c {(1+ Co )SinFy,, +(1-¢, )sinFy, —(1+¢, )sinF_;; —(1-c, )sinF_,_, — ZCSTO(sian_1 —sinFlOI)} (17.2)

For the elements of the transformations, substituting Equations (10.2) and (12.2) into Equation (8) yields

22
b :i{AK—%GZLZ(0+ZG2L2 +5L" (1+ ez)jsinE+((1+e2)GzL (0+iGZL2 —57? L“JsinZE
e

2 4e

7,
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22 212 2
_[LCe sin3E+3G L (1-E)+ 15Le(f—E) +B G Lgo+4GL3 CcosE (18.1)
4 2e 2 4
3 3 3
L CLe Gl 35 cosZE—(£G3L¢jCOSSE+w
2e 4e 4 4 2e
° G(5 . G (1 e . Go .
1D == A2 2p-2||+A (1+¢€) [sinE +| A [—— 1+¢° j—— SiN2E + A—2 sin3E
g ,uz{{Ai[Lz[4(p D A (1+e) 2 (140 )] 3A Al
2 2
+ B _G 20+l +BGE]COSE+ B G(f G 5= £ -Bg eG}coszE (18.2)
4L° 4 L del® del m ¢ aL
2
B cos3E + 852 _A 6 gl
4L 2eL 2el
YO 3 G(e
——2Al A, (1+e )5|nE——S|n2E+2e(€ E)|+B,— 3 cosZE cosE (18.3)
L(Z)_ % {A 1+e gosmE—ZgocosZE+ze(1 ¢)):|+B ( Sin2E — smEj} (19.1)
n
G@ = {B 1+e smE—%sin2E+ge(f—E)}+Af( Cos2E — cosE} (19.2)
H® = 2Al A1{(1+e2)sinE—Esin2E+§e(€—E)}—BhE(ECOSZE—cosEj (19.3)
4 2 L\4
I‘((Z)—A1 A<L5|:(1+e )smE——stE—Ee(f E)} BL“G( cos2E — cosEj (19.4)
1 4 2 4
where:
A B
=—--—, B = ——
A e HETe

where we note that 2, ..., k@ consists only of terms arising from the oblateness effects and therefore need
be taken into consideration.
Substitution of Equations (18) and (19) into (7) yields the transformation and inverse.

4. Perturbations of Long Period

After the short-period terms have been eliminated the problem is now reduced to the system of canonical equa-
tions with Hamitonian H*(---, 4, b, k; L, G, H,K).

We now proceed to eliminate the long-period terms, i.e. those periodic in g, h, k.

The transformation follows the procedure outlined in Equations (6)-(8) but with the averages and integrations,

performed over g, h and k. The basic identities are now
H," =H, (20.1)

HY* = H; +Zj‘i{?:ﬂ(H;_j;w’;){n;le H: 1}, (n>1) (20.2)

Performing the processes outlined in Equations (16.1),..., (16.6) and (20) to find H™ and w" assuming no
resonant conditions the following results follow (all variables are double primed)

&)
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4.1. Zero, First and Second Orders

Remembering that at orders 2 and 3, we are concerned only with the terms including radiation pressure effects

we have
2
ok ﬂ
HO :—E (21)

*k AZ
Hi =5 (3s*-2)+oK (22)

H," =0 (apart from oblateness perturbations) (23)

. 3 . S
W, = _ZAieLz Y2, Bysin(g+ih+ jk) (24)

where:

(1_0)(1_09)

n,—n,—n,

(l—C)(l—CO)

n, —n,—n,

_ (1_C)(1_Co)

Bii=

By=

And

4.2. Third Order

From (20.2)
Hy" = H +3(H,W; ) (25.1)

H; =Y Hi (25.2)
where:

(26)

So, we can write
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Hy' = 30 s B = () s Wy =300 Wy (27)
By following the above scheme, the expressions for H." and W, can be deduce after a lengthily manipu-
lation.
4.3. There Order

4.3.1. Expressions for H) and w;,
From (16), (26) and (27)

Hy =0 (28.1)
Then
W, = 23:712??12j=71,1{7rfij8inFnij + 77 COSFy; } (28.2)
Where:
\P*
Tai = 1 AiAZ M (n=-13),

3 u* nn, +ing + jn,

}/c__ :1 A10' Xr?'l
"3 48 nny+ing+ jn,

(n=1).

Clearly, Equation (28.2) holds as long as
nn, +in, + jn, > 37% (i=+10;j=-11)

4.3.2. Expressions for H; and Writing
Wl* =W12 +W1¢ (29)
Equation (26) can be decomposed such that

H31 H3lrr H31rg + H (30)

Hae = —((H w5 )wsy)
ey = (R W)W )
Higr = —((Hi W )i )
Regarding H;fj" and W,,,, , Equations (25) and (27) yield

Hi, = Aiz >y Z {Rmcos[ s)h+(j—t)k |+ Ryqcos[ 2g +(i+s)h+(j+t) k]} (31)

i=—1 j=-11s=-1t=-1,

31gr

A

H;Irr =Ry at n,m =0 (32)

WZ*lr‘r = Z%‘:—Z Zrzr;=—2 {Rlnm Slnl:Onm +ﬁ‘1nm SinI:an } (33)
where

. . G . .
lust - Bllj ( —ib+ JC)(_eLZBlSt;G +€Blstj_le|‘2 B1ij Blst;H (d —ib— JC)
—eL?sB,, [ By (d —ib+iC)+ By (dy —ib, +jCy ) ],
Riljst llj (d |b+ JC)( eLZ 1st G +— Blstj ieLZ B1ij Blst;H (d _ib_ JC)

—el’sB,, [ By (d —ib+iC)+By (dg —ibg + jCs ) |
—el’sBy [ By (d —ib+iC)+ By (dy —ib, + jCy )],

&)
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2 2 LG*
Rxlnm ﬁ Rlnm
8 nn, +mn,
Ry = ﬁ Rim

8 2n, +nn; +mn,

And the primes on the summation signs en Equation (33) indicate that the terms R, is excluded. Clearly
(33) holds as long as

in, +nn; +mn, > J;* (i=0,1)=0

*% *
For H,, and H,,, we have

Hiyg =0 (34)
Wsirg = Ymee2 Diee1 Xjeeta {Slnij sinF; +T 1 COSFnij} (35)
where
S :l#
3N, +in, + jn,
g2l T
M 300, +in, + jn,
And
1 . .
S 1 :E{(d—'bJFJC)[Bm (W12(3+|W12H)+281|JG 12]+2(d —ibg + jCq ) ByW,; }
1 - - * - *
Sy = {(d =i+ JC) [ By (We —iW, ) + 2By W5, | +2(d it + Co ) By W |
Sy =0  (1=-2,0124)
1
Tl—Zij:E{(d_lb"'JC)[ 1.1( 13G+IW13H)+SBlIJGWl3:|+3(d —ibg + jCq ) 7ij 13}
1 - - *
1ou:§{ _lb"'JC Blu( e W +BlleWl + 'be"'JCG)BmWn}

(de —ibg + Cq ) BWi

Nll—\

{ —ib+ JC Blij (Wﬁe |W11 n )~ B Wi

12|J =

I
Ty = ;{ _'b+JC)[ 1u( 1SG+IW13H 3Bl|]GW1:| 3 dg —ibg + jCq ) i W, }

4
W;;:iz%(—ulec —15¢* )(i—ia}riﬁ L 2(—1+8c2—7c4)(2i—i3j
324 1-5c¢ ’G G A, 1-5c ’G G

Equation (35) holds true as long as
nn, +in, + jn, > J¥°
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Finally, for Hg, and Hj , we have

H**

31gr

Wiigr = Yne—2 i =11 {Mlnij sinF; +N1m] COSFm,}

=0

where:
> _ 1 Mlnij
nij = .
3nn, +in, + jn,
1\7 _ 1 Nlnij
nij =5 .. .
3nn, +in, + jn,
And

3 2G,, . C e
Ml—lij = gAi {an [TWZ _eL2 (WZ;G + 'Wz;H )} 29'-2 Blu GW }
3 -2G,, e .
Mg = 3 A {Bm { ; —el? (w +iW,,, )} +2eL*B,; W, }

M. =0 (n:—2,0,1,2,4)

1nij

%G, , we
1 2j T T 5 Ai{ nij [ 3e|-2( 3 H )} 9el? Blu GW }

G
lOIJ ___Ai{ 1|J|: eLZ IWlCH :| eL’ Blu GW }
|W1H }

3 s
N12|J =75 Ai {Blu l:_W eLz eL nij; G }
Ty =——A1{ m[gew +3el* (W )} 9eL”By; W }
Ny,; =0, (nodd)

Again, Equation (37) holds true as long as the above conditions hold. Collecting we find that
H; =Ry at nm=0
Wz*l :Wz*m +W;1rg +W2*1gr
4.3.3. Expressions for H;, and o,,
H:;Z*rr =Ry

WZ*ZTT = Z%=—2 Z‘gr;=—2 {Rlnm SIr]I:Onm +R"1nm SmFan }

where
R _ 1 Ran
2nm — 5
3 nn, +mn,
E\ 1 Rlnij
2nm = 5
32n, +nny +mn,

(36)

(37)

(38)
(39)

(40)

(41)
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3, < G
Ran = g Ai Z {ast |:EL2 (Bl,n+s,m+t;G + SBl,n+s,m+t;H )_ E Bn+s,,m+t il + Bl,n+s,m+1 [ast;G + (n + S) Ost:n ]}
s=1t=—11
~ 3. ¢ 2 G
Ran g Al z Oy —elL (Bl,n—s,m—t;G - SBl,n—s,m—t;H )+€ Bn—s,,m—t + Bl,n—s,m—t I:ast;G + (n - S)ast;H :|
s=1t=—11
3
Y =75 Aen g (1-c)(1-c, )
3
ay = Aen , (1- C)(1+ Co )
Qyy =—3AN ,SS,
ay, =3Aen_,Ss,
3
0, == Aen 1+ c)(1+ co)
3
oy =3 Aen_, (1+c)(1-c,)
And
Ty = LG
For Hy, and Hj, wehave
Ha =0 (42)
Wi = a2 Xy Xj=—11 {S\lnij sinFy; +T 105 COSFnij} (43)
N _ 1 SZnij
273 n, +in, + jn,
1 T2nij

Ty = ————
" 32n,+nn, +mn,

1 * - * *
Sy ZE(le;G + Wi )aij -Wp,0.6

1 * PYVE *
Sasi :E(le;G +IWo )aij ~Wi, @

Sy =0 (n=-2,01,2,4)

2nij

Lice anre 3y
T = _E(Wl?;;G + W )aij _EW32aij;G

1, . ... 1. .
T20ij = _E<W11;G +IWp )aij _Ewllaij;G
1 * - * l *
Ty = _E(Wn;e +IW )aij +§W11aij;G
1 * - * 3 *
Ty = _E<W11;G +IWp )aij +EW11aij;G
Ty =0 (n odd)

Finally, for Hz, and Wy, we have
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*k
H 32g9r = 0

Wrgr = n_—zZL_—1 Z,=_11{M 2nij smF +N i cosFmJ}

where:
M. = 1 MZnij
27 30, +in, + jn,
oot New
2730, +in, + jn,
3 . —_— 2G
MZ—lij :gAi{Blij {el-z (sz;e +|H22;H )__sz}"'ZELZBm GH }

3 i o e 1,26
M23ij:§A1{Blij eI‘z(sz;eJr'sz;H)“L?H } 2eL°By; o H, }

My =0  (n=-2,0124)

3 [ 3G
N22ij:_Ai{Blij _eLZ(sts'HHzaH)"'? } 3eLZB1uGH }

8

- G
N20ij:_Ai{Bllj[ eLz( ZlG+|H21;H)+€H } e'-ZBmGH }
3 . - G
N22ij:gAl{BlijI:eLz(Hsz+|H21H)+EH } eLZBmGH }
3 3G, . «
Ny :gAl{Blu I:eLz(Hzae +iHg, )+?H21:|_eLzBlij;GH21}

Ha = 1:3)22 {(5 10c* +35c* )’737 _(4_24C2 +36C4)’746 _(5_18(:2 +5C4)’755}

+ % Ay (15 ~150c* +137c* )’737 - (9 —90¢? +105¢* )7755 ,

H;, =§A3e;755(—45+5s3)

. _3A 2 qend 15 2 o
H;, =§?(—1+16c —15c )(7737—7755)+EA4(—1+8C =7¢*) (75 = 105 )

Hy, =0

4.3.4. Expressions for H;; and w;,
As H, =0 Equation (23) and Equation (26) reduce to
His = 2(Hqi W, )
So that
H;; =0

1
W2*3 = Z Z ]‘/11] SmFlu

i=1j=-11

(44)

(45)
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where:

Vi S T
W3, +in + jn,

3 . -
Vi = ZAieLZ {Hzo;e +iH 4 } Byj

The elements of transformation are easily obtained using Equations (7), (8) with W replaced by W™, the
unprimed elements replaced by single primed elements, and with the single primed elements replaced by double
primed ones.

5. Effects of the Earth’s Shadow

In the proceeding developments, effects of entry into, or exit from, the Earth’s shadow are not taken into con-

siderations.

To account for the shadow effects, we note that:

1) The integration processes to find the generators are not (directly) affected since they are more quadrates
without integration limits.

2) What is affected and, indirectly, affects derivation of the generator is averaging process over the mean ano-
maly, performed to obtain the transformed Hamiltonian. To account for the shadow, let the time of exit from
the shadow be t, where the mean anomaly is ¢, and let those corresponding to entrance into the shadow
be t, and ¢, Then the averages are to be replaced by definite integrals between these 2 limits.

6. Secular Perturbations and Computation of Position and Velocity
After performing the long period transformation, the equation of motions are now reduced to
v oH”

dt

- au ~w o
dut oH"™
a - o ¢
where « are arbitrary constants
U — U,
U =u.+ct

where the constants (u., U.) are be determined from the initial conditions.
Let (uy,U,) be the values of the elements at a given initial epoch t,, then (u™.,U™.) can be determined as

follows:
1) From the elements of the inverse transformations we compute
2 Jn
u\:u“+ Z—Zu“(")
n=1 n!

2 J"
U=U"+>20U"Me
na n!

2 1n
u=u+ zj—z

n=1 n!

w®

2 gn
U=u+>-20®
na n!

2) Having determined u=(¢,g,h,k) and U = (L,G, H, K) at time t, we can compute the position and ve-

locity by any known method.
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7. Conclusion

Equation (32) reveals that, contrary to previous concept e.g. Kampos (1968) [8], the direct solar radiation pres-
sure produces secular effects at order 3 as long as the satellite is apart from the earth’s shadow. This emphasizes
the importance of taking the effects of the solar radiation pressure into account in high order artificial satellite
theories, particularly for those with high area-to-mass ratio flying at high altitudes.

Again, Equation (41) is valid away from the resonant conditions, i.e. as long as (in2 +nn3+mn4)> .];/2,
(i=0,1), while (40) provides another secular part of H;* tobeaddto Ry.
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