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Abstract 
To pinpoint the peak location of the synchrotron total intensity emission in a 
spiral arm, we use a map of the spiralarm locations (from the observed arm 
tangent). Thus in a typical spiral arm in Galactic Quadrant I, we find the peak 
of the synchrotron radiation to be located about 220 ± 40 pc away from the 
inner arm edge (hot dust lane) inside the spiral arm. While most of the galac-
tic disk has a clockwise large-scale magnetic field, we make a statistical analy-
sis to delimitate more precisely the smaller reverse annulus with a counter-
clockwise galactic magnetic field. We find an annulus width of 2.1 ± 0.3 kpc 
(measured along the Galactic radius), located from 5.5 to 7.6 kpc from the 
Galactic Center). The annulus does not overlay with a single spiral arm—it 
encompasses segments of two different spiral arms. Using a recent delinea-
tion of the position of spiral arms, the field-reversed annulus is seen to en-
compass the Crux-Centaurus arm (in Galactic Quadrant IV) and the Sagitta-
rius arm (in Galactic Quadrant I). Thus the full Sagittarius-Carina arm is 
composed of: 1) a Sagittarius arm (in Galactic quadrant I) with a counter-
clockwise magnetic field, and 2) a Carina arm (in Galactic Quadrant IV) with 
a clockwise magnetic field. Also the full Scutum-Crux-Centaurus arm is 
composed of: 1) a Scutum arm (in Galactic Quadrant I) with a clockwise 
magnetic field, and 2) a Crux-Centaurus arm (in Galactic Quadrant IV) with 
a counterclockwise magnetic field. Arm segments do not all have the same 
magnetic field direction. For completeness, we display 6 known magnetised 
advancing supershells around the Sun (within 400 pc), pushing out the inter-
stellar magnetic field. 
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1. Introduction 

Recent advances in the locations of the spiral arms, partly through observing the 
locations of the tangents to spiral arms (see catalogs in [1] [2]), have been done 
recently, showing that different arm tracers were found separated from each 
other (dust, masers, HII regions, broad diffuse CO gas). We can thus compare 
them with the location of the total synchrotron intensity inside a spiral arm. 

In the Milky Way, arm tangents as observed in different tracers have shown 
offsets from one another (see [3] [4]), with the dust at the inner arm edge, fol-
lowed by masers, then young HII regions. Before reaching a spiral arm, the gas, 
clouds, stars all move at the circular orbital speed around the Galactic Center at 
about 233 km/s as observed [5]. Upon reaching the inner arm edge, as predicted 
by the density wave theory [6], a shock front is produced, slowing down the in-
coming material. The shock/hot dust lane is physically visible, much like a “road 
construction zone” which will slow all incoming cars inside. The shock and dust 
lane still moves slowly around the Galactic Center. Thus, the gas, clouds, stars 
enter the spiral arm, and will later exit the spiral arm. One can thus talk of a 
“relative speed with respect to the arm/dust lane”, which is the difference be-
tween 233 km/s and the spiral arm pattern (shock and dust) speed mentioned. 
One must realize that masers are short lived, so once formed through the inner 
arm (shock, dust), masers will become bright and be observable after a while, for 
a short time (transforming into something else). Of course, new gas is still en-
tering the inner arm edge, and parts will become masers. So the “maser lane” is 
continually renewed by new incoming gas. For a further review of the loca-
tion/longitude of arm tracers, see [7]. 

Arm tracers, arm pitch. All arm tracers are going at the same speed, relative 
to the dust lane. That relative speed inside the spiral arm was evaluated at 81 
km/s away from the dust lane [3]. The masers and the HII regions are thus 
keeping their distances, relative to each other. Hence we observe small bright 
maser and micro-HII regions only when they are near the dust lane, but they 
continue along their circular orbit while they grow into something else. We ob-
serve large HII regions and stars later, when fully formed, thus not close to the 
dust lane. There is thus a correlation between age of a tracer, and an offset of 
that tracer from the dust lane. The Sun’s Galactic radius is taken as 8.15 kpc [8], 
while the orbital circular velocity of the Local Standard of Rest is taken as 233 
km/s. The velocimetry can thus be computed, for each spiral arm, at each dis-
tance from the Sun (Fig. 2 in [9]). The pitch angle of a spiral arm can be meas-
ured globally. A global arm pitch angle would fit an arm over at least two Galac-
tic quadrants (Fig. 1 in [10]; Table 1 in [11]), employing a purely mathematical 
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equation (Equ. 10 in [10]) to get the global arm pitch angle from the galactic 
longitudes of the arm tangents in two Galactic quadrants; doing so yield a pitch 
value near 13˚. 

There is a published sketch of the oval orbital streamlines of the gas flow and 
old stars (in [6]), moving clockwise around the Galactic Center. A weak spiral 
galactic magnetic field is known, going clockwise above a galactic radius near 7 
kpc, and below a galactic radius near 5 kpc, and moving counter-clockwise 
in-between. While the stars align along a spiral shape in the galactic potential, so 
the magnetic field has a spiral shape, and the dust lane also has a spiral shape. 
Following the density wave theory [6] [12], we adopt a model where the circu-
larly orbiting gas would bend a little when the gas enters a spiral arm following 
the shock lane at the inner edge of the spiral arm (below the co-rotation radius 
of the gas and wave). 

Magnetism origins, dynamos, pitch, locations. Magnetic fields could be 
driven by stellar winds and supernova explosions. These magnetic fields could 
be further amplified by interstellar turbulence, by cosmic-ray buoyancy, by a 
turbulent galactic-wide magneto-hydro dynamo (MHD), and affected and 
sheared by the mean regular velocity field due to the “differential rotation” Ω as 
a function of the galactic radius, as well as affected and enlarged by the mean 
helicity α of the interstellar turbulence. Hence this type of dynamo is called an 
α-Ω dynamo. A magnetic field pattern with a galactic density wave (driven by a 
dynamo) was predicted by [13]. 

The interstellar magnetic field has two main components: a regular (large-scale, 
coherently aligned) and a random (small-scale, turbulent) component, of about 
2.5 µ and 5 µGauss, respectively, as seen from observed fluctuations in the Rota-
tion Measures data, giving a total field strength near 6 µGauss in the disk. The 
random component is itself split into an isotropic random one (mid-scale, 3.5 
µGauss) and an anisotropic random one (small-scale, 3.5 µGauss)—see Haver-
korn ([14]—their Fig. 1). The regular magnetic field is often stronger in the in-
terarms than in the arms [15]. Its energy density is comparable to that of other 
components in the Milky Way, making it dynamically important. Still, the total 
magnetic field strength, of about 6 microgauss, will not yield a “magnetic con-
trol” of the gas. Cosmic-rays and relativistic electrons propagate through the 
disk along magnetic field lines. 

In the Galactic disk, the observed large scale interstellar magnetic field has a 
spiral shape (clockwise or counterclockwise). Its pitch angle (deviation from a 
circular orbit around the Galactic Center) is measured to be slightly similar to 
the pitch of the stellar spiral arms (but not quite). The density wave theory pre-
dicted a slightly similar pitch (but not quite), allowing the lines of the magnetic 
field to slowly “escape” the spiral arm. Thus the magnetic fields are not strongly 
“attached” to spiral arms. Inside a spiral arm, the magnetic field lines have a 
slightly similar pitch angle than that of the spiral stellar arms, differing only by 
about 5˚ ([16]—their Figure 10 and Section 5.2). Since the magnetic field lines 
are bent slightly than the gaseous arms, the magnetic field lines can thus exit the 
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outer side of the spiral arm. Outside of a spiral arm, in the interarm regions, the 
pitch angle of the magnetic field lines may change with interarm location, thus 
may have a small pitch of 6˚ inward [17], or a high pitch angle nearer 27˚ [18], 
or a pitch angle about 20˚ higher than the arm pitch ([16]—their Equ. 3). 

Near the Galactic plane, within 5 kpc from the Sun, the magnetic field is 
symmetric (even) as one crosses from below to above the galactic disk. Towards 
the outer Galaxy (past the Sun in galactic radius), the disk magnetic field is 
nearly azimuthal and clockwise ([19]—their Section 4.1). Elsewhere in the inner 
disk, the direction of the magnetic field lines is spiral clockwise (as seen from the 
North Galactic pole), except for a region near the Sagittarius arm where it is spi-
ralling counterclockwise (see below for details). 

The magnetic field located very close to the Galactic Center (within 3 kpc) is 
difficult to measure (too few data yet). In addition, the origin of various “3-kpc 
features” emanating from the Galactic Center are still being debated—Vallée 
[20] [21] proposed that some of these 3-kpc features are the starting point of 
long spiral arms (Norma, Sagittarius). The magnetic field in the Galactic nucleus 
and its boxy bar are still unknown. 

Most of the magnetic fields in the inner halo (close to the galactic disk) are 
taken as having the same direction below and above the Galactic plane. At 3 kpc 
above the disk, the total field strength is 2.5 µGauss [14]. The vertical component 
of the magnetic field going into the halo is very small, perhaps negligible; there is 
no evidence for a vertical field in the Northern galactic hemisphere near the Sun, 
but perhaps there is a small component near 0.3 µGauss in the Southern hemi-
sphere [22]. There is no evidence for a horizontal magnetic field component in 
the halo ([22]—their Section 7). Some have sought a magnetic field in the 
sub-halo (with a vertical distance between 0.5 kpc and 2.5 kpc) and found am-
biguous results; this region is affected by exploding interstellar bubbles and 
Loops [23]. 

Does a magnetic field line follow the spiral arm shape in Galactic radius, to-
ward the Galactic Center (Fig. 11 in [24])—and then up in the Galactic halo? Or 
is it going back from the halo into the disk through another spiral arm? 

Using the galactic longitudes of tracers of spiral arms, in Section 2 we find the 
location of the peak intensity of the total synchrotron emission, inside an arm 
width, away from the dust lane at the inner arm edge. In Section 3 we find the 
exact boundaries (top and bottom in galactic radii) of the counterclockwise 
magnetic field areas, and superpose these magnetic areas with precise stellar spi-
ral arms. In Section 4 we assess the known local turbulence from supershells 
near the Sun, on the regular magnetic field. Do turbulences cover the whole ga-
lactic disk? In Section 5 we conclude. 

2. Location of the Total Synchrotron Emission Peak, among 
the Various Tracers of a Spiral Arm 

Recent telescope scanning in Galactic longitude have shown a separation of dif-
ferent arm tracers, inside each arm width. Where is the Dust, low-density and 
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high-density thermal gas, synchrotron electrons, HII regions, young and old 
stars are all found in spiral arms, but all tracers do not coincide exactly as each 
one is displaced by up to 300 pc from each other, as known since the work of 
Vallée [25]. This Section determines where the strongest magnetic field lies in an 
arm. Earlier scans in Galactic longitudes, along the disk of the Milky Way, at ra-
dio wavelengths gave results on peak intensities (Table 3 in [21]). At 408 MHz, 
the peak intensity is at galactic longitude 310˚ in the Crux-Centaurus arm, then 
at longitude 328˚ in the Norma arm, then at 339˚ in the Perseus start arm, then 
at 032˚ in the Scutum arm, and at 049˚ in the Sagittarius arm. In each case, this 
radio total intensity peak is located inside the arm (past the near-IR dust peak, 
but before the broad diffuse CO gas peak). 

Figure 1 shows the position in an arm width, where each arm tracer peaks in 
a different specific galactic longitude. 

Hence overlaying the Scutum arm over the Sagittarius arm and over the 
Norma arm (in Galactic quadrant I) allows the mean location of different arm 
tracers to be seen (x-axis).The x-axis is the azimuthal angle as converted into a 
linear separation (from the proper distance from the Sun to the spiral arm). The 
arm tracer are observed to be separated, with at left a red zone (hot dust NIR and  

 

 
Figure 1. A view of a spiral arm in Galactic Quadrant I, including and averaging over the Norma arm (near l = 18˚), the Scutum 
arm (near l = 30˚), and the Sagittarius arm (near l = 50˚). In a spiral arm seen tangentially, the arm’s cross-section shows a separa-
tion between each arm tracer (x-axis), from the dust lane red zone, at left) at around −300 pc, to the orange zone (radio masers, 
young stars) at around −150 pc, to the green zone at around −80 pc (the synchrotron electron total intensity peaks at a wavelength 
of 74 cm is shown with a vertical green line of asterisks, near −80 pc), and to the blue zone (broad diffuse CO line peak, old stars) 
at around 0 pc. Thus the offset from the hot dust lane to the synchrotron emission peak is about 220 pc. 
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MIR tracers), then the orange zone (radio masers, Fir [CII] and [NII] lines, 
colder FIR dust), then a green zone (HII regions radio recombination lines, 
thermal free electrons, synchrotron peak intensity), and lastly a blue zone (brad 
diffuse CO emission peak intensity, NIR intensity old stars). The orbiting gas is 
from left to right, on the x-axis. 

As can be seen in this Figure, in Galactic Quadrant I, the peak of the synchro-
tron radiation (total intensity) is located near −80 pc, away from the inner arm 
edge (hot dust lane at −300 pc), thus a separation of about 220 ± 40 pc from the 
hot dust lane. This would be the central peak position of the otherwise wide ex-
tent where the magnetic field is located, inside the spiral arm. This peak syn-
chrotron location would indicate the location of the total (regular + turbulent) 
magnetic field strength, with predominance for the turbulent field. The polarised 
intensity (regular magnetic field) is known to be concentrated elsewhere, in the 
interarm (in-between two spiral arms). Original data (catalogs of arm tracers) 
were published in [1] [2]. 

Averaging over several arms in the same Galactic quadrant will give a mean 
typical picture of these arms, as the same arm morphology is expected for an 
isolated galaxy. 

Similarly, in Galactic Quadrant IV, the peak of the synchrotron radiation is 
located near 85 pc, away from the inner arm edge (hot dust lane at 370 pc), thus 
a separation of about 285 ± 30 pc. from the hot dust lane ([1]). 

For the Sagittarius arm, the synchrotron emission peak is located at Galactic 
longitude l = 049˚ ± 1˚ [26]. This value is the same within the error as the longi-
tude of the peak RM longitude of [27] inside this arm. 

We expect that the exact position of the peak total synchrotron emission 
within a spiral arm, here seen between the masers and starformation region (or-
ange lane in Figure 1), and the broad diffuse CO lane and Potential Minimum of 
the wave (blue lane in Figure 1), should be a future prediction of the den-
sity-wave theory combined with of a Magneto-Hydro-Dynamo theory. 

3. New Results Matching the Single Field Reversal Zone with 
the Spiral Arm Positions 

Previous mapping of the interstellar magnetic field direction in the galactic disk 
yielded this picture. To measure the direction of the interstellar magnetic field, 
we can measure its effect on electromagnetic waves going through the interstel-
lar medium. We can use point sources or extended sources, at various galactic 
longitudes and latitudes. 

Externally, synchrotron polarized radio waves from distant point sources 
(quasars and distant galaxies), detected with a polarimeter, allow the mapping of 
the magnetic field in the Milky Way through Faraday rotation. A polarised radio 
wave rotates its polarisation angle, as it travels, by a measurable amount (the 
Faraday Rotation Measure). The amount of rotation is proportional to the dis-
tance travelled, to the magnetic field strength, to the thermal electron density, 
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and to the square of the wavelength—see [7]. The rotation measure (RM) of 
many quasars and galaxies can be measured through a spiral arm, to derive the 
Faraday rotation of the radio wave. Haverkorn [14] provided a recent observa-
tional review on this topic, including the basic terminology employed. 

Internally, in the Milky Way, synchrotron polarized light coming from rela-
tivistic electrons, trapped by the galactic magnetic field lines, will have their 
electric vector perpendicular to the interstellar medium’s magnetic field line. 
Thus magnetic direction and strength can be measured at various galactic lon-
gitudes and latitudes. Also, within dust aligned by an ambient magnetic field, a 
polarised incoming radio wave will go through the dust (along the line of sight) 
if the wave’s polarisation is perpendicular to the magnetic field, but the radio 
wave will be scattered (across the line of sight) if polarised otherwise. 

Observed radial region with a magnetic field reversal. Most published 
models (fitted to the observations) have a single annulus region with a magnetic 
field reversal—a field reversal should be added to a model, only when proven 
necessary by the observational data—see discussion below. 

Using a Faraday Rotation Measure process, the magnetic field direction is 
found; it is not azimuthal or circular; but in a spiral shape (similar but not iden-
tical to the stellar spiral arms). 

The first magnetic field reversal in galactic radius was found in 1980 (see [28]; 
Fig. 5 in [29]; see also section 8 in [30]). 

The second magnetic field reversal in galactic radius was found closer to 1990. 
Prior to 1990, it was difficult to observe enough pulsars Rotation Measures far 
from the Sun toward the Galactic Center (down to a maximum of 2 kpc from the 
Sun, see Fig. 4 in [31]). 

Together, the first reversal and the second reversal constitute an annulus, 
within which the counterclockwise magnetic field was found. 

Many different values were employed for the distance between the Sun and 
the Galactic Center, many taking 8.5 kpc as such. We collated each report on this 
annulus from the literature, and we re-scaled them all to the current value of 
8.15 kpc for the solar distance to the Galactic Center, then we performed simple 
statistical means on the magnetic field reversal zone (bottom, top from the Ga-
lactic Center). 

Thus Vallée ([32]—his Fig. 1) showed a clockwise magnetic field in the galac-
tic disk, except between an annulus from a Galactic radius where the field is 
counterclockwise. This annulus is at 5.7 kpc to 7.5 kpc, for RSun = 8 kpc, corre-
sponding to an annulus from 5.8 to 7.6 kpc for the latest RSun = 8.15 kpc. 

Also, Rand & Lyne ([33]—their Fig. 5) showed a magnetic field reversal in an 
annulus starting at 8.1 kpc from the Galactic Center and ending at 3.0 kpc from 
the Sun, using a 8.5-kpc solar distance from the Galactic Center. This annulus is 
at 5.3 kpc to 7.8 kpc for RSun = 8.15 kpc. 

In the Appendix at the end, we give a statistical averaging to get a more pre-
cise location of the Counterclockwise annulus, after a radial re-scaling to a 
common position of the Sun’s galactic radius. 
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We collected these independent data from the literature. We can do here an 
averaging of the annulus’s bottom Galactic radius, and another averaging of the 
annulus’s top Galactic radius. All the radii above for the top of the annulus are at 
or above 7.1 kpc (except for the [34] paper and the [35] paper). Including those 
papers, the root mean square (rms) is large (±0.20 kpc). Excluding these two 
papers, the rms decreases by a factor of two, and we get a mean bottom annulus 
radius at 5.5 ± 0.13 kpc and the mean top annulus radius at 7.6 ± 0.10 kpc—thus 
covering a width of 2.1 ± 0.3 kpc along the Galactic Meridian (the line joining 
the Sun to the Galactic Center). 

Regions of enhanced thermal electron density (spiral arms). In the absence 
of spiral arms, many employed well-used models for the distribution of the 
thermal electron density in the Galactic disk: the TC1993 model (Fig. 4 in [36]), 
the NE2001 model ([37]; Fig. 9 in [38]), the YMW2016 model (117 parameters— 
Fig. 9 in [39]) have served in the past, within their uncertainties. They basically 
followed 4 long spiral arms, as determined from their effects on the line of sight 
to pulsars and other tracers. The first two models employed a Sun-Galactic Cen-
ter distance of 8.5 kpc, while the last one used 8.3 kpc. 

Recent arm model, based on the broad diffuse arm tangents near the Po-
tential Minimum of the wave. Here we propose to employ the many properly 
fitted arm tracers (not just the electron density) to delineate the spiral arms. 
Thus we propose that a simple model of the free electron distribution should 
follow the better known locations of many tracers of spiral arms, based on the 
precise observations of the tangents to the spiral arms as seen from the Sun, and 
the fact that most arms contain copious amounts of free thermal electrons [3]. 

The existence of 4 long spiral arms, with a log-normal shape, is known since 
the work of Georgelin & Georgelin [40]. We used a Sun-GC distance of 8.15 kpc, 
a log-spiral arm shape, arm pitch of 13.4˚ (Fig. 4 in [4]), each arm starting at 2.2 
kpc from the Galactic Center [21]. This Galactic-wide model is basic; here we are 
not interested in fitting local deviations or small-scale structures (supernova ex-
plosion, HII region bubble, Local Arm(let), and clumps or voids). The fit is quite 
good (Fig. 3 in [4]). 

Figure 2 shows the current fitted model to the arm tangents, as well as the 
annulus with a counterclockwise magnetic field direction. 

From the Earth, we find the magnetic field reversal (see Appendix) to occur 
in Galactic Quadrant I between galactic longitudes l = 46˚ to l = 71˚, encom-
passing only the Sagittarius spiral arm; see Fig. 2 in [41] showing a jump in RM 
data in that longitude range. Interestingly, this magnetic field reversal thus ex-
cludes the Scutum spiral arm. 

From the Earth, we find the magnetic field reversal to occur in Galactic 
Quadrant IV between galactic longitudes l = 289˚ to l = 314˚, encompassing only 
the Crux-Centaurus spiral arm; see Fig. 9(j) in [42] and Fig. 1 in [43], showing a 
jump in RM data in that longitude range. Interestingly, this magnetic field re-
versal thus excludes the Carina spiral arm. 
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Figure 2. The large orange dots forming an annulus, one at 5.5 and one at 7.6 kpc, show 
the boundaries of the annulus with a counterclockwise magnetic field; its magnetic field 
direction (B dir) is indicated with an orange arrow, located south of the Sun. Outside of 
the annulus, the clockwise magnetic field directions are shown (orange arrows, north of 
the Sun, and south of 5 kpc). For this rendering, the arm pitch angle is at −13.4˚, and each 
arm starts at 2.2 kpc from the Galactic Center. The Sun is at 8.15 kpc above the Galactic 
Center. The largely unknown area below the Galactic Center is often labeled ‘Zona Galac-
tica Incognita’. Galactic quadrants I to IV are shown. Arms are adapted from [3]. 

 
Hence the long Sagittarius-Carina arm is separated in a counterclockwise mag-

netic field in Sagittarius (in Galactic quadrant I) and a clockwise magnetic field in 
Carina (in Galactic Quadrant IV). Likewise, the long Scutum-Crux-Centaurus arm 
is separated in a clockwise magnetic field in Scutum (in Galactic quadrant I) and 
a counterclockwise magnetic field in Crux-Centaurus (in Galactic Quadrant IV). 
These separations of the magnetic field direction (clock or anticlock) depend on 
the Galactic radius, thus showing the magnetic field crossing of the spiral arm 
when needed for the dynamo action. 

Looking at the map (Figure 2), the counterclockwise annulus essentially cov-
ers 1) the Sagittarius arm in Galactic quadrant I, and 2) the Crux-Centaurus 
arm, along with adjacent portions of its nearby interarms. No change is seen 
when crossing the interarm-arm border. 

Arm tangents. Does the magnetic field get amplified in a spiral arm? It ap-
pears so. 

Earlier, Vallée et al. ([44]—their fig. 1) found an excess RM of −75 rad/m2, 
coming from the large Scutum spiral arm (from 25˚ to 40˚ of Galactic longitude) 
with a clockwise direction as seen from the North Galactic pole. 
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Reissl et al. ([45]—their fig. 5) made a magneto-hydro-dynamical simulation 
of the galactic disk that includes the four spiral arms, and predicted an excess 
Faraday rotation measure (their fig. 5) near the longitude of the tangent to each 
spiral arm. Their model used a mean offset of about 4˚ between the arm tangent 
galactic longitude of the CO peak and the arm tangent galactic longitude of the 
dust peak in the same arm (their fig. 6 and their table 1). Observationally, Vallée 
([2]—his table 1) measured a mean offset of 3.2˚ ± 0.3˚. 

Shanahan et al. (27] measured the Sagittarius arm (from 39˚ to 52˚ of galactic 
longitude; in averaging steps of 0.2˚) close to the arm tangent as seen from the 
Sun, and they found an excess Faraday rotation measure (+3000 rad/m2) inside 
the Sagittarius spiral arm, with RM peaking at longitude near 48.2˚ (see their 
Figure 3a). 

Ma et al. ([46]) found an excess rotation measure distribution, localised near 
the tangent to the Sagittarius spiral arm (longitude from 20˚ to 52˚), with a large 
averaging step of 5˚, visible from l = 41˚ to 55˚ and peaking near l = 48˚ (RM= 
+400 rad/m2; their Fig. 13)—similar to the results of Shanahan et al. ([27]) who 
used a smaller averaging bin. 

Ma et al. ([46]—their Section 5.6) looked at the magnetic field between Galac-
tic longitudes 20˚ and 52˚, and improved on the model of Van Eck et al. (2011) 
by adding a localised even-odd vertical parity field, associated with the tangent 
to the Sagittarius arm at a distance of about 5 kpc from the Sun. 

Unproven claim of multiple field reversals at various galactic radii, in the 
disk. A single group has proposed alternating magnetic field directions (clock-
wise in each arm; counterclockwise in each interarm)—see Fig. 12 and 13 in [47] 
or Fig. 8 in [48]. There are problems with trying to observe this alternating 
arm-interarm model (not enough observational data), and its complexity to cre-
ate it with a dynamo—a 4-arm spiral model will then have 4 magnetic field re-
versals in Galactic quadrant I, and 4 magnetic field reversals in Galactic quad-
rant IV; also, the galactic longitudes of their arm tangents from the Sun are 
mostly assumed, not observed (and not defining well the start and the end of 
each magnetic field reversal region); hence large galactic regions have little ob-
servational data (not feasible to test this model). As mentioned, the known ob-
servational data (see Appendix) favor a single region with a magnetic field re-
versal over roughly 2.1 kpc in radial range. 

Predicted radial region, with a magnetic field reversal (dynamo theory). 
Such a “localised magnetic field reversal” had been predicted in some “dynamo” 
theories—see an early review in [43]. Only some dynamo models and some ini-
tial conditions can generate a magnetic field reversal, like those in our Milky 
Way galaxy. Here are some examples. 

Ruzmaikin et al. ([49]—their Fig. 3 and Fig. 5) computed the radial potential 
and the radial modes (y-axis) of the galactic dynamo, along the galactic radius 
(x-axis). These were adapted to the Milky Way in Vallée ([32]—his Fig. 3), 
showing a counterclockwise magnetic field (annulus) in the Sagittarius spiral 
arm, and a clockwise magnetic field elsewhere in the disk. 
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Poezd et al. ([50]—their Fig. 4a) could also predict a galactic dynamo with two 
radial reversals. 

Moss et al. ([51]—their Fig. 4f) obtained a region with a magnetic field rever-
sal by continuous injection of turbulence (from supernova explosion) and a 
rapid galaxy rotation (large dynamo number). 

Moss & Sokoloff ([52]—their Fig. 2) employed a dynamo model, and various 
initial conditions, to get a large-scale magnetic field reversal below the Sun’s lo-
cation. 

Dobbs et al. ([53]—their Fig. 4) used smoothed-particle magneto-hydro-dyna- 
mical simulations, using an imposed spiral potential, and have predicted a mag-
netic field reversal between a galactic radius of 4 to 6 kpc.. 

Shukurov et al. ([54]—their Fig. 7) employed a mean-field dynamo with tur-
bulent transport (alpha-effect and beta diffusion), and some input parameters 
(their Table 1), producing a reversed magnetic field annulus (between 7 and 12 
kpc from the Galactic Center). 

Mikhailov & Khasaeva ([55]—their Fig. 4) employed the mean-field dynamo, 
some specific initial conditions, and obtained one magnetic field reversal be-
tween 1 and 5 kpc from the Galactic Center, with the reversal able to move at a 
speed of 1 km/s (their Fig. 7), giving 1 kpc in 1000 Myrs. 

Andreasyan et al. ([35]—their Fig. 5) proposed a thin disk dynamo approxi-
mation (very small magnetic field in the vertical z-coordinate), yielding a coun-
terclockwise annulus below the Sun’s location in the disk after a certain time. 

This arm model, fitted to arm tracers (Figure 2), and the radial location of the 
reversed annulus (see Appendix), led us to identify the observational location of 
the annulus with respect to the nearby spiral arms. We expect that existing theo-
ries (Galactic dynamo, MHD) should predict these results, annulus size, top and 
bottom Galactic radius, and including the consequences of a long spiral arm en-
countering a magnetic field reversal. 

4. Turbulence, Local and Everywhere 

There is a turbulent magnetic field, of about the same strength as the strength of 
the regular magnetic field, or more. 

The turbulence can be made by various physical phenomena: interarm is-
lands, Local Arm(let), a supershell around an OB star association, or the ejecta 
of a supernova. 

Local Arm and interarm islands. The Sun is located in an interarm, in be-
tween two long spiral arms (Sagittarius arm and Perseus arm). Other small in-
terarm islands are known within our Galactic disk ([56] [57]). The magnetic 
field strength there is not known (too few data). The turbulent magnetic field 
seems to thrive around localised stellar associations. 

Local supershells. The presence of large interstellar supershells (going into 
the halo) near the Sun, each one centered on an OB star association, can cause 
the interstellar magnetic field to loop around them (Fig. 10 in [58]; Fig. 2 in [59]; 
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Fig. 1 in [60]). Since these shells expand into the halo, they would distort a 
nearby halo field there and compress the magnetic field in the local interstellar 
medium; hence the local supershell’s contributions to the halo pulsar rotation 
measures are significant ([23]). 

Other smaller (less than or about 2o) nearby localised anomalies are seen in 
extensive RM maps. Van Eck et al. ([19]—their Section 4.2 and Figure 6) dis-
cussed the effect of major HII regions, such as the Sh2-230 complex and the 
W3/W4/W5 complex. 

In an Appendix at the end, we give a list of the large nearby magnetic super-
shells—there could also be many more distant ones. Using 9 nearby supershells, 
it was found earlier that [the shell gas density] goes inversely as [the shell thick-
ness Δr/the shell radius r], and also that the shell magnetic field strength Bs goes 
inversely as [the relative shell width Δr/r]; thus the smaller the relative thickness, 
the more compressed the shell gas and the shell magnetic field were observed 
(Fig. 1 and 2 in [61]). In addition, it was found that the shell magnetic field Bs 
and the shell gas density ns were related, as Bs is being directly proportional to ns 
(Fig. 1 in [62]). In the nearby cool supershells, Bs has a range from 2 to 10 
µGauss, while ns ranges from 0.04 to 2.5 cm−3 (Table 2 in [63]). 

Figure 3 shows an exploded version, around the Sun, adding the known 
nearby magnetised supershells. We expect these expanding supershells to bend  

 

 
Figure 3. A map near the Sun, with the Sun shown as an asterisk at 8.15 kpc from the 
Galactic Center. We added the 6 nearby magnetic supershells (in red), all with a centroid 
within 400 pc of the Sun. The orange annulus with the reversed (counterclockwise) mag-
netic field is shown. Two nearby spiral arms (blue Scutum-Crux-Centaurus arm, green 
Sagittarius-Carina arm) are shown. 
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the large-scale galactic magnetic field, around each supershell. One could imag-
ine the large-scale field, going from left (longitude 270˚) to right (longitude 90˚), 
being bent locally around each expanding supershell, using radio data—see Fig-
ure 10 in [58], Figure 2 in [59] and Figure 1 in [63]. This was confirmed later 
optically, with the local curvature of the magnetic field as derived from starlight 
polarisation [64]. 

There is no known direct link between a type of turbulence (supershells, 
Aoppendix) and the galactic zone of reverse magnetic field direction. Here we 
can point what the observations showed. Those magnetic supershells in Figure 3 
are all close to the Sun and inside a clockwise galactic magnetic direction, but we 
expect many more supershells everywhere (even inside the counterclockwise ga-
lactic field annulus in Figure 3 (when we reach better observational sensitivities). 

A map of Rotation Measure observed in Galactic Quadrant I, with Galactic 
longitudes 54˚ to 70˚ and Galactic latitudes −3˚ to +4˚, showed a separation of 
positive RM from negative RM (see the diagonal dotted line in Fig. 2 in [41]; see 
also Fig. 6 in ([19]); however, they attributed the short diagonal dotted line to 
changes in the large-scale Galactic-wide polarised synchrotron emission, linked 
to the known Galactic magnetic field reversal between us and the Sagittarius arm 
at about 2 kpc from the Sun in that direction 

Here we propose that the nearby stellar association/supershell known as Loop 
II (see the arcing dotted line in Fig. 1 of [65], near longitudes 64˚ to 70˚ and 
latitudes −5˚ to +4˚) seems to follow very well the short diagonal dotted line in 
Fig. 2 of [41] and Fig. 6 in [21] separating positive RM versus negative RM. A 
recent model of Loop II was published by Thompson et al. ([66]—their Fig. 11), 
at about 0.2 kpc from the Sun in that direction. 

What is the role of the interstellar turbulence, with respect to the Galac-
tic-wide magnetic field, and with respect to the location of the spiral stellar 
arms? We expect that dynamo and MHD theories ought to make a prediction on 
their importance and implications for spiral arm formation or maintenance. 

5. Conclusions 

Above we investigated large-scale galactic magnetism, observationally, and 
searched for predictions. What we found is these: 

1) We showed a recent delineation of the location of the different arm tracers, 
including the peak of the total synchrotron emission in a spiral arm offset by 
about 220 pc from the hot dust lane—see Figure 1. The position of the peak total 
synchrotron emission is within a spiral arm, located between the starformation re-
gion (orange lane in Figure 1), and the broad diffuse CO lane and Potential 
Minimum of the wave (blue lane in Figure 1); this interesting location should be a 
prediction of the density-wave theory and of a Magneto-Hydro-Dynamo theory. 

2) Quite a lot of bibliography was done in order to summarise the current 
knowledge related to an annulus with a reversed galactic magnetic field (see the 
Appendix). After re-calibrating to a common distance of the Sun to the Galactic 
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Center, we propose a statistical analysis to delimitate the reverse annulus (coun-
terclockwise galactic magnetic field)—see Appendix and Figure 2. We find an 
annulus width of 2.1 kpc. We expect that value to be predicted by a dynamo 
theory suitably fitted to the Milky Way conditions. 

3) By superimposing the magnetic field reversed annulus on a recent map of 
the spiral arm locations, looking for a match (yielding our useful Figure 2). 
Thus the field-reversed annulus encompasses the Crux-Centaurus arm (in Galac-
tic Quadrant IV) and the Sagittarius arm (in Galactic Quadrant I). These are arm 
segments, not full spiral arms. One sees these as arm segments, not as full long 
arms. The author does not know of a galactic dynamo theory that mimics these 
magnetic field observations (clockwise and counterclockwise directions) in the 
same long spiral arm. The radial location of the reversed annulus (see Appendix 
and Figure 2), led us to identify the location of the annulus with respect to the 
nearby spiral arms; existing theories (Galactic dynamo, MHD) should make 
such a prediction, including the effects on a spiral arm when encountering a Ga-
lactic-wide magnetic field reversal. 

4) Note that observations do not have a clockwise magnetic field in all spiral 
arms, nor a counterclockwise field in all interarms, contrary to preliminary nu-
merical models (Fig. 7 in [67]; Fig. 8 in [48]; Fig. 2 in [68]). 

5) We made a look of six known magnetised supershells near the Sun (within 
400 pc)—see the Appendix and Figure 3 with expanding supershells pushing 
around and compressing the regular large-scale disk magnetic field. This com-
pression must also be occurring everywhere in our Galactic disk, around stellar 
supershells. What is the role of the interstellar turbulence, with respect to the 
Galactic-wide magnetic field? Dynamo and MHD theories ought to make a pre-
diction on their magnetic implications.for spiral arm birth and evolution. 

We made a bibliographic search for Galactic-wide dynamo theories (Section 
3) predicting an annulus with a reversed magnetic field direction (but often too 
large as compared to our observations). 

Density wave models can account for spiral arms in the Milky Way, including 
the separations of arm tracers in each spiral arm (Figure 1). Thus density waves 
should be incorporated in galactic dynamo theories ([13] [69] or [70]). We are still 
searching for the answers to four predictions (above): location of peak synchrotron 
inside the arm width, proper width and location of a reversed magnetic annulus, 
implication of magnetism for a typical spiral arm, magnetic effects of interstellar 
turbulence on the regular magnetic field (clockwise or counterclockwise). 
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Appendix 

As promised in Section 3, we present here in Table A1 a list of published observations of the top Galactic radius, and 
of the bottom Galactic radius, for the counterclockwise annulus. 
 
Table A1. Boundaries (top, bottom) of the Counterclockwise magnetic field, in an annulus. 

Top Galactic radiusa Bottom Galactic radius Reference 

kpc kpc 
 

7.6 5.8 Vallée ([32]—Fig. 1) 

7.8 5.3 Rand & Lyne ([33]—Fig. 5) 

7.5 4.8 Indrani & Deshpande ([71]—Fig. 4) 

7.4 5.1 Vallée ([72]—Fig. 4) 

5.9 4.2 Brown et al. ([34]—Fig. 4) 

7.2 5.8 Sun et al. ([42]—Fig. 10a) 

7.7 5.8 Noutsos et al. ([73]—Fig. 7) 

8 5.6 Van Eck et al. ([24]—Fig. 6) 

8 5.6 Xu & Han ([23]—Fig. 4) 

7 4.6 Andreasyan et al. ([35]—abstract) 

7.41 ± 0.20 5.26 ± 0.18 Mean and rms (all data) 

7.65 ± 0.10 5.48 ± 0.13 Mean and rms (excluding the data from [34] and from [35] 

7.58 ± 0.21 5.48 ± 0.22 Mean and rms (all data recently published—since 2008 or later) 

aGalactic radius values, after re-scaling here to a common RSun value of 8.15 kpc. 
 
As promised in Section 4, we present here in Table A2 a list of published observations of nearby large magnetised 
supershells. 
 
Table A2. Nearby large supershells, within 400 pc of the Sun, with an angular diameter larger than 30˚ and a known magnetic fielda,b. 

Supershell  
name 

Center 
long., latit. 

Solar 
Distance 

Shell 
diameter 

Shell 
thickness 

Shell 
magnetic field 

Model field 
(using rotation measure) 

Loop II—Cetus arc 110˚, −32˚ 100 pc 100˚ 5˚ 17 µG (a) Fig. 11 in Thomson et al. [66]). 

Fan 135˚, +0˚ 100 pc 40˚ - 24 µG (b) Fig. 6 in West et al. ([74]) 

Eridanus shell 195˚, −30˚ 400 pc 38˚ 3˚ 8 µG (a) Fig. 1 in Vallée et al. ([75]) 

Monogem ring 203˚, +11˚ 300 pc 30˚ 5˚ 4 µG (a) Fig. 2 in Vallée et al. ([76]) 

Gum nebula 260˚, +0˚ 400 pc 36˚ 4˚ 2 µG (a) Fig. 3 in Vallée & Bignell ([77]) 

Loop I—North Polar Spur 329˚, +18˚ 130 pcc 116˚ 8˚ 6 µG (a) Fig. 2 in Vallée & Kronberg ([59]) 

aReference for coordinates, distance, shell diameter, shell thickness, shell magnetic field: Tables 1 and 2 in Vallée ([61]); bReference for coordinates, 
distance, diameter, magnetic field: Sections 2.2 and 4.1 in West et al. ([74]); cSolar distance from Panopoulou et al. ([78]) was revised, with parts 
ranging from 105 to 135 pc. 
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Abstract 
The target of this research is to estimate the distribution of global solar radia-
tion (GSR) and reanalysis datasets (ERA-5) for development of PV cost re-
duction and predict of level cost energy over five countries in North Africa 
during the period time from 2011 to 2020. The effectiveness of reanalysis da-
tasets (ERA-5) for North African countries was evaluated against high-quality 
surfaces measured using statistical analysis. The average values of mean bias 
error (MBE), root mean square error (RMSE) and mean absolute error 
(MAE) of the reanalysis data of solar radiation vary from 0.079 to 0.222, 0.055 
to 0.178, and 0.0145 to 0.198 respectively during the period time in the 
present research. The correlation coefficient (R2) varies from 0.93 to 99% in 
the present research. North African countries are among the most vulnerable 
regions to the potential impacts of climate change. The increasing impact of 
climate change shows the need to build up a reliable energy mix and improve 
the resilience of existing and new energy systems. The development of PV 
cost reduction and the predicted of level cost of energy (LCOE) are discussed 
and used one PV Module to calculate the total cost for five countries in North 
Africa. This research’s objective is to provide a reliable representation of the 
world’s solar radiation to aid in the use of solar energy in all sectors. 
 

Keywords 
Solar Electric Power, Global Solar Radiation, PV Cost Reduction, Statistical 
Analysis 

 

1. Introduction 

The measurement of solar radiation requires costly equipment such as Pyrano-
meters unfortunately, for many developing countries. Due to the price, upkeep 
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costs, and calibration needs of the measurement equipment, this sort of device is 
not readily available. Empirical models (EMs) are frequently used to estimate 
solar radiation from existing meteorological characteristics in situations. Data on 
solar radiation are necessary at every stage of a solar project. Before construc-
tion, long time series of historical data is necessary to quantify the solar resource 
and its variability. During operation, real-time data are typically necessary to ve-
rify the performance of the system and detect problems. In both cases, the re-
quired data may be obtained from measurement, modeling, or a combination of 
both. Measurements are usually not exclusively used for different reasons: 1) a 
long time of measured data do not exist at most locations in the world, 2) even if 
they exist, they most likely contain gaps that must be filed by modeling and 3) 
conducting quality measurements is considerably more costly than operating 
models [1] [2] [3]. The five countries in the North Africa region have varying 
socioeconomic and energy circumstances. The region with the highest solar 
energy intensity is primarily located between 10˚ and 35˚ north latitude, with an 
annual sun irradiation intensity ranging from 1800 to 2600 kWh/m2. Therefore, 
North Africa has many solar energy resources. The most of the nations in the 
region, including Morocco, Tunisia, Algeria, and Egypt, have a lot of potentials 
to create solar power producing infrastructure [4]. 

The economy of North Africa has been expanding significantly in recent 
years, and the need for energy has increased. However, the region’s current 
energy and electric power conditions are unable to adjust to the level of devel-
opment. The study of the technological state, growth trajectory, and technical 
path of solar energy will aid in the orderly growth of solar power generation 
globally, particularly in North Africa. During a virtual dialogue organized by the 
IEA, the publishing of this new publication gave stakeholders and experts from 
the region the chance to assess the current situation and share lessons learned 
about how to encourage future development. Across the region, countries show 
examples of energy transition initiatives and clear-sighted policies that have 
demonstrated tangible results and reveal the potential ahead. By adding 4.5 GW 
of wind, solar PV, and solar thermal capacity to its renewable energy power fleet 
during the past ten years, North Africa has been able to raise its renewable ener-
gy production by 40%  
(https://www.iea.org/commentaries/north-Africa-s-pathways-to-clean-energy-tr
ansitions) [5]. 

Over the last two decades, the capacity of renewable energy sources increased 
by 80% and by about 560% when hydropower is excluded. Countries are pro-
gressively developing unique policies to support energy transitions as technolo-
gies have advanced and costs have decreased [4]. North Africa has an abundance 
of renewable energy resources, with some of the highest potentials in the world 
for solar energy deployment. The region is now positioned to create significantly 
more renewable energy capacity this decade, in accordance with national clean 
energy ambitions, following a string of successful initiatives in recent years. Al-
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geria, Tunisia, and Libya all appear poised to enter the clean energy scene, while 
Morocco and Egypt have established themselves as the region’s leaders in re-
newable energy [4]. The increase of renewable energy will increase the region’s 
energy security, reduce long-term energy prices, and produce a number of posi-
tive economic effects [5]. Countries in the region have set goals to increase the 
proportion of renewable energy in their electrical mix. By 2030, Morocco wants 
to generate 52% of its electricity from renewable sources. Morocco is an estab-
lished player in the renewables market. Egypt plans to use 42% renewable energy 
for electricity by 2035 [6]. 

Egypt will be in charge of coordinating international climate efforts, enhanc-
ing ambition on renewable energy, and facilitating climate adaption at the 
COP27 in Sharm El Sheikh in 2022. With a target to deploy over 22 GW of re-
newables by 2030, including 13.6 GW of solar, Algeria hopes to become a global 
competitor in the renewables sector. As of 2020, the country had 423 MW of so-
lar capacity. By 2030, Libya wants to generate 22% of its electricity from renewa-
ble sources, and there are now 2.2 GW worth of solar energy projects in the 
works. The 2030 renewable electricity target for Tunisia is 30% [4] [5] [6]. These 
data are unavailable for several nations. Therefore, different approaches have 
been using to fill in the gaps in the global network of solar radiation monitoring 
for sites where measured data are not available [7]. Although there are restric-
tions on the temporal coverage of satellite data, it has been routinely utilizing to 
estimate solar radiation in areas where there are no ground-based solar radiation 
observations available. Using reanalysis data is a different option. Reanalysis, al-
so known as “retrospective analysis” of the atmosphere’s parameters, is produce 
by combining the results of numerical weather prediction (NWP) models with 
observation data from a variety of sources, including ground, satellite, ship, and 
aircraft observation [8]. The result is a comprehensive record of the parameters 
affecting the weather and climate. The transition to more environmentally 
friendly energy use in North Africa goes beyond only taking advantage of the re-
gion’s substantial renewable energy potential. 

Over the last thirty year, energy intensity has virtually been flat, indicating 
that there are significant opportunities to encourage greater energy efficient use 
in all industries. Energy efficiency projects have faced a range of obstacles, from 
insufficient institutional capacity to the inability to develop the markets required 
to attract the necessary investment [8] [9] [10]. The European Centre for Me-
dium-Range Weather Forecasts (Medium-range weather) generation reanalysis 
dataset, known as ERA5, has an hourly temporal resolution and a spatial resolu-
tion of 31 km. Records in this collection date all the way back to 1950 [8]. 

The main objective of this research is the evaluation of the performance of 
reanalysis datasets (ERA-5) for five countries in North Africa against high-quality 
surface measured data performed using statistical analysis. The estimation of 
global solar radiation (GSR) distribution over in North Africa during one decade 
are discuss, the development of PV cost reduction and the predicted of level cost 

https://doi.org/10.4236/ijaa.2022.124018


S. A. Khalil, U. A. Rahoma 
 

 

DOI: 10.4236/ijaa.2022.124018 304 International Journal of Astronomy and Astrophysics 
 

of energy (LCOE) are summarized and used one PV Module to calculate the to-
tal cost for five countries in North Africa. 

2. Area under Studies 

Figure 1 shows the annual average intensity of solar irradiance distributions 
over the surface of the earth. Research has shown that “black dot” areas could 
provide more than the entire world’s total primary energy demand, assuming 
that a conversion efficiency as low as 8% is achieved [11]. In contrast, Africa is 
home to some of the world’s sunniest locations, other than Africa (such as the 
southwestern United States, Central and South America, North and Southern 
Africa, the Middle East, the desert plains of India, Pakistan, Australia, etc.). Such 
potential is only limited to generate 125-GW hours (GWh) from a 1 km2 land 
area, according to theoretical estimates of concentrated solar power (CSP) and 
PV solar energy in Africa [12]. The wasteland in China’s northern and western 
areas, where solar radiation is among the strongest in the nation, has a capability 
to generate 1300 GW of power across an area of around 6300 km2 [13]. Accord-
ing to the National Renewable Energy Laboratory (NREL) in the US, the poten-
tial for solar energy in the country is 400 zettawatt hours (ZWh) per year, which 
is a vast improvement over the country’s present electricity generation capacity 
of 22,813 terawatt hours (TWh). Morocco, a country in northern Africa that 
receives around 3000 hours of sunshine annually, recently unveiled one of the 
largest solar energy projects in the world (using both PV and CSP technologies), 
with a planned generation capacity of 2000 MW (MW) by 2020 [14] [15]. 

According to the regional classification of solar thermal utilization, North 
Africa is one of the highest-level solar energy resources in the world [16]. Mo-
rocco, Algeria, Tunisia and Libya are all have huge potential to exploit solar 
energy. Figure 2 shows the average DNI distribution map in North Africa. The 
total solar annual irradiation in Algeria is 2700 kWh/m2, and the amount of de-
velopment technologically is about 169,440 TWh per year. In Morocco, Egypt  

 

 
Figure 1. Annual average solar irradiance distribution over the surface of the Earth [11]. 
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Figure 2. The distribution diagram of annual average direct normal irradiation in North 
Africa region [16]. 

 
and Tunisia, the total solar annual irradiations are 2600 kWh/m2, 2800 kWh/m2, 
and 2300 kWh/m2 respectively [16]. Diversifying its economies and lowering its 
emissions intensity will enable North Africa to convert its resource endowments 
into sustainable economic growth. Even in nations like Algeria and Libya, where 
oil and gas resources have long constituted the backbone of the economy, energy 
transformations are internalize. Large fossil fuel exporters in the region, whose 
development models mainly rely on fossil fuels, now confront severe issues as 
clean energy transitions pick up speed [17]. 

Heat engines and photovoltaics are using in solar-powered electrical generating. 
Only human inventiveness can restrict the usage of solar energy. Solar applications 
include daylighting, solar hot water, solar cooking, and high-temperature process 
heat for industry, drinkable water via distillation and disinfection, and space 
heating and cooling through solar architecture [18]. 

A market prediction made by the industry predicts that by 2018, the yearly PV 
market in Africa would grow to 2.2 GW because of falling solar equipment costs. 
The enormous surface area of several perennially sunny African countries, such 
as Egypt, Libya, Algeria, Niger, Sudan, South Africa, and Namibia, allowed for 
the cost-effective and large-scale development of their abundant solar resources. 
The temperature at which your solar panels are operating is one of the major 
factors impact how much electricity they generate. It is simple to assume that 
more sunlight and, thus, more heat lead to more power, but this is incorrect. 
Although different solar panels respond to operating ambient temperatures dif-
ferently, all solar panels lose efficiency as the temperature rises. As the tempera-
ture coefficient, the effect of temperature on solar panel efficiency is uncertain. 
You can find a phrase that has typically refereed to the temperature coefficient 
Tmax in the datasheet that was provide by the manufacturer of your solar panel. 
This statistic, which is typically express as a negative percentage, illustrates how 
temperature affects the panel. The temperature coefficient percentage shows the 

https://doi.org/10.4236/ijaa.2022.124018


S. A. Khalil, U. A. Rahoma 
 

 

DOI: 10.4236/ijaa.2022.124018 306 International Journal of Astronomy and Astrophysics 
 

change in efficiency as the temperature rises or falls by one degree because solar 
panels are power tested at 250˚C. For instance, if a particular type of panel’s 
temperature coefficient is −0.5%, its maximum power will drop by 0.5% for 
every 10˚C increase. Therefore, a panel with a temperature coefficient of −0.5% 
would result in a maximum power output drop of 10% on a hot day when panel 
temperatures may exceed 450˚C. On the other hand, if it were a bright winter 
morning, the panels would function better. The temperature coefficients of var-
ious solar cell types are describe here [19]-[24]. Both monocrystalline and poly-
crystalline cells have a temperature coefficient Tmax of between −0.45% to 
−0.50%. First off, companies that manufacture the panels utilize a thermally 
conductive base to assist the glass layer evacuate extra heat. By raising the solar 
panels a few inches off the roof during installation, the solar panel installer will 
also make an effort to ensure that there is a free flow of air above and below the 
solar panels. In order to aid in the passage of air around the solar panels, it is al-
so possible to install ventilation devices or fans to your solar PV system. When 
picking the location for your solar PV installation, it is crucial to make sure that 
you try to locate your panels where there is good natural ventilation. Figure 3 
show that, the global horizontal irradiation in the Middle East and North Africa 
[25]. 

Experiences in Egypt are noteworthy. By installing 25.5 GW of new generating 
capacity between 2015 and 2019, the nation shifted from having persistent power 
shortages to having a 25% surplus of electricity supply. This comprised 840 MW 
of new wind power and 1 GW of solar PV. A key take away from this transfor-
mation is that it is perfectly feasible to solve current energy issues while also 
making plans for a more sustainable future. The construction of the 1.8 GW so-
lar PV Park at Benban, which will be among the largest solar plants in the world  

 

 
Figure 3. Global horizontal irradiation in Middle and North Africa [25]. 
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once finished, was a concrete outcome of these two strategies. It also opened up 
projects for tendering using auction methods at the same time. Morocco, which 
alone accounted for three-quarters of the region’s rise in renewable electricity 
production, is another important example. Again, coordinated government pol-
icy has served as the foundation for the energy transitions process’ tremendous 
accomplishments  
(https://www.iea.org/commentaries/north-africa-s-pathways-to-clean-energy-tra
nsitions). By 2030, Morocco plans to supply 42% of its electricity from renewable 
sources. That goal was raised to 52% at COP21 in Paris in 2015, and it now an-
ticipates reaching it five years early. By 2030, the nation is on track to reach a 
60% - 65% renewable electricity share [26] [27]. An examination by the IEA re-
veals significant room for advancement in the building, transportation, and in-
dustrial sectors. According to the Africa Case, where improved energy efficiency 
measures are implement, the increase in electricity consumption in North Africa 
is constrained to 35% by 2030, which is 11% points less than what it would be 
without these improved measures [28]. The region could gain from increasing 
transportation economy through obligatory fuel requirements, financial incen-
tives for fuel efficiency, and rules governing the fleet age of cars. Since transpor-
tation is the energy sector with the fastest growth due to ongoing urbanization 
and rising car ownership, such actions can have a big impact. The number of 
energy-efficient buildings could also have an impact on the rate of increase in 
energy consumption. Enhancing build energy performance codes with a focus 
on building insulation is among the low-hanging fruit. Even appliances can be 
improved in efficiency [27]. 

By 2030, cooling demand is predict to rise by about 55%, which may be 
attribute to a combination of factors including an increase in the number of hot 
days due to climate change and an increase in the number of air conditioners 
being used because of increased incomes and living standards. By increasing 
minimum energy performance requirements and labelling, it is possible to cut 
the growth in cooling energy demand by 14% [29] [30] [31]. However, through 
opportunities for emissions intensity reduction and macroeconomic diversifica-
tion, bringing the hydrocarbon industry into compliance with energy transitions 
may be in countries’ best interests. Despite producing less than 4% of the world’s 
oil and gas, the region producers’ combined methane emissions in 2019 were 10 
million tons, or around 12% of worldwide oil and gas methane emissions. Addi-
tionally, 10% of the world’s flared gas volumes, or about 15 bcm, originate in 
North Africa, exposing a significant lost economic and environmental opportu-
nity. According to IEA estimates, there are numerous cost-effective alternatives; 
therefore, 40 - 55 percent of methane emissions in the area might be avoid at no 
net cost. Transitions also give rise to the prospect of transversal diversification 
plans, in which nations can use their current knowledge, managerial and tech-
nical skills, as well as industry and capacity assets, to create new markets [28]. 
The nations of North Africa have provided numerous instances of energy transi-

https://doi.org/10.4236/ijaa.2022.124018
https://www.iea.org/commentaries/north-africa-s-pathways-to-clean-energy-transitions
https://www.iea.org/commentaries/north-africa-s-pathways-to-clean-energy-transitions


S. A. Khalil, U. A. Rahoma 
 

 

DOI: 10.4236/ijaa.2022.124018 308 International Journal of Astronomy and Astrophysics 
 

tion Programmes and policies that have produced noticeable benefits under 
various conditions and contexts. The accomplishments across countries in 
North Africa can serve as a lesson to regional and continental counterparts, from 
the expanded deployment of renewable energy in Morocco and Egypt to the ex-
cellent pursuit of energy efficiency in Tunisia. For oil and gas producers like Al-
geria and Libya, the need for energy transitions is becoming more pressing, but 
the chance to use the sector’s current expertise to support efforts at economic 
diversification might be quite promising. Governments in the region are en-
couraged to increase their efforts and objectives, and the IEA is prepared to 
support them [27] [28] [29]. 

3. Description Based Data 

To study solar energy over Africa stations with ground observation selected, 
these measured data were using to evaluate the reanalysis data from ECMWF 
(ERA5) datasets, the result of the comparison between measured data and rea-
nalysis showed that the best fitting between ERA5. Solar irradiation data are 
available from several sources and in several formats but are generally not avail-
able as high-resolution data (for solar irradiation data see SWERA1). The solar 
irradiation data used in our analysis come from the HelioClim2 database and 
were provided by ParisTech.3 HelioClim data are derived using the Heliosat 
method, which converts images acquired by meteorological geostationary satel-
lites into data and maps of solar radiation received at ground level. The relevant 
data come from HelioClim-3 (2004 - 2010) with a step (raster size) of 0.25˚ 
(equal to about 28 km at the equator). The maps were provided by the Centre 
Energétique et Procédés (CEP)” at MINES ParisTech in ESRI ASCII GRID4 
format. They contain average data (between 2004 and 2010) of the annual 
amount of global and direct radiation (GHI and DNI) in kWh/m2/year [30]. 

4. Statistical Methods 

The accuracy and performance of the derived correlations in predicting of global 
solar radiation were evaluate because of the following statistical error tests; mean 
bias error (MBE), root mean square error (RMSE), mean percentage error 
(MPE), coefficient of determination (R2) and t-Test statistic. These error indices 
are defined as [31]: 
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5. Results and Discussions 
5.1. Performance of Measured and Reanalysis Data ERA5 of GSR 

in North Africa 

The results of the present research comparison between the ground observation 
data and the set data from ERA5 for different locations in North Africa during 
the period time from 2011 to 2020. The average monthly analysis between Era 
interim (ERA5) and the measured data during the period time from 2011 to 
2020 at different locations in North Africa are shown in Figures 3-13. These 
figures display of the average monthly global solar radiation and estimated val-
ues by ERA5 and scatter plot between measured and Reanalysis data ERA5 of 
GSR for selected sites in North Africa in the present research. From these fig-
ures, we indicated that the monthly average of global solar radiation (KWh/m2) 
as seen from ERA5 gives an almost good agreement to the measured data in 
winter, spring, and autumn months for all locations in the present study. The 
determination coefficients (R2) for all sites in this research during the period 
time from 2011 to 2020 were over 0.94. The average monthly statistical parame-
ters; mean bias error (MBE), root mean square error (RMSE), mean percentage 
error (MPE%), the determination coefficient (R2), and t-statistics (t-Test) of the 
selected locations in North Africa during the period time from 2011 to 2020 are 

 

 
Figure 4. The average values of GSR (KWh/m2) measured data, GSR (ERA5) estimated 
for Tunis site during the time from 2011 to 2020 in the present research. 
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Figure 5. Scatter plot between Measured and Reanalysis data ERA5 of GSR in Tunis in 
the present study. 

 

 
Figure 6. The average values of GSR (KWh/m2) measured data, GSR (ERA5) estimated 
for Egypt site during the time from 2011 to 2020 in the present research. 
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Figure 7. Scatter plot between Measured and Reanalysis data ERA5 of GSR for Egypt in 
the present study. 

 

 
Figure 8. The average values of GSR (KWh/m2) measured data, GSR (ERA5) estimated 
for Morocco site during the time from 2011 to 2020 in the present research. 
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Figure 9. Scatter plot between Measured and Reanalysis data ERA5 of GSR for Morocco 
in the present study. 

 

 
Figure 10. The average values of GSR (KWh/m2) measured data, GSR (ERA5) estimated 
for Algeria site during the time from 2011 to 2020 in the present research. 
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Figure 11. Scatter plot between Measured and Reanalysis data ERA5 of GSR for Algeria 
in the present study. 

 

 
Figure 12. The average values of GSR (KWh/m2) measured data, GSR (ERA5) estimated 
for Libya site during the time from 2011 to 2020 in the present research. 
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Figure 13. Scatter plot between Measured and Reanalysis data ERA5 of GSR for Libya in 
the present study. 

 
clear in Table 1. From this table, we indicate clearly that the values of MBE, 
RMSE and MAE were lower than the experimental error. The correlation coeffi-
cient (R2) values for all months in the present study exceeded 0.89 and the high-
est value is 0.97. The result of the comparison between measured data and rea-
nalysis showed that the best fitting between ERA5 and measured data was find-
ing in five countries in North Africa. 

Table 2 shows the statistical analysis between measured and ERA-5 values of 
solar energy for the period time from 2011 to 2020 in the present study (mean, 
minimum, maximum, coefficient of determination R2, standard error, and stan-
dard deviation). This table shows that the R2 values are more than 0.96. While 
the SE and SD values are yielding the lowest results across the board. These 
findings show that the solar energy predicted by ERA5 closely and accurately 
matches the measured data. 

The seasonal variations of solar energy in most latitudes and longitude in 
North Africa in the present study are clear in Figure 14. From this figure, we in-
dicate that the seasonal variations of solar energy depend on latitude and longi-
tude and the methodology adopted. This study also affirms latitude as the do-
minant locational factor. In addition, the domain of application in the study is 
the largest so far, finally, the optimal performance in respect of estimating global 
solar radiation for any practical application [32]. 
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Table 1. Comparison for statistical results of MBE, RMSE, MPE, R2, and t-Test between measured and ERA5 values during the 
period time 2011 to 2020 in the present research. 

Country  J. F. M. A. M. J. J. A. S. O. N. D. 

Egypt 

Measured 

MBE 6.58 −5.43 7.21 8.55 −4.38 9.42 5.94 −2.57 7.35 6.87 −3.59 −5.29 

RMSE 13.26 11.43 9.57 7.84 9.46 8.28 7.52 10.54 14.58 8.97 6.59 9.74 

MAP % 6.57 4.59 8.39 9.45 7.36 8.35 4.89 9.58 8.27 5.98 4.89 7.35 

R2 0.896 0.954 0.938 0.876 0.896 0.925 0.942 0.938 0.874 0.958 0.968 0.937 

t-Test 2.35 4.35 3.45 1.89 5.32 4.32 4.32 5.36 2.68 3.48 2.69 4.37 

ERA5 

MBE 5.36 4.32 −8.32 −6.57 3.54 8.34 −4.38 3.42 5.36 4.38 7.36 −5.38 

RMSE 12.45 10.54 8.36 6.37 7.36 9.37 5.98 11.32 12.45 7.39 8.39 7.45 

MAP % 4.65 3.26 7.35 8.37 5.68 4.89 3.87 7.59 6.47 4.59 5.58 6.11 

R2 0.925 0.948 0.957 0.896 0.974 0.945 0.963 0.948 0.897 0.915 0.937 0.967 

t-Test 4.25 2.89 2.47 5.36 2.36 3.22 2.45 4.38 5.32 6.21 4.35 3.55 

Libya 

Measured 

MBE 5.39 4.32 9.21 −4.56 5.34 −8.53 −6.34 5.78 6.56 −8.27 4.53 5.47 

RMSE 10.5 9.71 12.54 5.68 11.42 4.54 6.56 9.87 7.85 10.64 9.56 7.57 

MAP % 4.65 6.49 4.65 7.35 5.36 6.58 7.32 7.35 5.32 7.36 5.36 4.89 

R2 0.925 0.924 0.896 0.954 0.915 0.947 0.963 0.924 0.947 0.942 0.925 0.945 

t-Test 3.11 5.23 4.59 2.65 6.23 3.45 4.89 4.32 3.25 2.89 3.58 5.24 

ERA5 

MBE −4.35 5.36 6.78 −3.89 9.45 −7.35 5.39 4.65 9.78 7.25 5.57 6.89 

RMSE 8.35 9.45 11.35 7.65 9.87 11.35 6.58 8.39 7.35 6.85 7.32 4.65 

MAP % 3.56 4.35 7.32 5.32 6.89 4.32 5.78 4.56 4.98 8.35 5.39 7.32 

R2 0.952 0.934 0.895 0.942 0.956 0.975 0.963 0.985 0.932 0.947 0.912 0.925 

t-Test 3.25 2.36 5.36 4.32 4.21 3.25 4.89 6.78 4.85 7.36 5.98 4.68 

Morocco 

Measured 

MBE −4.25 5.26 7.28 −3.48 7.24 6.25 −3.25 4.74 7.23 3.56 5.48 −7.62 

RMSE 9.57 7.83 8.32 7.58 9.64 7.58 5.49 6.53 5.58 8.74 7.82 5.77 

MAP % 3.45 5.45 4.23 5.24 7.35 8.25 5.78 4.89 6.35 4.89 3.58 3.11 

R2 0.896 0.954 0.947 0.915 0.965 0.927 0.897 0.899 0.878 0.915 0.945 0.965 

t-Test 5.32 6.32 3.45 4.25 3.12 3.98 6.34 5.32 5.36 3.45 4.23 3.27 

ERA5 

MBE 6.32 −7.36 5.32 −6.47 −7.65 4.32 5.32 3.85 −6.45 3.24 4.39 6.35 

RMSE 6.58 9.32 7.35 4.65 6.54 3.89 4.35 7.39 5.32 4.12 5.28 4.36 

MAP % 3.24 2.89 4.58 6.28 5.47 4.39 5.27 4.38 4.39 6.25 8.32 6.58 

R2 0.952 0.983 0.942 0.932 0.896 0.945 0.932 0.918 0.975 0.952 0.948 0.928 

t-Test 5.25 4.36 3.54 4.36 6.54 4.36 5.38 6.18 3.87 4.26 5.52 4.32 

Tunis Measured 

MBE 6.25 −3.87 5.32 4.57 −6.25 4.32 −4.35 −3.45 5.35 −4.25 3.57 6.35 

RMSE 7.54 5.82 7.36 6.29 4.93 5.61 6.75 4.94 3.86 9.47 5.73 3.84 

MAP % 4.89 6.35 3.47 7.25 5.78 6.35 4.87 5.87 5.44 3.78 4.78 6.87 
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Continued 

  R2 0.954 0.927 0.924 0.937 0.897 0.947 0.876 0.957 0.925 0.945 0.924 0.927 

t-Test 3.89 5.11 4.97 4.57 5.68 3.74 5.89 3.65 4.25 3.87 5.32 4.37 

ERA5 

MBE −5.32 −6.45 6.35 7.32 5.69 −4.32 −3.89 4.36 6.58 8.32 −7.36 5.36 

RMSE 5.36 7.32 4.35 5.21 3.84 6.29 4.39 7.36 4.32 5.34 6.28 4.39 

MAP % 3.24 4.29 6.35 7.26 4.36 5.58 4.85 6.78 3.98 6.18 4.38 5.37 

R2 0.956 0.942 0.963 0.912 0.945 0.983 0.975 0.932 0.938 0.897 0.946 0.958 

t-Test 3.65 6.25 4.32 5.29 4.39 4.35 4.26 3.65 4.56 3.98 4.28 7.32 

Alger 

Measured 

MBE 7.35 4.35 −3.87 −5.78 5.47 7.32 −6.35 −4.32 −3.58 5.27 −4.39 5.32 

RMSE 6.35 4.32 5.38 4.28 3.45 3.87 5.47 3.65 4.87 8.32 4.37 5.27 

MAP % 3.65 5.24 4.35 6.35 4.89 5.28 6.32 3.95 4.29 4.56 3.27 5.18 

R2 0.927 0.968 0.947 0.915 0.885 0.927 0.932 0.942 0.939 0.947 0.918 0.937 

t-Test 5.32 3.24 3.87 5.36 6.38 4.11 4.35 3.48 6.32 5.32 4.39 3.98 

ERA5 

MBE 6.38 7.36 −8.65 −9.35 11.32 −10.25 9.32 7.26 −5.36 −7.36 5.26 6.45 

RMSE 5.23 4.26 6.38 7.36 4.36 5.32 4.26 5.85 7.32 4.26 6.35 5.29 

MAP % 6.25 4.26 5.32 7.36 4.36 5.32 7.32 4.26 5.31 4.36 5.36 4.23 

R2 0.956 0.945 0.975 0.912 0.936 0.953 0.899 0.945 0.962 0.942 0.923 0.973 

t-Test 3.26 5.42 4.52 6.35 4.28 7.32 5.56 3.98 5.48 7.21 6.32 4.26 

 
Table 2. Statistical analysis between measured and ERA5 of solar energy in the present study. 

Statistics 
Tunis Egypt Morocco Algeria Libya 

Measured ERA5 Measured ERA5 Measured ERA5 Measured ERA5 Measured ERA5 

Mean 5.25 5.40 5.35 5.47 5.65 5.45 5.70 5.55 5.35 5.20 

Min 2.65 2.85 3.15 3.35 3.25 3.55 3.35 3.55 3.20 3.35 

Max 7.85 8.15 8.35 8.15 8.25 8.10 8.45 8.25 7.75 7.95 

R2 0.975 0.985 0.989 0.992 0.968 

SE 0.019 0.023 0.027 0.029 0.031 

SD 1.235 1.215 1.345 1.416 1.298 

5.2. Renewable Energy Consumption in North Africa 

According to the report of IEA (2020 a, c, d) the renewable energy consumption 
in North Africa remains largely untapped relative to its potential clear in Figure 
15 [33]. Renewable energy sources made up 4.3% of total energy consumption in 
2018, which is roughly two percentage points less than the levels seen in 2008 
(6.0%). The drop is the result of rising transportation demand in Algeria and 
Egypt, as well as reducing traditional biomass use in Morocco. Recent years have 
seen a tremendous increase in wind, solar thermal and solar PV, particularly in 
Egypt, Morocco, and Algeria. 2018 saw a regional share of contemporary renewable  

https://doi.org/10.4236/ijaa.2022.124018


S. A. Khalil, U. A. Rahoma 
 

 

DOI: 10.4236/ijaa.2022.124018 317 International Journal of Astronomy and Astrophysics 
 

 
Figure 14. The seasonal variations of solar energy in most latitude and longitude in 
North Africa in the present study [32]. 

 

 
Figure 15. Renewable energy consumption in North Africa [33]. 

 
energy, excluding traditional biomass use, of 1.9%; however, country-level levels 
range widely, from less than 1% in Algeria to 7.6% in Morocco. The region’s net 
energy importers, Morocco and Egypt (and to a lesser degree, Tunisia), have the 
greatest shares, where energy diversification away from fossil fuel imports has 
been one policy push for renewable deployment. These nations account for al-
most 96% of the region’s use of renewable energy in total, but only 66% of the 
total energy demand. Electricity in North Africa has the largest percentage of 
modern renewable energy sources, with 6.9% of the total supply in 2018. Mod-
ern renewables only made up 1.4% and 0.03% of the heating and transportation 
sectors, respectively, where penetration has been slower. 

Figure 16 shows the capability of solar energy in a number of different Afri-
can nations in the year 2020. As of 2020, South Africa’s solar energy capacity, 
which was close to six gigawatts, was the highest in all of Africa. This was equiv-
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alent to nearly 60% of Africa’s annual solar energy capacity. At 1.7 gigawatts, 
Egypt had the second-largest capacity. Morocco came in second with a solar 
energy capacity of 734 megawatts [34]. Table 3 makes it evident that PV has 
been active in countries in North Africa over the past three decades. Egypt pro-
vides more than 80% of the region’s hydropower, which is follow by wind ener-
gy, which is mostly produce in Morocco, Egypt, and Tunisia. Because produc-
tion is dependent on precipitation amounts, hydropower generation fluctuates 
from year to year. 

As a result, due to changes in rainfall in the area, hydropower generation over 
the past ten years has ranged between 15 TWh and 16 TWh. The third-largest 
source in the region is solar PV, which is almost exclusively use at utility scale 
and is the only technology that is using in every nation, as opposed to solar 
thermal, which is use only in Morocco and is the fourth-largest source. The 
smallest source, bioenergy, is exclusively fun in Egypt clear that in Figure 17. 
Due to the tremendous growth of wind, solar PV, and solar thermal over the 
past ten years, the amount of renewable electricity produced in North Africa has 
increased by more than 40%. Morocco accounts for three-quarters of the re-
gion’s growth, which is fuel by regulations that encourage private investments  

 

 
Figure 16. Solar energy capacity in selected countries in Africa in 2020 (in megawatts) [34]. 

 
Table 3. The average values of PV out in North Africa during last 3 decades (in megawatts). 

Country J. F. M. A. M. J. J. A. S. O. N. D. Year 

Egypt 138 154 206 228 225 205 231 213 195 161 135 128 2219 

Morocco 124 138 193 217 240 235 226 206 179 155 122 113 2148 

Tunis 136 141 188 205 226 231 225 201 174 151 129 118 2155 

Libya 122 145 171 202 218 227 216 199 179 149 131 114 2169 

Algeria 145 163 225 254 249 253 238 219 185 175 141 132 2254 
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Figure 17. Renewable electricity in 2008 and 2018 in North Africa and country [35]. 

 
such corporate power purchase agreements and independent power producer 
(IPP) competitive auctions (PPAs). The biggest percentage of renewable energy 
in the area is use to generate over 20% of the power used in Morocco. The rest of 
the growth is from Egypt, Algeria, and Tunisia driven by a mix of procurement 
methods such as feed-in tariffs (FiTs); competitive auctions; unsolicited bilateral 
contracts; utility engineering, procurement, and construction contracts. Howev-
er, despite the rapid increases in solar and wind generation, the overall share of 
renewable electricity declined from 7.3% in 2008 to 6.7% in 2018 because total 
power demand in North Africa has grown faster than renewables. In addition, 
lower hydropower output from less rainfall has also contributed to this decline 
[35]. 

5.3. Technology of PV Cost Reduction and Level Cost of Electricity 
(LCOE) 

The fundamental component of a photovoltaic power generation system is the 
solar cell, commonly referred to as a photovoltaic module. Recently, since solar 
battery capacity has grown quickly, PV module efficiency has also significantly 
increased. Solar cells’ annual absolute efficiency rises by roughly 0.3%. In China, 
the average efficiency of polycrystalline and monocrystalline solar cells was 
18.3% and 19.5%, respectively, as of the end of 2015. The cost of PV power gen-
eration will reduce in the future because of improvements to the manufacturing 
process and efficiency of PV modules as well as lower raw material costs. Ac-
cording to certain calculations and research findings, a 1% increase in PV module 
efficiency translates to a 17% price decrease for a PV power generation system. As 
a result, PV module costs are rapidly decreasing along with the increase in solar 
cell efficiency. 2015 saw an average crystal module pricing in China of roughly 
0.568 $/W, a direct manufacturing cost of about 0.5 $/W for mono-crystalline 
modules, and a manufacturing cost of less than 0.48 $/W for poly-crystalline 
modules. The average production cost of a module in America is 0.68 to 0.70 
$/W under the same circumstances. Due to the impact of manufacturing prices, 
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the global PV sector is becoming more and more concentrated in a small num-
ber of nations and areas. The top four primary PV manufacturing industry re-
gions in the world are the Chinese mainland, Taiwan, Malaysia, and the United 
States. In China, the cost of crystalline silicon solar cells is anticipated to de-
crease to roughly 0.4 $/W during the next three to five years [16] [36]. 

The international analytical agencies predicted the cost of PV power genera-
tion in the major nations between 2020 and 2030 based on the trend of PV pow-
er generation LCOE during the previous ten years. The LCOE is decrease of PV 
power generation is drive by the large-scale development effect. The relationship 
between the cost of an energy technology unit and its overall output clear in 
learning curve, it is possible to explain how this cumulative production affects 
cost. The fundamental form is [16]: 

( ) ( )( )0 0
a

t tA f A f f f −=                      (6) 

where A(ft) is the unit cost for a certain technology in the tth year; A(f0) is the ini-
tial unit cost for a certain technology in the benchmark year; ft is accumulative 
scale of a certain technology in the tth year; f is accumulative scale of a certain 
technology in the benchmark year; a is cumulative scale elastic coefficient. De-
fine technical learning rate LR = 1 − 2−a, which represents the reduction propor-
tion of technical cost when the cumulative scale doubles. Define technical 
progress rate PR = 2−a, which represents the proportion of technical cost to ini-
tial cost when the cumulative scale doubles. 

Since the technology development process of the PV industry is different, the 
falling proportion of technology cost during the doubling of the scale of the PV 
industry is changing in different period. Hence, the LCOE of PV power genera-
tion in 2020, 2025 and 2030 are predicted by using the variable learning rate 
method, learning rate are L1 = 0.25 from 2008 to 2012, L2 = 0.29 from 2013 to 
2017 and L3 = 0.27 from 2020 to 2030. The input data for formula (1) are shown 
in Figure 18, and the predict results are show in Figure 20. From Figure 19, we 
indicate that, the year 2011 is chose as benchmark year for prediction. From 
2011 to 2019, the LCOE calculated value by formula (1) is close to Bloomberg 
New Energy Finance statistic value. Meanwhile, the LCOE predicted value is 
0.065 $/kWh in 2020, and 0.039 $/kWh in 2030. It is show that this method can 
predict the development trend of PV power LCOE accurately, and the prediction 
curve is using as useful reference to describe the future trend of PV power gen-
eration LCOE. 

The whole supply chain’s use of economies of scale in production has led to 
solar modules becoming more and more cost-competitive. In the last ten years, 
the capacity for producing polysilicon has increased more than fourfold while 
the cost of polysilicon, the main raw material used to produce solar modules, has 
fallen from over 80 $ in 2010 to approximately 8.40 $ in 2019. A fivefold rise in 
the worldwide module production capacity coincided with the sharp fall in 
module prices. Over the past ten years, production capacity for solar cells and 
wafers has also expanded significantly. Over the past ten years, solar panel prices  
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Figure 18. Input data for level cost energy (LCOE). 

 

 
Figure 19. The predict curve of the level cost energy (LCOE) of PV. 

 
have fallen precipitously, making solar systems more affordable and valuable to 
households than ever. However, since solar panels are only one part of an entire 
solar system, there are additional costs associated with solar installation that 
should be taken into account. In this post, we will examine the reasons for the 
sharp decline in solar panel prices, the major phrases used to assess solar system 
costs, and the several aspects that will eventually affect the cost of your solar sys-
tem. Over the past ten years, as the industry has developed and reached the 
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highest level of world manufacturing, the cost of solar panels has significantly 
decreased. Since 2010, the cost of solar panels has decreased by almost 90% while 
worldwide solar deployment has increased by over 400%. Figure 20 illustrates 
this amazing growth rate along the completely global solar supply chain [37]. 

5.4. PV Module and the Total Cost in North Africa 

The PV module used in the present research is polycrystalline type have effi-
ciency (18.3% - 19.5%) which used it to estimate the available energy and the 
cost of a PV system. The PV module involves several PV cells connected in pa-
rallel to increase current and in series to produce a higher voltage. The PV cell 
dimension is 156.75 × 157.75 mm, while the power range is 4.47 - 4.67 (WP), 
Also, the price of the PV cell is 0.0946 ($/WP). This module is used under stan-
dard solar irradiance (SI = 1000 W/m2), solar reference spectrum (AM = 1.5), 
and cell temperature (T = 25˚C) conditions. Thus, the price of PV module can 
be estimated according to Equation 7 [38]. 

PB
G mη

=
×

                         (7) 

where G is the total incident solar radiation (TRS) at a site, m is the sunshine 
duration (h), B is the price of one watt equal, η is the efficiency (%) and P is the 
price of the PV cell. The south facing flat plate tilted at latitude ϕ is process as in 
Equation (8) [38]. 

( ) ( ) ( )cos cos cos hβ α=                      (8) 

where β is the angle between the beam and the normal to the plate, α is the solar 
declination for the time, and h is the hour angle. The energy of panel can be es-
timated using some information about the area of the panel (A in m2), the total 
global solar radiation (TRS in KWh/m2/d), performance ratio (P as loses of the 
cable dust losses of the battery charge) and finally the most important parameter  

 

 
Figure 20. Global solar manufacturing capacity of module price, 2010-2020 [37]. 
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is the efficiency (η in %) as shown in the Equation (9). Where, the efficiency of a 
PV cell is determined as the fraction of incident power that is converted to elec-
tricity. 

Energy RS A P η= ∗ ∗ ∗                      (9) 

The total level cost energy LCOE can be calculated according to Equation (10) 
[16]: 

( )

( )

1

1

1
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=
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+

=

+

∑
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Figure 21 shows the total monthly cost of energy for five countries in North 
Africa in the present research. From this figure we indicate that for all chosen 
counter the lower values of energy cost are occur through summer months, 
while the highest values in the cost of energy are occur in winter months and the 
values of cost energy in spring and autumn seasons lies between lower and high-
est values. The minimum and maximum values of the cost occurs in June and 
December months for all five countries in North Africa in the present research 
that varies from 0.013 to 0.018 $/W, and 0.029 to 0.033 $/W respectively. 

In generally, renewable energy technologies do not require any fuels, they of-
ten have a different cost structure than thermal energy methods. The capital cost 
of technologies accounts for the majority of generation costs. Therefore, finance 
costs are essential to assuring cost-competitiveness, and fostering an environ-
ment that encourages investment and is support by low financing costs is essen-
tial to developing markets for renewable energy technology. Energy costs are artifi-
cial kept low in North African nations for all consumers for social (but primarily  

 

 
Figure 21. The total cost of energy for five countries in North Africa. 
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political) reasons. These uniform energy consumption subsidies have a signifi-
cant deterrent effect on investing in energy efficiency and renewable energy 
sources as well as more logical, and economical energy use subsidies place a sig-
nificant financial strain on national budgets, particularly in light of the recent 
spike in oil prices. These all-encompassing subsidies, which mostly aid wealthy 
consumers, lead to imbalances, particularly enormous governmental deficits and 
debt. Therefore, it is crucial to reform energy subsidies in order to guarantee 
the region sustainable economic and energy growth. The development of re-
newable energy projects in North Africa offers a wide range of benefits, begin-
ning with helping to meet the country’s fast rising energy needs. This would al-
so free up natural gas that is currently use in the domestic power generation 
sector in countries that export natural gas, including Algeria, Libya, and Egypt, 
for increased exports. This decision would result in an immediate, substantial 
economic return for North Africa solely because of the increase in the export 
value of gas inventories, given that there is already a major, albeit mostly under- 
utilized; gas infrastructure connecting North Africa with Europe. 

6. Conclusions 

The five countries that span North Africa have significantly different circums-
tances that influence their energy transitions pathways. The region includes 
large hydrocarbon producers and exporters (Algeria, Egypt and Libya), as well as 
countries that are heavily dependent on imports to meet domestic energy de-
mand (Egypt, Morocco and Tunisia). The opportunities for improvement are 
not limited to increasing the sectors in which electricity can be consuming and 
replacing more polluting fuels, but also the way they are produced. North Afri-
ca’s generation mix is marketed by its reliance on fossil fuels. At 4.6% of the 
overall generation mix, renewables still play a small role that falls far below the 
global average of 25%. This is not commensurate with the available resources, as 
North Africa has some of the most favorable sites in the world for solar irra-
diance as well as significant wind potential in the coastal areas [23]. North Africa 
has tremendous potential for increased renewables deployment, which could 
reduce dependence on imported fuels in Morocco and Tunisia while freeing up 
additional resources for export in Algeria. All five countries have long-term tar-
gets for increasing renewable electricity capacity. By 2030, Algeria targets 22 gi-
gawatts (GW), Morocco 10 GW, Libya 4.6 GW and Tunisia 2.8 GW, while Egypt 
targets 54 GW by 2035. Generally, in the present research we can put the impor-
tant results as follow: 

1) With notable regional inequalities, only 2% of worldwide investments in 
renewable energy during the past two decades have been invested in Africa. 

2) North Africa only accounts for 3% of all renewable energy jobs globally. 
3) In Sub-Saharan Africa, the electrification rate remained constant in 2019 at 

46%, leaving 906 million people without access to clean cooking technologies 
and fuels. 
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4) However, the continent has great potential. 
5) Wind, solar, hydro, and geothermal energy resources are abundant in 

North Africa, and the cost of renewable energy sources is steadily declining. 
6) Mineral resources found in abundance in central and North Africa are ne-

cessary for the manufacture of electric batteries, wind turbines, and other 
low-carbon technology. 

7) The past ten years have seen advancement: 
8) The use of renewable energy has increased during the past ten years, de-

spite the challenging move away from carbon-intensive energy sources; the 
energy transition has enormous possibilities for Africa when coupled with a 
suitable policy basket. 

9) The energy transition under IRENA’s 1.5˚C Scenario anticipates, on aver-
age up to 2050, 6.4% greater GDP, 3.5% more jobs across the economy, and a 
25.4% higher welfare index than that realized under existing plans. 

10) This research’s objective is to provide a reliable representation of the 
world’s solar radiation to aid in the use of solar energy in all sectors. 

Finally, North African countries are among the most vulnerable regions to the 
potential impacts of climate change. The increasing impact of climate change 
shows the need to build up a reliable energy mix and improve the resilience of 
existing and new energy systems. Adequate investment in resilient energy sys-
tems and infrastructure for the region will be vital. Clean energy transitions in 
North Africa need to incorporate planning and investment decisions that ensure 
their energy systems are climate resilient and secure. 
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Abstract 
What distribution function best fits that of the stars’ heights above the Galac-
tic plane? Can truncated distributions improve the fit? In order to answer the 
above questions, we derive the probability density function, the distribution 
function, the average value, the rth moment, the median, an expression to 
generate random variate and the maximum likelihood estimator, for the 
truncated exponential, truncated half-normal and the truncated sech-square 
distributions. The results are applied to the galactic height for open clusters 
and for Gaia’s stars in order to understand whether the truncated distribu-
tions are useful or not to astronomers. 
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1. Introduction 

In the field of astrophysics, it is a common practice to estimate the gradients of a 
given quantity, for example, the vertical galactic height, with an exponential dis-
tribution. Another two distributions that have astrophysical interest are the 
sech-square distribution, corresponding to an isothermal self-gravitating disk, 
see equation (41) in [1], equation at page 441 in [2], equations (9.8) and (14.6) in 
[3], equation (2.31) in [4], and the normal or Gaussian distribution, see equation 
(5) in [5]. In the field of probability, the truncation of a distribution is a com-
mon topic of research and we report some of the approaches on the double 
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truncation of usual interval, [ ]0,∞ , distributions. The doubly truncated expo-
nential distribution has been analyzed in [6]. In the field of astrophysics, the fol-
lowing truncated distributions have been analyzed: the Pareto distribution, with 
application to the masses of stars and asteroids [7], the left truncated beta dis-
tribution, with application to the masses of the stars [8], the double truncated 
gamma distribution, with application to the masses of the stars [9], the double 
truncated lognormal distribution, with application to the mass of the stars [10], 
the double truncated Lindley distribution, with applications to the masses of the 
stars, to the luminosity function for galaxies, and to the photometric maximum 
in the distribution of galaxies [11], the double truncated generalized gamma dis-
tribution, with application to the luminosity functions for galaxies and quasars 
and to the average magnitude of galaxies as a function of the redshift [12], the 
double truncated Lindley family, with applications to the luminosity function for 
galaxies and quasars [13], the truncated Maxwell-Boltzmann distribution, with 
applications to a numerical relation between the root-mean-square speed and 
temperature and to a modification of the formula for the Jeans escape flux of 
molecules from an atmosphere [14], the relativistic Maxwell-Boltzmann distri-
bution, with applications to the synchrotron emission in the presence of a mag-
netic field and to relativistic electrons [15], the truncated Weibull distribution, 
with applications to the masses of the stars and to the luminosity functions for 
galaxies and quasars [16], the truncated two-parameter Sujatha distribution [17], 
the gamma-Pareto distribution, with application to cosmic rays [18], and the 
truncated Weibull-Pareto distribution, with applications to the initial mass func-
tion for stars, the luminosity function for galaxies of the Sloan Digital Sky Sur-
vey, the luminosity function for QSO, and the photometric maximum of galaxies 
of the 2MASS Redshift Survey. This paper analyses in Section 2 the exponential, 
the half-normal and the sech-square distributions defined in the interval [ ]0,∞ . 
Section 3 is dedicated to the truncation of these distributions. Section 4 applies 
the results to the distribution of the vertical galactic height for both open clusters 
and Gaia’s stars. 

2. Usual Case 

In this section, we review the following distributions: the exponential, the Half- 
Normal, and the Sech-square distributions. The aim is to evaluate which distri-
bution produces the best fit in modeling the galactic heights of open clusters and 
Gaia’s stars. The word “approximate” indicates that the result in question is not 
an analytical result. 

2.1. The Exponential 

A random variable X which takes values in [ ]0,∞  is said to be exponentially 
distributed if its distribution function (DF) is 

( ); 1 e ,
x
b

eF x b
−

= −                        (1) 
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and the probability density function (PDF) is 

( ) e; ,

x
b

ef x b
b

−

=                         (2) 

where b is the scale parameter, see [19] [20]. The average value or mean, µ , is 

( ) ,b bµ =                            (3) 

the variance, 2σ , is 

( )2 2 ,b bσ =                           (4) 

and the median is at 

( )ln 2 .b                             (5) 

Random generation of the exponential variate X is given by 

( ): ln 1 ,X b R b≈ − −                       (6) 

where R is the unit rectangular variate. The parameter b is the average value of 
the sample, x , 

.b x=                             (7) 

2.2. Half-Normal 

Let X be a random variable defined on [ ]0,∞ ; its one-parameter Half-Normal 
PDF is 

( )

2

22e 2; ,

x
s

Nf x s
s

−

=
π

                      (8) 

where s  is the shape parameter [21]. 
Its DF is 

( ) 2; erf ,
2N

xF x s
s

 
=   

 
                     (9) 

where ( )erf x  is the error function, defined by 

( ) 2

0

2erf e d .
x tx t−

π
= ∫                      (10) 

The DF has the following power series representation 

( ) ( )
( )

1
2 1 2 12

0

1 2
; .

2 1 !

nn n n

N
n

s x
F x s

n n

− + − − +∞

= π

−
=

+
∑                (11) 

The rth moment about the origin is 

( )
2 12

2 2 ,

r
r

r

rs
sµ

 Γ + 
 ′
π

=                     (12) 

where r is an integer and 
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( ) 1
0

e d ,t zz t t
∞ − −=Γ ∫                       (13) 

is the gamma function, see formula (5.2.1) in [22]. The average value or mean, 
µ , is 

( ) 2 ,ssµ =
π

                        (14) 

the variance, 2σ , is 

( )2 2 .ssσ =
π

                        (15) 

The skewness is 

( ) ( )

( )
3
2

2 4
skewness ,

2
s

π

−π

−
=                    (16) 

and the kurtosis 

( )
( )

2

2

3 4 12kurtosis .
2

s π π

π

− −
=

−
                  (17) 

The median does not have an analytical expression but can be expressed ap-
proximately. The Winitzki approximation for the median, see Equation (A.2), 
gives 

2
2 23 3 3 37 7 ln 49 ln 1400 ln 2800 ln 40000 200

4 4 4 4
.

7

s
         − + − + + −             

π π π π
 

π

π


(18) 

The Menzel approximation for the median, see Equation (A.1), gives 

32 ln
4

.
2

s −  
 

π
                        (19) 

The median in the case of the Padé Approximant of order (4.2), see Equation 
(A.3), is the solution of the following approximate equation 

( )
( )

2 2 2 2 2 2 2

2 2 2 2 2 2 2

2 60 240 40 128 1tanh .
23 20 3 80 40 96

x s x s x x

s s x s x x

 − − − +
  =
 + − −

π π π π

π π π + π π
      (20) 

A different method reverts the series (11), see page 16 in [23], 
3 5 7

3 5 72 2 22 2 7 2 127 2 ,
2 24 960 80640
s y s y s y s yx = + + +

π π π π
       (21) 

where y is now the approximate DF; the median is obtained by inserting 1
2

y = . 

Table 1 reports the percent error of the four methods here implemented. 
Random generation of the variate X for the Half-Normal is obtained with the 

Box-Muller method, in practice the FORTRAN subroutine gasdev [24], limiting 
ourselves to the positive values. The parameter b is obtained from the average  
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Table 1. Percent error, δ , for approximating the median of the error function when 
1s = . 

Method ( )%δ  

Menzel 0.335 

Winitzki 0.00371 

Pade 0.00065 

Reverted series 0.03329 

 
value of the sample, x , 

( )
.

ln 2
xb =                          (22) 

2.3. Sech-Square Distribution 

According to [25], the vertical profile of density in our galaxy can be paramete-
rized by the following density dependence 

( )
2

sech ,
nnxx

b
ρ  ∝  

 
                     (23) 

where x represents the vertical height, b is the scale height and n is an integer. 
Let X be a random variable defined on [ ]0,∞ ; the PDF corresponding to 1n =  
for the above formula is 

( )

2

sech
; ,s

x
bf x b

b

 
 
 =                      (24) 

and its DF is 

( ); tanh ,s
xf x b
b

 =  
 

                     (25) 

where b is the scale. The average value or mean, µ , is 

( ) ( )ln 2 ,b bµ =                        (26) 

the variance, 2σ , is 

( )
( )( )22 2

2
12ln 2

.
12

b
bσ

−
=

π
                  (27) 

The skewness is 

( )
( ) ( ) ( )

( )( )

32

3
22 2

9 3
6 ln 2 8ln 2 3

2
skewness ,

12ln 2
b

ζ 
− −

π


 

−

π

= −         (28) 

and the kurtosis 
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( )
( ) ( ) ( ) ( )

( )( )

4
2 42

222

21 72ln 2 432ln 2 648ln 2 3
5kurtosis ,

12ln 2
b

ζ

−

π

π

+ − −
π

=    (29) 

where the zeta function is defined by 

( )
1

1 ,x
n

x
n

ζ
∞

=

= ∑                         (30) 

see formula (25.2.1) in [22]. The median is at 
1arctanh ,
2

b 
 
 

                        (31) 

and the random generation of the sech-square distribution is obtained by solving 
the following non-linear equation 

tanh .x R
b

  = 
 

                        (32) 

The parameter b is obtained by the average value of the sample, x , 

( )
.

ln 2
xb =                          (33) 

3. Truncated Case 

In this section we introduce the truncations of the following distributions: the 
exponential, the Half-Normal and the Sech-square distribution. 

3.1. The Truncated Exponential 

Let X be a random variable defined in [ ],l ux x ; the truncated exponential PDF, 
( ); , ,et l uf x b x x , is 

( ) e; , , ,
e e

l u

x
b

et l u x x
b b

f x b x x
b

−

− −
=
 

−  
 

                (34) 

and its DF is 

( ) e e; , , .
e e

l

l u

x x
b b

et l u x x
b b

F x b x x
− −

− −

− +
= −

−

                 (35) 

The first moment about the origin 1µ′ , is 

( )1
e e e e

, , ,
e e

l l u u

l u

x x x x
b b b b

l u
l u x x

b b

b x b x
b x xµ

− − − −

− −

+ − −′ =

−
            (36) 

and the second moment about the origin 2µ′ , is 

( )
( )2 2 2 2

2

12 2 e 2 e
2, , .

e e

l u

l u

x x
b b

l l u u

l u x x
b b

b bx x b bx x
b x xµ

− −

− −

 + + − + + 
 ′ =

−
     (37) 
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The variance can be evaluated with the usual formula 

( ) ( )22
2 1, , ,l ub x xσ µ µ′ ′= −                    (38) 

and the median is at 

e eln .
2 2

l ux x
b b

b
− − 

 − + 
 
 

                      (39) 

The parameter b can be derived by a numerical solution of the following equ-
ation, which arises from the maximum likelihood estimator (MLE) 

( ) ( )

2

1 1
e e

0,
e e

l u

l u

n nx x
b b

i l i u

x x
b b

i i
x b x n x b x n

b

= =

− −

− −

      + − − + − + +      
       =

 
−  

 

∑ ∑
     (40) 

where the ix  are the elements of the experimental sample with i varying be-
tween 1 and n. In the above formula, lx  represents the minimum of the sample 
and ux  the maximum. 

3.2. The Truncated Half-Normal 

Let X be a random variable defined on [ ]0,∞ ; the one-parameter truncated 
Half-Normal PDF is 

( )

2

22

,
e 2; ,

2 2erf erf
2 2

x
s

N t

l u

f x s
x xs

s s

−

=
    
− +            

π

           (41) 

and its DF is 

( ),

2 2erf erf
2 2

; ,
2 2erf erf

2 2
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F x s
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− +        = −

   
−      

   

             (42) 

which has the following series representation 
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The first moment about the origin 1µ′ , is 
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( )
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2 22 2
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and the second moment about the origin 2µ′ , is 

( )

2 2

2 22 2

2

2 22e 2e erf erf
2 2
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2 2erf erf

2 2

l ux x
l us s
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s s

s x x
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µ

− −      − + + −              ′ =
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π
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(45) 

The variance can be evaluated by Equation (38). There is no analytical expres-
sion for the median; we now present three approximations. The first approx-
imate expression for the median can be obtained by the Menzel approximation 
for the error function, see Equation (A.1). We report the equation to be solved 
for x in order to find the median in the first approximation 

2

2
22erf 1 e

2 1 ,
22 2erf erf

2 2

x
l s

l u

x
s

x x
s s

−
π

 
− + −  

 − =
   

−      
   

                (46) 

which has the following approximation 

2 2
2 2 2 2erf erf erf erf

2 2 2 2
2 ln 1

4 2 4

.
2

l l u ux x x x
s s s s

s

                               − − − − + 
 
  
 

π

  (47) 

The second approximation for the median can be obtained by the Winitzki 
approximation for the error function, see Equation (A.2). We report the equa-
tion to be solved for x in order to find the second median 

2
2

2

2
2

2

4 7
100

72 1
1002erf 1 e

2 1 ,
22 2erf erf

2 2

xx
s

xs
sl

l u

x
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x x
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 + 
 −
 
 + 
 

π

 
− −  

  =
   

−      
   

               (48) 

which has an omitted complicated solution. The third approximation for the 
median can be obtained using the Padé Approximant for the error function, see 
Equation (A.3). We report the equation to be solved for x in order to find the 
third median 
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π π
(49) 

which has an omitted complicated solution. Table 2 reports the percent error of 
the approximate median for the truncated Half-Normal. 

The parameter b can be derived by the numerical solution of the following 
equation, which arises from the MLE: 

2 2

2 2 2 22 2

3

1

2 22e 2e erf erf
2 2

0.
2 2erf erf

2 2

l ux x
l us s

l u
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x xnsx nsx s n x
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       − + − − +                   =
    

−            

π

π

∑
(50) 

Random generation of the truncated Half-Normal variate X is given by the 
numerical solution of the following non-linear equation 

2 2erf erf
2 2

,
2 2erf erf

2 2

l

l u

x x
s s

R
x x

s s

   
− +        − =

   
−      

   

                 (51) 

where R is the rectangular variate. 

3.3. Truncated Sech-Square Distribution 

Let X be a random variable defined on [ ],l ux x ; the PDF for the truncated sech- 
square distribution is 

( )

2

,

sech
; , , ,

tanh tanh
t s l u

u l

x
bf x b x x

x xb
b b

 
 
 =

    −    
    

           (52) 

and its DF is 
 

Table 2. Percent error, δ , of the median obtained by the approximation of the error 
function when 1, 10, 1l ux x s= = = . 

Method ( )%δ  

Menzel 1.37 

Winitzki 0.053 

Pade 0.036 
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The first moment about the origin 1µ′ , is 
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and the second moment about the origin 2µ′ , is 
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The variance can be evaluated by Equation (38) and the median is at 
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The parameter b can be derived by the numerical solution of the following 
equation, which arises from the MLE: 
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(57) 

Random generation of the exponential variate X is given by 
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2 2 2: , , ln ,

e e e 1
l u u

l u x x x
b b b

NX b x x b

R R

 
 
 

≈  
      

− + +                  

         (58) 

where R is the unit rectangular variate and 
2 2 2 2 2 22 2

e e e 1 e e e e .
l u u u l l u lx x x x x x x x

b b b b b b bN R R R R
+               = − − + + − + − −                                     

(59) 

4. Astrophysical Applications 

This section reviews the adopted statistics as well as some data on open clusters 
and Gaia’s stars. 

4.1. Statistics 

The merit function 2χ  is computed according to the formula 

( )2
2

1
,

n
i i

i i

T O
T

χ
=

−
= ∑                       (60) 

where n is the number of bins, iT  is the theoretical value, and iO  is the expe-
rimental value represented by the frequencies. The theoretical frequency distri-
bution is given by 

( ) ,i iT N x p x= ∆                        (61) 

where N is the number of elements of the sample, ix∆  is the magnitude of the 
size interval, and ( )p x  is the PDF under examination. A reduced merit func-
tion 2

redχ  is given by 
2 2 ,red NFχ χ=                        (62) 

where NF n k= −  is the number of degrees of freedom, n is the number of 
bins, and k is the number of parameters. The goodness of the fit can be ex-
pressed by the probability Q, see equation 15.2.12 in [24], which involves the 
number of degrees of freedom and 2χ . According to [24] p. 658, the fit “may be 
acceptable” if 0.001Q > . The Akaike information criterion (AIC), see [26], is 
defined by 

( )AIC 2 2ln ,k L= −                      (63) 

where L is the likelihood function and k the number of free parameters in the 
model. We assume a Gaussian distribution for the errors. Then the likelihood 

function can be derived from the 2χ  statistic 
2

exp
2

L χ 
∝ − 

 
 where 2χ  has 

been computed by equation (60), see [27], [28]. Now the AIC becomes 
2AIC 2 .k χ= +                        (64) 

The difference between the evaluation of 2χ  and the Kolmogorov-Smirnov 
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test (K-S), see [29] [30] [31] is that the latter does not require binning the data. 
The K-S test, as implemented by the FORTRAN subroutine KSONE in [24], 
finds the maximum distance, D, between the theoretical and the astronomical 
DF as well as the significance level KSP , see formulas 14.3.5 and 14.3.9 in [24]; if 

0.1KSP ≥ , the goodness of the fit is believable. 

4.2. Open Clusters 

The open clusters in a radius of 1.8 Kpc were analysed in [32] with a catalog 
available at CDS. The data can be processed by introducing the rectangular 
coordinates ( ), ,X Y Z  and assuming a distance of the Sun from the Galactic 
centre, R



, of 8 kpc, see Figure 1. 
We are interested in the distribution of Z, the distance perpendicular to the 

galactic plane, and the results for the three distributions here analysed in the in-
terval [ ]0,∞  are reported in Table 3. and those for the three truncated distri-
butions, analysed in the interval [ ],l ux x , are reported in Table 4. 

A careful examination of Table 3 and Table 4 allows concluding that the best 
results are obtained for the usual exponential distribution, see Figure 2, followed  

 

 
Figure 1. Distribution of 1241 open clusters in the X-Z plane as projected onto the galac-
tic pole. 

 
Table 3. Numerical values of 2

redχ , AIC, probability Q, D, the maximum distance be-
tween theoretical and observed DF, and KSP , significance level, in the K-S test for data 
from open clusters when 335 pcZ ≤ . The number of linear bins, n, is 30. 

PDF parameters AIC 2
redχ  Q D KSP  

Exponential 64.41 pcb =  44.16 1.45 0.0542 0.0274 0.39 

Half-Normal 80.73 pcs =  110.72 3.74 3.74 × 10−11 7.68 × 10−2 6.40 × 10−6 

Sech-square 92.93 pcb =  62.95 2.1 4.69 × 10−4 5.05 × 10−2 8.47 × 10−3 
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Table 4. Numerical values of 2
redχ , AIC, probability Q, D, the maximum distance between 

theoretical and observed DF, and KSP , significance level, in the K-S test for open clusters da-

ta when 335 pcZ ≤ . The imposed parameters are 30n = , 22.57 10 pclx −= ×  and  

331.28 pcux = . 

PDF parameters AIC 2
redχ  Q D KSP  

Truncated exponential 66.71 pcb =  53.13 1.74 0.0059 0.032 0.1953 

Truncated half-normal 90.74 pcs =  180.86 6.47 1.35 × 10−23 0.119 1.35 × 10−13 

Truncated sech-square 95.09 pcb =  73.36 2.49 2.64 × 10−5 0.0582 1.41 × 10−3 

 

 
Figure 2. Empirical PDF of distribution of Z for open cluster data (blue histogram) with a 
superposition of the exponential PDF (red line). Theoretical parameters as in Table 3. 

 
by the truncated exponential distribution. 

4.3. Stars 

A great number of stars with mean apparent magnitude in the G-band are 
available in the Gaia Data Release 1 (Gaia DR1) astrometric catalogs, see [33] 
[34], with data at http://vizier.u-strasbg.fr/viz-bin/VizieR and, specifically, Table 
I/337/tgasptyc. The absolute magnitude, GM , is obtained by the usual formula 

( )5log 5 ,g GM d m= − + +                    (65) 

where gm  is the apparent magnitude in the G-band, and d is the distance in pc. 
We now select the stars with 4.8 5.2GM≤ ≤  in the first 1000 pc, amounting to 
a total of 58027, and we evaluate their rectangular coordinates ( ), ,X Y Z . The 
position of the above slice in absolute magnitude in the H-R diagram is visible in 
Figure 3. The obtained data in Z of the first 1000 pc are shifted by 5.075 pcZ =



 
which defines the Sun’s position relative to the plane of symmetry; for a review 
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of the values of Z


, see Table 1 in [35]. The re-scaled distribution is visible in 
Figure 4. The distribution of Z has both negative and positive values and in or-
der to increase the statistics we take the absolute values of Z because the distri-
butions here analysed are defined only for positive values of the random varia-
ble. The results for the three distributions here analysed in the interval [ ]0,∞  
are reported in Table 5 and those for the three truncated distributions analysed 
in the interval [ ],l ux x  are reported in Table 6. 

 

 
Figure 3. MG against (B-V), evaluated as BT-VT, (H-R diagram) in the first 100 pc and 
selected region in red. 

 

 
Figure 4. Histogram of the re-scaled distribution of Z for stars with 4.8 5.2GM≤ ≤ . 
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Table 5. Numerical values of 2
redχ , AIC, probability Q, D, the maximum distance be-

tween theoretical and observed DF, and KSP , significance level, in the K-S test for the 
re-scaled distribution of Z of the Gaia’s star data when 4.8 5.2GM≤ ≤ . The number of 
linear bins, n, is 30. 

PDF parameters AIC 2
redχ  Q D KSP  

Exponential 91.33 pcb =  33,073.41 1140 0 8.79 × 10−2 0 

Half-Normal 114.46 pcs =  1072.15 36.9 0 1 × 10−2 4.5 × 10−6 

Sech-square 131.76 pcb =  9232 318 0 3.43 × 10−2 0 

 
Table 6. Numerical values of 2

redχ , AIC, probability Q, D, the maximum distance be-
tween theoretical and observed DF, and KSP , significance level, in the K-S test for the 
re-scaled distribution of Z of the Gaia’s star data when 4.8 5.2GM≤ ≤ . The imposed pa-

rameters are 30n = , 41.8 10 pclx −= ×  and 622.53 pcux = . 

PDF parameters AIC 2
redχ  Q D KSP  

Truncated exponential 92.051 pcb =  34,618 1282 0 8.59 × 10−2 0 

Truncated half-normal 112.97 pcs =  883.82 32.51 0 1.68 × 10−2 8.3 × 10−15 

Truncated sech-square 130.87 pcb =  8734 323.2 0 3.73×10−2 0 

 

 
Figure 5. Empirical PDF of distribution of Z for Gaia stars (blue histogram) with a superpo-
sition of the truncated half-normal PDF (red line). Theoretical parameters as in Table 6. 

 
A careful examination of Table 5 and Table 6 allows concluding that the best 

results are obtained for the truncated half-normal distribution, see Figure 5. 

5. Conclusions 

The Truncated Distributions  
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We derived the PDF, the DF, the average value, the rth moment, the me-
dian, expressions to generate the random variate and the MLE for the truncated 
exponential, truncated half-normal and the truncated sech-square distributions. 

Astrophysical Applications 
We applied both the usual and the truncated three distributions to a sample of 

galactic-height for open clusters and for Gaia’s stars. In the case of open clusters, 
the best results are obtained by the exponential distribution, followed by the 
sech-square distribution. In the case of Gaia’s stars, the best results are obtained 
by the truncated half-normal distribution, followed by the sech-square distribu-
tion. This means that in the case of Gaia’s stars, the truncated half-normal dis-
tribution is the best model and should be used by astronomers in the fitting 
procedure. 

Prospects for the Future  
In view of the great importance of the doubly truncated distributions in as-

trophysics, other distributions can be analysed, for example, the Half-Gumbel 
distribution [36]. 
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Appendix. Approximations for the Error Function 

We report two existing approximations for the error function which are inverti-
ble, see Table I in [37] for more details, and a new approximation. The Menzel 
approximation [38] [39] for the error function is 

( )
24

erf 1 e .
x

x
−

π= −                      (A.1) 

The Winitzki approximation [40] for the error function is 

( )

2
2

2

4 7
50

7 1
50erf 1 e .

xx

x

x

 
 + 
 −
π

+
= −                   (A.2) 

A new approximation for the error function is derived in the framework of the 
Padé Approximant of order (4.2) 

( )
( ) ( )2 2 3

5 3 5 3
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erf tanh .
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− + − − + =    − + − +     
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   (A.3) 

Table 7 reports the percent error of the three cases here analysed. 
 

Table 7. Percent error, δ , for approximating the error function in [0,5]. 

Method ( )%δ  

Menzel 0.7 

Winitzki 0.03 

Pade 0.05 
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Abstract 
The Frèchet distribution has aided the modelling of scientific data in many 
contexts. We demonstrate how it can be adapted to model astrophysical data. 
We analyze the truncated version of the Frèchet distribution deriving the 
probability density function (PDF), the distribution function, the average 
value, the rth moment about the origin, the median, the random generation 
of values and the maximum likelihood estimator, which allows us to derive 
the two unknown parameters. This first PDF in the regular and truncated 
version is then applied to model the mass of the stars. A canonical transfor-
mation from the mass to the luminosity allows us to derive a new PDF, which 
is derived in its regular and truncated version. Finally, we apply this new PDF 
model on the distribution in luminosity of NGC 2362. 
 

Keywords 
Stars: Normal, Stars: Luminosity Function, Mass Function Stars: Statistics 

 

1. Introduction 

The Frècet distribution, after [1], was first applied for the particle size distribu-
tion in powdered coal [2]. We report some efforts, among others, to derive the 
parameters of the Frècet distribution: [3] analyzed a quick estimator that differs 
from the matching moments method and the maximum likelihood estimator 
(MLE); [4] analyzed the MLE and the probability weighted moment estimation; 
and [5] explored the MLE, the method of matching moments, the percentile es-
timators, the L-moments, the ordinary and weighted least squares, the maxi-
mum product of spacing and the maximum goodness-of-fit estimators. The ap-
plications cover inter-facial damage in microelectronic packages and the materi-
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al properties of constituent particles in an aluminum alloy [6]; the series of an-
nual 1-day maximum rainfall [7]; and the total monthly rainfall [5]. The case of 
the Frècet distribution truncated at the right was introduced by [8] and that of 
the double truncation was carefully analyzed in [9]. 

The rest of this paper is structured as follows. It first reviews the two parame-
ters of the Frècet distribution in the interval [ ]0,∞ , see Section 2, and then ex-
plores the bi-truncated case in Section 3. Section 4 transforms the standard and 
the truncated Frèchet distribution in mass into distributions in luminosity ac-
cording to the well-known mass-luminosity relationship. Finally, the astrophys-
ical applications to mass and luminosity for stars are reported in Section 5. 

2. Regular Case 

Let X be a random variable defined in [ ]0,∞ ; the two parameter Frècet distri-
bution function (DF), ( )F x , is 

( ); , e ,
x
bF x b

α

α
−

 − 
 =                       (1) 

where b and α , both positive, are the scale and the shape parameters, respec-
tively, see [1]. The probability density function (PDF), ( )f x , is 

( )
e

; , .

x
bx

bf x b
x

αα

α
α

−
 − − 
  

 
 =                    (2) 

We now introduce 

,r
rGAMMA α

α
− = Γ 

 
                     (3) 

where r is an integer and ( )zΓ  is the gamma function, which is defined as 

( ) 1
0

e d .t zz t t
∞ − −=Γ ∫                        (4) 

The average value or mean, µ , is defined for 1α >  

( ) 1, ,b bµ α = Γ                          (5) 

the variance, 2σ , is defined for 2α >  

( ) ( )2 2 2
1 2, ,b bσ α = −Γ + Γ                     (6) 

the skewness is defined for 3α >  

( )
( )

3
1 2 1 3

3
2 2
1 2

2 3
skewness , ,b α

Γ − Γ Γ +Γ
=

−Γ + Γ
                (7) 

the kurtosis is defined for 4α >  

( )
( )

4 2
1 1 2 1 3 4

22
1 2

3 6 4
kurtosis , ,b α

− Γ + Γ Γ − Γ Γ +Γ
=

−Γ + Γ
            (8) 

and the rth moment about the origin, rµ′ , is defined for rα >  

( ), .r
r rb bµ α′ = Γ                         (9) 
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The median, 1 2q , is at 

( ) ( )
1

1 2 , ln 2 ,q b bαα −=                      (10) 

and the mode is at 

( ) ( )
11

mode , 1 .b bααα α α−= +                   (11) 

Random generation of the Frècet variate X is given by 

( )( )
1

: , ln ,X b R bαα
−

≈ −                     (12) 

where R is the unit rectangular variate. 
The two parameters b and α  can be derived by the numerical solution of the 

two following equations, which arise from the maximum likelihood estimator 
(MLE), 

1
0,

n
i

i

x n
b

b

α

α
−

=

    − +        =

∑
                   (13a) 

( ) ( )
1

ln ln ln 0,
n

i i
i

i

x xnn b x
b b

α

α

−

=

    + + − =         
∑            (13b) 

where ix  are the elements of the experimental sample with i varying between 1 
and n. 

3. The Truncated Frècet Distribution 

Let X be a random variable defined in [ ],l ux x ; the truncated two-parameter 
Frècet DF, ( )TF x , is 

( ) e e; , , , ,
e e

l

u l

x bx b

T l u x b x b
F x b x x

α αα α

α α α αα
−−

− −

−−

− −

− +
=
− +

              (14) 

and the PDF, ( )Tf x , is 

( )
e

; , , , .

e e
u l
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b
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x x
b b

x
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x

α

α α
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             (15) 

We now present two different formulae for the rth moment about the origin, 

rµ′ : the first is 

( )
, ,

, , , ,
e eu l

r l u

r l u x bx b

x xr rb
b b

b x x α αα α

α αα α
α α

µ α −−

− −

−−

    − −    Γ −Γ                 ′ =
− +

     (16) 

where 

( ) 1, e d ,a t
z

a z t t
∞ − −=Γ ∫                      (17) 
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is the upper incomplete gamma function, see formula (8) in [9] and the second 
formula is 

( )
( )( )( )( )

( ) ( )

( ) ( )

( )

22 2 2
2 3,

2 2

22 2 2
2 3,

2 2

2 2 2 2 2
,

2

1, , ,
2 3 e e

e 2

e 2

e 2

u l

l

u

l

r l u x bx b

x br r

l r r l

x br r

u r r u

x b r r r r

l l r

b x x
r r r

b x r M x b

b x r M x b

x r b b x M

α αα α

α α

α α

α α

α α α α
α α
α α

α α α α
α α
α α

α α

α

µ α
α α α

α α

α

α α α

−−

−

−

−

−−

− + + − −
− −

− + + − −
− −

− + − +

−

′ =
− − − −

 
 × − − − +
 



+ − +

 
+ − + −  

 
( )

( ) ( )

3
2

2 2 2 2 2
3,

2 2

e 2 ,
u

r l

x b r r r r

r r u u u

x b

M x b x r b x b
α α

α α
α
α

α αα α
α

α α

α α
−

−
−

− + − +−
−

−






  + − − + +    

    (18) 

where ( ),M zµ ν  is the Whittaker M function, see [10]. The variance can be 
evaluated with the usual formula 

( ) ( ) ( )( )22
2 1, , , , , , , , , ,l u l u l ub x x b x x b x xσ α µ α µ α′ ′= −         (19) 

the median is at 

( )

1

1 2
e e, , , ln ,

2 2

l ux b x b

l uq b x x b
α α α α α

α
− −

−
− −  

  = − +
    

          (20) 

and the mode is at the same position as the regular case, see Equation (11). In 
the truncated case the mean and the variance are defined for 0α > , see Figure 
1 and Figure 2. 

The random generation of the truncated Frècet variate X is given by 

( )( )
1

: , , , ln e e e .l u lx b x bx b
l uX b x x b R R

α α α αα α αα
− −−

−
− −−≈ − − + +       (21) 

 

 
Figure 1. Mean of the truncated Frèchet distribution as function of α  when 1b = , 

0.1lx =  and 10ux = . 
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Figure 2. Variance of the truncated Frèchet distribution as function of α  when 1b = , 

0.1lx =  and 10ux = . 
 

The four parameters , ,l ux x b  and α  can be obtained in the following way. 
Consider a sample 1 2, , , nx x x=   and let ( ) ( ) ( )1 2 nx x x≥ ≥ ≥  denote their 
order statistics, so that ( ) ( )1 21 max , , , nx x x x=  , ( ) ( )1 2min , , , nnx x x x=  . The 
first two parameters lx  and ux  are 

( ) ( )1, .l unx x x x= =                       (22) 

The MLE allows us to derive the two remaining parameters b and α  from 
the experimental sample 

2
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e e
e e

e e
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u l

u l
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x x
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α α

α α

α α

α α

α

α α

α
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− −

− −

− −

   − −− −   
   

   − −   
   

   − −   
   

−

=

               − −    
 
 +

 
 − +
 
 

  
  

  + − = 
  
 

∑

   (23a) 

( )

( )

2

ln e ln e e e

ln

e e

ln ln

u l u l

u l

x x x x
b b b bu u l l

x x
b b

i i
i

i

x x x xn
b b b bnn b

x x
x

b b

α α α α

α α

α α

α

α

− − − −

− −

       − −− − − −       
       

   − −   
   

−

=

           − + −                  + +
 
 − +
 
 

    + − +         1
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n
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(23b) 
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4. The Mass-Luminosity Relationship 

The mass-luminosity relationship for the stars is well established from both a 
theoretical point of view, 3L ∝  or 4L ∝ , see [11], and from an observa-
tional point of view, 3.43L ∝  in the case of MAIN,V; see [12] for further de-
tails. We therefore introduce the following transformation for our PDFs 

,L c β=                           (24) 

where L is the luminosity of a star,   is the mass of the star, and c and β  
are two theoretical parameters. This transformation implies 

1

,L
c

β =  
 

                         (25a) 

1 1

dd .LL c
β
β β

β

−
−

=                      (25b) 

4.1. Frèchet L −  Distribution 

To stress the astrophysical environment, we consider the change of variable 
x = , the mass, in Equation (2) for the Frèchet PDF 

( )
e

; , .

M
bM

bf b
M

αα

α
α

−
 − − 
  

 
 =                 (26) 

To obtain a PDF in luminosity, L, we apply the transformation (24) 

( ) e; , , , ,
L c b

ML
L c bf L b c

α α
αβ β

α β α
αβ β αα β
β

−− −
−

=              (27) 

where the suffix ML means mass-luminosity relationship. The DF is 

( ); , , , e ,L c b
MLF L b c

α α
αβ β

α β
−

−=                   (28) 

the average value is defined for α β>  

( ), , , ,ML b c b cβ α βµ α β
α
− = Γ 

 
                 (29) 

the variance is defined for 2α β>  

( )
2

2 2 2 2 22, , , ,ML b c b c b cβ ββ α α βσ α β
α α

− + −   = Γ − Γ   
   

       (30) 

the rth moment about the origin is defined for rα β>  

( ), , , , ,r r
ML

rb c r b cβ β αµ α β
α

− + ′ = Γ 
 

              (31) 

the mode is at 

( ) ( )mode , , , ,MLb c b c
ββ

β ααα β α β α−= +               (32) 
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the median is at 

( ) ( ), , , ln 2 ,MLq b c b c
β

β αα β −=                   (33) 

and the random generation of the L−  Frècet variate X is given by 

( )( ): , , , ln .X b c b c R
β

β αα β
−

≈ −                  (34) 

The astrophysical parameter β  is constant and the three parameters b, α  
and c can be derived by the numerical solution of the following equations which 
arise from MLE 

1
0,

n

i
i

c x b n

b

α α
αβ βα

−

=

  
 −     − =

∑
                  (35a) 

( ) ( ) ( )( ) ( ) ( ) ( )( )
1

ln ln ln ln ln ln

0,

n

i i i
i

b c b x c x x n b c
α α

α β ββ α αβ α β

αβ

−

=

  
 − + − − + + +      =

∑
(35b) 

1
0.

n

i
i

c x b n

c

α α
αβ βα

β

−

=

  
 −     − =

∑
                  (35c) 

4.2. The Truncated Frèchet L −  Distribution 

The starting point is Equation (15) for the truncated Frèchet PDF with the vari-
able x replaced by the mass. We apply the transformation (24) and the truncated 
Frèchet L−  PDF is 

( ) e; , , , , , ,

e eu l

L c b

MLT l u

L c bL c b

L c bf L b c L L

α α
αβ β

α αα α
β αβαβ β

α β α
αβ β αα β

β

−

−−

− −
−

−−

=
 
 −
 
 

         (36) 

where , lL L  and uL  are the luminosity, the lower luminosity and the upper 
luminosity; the suffix MLT denotes mass-luminosity relationship. The DF is 

( ) e; , , , , , .

e eu l

L c b

MLT l u

L c bL c b

F L b c L L

α α
αβ β

α αα α
β αβαβ β

α β

−

−−

−

−−

=

−

          (37) 

The rth moment about the origin is 

( ), , , , ,

, ,

,

e eu l

r l u

r r
l u

L c bL c b

b c L L

r rb c L c b L c b

α αα α
β αβαβ β

α α α α
β α αβ β β β

µ α β

β α β α
α α

−−

− −

−−

′

    − + − + Γ −Γ           =

− +

     (38) 
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the median is at 

( )1 2
e e, , , , , ln ,

2 2

u lL c bL c b

l uq b c L L b c

α αα α
β αβαβ β

β
α

βα β

−−
−

−−
  
  

= − −  
      

      (39) 

the mode is at 

( ) ( )mode , , , , , ,l ub c L L b c
ββ

β ααα β α β α−= +             (40) 

and the random generation of the variate is given by 

: , , , , , ln e e .u lL c bL c b
l uX b c L L b c R

α αα α
β αβαβ β

β
α

βα β
−−

−

−−
   
   ≈ − − − +       

    (41) 

The parameter β  is fixed by the astrophysics and the three parameters 
, ,b cα  are obtained by solving the following equations that arise from MLE 

2
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e e e e

e e
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where 
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( )

( ) ( ) ( )
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α α
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 (43) 

5. Astrophysical Applications 

This section reviews some formulae that are useful in the conversion from the 
magnitude to the luminosity of a star, the adopted statistical tests, the applica-
tion of the obtained results to the IMF for stars and the reliability of L−  re-
lationship for NGC 2362. 

5.1. Useful Formulae 

The conversion from apparent magnitude, m, to absolute magnitude, M, is given 
by 

( )
( )

5ln
5 ,

ln 10
D

M m= + −                      (44) 

where D is the distance in pc and ln is the natural logarithm. The conversion 
from absolute magnitude to luminosity L is 

0.4 0.410 ,M ML
L

−= 



                      (45) 

where L


 and M


 are the solar luminosity and absolute magnitude in the 
considered astronomical band, see Appendix A.4 in [13]. 

5.2. Statistics 

The merit function 2χ  is computed according to the formula 

( )2
2

1
,

n
i i

i i

T O
T

χ
=

−
= ∑                       (46) 

where n is the number of bins, iT  is the theoretical value, and iO  is the expe-
rimental value represented by the frequencies. The theoretical frequency distri-
bution is given by 

( ) ,i iT N x p x= ∆                        (47) 

where N is the number of elements of the sample, ix∆  is the magnitude of the 
size interval, and ( )p x  is the PDF under examination. A reduced merit func-
tion 2

redχ  is given by 
2 2 ,red NFχ χ=                         (48) 

where NF n k= −  is the number of degrees of freedom, n is the number of 
bins, and k is the number of parameters. The goodness of the fit can be ex-
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pressed by the probability Q, see equation 15.2.12 in [14], which involves the 
number of degrees of freedom and 2χ . According to [14] p. 658, the fit “may be 
acceptable” if 0.001Q > . The Akaike information criterion (AIC), see [15], is 
defined by 

( )AIC 2 2ln ,k L= −                       (49) 

where L is the likelihood function and k the number of free parameters in the 
model. We assume a Gaussian distribution for the errors. The likelihood func-

tion can then be derived from the 2χ  statistic 
2

exp
2

L χ 
∝ − 

 
 where 2χ  

has been computed by equation (46), see [16] [17]. Now the AIC becomes 
2AIC 2 .k χ= +                        (50) 

The Kolmogorov-Smirnov test (K-S), see [18] [19] [20], does not require the 
data to be binned. The K-S test, as implemented by the FORTRAN subroutine 
KSONE in [14], finds the maximum distance, D, between the theoretical and the 
astronomical DF, as well as the significance level PKS; see formulas 14.3.5 and 
14.3.9 in [14]. If 0.1KSP ≥ , then the goodness of the fit is believable. 

5.3. The IMF for Stars 

The first test is performed on NGC 2362 where the 271 stars have a range 
1.47   0.11M M M≥ ≥

 

, see [21] and CDS catalog J/MNRAS/384/675/table1. 
According to [22], the distance of NGC 2362 is 1480 pc. 

The second test is performed on the low-mass IMF in the young cluster NGC 
6611, see [23] and CDS catalog J/MNRAS/392/1034. This massive cluster has an 
age of 2 - 3 Myr and contains masses from 1.5   0.02M M M≥ ≥

 

. Therefore, the 
brown dwarfs (BD) region, 0.2≈



  is covered. The third test is performed on 
the γ Velorum cluster where the 237 stars have a range 1.31   0.15M M M≥ ≥

 

, 
see [24] and CDS catalog J/A + A/589/A70/table5. The fourth test is performed 
on the young cluster Berkeley 59 where the 420 stars have a range  
2.24   0.15M M M≥ ≥

 

, see [25] and CDS catalog J/AJ/155/44/table3. The re-
sults are presented in Table 1 for the Frèchet distribution with two parameters 
and in Table 2 for the truncated Frèchet distribution with four parameters, 
where the last column reports whether the results of the K-S test are better when 

 
Table 1. Numerical values of 2

redχ , AIC, probability Q, D, the maximum distance between theoretical and observed DF, and PKS, 
significance level, in the K-S test of the Frèchet distribution with two parameters for different astrophysical environments. The last 
column (F) indicates a PKS higher (Y) or lower (N) than that for the lognormal distribution. The number of linear bins, n, is 10. 

Cluster parameters AIC 2
redχ  Q D PKS F 

NGC 2362 b = 0.44, α = 1.825 81.58 9.69 1.49 × 10−13 0.125 3.13 × 10−4 N 

NGC 6611 b = 0.165, α = 0.912 83.57 9.94 5.95 × 10−14 0.15 1.43 × 10−4 N 

γ Velorum b = 0.267, α = 2.572 23.7 2.46 0.015 0.046 0.68 Y 

Berkeley 59 b = 0.319, α = 2.68 37.63 4.2 4.72 × 10−5 5.1×10−2 0.209 Y 
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Table 2. Numerical values of 2
redχ , AIC, probability Q, D, the maximum distance between theoretical and observed DF, and PKS, 

significance level, in the K-S test of the truncated Frèchet distribution with four parameters for different astrophysical environ-
ments. The last column (F) indicates a PKS higher (Y) or lower (N) than that for the lognormal distribution. The number of linear 
bins, n, is 10. 

Cluster parameters AIC 2
redχ  Q D PKS F 

NGC 2362 b = 0.604, α = 1.24, xl = 0.2, xu = 1.47 37.294 4.88 5.34 × 10−5 0.077 0.07 N 

NGC 6611 b = 0.66, α = 0.44, xl = 0.0189, xu = 1.46 25.7 2.95 7 × 10−3 0.075 0.17 Y 

γ Velorum b = 0.2, α = 1.5, xl = 0.15, xu = 1.31 14.85 1.14 0.33 0.06 0.33 Y 

Berkeley 59 b = 0.32, α = 2.58, xl = 0.16, xu = 2.24 35.13 4.52 1.36 × 10−4 5.28 × 10−2 0.185 Y 

 

 
Figure 3. Empirical DF of the mass distribution for γ Velorum (bleu histogram) with a super-
position of the Frèchet DF (red dashed line). Theoretical parameters as in Table 1. 

 

 
Figure 4. Empirical DF of the mass distribution for NGC 6611 (bleu histogram) with a super-
position of the truncated Frèchet DF (red-dashed line). Theoretical parameters as in Table 2. 

 
compared to the Weibull distribution (Y) or worse (N). 

As an example, the empirical DF visualized through histograms and the theo-
retical Frèchet DF for γ Velorum are reported in Figure 3. 

Figure 4 displays the theoretical truncated Frèchet DF and the empirical DF 
for NGC 6611. 
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5.4. L −  Relationship 

We start with the sample in apparent magnitude for NGC 2362, see Figure 5. To 
have a sample in luminosity for NGC 2362, we convert the apparent magnitude 
in luminosity via formula (45); see Figure 6. 

The data of Figure 6 are now processed to obtain the parameters of the 
 

 
Figure 5. Apparent magnitude, V, versus mass for NGC 2362; data available from the Strasbourg 
Astronomical Data Centre (CDS), which are in the table with name J/MNRAS/384/675/table. 

 

 
Figure 6. Luminosity, L, versus mass for NGC 2362 when 1480 pcD =  and 4.8M =



. 
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L−  Frècet distribution, see Table 3, and of the truncated L−  Frècet 
distribution, see Table 4. 

Figure 7 displays the theoretical luminosity L−  Frèchet DF and the em-
pirical DF, and Figure 8 displays the truncated L−  Frèchet DF. 

 
Table 3. Numerical values of 2

redχ , AIC, probability Q, D, the maximum distance between theoretical and observed DF, and PKS, 
significance level, in the K-S test of the L−  Frècet distribution in luminosity with four parameters. The number of linear 
bins, n, is 20. 

Cluster Parameters AIC 2
redχ  Q D PKS 

NGC 2362 b = 0.092,α = 2.48, c = 11.47, β = 2.45 23.17 0.948 0.511 0.154 3.93 × 10−6 
 
Table 4. Numerical values of 2

redχ , AIC, probability, Q, D, the maximum distance between theoretical and observed DF, and PKS, 
significance level, in the K-S test of the truncated L−  Frècet distribution in luminosity with six parameters. The number of 
linear bins, n, is 20. 

Cluster Parameters AIC 2
redχ  Q D PKS 

NGC 2362 
b = 0.097,α = 1.47, c = 7.56, β = 2.45 25.24 0.946 0.507 0.0341 0.903 

31.15 10lL L−= ×
 , 0.55uL L=

       

 

 
Figure 7. Empirical DF of the luminosity distribution for NGC 2362 (bleu histogram) with a superposi-
tion of the L−  Frèchet DF (red-dashed line). The theoretical parameters are as in Table 3. 

 

 
Figure 8. Empirical DF of the luminosity distribution for NGC 2362 (bleu histogram) with a superposi-
tion of the truncated L−  Frèchet DF (red-dashed line). The theoretical parameters are as in Table 4. 
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6. Conclusions 

The truncated distributions  
We derived the PDF, the DF, the average value, the rth moment, the median, 

the expression to generate the random variate and the MLE for the truncated 
Frècet distribution. 

Astrophysical Applications 
The application of this distribution to the IMF for stars gives better results 

than the lognormal distribution for two out of four samples, see Table 1. The 
truncated Frècet distribution gives better results than the Frècet distribution for 
two out of four samples, see Table 1 and Table 2. 

The results for the mass distribution of γ Velorum cluster compared with 
other distributions are reported in Table 5, in which the Frècet distribution sur-
prisingly produces the best results. 

 
Table 5. Numerical values of D, the maximum distance between theoretical and observed 
DF, and PKS, significance level, in the K-S test for different distributions in the case of γ 
Velorum cluster. 

Distribution Reference D PKS 

Frècet here 0.046 0.68 

Weibull [26] 0.14 6.6 × 10−5 

Truncated Weibull [26] 0.063 0.29 

Truncated Sujatha [27] 0.0614 0.322 

Truncated Lindley [28] 0.064 0.269 

Generalized gamma [29] 0.11 5.7 × 10−3 

Truncated generalized gamma [29] 0.105 9.38 × 10−3 

Lognormal [30] 0.091 0.034 

Truncated lognormal [30] 0.0529 0.509 

Gamma [31] 0.145 7.6 × 10−5 

Truncated gamma [31] 0.0812 0.0828 

Beta [32] 0.1 0.015 

 
The mass-luminosity relationship 
We made a transformation that connects a pdf in mass into a pdf in luminosity, 

see Equation (24). The resulting distribution in luminosity has been applied to 
NGC 2362, see Table 4. Figure 7 and Figure 8 display the DF for the L−  
Frèchet DF and the truncated L−  Frèchet DF. These results are compatible 
with 2.45L M∝ , which can be another way to confirm the L−  relationship. 
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Abstract 
Warm dark matter has, by definition, a velocity dispersion. Let  

( ) ( )rms rms 1h hv a v a=  be the root-mean-square velocity of non-relativistic 
warm dark matter particles in the early universe at expansion parameter a . 

( )rms 1hv  is an adiabatic invariant. We obtain ( )rms 1hv  in the core of 11 dwarf 
galaxies dominated by dark matter, from their observed rotation curves, up to 
a rotation and relaxation correction. We obtain a mean 0.490 km/s and stan-
dard deviation 0.160 km/s, with a distribution peaked at the lower end. We 
apply a mild, data driven, rotation and relaxation correction that obtains the 
adiabatic invariant in the core of the galaxies: ( )rms 1 0.406 0.069hv = ±  km/s. 
These two small relative standard deviations justify the prediction that the 
adiabatic invariant ( )rms 1hv  in the core of the galaxies is of cosmological ori-
gin if dark matter is warm. This result is in agreement with measurements of 

( )rms 1hv  based on spiral galaxy rotation curves, galaxy ultra-violet luminosity 
distributions, galaxy stellar mass distributions, the formation of first galaxies, 
reionization, and the velocity dispersion cut-off mass. 
 

Keywords 
Warm Dark Matter, Galaxy Rotation Curves, Dwarf Galaxies 

 

1. Introduction 

We consider non-relativistic dark matter as a classical (non-degenerate) gas, with 
negative chemical potential, as justified in [1] [2]. Let ( )rmshv a  be the root- 
mean-square velocity of non-relativistic dark matter particles in the early un-
iverse at expansion parameter a  (normalized to 1a =  at the present time). As 
the universe expands it cools, so ( )rmshv a  is proportional to 1a−  (if dark mat-
ter collisions, if any, do not excite particle internal degrees of freedom, see di-
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gression below). Therefore 

( ) ( ) ( ) ( )
crit

rms rm

1 3

s rms1 ,c
h h h

h

v v a a v a
a
ρ

ρ
 Ω

= =  
  

             (1) 

is an adiabatic invariant. ( ) 3
h a aρ −∝  is the density of dark matter, and 

( )crit 1c hρ ρΩ ≡ . (We use the standard notation in cosmology, and the parame-
ters, as in [3]. Throughout, the subscript h refers to dark matter, and the sub-
script b will refer to baryons, i.e. gas and stars.) The purpose of this study is to 
obtain ( )rms 1hv  from the rotation curves of dwarf galaxies dominated by a dark 
matter halo, and with a thin disk of rotating gas and stars (that allows the mea-
surement of the galaxy rotation curves). If the measured ( )rms 1hv  turns out to 
be consistent with zero, we say that dark matter is cold. If ( )rms 1hv  turns out to 
be significantly greater than zero, we say that dark matter is warm (if already 
non-relativistic when densities of radiation and matter are equal). 

Our prediction, which needs confirmation by data, is this. Consider a free ob-
server in the center of a spherically symmetric density perturbation in the early 
universe. This observer feels no gravity, and “sees” dark matter expand adiabat-
ically, reach turn-around, and contract adiabatically into the core of a galaxy 
(note that if dark matter is warm the galaxy forms a core adiabatically [4]). 
Since ( )rms 1hv  is an adiabatic invariant, we predict that ( )rms 1hv  has the same 
value in the core of all relaxed galaxies, and is of cosmological origin. There are 
two subtleties to this argument. One is that what we are able to measure is 

( ) ( )rms rms1 1 1h h hv v κ′ ≡ − , where 1 hκ−  is a dark matter rotation correction 
factor, with 0 1hκ≤ < . 0hκ =  if the dark matter particle orbits are radial, 
while 1hκ →  if the dark matter particles approach circular orbits. hκ  is largely 
unknown. The second issue is “phase space dilution” due to non-adiabatic pro- 
cesses, e.g. galaxy interactions and mergers with relaxation, or the formation of 
galaxies with relaxation and “virialization” in the cold dark matter scenario. To 
obtain ( )rms 1hv , we will have to deal with these two issues. 

Digression: Due to the subtleties of self-gravitating dark matter, it is conve-
nient to recall how (1) can be derived for non-relativistic particles. 1) Consider 
an expanding universe. The velocity of a free particle with respect to that com-
oving observer that is momentarily at the position of the particle, is proportional 
to 1a− . To obtain this result use Hubble’s law with 1d dH a a t−= . 2) The adia-
batic expansion of a collisional, or collisionless, classical noble gas satisfies 

1 constantT γρ − = , with 5 3γ = . Since 2T v∝ , and 3aρ −∝ , 2 2v a−∝ . 
3) To define “orbitals”, i.e. volumes in phase space, apply periodic boundary 
conditions to an expanding box. The momentum of each orbital satisfies 
( ) 1p a h aλ −= ∝  (valid for ultra-relativistic or non-relativistic particles). So 

( )rmshp a a  is constant if the mean numbers of particles per orbital remain con-
stant. 4) To prove that a free particle has momentum 1a−∝p  use the argu-
ment in 1) with a Lorentz transformation. 5) The Collisionless Boltzmann 
Equation expresses that the number of particles per unit phase-space volume, 
as seen by any free particle, is constant (in the approximation of being colli-
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sionless and conserved), which again leads to ( ) 1
rmshp a a−∝ . 6) The relation 

( )rms constanthv a a =  can also be obtained from the ideal noble gas Sack-
ur-Tetrode entropy = constant. 

We have already carried out this measurement with 46 spiral galaxies in the 
“Spitzer Photometry and Accurate Rotation Curves” (SPARC) sample, obtaining 
a distribution of ( )rms 1hv′  with mean 0.915 km/s, and standard deviation 0.332 
km/s [5], see Figure 1. This small relative standard deviation is noteworthy, and, 
considering that the galaxies span three orders of magnitude in luminosity, and 
considering the uncertainties from rotation and relaxation, gives support to the 
argument above. The hope with the present analysis with dwarf galaxies domi-
nated by dark matter, is to obtain the distribution of ( )rms 1hv′  with different 
systematic uncertainties, to better constrain the corrections for the unknown hκ  
and the stellar mass-to-luminosity ratio *ϒ , and to more reliably extract the 
adiabatic invariant ( )rms 1hv . 

In section 2 we discuss the hydrostatic equations that describe two self-gravi- 
tating gases, dark matter and baryons, and their solutions. In section 3 we obtain 

( )rms 1hv′  from the rotation curves measured by Se-Heon Oh et al. [6], based on 
the “Local Irregulars That Trace Luminosity Extremes—The HI Nearby Galaxy 
Survey” (LITTLE THINGS), and additional infrared and visible images. Syste-
matic uncertainties are discussed in section 4, the final adiabatic invariant is ob-
tained in section 5, followed by comments, a discussion on relaxation, and con-
clusions. Measured and calculated rotation curves are collected in the appendix. 

2. Hydrostatic Equations 

The hydrostatic equations that describe two self-gravitating gases (dark matter  
 

 

Figure 1. Distribution of ( ) ( )rms rms1 1 1h h hv v κ′ ≡ − , i.e. the adiabatic invariant before the dark matter rotation 

correction, of 46 spiral galaxies in the SPARC sample [5]. 
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and baryons) are Newton’s equation, and the time-independent limit of the 
radial component of Jeans Equation, (a moment of the Collisionless Boltzmann 
Equation, or d dt=F p  in disguise): [4] [7] [8] 

( )4 ,h bG ρ ρ∇ ⋅ = − +πg                      (2) 

( ) ( )21 ,h h rh hvκ ρ ρ− = ∇g                     (3) 

( ) ( )21 .b b rb bvκ ρ ρ− = ∇g                     (4) 

We have included the parameters hκ  and bκ  to describe dark matter and 
baryon rotation, respectively. ( ) ( )2 2

h hv r v rκ ≡  and ( ) ( )2 2
b bv r v rκ ≡ , where 

( ) ( )v r g r r=  is the velocity of a test particle in a circular orbit of radius r  
in the plane of the baryon disk, and ( )hv r  and ( )bv r  are the contributions, 
from dark matter and baryons, to ( ) ( ) ( )2 2

h bv r v r v r= + . ( hκ  is approximately 
equal to the galaxy “spin parameter” of P.J.E. Peebles: ( )1 2 5 2J E GMλ ≡ , 
where hJ MRv≈  is angular momentum, and 2E GM R≈ −  is energy). Equa-
tions (3) and (4) can also be understood as momentum conservation equations, 
separately for particles with 0rhv >  and 0rhv < . These equations are ap-
proximate for the problem at hand. (We could have considered separate equa-
tions for stars and gas. The equation for gas is the Euler Equation, i.e. 2

rv  is 
replaced by the sound velocity). For a full discussion, see [9]. 

We make the data driven approximations that hκ , bκ , 2
rhv  and 2

rbv  are 
independent of r , since, with these approximations, we obtain excellent fits to 
the galaxy rotation curves, see the appendix, and references [5] and [8]. These 
approximations can be understood as follows. The (arguable) independence of 

2
rhv  and 2

rbv  on r  corresponds to thermal equilibrium, i.e. to the 
non-relativistic Boltzmann distribution, separately for dark matter and baryons, 
and is non-trivial, see the beautiful discussions in the chapter “The exponential 
atmosphere” in “The Feynman Lectures on Physics” to appreciate the subtleties 
of thermal equilibrium, and to understand the right-hand-side of Equations (3) 
and (4). In the warm dark matter scenario, the radius of the halo grows with 
velocity 23 rhv′ , and the particles becoming bound by gravity populate the tail 
of the non-relativistic isothermal Boltzmann distribution [10]. Note that if 

( ) ( )h br rρ ρ  at large r , 2
rhv′  independent of r results in the observed flat 

rotation velocity ( ) flatv r V=  at large r . As we shall see, 0.99bκ ≈ , while hκ  
is largely unknown. 

Note that (3) depends on ( )2 2 1rh rh hv v κ′ ≡ − , and (4) depends on 
( )2 2 1rb rb bv v κ′ ≡ − , so, to measure 2

rhv  from rotation curves, it is necessary 
to obtain hκ  from an independent source. 

We consider the case ( ) ( )h br rρ ρ  that corresponds to the dwarf galaxies 
in the present study, and assume spherical symmetry. There is a 2-parameter 
family of solutions, defined by the core density ( )0c h rρ ρ≡ →  and 2

rhv′ . 
Given these boundary conditions, the solution has a core radius cr , and an 
asymptotic density, given by 
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( )
2 2

2, for .
2 2

rh rh
c h c

c

v v
r r r r

G Gr
ρ

ρ

′ ′

π
= =

π
             (5) 

The adiabatic invariant (1) in the core of the galaxy is 

( ) 2 crit
rms

1 3

1 3 .c
h rh

c

v v
ρ
ρ

 Ω
=  

 
                  (6) 

The results in (5) can be approximated by the “pseudo-isothermal sphere” 

( )
( )21

c
h

c

r
r r
ρ

ρ =
+

                       (7) 

(the exact solution is given in [9] [11]) corresponding to the circular velocity 

( ) 2

2
flat

4 1 arctan

4 2 for ,

4 for 0.
3

c
h c c

c

c c rh

c

r rv r G r
r r

G r V v r

G r r

ρ

ρ

ρ

  
= −  

   

 ′≡ =

π

π →∞= 
π →



          (8) 

Note that the circular velocity at large r  obtains 2
rhv′ , while the slope of 

the circular velocity at small r  obtains cρ . These two parameters obtain 
( ) ( )rms rms1 1 1h h hv v κ′ ≡ − , i.e. the adiabatic invariant uncorrected for dark mat-

ter rotation. 
The solution for baryons at large r  is ( ) 2

b r r αρ −∝  with 2 2
rh rbv vα ′ ′≡ . 

At the time of the galaxy formation, 1α ≈  [4]. As baryons loose energy by rad-
iation, α  increases, and baryons become localized, i.e. their mass within large 
r  eventually converges, when 2 3α > . 

3. Data Analysis 

The data source of the present study is obtained from the Se-Heon Oh et al. 
state-of-the art analysis in [6], based on the LITTLE THINGS survey [12], com-
bined with Spitzer 3.6 μm images [13], and additional U, B, and V optical images 
[14], to obtain mass models of 26 late-type dwarf galaxies. The LITTLE THINGS 
survey collects data with the very large radio interferometer array Karl G. Jansky 
VLA1 that observes the 21 cm hyperfine line of atomic hydrogen (HI) of nearby 
dwarf galaxies (at distances less than 11 Mpc, with ≈ 6” angular resolution, and 
<2.6 km/s velocity resolution [12]). 

From the 26 dwarf galaxies studied in [6], we select those that satisfy these 
criteria: 1) ( ) ( )h bv r v r>  to obtain a reliable dark matter rotation curve; 2) 
( )v r  reaches flatV  so 2

rhv′  is well measured; and 3) ( )v r  has a rising 
segment at small r  so cρ  is well measured. Finally, we remove the blue com-
pact dwarf galaxy Haro 29 that is extremely irregular [6] (see the rotation curve 

 

 

1The VLA is a facility of the National Radio Astronomy Observatory (NRAO). The NRAO is a facil-
ity of the National Science Foundation operated under cooperative agreement by Associated Uni-
versities, Inc. 
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at the end of the appendix), indicating a probable recent interaction [15]. This 
selection leaves the 11 galaxies listed in Table 1, at distances between 3 Mpc and 
11 Mpc, except WLM at 1 Mpc, i.e. outside of the Milky Way. 

The Se-Heon Oh et al. collaboration [6] obtains the galaxy rotation curves, 
subtracts the baryon (gas and stellar) contribution, fits the resulting dark matter 
rotation curves to the pseudo-isothermal template (8), and obtains cρ  and cr . 
From cρ  and cr , we obtain the adiabatic invariant ( )rms 1hv  of warm dark 
matter, uncorrected for dark matter rotation, as follows: 

( ) ( )rms 2 2 2 crit
rms fl

1

at

31 31 3 6 .
21

h c
h rh c c

ch

v
v v a V a G r

ρ
ρ

ρκ
 Ω′ ′≡ = = =  
 

π
−

   (9) 

Note that a knowledge of hκ , independently of the rotation curves, is needed to 
apply the correction factor 1 hκ− , to finally obtain the adiabatic invariant 

( )rms 1hv . The results are summarized in Table 1 and Figure 2. The mean and 
standard deviation of ( )rms 1hv′  are 0.568 km/s and 0.208 km/s, respectively. 

As an alternative analysis, we integrate numerically Equations (2)-(4) in 
spherical coordinates, starting from the first measured point at minr , and ending 
at the last measured point at maxr . To start these integrations it is necessary to 
provide four boundary conditions: 2

rbv′ , 2
rhv′ , ( )minb rρ , and ( )minh rρ . 

These four parameters are varied to minimize a 2χ  between the measured and 
calculated rotation curves. The uncertainties of ( )v r  are provided in [6]. To 
define the 2χ  it is necessary to assign uncertainties to the baryon contribution. 
We do this by eye, guided by the fluctuations in the baryon contribution (that is 
sub-dominant). The data is compared with the numerical integrations in the  

 
Table 1. Presented are 11 dwarf galaxies passing the selections (see text), their central 
dark matter density cρ , and core radius cr , from [6], and the calculated ( )rms 1hv′  from 

(9). Uncertainties are statistical from [6]. The mean and standard deviation of ( )rms 1hv′  

are 0.568 km/s and 0.208 km/s, respectively. 

Galaxy cρ  [ 3 310 pcM−


] cr  [kpc] ( )rms 1hv′  [km/s] 

DDO 43 33.22 ± 8.78 0.94 ± 0.18 0.488 ± 0.115 

DDO 46 517.82 ± 65.46 0.51 ± 0.04 0.419 ± 0.042 

DDO 52 48.81 ± 3.63 1.33 ± 0.07 0.737 ± 0.048 

DDO 87 13.91 ± 0.77 2.46 ± 0.11 1.105 ± 0.060 

DDO 101 849.14 ± 77.23 0.32 ± 0.01 0.285 ± 0.013 

DDO 126 21.59 ± 2.00 1.33 ± 0.10 0.643 ± 0.058 

DDO 133 73.69 ± 7.61 0.83 ± 0.06 0.492 ± 0.044 

DDO 154 53.21 ± 3.19 0.95 ± 0.03 0.534 ± 0.022 

NGC 2366 43.89 ± 2.51 1.21 ± 0.04 0.658 ± 0.028 

NGC 3738 2132.36 ± 277.75 0.45 ± 0.04 0.468 ± 0.052 

WLM 57.46 ± 1.57 0.74 ± 0.01 0.421 ± 0.008 
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Figure 2. Distribution of ( ) ( )rms rms1 1 1h h hv v κ′ ≡ − , i.e. the adiabatic invariant before the dark matter rotation 

correction, of 11 dwarf galaxies from Table 1 (upper panel), and Table 2 (lower panel). 
 

appendix. The results are summarized in Table 2 and Figure 2. The mean and 
standard deviation of ( )rms 1hv′  are 0.490 km/s and 0.160 km/s, respectively. 
Note that 2

rhv′  depends mainly on the data points of ( )v r  at large r , 
while ( )minh rρ  depends mainly on the data points at small r . 

The two distributions in Figure 2, corresponding to Table 1 and Table 2, are 
different. The difference has contributions from the different assumptions of 
these two analyses. Table 1 assumes the “pseudo-isothermal sphere”, i.e. fits to 
the template (8), while Table 2 assumes dark matter is exactly isothermal, i.e. 

2 constantrhv′ = . The difference between these two assumptions is non-negligible, 
and is studied in detail in [11]. In the present article we favor 2 constantrhv′ =  
because it corresponds to dark matter particles with the non-relativistic isother-
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mal Boltzmann distribution that is justified in [1]. 
We choose Table 2 as our final result for the adiabatic invariant before cor-

recting for rotation (which is also the method used in [5]). The distributions in 
Table 2 and in the SPARC sample [5] are compared in Figure 3. 

4. Systematic Uncertainties 

If dark matter is cold, the distributions in Figures 1-3 are the result of galaxy 
formation, relaxation and “virialization”. In this case, what sets the scale of 

( )rms 1hv′ , and why is its distribution so narrow relative to the mean? We consider 
the alternative, that dark matter is warm, and ( )rms 1hv  is an adiabatic invariant 
of cosmological origin. If dark matter is warm, what phenomenon sets the width 
of ( ) ( )rms rms1 1 1h h hv v κ′ ≡ − ? 

We consider these sources of systematic uncertainties: 
1) Stellar mass-to-light ratio *ϒ . The uncertainty from this source can be es-

timated by running the fits with several values for *ϒ . For the 11 studied dwarf 
galaxies this uncertainty is negligible, unless *ϒ  is greater than approximately 
10M L

 

. For the set of 11 dwarf galaxies we set * 1M Lϒ =
 

, and ignore 
this uncertainty. 

2) “Phase space dilution” may be an issue if the galaxy formation has relaxation,  
 

Table 2. Presented are 11 dwarf galaxies passing the selections (see text), their reduced 

radial velocity dispersions ( )2 2 1rh rh hv v κ′ ≡ −  and ( )2 2 1rb rb bv v κ′ ≡ − , and 

their core densities ( )minh rρ  and ( )minb rρ  (calculated by integrating numerically the 

hydrostatic Equations (2)-(4), see text), and ( )rms 1hv′  calculated with (6). The compari-

sons of the observed and calculated rotation curves are presented in the appendix. Un-
certainties are statistical at 68% confidence. The mean and standard deviation of ( )rms 1hv′  

are 0.490 km/s and 0.160 km/s. 

Galaxy 
2

rbv′
 

[km/s] 

2
rhv′

 
[km/s] 

( )minb rρ  
[ 3 310 pcM−



] 

( )minh rρ  
[ 3 310 pcM−



] 
( )rms 1hv′  

[km/s] 

DDO 43 30.0 ± 3.2 24.2 ± 2.0 3.80 ± 0.53 21.38 ± 4.08 0.486 ± 0.072 

DDO 46 78.6 ± 13.3 45.9 ± 0.9 8.49 ± 1.94 387.23 ± 39.99 0.351 ± 0.019 

DDO 52 56.9 ± 5.0 38.4 ± 1.9 2.30 ± 0.24 35.80 ± 5.62 0.649 ± 0.067 

DDO 87 44.0 ± 5.3 35.2 ± 1.8 0.91 ± 0.14 11.44 ± 1.45 0.871 ± 0.082 

DDO 101 48.6 ± 6.5 40.7 ± 1.2 14.95 ± 4.09 366.83 ± 35.29 0.317 ± 0.019 

DDO 126 25.8 ± 1.4 25.3 ± 1.4 5.48 ± 0.54 18.91 ± 2.96 0.530 ± 0.058 

DDO 133 35.4 ± 1.8 28.6 ± 0.6 7.01 ± 0.62 59.32 ± 4.84 0.409 ± 0.020 

DDO 154 35.6 ± 1.6 28.7 ± 0.9 3.01 ± 0.38 48.27 ± 9.96 0.440 ± 0.045 

NGC 2366 40.2 ± 1.9 35.7 ± 0.9 7.69 ± 0.97 33.70 ± 4.55 0.616 ± 0.044 

NGC 3738 84.4 ± 8.3 81.1 ± 2.3 105.27 ± 22.47 1823.54 ± 156.61 0.370 ± 0.021 

WLM 21.7 ± 0.9 23.3 ± 0.9 10.33 ± 0.94 51.57 ± 6.49 0.349 ± 0.029 
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Figure 3. The expansion parameter at which dark matter becomes non-relativistic (un-
corrected for dark matter rotation) ( )NR rms 1h ha v c′ ′≡ , as a function of the absolute lu-

minosity, of the 11 LITTLE THINGS dwarf galaxies in Table 2, and the 46 spiral galax-
ies in the SPARC sample [5]. The absolute luminosity is in the V-band for the LITTLE 
THINGS sample, and 3.6 μm for the SPARC sample. 

 
i.e. is not adiabatic. For warm dark matter, first galaxies form adiabatically [4]. 
In the cold dark matter scenario, galaxy formation requires relaxation and “vi-
rialization”. What happens to the adiabatic invariant ( )rms 1hv  when two galaxies 
collide, relax and merge? Does relaxation “dilute” phase space? The answer is yes 
and no. According to the Collisionless Boltzmann Equation, the “fine-grained” 
phase space density, i.e. the number of particles per unit phase space volume, as 
seen by an arbitrary particle, is constant (in the approximation that the particles 
are collisionless and conserved). However the “coarse-grained” phase space den-
sity can become “mixed with vaccuum”, i.e. “diluted”. Thus the coarse-grained 
adiabatic invariant ( )rms 1hv  can increase due to relaxation (see the discussion 
on the coarse-grained entropy in [9], and see section 7 below). 

3) Baryon disturbances due to interactions. The adiabatic invariant of a galaxy 
is obtained from the observed HI rotation curve ( )v r , and the observed baryon 
(gas plus stars) density ( )b rρ . An interaction that disturbs baryons will change 
the observed adiabatic invariant. From the 11 dwarf galaxies studied in this 
analysis, about 7 rotation curves show extraneous features, see the figures in the 
appendix. An extreme example is Haro 29, which appears to have had a recent 
interaction [15] which has distorted the measured rotation curve, see the last 
figure in the appendix. For Haro 29 we obtain ( )rms 1 0.203 0.020hv′ = ±  km/s 
(with a large 2χ  per degree of freedom), i.e. a fluctuation from the mean 0.490 
km/s of 0.287 km/s! For these reasons we estimate that baryon perturbations are 
a main source of uncertainty of the measured ( )rms 1hv , and may reasonably 
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reach an uncorrelated ± 0.1 km/s per galaxy. 
4) Dark matter halo rotation. One interpretation of the width of the distribu-

tions of ( )rms 1hv′  is the dark matter halo rotation correction factor 1 hκ−  
that is different for each galaxy. If the lower edge of these distributions at 

( )rms 1 0.40hv′ ≈  km/s correspond to 0hκ = , then the distribution for the 11 
dwarf galaxies has hκ  in the range 0 to approximately 0.8, see Figure 4, while 
the distribution for the 46 SPARC spiral galaxies has hκ  in the range 0 to ap-
proximately 0.95. 

Note that the uncertainty of the measured ( )rms 1hv′  due to relaxation and ro-
tation is limited to the width of the distributions in Figure 2. Furthermore, both 
rotation and relaxation increase ( )rms 1hv′ , so at the lower end of the distribution 
of ( )rms 1hv′  we should have ( ) ( )rms rms1 1h hv v′ ≈ . Finally, according to Table 2, 
rotation and relaxation only increase the adiabatic invariant by a factor at most 
2.2. 

Without further knowledge of the rotation and relaxation corrections, we can 
neglect these corrections altogether, and present, as a conservative estimate, the 
mean and standard deviation of the distribution in Table 2: 

( )rms 1 0.49 0.16 km s.hv ≈ ±                    (10) 

In the following sections we try to improve over this estimate. 

5. Interpretation 

To obtain the adiabatic invariant ( )rms 1hv  we still need to obtain hκ  for each  
 

 

Figure 4. Shown are 2
rhv′  vs. ( )0hρ  from Table 2, with statistical uncertainties on-

ly. The lines correspond to the adiabatic invariant ( )rms 1 0.4hv =  km/s, and 0hκ =  (red 

continuous line), or 0.8hκ =  (blue dashed line). 
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galaxy. This rotation parameter can not be obtained from the rotation curves, 
so we need independent data, or assumptions, to proceed. In Figure 4 we 
present 2

rhv′  vs. ( )0hρ  for each galaxy in Table 2, indicating statistical 
uncertainties only. Superimposed on this figure we present lines corresponding 
to ( )rms 1 0.4hv =  km/s, for 0hκ =  and 0.8hκ = . So, one interpretation is that 
galaxies near the continuous line have 0hκ ≈ , while galaxies to the right of this 
line have 0hκ >  (or some other disturbance). 

The distribution of ( )rms 1hv′  is peaked at the low end, see Figure 2 and Fig-
ure 4. We interpret this peak as corresponding to galaxies with little dark matter 
rotation, i.e. 0hκ ≈ , which are therefore likely to have experienced no major 
mergers. Note that a warm dark matter halo has less small scale structure than a 
cold dark matter halo, and so less baryon angular momentum is transferred to 
the warm dark matter [16]. We interpret the width of the ( )rms 1hv′  peak as due 
to baryon disturbances, and residual dark matter halo rotation and relaxation. 
Since we have no reliable systematic uncertainties, we simply quote the mean 
and standard deviation of ( )rms 1hv′  of the eight dwarf galaxies with least 

( )rms 1hv′  in Table 2, assuming they have 0hκ = , see Figure 4: 

( )rms 1 0.406 0.069 km s.hv = ±                  (11) 

The same result is obtained, from these eight dwarf galaxies in the ( )rms 1hv′  
peak, if we add (in quadrature), to the statistical uncertainties, an uncorrelated 
systematic uncertainty ± 0.19 km/s. To add the remaining three galaxies would 
require corrections for rotation and relaxation for these three galaxies. 

Similar, complementary and/or differing viewpoints can be found in [17] [18] 
[19]. 

6. Comments 

In Table 2 we note that 2 2
rh rbv v′ ′≈ , or 2 23 2rh rbv v′ ′≈ . Is there a reason for 

this? Dark matter and baryons share the same gravitational potential. For a first 
generation galaxy we expect that ( )h crρ Ω  is of order ( )b brρ Ω , before ba-
ryons loose energy by radiation, see simulations in [4]. Note that the numerical 
solutions in [4] obtain ( ) 2

b r rρ −∝ , or 2 2 1rh rbv vα ′ ′≡ ≈ , before baryons 
loose energy by radiation. The relation ( ) ( )h br rρ ρ∝  is also approximately 
valid for the sample of dwarf galaxies under study, see the figures in the appen-
dix. So, from the virial theorem applied to a sphere of radius cR r , separately 
for dark matter and baryons, we can expect that the kinetic energy per unit mass 
is similar for dark matter and baryons. Let hK  be the mean kinetic energy of a 
dark matter particle in the sphere of radius R. Then, twice the dark matter mean 
kinetic energy per unit mass, assuming equal dispersions in the 3 dimensions, is 

( )
2

2 2 2 22 3 3 2 3 .
1

rhh
rh h rh h h rh

h h

vK
v v v v

m
κ κ κ

κ
′= + = + = −

−
      (12) 

A similar equation holds for baryons. If dark matter and baryon particles are 
mainly supported by rotation, i.e. if hκ  and bκ  are approximately 0.99, then 
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2 2
rh rbv v′ ′≈ . If dark matter is supported mainly by dispersion, i.e. 0hκ ≈ , 

while baryons are supported mainly by rotation, then 2 23 2rh rbv v′ ′≈ . In con-
clusion, the approximate equality of 2

rhv′  and 2
rbv′  can be understood. 

The observed baryon 1-dimensional velocity dispersion, in the sample of 11 
dwarf galaxies, e.g. DDO 43, is 2 4rbv ≈  km/s [6]. For 2 30rbv′ ≈  km/s, 
we obtain 0.98bκ ≈ . If 2 2

rh rbv v , then 1 1h bκ κ− − , so 1hκ ≈ , and 
dark matter particles rotate on very nearly circular orbits. If 2 2

rh rbv v , then 
1 1h bκ κ− − , so 1bκ ≈ , and baryons rotate on nearly circular orbits, in a 
plane due to collisions, as observed. In the warm dark matter scenario, velocities 
in first generation galaxies are nearly isotropic in the core, and increasingly radi-
al at larger r (from the simulations in [4]), while collisions and mergers may 
change this. 

7. Relaxation 

The following thought toy experiments have helped me try to understand relax-
ation. Consider warm dark matter in a box. The dark matter particles are colli-
sionless, except with the walls of the box (that represent gravity). Now put two 
boxes side-by-side, one full and one empty of dark matter, and remove the di-
viding wall. Particle velocities are unchanged. The particle density is halved, so 
the “coarse-grained” adiabatic invariant has increased by a factor 21/3. If veloci-
ties are reversed exactly, the dark matter particles return to their original box, so 
the “fine-grained” adiabatic invariant has remained unchanged. 

Now consider two full boxes that collide. At the moment of the collision the 
boxes are stopped, and the dividing wall is removed. The dark matter density 
is unchanged. The dark matter particle velocities are unchanged. However, the 
velocity dispersion with respect to the center-of-mass has increased, so the 
“coarse-grained” adiabatic invariant has increased. If the collision is offset, the 
dark matter acquires angular momentum, which again increases the observed 

( )rms 1hv′ . 
We can now understand the three galaxies farthest to the right of the conti-

nuous red line in Figure 4: these galaxies have undergone one or more major 
interactions and mergers, and so have acquired angular momentum and/or re-
laxation, resulting in an increase of ( )rms 1hv′ . On the other hand, the eight ga-
laxies near the continuous red line are pristine (in our interpretation), they have 
little rotation, i.e. 0hκ ≈ , and have not encountered major interactions. These 
pristine dwarf galaxies should contain a few first or second generation stars with 
little or no metallicity. 

8. Conclusions 

The results summarized in Table 2 are obtained directly from the rotation 
curves in reference [6] of 11 dwarf galaxies dominated by dark matter, see the 
excellent fits in the appendix. The distribution of ( )rms 1hv′  in Table 2 and Fig-
ure 2 has a mean 0.49 km/s, a standard deviation 0.16 km/s, and is peaked at low 
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( )rms 1hv′ . We apply a mild, data driven, rotation and relaxation correction that 
obtains the adiabatic invariant in the core of the galaxies: 

( )rms 1 0.406 0.069 km s.hv = ±                  (13) 

These two small relative standard deviations justify the prediction that the 
adiabatic invariant ( )rms 1hv  in the core of the galaxies is of cosmological origin 
if dark matter is warm. This result is in agreement with independent measure-
ments of ( )rms 1hv , summarized in Table 3 of [20], based on spiral galaxy rota-
tion curves, galaxy rest frame ultra-violet luminosity distributions, galaxy stellar 
mass distributions, the formation of first galaxies, reionization, and the velocity 
dispersion cut-off mass. 
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Appendix. Circular Velocities and Densities 

The figures below present the circular velocities ( )v r , and densities of dark 
matter ( )h rρ  and baryons (gas plus stars) ( )b rρ , and their sum  

( ) ( ) ( )tot h br r rρ ρ ρ= + , as a function of the distance r  from the center of each 
galaxy. ( )v r  is the velocity of a test particle in a circular orbit of radius r  in 
the plane of the baryon disk, and has contributions from dark matter and ba-
ryons: ( ) ( ) ( )2 2

h bv r v r v r= + . The data points are obtained from [6]. The con-
tinuous lines are obtained by numerical integration of the hydrostatic equations 
(2), (3) and (4), that require four boundary conditions to start the integration 
[8]: 2

rbv′ , 2
rhv′ , ( )minb rρ , and ( )minh rρ , where minr  is the smallest 

measured r . These four parameters are varied to minimize a 2χ  between the 
data and the numerical integration. The results are presented in Table 2. The 
indicated uncertainties of ( )bv r  are estimated from their fluctuations. 
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Abstract 
We compare the observed radial velocity of different arm tracers, taken near 
the tangent to a spiral arm. A slight difference is predicted by the density 
wave theory, given the shock predicted at the entrance to the inner spiral arm. 
In many of these spiral arms, the observed velocity offset confirms the predic-
tion of the density wave theory (with a separation between the maser velocity 
and the CO gas peak velocity, of about 20 km/s)—when the observed offset is 
bigger than the error estimates. 
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1. Introduction 

How to get the precise location of a spiral arm? We could draw a spiral fit 
through parallax-distance data of interferometric-based radio masers or optical 
Gaia DR3 young stars in spiral arms, and a fit to an arm model. Or we could find 
the tangents from the sun to tracers inside a spiral arm (galactic longitudes), and 
a fit to an arm model. Both approaches give the same locations for spiral arms. 
Here we will use this second approach. 

The arm tangent to a spiral arm is a line from the Sun to that spiral arm, being 
tangent to the arm (not crossing the arm). It should be mentioned that the tan-
gent from the Sun to a spiral arm, done several times in different arm tracers, 
provides a precise galactic longitude on which to fit an arm model. Such a cata-
log of over 200 observed arm tangents has been published [1] [2] [3]. It was 
found observationally that each arm tracer was offset from each other arm tracer 
[4]: radio masers near the inner arm edge, but broad diffuse CO gas peaking at 
the outer arm edge, and many other tracers peaking in between. 
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For stars and gas in Galactic quadrants I and IV, one can look tangentially to a 
spiral arm. Using one arm tracer, telescope scans show a consistent value in Ga-
lactic longitude, from one telescope to the next. 

While making a telescope drift in galactic longitude, along the disk of the 
Milky Way galaxy, we can record the intensity of an arm in a tracer (maser, HII 
regions, broad diffuse CO gas peaks, etc). When the telescope sweeps across a 
spiral arm width, there will be a galactic longitude where the intensity of that 
arm tracer increases, peaks, and then decreases; so we will record the galactic 
longitude where the peak intensity was located in that arm tracer. If possible, the 
observers also recorded the radial velocity as observed at that peak. 

We published a 4-arm spiral model as fitted to the tangent in broad diffuse 
CO gas peaking in each spiral arm (see [5] [6], for the basic equations). A later 
fit [7] was done, with more data and with improved Galactic parameters: 8.15 
kpc for the Sun’s distance to the Galactic Center [8]. Other arm parameters are 
the arm pitch angle = 13.1˚, and the arms start at 2.2 kpc from the Galactic Cen-
ter. Fitting uncertainties have been explained in [7]. The start of the Norma spi-
ral arm in Galactic quadrant I is thus at ro = 2.2 kpc and at an angle −30˚ below 
the horizontal line at the Galactic Center (perpendicular to the sun-to-Galactic 
Center line-of-sight). 

This global arm pitch angle was found earlier using a fit of arm segments well 
over both Galactic quadrants I and IV, enabling better precision (Table 1 in [9]; 
Tables 1 and 2 in [10]; Fig. 4 in [7]); small localised pitch deviations along the 
Galactic radius are thus smoothed out (see Fig. 1 in [11]). Velocity wise, we took 
233 km/s for the circular orbital velocity of the Local Standard of Rest around 
the Galactic Center [12]. 

For a more complete overview of the arm tangents as related to the Milky 
Way disk structure, see [6]. 

From published arm tracer separations and ages, the relative speed of the gas 
away from the arm shock front is estimated near 81 km/s (see [1] [7] [13]). In 
addition, a superposition of the known Galactic magnetic field can be made over 
the model spiral arm above, indicating that a counter-clockwise magnetic field 
covers the Sagittarius arm in Galactic Quadrant I and the Crux-Centaurus arm 
in Galactic Quadrant IV; the other arm segments and all other arms have a 
clockwise Galactic magnetic field [14]. 

In this paper, we check the predictions of the density wave theory regarding 
the speed of some tracers, relative to each another tracer. Section 2 deals with 
different radial velocities for different arm tracers. Section 3 deals with Galactic 
dynamics and the density wave theory. Section 4 compares the locations of both 
approaches (parallax, arm tangent). Section 5 shows a concluding discussion. 

2. New Results 

Kinematic velocity of the galactic disk. At arm tangent points, one can observe 
the radial velocity of specific arm tracers, such as the broad diffuse CO gas or of 
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the radio masers. Being taken at separate galactic longitudes, their velocities 
must differ somewhat. Having gone through a shock front at different times in 
the density wave, they must respond differently. 

We adopt the version of the density wave theory with shocks, in which the gas 
flow enters the arm at a supersonic velocity and creates a shock, and later the gas 
leaves the arm at a subsonic velocity (see Fig. 3 in [15]). Going from one arm to 
the next, the gas orbit looks like a pointed oval streamline with a sharp bend at 
each shock location (see Fig. 3 in [16]). The orbit is thus not quite circular 
around the Galactic Center, as typical excursions in azimuthal and radial veloci-
ties are about 20 km/s (Fig. 12 and Fig. 13 in [16]). 

Table 1 assembles the line of sight radial velocity values, as observed in some  
 
Table 1. Mean radial velocity of each arm tracer, at each arm tangent(a). 

Mean tangent Longit.: 283˚ 310˚ 328˚ 338˚ 346˚ 018˚ 030˚ 050˚ 

At Gal. radius (kpc): 8.0 6.3 4.5 3.2 2.5 2.8 4.2 6.3 

Chemical Tracer: 
Vrad in 

Carina arm 
(km/s) 

Vrad in 
Crux- 

Centaurus  
arm 

(km/s) 

Vrad in 
Normal 

arm 
(km/s) 

Vrad in 
Start of 
Perseus 

arm 
(km/s) 

Vrad in 
start of 

sagittarius 
arm 

(km/s) 

Vrad in 
Start of 
Norma 

arm 
(km/s) 

Vrad in 
Scutum 

arm (km/s) 

Vrad in 
Sagittarius 

arm 
(km/s) 

Blue group: 
        

12CO at 8' −8.8 −46.6 −97.6 −126.7 −136 +125 +95.0 +55.3 

[CII] at 80" − − −106 (d) −120 (e) − − − − 

[CII] at 12" − − − − − − +114 (b) − 

HI atom −9 −44 −79 − − − − − 

HII complex − − − − − − +100.0 +61 

13CO − −35 −85 −115 − − +95.0 +60 

Blue mean radial vel.: −9 ± 5 −42 ± 5  −92 ± 5 −121 ± 5 −136 ± 5 +125 ± 5  +101 ± 5 +59 ± 5 

Orange group: 
        

[CII] at 80" − − −99 (f) −127 (g) − − 
 

− 

[Cii] at 12" − − − − − − +115© − 

Warm 12CO cores − − − − − − 95 60 

Masers +10 −56.5 −102 −106.7 −120 +105 +100.8 +65.5 

Orange mean radial vel.: +10 ± 5 −56 ± 5 −101 ± 5 −117 ± 5 −120 ± 5 +105 ± 5 +104 ± 5 +63 ± 5 

Orange-Blue radial vel.: +19 ± 5 −14 ± 5 −9 ± 5 +4 ± 5 +16 ± 5 −20 ± 5 +3 ± 5 +4 ± 5 

Masers –12CO radial vel +19 ± 5 −10 ± 5 −4 ± 5 +4 ± 5 +16 ± 5 −20 ± 5 +6 ± 5 +10 ± 5 

Notes: (a): Some data are referenced. All other data from Table 1 in [1], (b): Table 1 in Velusamy et al. [17] for longitudes l = 28˚ 
to 30˚; (c): Table 1 in Velusamy et al. [17] for longitudes l = 31˚ - 33˚; (d): Fig. 7b in Velusamy et al. [18]—ll = 327˚ - 329˚; (e): Fig. 
8c in Velusamy et al. [18]—l = 334˚ - 336˚; (f): Fig. 7a in Velusamy et al. [18]—l = 329˚ - 331˚; (g): Fig. 8b in Velusamy et al. 
[18]—l = 336˚ - 338˚. 
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tangents to spiral arms in the Milky Way galaxy [1]. Also, mean results are 
shown in Table 1 and Figure 2. The label C is for the broad diffuse CO gas near 
the Potential Minimum of the density wave (and other blue tracers nearby, on 
the outer arm side). The label M is for the Maser data located near the shock of 
the density wave (and other orange tracers nearby, on the inner arm side). Both 
means for label C and label M are always within 20 km/s of each other. Typical 
errors bars are ±5 km/s. 

Figure 1 shows the results. Arm tangents (a line from the Sun tangentially to 
the arm) to the spiral arms are observed in Galactic quadrant I at the Sagittarius 
arm (near l = 050˚), at the Scutum arm (near l = 030˚), at the Norma arm (near l 
= 18˚), and in Galactic quadrant IV at the Carina arm (near l = 283˚), at the 
Crux-Centaurus arm (near l = 310˚), at the Norma arm (near l = 328˚), at the 
Perseus start arm (near l = 338˚), and at the Sagittarius start arm (near l = 346˚). 

Figure 2 shows the results. In Galactic quadrant I, where all tracers should have 
a positive velocity, the slower M label should have a slightly smaller value than the 
faster C label, giving a negative value in the last row of Table 1. The M label is 
close to the shock front in the inner arm side, having a general slowing down. 

 

 
Figure 1. The view of the Galactic disk, seen from above. Galactic quadrants I, II, III, and 
IV are indicated. The Sun is indicated at 8.15 kpc from the Galactic Center. Four spiral 
arms are shown, each in a different color. In this rendering, the arm pitch angle = 13.1˚, 
and each arm starts at 2.2 kpc from the Galactic Center. 
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Figure 2. Radial velocity of each spiral arm. The actual speed (vertical axis; in km/s) is 
given at each Galactic longitude (horizontal axis, in degrees), while the number shown 
near each arm is the actual distance (kpc) from the Sun. The arm tangents are shown by 
vertical dashed lines (from the bottom or the top). The actual location (radial velocity, 
Galactic longitude) of the radio masers (M) or the broad diffuse CO (C) at the arm tan-
gent can be seen. The orbital circular speed used around the Galactic Center = 233 
km/sec. As before, the arm pitch angle = 13.1˚, while the arm starts at 2.2 kpc from the 
Galactic Center, and the Sun is distanced from the Galactic Center by 8.15 kpc. 

 
[CII] gas. In addition to masers and diffuse CO gas, we can add the [CII] line 

observed at a wavelength of 158 microns: Velusamy et al. [17] at 12" resolution 
around the Scutum spiral arm near l = 30˚; Velusamy et al. [18] at 80" resolution 
around the Norma arm near l = 328˚ and the Perseus arm near l = 338˚. In these 
[CII] data, both the on-tangent (near the maser tangent and the shock) and an 
off-tangent (near the diffuse CO tangent and the outer arm side) were measured. 
These data are also reported in Table 1. 

The [CII] at 80" are taken at different galactic longitudes, thus some of which 
being “on-tangent” and some being “off-tangent” in their observations—see 
notes at bottom of table (matching the longitudes of other arm tracers). 

Prediction: The density wave theory would predict in Galactic Quadrant IV 
that the orbiting CO gas (negative speed) would win over the slower maser (M) 
speed (as observed in Table 1 for the Carina arm at 283˚, the Perseus start arm 
at 338˚, the Sagittarius start arm at 346˚), and predict in Galactic quadrant I that 
the orbiting CO gas (positive speed) would win over the slower maser speed (as 
observed in Table 1 for the Norma arm at 018˚). Consequently, requiring all 
arms with an offset larger than 3 times the velocity error, then all 4 remaining 
arms satisfy the prediction of the density wave theory. 

It does not seem the case for 4 arms: the Sagittarius arm at l = 50˚, the Scutum 
arm at = 30˚, the Norma arm at 328˚, the Crux-Centaurus arm at 310˚; for these 

https://doi.org/10.4236/ijaa.2022.124022


J. P. Vallée 
 

 

DOI: 10.4236/ijaa.2022.124022 387 International Journal of Astronomy and Astrophysics 
 

4 arms, the velocity offset is smaller than 3 times the velocity error, so the offset 
is not significant. 

3. Galactic Dynamics 

It has been observed that each arm tracer is separated from other arm tracers 
(see [3] [4]), as the orbiting gas flows through a spiral arm, entering at a shock in 
the inner arm side, then forming protostars, masers, proto-HII regions, and ex-
iting on the outer arm side near the Potential Minimum of the density wave [16]. 

Recent measured values have been made for the distance of the Sun to the 
Galactic Center (8.15 kpc; [8]) and the mean speed of the Local Center of Rest 
near the Sun (233 km/s; [12]). 

Observed speed for new stars to flee the shock front/inner arm edge. A 
recent compilation of arm tangents, using many arm tracers, was provided by 
[1]; that paper computed an age gradient of 11.3 ± 2 Myr/kpc, or a relative speed 
of arm tracers of 87 ± 10 km/s away from the shock front (inner arm edge). A 
very similar result from two different methods gave 12.0 ± 2 Myr/kpc and 81 ± 
10 km/s [13], and 12.9 ± 2 Myr/kpc and 76 ± 10 km/s [7]. Taking here a statisti-
cal mean value would then give 12.1 ± 1 Myr/kpc and 81.3 ± 5 km/s. 

This relative speed value would mostly apply at a Galactic radius near 7 kpc, 
where most masers are located-near the Sagittarius arm in Galactic quadrant I 
(see masers in Fig. 1 in [19]). 

At the masers’ orbit near 7 kpc of galactic radius, the linear density wave’s 
pattern speed (shock) would be 233 − 81.3 = 151.7 km/s; thus the angular pat-
tern speed at 7 kpc is 151.7/7.0 = 21.7 km/s/kpc. The co-rotation radius would 
then be 233/21.7 = 10.7 ±1 kpc, just beyond the Perseus arm along the Galactic 
Meridian (Sun to Galactic Center line). The co-rotation radius is where the gas 
going at orbital speed equals the linear value of the angular pattern speed. 

Figure 3 shows the speeds mentioned for the density wave’s arm pattern, the 
new starforming masers, and the orbiting gas around the Galactic Center. 

The relative speed of the density wave (151.7 km/s) and that of the masers 
relative to that (an extra 81.3 km/s) means that the masers are going above the 
arm’s inner edge by 233/151.7 = 1.53 times faster (Mach 1.5). At this speed, the 
masers and young stars would cross the spiral arm, from the Potential Minimum 
and broad diffuse CO down to the shock and dust lane (separated by about 350 
pc) in a time of 350 pc/81.3 km/s = 4.3 Myrs. 

Time to reach the next spiral arm. At the Sun’s orbit near 8.15 kpc of galac-
tic radius, to cover a quarter of a circle at the mean relative speed from the shock 
front, one needs 0.25 × 2 × 3.14 × 8150 pc = 12,802 pc; at the mean relative 
speed of 81.3 km/s = 157.5 ±10 Myrs; that is the time for the Earth to experience 
its passage from one spiral arm to the next arm in the rotating frame of the spiral 
arm. 

Implications for the density wave. In a relative frame, stars and gas speed 
away from the inner arm’s shock front at about 81 km/s [1] [7] [13]. 
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Figure 3. A typical cross-section of a spiral arm, running over 350 parsecs from the inner arm edge (at right) to the Poten-
tial Minimum (at left). Each arm tracer is separated (see [4] [13]). The Gas flow and old stars, orbiting around a circular 
orbit around the Galactic Center at 233 km/s, come from the right of the spiral arm in this rendering. The dust and shock at 
the inner arm edge (red zone) helps some of the gas to contract under gravity to form embedded protostars and masers 
(orange zone), within 0.5 Myrs of the shock front. These protostars evolve to become newly-formed stars and young HII 
regions (green zone). Old broad diffuse CO gas congregates in regions near the density wave’s Potential Minimum (blue 
zone). The masers and gas inside the spiral arm goes at a relative speed near 81 km/s away from the density wave’s pattern 
speed (shock front and arm pattern speed going at 152 km/s). The sum of these speeds (152 and 81) equals the absolute 
speed noted earlier (233). 

 
In an absolute frame, stars and gas orbit around the Galactic Center at 233 

km/s; so the velocity difference is the linear pattern speed, being 233 − 81 = 152 
km/s. This value of 152 km/s is the linear pattern speed of the density wave, 
which applies at the solar orbit, so the required angular pattern speed is 152/8.1 
= 18.8 km/s/kpc. 

Near a Galactic radius of 8.1 kpc, that angular pattern speed value near 19 
km/s/kpc is in the range suggested by various authors, e.g. [20], and implies a 
galactic co-rotation radius of 233/18.8 = 12.4 ±1 kpc. 

To go from one spiral arm to the next (2 × 3.15 × 8.15 kpc/4), at such a rela-
tive speed (81 km/s), requires a time period of 12,800 pc/81 km/s = 158 Myrs (in 
the rotating frame of the spiral arms, orbiting around the Galactic Center). This 
would also be the mean time between two major extinctions on Earth—a diffi-
cult number to get (even with a large error bar). During that time, the arms 
would have turned 1.87 times in their orbit around the Galactic Center (152 
km/s × 158 Myrs). If the Sun’s orbit is not strictly circular but an ellipse, this 
time value may change somewhat by the amount of the non-zero orbital eccen-

https://doi.org/10.4236/ijaa.2022.124022


J. P. Vallée 
 

 

DOI: 10.4236/ijaa.2022.124022 389 International Journal of Astronomy and Astrophysics 
 

tricity. 
Error bars for these numerical deductions are large and not easily ascertained, 

but the numerical values from these recent extinctions here are not far off the 
numerical values obtained from the Galactic dynamics of the previous section. 

A recent statistical analysis of Earth extinctions obtained a period near 176 - 
188 Myrs, arguably due to successive passages of the Sun and Earth through a 
Galactic spiral arm ([21] [22] [23]). Others may differ (±20 Myrs)—successive 
transits of the Earth through successive spiral arms may have seed crust produc-
tion every 170 - 200 Myrs [24] through the Oort’s Cloud around the solar system 
being perturbed by nearby stars (shooting icy constituents down toward the 
Sun). 

4. Locations of Spiral Arms—Complementarity of Arm  
Tangents with Radio Masers and Optical Gaia Parallaxes 

The precise determinations of the locations of each spiral arm in our Milky Way 
galaxy could be done using precise distance measurement (parallax of objects in-
side spiral arms) and also by finding the location in galactic longitude of the 
tangents from the Sun to tracers inside these spiral arms). These two methods 
should yield the same results for the locations of spiral arms, being complemen-
tary in essence. 

Catalogs of precise parallax measurements of radio masers with precise dis-
tances have been published, as well as a map of arm locations (Fig. 1 in [25]). 

Catalogs of precise arm tangents in Galactic longitudes have been published 
and such arm locations inferred (Vallée [1] with 205 tangents; Vallée [2] with 
107 tangents). They led to drawing the map of arm location (Fig. 1 in [1] for 
nearby arms; [14] for distant arms). A comparison between the locations of ob-
served arm tangents and a fitted model of the locations of arm tangents showed 
a very good fit, as well as a comparison of the arm models from the parallax of 
radio masers and the arm models model from the arm tangents (Fig. 3 in [7]). 

The new Gaia DR3 map (Fig. 14 in [5]) shows young open star clusters at op-
tical wavelengths near spiral arms, within 4 kpc of the Sun’s location, with the 
arm locations copied from the locations of radio masers (from Fig. 1 in [25]. But 
these DR3 young open star clusters are not well aligned with radio masers (1) no 
new arm fit was done; 2) their distribution is not continuous as there are ob-
served gaps and discontinuities along an arm; 3) there appear to be different op-
tical widths across a radio arm; 4) The young open cluster stars in front of the 
radio masers are not expected there in some theories). 

There is a good complementarity among the locations of spiral arms. Thus all 
around the Sun we get the same locations of the spiral arms, either through radio 
masers (distance) or through arm tangents (longitudes). In addition, the Gaia 
DR3 optical parallaxes of young star clusters give the same locations of spiral 
arms as radio masers, albeit with a much larger arm width (larger distance er-
rors). 
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The question of the possible bending of the Perseus arm is mentioned (Section 
4 in [26] suggested 2 arms; in contrario, [27] suggested an interarm island near 
the Perseus arm). Also, the width of each spiral arm is thus not well defined in 
Gaia DR3; in contrario, a new multi-tracer approach for defining the spiral arm 
width was advocated (masers near the Shock front/inner arm versus broad dif-
fuse broad CO gas near the Potential Minimum/outer arm—see [28]). 

Close to the Galactic Center, each model must start the spiral arms. Our tan-
gent model starts each spiral arm near 2.2 kpc away from the Galactic Center 
(see Section 1 and Figure 1), and this start value may differ from the parallax 
models (having larger errors with larger distances). 

5. Conclusions 

We employed the arm model found recently, as fitted to the arm tangents in ga-
lactic longitudes, with 8.1 kpc as the Sun to Galactic Center distance (Figure 1). 

We made an examination of the observed radial velocity of some arm tracers, 
at the tangent from the Sun to the spiral arm, yielding the following. Comparing 
the radial velocity of the Masers at the tangent points, to the same from the 
broad diffuse CO gas near the Potential Minimum, the prediction of the density 
wave theory with shocks seems to be valid (Figure 2; Table 1). 

A similar comparison, this time taking the [CII] observations near the arm 
tangent (on-site, and slightly off-site) does not change the statistical results. 

Our modeling (Figure 1 and Figure 2) can be employed with current esti-
mates of the passage of Earth through a spiral arm. The ensuing implications are 
computed for the Galactic angular spiral arm speed (near 22 km/s/kpc) and for 
the Galactic co-rotation radius (nearer 11 - 12 kpc). The time to reach the next 
spiral arm is near 158 Myrs (Section 3). 
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