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Abstract 
The discovery of a giant comet (C/2014 UN271) at a distance of 29 AU in 
October 2014 and the later discovery in September 2021 of a dramatic brigh-
tening episode offers an ideal opportunity for verifying the predictions of a 
“biological” comet. The eruptions of the comet at a heliocentric distance of 20 
AU are plausibly explained as due to high pressure venting of the products of 
microbial metabolism in radioactively heated subsurface lakes. The standard 
non-biological model of comets is woefully inadequate to account for erup-
tions at such large distances from the sun where surface temperatures are as 
low as 60 K. 
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1. Introduction 

On 30th October 1980 Fred Hoyle and the present author presented an invited 
paper to the 5th College Park Colloquium on Chemical Evolution, University of 
Maryland, College Park, Maryland, U.S.A., with the title “Comets—a vehicle for 
panspermia” thus launching the theory of cometary panspermia (Hoyle and 
Wickramasinghe, 1981) [1]. In this theory comets are posited to be the carriers, 
incubators and distributors of cosmic life in the form of bacteria and viruses 
throughout the galaxy (Hoyle and Wickramasinghe, 1985) [2]. We have argued 
that cometary bodies have radioactive nuclides that serve to maintain vast inte-

How to cite this paper: Wickramasinghe, 
N.C. (2022) Giant Comet C/2014 UN271 
(Bernardinelli-Bernstein) Provides New Evi-
dence for Cometary Panspermia. Interna-
tional Journal of Astronomy and Astrophys-
ics, 12, 1-6. 
https://doi.org/10.4236/ijaa.2022.121001 
 
Received: December 17, 2021 
Accepted: February 8, 2022 
Published: February 11, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/ijaa
https://doi.org/10.4236/ijaa.2022.121001
https://www.scirp.org/
https://doi.org/10.4236/ijaa.2022.121001
http://creativecommons.org/licenses/by/4.0/


N. C. Wickramasinghe 
 

 

DOI: 10.4236/ijaa.2022.121001 2 International Journal of Astronomy and Astrophysics 
 

rior domains of liquid water for timescales in excess of the age of the solar sys-
tem. The presence of such heat producing nuclides has recently been confirmed 
in carbonaceous meteorites affirming their role (as extinct comets) and suitable 
vehicles for microbial life (Hoover et al., 2021) [3]. 

The explorations of comets after the dawn of the Space Age began with the 
Giotto Mission to Comet Halley in 1986 and culminated with the Rosetta Mis-
sion to comet 65P/C-G [4] [5]. Within the limits of the techniques deployed, and 
other studies have yielded results that are fully consistent with the cometary bi-
ology hypothesis [6] [7] [8]. 

One aspect of cometary behaviour that might serve to decide critically be-
tween a biological and non-biological model was already stressed by Wickrama-
singhe, Hoyle and Lloyd nearly 25 years ago (Wickramasinghe et al., 1996) [9]. 
The profuse emission of gas and dust has generally been associated with comets 
as they approach perihelion. This is attributed to the brisk evaporation of frozen 
gases (mainly H2O, CO2) from the surface as the comets approach perihelion 
and the surface temperature rises above the sublimation temperature of H2O ice. 
A puzzle for a non-biological model of comets first turned up, however, with 
Comet Hale-Bopp erupting at a distance of 6.5 AU in 1983/84 long before it had 
reached perihelion in April 1997. 

2. Post-Perihelion Eruptions of Comets 

Table 1 lists the perihelion distances of comets that are relevant to the discus-
sion in the present article. In bold font are the three comets that we shall discuss 
in the present paper. All these comets have estimates of albedo A in the range 
0.02 - 0.06, appearing darker than pitch at visual wavelengths. Among the best- 
known comets that that have come to recent attention have perihelia less than 
1.5 AU at which distance the equilibrium temperature of the comet’s surface is 
above the sublimation temperature of surface ices (H2O, CO2 and other volatiles). 

A nearly spherical comet with such a low albedo rotating about an axis at a 
heliocentric distance R acquires an equilibrium temperature T that can be shown 
to be given by the equation (assuming A ≅ 0): 

 
Table 1. Cometary perihelion distances. 

Oumuamua (C/2017U1) 0.25 AU 

2P/Encke 0.35 AU 

1P/Halley 0.59 AU 

5P/Temple1 1.5 AU 

Hale-Bopp (C/1995O1) 0.91 AU 

73P/Shwassman-Wachmann3 0.94 AU 

67P/Churyamov-Gerasimenko 1.29 AU 

29P/Shwassman-Wachmann 5.722 AU 

C/2014UN271 Bernardinelli-Bernstein 10.95 AU 
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( )279 1AU deg KT R≅                        (1) 

From Equation (1) we calculate that at the distance of comet Halley’s perihe-
lion (Table 1) the surface temperature is ~363 K, while at a distance of comet 
Hale-Bopp’s perihelion it is ~292 K. At such temperatures a brisk expulsion of 
volatile ices and dust could take place by thermal evaporation, thus explaining 
the dust tails and comas of most comets at perihelion. 

The eruption of some comets that occurred after perihelion could also be ex-
plained without invoking any other hypothesis. Such an eruption happened in 
the case of Comet Halley in 1991 some 5 years after its perihelion in 1986 when 
it was ~14 AU from the sun and a dramatic explosion of activity was observed. 
This phenomenon, when the comet’s surface temperature had fallen to 74.6 K 
(Equation (1)), could be explained as arising from the inward freezing of sub-
surface lakes that had become established by the transport of solar radiation 
during perihelion. If a thin surface frozen layer of the comet develops cracks and 
fissures, whilst interior liquid domains still remained, we might understand how 
such post-perihelion eruptions could occur (Hughes, 1991; Wickramasinghe, 
Wallis and Hoyle, 1992) [10] [11]. 

3. Pre-Perihelion Outbursts—Comet Hale-Bopp 

Pre-perihelion eruptions of comets occurring at large heliocentric distances are, 
however, more difficult to explain with “standard” models. The last perihelion 
passage of Comet Hale-Bopp (C/1995 O1) was on 1st April 1997 when it was 
0.914 AU from the sun. At least 3 distinct pre-perihelion outbursts of this comet 
were recorded in August, September and October 1995 when the comet was at a 
distance of 6.5 AU and the average surface temperature was ~109 K (Equation 
(1)). Further major eruptions followed on 10-11 September 1996 (Gu et al., 
2000) [12]. In a detailed analysis of the data relating to the Comet Hale-Bopp 
eruptions in 1995 the present author together with Fred Hoyle and David Lloyd 
concluded that non-biological explanations involving dust carried in evaporat-
ing ices from the surface are essentially non-viable and that a biological explana-
tion was imperative [9]. 

Comet Hale-Bopp is believed to be a comet of a size (diameter ~30 km) for 
which a substantial fraction of the interior volume would have remained in a 
liquid state during its early history due to the presence of radio-active nuclides 
[2] [3]. We argued that much of the material within this liquified region may 
have become biogenically processed before re-freezing eventually occurred. Whilst 
the number of culturable microbial species is no more than a few thousand, 
millions of “dormant” species have been identified from studies of bacterial 
DNA in a variety of terrestrial samples [2] [7]. At the present time the full range 
of ambient conditions within which microbiology operates remains an open 
question.  

The surface temperature of comet Hale-Bopp at 6.5 AU (~109 K from Equa-
tion (1)) does not permit the presence of liquid water at or near the surface. 
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However, transient subsurface lakes could develop from energy dissipated through 
bolide impacts. Chemoautotrophic microorganisms released from the ice into 
such “lakes” laden with high-grade organics could undergo enough doublings to 
exhaust available nutrients within the observed eruption times of a couple of 
days. (Heat loss from the surface would lead to an eventual re-freezing but only 
over a longer timescale of ~1 yr.) An initial melt of 105 t may be extended further 
by the heat released through biochemical transformations. An average heat re-
lease of ~0.1 - 0.3 ev per atom in biological processes could easily lead to an in-
crease of the melt volume by a factor ~10 - 30. Methane or carbon dioxide can be 
produced by bacteria from a variety of nutrients and such gases could build up 
substantial subsurface pressures that would eventually be expelled through fis-
sures in the overlying ices. The situation in the comet is not unlike the popping 
of a cork in a bottle of wine where fermentation occurs. 

4. Giant Comet Comet C/2014 UN271  
(Bernardinelli-Bernstein) 

The latest astronomical observations providing strong support for the eruption 
mechanism we discussed in section 3 for the case of Comet Hale-Bopp follows 
from the most recent observations of what is certainly a giant comet discovered 
in the coldest depths of interplanetary space (Wesolowski et al., 2020) [13]. 
Comet C/2014 UN271 (Bernardinelli-Bernstein), is estimated to have a diameter 
of ~150 km and was discovered accidentally by Bernardinelli and Bernstein who 
were examining archival images from an unrelated Dark Matter survey. When 
the object was first observed in October 2014, it was at a heliocentric distance of 
29 AU (4.3 billion km) which was at the time a record distance at which any type 
of cometary object was discovered. The perihelion distance of Neptune has a 
similar value, close to 29 AU, where the comet would have an estimated surface 
temperature of only 52 K (from Equation (1)). The comet’s orbit is almost or-
thogonal to that of Neptune, that is it is orthogonal also to the plane of the eclip-
tic. 

The most astounding feature of Comet C/2014 UN272 (Bernardinell-Bernstein) 
that was discovered some 7 years later was that it was found to be active in pro-
ducing a dust coma at the great heliocentric distance of ~20 AU where its surface 
temperature was 62 K from Equation (1). On 9 September 2021 a dramatic out-
burst of C/2014 UN271 was observed and duly reported on 14 September by as-
tronomers at the Las Cumbres Observatory (https://telegram.org/?read=14917). 
The comet had brightened by 0.65 mag (almost doubling in brightness) in a sin-
gle day (Kelley, Lister and Holt, 2021) [14]. At the time, the comet was at a he-
liocentric distance of 19.89 AU at which the surface temperature was 62 K from 
Equation (1). The existence of a coma of dust surrounding the comet (Figure 1) 
has no easy explanation if we avoid the concept of cometary biology [1] [2]. 

Much further in than comet C/2014 UN272 is the comet 29P/Shwassmann- 
Wachmann that orbits between perihelion 5.72 AU and aphelion 6.25 AU and 
continues to baffle astronomers with its repeated episodes of activity. With its  
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Figure 1. Eruption of Comet C/2014 UN272 (Bernardinell-Bernstein) (Courtesy Space.com 
(https://www.space.com/giant-comet-bernardinelli-bernstein-discovery-size-activity). 
 
surface temperature oscillating in a narrow range between 117 K and 112 K 
(Equation (1)) purely thermal triggering of the eruptions seems unlikely and we 
are left only with the biological option. As we discussed for comet Hale-Bopp (at 
6.5 AU) these episodes are likely to be initiated by impacts with smaller bodies. 
Comet 29P/Shwassmann-Wachmann has been spectacularly active recently with 
a near-continuous eruption being recorded since 25th September 2021  
(https://www.astronomerstelegram.org/?read=14943). This new data adds fur-
ther to the fast growing case for subsurface microbiological activity being the 
most likely cause of all cometary activity, particularly at large heliocentric dis-
tances. 

We conclude by remarking that it is now high time we overcame cultural ob-
stacles and accept that cometary panspermia has been overwhelmingly vindi-
cated by a diverse range of facts. The time for a major paradigm shift in science 
in the author’s view is long over-due [15]. 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Hoyle, F. and Wickramasinghe, N.C. (1981) Comets—A Vehicle for Panspermia. 

Astrophysics and Space Science, 268, 333-341.  
https://doi.org/10.1023/A:1002428532335 

[2] Hoyle, F. and Wickramasinghe, N.C. (1985) Living Comets. Cardiff University Press, 
Cardiff. 

[3] Hoover, R.B., Frontasyeva, M., Pavlov, S., et al. (2021) ENAA and SEM Investiga-
tions of Carbonaceous Meteorites: Implications to the Distribution of Life and Bi-

https://doi.org/10.4236/ijaa.2022.121001
https://www.space.com/giant-comet-bernardinelli-bernstein-discovery-size-activity
https://www.astronomerstelegram.org/?read=14943
https://doi.org/10.1023/A:1002428532335


N. C. Wickramasinghe 
 

 

DOI: 10.4236/ijaa.2022.121001 6 International Journal of Astronomy and Astrophysics 
 

ospheres. Academia Journal of Scientific Research, 9, 94-104. 

[4] Wallis, M.K. and Wickramasinghe, N.C. (2015) Rosetta Images of Comet 67P/Chu- 
ryumov-Gerasimenko. Journal of Astrobiology & Outreach, 3, 127.  
https://doi.org/10.4172/2332-2519.1000127 

[5] Wickramasinghe, N.C., Wainwright, M., Smith, W.E., Tokoro, G., Al Mufti, S., et al. 
(2015) Chapter 61: Rosetta Studies of Comet 67P/Churyumov–Gerasimenko: Pros-
pects for Establishing Cometary Biology. Journal of Astrobiology & Outreach, 3, 
126. https://doi.org/10.1142/9789814675260_0061 

[6] Wickramasinghe, C. (2010) The Astrobiological Case for Our Cosmic Ancestry. In-
ternational Journal of Astrobiology, 9, 119-129.  
https://doi.org/10.1017/S1473550409990413 

[7] Steele, E.J., Al-Mufti, S., Augustyn, K.E., et al. (2018) Cause of Cambrian Ex-
plosion—Terrestrial or Cosmic? Progress in Biophysics and Molecular Biology, 
136, 27-28. https://doi.org/10.1016/j.pbiomolbio.2018.03.007 

[8] Wickramasinghe, N.C., Wickramasinghe, D.T., Tout, C.A., et al. (2019) Cosmic Bi-
ology in Perspective. Astrophysics and Space Science, 364, Article No. 205.  
https://doi.org/10.1007/s10509-019-3698-6  

[9] Wickramasinghe, N.C., Hoyle, F. and Lloyd, D. (1996) Eruptions of Comet 
Hale-Bopp at 6.5AU. Astrophysics and Space Science, 240, 161-165.  
https://doi.org/10.1007/BF00640204 

[10] Hughes, D.W. (1991) Comet Halley’s Outburst. Monthly Notices of the Royal As-
tronomical Society, 251, 26-29. 

[11] Wallis, M.K., Wickramasinghe, N.C. and Hoyle, F. (1992) Cometary Habitats for 
Primitive Life. Advances in Space Research, 12, 282-285.  

[12] Gu, M., et al. (2000) The Light Curve of Comet Hale-Bopp in Eruption. Chinese 
Astronomy and Astrophysics, 24, 127-131.  
https://doi.org/10.1016/S0275-1062(00)00035-7 

[13] Wesołowski, M., Gronkowski, P. and Tralle, I. (2020) Outbursts of Comets at Large 
Heliocentric Distances: Concise Review and Numerical Simulations of Brightness 
Jumps. Planetary and Space Science, 184, 104867.  
https://doi.org/10.1016/j.pss.2020.104867 

[14] Kelley, M.S.P., Lister, T. and Holt, C.E. (2021) Apparent Outburst of Comet C/2014 
UN271 (Bernadinelli-Bernstein). https://astronomerstelegram.org/?read=14917  

[15] Wickramasinghe, N.C. (2021) Comets, Panspermia, Culture and Prejudice. Asia Pa-
cific Biotech News, 10, 20-25. 

 
 

https://doi.org/10.4236/ijaa.2022.121001
https://doi.org/10.4172/2332-2519.1000127
https://doi.org/10.1142/9789814675260_0061
https://doi.org/10.1017/S1473550409990413
https://doi.org/10.1016/j.pbiomolbio.2018.03.007
https://doi.org/10.1007/s10509-019-3698-6
https://doi.org/10.1007/BF00640204
https://doi.org/10.1016/S0275-1062(00)00035-7
https://doi.org/10.1016/j.pss.2020.104867
https://astronomerstelegram.org/?read=14917


International Journal of Astronomy and Astrophysics, 2022, 12, 7-29 
https://www.scirp.org/journal/ijaa 

ISSN Online: 2161-4725 
ISSN Print: 2161-4717 

 

DOI: 10.4236/ijaa.2022.121002  Feb. 11, 2022 7 International Journal of Astronomy and Astrophysics 
 

 
 
 

The Effect of Sun Elevation on the Twilight 
Stages in Malaysia 

Yasser Abdel-Fattah Abdel-Hadi, Amir Hussein Hassan 

Solar and Space Research Department, National Research Institute of Astronomy and Geophysics (NRIAG), Helwan, Cairo,  
Egypt 

 
 
 

Abstract 
This study is concerned with determining the altitude of the sun under the 
horizon to the beginning and the end of the true and pseudo dawn and dusk. 
In 2007 and 2008, the Sky Quality Meter (SQM) was used in four regions in 
Malaysia to measure the brightness at night, pseudo dawn, true dawn, true 
dusk and pseudo dusk. The measurements were taken when the device was 
directed to the position of sunrise and sunset at the horizontal angle of the 
sunrise or sunset and at five degrees above the horizon during the entire 
monitoring period. The altitude of the sun for the true dusk was found to be 
−14.38˚ ± 0.91˚ and for the beginning of the pseudo dusk was found to be 
−14.86˚ ± 0.91˚ and the end of the pseudo dusk is −17.8˚ ± 0.7˚, while for the 
beginning of the true dawn it was found to be −14.19˚ ± 0.52˚ (for high con-
fidence −14.71˚) and for the pseudo dawn was found to be −18.62˚ ± 0.82˚. 
The light magnitude of the full night after the pseudo dusk was found to be 
20.77 ± 0.93 mag./arcsec2, while it was found to be 22.17 ± 0.1 mag./arcsec2 
before the pseudo dawn. 
 

Keywords 
Twilight, Light Magnitude, Altitude of the Sun, Beginning of the True Dusk, 
Beginning of the True Dawn, Pseudo Dusk, Pseudo Dawn, Full Night, SQM 

 

1. Introduction 

The study of the twilight of various types is extremely important for large seg-
ments of the society, especially astronomers, to study the planets during the twi-
light for the length of the twilight in the summer months in the upper latitudes 
[1]. When the sun reaches a depression of 10˚ - 15˚ below the horizon, the in-
trinsic glow of the upper atmospheric layers begins to appear together with star-
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light, and the illumination conditions gradually approach those of night. The 
transition to night is usually complete when the sun is depressed 17˚ - 19˚ below 
the horizon [2].  

Humans can distinguish about 7 to 10 million different colors just name them 
and build an instrument that identifies them [3]. Miethe and Lehmann reported 
observations of the dawn and dusk in Aswan of Egypt (24˚6'N, 30˚45'E and 160 m 
Elev.) in the winter of 1908 and by a camera made especially for this purpose. The 
conclusion of their results was that the first light appeared from the east at a = 
−17.35˚ and the first appearance of color difference (true dawn) was at a = 
−14.25˚, while the beginning of the true dusk was at a drop of the sun under the 
horizon by at a = −14.9˚ [4]. Nawar [5] studied the spectral photometry of the 
zodiacal light near the tropic of cancer at Daraw and Abu-Simble in Egypt by a 
photometer in the BVR regions. Photoelectric observational model of the zo-
diacal light brightness and polarizations in the blue, yellow and red colors has 
been suggested during quiet solar activity. The ratios of the zodiacal light bright-
ness at minimum solar activity to that at maximum solar activity are 1.3 and 1.7 
for the observations carried out at low and high altitudes above sea level respec-
tively. The maximum brightness of zodiacal light occurs during the new moon, 
which is 1.29 times the brightness at lunar age 10 days. The brightness of the 
zodiacal light, for the observations carried out at high altitudes above sea level, 
is larger than that deduced at low altitudes by mean factors are 1.5 and 2 for 
small and large elongations respectively [5]. David [6] and Reach [7] studied 
the origin of the zodiacal cloud and carbonaceous micrometeorites (the zodiac-
al cloud is a thick circumsolar disk of small debris particles produced by aste-
roid collisions and comets). The particles produced by Jupiter family comets 
(JFCs) are scattered by Jupiter before they are able to decouple from the planet 
and drift down to 1 AU. Therefore, the inclination distribution of JFC particles 
is broader than that of their source comets and leads to good fits to the broad 
latitudinal distribution of fluxes observed by Infrared Astronomical Satellite 
(IRAS). About 85% to 95% of the observed mid-infrared emission is produced 
by particles from JFCs and <10% by dust from long-period comets. Patat et al. 
[8] studied the UBVRI twilight brightness at dome C [9] and found that the 
night sky brightness level is reached around zenith angle of the sun between 
105˚ and 106˚. The results of this work show the rate of the total spectrum got 
converted from the positive to negative signs at solar altitude of a = −14.8˚. The 
Rayleigh-scattered sun flux clearly contributes in the region bluewards of 5000 
Å down to a = −15˚, after which the pseudo-continuum of the night sky emis-
sion takes over.  

Several published works for the true dawn according to the photoelectric mea-
surements in the desert background at different sites in Egypt showed that it ap-
pears in the sun altitude range between −14˚ and −15˚. The naked eye observa-
tions for the desert background in several regions in Egypt, Libya and Saudi 
Arabia showed that the true dawn happens at a = −14.7˚ in the desert areas, 
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while it happens for the agriculture and coastal areas (in Egypt and Libya) at a = 
−13.5˚. The total number of observations taken in these researches by both pho-
tometer and naked eye exceeds 1300 observations. The published work of the 
evening twilight (end of twilight or end of the pseudo dusk) showed that it ranges 
between −18˚ and −19˚ according to the photoelectric measurements in the 
desert area at different sites in Egypt. Table 1 summarizes the published work of 
observing twilight in different locations and methods using the naked eye (N.E.), 
camera and photoelectric (P.E.) for the true dawn and the end of pseudo dusk 
(end of twilight).  

Table 2 represents the twilight brightness conditions at the major level of the 
civil, nautical and astronomical twilights [14]. There is a great expansion in re-
cent times in the use of the SQM in the twilight and light pollution observations 
around the world because it is sufficient and easy to carry, especially in desert 
and remote areas [23] [24] [25]. 

The objective of this study is to determine the limits of the light magnitude 
against the sun vertical depression below the horizon for: pseudo dawn, true 
dawn, true dusk and pseudo dusk at different locations in Malaysia.  

 
Table 1. Summarization of the published work of observing twilight using naked eye (N.E.), camera and photoelectric (P.E.) for 
the true dawn and end of the pseudo dusk, where the sun vertical depression Do ≡ −a.  

Location Lat. N Long. E Elev. (m) Location Method 
Do, True 

Dawn 
Do, End of 

Pseudo Dusk 
Authors 

Riyadh (Saudi Arabia) 25˚ 46' 74˚ 12.16' 540 Desert N.E & Camera 14.6˚ ± 0.3˚  [10] 

Bahria (Egypt) 28˚ 42.9' 29˚ 59.82' 150 Desert P.E. 15.5˚ 19.5˚ [11] 

Bahria oasis, (Egypt) 28˚ 42.9' 29˚ 59.82' 150 Desert P.E. 14˚ ± 0.5˚ 19.5˚ ± 0.5˚ [12] 

Kottamia (Egypt) 29˚ 55.9' 31˚ 49.5' 470 Desert P.E. 14.5˚ 19˚ [13] 

Tanjung Aru (Malaysia) 5˚ 57́ 116˚ 02' 4 Desert SQM  18˚ ± 0.16˚ [14] 

Matrouh (Egypt) 31˚ 0.2' 27˚ 51' 75 Sea-Desert P.E. 15˚ ± 1˚ 19˚ ± 1˚ [15] 

Bahria (Egypt) 28˚ 42.9' 29˚ 59.82' 150 Desert P.E. ≤15˚ ≤18˚ [16] 

Bahria (Egypt) 28˚ 42.9' 29˚ 59.82' 150 Desert N.E. 14.7˚  [17] 

Matrouh (Egypt) 31˚ 0.2' 27˚ 51' 75 Sea-Desert N.E. 14.5˚  [17] 

Kottamia (Egypt) 29˚ 55.9' 31˚ 49.5' 470 Desert N.E. 14.66˚ ± 0.2˚  [17] 

Aswan (Egypt) 23˚ 48.22' 32˚ 29.5' 210 Desert N.E. 13.96˚  [17] 

Tubruq (Libya) 32˚ 4.7' 23˚ 59' 40 Desert N.E. 14.7˚  [18] 

Sinai (Egypt) 31˚ 04' 32˚ 52' 10 Desert N.E. 14.61˚  [19] 

Assiut (Egypt) 27˚ 10' 31˚ 10' 52 Agricultural N.E. 13.48˚  [19] 

Hail (Saudi Arabia) 25˚ 46' 47˚ 12' 540 Desert N. E. 14.66˚  [20] 

Wadi El Natron (Egypt) 30˚ 30' 30˚ 09' 30 Desert N.E. 14.57˚  [21] 

Depok (Indonesia) 6˚ 27'S 106˚ 48'E 50 - 140 Sea-Desert SQM 14˚ ± 0.6˚  [22] 
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Table 2. Twilight brightness conditions [14]. 

Dusk Stages of 
twilight 

Altitude 
degree 

Illuminance lux 
Luminance 

cd/m2 
Lower Limit of Sky 

Brightness (mag./arcsec2) 

Civil −6˚ 3.4 1.08 12.42m 

Nautical −12˚ 8.31 × 10−3 2.64 × 10−3 19.03m 

Astronomical −18˚ 6.52 × 10−4 2.08 × 10−4 21.79m 

2. Methodology and Data Acquisition 

The basic concepts on which this research is based are: 
1) Each time interval in the twilight has its own optical characteristics. 
2) The idea of this research depends on the determination of the beginning 

and the end of the pseudo dusk and the pseudo dawn. 
3) The full night after the pseudo dusk and before the pseudo dawn gives a 

state of optical stability (minimum change in the light magnitude). 
The measured data were recorded by Sky Quality Meter (SQM-LE) by Nafha-

tun [26] and also by personal contacts. The Sky Quality Meter was adapted for 
its complete performance in this research. It is not a spot meter because it ac-
cepts light from a wide cone-roughly 80 degrees diameter. The measurement of 
twilight sky brightness is performed in various sites covering east and west coast 
of Malaysia from May 2007 to April 2008 intermittently. For averting unwanted 
light, a special hood was used in front of the detectors. All measurements of the 
light intensity in dusk and dawn are at about 5 degrees above the horizon, at 
azimuth sunrise and sunset directions. The data were recorded in two minutes 
interval. Table 3 represents the coordinate of site observations at latitude (φ), 
longitude (λ), elevation (Elev.) and the date of observation for evening twilight 
(dusk) and morning twilight (dawn)of the places in Malaysia, which have been 
used in this research. Table 4 represents the selected dates and cities of observa-
tion sites or the evening twilight (dusk) and morning twilight (dawn) under the 
study.  

3. Results and Discussion 

The symbol of (mn) stands for the magnitude through the time intervals of the 
light. The sequence of light intervals magnitudes for the evening twilight is: true 
dusk (m1), pseudo dusk (m2), full night after pseudo dusk (m3) respectively. Si-
milarly, for the morning twilight they are: full night before pseudo dawn (m4), 
pseudo dawn (m5) and true dawn (m6) respectively.  

3.1. For the Evening Twilight 

Figures 1-4 show the relation between the light magnitude (mag./arcsec2) and 
the altitude of the sun (a) for different time intervals of true dusk (m1), pseudo 
dusk (m2) and full night (m3) at different days and different places in Malaysia. 
These figures generally show that there are three phases of light from the sunset 
to the full night according to the sun vertical depression below the horizon. The  
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Table 3. Coordinates and altitudes of observation sites. 

Site Latitude (φ) Longitude(λ) Elev. 

Kuala Lumpur, Federal Territory 3˚9'N 101˚41'E 60 m 

Teluk Kemang, Negeri Sembilan 2˚28'N 101˚52'E 27 m 

Kuala Lipis, Pahang 4˚11'N 102˚3'E 75 m 

Port Klang, Selangor 3˚N 101˚24'E 46 m 

Merang, Terengganu 5˚31'N 102˚57'E 42 m 

 
Table 4. Dates and cities of observation sites for dusk and dawn. 

Dusk Dawn 

Date, City Date, City 

15-06-2007, TelukKemang 8-5-2007, Merang 

13-8-2007, TelukKemang 10-11-2007, Kuala Lipis 

4-9-2007, Kuala Lumpur 29-12-2007, Kuala Lipis 

27-10-2007, Kuala Lumpur 11-1-2008, Kuala Lipis 

5-11-2007, Kuala Lipis 9-2-2008, Kuala Lipis 

29-12-2007, Kuala Lipis 22-3-2008, Kuala Lipis 

12-1-2008, Kuala Lipis 23-3-2008, Kuala Lipis 

9-2-2008, Kuala Lipis 7-4-2008, Port Klang 

22-3-2008, Kuala Lipis  

23-3-2008, Kuala Lipis  

5-4-2008, Port Klang  

6-4-2008, Port Klang  

 

 
Figure 1. The relation between the light magnitude (mag./arcsec2) and the altitude (a) of 
the sun for different time interval of the evening twilight for the true dusk, the pseudo 
dusk (zodiacal light) and the full night on 13th August 2007 in Teluk Kemang. 
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Figure 2. The relation between the light magnitude (mag./arcsec2) and the altitude (a) of 
the sun for different time interval of the evening twilight for the true dusk, the pseudo 
dusk (zodiacal light) and the full night on 4th September 2007 in Kuala Lumpur. 
 

 
Figure 3. The relation between the light magnitude (mag./arcsec2) and the altitude (a) of 
the sun for different time interval of the evening twilight for the true dusk, the pseudo 
dusk (zodiacal light) and the full night on 12th January 2008 in Kuala Lipis. 
 
main feature characterizing the first time interval is the rapid change in the light 
until a sun vertical depression of 14.5˚. Then, a very slight change in light cha-
racterizes the second time interval until a sun vertical depression of approx-
imately 18.5˚ which represents a pseudo dusk (zodiacal light). Finally, the full 
night characterizes the third time interval which is the interval of approximately 
no change in the light. The duration and the light magnitude vary from day to 
day of the pseudo dusk depending on the weather characteristics of the night. 
Under the light of Figure 5, which represents selected 12 clear observing nights, 
it is clear that the sun vertical depression from 14.5˚ to 18.5˚ is the state of the  
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Figure 4. The relation between the light magnitude (mag./arcsec2) and the altitude (a) of 
the sun for different time interval of the evening twilight for the true dusk, the pseudo 
dusk (zodiacal light) and the full night on 9th February 2008 in Kuala Lipis. 
 

 
Figure 5. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the 
sun for the evening twilight for the true dusk, the pseudo dusk (zodiacal light) and the full 
night for all days of observation. 
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verse band that lasts for about 4˚ of sun altitude. Then, after a sun altitude of 
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tween some nights due to the difference in the atmosphere luminance between 
winter and summer, which is in turn due to the difference in temperature and 
humidity between each of them. These observations are distinguished by the to-
tal clarity between three light intervals.  

Table 5, Table 6 and Figure 5 represent the light magnitudes and the sun al-
titude for the true dusk (m1 and a1), the beginning of the pseudo dusk (m12 and 
a12), the end of the pseudo dusk and the beginning of full night (m23 and a23). The 
disappearance of the true dusk is at a magnitude of 19.63m ± 0.92 and a sun ver-
tical depression of −14.38˚ ± 0.91˚, while the beginning of the pseudo dusk is at 
a light magnitude of 19.78m ± 0.87 and a sun vertical depression of −14.86˚ ± 
0.91˚. Also the end of the pseudo dusk is at a light magnitude of 20.06m ± 0.927 
and a sun vertical depression of −17.8˚ ± 0.7˚. The difference of the depression 
of the pseudo dusk is ∆a2 = 2.96˚ ± 1.16˚ (the range of the pseudo dusk is mean 
+ 1SD = 4.3˚). This means that the astronomical twilight altitude 18˚ is easily 
around the end of the pseudo dusk which is the beginning of the full night. This 
result agrees with Rozenberg (1966) stating verbally “the transition to night is 
usually complete when the sun is depressed between 17˚ and 19˚ below the ho-
rizon”. Accordingly, the full night begins after a sun vertical depression of 18˚ 
which is characterized by no change in the light magnitude. The interval of alti-
tude depression for the full night values under the study is ∆a3 ≈ 8.4˚ (mean 
+2SD) showing the total time interval of the observed full night. The light mag-
nitude values of the pseudo dusk is limited between the values of m1 (19.63m ± 
0.92) and m2 (19.77m ± 0.93). 

 
Table 5. The beginning and end of the true and the pseudo dusk in terms of the light 
magnitude mij (mag./arcsec2) and the altitude of the sun below the horizon (aij). 

Dusk Begin of True dusk Begin of pseudo dusk End of Pseudo dusk 

Date m1 a1 m12 a12 m23 a23 

15-06-2007 20.95 −14.213 20.9 −14.665 21 −17.38 

13-8-2007 21.42 −14.69 21.4 −15.172 21.49 −18.53 

4-9-2007 20.91 −12.85 20.96 −13.31 21.99 −18.72 

27-10-2007 19.09 −15.34 19.7 −15.821 19.73 −17.26 

11-1-2008 19.2 −14.42 19.51 −14.866 19.58 −18.11 

29-12-2007 18.7 −13.6 18.62 −14.10 19.60 −18.2 

12-1-2008 19.2 −14.33 19.5 −14.797 19.45 −17.116 

9-2-2008 19.23 −13.003 19.5 −13.487 19.68 −16.87 

22-3-2008 19.13 −14.938 19.2 −15.422 20.45 −18.32 

23-3-2008 19.13 −14.938 19.2 −15.422 19.48 −17.93 

5-4-2008 18.95 −13.97 19.1 −14.454 19.36 −17.84 

6-4-2008 19.13 −14.938 19.2 −15.422 19.13 −16.87 

Mean 19.63 −14.38 19.78 −14.86 20.06 −17.80 

SD 0.92 0.91 0.87 0.91 0.927 0.697 
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Table 6. The measured values of the pseudo dusk and the full night light magnitudes mi 
(mag./arcsec2) of the sun altitude intervals (∆ai). 

Dusk Pseudo dusk limit Full night after the pseudo dusk 

Date ∆a2 m2 ∆a3 m3 

15-06-2007 2.71 20.99 ± 0.036 3.14 21.997 ± 0.0138 

13-8-2007 3.36 21.47 ± 0.03 5.75 22.42 ± 0.06 

4-9-2007 5.36 20.95 ± 0.023 4.49 22.03 ± 0.109 

27-10-2007 1.44 19.7 ± 0.0216 6.25 21.467 ± 0.067 

29-12-2007 4.58 18.62 ± 0.0627 2. 8 19.66 ± 0.03 

11-1-2008 3.71 19.46 ± 0.0886 5.55 20.237 ± 0.026 

12-1-2008 2.32 19.42 ± 0.072 6.48 20.215 ± 0.022 

9-2-2008 3.39 19.46 ± 0.113 4.84 20.22 ± 0.011 

22-3-2008 2.50 19.31 ± 0.173 3.87 20.23 ± 0.022 

23-3-2008 2.50 19.33 ± 0.17 3.87 20.24 ± 0.031 

5-4-2008 3.39 19.26 ± 0.16 7.46 20.25 ± 0.045 

6-4-2008 1.45 19.26 ± 0.177 4.35 20.27 ± 0.054 

Mean 3.06 19.77 5.15 20.77 

SD 1.16 0.87 1.37 0.93 

Variance  0.758  0.865 

 
In the same way, the light magnitude values for the end of the pseudo duskm23 

(20.06m ± 0.93) is a boundary point between the end of the pseudo dusk and the 
beginning of the full night m3 (20.77m ± 0.93) representing a depression at which 
the darkness increases as much as 0.71m.  

Also from Table 6, it is noticed that, the values of variance are relatively close 
to each other and ranging from 0.76m to 0.86m in both the pseudo dusk (m2) and 
the full night (m3), which indicates the state of stability. On the other hand, in 
the case of the pseudo dusk, the light detected is just the zodiacal light, which 
glows the atmosphere creating a hierarchical shape that disappears afterwards 
when the earth moves around the sun. The difference in magnitude between the 
zodiacal light (pseudo dusk) and the full darkness is about one magnitude 
(20.77m ± 0.87 to 19.77m ± 0.93). The standard deviation (SD) of the observation 
days of the pseudo dusk (m2) ranges from 0.023m to 0.177m, which expresses the 
greatest stability for each single night for that light region, while the values of the 
full night (m3) range from 0.011m to 0.109m. 

3.2. For the Morning Twilight 

Figures 6-9 show the relation between the light magnitude (mag./arcsec2) and 
the altitude of the sun (a) below the horizon for different stages of the morning 
twilight from the full night to the sunrise on different days and at different plac-
es in Malaysia. Generally, these figures show the existence of three light regions  
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Figure 6. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun for 
different time interval of the morning twilight for the full night, the pseudo-dawn (zodiacal light) 
and the true dawn on 10th November 2007 in Kuala Lipis. 

 

 
Figure 7. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun for 
different time interval of the morning twilight for the full night, the pseudo-dawn (zodiacal light) 
and the true dawn on 29th December 2007 in Kuala Lipis. 

 
which are characterized in terms of light intensity from the full night around 18˚ 
of sun vertical depression until the sunrise. 

Figure 9 shows clearly that the zodiacal light (pseudo-dawn) has a hierarchic-
al shape which appears after the full night on April 7 and that the optical inten-
sity changes during the zodiacal light and darkness and does not return back to 
the same value. This pattern does not appear clearly every day. The brightness  
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Figure 8. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun 
for different time interval of the morning twilight for the full night, the pseudo-dawn (zodiacal 
light) and the true dawn on 11th January 2008 in Kuala Lipis. 

 

 
Figure 9. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun 
for different time interval of the morning twilight for the full night, the pseudo dawn (zodiacal 
light) and the true dawn on 7th April 2008 in Port Klang. 

 
and the area of the pseudo dawn vary daily and are not constant. There is a 
range of about 0.6m in the amount of light magnitudes in some nights due to the 
difference in the atmosphere luminance between winter and summer, which is 
in turn due to the difference in temperature and humidity between each of them. 

Figure 10 shows the relation between the light magnitude (mag./arcsec2) and 
altitude (a) of the sun for different stages of the morning twilight from full night  
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Figure 10. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the 
sun for different time interval of the morning twilight for the full night, the pseudo-dawn 
(zodiacal light) and the true dawn for all days of observation. 
 
to the sunrise for all observation days. It is very clear that the change in the total 
night light before the pseudo dawn is very slight around 22m and the full hierar-
chical shape of the pseudo dawn does not occur every day, while the rest cases of 
the pseudo dawn look as a transverse line that remains generally for four degrees 
between sun altitudes −14.5˚ and −18.5˚.  

Table 7 represents the values of the light magnitude (mag./arcsec2) and the 
depression of the sun (a) for all of the beginning and end of the true dawn (m6) 
and pseudo dawn (m5) for all of the observation days. From this table, the light 
magnitude of the beginning of the pseudo dawn is 21.48m ± 0.282, of the end of 
pseudo dawn is 21.21m ± 0.33 and of the beginning of the true dawn is 21.22m ± 
0.25. The corresponding values of the altitudes of the sun (a) of these levels are: 
−19.19˚ ± 0.78˚, −14.76˚ ± 0.41˚ and −14.19˚ ± 0.52˚ respectively. The high con-
fidence for the true dawn which can be calculated from (mean +SD) is −14.71˚.  

Table 8 represents the full night altitude and magnitude limits (∆a4 andm4) 
and pseudo dawn altitude and magnitude limits (∆a5 and m5) as well, where ∆ai 
represents the range of the altitude depression values and mi represents the light 
magnitude for the corresponding light regions. The difference in magnitude be-
tween the zodiacal light (pseudo dusk) and the full darkness is about one mag-
nitude (from 20.77m ± 0.87 to 19.77m ± 0.93). The standard deviation (SD) of the 
observation days of the pseudo dawn (m5) ranges from 0.055m to 0.329m which  
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Table 7. The beginning and end of the true and the pseudo dawn in terms of light mag-
nitude mij (mag./arcsec2) and sun vertical depression (aij) below the horizon on the days 
of observation. 

Dawn Beginning of pseudo dawn End of pseudo dawn Beginning of true dawn 

Date m45 a45 m56 a56 m6 a6 

8-5-2007 21.46 −18.81 21.37 −15.06 21.26 −14.595 

10-11-2007 21.68 −19.34 21.11 −14.56 20.86 −14.079 

29-12-2007 21.47 −17.17 21.37 −15.06 20.9 −14.595 

11-1-2008 21.44 −17.57 21.33 −14.33 21.17 −13.864 

9-2-2008 21.87 −19.5 21.26 −14.60 21.17 −13.419 

22-3-2008 21.51 −18.81 21.41 −14.48 21.38 −13.97 

23-3-2008 21.51 −18.81 21.41 −14.48 21.38 −13.97 

7-4-2008 20.88 −18.93 20.44 −15.53 21.62 −15.065 

Mean 21.48 −18.62 21.21 −14.76 21.218 −14.195 

SD 0.282 0.82 0.33 0.412 0.2535 0.52145 

 
Table 8. The full night interval and pseudo dawn limit of light magnitude mi (mag./arcsec2) 
and the sun vertical depression (a) below the horizon on the days of observation. 

Dawn Full night Pseudo dawn limits 

Date ∆a4 m4 ∆a5 m5 

8-5-2007 10.17 22.133 ± 0.033 3.748 21.405 ± 0.055 

10-11-2007 6.85 22.133 ± 0.033 4.78 21.384 ± 0.16 

29-12-2007 10.66 22.133 ± 0.033 2.111 21.41 ± 0.037 

11-1-2008 11.89 22.13 ± 0.031 3.24 21.368 ± 0.057 

9-2-2008 9.71 22.133 ± 0.033 4.908 21.539 ± 0.221 

22-3-2008 10.17 22.14 ± 0.035 4.333 21.484 ± 0.092 

23-3-2008 9.63 22.14 ± 0.035 4.333 21.477 ± 0.09 

7-4-2008 9.11 22.43 ± 0.053 3.4 20.647 ± 0.329 

Mean 9.77 22.17 3.856 21.34 

SD 1.44 0.036 0.930 0.285 

Variance  0.001296  0.0816 

 
expresses the greatest stability for each single night for that light interval, while 
the values of the full night were (m4) are from 0.031m to 0.053m. This means that 
the stability in the full night is relatively higher in the case of pseudo dawn be-
cause of the increase of the radiation reflected from the light of the zodiacal 
light, especially from the asteroids belt between Mars and Jupiter (Reach 1997). 
The lowest stability in the pseudo dawn area appeared on 8th May 2007 and April 
7, 2008 because these two days had the hierarchical shape of the pseudo dawn as 
shown in Figure 9. The light magnitude values on 7th April 2008 for the full 
night is 22.43m ± 0.053 as shown in Figure 9 and Table 8, which indicates the 
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highest value of darkness during the observation period. Therefore, the condi-
tion of appearance of the hierarchical shape during the pseudo dawn appears in 
the very dark nights. The mean value of light magnitude at full night is larger 
than that of light magnitude of the pseudo dawn (22.17m ± 0.036 > 21.34m ± 
0.285). The difference in the sun vertical depression between the beginning and 
the end of the pseudo dawn Δa is about 4˚, while the deference between the be-
ginning of the pseudo and the true dawns is about ≈4.5˚. The difference in light 
magnitude of the zodiacal light interval (pseudo dawn) is about 0.83m (from 
22.17m ± 0.036 to 21.34m ± 0.285), which represents the difference between the 
mean values of the magnitudes of the full night and the pseudo dawn. Also, from 
Table 8, it is noticed that the values of the variance for both the pseudo dawn 
(m5 = 0.0816m) and the full night (m4 = 0.0013m) are different from each other, 
which represents a remarkable change. This indicates that the stability in the 
darkness in the case of the full night is much higher than in the case of the 
pseudo dawn.  

3.3. Comparison between the Results of the Evening and the  
Morning Twilight 

Figure 11 and Table 5 show the different stages of the light magnitude from 
sunset to sunrise for the evening twilight of 22nd March 2008 followed by the 
morning twilight of 23rd March 2008. It is noticed that the pseudo dusk on 22nd 
March 2008 is clearly discriminated from the rest of the days during the sun ver-
tical depression range of −14.5˚ < a < −18.8˚. Similarly, Figure 12 shows the dif-
ferent stages of light magnitude from sunset to sunrise at the evening twilight of 
6th April 2008 followed by the morning twilight of 7th April 2008. Finally, Figure 
13 shows the different stages of light magnitude from sunset to sunrise at the  
 

 
Figure 11. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun 
for different time intervals from sunset to sunrise at the evening of 22nd March 2018 followed by 
the morning of 23rd March 2018. 
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Figure 12. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun for 
different time intervals from sunset to sunrise at the evening of 6th April 2018 followed by the 
morning of 7th April 2018. 

 

 
Figure 13. The relation between the light magnitude (mag./arcsec2) and altitude (a) of the sun for 
different time interval from sunset to sunrise at the evening followed by the morning of total days 
under the study. 
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rounding about −18˚. The full night before the pseudo-dawn is more stable than 
the full night after the pseudo-dusk. 

3.3.1. Comparison between the True Dusk and the True Dawn  
Figure 14 shows that the decrease rate of the light magnitude by altitude change 
(dm/da)1 for the true dusk is 0.827 (mag·arcsec−2·degree−1), while that for the 
true dawn (dm/da)6 is 0.942 (mag·arcsec−2·degree−1). This means that the rate of 
increase of light magnitude at true dawn is greater than the light magnitude rate 
of decrease at true dusk by 12.2%. This can be interpreted in terms of the high 
temperature in the dusk compared to the dawn and the consequent increase in 
the radiation energy of the atmosphere in the dusk compared to dawn at the 
same interval of altitude of the sun (between 0˚ and 14˚). The relation between 
the light magnitude (m1) of the true dusk and the altitude of the sun (a1), and 
light magnitude (m6) of the true dawn and altitude of the sun (a6) can be ex-
pressed in the following empirical relations: 

For the dusk: 

1 19.3519 0.8271m a= −                        (1) 

with a correlation coefficient CC = 0.957 
For the dawn: 

6 69.3276 0.942m a= −                        (2) 

with a correlation coefficient CC = 0.941 
 

 
Figure 14. The rate of the decrease of the light magnitude by altitude change (dm/da)1 for 
the true dusk and the increase the light magnitude by altitude change (dm/da)6 for the 
true dawn respectively for the days of observation. 
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Generally, the constants 9.35m and 9.32m represents the light magnitude at 
sunset and sunrise respectively, which indicates that there is a slight difference in 
the light magnitude between sunrise and sunset, which means that the selected 
areas for observation are typical.  

3.3.2. Comparison between the Pseudo Dusk and the Pseudo Dawn  
Table 5 and Table 7 showed the comparison between the end of the pseudo 
dusk and the beginning of the pseudo dawn in terms of the light magnitude val-
ues and the depression of the sun under the horizon. The beginning of the pseudo 
dusk occurs at light magnitude value 19.78m ± 0.87 and sun altitude −14.86˚ ± 
0.91˚, while the end of the pseudo dawn occurs at light magnitude value 21.48m 
± 0.28 and sun altitude −14.76˚ ± 0.41˚. On the other hand, the end of the pseu-
do dusk occurs at light magnitude value is 20.06m ± 0.927 and sun altitude 
−17.8˚ ± 0.697˚, while the beginning of the pseudo dawn occurs at light magni-
tude value 21.21m ± 0.25 and sun altitude −18.48˚ ± 0.28˚. This means that the 
phenomenon of the twilight is reversible for both of its sides around the sun al-
titude value of −18˚ (astronomical twilight). The hierarchical shape is clearer in 
the case of the pseudo dawn than in the case of the pseudo dusk (see Figure 11 
and Figure 12). This is due to the stability of the weather condition, which is 
higher in the case of the pseudo dawn than in the case of the pseudo dusk. 

3.3.3. Comparison between the Full Night after the Pseudo Dusk and Full  
Night before the Pseudo Dawn  

It is clear that from Table 6 and Table 8 of the total days that the full night be-
fore the morning twilight (m4 = 22.17m ± 0.036) is more stable than that after the 
evening twilight (m3 = 20.77m ± 0.93). This appears in the values of the standard 
deviation (SD), whose value of the dawn is less than that of the dusk (0.036 < 
0.93). The difference of the light magnitude for the full night after the pseudo 
dusk (∆m3 = 2SD = 1.86m) is greater than that before the pseudo dawn (∆m4 = 
2SD = 0.072m). The difference in the light magnitude values between the full 
night and the pseudo dusk is 1m (19.77m - 20.77m), while that between the full 
night and the pseudo dawn is 0.83m (22.17m - 21.34m).  

Table 9 and Figure 15 represent the final outcome of the morning and even-
ing twilight against the altitude of the sun. By comparing our results with the 
results of previous researches shown in Table 1, we can see a high compatibility. 
The difference is one degree between the end of the pseudo dusk (−17.66˚ ± 
0.83˚) and the beginning of the pseudo dawn (−18.62˚ ± 0.82˚). It is clearly no-
ticed that the first light appearing in the dawn of Miethe and Lehmann (1909) in 
Aswan was at 17.35˚, which is the beginning of the pseudo dawn. This agrees 
with our results (−17.66˚ ± 0.83˚).  

3.3.4. Comparison between the Major Levels of the Twilight Magnitude  
at −6˚, −12˚ and −18˚ of the Evening and the Morning Twilight 

Table 10 and Table 11 represent the major levels of the twilight magnitude 
(mag./arcsec2) of the dusk and the dawn for the sun altitudes −6˚, −12˚ and −18˚  
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Table 9. The final outcome of the morning and evening twilight against the altitude of 
the sun. 

True dusk (−14.38˚ ± 0.91˚) 
Beginning of the pseudo 
dusk (−14.86˚ ± 0.91˚) 

End of the pseudo dusk 
(−17.8˚ ± 0.7˚) 

True dawn (−14.19˚ ± 0.52˚) 
End of the pseudo dawn 

(−14.76˚ ± 0.41˚) 
Beginning of the pseudo 
dawn (−18.62˚ ± 0.82˚) 

 
Table 10. The major level of the evening twilight magnitude m (mag./arcsec2) from sun-
set (at a = −0.76˚ ± 0.21˚) until the end of the twilight. 

Dusk Sunset −6˚ −12˚ −18˚ 

Date m m m m 

15-06-2007 9.65 14.6 20.09 21.5 

13-8-2007 10.47 15.33 20.72 21.5 

12-1-2008 9.29 15 18.9 20.2 

9-2-2008 9.29 16.45 19.13 20.22 

22-3-2008 9.46 12.7 18.55 19.7 

23-3-2008 10.47 12.7 18.55 19.6 

5-4-2008 9.98 13.65 18.33 20.32 

6-4-2008 9.98 12.7 18.55 20.33 

7-4-2008 10.47 14.6 20.09 20.94 

Mean 9.89 14.192 19.212 20.48 

SD 0.498 1.34 0.867 0.695 

 
Table 11. The major levels of the morning twilight magnitude m (mag./arcsec2) until su-
nrise (at a = −0.83˚ ± 0.06˚). 

Dawn Sunrise −6˚ −12˚ −18˚ 

Date m m m m 

8-5-2007 9.90 13.90 20.20 21.40 

10-11-2007 9.33 12.40 19.50 21.43 

29-12-2007 9.90 13.90 20.30 22.10 

11-1-2008 9.33 13.97 20.44 22.10 

9-2-2008 9.90 13.90 20.30 21.75 

22-3-2008 9.90 16.70 21.11 21.63 

23-3-2008 10.94 16.06 21.11 21.63 

7-4-2008 10.94 17.60 21.36 20.50 

Mean 10.02 14.80 20.54 21.567 

SD 0.621 1.7694 0.614 0.506 
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Figure 15. The mean values of the final outcome of the morning and the evening twilight 
sequences against the altitude of the sun. 
 
representing the borders of the twilight types on the days of observation. We 
observed an increase in the light magnitude by the decrease of the sun altitude. 
Comparing the results of the major levels of twilight magnitude of the dusk be-
tween Table 10 (14.19m ± 1.34, 19.12m ± 0.86 and 20.48m ± 0.69) and Table 2 
(12.42m, 19.03m and 21.79m), we can see that the difference between our study 
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in Table 10. The SD values of magnitude for the morning twilight at the same 
depression are 1.77m, 0.614m and 0.506m as shown in Table 11.  

4. Future Work and Remarks 

We have not yet been able through photometric observations to determine the 
time period, the corresponding magnitude (mag./arcsec2) and the vertical de-
pression under the horizon between the end of the pseudo dawn and the begin-
ning of the true dawn (which is within one degree). We just detected a darkness 
time interval as a function of difference in altitude of the sun of about one de-
gree (between 15.5˚ and 14.5˚) between the end of the pseudo dawn and the be-
ginning of the true dawn. This period was observed in the observations of Riyadh 
in Saudi Arabia [10] as well as the observations of Wadi Al Natroun in Egypt 
[21]. Therefore, we would like to encourage the researchers, observers and the 
interested people in this field to achieve this task. Also, there must be a time lack 
between the beginning of the true dusk and the beginning of the pseudo dusk as 
is the case of the dawn. The time interval between the pseudo and true dusk and 
dawn should not be less than half minute. We need more eye and photometric 
observation for the pseudo dusk in different clean desert areas. It is clear from all 
of the researches that the eye observations are more accurate than the available 
devices so far. We also need more photometric research to find out the appro-
priate weather conditions in which the hierarchical shape of pseudo dawn and 
pseudo dusk appear. So far, the eye observations show some phenomena by dif-
ferent devices. Thus, the ability of the eye to differentiate between the colors ex-
ceeds any other device, which agrees the results of [3] and [27].  

5. Conclusions and Remarks  

Based on the aspect that each light region in the twilight has its own characte-
ristics that distinguish it from other light regions, we have got the following re-
sults:  

1) The full night sky magnitude after the pseudo dusk is 20.77m ± 0.93 with a 
variance 0.865m, while the full night sky magnitude for pre-pseudo dawn is 
22.17m ± 0.104 with a value of variance 0.0108m. The full night sky before the 
pseudo dawn is more stable than the full night after the pseudo dusk.  

2) The pseudo dusk boundary values of the altitude of the sun are from a = 
−17.8˚ ± 0.7˚ to a = −14.86˚ ± 0.91˚ with a variance of light magnitude of 
0.758m. The pseudo dawn boundary values of the altitude of the sun are from 
a = −18.62˚ ± 0.82˚ to a = −14.76˚ ± 0.41˚ with a variance of the light mag-
nitude of 0.0816m.  

3) Generally, the astronomical twilight (18˚) is considered as the end of the 
pseudo dusk and the beginning of the pseudo dawn.  

4) The beginning of the true dusk is at 19.63m ± 0.92 and a = −14.38˚ ± 0.91˚ 
(the high confidence value is 15.29˚), while the beginning of the true dawn is at 
21.22m ± 0.25 and a = −14.19˚ ± 0.52˚ (the high confidence value is −14.71˚).  
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5) The major levels of the light magnitude for the civil, the nautical and the 
astronomical evening twilight are at 14.19m ± 1.34, 19.12m ± 0.86, and 20.48m ± 
0.69 respectively, while the major levels of the light magnitude for the civil, the 
nautical and the astronomical twilight for the morning twilight are at 14.80m ± 
1.77, 20.54m ± 0.61, and 21.56m ± 0.50 respectively.  

6) The light magnitude values are higher for the dawn than for the dusk at the 
major twilight types (civil, nautical and astronomical) by 0.5m, 0.75m and 1m re-
spectively. The increase rate of the light magnitude for the true dawn is higher 
than the light magnitude decrease rate for the true dusk by 12.2% for the same 
altitude interval.  

7) There is a similarity between the morning and the evening light regions of 
the pseudo dawn, the pseudo dusk, the true dawn and the true dusk. The sym-
metry is complete in case of air temperature equality between the dusk and the 
dawn. 

8) The full hierarchical shape of the pseudo dusk or the pseudo dawn does not 
occur regularly. The difference in the light magnitude of the zodiacal light for 
the pseudo dusk is about 1m and for the pseudo dawn is 0.83m. 

The results of this work agree with that resulted by Miethe and Lehmann [4], 
Patat et al. [8] and our previously published work (Table 1), which assure the 
precision of the aspects, the observations and the analyses carried out in those 
articles.  
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Abstract 
Some solutions for the diffusion phenomenon as a function of time and space 
are reviewed. Two new solutions of the homogeneous diffusion equation in 
1D and 2D are derived in the presence of an existing fixed number of par-
ticles. The initial conditions which allow deriving a power law behavior for the 
energy of the cosmic rays (CR) are derived. The superposition of transient 
diffusive phenomena on an existing power law distribution for the energy of 
CR allows simulating the knee, the second knee, and the ankle. 
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1. Introduction 

We will briefly review the meaning of typical features of Cosmic Rays (CR). Af-
ter their discovery in 1912 by Hess [1], this term started to appear in [2] [3] [4] 
[5]. The term “solar modulation” is connected with the solar activity and its 
11-year cycle; this term was introduced by [6] followed by [7] [8] and an exam-
ple is visible in Figure 6 in [9]. The solar modulation of low energy CR, as an 
example 0.32 GeV, can decrease the intensity by a factor of ≈20, see Figure 5 in 
[10]. The term “knee” in the CR energy distribution was introduced for the first 
time in 1961 by [11] and subsequently widely used, see as an example [12] [13] 
[14] [15]. The term “ankle” refers to a change in the energy distribution of CR at 
≈107 TeV; this term was introduced in 1996 by [16] followed by [17] [18]. The 
term “galactic cosmic rays” was introduced by Compton [19] in order to predict 
asymmetries in the intensities of CR due to the motion of our sun with a velocity 
of 300 km/sec, which now is taken to be 230 km/s; this trend continued with [20], 
who introduced the scattering due to the stars and with [21] [22] where the ra-
dio-emission of our galaxy radiation was supposed to be due to the gyration of 
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CR around magnetic fields. The term “extra-galactic cosmic rays” was intro-
duced by Burbidge [23] where CR with energies between 1018 eV and 1020 eV are 
supposed to be accelerated in the clusters of galaxies; [24] estimated the rate of 
CR production by extra-galactic sources as well as by active galaxies, [25] sug-
gested that CR were accelerated by galactic and extra-galactic supernovae. The 
first models for the acceleration of CR were assumed to be the encounters of re-
lativistic particles with astrophysical clouds [26], followed by the presence of 
plasma oscillations [27], the interaction with hydro-magnetic waves [28] and the 
resonance with magneto-hydrodynamic waves [29]. The term “diffusion of cos-
mic rays” was introduced by [30], where bursts of CR occurring randomly in 
time instead of continuously were adopted. The research on diffusion then con-
tinued; we select some approaches, among others: the statistical homogeneity 
and isotropy of the magnetic fluctuations were analysed in [31], the anisotropic 
diffusion of CR in the interplanetary medium due to the irregular spiral inter-
planetary magnetic field [32], the ordinary diffusion tensor [33], the presence of 
a magnetic barrier in interplanetary space [34], the existence of magnetic fields 
from meteor streams [35], an anisotropic-diffusion approximation [36], 3D ran-
dom walk of the interstellar magnetic field lines [37], an analytic expression for 
the power spectrum, ( )P k , [38], the modulation of CR by an interplanetary 
shock wave [39], time profiles in the intensity of solar CR at various distances 
from the source as a function of the ratio of the mean free path to the focusing 
length of the interplanetary field [40], solution of the diffusion equations adopt-
ing realistic models of the galactic field and using diffusion coefficients appro-
priate for strong turbulence [41], the computation of the perpendicular diffu-
sion coefficients and mean free paths of particles for an anisotropic Alfvénic 
turbulence spectrum, [42], asymmetric diffusion in the presence of high-amplitude 
magneto-hydrodynamic turbulence [43], a two-component model for the evo-
lution of fluctuations of solar wind plasma [44] and anomalous transport phe-
nomena associated with galactic CR propagating through interstellar space [45]. 
The present paper reviews the existing situation of the solutions of the diffu-
sion equation and derives two new solutions in 1D and 2D, see Section 2. The 
astrophysical applications to CR allow building an energy spectrum similar to 
the observed one, and simulate the knee, the second knee and the ankle, see 
Section 3. 

2. Transient Diffusion 

This section reviews the definition of the diffusion coefficient, Fick’s second law 
for diffusion, the impulsive 1D, 2D and 3D solutions, introduces two new solu-
tions (2D and 3D) for the impulsive case in the presence of an existing fixed pro-
file and reviews the diffusion internal to a ball when the density on the boundary 
is constant over time. 

2.1. The Diffusion Coefficient 

The dependence for the mean square displacement, ( )2R t , according to Equa-
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tion (8.38) in [46] is  

 ( ) ( )2 2 ,R t dDt t= →∞                      (1) 

where d is the number of spatial dimensions. From Equation (1), the diffusion 
coefficient is derived in the continuum:  

 ( )
2

.
2
RD t
dt

= →∞                         (2) 

Using discrete time steps, the average square radius after N steps, Equation 
(12.5) in [46], is  

 ( )2 2 ,R N dDN                        (3) 

from which the diffusion coefficient is derived:  

 
( )2

.
2

R N
D

dN
=                         (4) 

If ( )2  R N N , the diffusion coefficient is  

 1 ,
2 trD v
d
λ=                          (5) 

when the step length of the walker or mean free path between successive colli-
sions is λ  and the transport velocity is trv . 

2.2. Fick’s Second Law  

Fick’s second law in 3D states that a change in concentration, N, in any part of 
the system is due to an inflow and an outflow of material into and out of that 
part of the system  

 
( )

( ) ( ) ( )

2

2 2 2

2 2 2

, , ,

, , , , , , , , , ,

N x y z t D N
t

D N x y z t N x y z t N x y z t
x y z

∂
= ∇

∂
 ∂ ∂ ∂

= + + ∂ ∂ ∂ 

     (6) 

where D is the diffusion coefficient, t is the time and 2∇  is the Laplacian oper-
ator. 

2.3. 1D Case, Impulsive Injection 

In 1D, Fick’s second law is  

 ( ) ( )
2

2, , , , , , ,N x y z t D N x y z t
t x

 ∂ ∂
=  ∂ ∂ 

                (7) 

and a first solution is of Gaussian type  

 ( )

2

4e, ,
2

x
DtNN x t

Dt

−

=
π

                         (8) 

where N i dt= ×  is the total number of particles injected in the time dt and i 
the rate of particles injected at the centre. 
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At position x the concentration has a maximum at maxt t=  where  

 
2

max .
2
xt
D

=                             (9) 

Figure 1 reports the number of particles for different times. 
A second solution is given by  

 ( )
0erfc

2, ,
2

xN
DtN x t

 
 
 =                     (10) 

where 0N  is the concentration at ( )0,0N , ( )erfc x  is the complementary 
error function defined by  

 ( ) ( )erfc 1 erfx x= −                        (11) 

and ( )erf x  is the error function [47]. Figure 2 reports a comparison of the two 
solutions here analysed.  

2.4. 2D Case, Impulsive Injection 

In 2D, Fick’s second law in polar coordinates is  

 
( )

( ) ( )
2

2

,
, , .

N r t
rD N r t N r t

r tr

∂ 
 ∂ ∂∂ + = 

∂∂  
 

            (12) 

A solution in the impulsive case is  
 

 
Figure 1. Number of particles as function of the distance (pc) for different times (years) 

as in the legend when 1N =  and 
2pc1 

yr
D = .  
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Figure 2. Number of particles as function of the distance (pc) for the Gaussian solution 

when 1N = , 
2pc1 

yr
D =  (green line), and for the error solution solution when 0 1N = , 

2pc1 
yr

D =  (red line).  

 

 ( )

2

4
0e

,
4

r
DtN

N r t
Dt

−

π
=                       (13) 

where 0N  is the number of particles injected in the time dt. The concentration 
as a function of r has a maximum at maxt t=  where  

 
2

max .
4
rt
D

=                          (14) 

2.5. 3D Case, Impulsive Injection 

In 3D, Fick’s second law in spherical coordinates is  

 
( )

( ) ( )
2

2

2 ,
, , ,

N r t
rD N r t N r t

r tr

 ∂  
  ∂ ∂∂  + =

∂∂ 
 
 

          (15) 

which has a solution  

 ( )
( )

2

4
0

3
2

4e
, ; ,

16

r
DtN

N r t D
Dt

−

π
=                    (16) 
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where 0N  is the number of particles injected at 0t =  and 0r = . Once the 
radius of the sphere, r is fixed, the maximum of the number of particles is at 
time  

 
2

max .
6
rt
D

=                            (17) 

2.6. 1D Case, Existing Profile 

We now solve Fick’s second law in 1D as given by Equation (7) over the spatial 
domain [ ]0, L  in the presence of an existing profile (the initial condition) in 
the number of particles  

 ( ) 0,0 e
xs
LN x N

−
=                         (18) 

where s is an adjustable parameter and 0N  the number of particles at 0x = .  

The boundary conditions are assumed to be ( )0, 0u t
x
∂

=
∂

 and 
 

( ), 0u L t
x
∂

=
∂

 and the solution is  

 ( )
( ) ( )( )

2 2

2

0
0

2 2 2
1

2cos e e 1 1e 1
,

D n t
nsLs

n

n x sNN Lu x t
s n s

−
−

−
∞

π

=

π

π

   − − −   = − + − + 
 
 

∑ . (19) 

Figure 3 reports the number of particles for different times. 
 

 
Figure 3. Number of particles in the case of an existing profile as function of the distance 

(pc) for different times (years) when 0 1N =  for different times as in the legend 
2pc1 

yr
D = .  
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2.7. 2D Case, Existing Profile 

We now solve Fick’s second law in 2D, which is  

 ( ) ( ) ( )
2 2

2 2, , , , , , ,N x y t D N x y t N x y t
t x y

 ∂ ∂ ∂
= + ∂ ∂ ∂ 

           (20) 

assuming the following profile of density at 0t =   

 ( ) ( )( )
4, ,0 ,

x L x L y y
N x y

L
− −

=                  (21) 

where L is the side of the square. The boundary conditions are assumed to be 
( )0, , 0N y t = , ( ), , 0N L y t = , ( ),0, 0N x t =  and ( ), , 0N x L t =  and the solu-

tion is  

( )
( )

( ) ( ) ( )( )
2 2 2

2

3 6 3
1 1

, ,

16sin sin e 1 1 1 1
.

D t m n
m n m nL

m n

N x y t

n x m y
L L

m n

π +
− +

∞ ∞

= =

 
π π    − − + − + − −       = − 

π 
  
 

∑∑
(22) 

An example is reported in Figure 4.  

2.8. 3D Case, in the Ball 

The propagation of the temperature in a ball has been investigated, see  
https://www.math.hmc.edu/ajb/PCMI/lecture_schedule.html, and due to the anal-
ogy between the heat equation and the diffusion equation, we adopt the same  
 

 

Figure 4. Number of particles as function of x and y when 51.15 10 yrt = × , 
2

2 pc10
yr

D −=  

and 10m n= = .  
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solution. The variable are: the radius of the ball, a, the variable radius, r, the ini-
tial number of particles in the ball, bN , the boundary number of particles which 
is constant with time, 0N , the diffusion coefficient, D, and the index of the 
Fourier series, n. The solution to Equation (6) is  

 ( )

( )
( )

2 2

21

0
1

1 e sin
2 2

, .

Dn t
n a

b
n

b

n r
aN N a

n

N r t N
r

−+
π

∞

=

   −    −

π

 
 
 
 +

π
=

∑

     (23) 

Figure 5 reports an example of the time necessary to fill the ball.  

3. Astrophysical Applications 

In the following, the space is expressed in pc and the time in years. 

3.1. The Relativistic Gyroradius 

The relativistic gyroradius or Larmor radius is  

 ,H
mc vr

qB
γ ⊥=                          (24) 

where m is the mass of the particle, c is the speed of light,  

 
2

2

1 ,

1 v
c

γ =

−

                         (25) 

 

 
Figure 5. Number of particles as function of r and t as reported in the legend when 

2
1 pc10

yr
D −= , 0 1000N = , 1bN = , 100 pca = , and 200 iterations.  
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is the Lorentz factor, v is the velocity of the particle, q is the charge of the par-
ticle, B is the magnetic field and v⊥  is the velocity perpendicular to the mag-
netic field, see formula (1.54) in [48] or formula (7.3) in [49]. In the case of CR 
we express the Larmor radius in pc  

 
6

GeV 15

6 6

1.081 10 1.081
pc ,L

E E
r

ZB ZB

−

− −

×
= =                (26) 

where Z is the atomic number, GeVE  is the energy expressed in GeV, 15E  is 
the energy expressed in 1015 eV, and 6B−  is the magnetic field expressed in 10−6 
gauss, see [50]. On assuming that the CR diffuse with a mean free path equal to 
the relativistic gyroradius, the transport velocity is equal to the speed of light and 

3d = , the diffusion coefficient according to Equation (5), is  

 
82 2

15 GeV

6 6

0.055134 5.5134 10pc pc .
year year

E E
D

ZB ZB

−

− −

×
= =         (27) 

3.2. Cosmic Rays 

The observed differential spectrum of CR according to [51] [52] [53] [54] is re-
ported in Figure 6 in the H case ( HI ).  

Flux of H versus energy per nucleus in Gev: experimental data (empty stars) 
and theoretical power law (full line), see Figure 6. 

From this fit it is possible to derive an approximate behaviour for the H inten-
sity in the range [5 GeV - 3.93 × 105 GeV]:  

 ( )
2.74

4
2

nucleons1.24 10 .
1 GeV m s GeV srH

EI E
−

 
≈   ⋅ ⋅ ⋅ 

           (28) 

 

 
Figure 6. Flux of H versus energy per nucleus in Gev: experimental data (empty stars) 
and theoretical power law (full line).  
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3.3. The Spectral Index 

In the 3D impulsive case, see solution (16), the ratio between the two values of 
concentration characterized by minD  and maxD  is  

 
( )
( )

( )2
max min

min max

3
4 2

min max
3

max 2
min

, ; e
.

, ;

r D D
D tDN r t D D

N r t D
D

−
−

=                (29) 

This ratio can be parametrized as  

 
( )
( )

min

max

, ; 1 ,
, ; 1000

N r t D
N r t D

=                      (30) 

which means a spectral index in the differential number of CR 3α = − . The so-
lution of the above equation when min 0.02D = , max 0.2D =  and 0 1N =  is  

 21.0857 ,t r=                         (31) 

and Figure 7 reports this relation. The behaviour of the spectral index as a func-
tion of the time can be easily evaluated:  

 
( )
( )

min
10

max

, ;
log ,

, ;
N r t D
N r t D

α
 

=   
 

                  (32) 

see Figure 8. 
This figure shows that diffusion alone does not produce a stable spectral index 

of CR. 
 

 
Figure 7. The locus of time versus distance, r, for which the 3D diffusion from a point 

gives ( )
3

1 GeVH
EI E

−
 

∝  
 

 when min 0.02D = , max 0.2D =  and 0 1N = .  
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Figure 8. The spectral index which characterizes the impulsive 3D diffusion from a point, 

( )
1 GeVH

EI E
α

 
∝  
 

, when 10 pcr = , min 0.02D =  and max 0.2D = .  

3.4. Modulation of CR at Low Energies 

The spectrum of CR without the influence of the heliosphere was measured in 
the summer of 2012 by the Voyager 1 spacecraft, see [55] [56] [57], and is re-
ported in Figure 9 where the range [2.06 × 10−3 GeV - 0.58 GeV] is covered. In 
order to have a continuous relation between the number of existing CR, exiN , and 
the energy, this observational data has been fitted by a polynomial regression [58]:  

 2 3 4
1 2 3 4 5 ,exiN a a E a E a E a E= + + + +             (33) 

where 1 3.541a = , 2 1.135a = − , 3 0.278a = − , 4 0.122a =  and  
2

5 3.992 10a −= × , see Figure 10. 
In the framework of the 3D impulsive case, see solution (16), we now report in 

Figure 11 the number of CR at 1 au, impN , as a function of the energy in GeV. 
The resulting total number of CR, totN , is  

 .tot exi impN N N= +                        (34) 

Figure 12 reports the total number of CR as evaluated in Equation (34).  

3.5. Variable Number of Injected Particles 

We now analyse the case where the number of injected particles at 0t =  varies 
as a function of the coefficient of diffusion, analysing the following 3D solution  
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Figure 9. The CR proton spectrum as measured by Voyager 1.  
 

 
Figure 10. The CR proton spectrum as measured by Voyager 1 (empty stars) and poly-
nomial fit of fourth degree.  
 
where 0N  is the number of injected particles when 0D D=  and β  is an ex-
ponent which characterizes the transient diffusion. This equation, when 0D D= , 
becomes the well known 3D solution for the impulsive case, see Equation (16). 
The above number of diffusing particles has a maximum at  

 
( )

1 ,
2 2 3

D
t β

= −
−

                       (36) 
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Figure 11. Number of particles in the case of 3D impulsive injection as function of energy 
at 1 au when 110.45 10N −= × , 3d = , 1Z = , 6 6000B− =  and 64.84 10 pcr −= × .  

 

 
Figure 12. Number of existing CR (red full line) and the sum of existing CR and diffusing 
CR (blue dotted line).  
 
which is 45.55 10D −= ×  with the parameters of Figure 13. According to Equa-
tion (27), the version in energy of solution (35) is  
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Figure 13. The number of diffusing particles in the 3D impulsive case as function of a va-
riable diffusion coefficient when 0 1N = , 100t = , 1r = , 0 1D =  and 3β = − .  

 
where 0N  is the number of injected particles when GeV GeV,0E E= . The distri-
bution in energy has a maximum at  

 
( )

6 2
69.068 10

GeV,
2 3

r B
E

t β
−×

= −
−

                   (38) 

and therefore equating the experimental energy where the energy has a maxi-
mum in the number of particles, mode GeV,E , and the theoretical one, allows in-
troducing a relation between the involved parameters. As an example when 

3β = − , 1Z =  and 64.848 10 pcr −= ×  (1 au)  
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=                    (39) 

This relation allows eliminating the time from Equation (37), obtaining  
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The distribution in energy of this formula is reported in Figure 14 for the case 
of the Voyager 1 spacecraft and in Figure 15 for the whole spectrum of CR [54].  

3.6. The Knee and the Second Knee for CR 

The Kascade experiment [59] has measured the CR with energies in the range  
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Figure 14. The number of diffusing particles in the 3D impulsive case, see Equation (40) 
as function of the energy when 12

0 5 10N −= × , 64.84 10 pcr −= × , 3
GeV,0 2.6 10E −= × ,  

2
mode GeV 6.2 10,E −= × , 0.1β = − , (full red line) and Voyager 1 data, (empty green stars).  

 

 
Figure 15. The number of diffusing particles, see Equation (40) as function of the energy 
when 5

0 1.0 10N = × , 64.84 10 pcr −= × , GeV,0 0.21E = , mode GeV 0.21,E = , 1β = − , (full red 

line) and CR distribution, (dotted green line).  
 
[2.23 × 106 GeV - 1.25 × 109 GeV]. The data are available at Cosmic-Ray Data-
Base (CRDB), which has the address https://lpsc.in2p3.fr/crdb/; we selected the 
H-He-group, see Figure 16. 

We now test the hypothesis that the CR in the range of energy of the Kascade  
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Figure 16. Flux of H-He versus energy per nucleus in Gev: experimental data (empty 
stars).  
 
experiment are produced on the expanding surface of the local bubble [60] [61], 
here approximated by a sphere of radius 100 pca = . Therefore the CR diffuses 
toward the inside of the sphere with a solution as reported in formula (23); we 
recall that the number of particles injected at a given diffusion coefficient is as-
sumed to be constant over time. Conversely the number of particles, the boun-
dary concentration at r a= , as a function of the energy, is assumed to scale as  

 min ,a
Ef f
E

α
 =  
 

                       (41) 

where af  is the concentration at ( )0,a  and minE  the minimum energy con-
sidered. We now assume that for a preexisting spectrum of energy, ( )preN E , 
two events of diffusion for different radii of the ball, ( ),1eN E  and ( ),2eN E , 
are summed in order to obtain the total number of CR, totN ,  

 ( ) ( ) ( ) ( ),1 ,2 .tot pre e eN E N E N E N E= + +             (42) 

The preexisting number of CR is assumed to be 2.97745203.5preN E−= ×  and 
the parameters of the two events of diffusion are reported in Table 1. Figure 17 
reports totN  as well the data of the Kascade experiment. 

3.7. The ankle for CR 

The ankle in the distribution of high-energy CR is at ≈107TeV and characterizes 
the transition from galactic to extra-galactic CR [62]; Figure 18 reports the ex-
perimental energy distribution according to Figure 1 in [63]. 

We now test solution (40), which represents an impulsive 3D solution in the 
presence of a variable number of injected particles situated at 20 pcr = , which  

https://doi.org/10.4236/ijaa.2022.121003


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2022.121003 46 International Journal of Astronomy and Astrophysics 
 

Table 1. Two events of diffusion inside the local bubble when 0 1000u f= , 20 pcr = , 

6 1.8B− = , 1Z = , 3d =  and the number of iterations of the series is 20.  

Name af  α  t (years) a (pc) 

first 4 × 10−11 3.4 2 × 104 100 

second 4 × 10−11 3.1 1 × 102 90 

 

 
Figure 17. ( )totN E  as function of energy (full line) with data as in Table 1 and data of 

the Kascade experiment (empty stars).  
 

 
Figure 18. CR energy in TeV: experimental data (empty stars) according to [63].  

 
is the distance of the expanding surface of the local bubble. Figure 19 reports the 
existing number of CR, exiN , evaluated as in Equation (40). We now add to an 
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existing power law distribution an impulsive phenomena; Figure 20 reports the 
number of CR, impN , in a burst at 20 pcr = . 

The total number of CR as evaluated with formula (34) is reported in Figure 
21, which thus makes visible a theoretical explanation for the ankle.  

 

 
Figure 19. Flux of H versus energy per nucleus in Gev: experimental data (empty green 
stars) according to [63] and theoretical existing distribution (red full line) when  

7
0 2 10N −= × , 3d = , 1Z = , mode GeV 10888.59,E = , 1.5β = − , and 20 pcr = .  

 

 
Figure 20. Number of particles in a burst for a 3D impulsive injection as function of the 
energy when 163.0 10N −= × , 3d = , 1Z = , 6 6000B− = , 10

mode GeV 10,E = , 1.5β = − , and 
20 pcr = .  
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Figure 21. Number of existing CR (green points) and the sum of existing CR and diffus-
ing CR (red line).  

4. Conclusions 

PDE & Boundary Conditions 
Two new solutions for the diffusion equation have been derived: the first one 

was derived for the case of a 1D diffusion and an exponential profile for the 
number of particles, see Equation (19); the second one gives the 2D diffusion for 
the case of a power law profile for the number of particles, see Equation (22). 

CR and Diffusion 
In order to obtain a distribution in energy for cosmic rays (CR) in 3D which 

can be compared to the observed one, the number of injected particles should be 
a function of the diffusion coefficient, see Equation (35), or its energy equivalent, 
see Equation (37). The theoretical distribution has a maximum at the value of 
the diffusion coefficient given by Equation (36) or at the value of energy represented 
by Equation (38). 

Knee and Ankle 
In the framework of summing an existing distribution in energy for the CR 

originating from the local bubble with that originating from other sources, see 
Equation (42), it is possible to simulate the knee and the second knee, see Figure 
17. The ankle is simulated in Figure 19 through the superposition of two events 
of solar origin assuming a time independent solution for the energy as given by 
Equation (40).  
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Abstract 
The Drake formula is a statistical method of forecasting the possible number 
N of technically evolved extraterrestrial and galactic civilizations able to com-
municate with the human species. It is based on seven different factors that 
can be grouped into factors of type A, fA (“Astrophysicist”) and type B, fB 
(“Astrobiological”). The quantitative analysis of these factors at the time of 
the presentation of the formula was subjective and highly variable for both 
factors fA and fB. Current scientifical and technological development has made 
it possible to refine the quantitative estimates of the fA group whose definition 
is now less uncertain. In group fA the parameter ne is understood as the num-
ber of planets capable of sustaining life. By means of ne Drake defines this 
possibility exclusively from the geometric point of view. In particular, the 
planet’s orbit must be included in the circumstellar space in which the plane-
tary temperature allows the presence of liquid water. This is not enough be-
cause, for liquid (and gaseous) water to be present on the planet’s surface, it is 
also essential that the planet has a magnetic field of adequate intensity to 
shield the flow of charged particles coming from its star (solar wind). The so-
lar wind is able to break up and disperse the liquid and gaseous water mole-
cules and any organic molecules in times much shorter than theoretically ne-
cessary for the formation of life and above all, except for singularities, than 
necessary for evolution to arrive at intelligent life. Here the planetary mag-
netic field parameter nm is introduced into the Drake formula and its statis-
tical probability of existence is discussed. 
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1. Introduction 

According to Drake’s formula, the number N of civilizations capable of produc-
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ing interstellar communications depends on seven statistical factors: 

p e l i cN R f n f f f L= × × × × × ×                    (1) 

where 
N → number of planets in the Milky Way with technologically advanced civi-

lizations; 
and where (fA astrophysical factors) 

R → average annual rate of new star formation in the Milky Way; 
fp → percentage of Milky Way stars owning planets; 
ne → average number of planets per planetary system able to host life forms; 

and (fB astrobiological factors). 
 
fl → planets where life actually developed; 
fi → planets on which intelligent organisms have evolved; 
fc → extraterrestrial and galactic civilizations technologically capable of in-

terstellar communications; 
L → estimate of the longevity of the fc-class galactic civilizations. 
The presence of a planetary magnetic field is not included in the fA group. But 

the presence of the planetary magnetic field seems essential for the development 
of life and even more so to allow simple life to evolve into an intelligent one. 
Observation of solar activity shows that the star emits, together with energy in 
the light band (and other ones), a series of charged sub-atomic particles, mainly 
H+ protons (≅95% of the total mass of the solar wind) and a fraction of lower 
density consisting of electrons e− (≅4% - 5%) and complex ions (Table 1). These 
charged particles interact magnetically with the Earth’s magnetosphere [1] [2] 
[3]. 

In the low solar activity days (Q = quiet days), the ionized material moves 
from the solar chromosphere toward the outer space with a speed v ≅ 200 - 300 
km/sec. In the days of disturbed solar activity (D = disturbed days) v can reach, 
and in some cases exceed, about 500 km/s (e.g. the material emitted by a flare, in 
dynamic conditions of HSSWS high speed solar wind stream) [4]. 

 
Table 1. Solar wind parameters in Q (quiet day) condition at distance d = 1 [AU]. δH+ 
density of the protons, δΦ flux density of the solar wind (Q days), 

(H )
v +  average speed of 

the constituent particles of the solar wind, 
(H )

T +  temperature of the protons, 
(e )

T −  

temperature of the electrons, F intensity of the “chained” magnetic field (associated with 
the solar wind). 

δH+ 10 [cm−3] 

δϕ 3 × 108 [cm−2·sec−1] 

(H )
v +  3 - 5 × 102 [km·sec−1] 

(H )
T +  4 × 104 [K] 

(e )
T −  1.5 × 105 [K] 

F 4 [nT] 
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The solar wind on both days Q and D, if not shielded from the planetary 
magnetic field, would reach the surface of the planet [5]. This physical condition 
can generate at least two lethal effects for the hypothesis of life (even before in-
telligent life): 
- direct and destabilizing interaction with the structure of organic molecules; 
- destructuring interaction with liquid and gaseous water molecules; 
water and organic molecules would be swept away from the planet’s surface which 
would be sterilized [6]. This effect heavily affects the statistical evaluation pro-
posed by Drake and therefore the probability of the presence of the planetary 
magnetic field must be inserted in the formula as factor nm (planetary magnetic 
field). nm represents the percentage of rocky planets that possess a magnetic field 
of suitable intensity to shield the solar wind. 

2. The Revision 

To improve the effectiveness of Drake’s formula (1), the inclusion of the w (wa-
ter) parameter is proposed. The parameter w includes the geometric evaluation 
parameter ne (distance star-planet) and the electromagnetic one nm 

e
e m

m

n
w w n n

n


→ = ×


                         (2) 

from which 

p l i cN R f w f f f L= × × × × × ×                     (3) 

or in expanded form 

p l i c

e m

N R f w f f f L

w n n

= × × × × × ×


= ×
                   (4) 

p e m l i cN R f n n f f f L= × × × × × × ×                  (5) 

In the original version of Drake’s (1) proposal, w is equivalent to ne. This one 
is a geometric datum (star-planet mean distance) well known but insufficient to 
declare the planet potentially habitable. 

The role of the factor nm in the factors FA group and therefore in the formula 
can be formalized by the following limits (6), (7): 

0lim 0
mn w→ =                           (6) 

from which 

0lim 0w N→ =                           (7) 

without the availability of nm it is not possible to predict the lasting presence of 
surface liquid water and therefore to produce a plausible value of N. The prob-
lem evolves in the statistical prediction of the presence of a “Earth-like” planeta-
ry magnetic field and therefore of the presence of a magnetic generator inside 
the planet (5). In other words, the question is: is the Earth’s magnetic field a typ-
ical element of rocky planets or is it a singularity linked to the formation of the 
planet Earth [7] and therefore of its internal structure? 
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3. About the Planetary Magnetic Fields and Their Probabilty  
of Existence 

The Earth’s magnetic field (or geomagnetic), observed for sufficiently long times 
and sufficiently large spaces, can be modeled for more its 80% with a dipole placed 
at the center of the planet. Today the Earth’s dipole is inclined by about 11˚ with 
respect to the planet’s rotation axis and has an approximate magnetic moment of 
8 × 1022 [Am2]. The pressure of the solar wind and its chained magnetic field 
(also called IMF Interplanetary Magnetic Field) deforms the Earth’s magnetic 
field by crushing the lines of force facing the sun towards the surface of the pla-
net and stretching outward the lines of force oriented in the opposite direction 
(magnetotail) (Figure 1). To oppose the solar wind, the geomagnetic field must 
be particularly intense in the planets that orbit in the circumstellar space belt 
with a temperature compatible with the presence of liquid water. In fact, this 
thermal condition occurs only in the vicinity of the star (Sun type) where the 
flow of charged particles of stellar origin is still very intense. 

The charged particles that make up the solar wind [8] are captured by the Earth’s 
magnetic field and discharged to outer space through the magnetotail without 
reaching the planet’s surface [9]. H + and e− (main constituents of the solar wind) 
move along the magnetotail’ lines of force towards the outside with a precession 
motion (H+) or a co-precession one (e−) (Figure 2). The border area between the 
solar wind’s magnetic field and the Earth’s magnetic field is called the magneto-
pressure zone. It approaches or moves away from the surface of the planet de-
pending on the intensity of the flow of ionized particles emitted by the sun 
(Figure 1). To try to establish if this magnetic shield is typical of planet Earth or 
is typical of rocky planets, let’s observe at some of its main characteristics. 

 

 
Figure 1. Earth’s magnetosfere. IMF Interplanetary magnetic field, φ direction of IMF 
respect to the Sun-Earth direction (Archimedes’ spiral effect), Magnetopressure surface is 
the border surfece between the solar wind associated magnetic fild and upper Earth’s mag-
netosphere, magnetotail is the open structure of the magnetosphere opposit to the solar 
wind direction.  

α = 45°

α  = Archimedes’ spiral IMF flux deviation

IM
F

Sun

external spaceMAGNETOSPHERE
MAGNETOPRESSURE  SURFACE
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Figure 2. The electromagnetic relationship (A) Earth-Sun and (B) Mars-Sun. IMF Inter-
planetary Magnetic Field. (A) the solar wind is deflected by the magnetosphere, it moves 
along the magnetotail and does not hit the surface of the Earth, (B) the solar wind has not 
electromagnetic obstacles, it move along his original direction and hits the surface of 
Mars. 

 
The intensity F of the geomagnetic field at the Earth’s surface level depends on 

two components: the component of planetary origin FE and the component in-
duced on FE by the solar FIMF (8) [10] 

E IMFF F F= +                            (8) 

the FE component is the planet’s magnetic shield. FE is in turn made up of three 
main contributions, two natural (Fn and Fc) and one artificial (Fmm). 

E n c mmF F F F= + +                         (9) 

where 
Fn = magnetic field generated by the Earth’s core (Figure 3); 
Fc = magnetic field generated by the rocks of the Earth’s crust; 
Fmm = magnetic field generated by human activity (technologically developed 

civilization—man made component). 

3.1. The Man Made Earth Magnetic Field Component Fmm 

The Fmm (man made) presence in the Earth’s magnetosphere is perhaps the best 
objective proof of human technological activity and therefore of our civilization 
development actual level. This FE component has been studied and measured 
with great precision for several decades [11]. Fmm is essentially generated by the 
production, transport and use of electricity. Magnetic disturbances generated 
by power plants and those connected to power lines (especially alternating current  

IMF

IMF

H +

H +

Earth

Mars

Sun border of the magnetosphere

A

B
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Figure 3. General view of the Earth’s interior. Fn generator is the source of the main part 
of the geomagnetic field caming from the electro-dynamic relationship between internal 
core (solid state) and externa core (liquid state), Fc generator is the source of the second-
ary geomagnetic field caming from the magnetic properties of the crust’s minerals (Weiss 
dominions’ effect), TC thermical limit of the Weiss dominions magnetization. The mantle 
has not magnetic effect [from http://www.blueplanetheart.it/2018/07/, modified]. 
 
and high voltage) are a well-known example. The electrified railway lines pro-
duce alterations in the magnetic field that are clearly legible tens of kilometers 
away and urbanization also contributes in a not insignificant way to the estab-
lishment of Fmm. Figure 4 shows an example of a magnetic field Fmm (black line) 
measured in the La Spezia’s port area (ITA). The comparison with the magneto-
gram recorded at the reference station “0.1-A M. Muzzerone” (red line) filtered 
for LP = 1 [Hz] shows that already at the distance d ≅ 3 [km] the maximum part 
of Fmm is extinguished [12]. These magnetic effects, relevant for detailed studies, 
are however too local, too close to the surface of the planet and with too low in-
tensity F to have significant effects in the solar plasma flux planetary deviation if 
not, perhaps, in the case of high proximity to the source. The magneto pressure 
surface (Figure 1) is too far from the surface of the Earth and the intensity of 
Fmm is too low to assume that Fmm is an effective part of the Earth’s magnetic 
shield. 

3.2. The Natural Magnetic Field Fc e Fn Components 

Shown that Fmm does not concretely participate in the built of the Earth’s mag-
netic shield, it is obvious to conclude this Earth electromagnetic capacity is of 
natural origin. Still in an attempt to establish whether this property is common 
to other rocky planets (assuming that these planets are the only ones capable of 
sustaining life), we observe the two main contributions of the geomagnetic field 
Fc (crustal) and Fn (nuclear). In geophysics these fields are roughly defined as the 
main field (Figure 5) and the anomaly field. They can be separated by a numerical  

Fn geomagnetic field main generatorFn >> Fc

EARTH  INTERIOR

PPT

MANTLE

EXTERNAL

INTERNALCRUST

CORE

TC Curie thermal limit

Fc generator
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Figure 4. Total intensity magnetpgrams F. Black line from geomagnetic station of La 
Spezia port (acquisition sample rate = 10 [Hz]), red line from reference station of M. 
Muzzerone (φ = 44˚03'39.72"N, λ = 09˚49'43.95"E). Reference magnetogram: acquisition 
sample rate 10 [Hz], graphyc restitution LP filter 1[hz]. Highest intensity 480 21mmF =  [nT] 
(from [12] modified). 
 

 
Figure 5. US-UK World Magnetic Model—Epoch 2020.0—Main Field Total Intensity F 
[nT]—Stars: geomagnetic poles: mN magnetic North, mS magnetic South. Map devel-
oped by NOAA/NCEI-CIRES https://ngdc.noaa.gov/geomag/WMM—(Publ. 2019)—(mo- 
dified graphics). 
 
reference model called IGRF (International Geomagnetic Reference Field). IGRF 
is a model of the main magnetic terrestrial field and its annual variations (secu-
lar variation). 

On the Earth’s surface and in the magnetosphere the main field is the negative 
gradient of a scalar potential V 

( ) ( ), , , , , ,r t r tF Vφ θ φ θ= −∇                        (10) 

represented by a truncated harmonic expansion (currently the density of the ex-
perimental data allows a development of order 13).  
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( ) ( ) ( ) ( ) ( ) ( )
1

, , , 1 0 cos sin cos
n

M n m m m
n n nr t n m

aV a g t m h t m P
rφ θ φ φ θ

+

= =

   = +    
∑ ∑  (11) 

where 
a = 6371.2 km; 
N = 13 (higher expansion degree); 
φ = longitudine; 
θ = co-latitudine; 

,m m
n ng h  = Gauss coefficients; 

m, n = order and degree; 
( )cosm

nP θ  = Legendre polynomials; 
r = harmonic function radius. 
The observation of the power spectrum of an aerial circum-parallel survey of 

the geomagnetic field (Figure 6) has shown a very particular behavior of the ge-
nerating source. It is different from the dipole which approximates it by 90% 
[13]. The F’s power is distributed in three spatial frequency bands: 
- low frequencies (deep sources): high powers; 
- intermediate frequencies: approximately zero power with very low informa-

tion capacity [11] (absence of medium depth sources); 
- high frequencies (surface sources): moderate powers (Figure 7). 

 

 
Figure 6. Power spectrum of the circum-equatorial equatorial aereomagnetic survey. X 
wavelngth, Y power 2 2 2 A a b= +  with a and b Fourier’s coefficients. 2

dsA  power generated 

by deep sources (core), the 2
ssA  power generated by surfacial source (crust), the 2

msA  power 

is about zero. 2 2
ds ssA A . Logaritm scale. The geomagnetic field power is caming from 

the spectral bands λ < 500 [km] or λ > 3000 [km]. From [12] (modified graphyc). Loga-
ritmic scale.  
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Figure 7. General flux diagram of Fourier computation of the deep, medium and superfi-
cial pawer contributes of the geomagnetic field power. Fs intensity of the geomagnetic 
field expressed in the space dominion (measured), FT Fourier Transform, fλ intensity of 
the geomagnetic field expressed on wavelenght dominion, 2

ssA  superficial contribute (crust), 
2
msA  medium contribute (mantel)—about zero, 2

dsA  deep contribute (core). 

 
where (Fourier transform) 

( ) ( ) ( )0
1 cos sin

2 n nn

a
f a n b nλ λ λ

=
= + +  ∑                 (12) 

and 
an, bn = Fourier coefficients; 

2 2 2
n nA a b= +  = power; 

2
ssA  = surface sources power (crust); 
2 0msA ≅  = power of medium sources (mantle); 
2
dsA  = deep sources power (core); 

fλ  = geomagnetic field in the wavelength domain (spectrum); 

sF  = geomagnetic field in the space domain. 
This behavior is explained by the different physical origin of Fc and Fn. Fc is 

generated by the magnetic characteristics of the crystals (Weiss domains) mak-
ing up the rocks of the Earth’s crust and is well known and modeled [14]. The 
magnetic activity of the Weiss domains, seat of the magnetism of the crystals, 
ceases above a specific temperature of each crystal (Curie TC temperature). The 
crystals composing the crust subjected to a T ≥ TC lose their magnetic properties. 
The main part of the Earth’s magnetic shield is not made up of the Ass compo-
nent from the solid state of the Earth’s crust because this portion of the planet 
produces an inherently weak magnetic field and has too thin active magnetic 
thickness (confined by TC depth). On the other hand the circumparallel aero-
magnetic profile spectrum clearly shows the power generated in the intermediate 
part of the planet (2900 - 5000 km of depth) is irrelevant for the geomagnetic 
field constitution and therefore the electromagnetic generator must be located in 
the core of the planet. The planet has an effective magnetic shield against the so-
lar wind not because it is rocky but because it has deep magnetic sources. These 
sources are electromagnetic ones and their activity limits are not bound to the TC 
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deep. 
It is not enough the planet is of a rocky type one for it to also have a magnetic 

field F strong enough to deflect the stellar plasma flux. 
Two characteristics are necessary for the rocky planet to be able to sustain life: 

a) its orbit must always be at the right distance from the star, and b) it must have 
a magnetic shield capable of deflecting the stellar plasma. For life to develop, the 
host planet must meet two conditions: first one geometric (radius of the orbit) 
and the second one physics (low density of the solar wind in the extrastellar space 
traveled by the planet). These two conditions are antithetical because either the 
planet is close enough to the star (like the sun) to have a surface T allowing the 
liquid state of the water (but not too close to avoid evaporation) or it is far enough 
away to have a low-density stellar plasma flux. 

The magnetic shield presence, which deflects the particles of the solar plasma, 
cancels the condition b) and allows the life conditions in the orbital position a) 
too. The magnetic shield is essential to guarantee the chance of the development 
of life even where the solar wind would be too intense. 

Therefore the correct question is how frequent are the internal planetary struc-
tures generating the magnetic field in thermically habitable rocky planets 
(Figure 2), not how frequent are thermally habitable rocky planets. 

The subcrustal material of our planet consists of the mantle and the Earth’s 
core, divided into the outer core and the inner core. The mantle is the material 
immediately below the crust [15]; the rocks constituting this layer have a low in-
tensity of magnetization [15]; therefore the origin of the Earth’s magnetic field 
cannot be explained by the physical characteristics of the mantle. 

The source of the main part of the geomagnetic field is even deeper: the core. 
The thermodynamic conditions of the core exclude the possibility of Weiss do-
mains magnetism as the temperature T is much higher than the TC of any fer-
romagnetic crystal. 

This part of the geomagnetic field comes from electric currents circulating in 
the Earth’s core, they are linked to the electrodynamic interactions between the 
outer part of the core and the inner part. The study of the elastic behavior of the 
interior of the planet indicates transverse seismic waves do not propagate be-
tween 2900 and 5000 km of depth from the surface and therefore this layer of the 
planet is in a liquid state (outer core). Wasilewsky [15], Elsasser [16] and Bullard 
[17] indicate the contact area between the liquid outer core and the solid inner 
one to be the self-induction type planetary magnetic generator whose dynamic 
component is the differential rotation speed Δv between the outer and inner core. 
This model was perfected by the double dynamo model [18] capable of explain-
ing the phenomenon of geomagnetic field inversions that escaped the Elsass-
er-Bullard simple dynamo model. How the planet’s metallic core was formed is 
still a matter of debate. If the core was formed by chemical differentiation from 
the primordial cloud material it is reasonable to suppose that the presence of an 
important ferrous nucleus is within the planet-genesis norm. The possibility of 
the formation of the Earth’s heavy core is much rarer if the Theia-Earth impact 
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theory is followed. According to this theory, the impact would have generated 
the Moon by re-aggregation of the impact materials, mainly giving the Moon the 
terrestrial crustal material, thus enriching the average composition of the Earth 
in nuclear material (coming from the heavy nuclear material of the planets Theia 
and Earth). There are insufficient data to indicate the type of the Earth’s core 
genesis and therefore of its statistical possibility of existence in the other rocky 
planets (so-called Earth-type). It is therefore impossible, to date, to establish 
whether the magnetic field of our planet [19] is a singularity or not, but we can 
propose an evaluation of the general statistics on the star systems of our galaxy 
based on the observation of the solar system (Figure 2). 

4. A Metrological Tentative to Define the Planetary Magnetic  
Fields Statistical Occurrence 

Assigning a quantitative value to the component factors of Drake’s formula (1), 
to date, is a conjecture and therefore the reasoning on the possibility of extrater-
restrial and galactic life is a speculative one, current studies on this topic have a 
relevant but qualitative value [20] [21] [22]. The only admissible quantitative 
statement is that the value of the factors fp, ne, fl, fi, fc (probabilistic factors) is 

0 , , , , 1p e l i cf n f f f≤ ≤                        (13) 

and the parameters R, L (numeric) are integers. 
We accept Drake’s working hypothesis and try a plausible evaluation of N. 

Among the many statistical values proposed in the literature we choose: 
R = 7 stars for year [23]. 
fp = 0.5 suppose that about half of the stars may have planets. 
ne = 0.5 we assign the average value to ne, remembering however that it could 

be very low and that 

0lim 0
en N→ =                           (14) 

fl = 0.33 approximately average value slightly shifted towards negative cases. 
fi = 0.01 particularly debated value. The commonly used options range from 

about 0 (among the billions of living species that have appeared on Earth only 
very few have become intelligent and only one has survived long enough to de-
velop a technological culture) to about 1 (evolution proposes increasingly com-
plex species therefore reaching the intelligent species is the norm in the evolu-
tionary process of the biosphere). The proposed value is however relatively high. 

fc = 0.1 on this parameter there are very controversial indications of a specula-
tive nature, there is no data connected to the fc’s quantization which is random 
and subjective (the proposed value is among the most widespread in literature). 

L = 10.000 years about the duration of civilizations. Although history indicates 
the duration of terrestrial civilizations is less than this value, it must be consi-
dered that in the process of succession of the different human civilizations a 
large part of the technological development of the previous civilization is handed 
down to the next one. For this reason, technological progress can be considered 
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approximately linear without considering hypotheses of natural traumatic events 
for the specie (such as catastrophic biologic crisis (e.g. fatal epidemics), planeta-
ry or astronomical cataclysms, …) or artificial (such as nuclear conflicts) that 
can undermine the existence of the species or critically decrease the number of 
individuals. 

Based on these numerical conjectures Drake formula (1) says 

[ ]1 1 1 2 1 4

2

17 5 10 5 10 3.3 10 1 10 1 10 1 10

577.5 10 6

N y
y

− − − − −

−

 
= × × × × × × × × × × × × 

 
= × ≅

    (15) 

about six technologically developed civilizations in the Milky Way. 
In the same numerical assumption but considering that the others Solar Sys-

tem’s rocky planets having much more tenuous magnetospheric field than Earth’s 
[24] [25] [26] [27] we compute the value of nm of the Solar System:  

11: 4 2.5 10mn −= = ×                         (16) 

from which the result of Drake’s formula evolves into 
1 1 15 10 2.5 10 1.25 10e mw n n − − −= × = × × × = ×               (17) 

from which still 
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4
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17 5 10 1.25 10 3.3 10 1 10 1 10 1 10

144.375 10 1

N y
y

− − − − −

−

 
= × × × × × × × × × × × × 

 
= × ≅

  (18) 

possibility of less than 3 technologically developed civilizations for every 2 ga-
laxies (considering the Milky Way as standard). 

So the modified Drake formula (3), using the observational data of the Solar 
System, indicates that the number N of intelligent civilizations in the Milky Way 
able to communicate with each other is 

1N ≅                             (19) 

the human species. 
The fundamental result of the action of the nm factor (and therefore of w) is 

not the absolute value of the reduction of N from about 6 (original formula (1)) 
to about 1 (modified formula (3), (5)) but the relative reduction of the value of N 
by about 1/6. This considering only the data coming from the observation of the 
Solar System. The presence of high-energy planetary magnetic fields is a further 
limit to the likelihood of extraterrestrial life [28]. Notwithstanding that: 
- The result of the computation of N, apparently reasonable, derives from ab-

solutely conjectural data and is therefore himself absolutely conjectural. 
- The Drake formula remains valid for which it was proposed: the formaliza-

tion of a method for the prediction of the value of N and not a method for 
the calculation of N. 

5. Conclusion 

The geomagnetic field existence in the space around the planet Earth provides 
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an effective shield against the flow of charged particles of solar origin (solar wind) 
and against their interplanetary magnetic field IMF. The magnetosphere pre-
vents the flow of subatomic particles from reaching the Earth’s surface. Without 
the geomagnetic field, the surface of the planet would be subjected to a constant 
and intense flow of solar plasma, even in conditions of Q days. This flow would 
become very intense in conditions of solar perturbations (D days). Q and D solar 
wind flow conditions would be a serious obstacle to the stability of the basic or-
ganic molecules of life and therefore to life itself and, most likely, also to the 
lasting survival of a terrestrial type atmosphere and liquid water on the planet’s 
surface. The planet would be sterilized. The probability of intelligent life there-
fore seems to be linked to the probability of the presence of an Earth-like mag-
netic field. It is not enough for the rocky planet to orbit in the so-called “liquid 
water” belt but it is necessary that it has the “Earth-like” electromagnetic shield 
against the solar wind. In order to take into account the probability that rocky 
planets possess an Earth-like magnetic field, the nm parameter has been asso-
ciated with the ne one in Drake’s formula. To verify the numerical evolution of 
Drake’s formula, the electromagnetic data of the rocky planets of the Solar Sys-
tem are considered (Solar System’s nm). The formula reacts to the insertion of 
this nm by decreasing the estimate N from about 6 to about 1 (the human spe-
cies). The relevant fact is not the absolute decrease in the value of N (which de-
pends on the arbitrary decisions applied to quantize the Drake factors) but the 
decrease to 1/6 of this numerical result (only taking into account the observa-
tional data of the Solar System). The possibility of intelligent life in the Milky 
Way is lower than that indicated by Drake’s original formula. Obviously, Frank 
Donald Drake’s formula keeps intact the value for which it was proposed: to 
formalize an evaluation process of N and not to comput N. 
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Abstract 
This study will see the resurgence of interest in precise velocity dispersion 
measurements, both for the study of galactic and active nuclei kinematics. As 
several works suggest, an excellent tactic to measure σ is to use the absorption 
lines of the calcium triplet, as it is a spectral region relatively free from com-
plications. The discovery of an empirical relationship between the mass of the 
central black hole (M•) and σ was the leading guide of my detailed study of 
the calcium triplet region. This search for more accurate methods to calculate 
the dispersion of velocities, in addition to the careful study of uncertainties. 
After investing so much time in the development and improvement of the 
method and its application to so many galaxies, it is time to reap the rewards 
of this effort, using my results to address a series of questions concerning the 
physics of galaxies. 
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1. Introduction 

A significant fraction of the galaxies in the universe is distributed in groups and 
clusters, making these large structures ideal environments for studying the evo-
lution of their member galaxies. The transition between groups and clusters is 
quite subtle, given by the number of galaxies present in each system. Although 
clusters are richer, clusters are more abundant in the universe. While only 10% 
of the matter in the universe is found in clusters, around 50% is found in clusters 
[1]. Groups have about 5 - 100 bright galaxies within a radius of 1 h −1 Mpc and 
scattering speeds around 500 km/s. Already clusters can have hundreds of galax-
ies distributed in a radius of 1 to 2 h −1 Mpc and with dispersion speeds as high 
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as ~1000 km/s [2]. The typical mass of groups is on the order of 1013 M [3]. 
Groups and clusters of galaxies are considered to be the largest gravitationally 

bound structures in the universe. The formation of these objects is based on the 
ΛCDM model in which small fluctuations of primordial density would have 
grown over time, giving rise to smaller objects that, in turn, evolved through 
mergers and accretions to form the most prominent structures known today. 
However, the virialization of these systems occurs from energy exchanges that 
occur until the system’s dynamic balance is reached. This section will describe 
the most relevant time scales on which physical phenomena occur in these 
structures [4]. This study will see the resurgence of interest in precise velocity 
dispersion measurements, both for the study of galactic and active nuclei kine-
matics. As several works suggest, a good tactic to measure σ is to use the absorp-
tion lines of the calcium triplet, as it is a spectral region relatively free from 
complications [5]. 

2. Kinematics of Active Cores of Galaxies  

Experimental evidence allows associating the image of a swarm of bees to the 
movement of stars in a galaxy under the action of a po ¸co of central potential. 
This random movement is reflected in the galactic spectrum, whose spectral 
lines of absorption, produced in stellar atmospheres, appear enlarged by the 
Doppler effect [6]. The broadening of the spectral lines basically depends on the 
distribution of stellar velocities, according to the equation:  

 ( ) ( ) ( )1 1  dI v c f v v′= = =∫λ λ                    (1.1) 

where λ is the wavelength, I(λ) is the observed galactic spectrum, F(λ0) is the 
stellar spectrum, c is the speed of light, and f(v) is the func distribution of speeds 
[6]. Assuming a Gaussian distribution, with a dispersion of stellar velocities σ, 
the Doppler broadening can be quantified by ∆λ ~ λ0σ/c, where λ0 is the central 
wavelength of the line. In this way, if we can measure the Doppler broadening of 
the spectral lines of a galaxy, we can infer their dispersion of stellar velocities. In 
Figure 1, we compare the spectrum of a star and that of a galaxy in the calcium 
triplet region; note how the lines of the galaxy are much wider than those of the 
star [7]. 

In a dynamically relaxed system, the virial theorem guarantees that the poten-
tial energy V of the system is directly linked to the kinetic energy K, so that V = 
−2K. Therefore, stellar velocity dispersion, as it is a measure of kinetic energy, is 
directly linked to the mass of the system, which is a measure of potential energy. 
In the central regions of a galaxy (r ~ 102 − 3 pc), this mass essentially represents 
the mass in stars M. If we have a measure of the luminosity and size of the system, 
we can calculate the mass/luminosity ratio, M/L. The M/L ratio, in turn, can be 
used to diagnose stellar populations. Just remember that for main-sequence stars, 
L ~ M4; this implies that younger populations have a lower M/L ratio than older 
populations [7]. 

It is not just the mass/lightness ratio. However, that can be inferred from  
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Figure 1. Faber-Jackson relation for Seyfert-type galaxies. On the abscissa axis, we have 
the magnitude of the bulge in band B (Mbulge); in the ordinate, log 2.35 × σ (km·s−1). The 
solid line represents the best fit to the data; the dotted line, the Faber-Jackson relation for 
normal galaxies derived by Whittle (1992). Extracted from Nelson & Whittle 1996ApJ... 
465...96N Page 96 (harvard.edu). 
 
galactic kinematics and velocity dispersion [8]. The studies by Kirby et al. re-
vealed a good empirical correlation between σ and the mass M• of the super-
massive black hole, present at the center of most galaxies with a spheroidal 
component (i.e., ellipticals or early-type spirals) [9]. Although σ as a good cen-
tral potential tracer, it is not completely intuitive to discover a relationship be-
tween black holes in active nuclei of galaxies (AGNs) and the kinematic proper-
ties of the gal. Host Axia, since the mass of the central black hole, is much 
smaller than the mass of stars in the bulge. It is speculated that this relationship, 
in fact, indicates a connection between the processes of formation and/or evolu-
tion of black holes and their host galaxies. Therefore, the kinematics of a galaxy, 
measured mainly through σ, carries very useful information about the central 
potential well, the stellar populations, and even about the activity of AGNs. In 
the next section, we will review the most relevant studies done to date on stellar 
kinematics in AGNs [10].  

3. Previous Work  

The Work by Terlevich et al. pioneered the systematic study of the absorption 
lines of the calcium triplet 8498.02, 8542.09, 8662.14 Å in AGNs. This spectral 
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region stands out for being relatively clean, free from strong emission lines and 
other spurious effects. These authors emphasized the equivalent width of the 
calcium triplet (WCaT) and showed that it is a great tool for the diagnosis of 
stellar populations and the presence of a continuum non-stellar (featureless con-
tinuum) [11]. They came to the conclusion that WCaT for Seyfert-type galaxies 
does not suffer dilution and that, therefore, the featureless continuum disappears 
from the optical to the near-infrared. This is interpreted as a sign that the Ca ii 
lines are produced by red supergiants in bursts of star formation (starbursts). 
This result was one of the first indications that nuclear activity and stellar for-
mation can coexist in AGNs, a theme that, at the time, caused great controversy 
due to the clash between defenders of the starburst model for AGN and advo-
cates of the more orthodox (and nowadays hegemonic) school that links the 
energy source in AGNs to black holes [12]. 

Another way to study stellar populations is via the mass/luminosity ratio. 
Oliva et al. estimated M/L for AGN host galaxies by analyzing the CO (1.62, 2.29 
µm) and Si (1.59 µm) bands in the near-infrared. It was observed, then, that the 
M/L ratio in this spectral range is an excellent diagnostic to distinguish between 
the presence of red supergiant (evidence of recent starbursts) and that of red 
giants (old population) [13]. Another result of this study is that about 40% of 
Seyfert 2 have features of young populations, in agreement with studies in other 
spectral ranges, such as Cid Fernandes et al. [14]. Interestingly, none of the 8 
Seyfert 1 studied by Oliva et al. [15] present evidence of recent stellar formation, 
contradicting the expectation that Seyferts 1 and 2 differ only in orientation. 
Unfortunately, to date, this study has not been repeated for a significant sample 
of objects [16]. 

It was from the Work of Nelson and Whittle, however, that the dispersion of 
velocities in the calcium triplet region gained notoriety. In this study, velocity 
dispersions were measured for 85 objects with the cross-correlation method, for 
the absorption lines of the calcium triplet and Mg b λλ5167.5, 5172.7, 5183.6 Å 
[17]. The main contribution of this Work was the investigation of the relation-
ships between 1) the stellar kinematics of the bulge and the properties of the ac-
tive core galaxies, and 2) the stellar kinematics and the gaseous kinematics in 
these galaxies.  

1) The relationship between the stellar kinematics of the bulge and the prop-
erties of the active-core host galaxies was explored through the Faber-Jackson 
relation, L ∝ σ n, for Seyfert-type galaxies. For normal galaxies, it was known 
that n ~ 3 – 4; for Seyfert galaxies, these authors found n ~ 2.7. That is, there is 
no significant difference between the Faber-Jackson relation for normal galaxies 
and for Seyfert galaxies and, therefore, the bulge of Seyfert galaxies is kinemati-
cally normal. The authors [18] [19] [20] [21] found, however, an offset in the 
Faber-Jackson relation for Seyfert galaxies Figure 2 so that the velocity disper-
sions are on average 20% smaller than for normal galaxies given the same lumi-
nosity. That is, given the same brightness, the Seyfert galaxies are less massive; 
or, given the same mass, the Seyfert galaxies are more luminous. This implies  
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Figure 2. Blackhole mass as a function of velocity dispersion. The circles represent mea-
surements made by Nelson et al. (2004) for Seyfert-type galaxies; the crosses represent 
measurements by Gebhardt et al. (2000) for normal elliptical and S0 galaxies. Nelson et al. 
(2004) determined M• through reverberation maps; Gebhardt et al. (2000) obtained them 
from models of stellar kinematics in the core. The solid line represents the relation σ – M• 
calculated by Tremaine et al. (2002); the dashed line is the best fit to the chart data. Ex-
tracted from Nelson et al. (2004). The black hole mass-stellar velocity dispersion correla-
tion: bulges versus pseudo-bulges (http://www.silverchair.com). 
 
that the M/L ratio for Seyfert galaxies is smaller than for normal galaxies. This 
result is consistent with starbursts and a young stellar population. 

2) Another important result of this Work is the relationship between stellar 
and gaseous kinematics [22]. A strong correlation was found between the width 
σgas of the emission lines of [O iii]λ5007 and the dispersion of stellar velocities 
σ. This implies that the narrow-line region (NLR) has a strong dependence on 
the central gravitational potential. From these conclusions, we started to use σgas 
as an alternative to measuring σ. In order to investigate in which situations can 
σgas replace σ, Greene & Ho (2005) calibrated the σgas-σ For various transitions 
([O ii]λ3727, [O iii]λ5007 and [S ii]λλ6716, 6731), and for 1749 objects from the 
sdss database. The Work concluded that σgas could be used as a σ plotter; how-
ever, because of the scattering of the relation, it should only be used in statistical 
studies and not for individual objects [22]. They also evaluated the effect of the 
fiber opening used in the sdss observations in σ. For the studied sample, the re-
sult is that the rotation effect on σ is despicable. These were the works of Ferra-
rese and Merritt [10] and Gebhardt et al. [12], however, which revived the inter-
est in velocity dispersions. Both studies showed that there is a good correlation 
between this and the mass of the central supermassive black hole [13]. As this 
relationship is the most direct and probably the only relatively reliable way to 
measure M• for distant galaxies, it is not surprising the resurgence of works 
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aiming to obtain measurements most accurate for σ in AGNs. In the next sec-
tion, it presents the contribution to this search. 

Another additional advantage of working with this spectral range is the diag-
nostics on stellar populations that can, in principle, be derived from the equiva-
lent width of the Ca ii triplet. Therefore, the importance of deriving reliable me-
thods for measuring velocity dispersion is indisputable. In studies initiated by 
Vega and Garcia-Rissmann et al., we present an atlas of calcium triplet spectra 
for 78 objects, most of which are active-core host galaxies [23].  

We measured nuclear stellar velocity dispersions for 72 objects with the cross- 
correlation and direct fit methods, and we verified that there is no significant dif-
ference between the results of the two methods [24]. Measurements were also tak-
en of the equivalent width of the calcium triplet. In the present Work, details of the 
methods used to measure velocity dispersions were published in Garcia-Rissmann 
et al. The particularities of each method adopted are presented here, in addition to 
the extensive tests involved in uncertainty calculations [25]. The main objective is 
to promote a deeper understanding of the merits and limits of the methods used. 
The present level of detail will contribute to this deepening by clarifying and add-
ing some points from the studies already published. It should be noted that, for the 
direct fit method, we use the starlight stellar population synthesis code. Although 
this is not a synthesis application and we are only interested in σ, our code proved 
to be more than adequate for this purpose. For a sub-sample of 34 of our objects, I 
also present an unprecedented study with spatially resolved spectra. We observe, 
with these data, the variation of σ and of the equivalent width of Ca ii with the spa-
tial position. From the behavior of these parameters, we obtained some diagnoses 
about stellar populations in Seyfert 1 and 2 galaxies [26]. 

4. Sloan Digital Sky Survey 

The Great Databases Heaven has always enchanted the human mind with its 
tireless cycle of days and nights. Nights, in particular, have always been condu-
cive to speculation about the seemingly endless bright spots. Since the admira-
tion and cataloging of stars made by our most remote ancestors, humanity has 
sought, with the help of these vast data, to find cohesion and patterns that would 
explain the phenomena of the universe. Furthermore, when treading these paths, 
he came across a universe so immense that he had no choice but to subjugate 
himself and continue cataloging [27]. The efforts to catalog the celestial objects 
were not small; they came from the Babylonians, passed through Ptolemy, and 
expanded with photographic plates from the beginning of the 20th century. With 
the increasing storage capacity and the new possibilities of the so-called digital 
age, grandiose catalogs are being produced. The Two Degree Field Galaxy Red-
shift Survey (2dfgrs) and the Sloan Digital Sky Survey (sdss) are some of the bold-
est projects that have emerged in recent times [28]. Large databases with good 
quality data allow much more robust statistical tests, essential for corroboration, 
refutation, or even theory creation. Large databases are also revolutionizing the 
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way astronomers work. What used to be done in an almost artisanal way—cer- 
tain types of reduction and data analysis, for example—nowadays needs innova-
tive and automated approaches [29]. New computational and statistical solutions 
are increasingly in vogue. sdss, in particular, intends to map an area of π ste-
reo-radians (i.e., a quarter of the sky) and catalog more than 100 million objects. 
Spectral information will be obtained for about a million galaxies in the local 
neighborhood selected among these objects [30]. The spectra cover the region of 
3800 - 9200 Å, with resolution λ/∆λ ~ 1800, and are observed through 3-arcse- 
cond aperture fibers. More details about sdss objectives and procedures are found 
in York et al. (2000). Data reduction and sequencing algorithms are described in 
Stoughton et al. (2002), data releases, and Adelman-McCarthy et al. The next 
section provides a small review of studies catalyzed by sdss. 

5. Previous Work 

The abundance of sdss objects is reflected in the immense amount of studies 
carried out with this database. It is an almost superhuman task to review all stu-
dies derived from this base, despite their relative youth—the first wave of data 
was released in 2001. We will therefore focus on the Work of three groups: 1) 
Kauffmann et al. [23], 2) Heavens et al. [27]; Panter et al. [28], and 3) Cid Fer-
nandes et al. [29]; Matthew et al. [30]; Stasi’nska et al. [31].  

These groups work with the main stellar population synthesis methods ap-
plied to sdss objects to recover the history of stellar formation and galactic prop-
erties. The studies by Kauffmann et al. [23] retrieve the history of stellar forma-
tion, stellar masses, and dust extinction of sdss objects from spectral indices such 
as the break at 4000 Å and the Balmer’s Hδ absorption line, quantified by the in-
dices Dn(4000) and HδA, respectively [29]. In a nutshell, the method of this 
group consists of comparing the measured indices with a library of star forma-
tion histories. The first step of the analysis is to find the spectrum that best mod-
els the stellar contribution to the galactic spectrum. Thus, one can separate the 
galactic spectrum into two: a purely stellar spectrum, in which stellar indices are 
measured, and a “purely” nebular spectrum, resulting from the subtraction be-
tween the observed spectrum and the stellar modeled, in which nebular emission 
lines are measured [30]. After calculating the spectral indices, we then use the 
indices Dn(4000) and HδA as diagnostics for starbursts and to determine the 
stellar age; and, from the broadband photometry, the extinction by dust and the 
mass in stars are recovered [31]. These parameters are obtained by comparing 
the measurements of indices and colors with a library of Monte Carlo realiza-
tions of different histories of star formation, which take into account, various 
metallicities, both continuous star formation and starbursts. These authors present 
some important results regarding the mass distribution in galaxies and the host 
galaxies of AGNs.  

The authors [32] found that most of the mass of the local universe resides in 
galaxies of M? ~ 5 × 1010M. Furthermore, there is a clear division between high 
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and low mass galaxies Figure 3. Low-mass galaxies generally have a young pop-
ulation, a typical disk concentration index, recent starbursts, and evidence that 
the rate of star formation is larger than the galactic halo, perhaps as a result of 
supernova feedback processes. High-mass galaxies have older populations, a typ-
ical bulge concentration index, evidence that the rate of star formation decreases 
the larger the halo, and an indication that there is little star formation once- 
massive galaxies form. For the studies of narrow-line AGNs (i.e., Seyferts 2 and 
LINERs), this group showed that their hosts have properties very similar to those 
of early-type galaxies [32]. 

For low luminosity AGNs (calculated from the emission line [O iii]λ5007), the 
stellar populations are very similar to those of early-type galaxies; on the other 
hand, for high luminosity AGNs (L[O iii] > 107 L), populations appear to be 
much younger, and there is evidence of recent starbursts. Based on the study of 
broad-line AGNs, these authors claim that there is no difference [32] between 
the stellar composition of galaxies of the Seyfert 2 type and quasars with the same 
luminosity and redshift. This means that young stellar populations are characte-
ristic of AGNs with high luminosity. Previous studies, such as the one by Cid 
Fernandes et al., already pointed to this conclusion, but only with the extraordi-
nary statistics of sdss can it be confirmed beyond any doubt. Multiple Optimized 
Parameter Estimation and Data compression (moped) is another stellar popula-
tion synthesis method that has been applied to the sdss dataset. According to 
Heavens et al. and Panter et al., the technique consists of modeling the entire 
spectrum of a galaxy to retrieve a certain set of parameters about the history of 
stellar formation, the evolution of metallicity, and extinction.  

The first step in the analysis of the moped is the removal of the emission lines 
and the degradation of the spectra to ∆λ ~ 20 Å, that is, the same resolution as 
the spectra of simple stellar populations used in the base. The compression algo-
rithm then reduces the spectra to just ~ 25 data points which, in principle, con-
tain as much information as possible about the parameters of interest. These ~ 
25 points are chosen as the dot product between ~ 25 different weight vectors 
and the vector constructed from the spectral data. The secret is, therefore, in 
finding weight vectors in order to privilege the wavelengths most sensitive to the 
parameters of interest (i.e., age, metallicity, and extinction) [32]. According to 
the authors, this process manages to conserve all the information on the spec-
trum, or at least all the information of interest; therefore, certain degeneracies, 
such as age-metallicity, are much milder than for studies with spectral indices. 
Furthermore, it is worth remembering that no a priori hypothesis is made about 
the history of star formation. 

The authors of studies with the moped obtain some results with implications 
for the evolution of galaxies. One of the main results is that more massive galax-
ies form stars sooner compared to less massive galaxies, and therefore the histo-
ry of star formation is not the same for galaxies of different masses Figure 4. 
This points to downsizing behavior. They also find that the rate of star forma-
tion has been declining for about 6 billion years; for redshifts of order z > 2, the  
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Figure 3. Rate of star shape at different times as a function of star mass in galaxies. Ex-
tracted from Heavens et al. [27]. 

 

 
Figure 4. The fraction of total stellar mass in galaxies in the local universe as a function of stellar 
mass (left panel) and Dn(4000) (right panel). Dn(4000) is used as a diagnosis for stellar popula-
tions, so the higher Dn(4000), the younger the populations. Note how this distribution is bimod-
al-extracted from Kauffmann et al. [23]. 

 
rate of star formation calculated by the authors is in agreement with observa-
tions and independent studies on high redshifts, which is expected by the Co-
pernican principle. Furthermore, the authors state that the distribution of metal-
licities for stellar-forming gas is inconsistent with closed-box models but consis-
tent with the infall model, by the galaxy. They then calculate the fraction of the 
mass of the gas in relation to the total mass from infall models. The studies by 
Cid Fernandes et al. [29]; Matthew et al. [30]; Stasi’nska et al. [31]; Gomes [32] 
presented some results obtained with the semi-empirical synthesis of stellar pop-
ulations, using the starlight code, for samples of about 20,000 - 50,000 galaxies of 
sdss. Spectral synthesis models the entire galactic spectrum as a linear combina-
tion of elements from a base of simple stellar populations of different ages and 
metallicities. Spectra with resolution ∆λ ~ two Å are used, and the calculated 
parameters are condensed a posteriori in order to obtain a more robust descrip-
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tion of the galactic properties. The mass and light fractions of each base compo-
nent, the total mass in stars, stellar kinematics parameters, and the extinction by 
dust are recovered.  

From the residual spectrum, calculated by subtracting the observed and the 
synthetic spectrum, information is obtained about nebular kinematics, such as 
the intensity of emission lines, nebular abundances and classification of objects 
into normal galaxies with stellar formation (NSFG), active cores (AGN), hybrid 
and passive. Cid Fernandes et al. verified the reliability of this synthesis method 
to retrieve galactic properties. Simulations with fictitious galaxies, empirical tests 
for the verification of astrophysical correlations, comparisons of measurements 
obtained from methods were performed. Independent, in addition to compari-
son with results from other groups. It was shown in this Work that the retrieved 
parameters are quite satisfactory, as long as the descriptions are made from a 
robust combination of parameters and not using the super-detailed results of the 
synthesis. Gomes [32] carried out an extensive study on the problem of synthesis 
for elliptical galaxies. It was concluded that these galaxies must have a popula-
tion with a different α/Fe ratio from the solar one and that it was not well 
represented by the stellar population base. They were simply used in the synthe-
sis. This shows that we must be very careful with our results, always checking 
that they are not being distorted by some effect of incompletion in the base.  

Matthew et al. [30] highlight the study of the bimodal distribution of stellar 
populations in galaxies. This bimodality is seen mainly in the color of the galax-
ies, in the Dn(4000) index, and in the middle star age. It is found that the aver-
age age weighted by luminosity is the main responsible for this effect. Further-
more, evidence of downsizing is also shown. Stasi’nska et al. [29] used the nebu-
lar results to study ways to distinguish AGNs from NSFGs. The emphasis of this 
Work is to understand why diagnostic diagrams take the form they do, compar-
ing data with photoionization models. The diagram [O ´ iii]/Hβ versus [N ii]/Hα 
is mainly used. A new dividing line to separate AGNs from NSFGs is proposed. 
In addition, a new diagram, allows the classification of galaxies at high redshifts 
with optical spectra. There are, therefore, considerable differences between the 
methods applied by our group, such as starlight, and the techniques of Kauff-
mann et al. [23] and Heavens et al. [27]. The group involved in the study by 
Kauffmann et al. [23], on the one hand, uses spectral indices to create libraries of 
stellar formation histories, which limits the level of detail in studies of the evolu-
tion of galaxies. On the other hand, as they obtain a pure nebular spectrum by 
subtracting a stellar continuum, they can investigate in-depth the emission lines 
coming from the gas in galaxies (and from there, for example, study nebular 
abundances and classify galaxies in AGNs and NSFGs).  

The group working with the moped [27], on the other hand, obtains much 
more robust information about the contribution of stellar populations to galax-
ies. Therefore, they get a reasonably detailed history of star formation and galac-
tic evolution. However, as their technique consists of completely eliminating the 
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emission lines, the entire nebular study carried out by this group is based on 
chemical evolution models and, therefore, does not reach the degree of detail 
achieved by Kauffmann et al. (2003a). Starlight, in turn, brings together the best 
of both worlds and with a greater degree of detail. Our studies of the history of 
star formation in galaxies, for example, are based on a much more detailed ad-
justment of the galactic spectrum than the one used by the moped. And, in the 
study of emission lines, we have at our disposal, for comparison, much more 
robust stellar parameters than those obtained only with spectral indices, as the 
Work of Kauffmann et al. We, therefore, have much more complete tools for 
dealing with various astrophysical problems. In the next section, we present 
some extensions of the application of the starlight synthesis code to the sdss da-
tabase, continuing the studies by Cid Fernandes et al. [29]; Matthew et al. [27]; 
Stasi’nska et al. [30]; Gomes [29]. 

6. Current Work 

In this Work, we apply the starlight synthesis algorithm to 354,992 galaxies from 
the sdss database [27] [32] [33]. We present here two studies made from this 
sample of galaxies. The first study is dedicated to the technical improvement of 
the synthesis. Our main aim was to solve the problem of automatic mask crea-
tion (that is, the elimination of unwanted regions in the fit) for the spectra of the 
database objects. Good masks are fundamental to improve the reliability of the 
fit and obtain an excellent residual spectrum, in which we can more clearly ob-
serve nebular emission lines. The second part of this Work represents the begin-
ning of exploring the extensive database built with the synthesis results for 354,992 
galaxies. Such a database makes it possible to address numerous astrophysical 
questions about the nature and evolution of galaxies. To illustrate this potential, 
we present two preliminary results. First, we use diagnostic diagrams to investi-
gate the differences between the sequences of host galaxies of active cores and 
normal galaxies with stellar formation. In the second, we obtain the history of 
the stellar formation of galaxies as a function of their mass in stars for both 
AGNs and NSFGs. Although many details have not been considered at this time, 
we already see some fascinating results, which we intend to deepen in further 
studies. 

7. Synthesis of Stellar Populations  

A hundred years ago, there was still no clear distinction between the Milky Way 
and the rest of the universe. It was only in the 1920s, mainly from the studies of 
Edwin Hubble, that it was accepted that some of the “spiral nebulae” observed in 
the sky were, in fact, other galaxies. The fact that we have somehow discovered 
galaxies so recently speaks volumes about the difficulty of observing them. Of 
course, our understanding of extragalactic objects has advanced enormously in 
the last century, going through the Hubble diagram and into large-scale struc-
ture studies. Still, one difficulty remains: for most galaxies, except for the very 
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close ones, we cannot resolve individual stars. They still seem, even to the eyes of 
the most modern telescopes, interesting and curious foggy [26]. 

Despite the observational difficulty, astronomers have developed some tricks 
to obtain information about the composition of galaxies, even without being able 
to solve their constituents. If we can have information about the ions that make 
up a star even without observing the ions, why shouldn’t we be able to deduce 
which stars make up a galaxy even without being able to directly observe its 
stars? The strategy found was to reproduce or model the integrated spectrum of 
a galaxy and, in this process, find the population of stars that inhabit it. Thus, 
two schools emerged that developed the so-called synthesis of stellar popula-
tions: the evolutionary and the semi-empirical.  

A detailed review of these studies is made by Gomes [32]. In general terms, 
evolutionary stellar population synthesis produces a library of spectra from cer-
tain initial hypotheses, such as the history of stellar formation, the evolution of 
which imic, and the initial mass function. An attempt is then made to find, 
within this library, the spectrum that most resembles the observed galactic spec-
trum. Semi-empirical stellar population synthesis, on the other hand, attempts to 
model the spectrum of a galaxy as a linear combination of stars or stellar clus-
ters. Whichever method is adopted, the vast majority of studies do not work 
with the entire spectrum, only with spectral indices (like equivalent widths and 
colors, for example). Obviously, both approaches have their advantages and dis-
advantages.  

The main drawback of evolutionary synthesis is to ensure that initial hypo-
theses lead to real physical models and that the object library is complete. The 
difficulty of the semi-empirical synthesis, on the other hand, is to start with a 
base of stars or clusters comprehensive enough to reproduce the different condi-
tions of the other galaxies. And regardless of the approach to the synthesis prob-
lem, it is convenient to use the observed spectrum as a whole, which certainly 
contains more information than isolated spectral indices. Our group decided to 
tackle the synthesis problem in order to make the best of both schools. We thus 
try to model the entire spectrum of a galaxy from a linear combination of base 
elements. This is, at first glance, just a step forward for the semi-empirical syn-
thesis, which has only recently been done with spectral indices. We can, howev-
er, insert a dash of evolutionary synthesis if we wish.  

The base need not necessarily consist of observed stars; simple theoretical stars 
or stellar populations can be used. All the hypotheses of chemical evolution, at-
mospheric models, and stellar formation history will be embedded in this theo-
retical basis. Despite the great myriad of applications already covered with our 
synthesis program from observed starbases, only from the library of simple stel-
lar populations developed by Bruzual & Charlot [34] is that the relevant galactic 
properties, such as age, metallicity, and mass, could be retrieved in a more ro-
bust way. This, added to the large databases with quality spectra, such as the 
Sloan Digital Sky Survey (sdss), encouraged the improvement of the starlight 
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synthesis algorithm [29]. 
In this work, we apply the starlight synthesis code to two studies. One of these 

is the study of stellar kinematics in galaxies in the calcium triplet region, at 
8498.02, 8542.09, 8662.14 Å. The other is a demonstration of a small fraction of 
the information that can be derived from the sdss database. In the next section, 
we will generally discuss the mathematical implementation of our synthesis 
code. We analyze your idiosyncrasies and care that should be taken when ana-
lyzing the results inferred by our algorithm. 

8. The Starlight Synthesis Algorithm 

As explained in the previous section, the mathematical approach of the starlight 
population synthesis code follows, in a way, the semi-empirical school. Our me-
thod consists of modeling an observed Oλ spectrum using a convex combination 
(i.e., a linear combination with positive coefficients) of the elements of a base. 
We’ve also included a Gaussian to account for kinematics and a term for extinc-
tion by dust, according to the following equation: 

( )10 ,N
j jj xM TM r G v∗

= ∗ ∗
 = ⊗ ∑λ λλ σ                 (2.1) 

where: • Mλ is the synthetic spectrum. • Mλ0 is a normalization factor, defined as 
the total flux of the synthetic spectrum at wavelength λ0. • Tj,λ is the spectrum of 
the jth (j = 1, ∙∙∙, N) base component, normalized to λ0. The basis can be consti-
tuted either by observed stars or combinations of stars or by theoretical stars or 
stellar populations. One can even include, depending on the problem studied, 
other components in the base, such as quasars or power laws. • xj is the fraction 
that each element Tj,λ of the base contributes to the flow of Mλ.  

• rλ ≡  10 − 0.4 (Aλ − Aλ0) takes into account the effects of extinction by dust. 
• G(v, σ) is a Gaussian distribution of line-of-sight velocities, centered on v 

and enlarged by σ.  
• ⊗  expresses a convolution. 
The best fit is defined as the one that minimizes the χ two between the ob-

served spectrum and the model: 

( ) 22 O M w −= ∑ λ λ λλχ                      (2.2) 

where wλ is the inverse of the noise in Oλ. We use the Metropolis algorithm in 
conjunction with simulated annealing (see, for example, MacKay 2003) to try to 
prevent the fit from being locked by local minimums of χ2. Spectral features that 
are not desirable in the adjustment, either because they are too noisy or because 
they are not included in the base, can be masked with the simple definition of wλ 
= 0.  

As a general rule, we verify that masks based on general characteristics of the 
studied sample produce a good first approximation for the modeled spectra. 
However, for a refinement of the adjustments, it is essential to make an individ-
ual mask for each studied object, taking into account the peculiarities of each 
spectrum to be modeled. The fact that “general” masks, that is, applied to all ob-
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jects in a sample, produce good results in a first approximation lies in the con-
trol mechanisms designed in the program. One of these mechanisms, for exam-
ple, consists of automatically masking parts of the spectrum that are from two to 
three sigma (this number is adjustable by the user) above the noise. Thus, it is 
expected to reduce the interference in the adjustment by stronger emission lines 
or bad pixels that were eventually not masked a priori by the user. Simulations 
and empirical tests to verify the reliability of this method in the recovery of ga-
lactic properties were performed by Gomes [32]. In an analysis of the results of 
any application of the synthesis code, one must take into account, for example, 
the effect of the multiplicity of solutions. This is mainly linked to intrinsic base 
degenerations (such as the age-metallicity effect or the use of very similar stars) 
or even statistical degenerations, that is, the impossibility of differentiating two 
solutions distinct due to the noise level in the studied spectrum.  

9. Applications of the Stellar Population  

Although the starlight synthesis code was developed mainly with the objective 
of recovering the star formation history of a galaxy, he proved to be much more 
versatile. The algorithm can be used, for example, to remove all the stellar con-
tributions to a spectrum in order to study the pure nebular emission spectrum 
of a galaxy. Another possibility is to use it to model only a small spectral band 
that contains absorption lines and obtain good measurements for the dispersion 
of stellar velocities of this line. The study presents the application of starlight to 
measuring the dispersion of stellar velocities in the calcium triplet range. We 
use standard starbases of observed velocities in the same instrumental configu-
ration as our objects. The bases are mainly constituted by stars of the spectral 
type K, more frequently of the type K0III, and eventually some stars of the type 
G and F.  

In these cases, we clearly have the problem of the intrinsic linear dependence 
of the base. We analyzed the extent to which this affects our measures of velocity 
dispersion and the corresponding uncertainties. In this study, we used an exten-
sive and extremely detailed theoretical base of 150 simple stellar populations 
from the Work of Bruzual & Charlot [34] of 25 different ages and six metallici-
ties. Depending on the degree of precision desired, we use either reduced bases, 
which save a lot of computation time for the hundreds of thousands of sdss ob-
jects, or more complete bases, including a finer grid of populations. Different 
ages and metallicities. This will actually be the first application of this giant sam-
ple, whose modeling was recently completed. Figure 5 shows an example of the 
application of our synthesis code to the study of the calcium triplet. The follow-
ing Figure 6 and Figure 7 provide examples of spectral synthesis for sdss data-
base objects. 

10. Study of the Calcium Triplet 

This chapter presents a study of the stellar dynamics of galaxies by analyzing the 
absorption lines of the calcium triplet 8498.02, 8542.09, 8662.14 Å. Section  
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Figure 5. Application of the starlight synthesis code to the study of the calcium triplet. In 
the upper left panel, we show the observed spectrum of the NGC 5929 galaxy (in green), 
and the modeled spectrum (in black) shifted down by 0.2 for greater clarity of the figure. 
The wavelengths of the calcium triplet are marked with the symbol “CaT”. The lower 
panel shows the residual spectrum Oλ − Mλ. The parts drawn in the dotted line were 
masked and are not considered in the fit. The right panel shows the contribution of each 
of the base elements (in this case, standard velocity stars and power laws) to the modeled 
spectrum. Above this panel are some galactic properties derived by the synthesis pro-
gram. Among them, we are especially interested in the dispersion of stellar velocities σ. 
 
3.1 deals with sampling, observations, and data reduction. Despite having fol-
lowed this process, this part of the Work was carried out almost entirely by col-
laborators [13]. This last section also detailed a work conducted by me and su-
pervised by Dr. R. Cid Fernandes, taking advantage of the algorithm for calcu-
lating the equivalent width of the Ca ii triplet encoded by Vega [20].  

11. Observations and Data Reduction  

The observations present in this Work were made in six shifts in three different 
telescopes. The following were observed:  
● 16 galaxies, in two shifts, by Dr. R. Gonz’alez-Delgado at the KPNO observa-

tory, with the Mayall 4 m telescope and the Ritchey-Chr’etien spectrograph 
(Lapi et al., 2018);  

● 25 galaxies, in two shifts, by Dr. H. Schmitt at the KPNO observatory, with 
the 2.1 m telescope and the Goldcam spectrograph;  

● 39 galaxies, in two shifts, by Dr. R. Cid Fernandes and by L. R. Vega [20] at 
the ESO-La Silla observatory, with the 1.52 m telescope and the Boller & 
Chivens spectrograph. 
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Figure 6. Application of the starlight synthesis code to an early-type sdss database galaxy. 
In the upper left panel, we show the observed spectrum of the galaxy SDSS J131844.94 - 
011108.20 (in green), and the modeled spectrum (in black) shifted down by 0.4 for greater 
clarity of the figure. The lower panel has the residual Oλ − Mλ spectrum. The parts drawn 
in the dotted line were masked and are not considered in the fit. The panels to the right 
show the flux and mass fractions as a function of stellar age. Above these panels are some 
galactic properties derived by the synthesis program. Semi-empirical analysis of Sloan Dig-
ital Sky Survey galaxies—I. Spectral synthesis method (http://www.silverchair.com). 
 

 
Figure 7. Like Figure 5, but for the late SDSS galaxy J110756.33+002305.54. 
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We obtained a total of 80 spectra from 78 galaxies—the Mrk 1210 and NGC 
7130 galaxies were each observed twice in different telescopes. Our sample con-
sists of 43 Seyfert type 2 galaxies, Seyfert type 1 galaxies, and nine non-active ga-
laxies shows in Figure 8. The spectra of the respective galaxies are shown in 
Figures 2-6. In addition to the sample galaxies, we also obtained spectra of stars 
to use as models for speed calibration. The stars were observed with the same in-
strumental configurations as the galaxies for all turns. This eliminates the need 
to make further corrections to the instrumental resolution for measuring veloci-
ty dispersion [15].  

Data reduction was conducted by Dr. A. Garcia-Rissmann [8] and L. R. Vega 
[20]. Corrections were made for reading noise (bias), the pixel-by-pixel differ-
ence (flatfield), and dark current (dark) effects. As the standard procedure, the 
flow and wavelength calibration with the iraf tool package was applied. The fact  
 

 
Figure 8. Examples of spectra modeled with a direct fit. In full-line, the observed spectra are graphed; in 
dotted line, the modeled spectra. The regions considered in the adjustments are drawn in a thicker line. 
The galaxies NGC 7410, NGC 1068, Mrk 1, NGC 1241, NGC 2997, and NGC 3115 are “a” quality; Mrk 516, 
Mrk 3 and Mrk 461, of “b” quality; and IRAS 04502-0317, Mrk 273, and Mrk 705, of “c” quality. 
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that our spectra are in the near-infrared region caused us to have problems with 
fringing, that is, internal reflections in the CCD camera that create interference 
patterns in the image. In these cases, a careful procedure was adopted, following 
the recipe of Plait and Bohlin, to minimize the effect of the fringes. More details 
can be found in Garcia-Rissmann et al. [8]. To test to what extent fringes could 
interfere with our measurements of velocity dispersion σ, one of the main para-
meters of our analysis, we compared measurements in spectra with and without 
fringe correction. The difference between the σ derivatives proved to be within 
the uncertainty estimates. All spectra were placed in the resting frame, using the 
mean redshift (redshift) measured in the Ca ii lines [31]. 

The Galactic reddening effect was also corrected for each galaxy, using NED 
data. All spectra presented in this chapter are nuclear. For all program objects, a 
three-pixel region centered on the luminosity peak of the galaxy was defined as 
nuclear. Defining the opening radius rab as the radius of a circle whose area com-
prises the area of our nuclear spectrum, we have, for our sample, rab = 50 - 700 
pc, and a median of 286 pc. Some spectra, after data reduction, present certain 
characteristics or artifacts that can hinder the analysis of the Ca ii region. Such 
characteristics are, for example, emission lines in the Ca ii region, excess noise, 
atmospheric spectrum remnants, and spurious effects [26]. 

For this reason, I, Dr. R. Cid Fernandes, and L. R. Vega classified the spectra, 
by visual inspection, according to the quality in the Ca ii region. “a” quality 
spectra are relatively clean and little affected by the aforementioned effects. Those 
of “b” quality are those in which one of the lines of Ca ii is contaminated. The 
quality “c” is the most problematic, with at least two lines heavily compromised. 
The “d” spectra are those that have complexities beyond the analysis capacity of 
our study. Examples of the latter are the narrow-line Seyfert 1 galaxies with wide 
Ca ii lines in emission.  

12. Direct-Fit Method  

A tool increasingly used [33] to measure velocity dispersion is the direct fitting 
method (dfm, the acronym in English for the direct fitting method). This me-
thod consists of modeling the observed spectrum using a linear combination of 
elements of a base of standard velocity stars, whose lines of Ca ii are enlarged 
and displaced by the convolution with a Gaussian filter, according to the same 
formula used in the synthesis of stellar populations: with the following particu-
larities: • Mλ is the synthetic spectrum. • Mλ0 is a normalization factor, defined as 
the total flux of the synthetic spectrum at wavelength λ0 = 8564 Å. • Tj,λ is the 
spectrum of the jth (j = 1, ∙∙∙, N) base component, normalized to λ0. Each galaxy 
was modeled with a base that included only the observed velocity standard stars 
with the same instrumental configuration, so we do not need to make correc-
tions for the resolution. Instrumental dog. 

( )10 ,N
j jjM M x r GT v∗ ∗=

 = ⊗ ∑λ λ λ σ                   3.1 

https://doi.org/10.4236/ijaa.2022.121005


N. Barua 
 

 

DOI: 10.4236/ijaa.2022.121005 86 International Journal of Astronomy and Astrophysics 
 

We also include taking into account the effects of stellar populations not in-
cluded in the base, a continuum Cλ, which is a combination of power laws of the 
type λ β. • xj is the fraction that each element Tj,λ of the base contributes to the 
flow Mλ. • rλ ≡  10 − 0.4 (Aλ − Aλ0) takes into account the effects of extinction 
by dust. In the case of the Ca ii triplet analysis, the measured value of rλ should 
not be taken into account, as we are working with a very narrow spectral range 
in which the effects cannot be measured, of dust. • G(v, σ) is a Gaussian distri-
bution of line-of-sight velocities, centered on v and enlarged by σ. • ⊗  ex-
presses a convolution. The best fit is defined as the one that minimizes the χ two 
between the observed spectrum (Oλ) and the model, as in Equation above.  

Simply by defining the inverse of the noise as wλ = 0, individual masks are 
built for each galaxy in order to avoid spectral features that interfere with the 
adjustment, such as emission lines, bad pixels, and remnants of heaven. Fur-
thermore, due to the construction of the algorithm’s output files, the visualiza-
tion and comparison between the observed spectrum and the obtained model 
are quite straightforward [17]. Figure 8 shows a depiction of this. 

13. The Effect of Masks  

Depending on the quality of the spectrum and the contamination of the Ca ii 
lines, the mask used in the direct fit method can have a considerable influence 
on the dispersion measurement. To speeds. In the preliminary tests with the 
masks, we were guided by the Work of Barth et al. (2002). In principle, we use a 
window from 8480 to 8690 Å, which completely includes the absorption lines of 
Ca ii. The region from 8560 to 8640 Å was excluded from the analysis as it re-
sulted in a poor fit. We test this mask for all our objects. After a visual inspec-
tion, we created another half-dozen “general masks”, that is, masks used by all 
galaxies indiscriminately. After this first screening, we started to look more care-
fully at the galaxy by the galaxy. For each of the spectra, we verified the suitabil-
ity of the “gm” and “gm5” masks. 

We then built individual masks for each of the 80 spectra, excluding parts 
with low signal-to-noise, emission lines close to the Ca ii lines, or other effects 
that could interfere with the adjustment. Of the lines of Ca ii. For higher quality 
spectra (tipoa’ type), it was noticed that the inclusion of continuum and other 
well-behaved regions around the lines of Ca ii do not interfere much in the 
measurement of σ. However, for some espectrob’ and “c” type spectra, the fit 
was more coherent when concentrated in the lines of Ca ii. Anyway, the choice 
of the mask by visual inspection can be quite subjective. For this reason, I made 
three different individual masks for each galaxy, following slightly different cri-
teria for each mask. The criteria differ mainly on whether or not to include con-
tinuous or noisier line wings. The variations in σ according to the chosen indi-
vidual mask, were of the order of 8 km/s, that is, within the estimated uncertain-
ties ∆σ. For “a” quality spectra, the variations are of the order of 5 km/s; for 
those of “b” quality, 9 km/s; for type “c,” 14 km/s.  
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14. Direct-Fit Method 

The same comparative test between individual masks and general masks was not 
so promising, on the other hand. Excluding two complex cases, the variations in 
σ due to the differences between general and individual masks were of the order 
of 17 km/s, still comparable to the uncertainties ∆σ. For “a” quality spectra, the 
variations are of the order of 9 km/s; for those of “b” quality, 30 km/s; for type 
“c,” 27 km/s. The confection of individual masks, therefore, brings notable bene-
fits for the reliability of measurements of σ, despite a certain amount of subjec-
tivity involved. On the other hand, general masks, made according to the cha-
racteristics of the sample as a whole, are a good approximation for preliminary 
studies or those that do not need a very high degree of reliability. For large sam-
ples, where it is not possible to visually inspect all spectra, general masks can be 
used, taking certain precautions [12]. 

15. Calculation of Uncertainties  

In this section, I detail the procedure for estimating uncertainties in σ derived 
from the direct fit method. Although at first glance, this seems like an already 
well-defined subject in the literature, there are several details that can be com-
plex and call into question the validity of a measure of ∆σ [21]. In addition to the 
work presented in this section, I have verified, throughout the study, whether 
other sources of uncertainty are consistent with ∆σ thus derived—as, for exam-
ple, quantifying the effect of the choice of masks. I hope, in this way, to have ex-
haustively covered the main sources of doubt regarding ∆σ. Unlike the cross- 
correlation method and the direct-fit method used by, for example, Barth et al., 
our starlight direct fit method includes in its base all the stars available in an ob-
servation turn. This means that we already take into account, in the adjustment 
itself, the so-called template mismatch or the intrinsic difference between the 
stellar spectra that we use as velocity patterns. Thus, it is not sensible to have a 
measure of uncertainties only by analyzing different results for several stars, a 
procedure widely used in the literature [16]. 

Besides the way the algorithm was built, another problem in quantifying the 
uncertainty by the template mismatch is the choice of an adequate base of stars. 
If we are modeling the lines of Ca ii and include in the base very different stars, 
for example, hot stars of type O or even white dwarfs, what results could we ex-
pect for the dispersion of velocities with these adjustments? Obviously, it is not 
plausible to fit the absorption lines of the Ca ii triplet with spectra that do not 
have these lines. The uncertainty measured by the template mismatch, in this 
case, would be very high. On the other hand, if we use practically identical stars 
K0III at the base, the measures of σ will be very close, and the measurement un-
certainty will be small. In this case, she’s probably being underestimated. In oth-
er words, the choice of the set of comparison stars has a direct influence on the 
uncertainty estimate. Is this a criticism we make of the standard method of esti-
mating ∆σ by template mismatch? With these two factors in mind, two sub-samples 
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were then selected to verify the effect of template mismatch on direct fit. The 
first sub-sample comes from one of the shifts observed in the 1.52 m telescope of 
the ESO-La Silla. The base observed in this turn consists of stars of the types 
K0III, K3III, and K5III. The second sub-sample is one of the shifts observed in 
the 2.1 m KPNO telescope. The base of stars used is more diversified: they are of 
the types K0III, K3III, K5III, F0III, and G0III. For these sub-samples, we apply 
direct fit with bases consisting of only one star at a time, in addition to the pow-
er laws [13]. 

After obtaining the fit with the individual stars, we take the mean and the mean 
square deviation of σ for each of the sub-samples. Figure 2 compares the results 
of σ obtained by this procedure with the results measured with the base that in-
cludes all the stars of the turn. We use exactly the same individual masks for ad-
justments with different bases. For the ESO sub-sample, the uncertainty ∆σtm? 
Due to the template mismatch, it is of the order of 5 km/s or 30% larger than the 
measure adopted in this work ∆σ, measured from the χ two distribution func-
tion, described below in this section. For the KPNO subsample, the mean square 
deviation of σ due to the template mismatch is on the order of 14 km/s or 100% 
larger than the adopted measure. Therefore, for the ESO sub-sample, with a less 
diversified starbase, the uncertainties derived from the template mismatch and 
the χ two curve method do not present significant statistical differences. 

For the KPNO sub-sample, on the other hand, the difference in the measure 
of uncertainties starts to have some relevance. There are indications, as I had 
qualitatively argued earlier, that a very diversified base causes template mismatch 
measurements to result in overestimated uncertainties. Anyway, according to 
Barth et al., the uncertainties ∆σtm and ∆σ must be summed in quadrature. In 
this case, the measure of uncertainty presented in this work would be, at most, 
40% higher. As described before, however, the direct-fit method used in this study 
already takes into account all available template stars and is, therefore, different 
from the method used by Barth et al. [33] does not seem to make much sense, in 
our case, to add ∆σtm to the estimated uncertainties.  

In the KPNO sub-sample, there are type F stars, which clearly show the Pas-
chen series. For these stars, the lines of Paschen Pa13, at 8665 Å, Pa15, 8545 Å, 
and Pa16, 8502 Å, are superimposed on the lines of the triplet of Ca ii, and make 
the measure of σ of Ca ii is underestimated. It’s not hard to understand why: if 
the fit algorithm tries to model a Ca ii line with a combined Ca ii and Paschen 
line, it will need to extend this by a smaller amount. Therefore, it is these unde-
restimated measures, using individual stars, that cause the offset in Figure 2. 
When the modeling is done with a base of stars K, F, and G, on the other hand, 
the program gives preference to those that do not have Paschen lines and, there-
fore, estimates a correct value for σ of Ca ii.  

The question is, therefore, how to quantify the uncertainties from the direct fits 
with the complete starbase. According to Press et al., one way to estimate the error 
bar is from the χ two distribution function. Because we are interested in uncer-
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tainty in just one parameter, σ, this method provides a simple and straightforward 
procedure. In this case, a variation of ∆χ2 = 1 is statistically equivalent to an ex-
tension that covers 68.3% of a data set in a normal distribution. The method is 
computationally expensive but not too complicated. For each galaxy in our sam-
ple, we need to obtain a curve of χ two as a function of σ. We start from the σ, 
the best value obtained with the model that minimizes χ2. Let’s call this χ two χ2 
min. We travel an interval of 40 km/s around the σ, best. In this window, we set 
the value of σ, adjust the other parameters of the model and recalculate χ2 [33]. 
Thus, we have a distribution of χ two as a function of the parameter σ, as shown 
in Figure 9 and Figure 10. 

 

 
Figure 9. Template mismatch results for ESO and KPNO 2.1 m sub-samples. 

 

 
Figure 10. Typical curve of χ two as a function of σ. 
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16. Discussion and Conclusion 

The discovery of an empirical relationship between the mass of the central black 
hole (M•) and σ was the main guide of our detailed study of the calcium triplet 
region. Therefore, the search for more accurate methods for calculating the dis-
persion of velocities, in addition to the careful study of uncertainties. So one of 
the following steps is to calculate M• for our objects and relate it to other prop-
erties. It has recently been questioned whether there are “intermediate” black 
holes, that is, not as massive as those usually found in the center of galaxies. We 
suspect that this possibility is worth investigating for at least one object (NGC 
4748) in our sample. However, it should be remembered that our instrumental 
scattering is not very convenient to detect σ small.  

Another critical study to be done with the calcium triplet is calculating the 
mass/luminosity (M/L) ratio from σ and photometric information. Thus, one 
can further investigate the stellar populations of the active galaxies. This possi-
bility is exciting for type 1 Seyferts, for which traditional stellar population di-
agnoses are not feasible. For the study of sdss, we have as much to improve our 
preliminary results as to investigate another immense range of analyses. The 
mask detection program, for example, can receive an even more complete list of 
emission lines to be detected, including recombination lines important in the 
study of chemical abundances, like C and O. Furthermore, the program can be 
improved to fit the lines more precisely by calculating other parameters of the 
Gaussian with which we try to model the lines—at the moment, we just adjust 
their amplitude. Also, we can use it for weak line detection [29].  

As we’ve seen, galaxy mid-range spectra allow you to see certain spectral fea-
tures that are hidden by noise in individual spectra—both adjustment problems 
and weak emission lines. That is, we can use the program that masks lines with 
slight modifications (or perhaps none at all) to detect these faint lines in medium 
spectra automatically. We also fit new models for our sample of ~355,000 ob-
jects, this time with a simple stellar population base that excludes populations 
with very low metallicity (Z = 1/200 e 1/50Z) included in the analysis presented 
here. These populations have important effects on some parameters, such as M/L, 
mass, and average age. However, their spectra in the Bruzual and Charlot [34] 
models are computed relatively coarsely due to the lack of a complete library of 
stellar spectra with such metallicities. Therefore, we found it convenient to in-
vestigate their effect on our adjustments. This same group will even soon release 
new versions of metal-poor populations.  

As for the preliminary results presented here, there are several details that we 
have not yet included in our calculations for the BPT diagnostic diagram and 
star formation history. We need, for example, to further investigate the com-
pleteness of the sample and correct our timescale to a cosmological timescale. 
We hope, therefore, to obtain SFRs that show in more detail the evolution of ga-
laxies in the local universe. Therefore, the immediately subsequent steps are to 
detail our studies of sdss more rigorously. Furthermore, as we have already men-
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tioned, there are many other synthesis products that we can investigate, and it 
would be impossible to list all these branches here. 
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Abstract 
Observed spiral galaxy rotation curves allow a measurement of the warm dark 
matter particle velocity dispersion and mass. The measured thermal relic mass 

100hm ≈  eV is in disagreement with limits, typically in the range 1 to 4 keV. 
We review the measurements, update the no freeze-in and no freeze-out sce-
nario of warm dark matter, and try to identify the cause of the discrepancies 
between measurements and limits. 
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1. Introduction 

The Λ cold dark matter (ΛCDM) cosmological model, based on just 6 parame-
ters [1], is in spectacular agreement with precision measurements of the cosmic 
microwave background anysotropies, the power spectrum of large scale density 
fluctuations, and baryon acoustic oscillations. The ΛCDM model may have ten-
sions with observations on scales smaller than the Galaxy, e.g. too few satellites 
of the Milky Way and Andromeda, and galaxies with cores instead of the cusps 
expected from simulations. An extension of the ΛCDM cosmology that addresses 
the small scale tensions is Λ warm dark matter (ΛWDM) that assumes that the 
dark matter has a non-negligible velocity dispersion. Since the non-relativistic 
velocity dispersion ( )rmshv a  scales as 1a− , we may write, for the homogeneous 
matter dominated universe,  

 ( ) ( ) ( ) ( ) 1 3
rms

rms rms
crit

1
1 ,h h

h h
c

v a
v a v

a
ρ
ρ

 
= =  Ω 

              (1) 

where ( )h aρ  is the density of dark matter at expansion parameter a  (nor-
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malized to 1a =  at the present time), and critcρΩ  is the mean density of dark 
matter at the present time (we use the standard notation in cosmology, and as-
trophysical constants, as in [1]). 

Let ( )P k  be the comoving power spectrum of linear relative density per-
turbations in the ΛCDM model after decoupling [2]. k  is the comoving wave-
number. The corresponding power spectrum in the ΛWDM cosmology is  
( ) ( )2P k kτ , where ( )2 kτ  is a cut-off factor due to warm dark matter free- 

streaming. The cut-off factor, at time eqt  when matter begins to dominate, has 
the approximate form (see figure 5 of [3])  

 ( ) ( )2 2 2
fsexp .k k kτ = −                      (2) 

Note that we have defined the free-streaming cut-off wavenumber fsk  so that 
( ) ( )2

fs exp 1kτ ≡ − . We will assume that non-relativistic dark matter carries the 
non-relativistic Maxwell-Boltzmann momentum distribution (see Section 3 be-
low). Given the adiabatic invariant ( )rms 1hv , the comoving free-streaming cut-off 
wavenumber at eqt  is [3]  

 ( ) ( )
( )

( )eq
fs eq J eq2

rms

4 11.455 1.455 .
2 61

m

h

G a
k t k t

v

ρπ
= =          (3) 

( )J eqk t  is the comoving Jeans wavenumber at matter-radiation equality. This 
solution corresponds to adiabatic, i.e. thermal, initial fluctuations. After eqt , 

3 2
JM a−∝  decreases allowing non-linear regeneration of small scale structure. 

An alternative fsk , obtained from simulations, is given in [4]. 
In summary, the ΛWDM extension of the ΛCDM model adds one parameter: 

the velocity dispersion ( )rms 1hv . Note that a typical dark matter particle becomes 
non-relativistic at expansion parameter ( )NR rms 1h ha a v c′≈ ≡ . The challenge is 
to measure, or set limits on, ( )rms 1hv  and fsk . Measurements of fsk  need to be 
done at high redshift z  since non-linear evolution of perturbations regenerate 
the small scale power spectrum [5] [6] [7]. 

The warm dark matter extension of the ΛCDM model is not only the addition 
of a parameter: it is a change of our understanding of the formation of structure 
[5], galaxy halos [8], first stars, and reionization. 

In the present article we briefly review measurements of ( )rms 1hv . These mea-
surements are ruled out by numerous limits. The purpose of this study is to try 
to understand what went wrong. It turns out that the measurements of the ve-
locity dispersion ( )rms 1hv , and of fsk , coincide with the predictions of the no 
freeze-in and no freeze-out warm dark matter scenario. We also update this sce-
nario. 

2. Measurements of ( )hv rms 1  

Fits to relaxed spiral galaxy rotation curves allow a measurement of the radial 
component of the velocity dispersions 

1 22
rhv  and 

1 22
rbv , and the density runs 

( )h rρ  and ( )b rρ , of dark matter and baryons, respectively [9]. The velocity 
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dispersion of dark matter is found to be independent of the radial coordinate r  
(out to the radius where the rotation curve remains flat), implying, in particular, 
that dark matter particles have the non-relativistic Maxwell-Boltzmann mo-
mentum distribution (within observational uncertainties) [8] [9]. We define the 
adiabatic invariant in the core of the galaxy as  

 ( ) ( )

1 3
1 22 crit

rms 1 3 .
0

c
h rh

h

v v
r
ρ

ρ
 Ω

≡   → 
               (4) 

( )rms 1hv  is the velocity dispersion of dark matter particles that would be ob-
tained by adiabatic expansion from the core of the galaxy to the mean dark mat-
ter density of the universe critcρΩ . The adiabatic invariant ( )rms 1hv  is predicted 
to be of cosmological origin, and hence to be equal in all relaxed galaxies [8]. In 
other words, the velocity dispersion of dark matter in the core of the galaxy with 
density ( )0hρ  should be equal to the velocity dispersion of dark matter in the 
early universe when its density was ( )0hρ , since the early universe and the ga-
lactic core are connected by adiabatic expansion, turn-around, and adiabatic 
contraction [8], (see text related to figure 13 of [8] for details). Measurements 
indicate that “phase space dilution” in relaxed galaxies is not dominant. There-
fore we identify ( )rms 1hv  in Equation (4) with ( )rms 1hv  in Equation (1). If this 
identification is correct, then the observed spiral galaxy rotation curves allows a 
measurement of the temperature-to-mass ratio of dark matter particles  

( ) ( )2
rms 3h hkT a m v a= , and also of the free-streaming cut-off wavenumber 

fsk . 
Measurements of the adiabatic invariant of 10 relaxed spiral galaxies in the 

THINGS sample [10] obtains the following mean:  
( ) ( ) ( )rms 1 1.25 0.10 stat 0.75 systhv = ± ±  km/s (this uncertainty includes the con-

tribution of the dark matter halo rotation parameter 0.15 0.15hκ = ±  km/s) 
[9]. 

The measurement of the adiabatic invariant of 40 different galaxies in the 
SPARC sample [11] obtains the following mean and standard deviation:  

( ) ( )rms 1 1 0.87 0.27h hv κ= − ±  km/s [12]. This result does not depend signifi-
cantly on the galaxy luminosity over three orders of magnitude, velocity disper-
sion, gas mass, Vaucouleurs class, disk central surface brightness, or core dark 
matter density [12]. Estimating 0.35

0.150.15hκ
+
−=  [9] [13], and including the study 

of known systematic uncertainties in [13], we obtain  

 ( ) ( )rms 1 0.79 0.33 tot km s,hv = ±                   (5) 

at 68% confidence. 
In summary, the prediction that ( )rms 1hv  is of cosmological origin, and hence 

equal in the core of all relaxed galaxies, is validated within the cited uncertainty. 
However, the corresponding free-streaming cut-off wavevector  

0.74 1
fs 0.301.03 Mpck + −

−=  (from Equation (3)) has been excluded by many studies that 
obtain lower bounds typically in the range 8 Mpc−1 to 38 Mpc−1, corresponding 
to thermal relic masses hm  greater than 1 to 4 keV respectively (with a thermal 
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relic defined by Equations (6) and (7) of [4]). One purpose of the present study is 
to try to understand what may have gone wrong. 

3. The No Freeze-In and No Freeze-Out Scenario 

The measured adiabatic invariant ( )rms 1hv  happens to be in agreement with the 
following detailed scenario. Dark matter is in thermal and diffusive equilibrium 
with the Standard Model sector in the early universe, and decouples (from the 
Standard Model sector and from self-annihilation) while still ultra-relativistic. Elas-
tic dark matter-dark matter interactions are allowed. Thus we assume that dark 
matter particles decouple with an ultra-relativistic thermal equilibrium (URTE) 
momentum distribution, either Fermi-Dirac or Bose-Einstein, with zero chemi-
cal potential µ . Due to the expansion of the universe, dark matter particles be-
come non-relativistic. We assume that the URTE momentum distribution relax-
es to the corresponding non-relativistic distribution (NRTE) due to elastic dark 
matter-dark matter scattering. This latter assumption is needed because only the 
NRTE is consistent with the flat portion of spiral galaxy rotation curves [8] [9]. 
Even the quantum repulsion (attraction) between identical fermions (bosons), 
with a mutual potential  

 ( )
2

2ln 1 exp ,h h
rr kT m kTφ

  
= − −  

   




                (6) 

is sufficient to acquire the NRTE in a very short time scale relative to the age of 
the universe, assuming quasi-degenerate dark matter [14]. For simplicity, we con-
sider a single dark matter species. 

Let hT T  be the temperature ratio of dark matter and photons after decoupl-
ing of neutrinos, and after e e+ −  annihilation, and before dark matter becomes 
non-relativistic. This ratio is  

 
1 3

dec

43 ,
11

hT
T g

 
=  
 

                        (7) 

where ( )dec 7 8b fg N N= +∑ ∑  at decoupling of dark matter from the Stan-
dard Model sector [1]. fN  ( bN ) is the number of fermion (boson) spin pola-
rizations. As an example, if dark matter couples to the Higgs boson, then it de-
couples from the Standard Model sector as the temperature drops below HM  
and the Higgs bosons decay. Then ( )( )1 3

43 4 11 381 0.345hT T = × × =  [1] [15]. 
We will assume that warm dark matter decouples from the Standard Model sec-
tor at a temperature between tm  and CT , where CT  is the temperature of the 
confinement-deconfinement transition between quarks and hadrons (decoupl-
ing at a lower temperature compromizes the agreement with Big Bang Nucleo-
synthesis). Then 0.424 0.344hT T> > . The ratio of number densities of dark 
matter particles and photons, after e e+ −  annihilation until the present time, is  

 
dec

43
,

22
h hn g

n gγ

′
=                          (8) 
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where 3 4h b fg N N′ = +  for the dark matter [14]. Then, at the present time,  

 
2

2

crit dec

114
1.5 keV

h h h h
c

n m h g m
h

gρ
′

Ω = ≈                    (9) 

determines the dark matter particle mass corresponding to no freeze-in and no 
freeze-out. 

The expansion of dark matter, and the transition from the URTE momentum 
distribution to the NRTE momentum distribution, is assumed to occur with 
constant number of particles, i.e. the particle number density scales as 3a− , and 
(arguably) with constant entropy, see [14] for full details. For example, the num-
ber density of dark matter particles is calculated as follows:  

 ( )
( )( )

2

3 0

4, d ,
exp 1h h

h

g pn T p
h kT

µ
ε µ

∞π
=

− ±∫            (10) 

where the particle energy is 2 2 2 4 2
h hp c m c m cε = + − , and fg N=  for dark 

matter fermions, or bg N=  for dark matter bosons. Similar equations obtain 
( ),hTε µ , the pressure ( ),hP T µ , the root-mean-square velocity ( )rms ,h hv T µ , and 

the dimensionless entropy per particle s k  [14]. We note that these equations 
are valid for the entire range of hT , from non-relativistic 2

h hkT m c  to ul-
tra-relativistic 2

h hkT m c . This scenario implies that dark matter has a dimen-
sionless entropy per particle: 4.202s k =  for fermions, and 3.601s k =  for 
bosons, and that non-relativistic dark matter acquires a negative chemical po-
tential µ  [14]. For 1000hm =  eV (108 eV), 1.618hkTµ µ′ ≡ = −  (−1.618) 
for non-relativistic fermions, and 1.243µ′ = −  (−1.243) for non-relativistic bo-
sons. For fermions, from equation (26) of [14], we obtain  

 
( )

1 43 4

rms

0.76 km s 2108 eV,
1h

h f

m
v N

  
=         

             (11) 

 ( )
1 41 4

rms 1 20.336 ,
0.76 km s

hh

f

vT
T N

  
=        

              (12) 

where hT T  is the dark matter-to-photon temperature ratio after e e+ −  anni-
hilation, and before dark matter becomes non-relativistic. Equation (12) is ob-
tained from (11), (7) and (9). For bosons, from Equation (28) of [14], we obtain  

 
( )

3 4 1 4

rms

0.76 km s 1108 eV,
1h

h b

m
v N

   
=        

             (13) 

 
( ) 1 4 1 4

rms 1 10.385 .
0.76 km s

hh

b

vT
T N

   
=    

  
              (14) 

Note that the measurement of the adiabatic invariant ( )rms 1hv  allows a deter-
mination of the dark matter particle mass hm , and of the ratio hT T  (that de-
termines the dark matter decoupling temperature, if sufficiently precise). 

Table 1 presents a summary of measurements and predictions. The agree-
ment is noteworthy since it depends on the measured values of ( )rms 1hv , fsk ,  
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Table 1. Summary of measurements of the adiabatic invariant ( )rms 1hv  with spiral ga-

laxy rotation curves [12], the free-streaming cut-off wavenumber fsk  with galaxy stellar 
mass distributions at 4.5,6,7z =  and 8 [13], and predictions from the no freeze-in and 
no freeze-out scenario. ( )NR rms 1h ha v c′ ≡ . After e e+ −  annihilation, while dark matter is 

ultra-relativistic, 0.424 hT T≥ ≥ 0.344 , corresponding to decoupling at decCT T< < tm .  

Observable ( )rms 1hv  [km/s] 6
NR10 ha′  fsk  [Mpc−1] hm  [eV] 

Spiral galaxies 0.79 0.33±  2.64 1.10±  0.74
0.301.03+
−   

*M  distribution   0.44
0.400.90+
−   

Fermions spin 1/2     

No freeze-in/-out 1.93 to 0.83 6.43 to 2.78 0.42 to 0.98 54 to 101 

Bosons     

No fr-in/-out spin 0 1.12 to 0.48 3.73 to 1.61 0.73 to 1.69 81 to 152 

No fr-in/-out spin 1* 2.24 to 0.97 7.46 to 3.22 0.36 to 0.84 40 to 76 

*For spin 1 dark matter the predictions are model dependent [15]. 
 

cΩ  and 0T . The (arguably) simplest extensions of the Standard Model for the 
present scenario, that include scalar, vector or spinor warm dark matter particles, 
are presented in [15]. 

Comments: Equations (11) to (14) update Equations (15) to (18) of [13] to the 
present scenario. Reference [13] assumes non-interacting dark matter (except 
for gravity), does not consider the URTE to NRTE transition, and assumes zero 
chemical potential for non-relativistic dark matter. Table 1 updates table 4 of 
[13]. Note that in Table 1 we no longer distinguish fermion from boson dark 
matter because they become indistinguishable (with the current level of preci-
sion) due to their negative non-relativistic chemical potential in the present sce-
nario. 

4. A New Paradigm 

Table 1 has a big problem. Numerous studies have excluded a dark matter ther-
mal relic mass 100hm ≈  eV. The lower bounds are typically in the range 1 to 4 
keV. These studies may well be correct, in which case we need to understand 
why the approximately 60 studied relaxed spiral galaxies have the same adiabatic 
invariant ( )rms 1hv  (within statistical and systematic uncertainties), and why the 
measured ( )rms 1hv , fsk , cΩ , and 0T  happen to agree with the no freeze-in and 
no freeze-out scenario. 

The ΛWDM model adds one parameter to ΛCDM, namely the velocity dis-
persion ( )rms 1hv . This addition implies a change in paradigm, i.e. a change in 
the way we understand cosmology. Dark matter no longer has an infinite phase- 
space density, and hence simulations need to include the velocity dispersion 

( )rms 1hv  [14], in addition to the small scale power suppression factor ( )2 kτ  
due to free-streaming. Galaxies may form adiabatically without requiring relaxa-
tion or virialization [8]. The galaxy “virialized” mass (usually measured in simu-
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lations up to a radius r  corresponding to ( ) 200rρ ρ= ) is an ill-defined con-
cept as the halo radius keeps growing with a velocity 23 rhv , and the halo 
mass keeps increasing linearly with time [8]. The well defined mass of a galaxy is 
the linear mass of the Press-Schechter formalism, since the dimensions of the 
perturbation grow in proportion to the expansion parameter a , while the den-
sity scales as 3a− , so the linear mass hM  is independent of a . All relaxed ga-
laxies have (approximately?) the same measured adiabatic invariant ( )rms 1hv  
in the core. The warmest dark matter consistent with reionization has (arguably)  

( )rms 1 0.8hv ≈  km/s (if the Gaussian window function turns out to be a good 
approximation, see Section 5). The first galaxies to form have a stellar mass of 
order 7

* 10M M≈


. Larger galaxies form hierarchically as in the ΛCDM model 
[16] [17], and smaller galaxies are “stripped-down” during their formation as 
they loose matter to neighboring galaxies [6]. This may be the main mechanism 
of the non-linear regeneration of the small scale structure. 

In the ΛCDM scenario the first dark matter halos to collapse have arbitrarily 
small hM , and are devoid of a full complement of baryons due to the baryon 
pressure [2]. The first galaxies in the ΛCDM scenario to have a full complement 
of baryons, and to produce first stars, have a stellar mass *M  of order 510 M



 
and form at 20z ≈ . Galaxy evolution proceeds hierarchically. When galaxies 
with 7

* 10M M≈


 form (at 12z ≈ ) then the evolution of ΛCDM meets the evo-
lution of ΛWDM, and both scenarios reach half reionization at approximately the 
same redshift 7.7 0.7z = ± , and thereafter are difficult to tell apart due to the 
non-linear regeneration of small scale structure. 

5. Comments on the Press-Schechter Galaxy Mass  
Distribution 

The derivation of the Press-Schechter galaxy mass distribution [18], and its 
Sheth-Tormen ellipsoidal collapse extensions [19] [20], are valid for the hierar-
chical structure formation of the ΛCDM model, and for redshift 4.5z   before 
saturation sets in. The derivation of the Press-Schechter relation is based on the 
variance of the linear relative density perturbation on the linear mass scale hM  
at redshift z [2]:  

 ( )
( ) ( )

( ) ( ) ( )
2

2 2 2 2
3 2 0

, 4 d .
2 1

h
fM z k kP k k W k

z
σ τ

∞
= π

π +
∫        (15) 

f  is a correction due to the accelerated expansion of the universe:  
1,1.252,1.269f =  for 0,2,11z =  respectively. ( )W k  is a window function.  
( ) ( ) ( )22 2 1f P k k zτ +  is the proper power spectrum at redshift z. 

For the ΛCDM model, with ( )2 1kτ = , the usual choice of window function 
is a 3-dimensional top-hat sphere of radius 0r  in coordinate space:  

( ) ( )3
03 4W r r= π  for 0r r≤ , and 0 for 0r r> . Note that ( )W r  is normalized 

so that its integral over 3-dimensional space is 1. The mass of the perturbation is  

 3
0

4 .
3h h W hM r Vρ ρ= π ≡                      (16) 
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The Fourier transform of ( )W r  is  

 ( ) ( )
( )

( ) ( )3
0 0 03

0

3e d sin cos .iW k W r kr kr kr
kr

− ⋅  ≡ = − ∫ k r r       (17) 

( )24 k W kπ  is ill-behaved: it is oscillatory and does not converge, and is not 
suited for warm dark matter with a cut-off factor ( )2 kτ . 

For warm dark matter, the usual choice of window function, is a sharp cut-off 
of k  at 0k , i.e. ( ) 1W k =  for 0k k≤ , ( ) 0W k =  for 0k k>  [21] [22]. The 
appropriate linear mass scale is  

 
3

0

4 ,
3h h

cM
k

ρ
 

= π 
 

                       (18) 

where 2.7c ≈  is calibrated with simulations at 0z ≈  [21]. The Fourier trans-
form of ( )W k  is  

 ( ) ( ) ( )0 0 02 3

1 sin cos .
2

W r k r k r k r
r
 = − π

              (19) 

( )24 r W rπ  is ill-behaved: it is oscillatory and does not converge, and has an ill 
defined volume in r-space. 

Another window function that is considered [13] [23] is the Gaussian:  

 ( ) ( )
2 22

0
2
0

1exp , exp ,
22 W

r kkW k W r
Vk

   
= − = −   

   
         (20) 

with  

 
( ) 33 2

3
0 3

00

24 4 1.555, .
3 3W h hV r M

kk
ρ

π  
≡ π = = π 

 
          (21) 

Note that 0 01.555r k≈ . The Gaussian window functions ( )W r  and ( )W k  
are well behaved. In [13] and [23] we choose the Gaussian window function be-
cause it obtains excellent agreement with stellar mass distributions at  

8,7,6,4.5z =  and 3, and so the Press-Schechter formalism with Gaussian win-
dow function, and Gaussian ( )2 kτ  as in (2), is a good description of the data. 
Whether, or not, it is also a good description of warm dark matter is another 
question. 

A comparison of the distributions with Gaussian and sharp- k  window func-
tions is presented in Figure 1. With the Gaussian window function excellent 
agreement with the data is obtained, and fsk  is measured: 0.44

fs 0.400.90k +
−=  Mpc−1 

[13], see Table 1. Using the sharp- k  cut-off in several publications results in 
limits on fsk , typically fs 26k   Mpc−1. 

The cut-off factor ( )2 kτ  given by (2) and (3) is valid at eqt . Free-streaming 
continues after eqt , but is complicated by gravity and by non-linear regeneration 
of small scale structure by the time of the formation of first galaxies. During 
their formation, proto-galaxies may loose matter to neighboring galaxies, or 
break up, and populate the low mass tail [6] [24]. By 3z =  there remains little 
memory of ( )2 kτ  at eqt , see figure 2 of [5]. This regeneration has been de-
scribed by Equations (13) and (14) of [25], and adds a long tail to ( )2 kτ . 
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Figure 1. Press-Schechter and Sheth-Tormen ellipsoidal collapse predictions of galaxy stel-
lar mass functions are shown (see [23] for details), with Gaussian (top) and sharp-k (bot-
tom) window functions. To match prediction to data at the high mass end we have set 

10 10 *log log 1.5hM M= +  for the Gaussian window function, and  

10 10 *log log 2.0hM M= +  for the sharp-k window function. The top figure is taken from 
[13] where references to the data are given.  

 
In summary, the discrepancy between the limits and the measurements of fsk  

can be traced to the different ( )2 kτ  and window functions used. Additional 
simulations and studies are needed to settle this issue. 

6. Simulations 

The Press-Schechter formalism with Gaussian window function, describes the 
observed stellar mass distributions at 8,7,6,4.5z = , and even 3 [13]. But does it 
describe warm dark matter? To investigate this question, we generate galaxies 
with a simple generator described in [16] and [17]. Briefly, we apply periodic 
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boundary conditions in a cube of comoving side 300L =  Mpc at a given ex-
pansion parameter a , i.e. we do not step galaxy evolution in time. We calculate 
the density ( ), Iρ x  in the linear approximation by summing Fourier terms 
(with random phases) for comoving wavevectors with 2 2I Ik k I Lλ< = π = π , 
where I is an integer. We search for maximums of ( ), Iρ x . If the maximum 
exceeds ( )2.69 aρ  and the proto-galaxy “fits”, we generate a galaxy i with 
proper radius 2 2i IR a λ= , ( 2a  is a  in the linear approximation), and total 
linear mass ( ) ( )34 3 2.69hi iM R aρ= π  (which is different from the often used 
“virialized” mass). A galaxy “fits” if it does not overlap previously generated ga-
laxies. The integer I is then increased by 1 and galaxies of a smaller generation 
are formed. Note that a galaxy that did not fit at generation I may fit at a “gener-
ation” with larger I, and hence be created with a reduced mass. These are 
“stripped down” galaxies that have lost matter to neighboring galaxies in the 
course of their formation [6]. This is a simplified way to regenerate small scale 
structure in the warm dark matter scenario. 

To compare the simulations with data it is necessary to make the transition 
from the “linear” halo mass hM  to the stellar mass *M . Here we approximate 
the transformation as a fixed factor, which is adjusted so that data and simula-
tion agree at the high stellar mass end (this factor is very sensitive to the power 
spectrum normalization 2

R∆ ). The results for 4.5z = , and 6 are presented in 
Figure 2, upper panels. The simulations shown are ΛCDM, ΛWDM with  

1
fs 0.8 Mpck −= , and the same plus a “tail”:  

 ( )

2

fs2
fs2

fs
fs

exp if ,

exp if .

k k k
k

k
k k k
k

τ

  
− <  

  = 
  − ≥ 
 

                (22) 

The bottom left panel of Figure 2 shows the cut-off factors ( )2 kτ  of (2) and 
(22), as well as the “linear” cut-off factor (6) and (7) of [4], and the “non-linear” 
regenerated cut-off factor of (13) and (14) of [25]. 

An alternative way to estimate the stellar mass is to obtain the galaxy dark 
matter particle 1-dimensional dispersion velocity as  

 ( ) ( ) ( )( )( )22flat
rms galgal 1.2 2 2 ,

2rh i J
v

v G a R aρ λ= = −π        (23) 

where the factor ≈1.2 is calibrated from simulations described in [8], and ( )J aλ  
is the proper Jeans length. The stellar luminosity in the R band is then obtained 
from the Tully-Fisher relation [26]  

 flat
10 10log 10.5 3.5log .

200 km s
R vL

L
   

= +       

             (24) 

Finally, to obtain the stellar mass *M M


 we assume * * 0.5M L M L=
 

. 
The comparison is shown in Figure 2 bottom right panel. 

We conclude that the data are in agreement with the Press-Schechter predic-
tion with the Gaussian window function [13], and are also in agreement with  
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Figure 2. Upper panels: stellar mass distributions, from simulations and data, at 4.5z =  and 6. The simulations 
correspond to ΛCDM, ΛWDM with Gaussian ( )2 kτ  with 1

fs 0.8 Mpck −= , and the same plus a “tail”, see equation 

(22). For references to the original data points see [13]. Bottom left: warm dark matter cut-off factor ( )2 kτ  with the 

Gaussian function (2) with 1
fs 1 Mpck −= , the Gaussian+tail of Equation (22), the “linear” ( )2 kτ  from [4], and the 

“non-linear” regenerated ( )2 kτ  from [25] with 0.15hm =  keV and 6z = . The Gaussian and “linear” curves overlap 

in this figure. Bottom right: comparison of distributions of halo mass hM  and stellar luminosity *L  of the simula-
tion with 4.5z = .  

 
simulations of ΛWDM if the Gaussian ( )2 kτ  develops a “tail”. This tail need 
not be of primordial origin: it may be due to limitations of current galaxy gene-
rators. Let us mention that the simulations in [21] and [24] are warm dark mat-
ter only, they do not include baryons, and baryons act as a cold “tail”. The 
needed extra tail is much smaller than the tail that current generators already 
obtain [5] [25]. The simulations in [24] include proto-galaxies, and go a long 
way between simulations in [21] (similar to the Press-Schechter prediction with 
a sharp- k  window function) and data. In any case, the “tail” needs to be in 
place by 12z ≈  in order to obtain timely reionization even for 1

fs 1 Mpck −≈ , 
see figure 4 of [27]. To settle this issue, future simulations are needed that have 
enough resolution to describe the formation of “stripped down” galaxies, and 
that bridge the gap between the halo mass hM  and the observable galaxy stellar 
luminosity *L . 
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7. Comments on the Lyman-α Forest 

Reionization is beautifully illustrated in [28]. During the dark ages the universe 
baryonic matter is mostly neutral hydrogen and neutral helium. At about  

12z ≈ , first quasars begin ionizing and heating the gas in bubbles expanding 
away from the quasar. As a result, peaks in the dark matter density correspond 
to minimums of the neutral hydrogen density. The bubbles overlap at about 

6z = . 
Light from quasars is observed to have a “forest” of absorption lines due to 

Lyman 1 2s p↔  transitions (at 1215.67αλ =  Å) of intervening clouds of 
neutral hydrogen [29]. In principle, each line obtains the redshift z of the cloud, 
the column density of neutral hydrogen HIN  (typically 1013 to 1014 cm−2), the 
thickness of the cloud along the line-of-sight (tens to hundreds of kpc), and (par-
tially degenerate) its temperature (typically 104 to 3 × 104 K). Simulations of the 
inter-galactic medium at 3z =  show that the (mostly ionized) baryon density 
tracks the dark matter density down to the Jeans length where baryon pressure 
dominates gravity, with a fraction of neutral atomic hydrogen (HI) of order 10−5 
that depends on temperature T, and on the ionization rate Γ  due to ultra-vio- 
let photons. 

The inter-galactic dark matter resembles a honey-comb of voids, surrounded 
by sheets, that meet at filaments, that meet at spheroidal nodes. Most of the Ga-
laxies form in nodes and filaments. 

“For a characteristic hydrogen number density of 55 m−3, corresponding to 5 
times the mean baryon density at 3z = , and a characteristic temperature of 2 × 
104 K, the pressure is 106 K·m−3, and the baryon Jeans length is 320 kpc” [29]. In 
comparison, the warm dark matter Jeans length, at 3z =  with rms 0.67hv =  km/s, 
corresponding to thermal 100hm ≈  eV, is 30Jhλ =  kpc. Filament thicknesses 
are of order 100 kpc [29]. 

Let us comment on figure 3 of [30] that presents the Lyman-α relative flux 
1-dimensional power spectrum ( ) ( )2

1D 1DF z z F zk k P k∆ ≡ π  for zk  in the range 
0.0005 to 0.02 s/km. We consider 4.4z = , so the measured range of zk  is 0.05 
to 1.75 Mpc−1 (the conversion factor is ( )0 1mH z≈ Ω + ). The relation between 
the 1-dimensional and 3-dimensional flux power spectrum is [29]  

 
( ) ( )2 2

1D
2 d .

z

F z F
k

z

k k
k

k k
∞∆ ∆

= ∫                     (25) 

where ( ) ( ) ( )2 3 22F Fk k P k∆ π≡ . Note that this integral must reach well past the 
maximum observed zk  to avoid a drop in ( )2

1DF zk∆ . We select a “bias factor” 
( )b k  such that ( ) ( ) ( )FP k b k P k=  obtains the measured ( )2

1DF zk∆ , where 
( )P k  is the ΛCDM dark matter comoving linear power spectrum [2]. Agreement 

is obtained with ( ) 0.016b k =  independent of k , so flux fluctuations 
 

( )F F F Fδ = −  appear to track the dark matter density fluctuations, at least 
in low density regions of the universe, i.e. away from nodes. Multiplying ( )FP k  
by the linear cut-off factor ( )2 kτ  obtained from [4] rules out 0.1hm =  keV if 
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non-linear regeneration of small scale structure is neglected, which is not justi-
fied [5]. If instead of the linear cut-off factor ( )2 kτ  from [4], we take the 
non-linear regenerated cut-off factor of [25], then we find that 0.1hm =  keV is 
allowed! 

Now consider figure 11 of [25] that presents the Lyman-α 1-dimensional pow-
er spectrum ( )2

1DF zk∆  for zk  in the range 0.0013 to 0.08 s/km, see Figure 3. 
We consider 5.4z = , so the range of zk  is 0.12 to 7.6 Mpc−1. In this case, for 
ΛCDM, we obtain a bias factor ( ) 0.06b k =  independent of k  that obtains the 
measured ( )2

1DF zk∆  for 0.025zk <  s/km. For 0.04zk >  s/km, the measured 
( )2

1DF zk∆  drops below the values obtained from ( ) ( )0.06FP k P k= . As an ex-
ercise, let us assume that this drop is due to warm dark matter free-streaming. 
Again we take the linear cut-off factor ( )2 kτ  from [4]. Then we obtain  

2.2 0.4hm = ±  (stat) keV, and 0.08 0.01b = ± , with 2 2.9χ =  for 8 degrees of 
freedom, if we neglect non-linear regeneration of small scale structure. In this 
case 0.1hm =  keV is excluded with 2 295χ =  for 9 degrees of freedom, see 
Figure 3. If instead of the linear cut-off factor ( )2 kτ  from [4], we take the 
non-linear regenerated cut-off factor of [25], we obtain the measurement  

0.50 0.21hm = ±  (stat) keV, and 0.08 0.01b = ± , with 2 8.8χ =  for 8 degrees 
of freedom. Fixing 0.1hm =  keV obtains 0.15 0.01b = ±  and 2 11.7χ =  for 9 
degrees of freedom (with statistical uncertainties only), so 0.1hm =  keV is not 
ruled out! For the ΛCDM model we obtain 0.054 0.003b = ±  and 2 27.8χ =  
for 9 degrees of freedom. See Figure 3. The results of this section are in line with 
pioneering studies in [5]. 

Question: Why does ( )2
1DF zk∆  in [25] or [30] decrease with decreasing z , 

while the proper dark matter density power spectrum has the opposite beha-
viour? 

 

 
Figure 3. Left: Measured Lyman-α forest power spectrum at 5.4z =  from figure 11 of [25], compared 
with ΛCDM, and with ΛWDM with 0.1hm =  keV, and linear [4] or non-linear [25] cut-off factors ( )2 kτ . 

Right: 1-standard deviation contour in the ( hm , b) plane assuming the non-linear cut-off factor ( )2 kτ  

[25], see text.  
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8. Conclusions 

A detailed no freeze-in and no freeze-out warm dark matter scenario has emerged 
from fits to approximately 60 relaxed spiral galaxy rotation curves, and from 
measurements of galaxy stellar mass distributions. The resulting thermal relic 
dark matter mass is of order 100hm ≈  eV, depending on the spin and decoupl-
ing temperature of the dark matter particles, see Table 1. Numerous studies 
have ruled out such a low thermal relic mass hm . These studies may well be 
correct, in which case we need to understand why the measured dispersion ve-
locity ( )rms 1hv  is approximately the same for all studied relaxed galaxies, why 
the measured ( )rms 1 0.79 0.33hv = ±  (stat) km/s and 0.44 1

fs 0.400.90 Mpck + −
−=  each 

happen to coincide with the no freeze-in and no freeze-out scenario, why the 
free-streaming mass 11

fs 9 10M M= ×


 (from (21) with fsk ) is of Galactic mass, 
and hence addresses the missing satellite issue, and why 1

fs 1 Mpck −≈  happens 
to be the warmest dark matter that may be consistent with reionization. 

It is significant that the Particle Data Group quotes lower limits to the dark 
matter particle mass of 70 eV for fermions, and 10−22 eV for bosons [1]. It is also 
interesting to note that the onset of degeneracy spoils the fits to spiral galaxy ro-
tation curves, obtaining lower limits of 48 eV for fermions, see figure 5 of [13], 
and 45 eV for bosons [9]. We find that different treatments of the non-linear re-
generation of small scale structure, within current uncertainties, may change a 
measurement of hm  into a limit, and vice verse, see Figures 1-3. The core of 
galaxies is (arguably) evidence that dark matter is warm [8]. New studies, with 
data and simulations, are needed to better understand the warm dark matter tail. 
These simulations need to have sufficient resolution to reliably generate “stripped 
down” galaxies, and need to include the baryon physics to obtain the observable 
stellar luminosity *L , as well as first stars to understand reionization. 
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Abstract 
In this paper, we mainly review our previous works on a magnetic-monopole 
toy model, in which the energy resources come from nucleon decay catalyzed 
by magnetic monopoles. Utilizing this unified model, we have explained var-
ious supernova explosion and gamma ray bursts, extra heat at the centers of 
white dwarfs and the earth. The unusually strong radial magnetic field near 
the Galactic Center (GC) is quantitatively consistent with our theoretical pre-
diction in 2001. It may be strong astronomical observational evidence of the 
presence of magnetic monopoles predicted by particle physics. Using the masses 
of 100,000 quasars observed by SLOAN with various red-shifts due to the black 
hole, according to the popular black hole accretion model, we estimate the in-
itial mass of quasars when they born in early universe. It is found that most 
low-red-shifting quasars have an initial mass of negative or very small values. 
However, based on our proposed model of super massive stars with magnetic 
monopoles, the statistical distribution of the initial mass for these quasars 
should be a reasonable Gaussian distribution. This suggests that the modern 
model of black holes in the quasars and active galactic nucleus may be un-
reasonable. 
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1. Introduction 

For more than half a century, the black-hole models have been inundated in 
many fields of astrophysical research [1] [2] [3] [4]. A black hole is defined by 
the fact that light cannot escape from it. Its only characteristics are the singular-
ity and horizon, where the latter was calculated as early as 1796 by Laplace, who 
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took up an idea of Mitchell of 1783 and called these hypothetical stars “corps 
obscures”. A black hole can be formed by the collapse of a rotating object with 
angular momentum, forming a Kerr black hole. In addition, the theory of black 
holes has been enriched and matured by a large number of scientists, such as 
Einstein, Schwarzschild, Chandrasekhar, Oppenheimer, Wheeler, Hawking and 
so on, and has reached a consensus in the scientific community. Cygnus X-1 is 
believed to be the first black hole ever discovered. On April 10, 2019, the first 
image of a black hole was finally taken. It shows the black hole at the center of 
galaxy M87, 55 million light-years away, with 6.5 billion solar masses (M⊙). 
Black holes are invisible because they have an event horizon, a spherical inter-
face called the Schwarzschild radius Rs = 2Gm/c2 = 3 (m/M⊙) km, at which the 
accreted material emits visible light and powerful bursts. The largest black hole 
ever discovered is the one at the center of the TON618 quasar, which is 6.6 × 
1010M⊙. 

According to the existing internationally popular theory of stellar evolution, 
massive stars with a mass greater than 30M⊙ experience long main sequence hy-
drogen burning stage, red giant star helium burning stage, and then rapidly go 
through carbon burning, neon burning, oxygen burning, and silicon burning 
stages. For a massive star with a mass greater than 50M⊙, it is possible to enter 
the oxygen burning phase directly after the helium burning phase. 

According to prevailing theories, huge massive black holes may exist at the 
core of active galaxies nucleus (AGNs, m > 106M⊙). There may be an interme-
diary mass black hole at the center of some galaxy clusters (103M⊙ < m < 105M⊙). 
There may also be black holes with star-level mass in some close binary stars 
(5M⊙ < m < 100M⊙). 

The black hole itself is not glowing and cannot be directly observed. However, 
black holes have a very strong gravitational effect on their outer matter. At-
tracted by the powerful gravity of a black hole, an accretion disk that rotates 
around the black hole is approaches the black hole. When matter falls near a 
black hole, gravitational potential energy is converted to kinetic energy, which is 
then converted to X-ray radiation by generating thermal energy through colli-
sions between particles in dense matter, or it can be converted into particle mo-
mentum by gravitational potential energy, the charged particles moving at high 
speed in the magnetic field emit synchronous cyclic radiation. Astronomers ob-
serve and judge the existence of a black hole and explore its properties by ac-
cepting and studying the radiation. 

To date, the following astronomical observations have been widely considered 
to be the most irrefutable and reliable evidence of the existence of black holes. 
Based on observations and reliable calculations of the large number of star mo-
tion orbits orbiting the galactic center (GC), it is determined that the mass of the 
huge-massive object located at the GC is approximately 4 × 106M⊙. According to 
the currently popular theory of stellar evolution, such a stable super-massive ob-
ject cannot be another known object, only a black hole. So far, according to all 
the consensus theories of physics, except for a new energy source from nucleon 
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decay catalyzed by magnetic monopoles which were proposed by particle phy-
sicists in 1980s, there is no physical factor in nature that prevents massive stars 
and super-massive objects from collapsing into an extremely dense state with a 
radius of less than (or equal to) the Schwarzschild radius after the end of ther-
monuclear evolution. This is a sufficient condition for the formation of the black 
hole. 

There could exist magnetically-charged objects, including magnetic black holes 
with large magnetic charges. Black holes in general relativity have a curvature 
singularity at r = 0 where the theory itself breaks down. The rotating black hole 
solution in GR i.e. the Kerr scenario turns out to be most relevant. By using 
modifications to Einstein gravity in light of non-linear electrodynamics. Bardeen 
proposed a black hole scenario in light of astrophysical observations, which evades 
the singularity at r = 0. The Bardeen black hole model is characterized by the 
monopole charge parameter g and the spin a [5] [6]. 

Starting from the overweight magnetic monopole proposed in the 1970s in 
particle physics, we can use the new idea that magnetic monopoles can catalyze 
nucleon decay into lepton in particle physics (Rubakov-Callan effect, abbreviated 
as the RC effect) [7] [8] [9] [10] as the main energy source for quasars and AGNs. 
Since 1985, we have proposed massive star models with magnetic monopoles to 
replace black hole models. In our model, the gravitational effects of a super- 
massive object at the core of a galaxy are similar to that of a black hole in the re-
gion around it. Combined with the RC effect in particle physics, the central sin-
gularity of the black hole theory for the general relativity is avoided. It makes the 
physics theory of nature become completely self-harmonious and harmonious. 
This article describes our series of exploratory studies since 1985 and some of 
scientific predictions [11]-[22] that have since been confirmed by astronomical 
observations. We will describe the various quasars and AGNs models with mag-
netic monopoles since 1985 and the five theoretical predictions we made in 2001 
about the super-massive object model with magnetic monopoles at the GC. We 
will raise another fatal question about the black hole model of quasars and 
AGNs. 

As proposed by Dirac close to a century ago, the magnetic monopole is a fas-
cinating physical object that could elegantly explain the quantization of electric 
charges in Nature. Ever since, physicists have been studying magnetic mono-
poles both from theoretical and experimental directions. On the theory side, es-
pecially, the discovery of Polyakov’t Hooft monopoles in 1974 [23] has been ap-
plied to Grand Unified Theories (GUT) predicting the GUT monopole mass 
around 1017 GeV. For heavier masses above the Planck mass scale, magnetically 
charged black holes have long been proposed, which can have masses propor-
tional to their magnetic charges [24]. Various experimental methods have been 
adopted to search for magnetic monopoles, e.g., detecting the quantized jump in 
magnetic flux when monopoles pass a superconducting quantum interference 
device [25] and searching for the Cherenkov light generated when the accele-
rated monopoles pass the large IceCube detector [26] [27]. Magnetic monopoles 
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could also be captured by stars and planets including our Earth, and their anni-
hilations can produce detectable neutrinos and/or heat [28]. 

As to the magnetic monopole formation mechanism, there are the traditional 
Drell-Yan (DY) production for magnetic monopoles via quark-pair annihilation 
through a virtual photon *qq MMγ→ → , as well as photon fusion  

* * MMγ γ → , proton-pair annihilation pp MM→ , and collisions of cosmic rays 
bombarding the atmosphere [29]. Magnetic monopole has a great influence on 
modern physics, for example, it brings perfect symmetry to electrodynamics. Con-
sidering the effect of magnetic monopole, the Maxwell’s equations can be written 
as a covariant form of t mF Jµν ν∂ = , and t eF Jµν ν∂ = , where F µν  is the elec-
tromagnetic tensor, and F µν

  is the dual tensor via a symmetry transformation 
1 2F Fµν µνρσ

ρσε= . 
In this review, using the nucleon decay catalyzed by magnetic monopoles as 

an energy mechanism, we propose a new physical mechanism to drive a core- 
collapsed supernova explosion, to provide additional energy mechanisms for the 
high temperature melting state of the Earth’s core, and to provide an energy me-
chanism to explain why white dwarfs stop cooling. Taking the RC effect as the 
energy source, we also propose a physical reason for driving the Hot Big Bang of 
the universe. 

2. The Significance of Finding Anomalous Strong Radial  
Magnetic Field near the GC 

In 2013, Ref. [30] found a millisecond pulsar near the GC, and reported the de-
tection of an unusually strong radial magnetic field at a distance of about 0.12 pc 
and an abnormally strong radial magnetic field with a lower limit of 8 mG. This 
is the most important result we take from this paper. The famous magnetic freez-
ing effect in magneto-hydrodynamics is that when the kinetic energy density of 
plasma fluid is much lower than the energy density of magnetic field, the mag-
netic field line will block the passage of plasma fluid. The major conclusion from 
this unusually strong radial magnetic field is that the accretion disk of the plas-
ma outside of the central region of the Galaxy will be blocked by a strong mag-
netic field far from the GC (at least r > 0.15 pc) [31] [32] [33]. 

When the gas and dust flow of the plasma accretion disk do not enter the in-
ner region of the Galaxy (the mass of the huge massive object is 4.6 × 106M⊙), its 
Schwarzschild radius (Rs) is about 0.1 A.U., and the plasma accretion disk flow 
is blocked beyond 3 × 105Rs. Recently, radiation has been detected that from a 
range of (5 - 50)Rs away from the GC from the radio wave region to the near 
infrared, which cannot be produced by the accretion disk material around the 
GC. Thus, the traditional “massive black hole model” at the GC, which has been 
popular for half a century, is nonphysical. It does not account for the latest as-
tronomical observations of various radiations from the GC. That is, the GC 
cannot be a black hole. 

In 2019, the international astronomical mainstream and the news media al-
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most reached a climax when they trumpeted the apparent existence of black 
holes. The researchers from the international team of seven large telescopes were 
reluctant to cite another paper [34], a statistical analysis of 76 radio galaxies, in-
cluding M87. The conclusion of the paper is that there may be a strong magnetic 
field in the galactic center region for these galaxies. A warning that the model of 
the accretion disk for the black hole may not be suitable is given in the paper. 
However, the M87 black hole photo does not involve the theory analysis of the 
question of whether or not it has a strong magnetic field. Of course, we cannot 
measure its magnetic field directly due to the M87 being too far away. These pa-
pers are just theoretical models. It does not serve as definitive observational evi-
dence that the M87 is the black hole. 

3. Astronomical Evidence of the Existence of Magnetic  
Monopoles 

A puzzling question is that what is the source of the abnormally strong radial 
magnetic field (B > 8 mG) at a distance of r = 0.12 pc from the GC, and what 
physical factors cause this abnormally strong magnetic field? It has been demon-
strated in detail in our paper [30] [31]. If it is based on the generator mechanism, 
in an interstellar gas environment 0.12 pc away from the GC, it can only gener-
ate a magnetic field of at most 0.1 μG. It is 105 times weaker than the actual ob-
served magnetic field. This provides a severe challenge to modern physics and 
astrophysics. 

Based on our research on the model of quasars and AGNs with magnetic mo-
nopoles and the theoretical predictions, we believe that this abnormally strong 
radial magnetic field is generated by magnetic monopoles gathered in the core 
regions of quasars and AGNs. By using the RC effect as energy source, we pro-
posed the magnetic-monopole model of super-massive objects [16] [18] [19] [20]. 
Our model replaces the black hole model of quasars and AGNs. As pointed out 
in our paper [21], the radiation pressure generated by the RC effect, resists gra-
vitational collapse and prevents the formation of a black hole from this super- 
massive object with magnetic monopoles at the GC.  

The main ideas of our model are summarized as follows: the gravitational ef-
fect of the super-massive object in the GC is similar to that of a black hole. A 
super-massive object with a sufficient number of magnetic monopoles has nei-
ther the black hole horizon nor the central singularity, because the magnetic mo-
nopole can catalyze the decay of nucleons, and the reaction rate is proportional to 
the square of matter density. This makes the physical theory of nature become 
completely self-consistent. For the super-massive object in the GC, the main 
predictions of our model are as follows: 

1) Generates a large number of positrons with a rate is 6 × 1042 e+/s. There are 
very strong 0.511 MeV positive and negative electron annihilation lines in the 
GC direction. 

2) Simultaneously emits high-energy radiation with an energy higher than 
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0.511 MeV, the total integrated energy is not only much higher than the total 
energy of the annihilation spectrum, but also higher than the luminosity of the 
central celestial object. 

3) The magnetic monopoles gathered will generate a strong radial magnetic 
field, on the surface of the celestial body (the radius is about 50 A.U. ≈ 8 × 1013 
m), and the magnetic field strength is about 20 - 100 G. 

4) If we assume that all AGNs within 50 Mpc of the Earth are such supermas-
sive objects with saturated magnetic monopoles, then they may be the source of 
the observed extreme ultra high energy (energy up to 1020 eV) cosmic rays. 

5) Its surface temperature is predicted to be ~120 K, and the peak of the cor-
responding thermal radiation spectrum is about 1012 Hz (located in the sub-mil- 
limeter wave band). 

These predictions of are consistent with subsequent astronomical observations. 
In particular, these three predictions are quantitatively almost identical to the 
corresponding astronomical observations. 

I) Our prediction of the positron generation rate was almost quantitatively 
consistent with the 2003 high-energy astrophysics observations [35] of (3.4 - 6.3) 
× 1042 e+/s. In other words, our theoretical prediction was confirmed by these 
subsequent observations. 

II) Since the radial magnetic field strength decays inversely proportional to 
the square of the distance, from our prediction (3), it is naturally deduced that B 
≈ (10 - 50) mG at r = 0.12 pc ≈ 3.7 × 1015 m. This is a key prediction that can be 
verified by astronomical observations in the near future. 

III) The astronomical observations since 2010 [36] stated that the peak of the 
thermal radiation spectrum from the GC direction is ~1013 Hz, which is also 
quantitatively identical to our prediction of (5). The above predictions of (1), (3) 
and (5) are completely independent, and were confirmed quantitatively by sub-
sequent astronomical observations. 

Here we must emphasize that since the accretion disk of plasma on the peri-
phery of the GC is blocked by a strong magnetic field at a considerable distance, 
it is impossible to reach the inner area of (5 - 50)Rs. The various radiations from 
the GC direction cannot be provided by accretion disks of plasma near the “mas-
sive black hole” at the GC. The model of AGNs with magnetic monopoles we 
proposed may be a reasonable model. Since the prediction of positron genera-
tion rate in our model in 2001 is almost exactly consistent with the observation 
of high-energy astrophysics in 2003. 

It is believed that the magnetic flow in space is also very small because the 
spatial density of magnetic monopoles is very sparse. Since the formation of the 
Earth, the number of magnetic monopoles captured from space is small (about a 
few grams of atoms), and they are all concentrated in the core area of the earth.  

Therefore, any physical experiment performed by physicists on the Earth’s sur-
face (mantle) and any experiment on magnetic monopole capture from space 
cannot find magnetic monopoles. However, in the large-scale celestial bodies of 
the universe, for example the super-massive object at the GC, a large number of 
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magnetic monopoles can be gathered. The magnetic monopoles may show more 
obvious physically observable effects: for example, positrons and other high-energy 
radiation can be continuously produced by magnetic monopole catalyzing the 
decay of nucleons. Our predictions are confirmed by astronomical observations 
providing the existence of magnetic monopoles. These astronomical observa-
tions are akin to physical experiments in space. 

4. Query into the Black Hole Model of Other AGNs and  
Quasars 

A statistical analysis of 76 radio-noisy active galaxies published in Nature [34] in 
2014 also concluded that there is a strong radial magnetic field at the center of 
these active galaxies, preventing the gas from falling. This makes the basic as-
sumption that the standard accretion disk model of black holes for the AGNs is 
potentially invalid. For the problem of the original mass of quasars born in the 
early universe, astronomical observations indicated that the masses of the central 
bodies of quasars with high red-shift are generally considered to be (108 - 1010) 
M⊙. Wu et al. (2015) discovered high red-shift quasars with masses of 1010M⊙ 
[37]. However, the masses of low red-shift quasars and AGNs are generally con-
sidered to be (106 - 108) M⊙. The largest mass of AGNs in the low red-shift re-
gion is M87, and its mass is estimated to be (4 - 6) × 109M⊙. Astronomers esti-
mated the masses of more than 100,000 quasars and AGNs as possible.  

Based on the compilation data of 105,783 quasar masses compiled by [38] and 
combined with the red-shift values of quasars, it is easy to plot the observed dis-
tribution of quasar mass versus distance (see in Figure 1 and Figure 2). Howev-
er, there are at least two obvious drawbacks to drawing these graphs directly  
 

 
Figure 1. Distance dependence of black hole mass for 76 AGNs [40]. 
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Figure 2. Current observation of the relationship between the mass of quasar black hole 
and the age of the universe (when receiving quasar luminescence) (see [38]).  
 
from the observed masses of quasars and their red-shifts. 1) For more distant re-
gions with high red-shifts, a large number of low luminosity (corresponding to 
lower mass) cannot be observed due to the observational selection effect. There-
fore, the distribution lacks authenticity. 2) For quasars with different red-shifts, 
the radiations received today from these different red-shift (distance) quasars are 
emitted from different eras. Thus, this distribution cannot directly reflect the re-
lationship between the mass and red-shift of quasars when they are born. This 
direct comparison of the masses of quasars in different eras is meaningless.  

After deducting the mass gained by accretion since the birth of black hole, it is 
surprising to find that the masses of quasar black holes are almost zero or nega-
tive within the Z = (0.2 - 0.3) range (see in Figure 3), which is impossible. The 
masses of quasar black holes at Z = 5.0 and 6.0 decrease little. Given this appar-
ent contradiction, there have been many explanations, hypotheses or models in 
the research field in the last 20 years or so that attempt to explain the tendency 
that the masses of quasars and AGNs decrease with decreasing in their red-shifts. 
Several common explanations are given as following: 

1) The luminosities of low-mass quasars and AGNs are low. It is difficult to 
observe the high red-shift quasars and AGNs, which are too far away. In fact, 
these observed selection effects are very complex. Not only are they not well un-
derstood, but also the negative value of the original mass distribution function of 
the quasars and AGNs mentioned above cannot be explained by the observa-
tional selection effect. 

2) Some scholars have proposed that the accretion disk model near the core of 
AGNs does not accrete continuously from the beginning to the end, but inter-
mittently. This model cannot overcome the difficulty that the accretion mass of  
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Figure 3. The original mass distribution function (t = 1.5 Gyr) of early universe quasars 
in the black hole model. 105,783 quasars with different red-shifts are reflected in the ob-
served masses. The data are collected from the paper published by [38]. 
 
black hole should be deducted. If the accumulation interval of accretion is short, 
it has no essential effect on solving the difficult question of excessive accretion 
mass of black holes that should be deducted; if the accumulated interval of ac-
cretion is far greater than the accretion time scale, it is impossible to observe 
black holes without accretion materials during the accretion pause.  

3) In recent years, it has been popular to think that the seed black holes 
masses are only (105 - 106)M⊙, and then rapidly accreted and merged to form 
super-massive black holes. If so, it would be difficult to form a black hole with a 
mass greater than 1010M⊙ in the age of the universe (about 14.6 billion years). 

4) In order to intuitively explain the number of quasars with the mass up to 
109M⊙ and the red-shift distribution peak near Z = (2 - 3), some astronomers 
propose that most quasars and AGNs are formed in the range of Z = (2 - 3). 
However, this assumption violates the Mach principle that the universe is uni-
form and isotropic everywhere (modern cosmology is based on this principle). 

5) At present, in the mainstream theories in this field, the mass of AGN in-
creases, and the integration process is like a tree graph. Each AGN has its own 
accretion and remerging. However, even if it can be assumed that in the early 
universe, the galaxy density was very high, and that the time scale for the merg-
ing of two galaxies might be less than 10 million years, the time scale for the 
merging of two almost point masses of the galactic cores was at least two or three 
orders of magnitude higher than that of two galaxies merging. If we synthesize 
super-massive black holes from a series of 106M⊙ black holes, the timescale must 
be longer than the age of the universe. 

6) Layered model of black hole formation: in recent years, some astronomers 
have proposed the layered model of black hole formation, which is actually a 
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combination of the above two types of models (4) and (5). It is still difficult to 
avoid a long timescale and the Mach principle of cosmology.  

As a summary, supposing that both quasars and AGNs are born in the early 
universe, the black hole model of quasars and AGNs presents an inevitable pa-
radox: the masses black hole model of quasars and AGNs presents an inevitable 
paradox: the masses of the primary “black holes” of most low red-shift quasars 
and AGNs are negative or very small. We can explain this phenomenon natural-
ly using the RC effect of magnetic monopole, the masses of quasars and AGNs 
decrease with the decreasing in red-shift. Combining the mass reduction law of 
quasars with the currently observed mass data of 105,783 quasars compiled by 
Shen et al. [38], we plot the distribution curve of the initial mass (Gauss type) of 
quasars formed in the early universe under our model with magnetic monopoles 
in Figure 4. 

The jet problem of AGN has been considered as the most powerful observa-
tional evidence for the black hole model. But, in 2014, Sell et al. studied the jets 
of 12 famous AGNs (including M87) in detail [39]. They believed that these jets 
were generated by the rapid star formation process (starburst) in the core region 
of AGN, but had no statistical correlation with the mass of the central black hole. 

In 2016, the Bu et al. research group of Shanghai Observatory published two 
consecutive papers on numerical simulation [40]. In both the absence and pres-
ence of magnetic field, it turns out that the jets are determined by the gravita-
tional potential of stars near the core of the galaxy, but not related to the mass of 
the central black hole. In addition, infrared photometric observations of quasars 
have been popularly used as strong observational evidence for a unified model of 
AGNs. Unfortunately, around 2004, Fan’s team observed that the two quasars 
with the highest red shift (Z = 6) at that time did not detect infrared radiations 
emitted from hot dust [41] [42]. 

 

 
Figure 4. Distribution of the initial mass (in M⊙ logarithm) of quasars formed in the 
early universe under the super massive star model with magnetic monopoles. 
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5. Magnetic Monopoles Drive Supernovae Explosion 
5.1. Mystery of the Mechanism of Core Collapsed Supernova  

Explosion 

Using the RC effect as the energy source, the problem of supernova explosion, 
which has been a puzzle in the past hundred years, can be solved very simply. 
When the thermonuclear evolution of a massive star is over, the core region of a 
star composed mainly of iron group elements has a high temperature as high as 
(3 - 5) × 109 K and a high mass density above 3 × 106 kg/m3. In the physical en-
vironment, the Fermi energy of the degenerate electron gas is higher than the 
energy threshold of electron capture process (EC process) on the iron-group nuc-
leus. Then the number of free electrons decreases sharply, due to the EC process, 
and the degenerated pressure of free electrons drops sharply, which can no longer 
maintain the dynamic balance of the star. The stellar core would then collapse 
sharply toward the center. 

In the outer part of the Fe core, the collapse speed increases gradually from 
the outside to the inside. As the star collapses, the density of the stellar center 
increases rapidly. When the density of the collapsed core exceeds the saturation 
density ρuuc, the non-relativistic degeneracy pressure of nucleon system exceeds 
the degeneracy pressure of relativistic electron gas. The polytropic exponent in 
the equation of state p = Kρɤ_ becomes ɤ = 5/3, and the inner core becomes a 
stable system in thermodynamics. The inner core no longer collapses. 

However, due to inertia, the collapse of the inner core is not completely stopped 
until the center density reaches (2 - 4) ρuuc. While the material outside the inner 
core continues to collapse at supersonic speeds, slamming violently into the hard 
core that suddenly stops collapsing, it immediately creates a strong outward re-
bound shock not far from the boundary between the inner and outer cores with 
Eshock = 1044-45 J. 

This energy is converted from the self-gravity energy released by collapsing 
material during the collapse. The temperature behind the shock front rises to 
above 1011 K, and the average thermal energy is as high as 10 MeV, exceeding the 
binding energy of a nucleon (8.8 MeV) for 56Fe. The nuclei of iron group ele-
ments are quickly broken by thermal photons through the process 56Fe → 13α + 
4n → 26p + 30n. This photo-induced fission process consumes the energy of re-
bound shock by −δE/δm ≈ 192.26 MeV/56Fe ≈ 1.69 Bethe/0.1M⊙, where 1Bethe 
= 1043 J. 

5.2. Causes of Instantaneous Explosion Failure 

If the external core mass is not too large, mout-core < Eshock/(-δE/δm), the shock 
wave can rush out of the outer core. And when it completely destroys all the iron 
nuclei of the outer core, as long as the initial shock energy remains more than 1% 
of the energy (1042 J), the residual shock wave can throw the entire star’s mantle 
and atmosphere into space, forming a supernova explosion. The above image is 
called instantaneous explosion mechanism. 
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If the external core quality is too large, mout-core > Eshock/(-δE/δm), before the 
above outward rebound shock wave penetrates the outer core, all the energy of 
shock wave is consumed in the process of photolysis of iron nuclei. It could not 
have blown the mantle and atmosphere away, and it doesn’t cause supernovae 
explosion. And because both of the mantle and atmosphere outside of the core 
will continue to fall to the center, the original outward rebound shock wave turns 
into an accretion standing shock. That is, in this case, the instantaneous explo-
sion mechanism fails. 

The key to the success of a transient explosion mechanism is whether its outer 
(iron) core is massive enough. So far, for all reasonable model calculations, the 
instantaneous explosion mechanism is unsuccessful, because the mass of the core 
is too large. Thus, the instantaneous explosion mechanism is a failure. 

5.3. Delayed Neutrino Explosion and Its Difficulties 

In order to overcome the difficulty of instantaneous explosion of supernova, 
Wilson et al. proposed the mechanism of delayed neutrino explosion [43] [44]. 
Their reason is that the surface temperature of the initial neutron star formed 
from the collapsed core of the supernova explosion is as high as 1011 K, which 
will inevitably emit a very powerful neutrino flow with a total energy of 1045 - 
1046 J. The outwards explosion of the outer layers of the supernova (initially at 
speed ~104 km/s) is driven by this powerful neutrino flow. 

However, there are two key unsolved problems in the mechanism of neutrino 
delayed explosion: 

1) What are the specific physical processes that produce such powerful neu-
trino flow? The problem was soon solved better than before. Our research group 
proposed a phase transition process in the nuclear mater: from two-flavor quarks 
((u, d) quark) transfer into three-flavor quarks ((s, u, d) quark) in the core of the 
newborn neutron stars formed in a supernova collapsed core with a high tem-
perature [45]. The phase transition process is u + e− → d + νe, u + e− → s + νe, 
and u + d → u + s. The average energy is about 10 MeV and the total energy is 
more than 1045 J. Due to the negative entropy gradient in the core, the Schwarz-
schild convection of internal and external matter will make the powerful neutri-
no flow out and reach the surface of the neutrino sphere quickly in a second. 
Our proposed the quark phase transition process greatly facilitates the neutrino 
delayed explosion mechanism. 

2) Even if a strong stream of neutrinos were present on a very short scale, 
could their interaction with matter produce such a strong neutrino recoil pres-
sure making the supernova explosion? Moreover, the initial velocity of the ex-
plosive material ejection is as high as 104 km/s, so can the total explosive energy 
can reach 1042 J? 

Since 1985, a number of outstanding astrophysicists have joined forces to dis-
cuss neutrino fluid dynamics and consider neutrino transport processes in detail. 
Since neutrinos interact with matter weakly (the cross section is about 100,000 - 
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440,000 m−2), the neutrino flow recoil pressure generated by the neutrino flow 
absorbed by the neutrino stream radiating outwards by the collapsing matter is 
too weak. It is impossible to turn inward collapsing matter back toward outward 
explosion. 

5.4. Mechanism of Supernova Explosion Driven by Magnetic  
Monopole 

Although the number of magnetic monopoles captured from space by precursor 
massive stars of supernova since birth is small, only a few hundred grams of 
molecules (6 × 1023 magnetic monopoles for one gram of molecule), these over-
weight monopoles are concentrated in the stellar core. In the stellar core, the ra-
tio of magnetic monopole to nucleon number density (called magnetic mono-
pole content) should not exceed Newton saturation value ϛn [32]. The luminosity 
of the RC effect is estimated as  

( )22 2
m c m B B c n B BL V n n v m c V n v m cσ ς σ= = ,             (1) 

where the number density of the magnetic monopoles m n Bn nς= , and Vc is the 
volume of the core area where the magnetic monopole is concentrated. Equation 
(1) shows that the RC luminosity is proportional to the square of the nucleon 
number density nB in the core region. When the density of the precipitously 
falling material far exceeds the density of the nucleus, the RC luminosity in-
creases sharply with the square of the nucleon number density. As long as this 
kind of RC luminosity is far beyond the Eddington luminosity LEdd, which is the 
luminosity limit of the stable stars, it will inevitably lead to a violent explosion of 
the supernovae. That is to say the supernova explosion must happen when 

m EddL L . 
If the density of the collapsed core is not very high, although its RC luminosity 

is higher but not much higher than the Eddington luminosity, then it will present 
a weak explosion of the supernova (for example, the Cas A supernova that ex-
ploded in 1668) or dark burst supernova. For example, the Chandra satellite de-
tected a gaseous nebula G1.9 + 0.3 located in the constellation Sagittarius. it is 
inferred that it is a supernova remnant that exploded 110 years ago, according to 
the observation of the expansion rate of the gaseous nebula. 

According to Blasting News, NASA astronomers officially reported a news for 
observations of the star N6946-BH1 at 2019: the star began to brighten up in 
2009, but suddenly disappeared in 2015. Recently, astronomers used the Hubble 
Space Telescope and the Spitzer infrared telescope to make new observations. 
The star, it was found, had indeed disappeared without a trace. Simulations have 
led some to believe it turned into a black hole and the mass of this star is esti-
mated as 25M⊙. It may be a dark matter explosion, but nobody knows the phys-
ics behind it. 

Using the mass-radius relation of degenerate compact stars R ∝  m−1/3, we 
deduced that the mass density of the supernova collapsed core (a degenerate 
neutron star) is proportional to the square of the mass of the star, nB/nnuc ∝  
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(m/20M⊙)2, The correlation between the peak luminosity of the supernova ex-
plosion and the mass of the supernova can be deduced 
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where β = 1.0 - 1.5, and the value of uncertainty ϛ = 100, which is estimated by 
using the RC effect to explain the measured data of outward heat flow from the 
Earth’s core. 

The relationship between the peak luminosity of the explosion with the mass 
of supernovae shows that it is roughly consistent with the mass estimates M = 8 - 
25M⊙, 30 - 60M⊙, 70 - 100M⊙, and M > 120 - 150M⊙ of the supernovae precur-
sors of type II (SNII), type Ib (SNIb), type Ic (SNIc), and super-bright superno-
vae (SLSN), respectively. 

The causes of various types of core-collapsed supernova explosions are driven 
by magnetic monopole catalytic nucleons decay as energy. No matter how mas-
sive a supernova precursor is, the remnant of a core collapsed supernova explo-
sion is a neutron star, not a black hole. In other words, stellar black holes cannot 
be formed by supernova explosions. The reasons are as follows [32]. 

In supernova explosion, the mass density in the core of the supernova is close 
to or more than the nuclear density. The RC effect of the supernova core pro-
duces such a high RC luminosity and radiation pressure that the entire material 
in the core, including nucleons and magnetic monopoles, is ejected in the hot 
plasma state. The magnetic monopoles in the core region are also ejected by 
electromagnetic interaction with the plasma material. The mass density of the 
stellar core decreases sharply, and so does the number of monopoles in the core, 
so the RC luminosity and radiation pressure will decrease significantly. After 
that, the material ejected at less than escape velocity, including some monopoles, 
starts falling back toward the star’s center. It causes the central mass density to 
increase rapidly again. The magnetic monopoles in the star’s core continue to 
catalyze nucleon decay, producing the RC luminosity and the corresponding 
radiation pressure that resists the collapse of falling material. Since the RC lu-
minosity Lm ∝  ϛ(nB)2, the mass density at the stellar center will not only never 
approach infinity, it will be far below the nuclear density. The remnant star will 
eventually reach a stable equilibrium: the RC luminosity in its inner core must 
be far lower than the Eddington luminosity of this remnant star. 

It is popular to guess that the upper limit mass of neutron stars is about 2.5M⊙. 
This is the case without considering the physical factors of the RC effect. Ac-
cording to our model, no matter how massive a neutron star is, it doesn’t col-
lapse into a black hole because of the RC effect. Supernova remnants are special 
objects, similar to neutron stars. The mass density of the inner core is not high, 
because the residual monopoles constantly catalyze nuclear decay, providing 
energy and generating so much radiation pressure that the star does not collapse 
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into a black hole. Another important conclusion can be drawn from our analysis: 
there may be no upper limit to the mass of neutron stars that collapsed after su-
pernova explosions into massive or supermassive neutron stars with the above 
special structure. 

Recently, LIGO detected gravitational waves, a physical experiment in space 
that proved Einstein’s prediction of general relativity, a major event in recent 
years. If the gravitational wave strength of GW170104 exceeds GW150914, and 
the mass of the corresponding two merging compact stars is larger, and if we do 
not see the electromagnetic counterpart, then our theoretical model is difficult to 
explain. Now, it happens to be the opposite, the gravitational wave intensity of 
GW170104 is much weaker than that of GW150914, the mass of the corres-
ponding two merging compact stars is much smaller, and no electromagnetic 
counterpart is observed, so it is in line with our theoretical framework. 

6. Query to Why Earth’s Core Is in a State of High  
Temperature Melting 

The Earth’s core is in a state of high temperature (T = 6 × 103 K) melting. The 
total heat stored in the earth’s core is about ET ≈ 7.0 × 1029 J. The rate of heat 
transfer from the Earth’s crust (the latest geophysical data in 2010) is Jr ≈ 4.7 × 
1013 J/s. Within 500 million years, the total heat released by the radioactive ele-
ment uranium in the earth is only EU ≈ 1.0 × 1027 J ≈ 1.5 × 10−3 ET. If there is no 
energy source, the heat will be exhausted within 500 million years.  

Radioactive elements are far from likely to provide the hot-melt state of the 
Earth’s core. The temperature of Earth’s interior is 6000 degrees, and thermo-
nuclear reactions can’t be ignited. Additional sources of energy need to be 
sought. Since the Earth was formed 4.5 billion years ago, the number of free fly-
ing magnetic monopoles captured by the Earth from interstellar space is about 
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The RC luminosity produced by these magnetic monopoles in the core of the 
Earth is 

83.0 10mL ξ= × ,                         (4) 
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      =               
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The above uncertainty factor ξ = 100 can be estimated based on the latest 
geophysical data in 2010. Therefore, the physical cause of the unknown energy 
source is simply the nucleon decay catalyzed by magnetic monopoles. 

7. New Energy Sources of White Dwarfs 

White dwarfs (WDs) are stars whose inner thermonuclear reactions have been 
extinguished. They are dead stars and are cooling. The mass of the white dwarf is 
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about the same as that of the sun, with a radius of about 104 km. A crystal of 
carbon, oxygen, and silicon compounds with electron degeneracy is in the inte-
rior of a WD. For most of WDs, their central temperatures Tc < 107 K, and their 
surface temperatures Te = (3 × 103 - 4 × 104)K. The total thermal energy con-
tained in the white dwarf is about ET ≈ 1040 J. According to the black-body radia-
tion, the luminosities of WDs are estimated as 

( )2 4 4 244 10 -10 10 J seffL R Tσ − ×π= ≈ .                 (5) 

It can be estimated that the cooling time scale of WDs is about 500 million 
years. Why are there no late M-type and N-type WDs with surface temperatures 
lower than 2 × 103 K? What are their specific heat sources? So far, there has been 
little discussion of these issues. 

A primordial star with low mass, m < 8M⊙, evolved into the DW after passing 
through the main sequence stage of hydrogen burning and the red giant stage of 
helium burning. The RC luminosity produced by the nucleons decay catalyzed 
by magnetic monopoles of the DWs is estimated as  
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It can be estimated ξ = 100 from the study of the melting state of the Earth’s core. 

As long as ( )4
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. The RC luminosity may explain the  

long-term non-cooling energy sources of WDs. This constraint for WDs is basi-
cally consistent with observations. 

8. The Physical Mechanism of the Hot Big Bang of Universe 
8.1. Gamow’s Model Hot Big Bang (HBB) for the Universe 

In 1924, Hubble found that the receding (i.e. moving away from the Earth) speed 
of a distant galaxy is proportional to the galaxy’s red-shift  

0 HdrvL
c

λ λ
λ
−

= = = ,                       (7) 

which is the law of Hubble-Lemaitre. That is to say, the spectral lines of all dis-
tant extragalactic nebula are shifted in the infrared direction, or these galaxies 
are moving away from us, and the farther the galaxy is from us, the faster it re-
cedes. This shows that the universe is expanding. It is clear from the laws of 
thermodynamics that the early universe was in a very hot, dense state. 

In 1948, Gamov and Alpher first proposed that the universe originated from a 
violent Hot Big Bang (HBB) about 15 billion years ago [46]. The violent explo-
sion of the universe led to the expansion of space. With the expansion of space, 
matter became sparse and its temperature decreased. The 1960s’ discovery of the 
Cosmic Microwave Background (CMB) radiation with T0 = 2.7 K confirmed the 
model of HBB for the universe. As for the physical reasons for the existence of 
HBB in the universe, this is an unknown question and one that has not been ex-
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plored in depth. 
Based on this, cosmologists have come up with a popular mainstream stan-

dard cosmological theory: back in time 14.6 billion years ago, all the matter in 
the universe could have clustered at almost a geometric point (with infinite den-
sity of matter and infinite temperature)—the original singularity of the universe. 
To avoid singularities that cannot be understood in physics, Hawking and others 
have proposed various theories such as quantum cosmology, baby cosmology 
and cosmic wave function. In addition, it is found that there are three major 
contradictions in the standard cosmology theory, which are difficult to under-
stand (space straightness, horizon and magnetic monopole). 

In order to overcome these contradictions, Guth proposed in 1982 that in the 
very early period of the birth of the universe (about 10−35 seconds), there was an 
accelerating expansion of the universe [47] [48] [49]. The theory has been im-
proved and updated over the decades, falling into a trap that is difficult to extri-
cate itself. The culprit pressing the cosmic accelerator goes by the name “dark 
energy”, which is an appropriately enigmatic moniker for something that re-
mains so poorly understood. Another possibility is that the accelerated expan-
sion arises not from a substance but from a modified form of gravity, one that 
behaves differently on cosmic scales of time and space. 

8.2. RC Effect as Energy Source of Driving HBB for the Universe 

Similar to the supernova explosion mechanism, the RC effect with the nucleon 
decay catalyzed by magnetic monopoles is used as the energy source of driving 
the HBB of the universe. It is estimated that there are a total of 2 × 1011 galaxies 
in the universe, and each galaxy (estimated by the Milky way) contains about 2 × 
1011 stars. The total number of stars in the universe is about 1023 due to the solar 
mass of 2 × 1030 kg. The total mass of the whole universe is about 2 × 1053 kg, 
and the total number of baryons is about 1080. 

The total number of magnetic monopoles contained with the same polarity in 
the universe is Nm ≈ 1060(ϛ/ϛup). When baryon matter is in a high temperature 
plasma state, these magnetic monopoles compress rapidly towards the center of 
the universe with a saturation rate. The corresponding RC luminosity is given as  

    2 68
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ς −

   = =    
   

.      (7) 

When the whole matter of the universe is compressed into an extra-massive 
object, its Eddington luminosity is given by LEdd = 1031 (m/M⊙) J/s. As long as 
the ratio 
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                  (8) 

so Lm > 104LEdd, which will inevitably lead to an extremely violent thermal explo-
sion in the whole universe driven by RC effect. We also proposed an oscillation 
model of the universe: The universe is shrinking because of gravity. As the cen-
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ter mass density is more than the nuclear density, the RC luminosity far exceeds 
the Eddington luminosity of the whole universe, which will inevitably lead to the 
HBB of the universe. Gravity causes the expansion of the universe to slow, stop 
and eventually contract. This universe shrinkage process alternates repeatedly 
with the HBB of the universe, followed by an explosion process driven by mag-
netic monopoles.  

Our model is only a different model of black hole (black hole without singu-
larity), which can be used to avoid the original singularity of the universe that 
cannot be understood and verified by astronomical observation. 

9. Summary  

Here we give a summary of this paper. Firstly, we find that the astronomical ob-
servation of the fairly strong radial magnetic field at the distance r = 0.12 pc 
from the GC is quantitatively exactly consistent with our theoretical prediction 
on the radial magnetic field produced by the huge supper-massive object with 
magnetic monopoles. Secondly, there are given five scientific predictions in our 
work [31] on the model of super-massive stars with magnetic monopoles at the 
GC. All of the five predictions are consistent with astronomical observations. 
The predicted positron emission rate from the GC is exactly confirmed quantita-
tively by the later space satellite observation. The predicted peak frequency of 
thermal radiation from the GC is also confirmed basically by the infrared radia-
tion observations. Thirdly, using the RC effect as a main energy source, we have 
explored the mechanism of core collapsed supernova explosion, and why the 
Earth’s core is in the state of high temperature melting. A similar mechanism 
can be applied to why cold WDs with surface temperatures below 2 × 103 K have 
not been observed. In other words, it addresses why the white dwarfs whose in-
ternal thermonuclear burning has long since been extinguished do not cool fur-
ther. Finally, it addresses the physical mechanism of the HBB of the early un-
iverse which led to the observable universe expanding. Our model with magnetic 
monopoles at the GC addresses these major and difficult problems that have 
confused astrophysicists for the past 100 years. 
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Abstract 
Many astrophysical phenomena are modeled by an inverse power law distri-
bution at high values of the random variable but often at low values of the 
random variable we have a departure from an inverse power law. In order to 
insert a continuous transition from low to high values of the random variable 
we analyse the truncated gamma-Pareto distribution in two versions by de-
riving the most important statistical parameters. The application of the re-
sults to the distribution in energy of cosmic rays allows deriving an analytical 
expression for the average energy, which is 2.6 GeV. 
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1. Introduction 

The gamma-Pareto distribution was introduced by [1], where its most important 
statistical parameters were derived. The gamma-Pareto probability density func-
tion (PDF) models the long right tail characteristics as well the gamma-type left 
behaviour. The first application was to the monthly rainfall data from Jatiwangi 
station, Jakarta [2]. A comparison between the generalized linear model (GLM) 
and the gamma-Pareto was made by [3]. An application to the length of hospital 
stays was made by [4]. The inter-aircraft distances between two closest flying pas-
senger aircraft were analysed by [5]. Two extensions are the Gamma-Pareto (IV) 
[6] and the weighted gamma-Pareto distribution (WGPD) [7]. In astrophysics, 
many phenomena are modeled by a Pareto or power law distribution in the ab-
sence of more accurate models. Two examples are the distribution in energy of 
the cosmic rays (CR) and the radio-flux versus frequency in extra-galactic ra-
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dio-sources. The above astrophysical models require a distribution that is more 
flexible at low values of the random variable and therefore Sections 2 and 3 ana-
lyse the gamma-Pareto and the gamma-Pareto II distributions which add to the 
Pareto distribution the flexibility of the gamma distribution. The effect of right- 
truncation and bi-truncation on gamma-Pareto and gamma-Pareto II distribu-
tions are analysed in Sections 4, 5 and 6. Section 7 deals with the transition 
from a probability distribution to a function. Section 8 applies the obtained re-
sults to a sample of the diameters of the asteroids and to the distribution in 
energy of CR. 

2. The Gamma-Pareto Distribution 

The gamma-Pareto has PDF  

 ( )
( )

1 1

ln
; , , ,

c x
xf x c

x c

α

α

θ
θα θ

α

−
   
   
   =

Γ
                    (1) 

and is defined for 0α > , 0c > , 0θ >  and x θ> , see formula (2.1) in [1]. 
Its distribution function (DF) is  
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Its average value, or mean, µ , is  

 ( ) ( ), , 1 ,c c αµ α θ θ −= −                        (3) 

its variance, 2σ , is  

 ( ) ( ) ( )( )22 2, , 1 2 1 ,c c cα ασ α θ θ − −= − − −                (4) 

its rth moment about the origin, rµ′ , is  
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its skewness, 3µ , is  
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its kurtosis, 4µ , is  
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with  
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( ) ( )( )221 2 1 ,D c cα α= − + − − +                     (9) 
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and the mode, Mode , is at  

 ( )
( )1

1, , e .
c

cMode c
α

α θ θ
−
+=                      (10) 

Random generation of the variate X is obtained by solving the nonlinear equ-
ation  

 ( ); , , ,F x c Rα θ =                        (11) 

where R is the unit rectangular variate and F is given by Equation (2). Once the 
elements, ix , of the experimental sample with i varying between 1 and n are 
given, the parameter θ  can be derived from the minimum of the sample minus 
a small quantity, see the discussion in [1] [8]. The two remaining parameters, 
α  and c, can be derived by the numerical solution of the two following equa-
tions, which arise from the maximum likelihood estimator (MLE),  

 ( ) ( )
1

ln ln 0,
n

i
i

n c n xα θ
=

 − − + = 
 
∑                 (12a) 
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ln ln ln ln 0,
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 − Ψ − + − = 
 
∑          (12b) 

where ( )zΨ  is the digamma or Psi function defined as  

 ( ) ( ) ( ) ,z z z′Ψ = Γ Γ                      (13) 

where 0z > , see [9]. The Pareto PDF [10] as defined in [11] is  

 ( ) 1; , ,c cf x a c a x c− −=                      (14) 

with 0c >  and 0a > . Figure 1 compares the PDFs of the Pareto and the 
gamma-Pareto distributions.  

A second PDF for comparison is the lognormal, which, according to [11], is  
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π
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where m is the median and σ  a shape parameter. Figure 2 compares the 
gamma-Pareto and the lognormal.  

The third distribution which will be used for comparison is the double Pareto 
lognormal, see formula (22) in [12], which has PDF  
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   (16) 

where α  and β  are the Pareto coefficients for the upper and the lower tail, 
respectively, µ  and σ  are the lognormal body parameters, and erfc is the 
complementary error function. Figure 3 compares the gamma-Pareto and the 
double Pareto lognormal.  
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Figure 1. The PDF of the gamma-Pareto distribution with 6.716α = , 0.428c = , and  

0.0574θ =  (blue line) and Pareto PDF with 57.4a =  and 2.336c =  (red line).  
 

 
Figure 2. The PDF of the gamma-Pareto distribution with 6.716α = , 0.428c = , and  

0.0574θ =  (blue line) and lognormal with 1.5m = , 1.5σ =  (red points).  
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Figure 3. The PDF of the gamma-Pareto distribution with 6.716α = , 0.428c = , and 

0.0574θ =  (blue line) and double Pareto lognormal with 1.8α = , 20β = , 0µ = , and 
1σ =  (red points).  

3. The Gamma-Pareto II Distribution 

The translation Y X θ= +  of a gamma-Pareto PDF, see Equation (1), in the ran-
dom variable Y produces the gamma-Pareto II PDF  
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θα θ

α

−
− −  + + 
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which is defined for 0α > , 0c > , 0θ >  and 0x > , see formula (2.4) in Ta-
ble 1 of [1]. The DF is  
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its average value is  

 ( ) ( )( ), , 1 1 ,c c αµ α θ θ −= − −                       (19) 

and the mode is at  
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1, , e 1 .
c

cMode c
α

α θ θ
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= −  

 
                    (20) 

The three parameters , ,cα θ  are found in the framework of the MLE me-
thod by solving the three non-linear equations.  
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Table 1. Parameter estimates for different distributions applied to the diameters in NEOWISE.  

Distribution Equation Parameters Log Likelihood 

gamma-Pareto (1) 0.232c = ; 0.081θ = ; 19.43α =  −36,070.22 

gamma-Pareto R-truncated (25) 0.222c = ; 0.087θ = ; 20.03α = ; 450ux =  −36,093.94 

bi-truncated gamma-Pareto (29) 0.227c = ; 0.087θ = ; 19.56α = ; 0.09lx = ; 450ux =  −36,093.07 

gamma-Pareto II (18) 0.35c = ; 1.944θ = ; 4.7α =  −35,766.08 

bi-truncated gamma-Pareto II (33) 0.35c = ; 1.944θ = ; 4.7α = ; 0.09lx = ; 450ux =  −35,762.30 

lognormal (16) 7.496m = ; 0.983σ =  −36,099.25 

double Pareto lognormal (17) 2.981α = ; 3β = ; 2.025µ = ; 0.979σ =  −36,166.91 
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4. Right Truncation of the Gamma-Pareto Distribution 

We now analyse a right truncated gamma-Pareto, see Equation (1), with PDF  
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which is defined for 0α > , 0c > , 0 ux xθ< < <  and the subscript T means 
truncation. Its DF is  
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and its average value is  
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where  
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The two parameters θ  and ux  are the minimum and the maximum of the 
sample. The two remaining parameters α  and c are derived by MLE. 

5. Right and Left Truncation of the Gamma-Pareto  
Distribution 

The right- and left-truncated gamma-Pareto, see Equation (1), has PDF  
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        (27) 

which is defined for 0α > , 0c > , 0 l ux x xθ< < < <  and the subscript DT 
means double truncation. The DF is  
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and its average value is  
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6. The Truncated Gamma-Pareto II Distribution 

The left and right truncated (bi-truncated) version of the gamma-Pareto II PDF, 
see Equation (18), is  
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which is defined for 0α > , 0c > , 0lx > , 0ux > , 0θ > , l ux x x< <  and  
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Its DF is  
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And its average value is  
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7. The Functions 

When the data are presented as ( )y f x= , an interpolating function is obtained 
by multiplying a PDF by a constant of normalization φ   

 ( ) ( ); .y x PDF xφ φ= ×                       (34) 

The gamma-Pareto function, see Equation (1), is  
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The gamma-Pareto R-truncated function, see Equation (25), is  

 ( )

( )

11 1

1
1 1

ln
; , , , , .

1, ln ln

c
c c

T u

cu u c c
u

xx c
x c x

x xc x

α
α

α
α

θ α
θα θ φ φ

α α α θ
θ θ

−− −
−

−−

 
 
 Ψ =

  
     Γ −Γ + +            

(36) 

The right and left truncated gamma-Pareto function, see Equation (29), is  
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The gamma-Pareto II function, see Equation (18), is  
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The left and right truncated gamma-Pareto II function, see Equation (33), is  
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The lognormal function, see Equation (16), is  
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The double Pareto lognormal function, see Equation (17), is  
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   (41) 

8. Astrophysical Applications 

We present an initial application of the gamma-Pareto PDFs to a sample of as-
teroids and the second one to the distribution in energy of CR. 

8.1. Application to the Asteroids 

The Near-Earth Object Wide-Field Infrared Survey Explorer (NEOWISE) has 
measured the diameters in km of 10565 asteroids [13] and the corresponding 
catalog is available at VIZIER  
http://vizier.u-strasbg.fr/viz-bin/VizieR-3?-source=J/AJ/152/63&-out.add=_r. 
Table 1 presents the parameters of the gamma-Pareto PDFs here analysed and 
of two PDFs for comparison. 

As an example, Figure 4 presents the graph of the gamma-Pareto R-truncated 
PDF and in Figure 5 the graph of the gamma-Pareto II PDF.  

For reference, Figure 6 presents the graph of the lognormal PDF and Figure 7 
presents the graph of the double Pareto lognormal PDF.  

8.2. Application to Cosmic rays 

The observed differential spectrum of CR according to [14] is presented in Fig-
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ure 8 in the H case ( HI ). The parameters of the distributions here analysed 
when applied to the above spectrum are presented in Table 2, where the para-
meter 2χ  represents the merit function [15]. Figure 9 presents the fit of the CR 
spectrum with the gamma-Pareto function and Figure 10 that with the gamma- 
Pareto II function.  
 

 
Figure 4. Empirical PDF of the distribution of the diameters of asteroids, from NEOWISE 
(red histogram), with a superposition of the gamma-Pareto R-truncated PDF (green dot-
ted line) with parameters as in Table 1.  
 

 
Figure 5. Empirical PDF of the distribution of the diameters of the asteroids in NEOWISE 
(red histogram) with a superposition of the gamma-Pareto II PDF (green dotted line) with 
parameters as in Table 1.  
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Figure 6. Empirical PDF of the distribution of the diameters of the asteroids in NEOWISE 
(red histogram) with a superposition of the lognormal PDF (green full line) with para-
meters as in Table 1.  
 

 
Figure 7. Empirical PDF of the distribution of the diameters of the asteroids in NEOWISE 
(red histogram) with a superposition of the double Pareto lognormal PDF (green dotted 
line) with parameters as in Table 1.  
 

 
Figure 8. Flux of H versus energy per nucleus in GeV: experimental data (empty stars). 
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Table 2. Parameter estimates for different functions applied to cosmic rays.  

Distribution Equation Parameters E  (GeV) 2χ  

gamma-Pareto (38) 2110φ = ; 0.428c = ; 0.057θ = ; 6.716α =  2.456 113.05 

gamma-Pareto R-truncated (39) 2106φ = ; 0.429c = ; 0.057θ = ; 6.687α = ; 393587ux =  2.443 113.09 

bi-truncated gamma-Pareto (40) 
2301φ = ; 0.455c = ; 0.117θ = ; 5.039α = ; 0.212lx = ; 

393587ux =  
2.518 101.06 

gamma-Pareto II (41) 2696φ = ; 0.544c = ; 1.395θ = ; 1.34α =  2.6 62.204 

bi-truncated gamma-Pareto II (42) 2373φ = ; 0.544c = ; 1.4θ = ; 1.33α = ; 0.212lx = ; 2373ux =  2.956 62.205 

lognormal (43) 10442φ = ; 34.43 10m −= × ; 2.787σ =  0.215 284.55 

double Pareto lognormal (44) 4992φ = ; 1.777α = ; 0.147β = ; 1.355µ = ; 0.654σ =  1.413 72.94 

 

 
Figure 9. Flux of H versus energy per nucleus in GeV: experimental data (empty stars) 
and theoretical power law (full line) for the gamma-Pareto function, see Equation (38), 
with parameters as in Table 2.  
 

 
Figure 10. Flux of H versus energy per nucleus in GeV: experimental data (empty stars) 
and theoretical power law (full line) for the gamma-Pareto II function, see Equation (41), 
with parameters as in Table 2.  
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9. Conclusion 

We have analysed the effect of truncation on the gamma-Pareto and the gam-
ma-Pareto II distributions, deriving their distribution functions, average values, 
and variances. We made two applications to phenomena which present a long 
right tail often modeled with a power law behaviour, such as the Pareto PDF. In 
the case of the asteroids, the best results were obtained with the bi-truncated 
gamma-Pareto II, see Table 1, and in the case of cosmic rays (CR), with the bi- 
truncated gamma-Pareto, see Table 2. These models allow deriving some ana-
lytical formulae for the average value of the CR energy spectrum, which is 2.6 
GeV for the bi-truncated gamma-Pareto II function.  
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Abstract 
In 1801, the year of the discovery of Ceres, Johann Georg von Soldner calcu-
lated with classical means the gravitational deflection of a lightray grazing the 
surface of the Sun as 0.84”. According to General Relativity (GR) and using 
present-day data the deflection amounts to 1.75”. The formula for the deflec-
tion is derived with a classical method, with GR and as done by Soldner. The 
GR formula gives twice as large a deflection as the classical formula. It is 
shown that the formula of Soldner is equivalent to the classical one. Soldner’s 
numerical calculation of the classical deflection by the Earth comes out a fac-
tor 6.9 larger than using present-day data. This discrepancy is for a factor 6.25 
due to a mistaken value for the velocity of the grazing lightray. This factor 
6.25 can numerically be accounted for by assuming Soldner made a concep-
tual mistake related to the Axial Tilt of the Earth. The remaining discrepancy 
is due to the use of data less accurate than the present-day data. Soldner’s 
numerical calculation of the deflection by the Sun comes out correctly to the 
data of those days. In case of the Sun he did not give any further information 
regarding the data he used. A reconstruction reveals that for the surface grav-
ity of the Sun he used a value close to the present-day value. 
 

Keywords 
Johann von Soldner, Gravitational Deflection of Light, History of Science 

 

1. Introduction 

In Soldner (1801) [1] Soldner derived with classical means a formula for the gra-
vitational deflection of a lightray grazing the surface of a celestial body. 

With that formula Soldner calculated the gravitational deflection by the Earth 
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for a lightray from a star just rising from the Earth’s horizon. By the gravitation-
al deflection he meant the angular displacement on the sky as observed by an as-
tronomer on Earth as a consequence of the gravitational field of the Earth. He 
concluded that for practical astronomy the gravitational deflection could be ig-
nored.  

Soldner also paid attention to the different observational situation in which a 
lightray on its way to the Earth is first deflected by the Moon or by the Sun. He 
numerically calculated the deflection by the Sun. He concluded the deflection 
could not be ignored for stars observed very close to the rim of the Sun. Because 
stars were in practice not observed that close to the Sun he found the deflection 
by the Sun was for practical astronomy not relevant. 

We give short derivations of the classical formula, the GR formula and the 
formula of Soldner. In the derivations we take the Earth as an example of a ce-
lestial body, first of all because Soldner did so, but also because here we (used to) 
do our experiments and astronomical observations.  

The formula Solder derived is shown to be equivalent to the classical formula. 
The formula only looks different because he used a different concept to describe 
the strength of the gravitational field than we do today. 

The GR deflection comes out to be twice the classical deflection. In Appendix 
1 and Appendix 2 this is further illustrated. 

In the reconstruction of the numerical calculations of Soldner we took the da-
ta he mentioned as facts. For data Soldner did not mention but which were 
needed for the reconstruction we made plausible assumptions. 

We compared his results with the results using present-day data. We found 
Soldner calculated for the deflection by the Earth a value that is a factor 6.9 larg-
er than the present-day classical value. This large discrepancy is for a factor 6.25 
due to an incorrect value he used for the velocity of the grazing lightray. The 
remaining part of the discrepancy is to be attributed to less accurate data. 

Trying to explain the discrepancy we suspect Soldner made a conceptual mis-
take related to the Axial Tilt of the Earth, leading very precise to the factor 6.25.  

In the calculation for the Sun Soldner used the correct value for the velocity of 
the grazing lightray. He calculated the deflection close to the present-day classic-
al value. From a reconstruction of the calculation we found that Soldner used a 
value of 257 m/s2 for the surface gravity of the Sun, close to the present-day val-
ue of 274 m/s2. 

Two centuries ago the term “particle of light” did not have the same connota-
tion as the modern term “photon”, just as for Democritus the term “atom” did 
not have the same connotation as the modern term. In the classical context we 
therefore will speak of a particle (of light) and in the GR context we will speak of 
a photon. Lightrays appear in both theoretical contexts.  

2. Derivations of the Formulas  
2.1. The Classical Derivation  

We use the hyperbolic method as in Soares (2009) [2]. We have a particle com-

https://doi.org/10.4236/ijaa.2022.121009


F. F. van Kampen 
 

 

DOI: 10.4236/ijaa.2022.121009 149 International Journal of Astronomy and Astrophysics 
 

ing in from a star at (near) infinity. At P (Perigee) that particle grazes the surface 
of the Earth.  

In the classical context material particles can have any velocity v. We assume 
the particle at infinity has a velocity c = 3.00 × 108 m/s. Coming in from infinity 
the particle will accelerate. The velocity of the particle at P we call pc .  

The hyperbolic path is described by ( ) ( )
( )
1

1 cos
R e

r
e

φ
φ

⊕ +
=

+
.  

The angular coordinate φ  goes clockwise from P.  

The eccentricity e of the path is geometrically defined as e ⊕+
=

a R
a

. 

The semi major axis a is defined as in Figure 1. The radius of the Earth is 
represented by ⊕R  and is equal to the measured circumference of the equator 
of the Earth in meters divided by 2π.  

We assign to the particle a mass m and assume it behaves as a normal classical 
particle.  

For e we have the expression e 
2

3 2 2

21
⊕

= +
EL

m G M
. 

In this expression ⊕M  represents the mass of the Earth, 21
2

⊕= −
mM

E mv G
r

  

the constant sum of the particle’s kinetic and potential energy and L the par-
ticle’s constant angular momentum with respect to the center of the Earth. The 
gravitational constant 11 3 1 26.7 10 m kg s− − −= × ⋅ ⋅G .  

At infinity the particle has only the kinetic energy 21
2

=E mc . At P it has the 

kinetic plus potential energy 21
2

⊕

⊕

= −p
mM

E mc G
R

. 

From the law of conservation of energy we have 

2 2
2

21 1 1
2 2

⊕ ⊕

⊕ ⊕

= = − → = +p p
mM GM

E mc mc G c c
R c R

. 

 

 
Figure 1. The geometrical situation for the classical derivation. For illustrational purposes the bending is 
hugely exaggerated. 
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The quantity 2

2 ⊕

⊕

GM
c R

 is very small compared to 1, so in good approximation 

pc  equals c. 

At infinity the particle has angular momentum L mcd= . For the meaning of 
d see Figure 1. At P the particle has angular momentum ⊕= pL mc R .  

From the law of conservation of angular momentum we have  

2

2
1 ⊕

⊕ ⊕ ⊕
⊕

= = → = = +p
p

c GM
L mcd mc R d R R

c c R
. 

The quantity 2

2 ⊕

⊕

GM
c R

 is very small compared to 1, so in good approximation 

d equals ⊕R . For the eccentricity of the hyperbolic path we then find 

( )22
4 2

3 2 2 2 2

2 2 2
2 2 4 2

4 2

12
21 1

1 1

⊕ ⊕

⊕ ⊕
⊕ ⊕

⊕ ⊕ ⊕

 
 
 = + = +

≈ + ≈ +

mc mcd
c de

m G M G M

c R G M
G M c R

GM GM c R

 

So in good approximation we find 
2

⊕

⊕

=
c R

e
GM

. 

For r →∞  we find from ( )φr  that ( )1 cos 0φ+ →e . 
From Figure 1 we also see that for →∞r  the particle’s angular coordinate 

2
φ ωπ
→ + . 

We then have cos 1
2

ωπ + = − 
 

e  and thus ( ) 2

1sin ω ⊕

⊕

= =
GM

e c R
. 

For small ω  we can set ( )sin ω ω≈  and then we find that in good ap-

proximation 2ω ⊕

⊕

=
GM
c R

. 

So for the deflection for one arm of the path we have in good approximation 

2ω ⊕

⊕

=
GM
c R

. 

This is the deflection as observed by an astronomer on Earth. For the deflection  

for both arms of the path we then have in good approximation 2

2
ω ⊕

⊕

=
GM
c R

.  

This is the deflection as would be observed by an astronomer (infinitely) far 
from Earth. 

Soldner was only interested in deflections observed on Earth, as we can infer 
from his text and also from the drawing in his paper which represents only one 
arm of the path. 

With the Sun as the deflecting body we must replace the mass of the Earth by 
the mass of the Sun. 

The gravitational deflection by the Earth is observed together with the much 
larger refraction by the Earth’s atmosphere. In case of the Sun there could be an 
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additional refraction by the Sun’s Corona. 

2.2. The GR Derivation 

We follow the method used by McVittie (1965) [3]. Accordingly we have for the 
path of a lightray grazing the surface of the Earth the formula  

( ) ( ) ( )
1

21 11 cos cos
2 2

φ φ φ
−

⊕
⊕ ⊕ ⊕

  
= + − −     

s s sR R R
R R

R R R
. 

In this formula the constant sR  is an integration constant following from 
solving the equations of GR. It is called the Schwarzschild Radius of the Earth  

and is in GR determined to be 2

2 ⊕=s
GM

R
c

. The value of sR  for the Earth 

equals 0.887 cm and for the Sun 2.956 km. 

⊕R  again is the measured circumference of the equator of the Earth in meters 
divided by 2π. In GR it is the value of the radial coordinate of the surface of the 
Earth and corresponds to the height 0⊕= − =h r R  in the classical context. The 
radial coordinate R at height h is in GR equal to the measured circumference in 
meters of a circle around the Earth at that height divided by 2π. 

When the particle is at infinity, thus when →∞R  we see from the formula 
for ( )φR  that 

( ) ( )21 1cos 1 cos 0
2 2

φ φ
⊕ ⊕ ⊕

 
− − − → 
 

s s sR R R
R R R

. 

Solving this quadratic equation in ( )cos φ  in the usual way we find  

( ) 1cos 1
2

φ
⊕ ⊕

 
= − + 

 
s sR R

R R
. 

From Figure 2 we also see that for R →∞  the particle’s angular coordinate 

2
φ ωπ
→ + . 

 

 
Figure 2. The geometrical situation for the GR derivation. For illustrational purposes the bending is hugely exaggerated. 
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We then have ( ) 1cos sin 1
2 2

ω ω
⊕ ⊕

 π + = − = − +  
   

s sR R
R R

. For small ω this re-

duces in good approximation to sR
R

ω
⊕

= . When we insert 2

2 ⊕=s
GM

R
c

 we 

find 2

2
ω ⊕

⊕

=
GM
c R

. 

So for the deflection for one arm of the path we have in good approximation  

2

2
ω ⊕

⊕

=
GM
c R

. This is the deflection as observed by an astronomer on Earth. For  

the deflection for both arms of the path we then have in good approximation  

2

4
ω ⊕

⊕

=
GM
c R

. This is the deflection as would be observed by an astronomer (infi-

nitely) far from Earth. 
We see the GR deflection is twice the classical deflection as derived in (2.1). 
Remark 
We remark that in [4] [5] and [6] according to E = hf = mc2 to the particle is 

assigned a mass m = hf /c2 and a linear momentum p = hf /c, thus turning a pho-
ton into a particle. In the classical context a particle with mass m should at infinity  

have a kinetic energy 21 1
2 2

=mc hf  and a linear momentum p = mc = hf /c.  

Because in the derivation given in (2.1) the mass drops out of the equation,  

putting the kinetic energy 21
2

=E mc  and p = mc with m = hf /c2 would still 

lead to the classical result.  
When in the classical context we put the kinetic energy E = mc2 we should, it 

seems, from the classical relation between the kinetic energy and the linear mo-
mentum p = 2E /c, have to put p = 2mc. This would lead to twice the classical 
result. 

Interesting that may be, in this way for the particle an ad hoc hypothesis is in-
troduced that for Soldner and his contemporaries would have turned the particle 
into a rather “strange” particle.  

2.3. The derivation by Soldner  

Soldner used the concept of “gravitational acceleration” at the surface of the def-
lecting body. This concept is different from the present-day concept of “surface 
gravity”. That can be confusing and complicates the analysis. We will give a 
plausible interpretation to what Soldner meant.  
- The entity 2g  

When Soldner speaks of the gravitational acceleration g he means simply, fol-
lowing a convention of those days, the distance traversed in unit time by a par-
ticle falling freely from rest near the surface [7]. That convention may be related 
to the use of the pendulum as measuring device.  

For the Earth that distance equals 4.9 m for one second and is thus equal to 
half the numerical value of the surface gravity of 9.8 m/s2. We therefore identify 
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the numerical value of 2g as the numerical value of the surface gravity of the  

Earth 2
⊕

⊕

GM
R

 according to Newton’s Law of Gravity.  

- The entity r  
Soldner wrote: “The force, by which the light...will be attracted...will be 2gr−2.” 

At first sight we see r as the real distance in meters to the center of the Earth, as 
our radial coordinate in Figure 1. However, with the numerical identification of 
2g as 9.8 we have for the surface of the Earth the number r = 1. For that reason 
we prefer to identify r as the dimensionless ratio of the distance to the radius of 
the Earth. For example, for r = 4 the gravitational force is 16 times smaller than 
at the surface.  
- The dimensions of 2g and r 

With this numerical identification of 2g we would have the dimension length 
× time−2 for the entity 2g determining the surface gravity of the Earth and r 
would be a mere number determining the distance to the center of the Earth.  

With a different interpretation of r as a real distance with the dimension 
length, the entity 2g would have the dimension length3 × time−2 following Tilman 
Sauer (2021) [7]. That looks rather complex compared to the simple concept of 
gravitational acceleration we had initially. This point needs closer attention.  

In doing the actual calculations we focus primarily on numerical values.  
- Changing the scale of the units of length and time 

After having introduced the entities g and 2g Soldner declares he takes the ra-
dius of the Earth from then on as the unit of length, changing the scale of his 
drawing. We will see in (3.1) that Soldner in the numerical calculation for the 
Earth indeed divides the experimental value of g by the numerical value of ⊕R . 
He however still designated the entity ⊕g R  by the symbol g. That can easy 
lead to confusion in applying his formula. For that reason we must in the actual 
numerical calculations keep this in mind.  

In (3.1) we will see that Soldner used a unit of time other than the second, the 
so called “decimal second”.  
- The velocity of light  

For the determination of the velocity of light Soldner used the time of travel of 
light from the Sun to the Earth. He did not give a source for the numerical value 
he used.  

To determine the velocity of light Soldner had to use some reliable value for 
the distance from the Sun to the Earth. Soldner did however not mention that 
value. We come back on this point in (3.1).  

We remark that in this way Soldner determined the mean velocity of light. He 
did not specify the velocity of light as a function of the distance to the Earth. 
According to (2.1) that does not significantly influence the result, because the 
velocity of the particle hardly changes on its path.   

By taking the radius of the Earth as the unit of length the numerical value for 
the velocity of light v changes into ⊕v R . As in his treatment of 2g he still des-
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ignated the entity ⊕v R  by the symbol v . Again, to avoid confusion we must 
in the actual numerical calculations keep this in mind. 
- Soldner’s derivation and formula 

After applying Newton’s Law of Gravity Soldner concluded that the particle fol-
lows a hyperbolic path due to its large velocity. Then he used that form of the path  

and in the end obtains for one arm of the path the relation ( )
2

2tan
4

ω =
−

g

v v g
. 

For small ω we have ( )tan ω ω≈  and for large v we can state 22

2 2

4
≈

−

g g
vv v g

. 

From this we see that for one arm of the path Soldner derived in good approxi-

mation the deflection 2

2ω =
g

v
. 

For two arms of the path he thus derived in good approximation the deflec-

tion 2

4ω =
g

v
. 

- Transformation of the formula to the classical formula 
When we replace in the formula of Soldner 2g  by 2g R⊕  and v  by c R⊕   

we regain the classical expressions derived in (2.1) and find that the formula of 
Soldner is equivalent to the classical formula.  

We note that in Lotze and Simionato (2021) [8] this equivalence is also shown, 
be it with different replacement rules. These different replacement rules are pre-
sumably related to a different interpretation of the entities 2g and r. This point 
needs closer attention. 

3. The Numerical Calculations by Soldner 

In calculating the numerical value of the deflection by the Earth and by the Sun 
Soldner had, of course, to use the data known to him in those days. Because he 
did not mention all the values needed for the calculation, we made some plausi-
ble assumptions.  

In his paper Soldner presented some very precise numerical values. For that 
reason we also used those values in the calculations and not the more rounded 
values, unless where appropriate.  

3.1. Calculation of the Deflection by the Earth 

Soldner did not mention the numerical value he used for the velocity of light nor 
the distance from the Sun to the Earth. He only mentioned the time of travel of 
light from the Sun to the Earth. He further used the so called “decimal second” 
as the unit of time. 
- The decimal second 

The decimal second is a unit in use since 1792 for a few years during the French 
Revolution. One decimal second equals 0.864 seconds. This point can easy be 
missed and lead to confusion. 
- The velocity of light  
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Soldner assumed that light requires 564.8 decimal seconds to come from the 
Sun to the Earth. This corresponds to 488 seconds. It is not clear from which 
source this value came and how it was determined. Newton had estimated a val-
ue of around seven to eight minutes. Bradley gave in the year 1728 a value of 492 
seconds. The present-day value equals 500 seconds.  

In the year 1672 Cassini and Flamsteed determined from observations of Mars, 
then being in opposition, independent from one another the distance from the 
Sun to the Earth as 140 × 109 m. In the year 1769 Lalande determined from data 
of transits of Venus the distance as 153 × 109 m. The present-day value equals 
150 × 109 m.  

Soldner took from Laplace the radius of the Earth as ⊕R  = 6.369514 × 106 m. 
The present-day value equals 6.371 × 106 m.  

Expressed in Earth radii the distance from the Sun to the Earth equals 2.198 × 
104 Earth radii in case Soldner used the value of Cassini and Flamsteed.  

We then find for the velocity of light the value v R⊕  = 38.916 Earth radii per  

decimal second. This value corresponds to 2.48 × 108 meter per decimal second 
and to 2.87 × 108 m/s.   

Expressed in Earth radii the distance from the Sun to the Earth equals 2.402 × 
104 Earth radii in case Soldner used the value of Lalande.  

We then find for the velocity of light the value v R⊕  = 42.529 Earth radii per 

decimal second. This value corresponds to 2.71 × 108 meter per decimal second 
and to 3.14 × 108 m/s.   
- The mistaken value v for a lightray grazing the surface of the Earth 

Soldner then however declared that from his data follows ⊕v R  = 15.562085 
Earth radii per decimal second, corresponding to a velocity of 1.15 × 108 m/s.  

In relation to the correct value ⊕v R  = 38.916 Earth radii per decimal second 
(Cassini and Flamsteed) a factor 2.5007 (or the inverse 0.3999) is missing.  

In relation to the correct value ⊕v R  = 42.529 Earth radii per decimal second 
(Lalande) a factor 2.7329 (or the inverse 0.3659) is missing.  

This missing factor is also noticed by Tilman Sauer (2021) [7], who estimates 
a missing factor of around 2.6.  

Trying to explain this missing factor we consider that Soldner derived the ve-
locity of light from the time of travel from the Sun to the Earth. In that context 
we suspect Soldner calculated the component of the velocity parallel to the sur-
face of the Earth by taking the sinus of the Axial Tilt (Obliquity) of the Earth. 
Taking for that Axial Tilt the value of 23.5˚, we have sin(23.5˚) = 0.3999, very 
precise the missing factor in case Soldner had used the value of Cassini and 
Flamsteed. In case Soldner had used the value of Lalande the missing factor is 
0.3659 and this explanation does not quite fit.  

This remarkable precise correspondence can be a mere numerical coinci-
dence, although that would be very coincidental in case of a mere technical cal-
culational error.  

For this reason we guess Soldner used the value of Cassini and Flamsteed. An 
other reason we can think of is the circumstance that Cassini and Flamsteed in-
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depent from each other determined that value. That must have given that value 
reliability. Further that value was surely to be found in books on the subject and 
must have been widely known. Or may be Soldner did not know the value de-
termined by Lalande, or may be he did put more trust in the value of Cassini and 
Flamsteed.  

We remark that in Ginoux (2021) [9] a connection is made with the latitude 
of 35˚16’ from Soldner’s paper. That connection seems to be made more in a 
descriptive sense than classifying it as a conceptual mistake. At that latitude 
however not the sinus but the square of the sinus is mentioned to be 1/3. That 
square is probably the factor determining the so called Gravity Anomaly of the 
Earth due to its rotation. The factor 1/3 = 0.3333 nor the sinus of the mentioned 
latitude do quite fit as an explanation for the factor 0.3999.  

Although for these reasons the connection with the latitude of 35˚16’ does not 
seem to work, it originated the idea to try the Axial Tilt of the Earth as an expla-
nation.  

Be it as it is, Solder used for ⊕v R  the numerical value 15.562085.  
- The value of 2g for the Earth  

Soldner mentioned from Laplace for g the value 3.66394 m using the decimal 
second. For 2g we then have the numerical value 7.32788. When we divide this 
numerical value by the numerical value for the radius of the Earth we find for 
2 ⊕g R  the numerical value 1.150461 × 10−6.  
- The result of Soldner’s calculation for the Earth 

With these numerical values ⊕v R  = 15.562085 and 2 ⊕g R  = 1.150461 × 
10−6 Solder calculated with his formula ω = 0.004750 rad. By multiplying with 
the number of angular seconds per radial (1 rad = 206265”) we find, as Soldner 
did, ω = 0.0009798”.  

Had he used his correct numerical value ⊕v R  = 38.916 he would have found 
ω = 0.0001576”, which is a factor 6.25 smaller than he actually calculated.  

When we use the present-day data we find ω = 0.0001435”, which is a factor 
6.9 smaller than the value Soldner calculated. 

The value ω = 0.00014” was already given in 1921 in a footnote by Robert 
Trumpler (1923) [10]. Trumpler calls this a mistake in the calculation due to the 
units used.  

The discrepancy is however for the larger part (factor 6.25) rooted in the mis-
taken value Soldner used for the velocity of light and can, we suspect, be ex-
plained by a conceptual mistake. That conceptual mistake, if any, Soldner cer-
tainly had not made in case the velocity of light had been measured in the labor-
atory, as Fizeau did nearly half a century later. 

3.2. Calculation of the Deflection by the Sun 

After he calculated the deflection by the Earth Soldner paid attention “to what 
extent a lightray is deflected by the Moon when it passes the Moon and travels to 
the Earth”. 
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In this new observational context Soldner states that “double the value that 
was found by the formula must be taken because of the two arms of the hyper-
bola”. So his intentions are clear. 

Then he calculates the deflection by the Sun. So for the Sun he intended clear-
ly to calculate the deflection due to both arms of the hyperbola. He certainly had 
not in mind being on the surface of the Sun observing a star rising from the 
Sun’s horizon. 

But the way Soldner wrote it down (“If we substitute into the formula for 
tan(ω) the acceleration of gravity on the surface of the sun we find ω = 0.84”.”) 
raises questions. The symbol ω he used and depicted in his drawing refers to on-
ly one arm of the path. This has led on the one hand to speculations about mi-
sprints as in [11] and on the other hand to the idea that Soldner derived by clas-
sical means the GR result as in [6].  

As we will see Soldner must first have calculated ω according to his formula 
and after that took double the value that was found.  

In the new observational context Soldner had for clarity better made a second 
drawing. He also could have given a more general definition of the term deflec-
tion as the angular displacement observed by an astronomer on Earth. That de-
finition would be valid for all the observational contexts of those days. He could 
then have assigned to that angular displacement the symbol ω. But he did not do 
all of that. The angle ω in his drawing and in his formula now formally represents 
the angle of displacement for one arm of the path.  

We guess Soldner just forgot to write down the number 2 on paper after he 
had finished his calculation; or for himself it was obvious because he had already 
explained how to proceed.  

We further note that in the new observational context the lightray, already 
been deflected by the Sun, generally speaking does not arrive at the Earth at 
grazing incidence. In the one special case of perpendicular incidence there is no 
additional gravitational deflection by the Earth. In the other special case of graz-
ing incidence the additional deflection by the Earth is ignorable as Soldner al-
ready had calculated. Soldner did not find it necessary to mention this (minor) 
point. 
- The velocity v of a “particle of light” grazing the surface of the Sun 

Soldner did not give any further information regarding the data he used in 
case of the Sun. He only gave 0.84” as the result. 

At first thought it seems obvious he should have used the same mistaken value 
of the velocity of light as he used for the Earth. At second thought, assuming he 
did indeed make a conceptual mistake with the Axial Tilt of the Earth, there is 
no reason for him to make that mistake in case of the Sun.  

Therefore we assume in case of the Sun he used his correct value v = 2.48 × 
108 meter per decimal second, using the value of Cassini and Flamsteed for the 
distance from the Sun to the Earth.  

In the units used he next divided v by the value of the radius 


R  of the Sun. 
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Because he did not mention the value of 


R , we must first make an assumption.  
We assume Soldner used the accurate angular measurement of 964.8” regard-

ing the radius of the Sun by Picard in the year 1670. Using 1” = 4.8481 × 10−6 rad 
this angle corresponds to 0.004677 rad.  

Combined with the distance from the Sun to the Earth of 140 × 109 m accord-
ing to Cassini and Flamsteed, we thus find 



R  = 6.55 × 108 m by taking (140 × 
109) × tan(0.004677).  

With these values for v = 2.48 × 108 meter per decimal second and 


R  = 6.55 
× 108 m we find 



v R  = 0.379 Sun radii per decimal second.  
- The acceleration of gravity g for the Sun 

With the present-day (rounded) data for the Earth and the Sun  
Mass of the Earth 246.0 10 kg⊕ = ×M  
Radius of the Earth 66.4 10 m⊕ = ×R   
Mass of the Sun 302.0 10 kg= ×



M  
Radius of the Sun 87.0 10 m= ×



R  
we find that the mass-radius ratio of the Sun is 3048 times larger the mass-radius 
ratio of the Earth. From the classical formula we therefore conclude that the def-
lection by the Sun must be around 3048 times larger than the deflection by the 
Earth.  

Soldner could not look up those values as simple as we can. Cavendish only 
recently determined the mass of the Earth in his laboratory. Soldner could, of 
course, not experimentally determine the surface acceleration of the Sun with a 
pendulum as in case of the Earth. So the question is what value Soldner used for 
the acceleration of gravity g of the Sun.  

From his result of 0.84” we can work our way back to the value he must have 
used. 

From 2ω = 0.84” we have 2ω = 4.072 × 10−6 rad (using 1” = 4.8481 × 10−6 rad). 
We thus have ω = 2.036 × 10−6 rad.  
For 



v R  we already found the numerical value 0.379.  

From the formula 22 4ω =
g

v
 we then have 22 ω= ×g v . As mentioned in (3.1)  

we must use in this formula for g and v the numerical values for 


g R  and 



v R . 
We thus find 2



g R  = (2.036 × 10−6) × (0.379)2 = 0.2925 × 10−6.   
From this we find 2g = (0.2925 × 10−6) × (6.55 × 108) = 192. Transformed 

from the decimal second to the second we find for 2g the numerical value 257. 
From our interpretation of 2g as the numerical value of the surface gravity we 

conclude, given the assumptions made, that Soldner used in his calculation the 
value 257 m/s2 for the surface gravity of the Sun, close to the present-day value 
274 m/s2.  

Had Soldner calculated the value 0.84” for only one arm of the path, he should 
have used a value of 514 m/s2. That would not have been a realistic value. In 
Lotze and Simionato (2021) [8] is illustrated how Soldner in his days could rela-
tively easy have determined the surface gravity of the Sun. Newton already gave 
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a value for the ratio of the “weights towards the Sun and the Earth” as 10,000 to 
435 in his Principia (Book 3, Proposition 8, Theorem 8) [12]. Assuming Newton 
meant by this the ratio of the surface gravities, his value for the surface gravity of 
the Sun was 225 m/s2.  

We finally remark that to the gravitational deflection of the Sun must be add-
ed the refractional effect, if any, of the Corona of the Sun. At the time of the 
1919 Eclipse (see Appendix 3) that refractional effect was not quantitatively 
known. From this the conclusiveness of the measurements of the 1919 Eclipse 
could on logical grounds be questioned [13]. 

4. Conclusions 

We conclude Soldner derived the correct classical formula for the gravitational 
deflection. Because he used a different concept for the strength of the gravita-
tional field than we do today, his formula looks different, but is shown to be 
equivalent.  

Soldner mentioned Laplace as the source of his data for the radius of the Earth 
and for what he called the “acceleration of gravity” of the Earth. He did not 
mention the source of his value for the time of travel of light from the Sun to the 
Earth.  

Soldner did not mention the value he used for the distance from the Sun to 
the Earth. Because that distance is needed to calculate the velocity of light we 
made a plausible assumption for that distance. 

We found Soldner calculated the velocity of light grazing the surface of the 
Earth a factor 2.5 smaller then he should according to his data. A conceptual 
mistake in relation to the Axial Tilt of the Earth can account very precise for that 
factor.  

As a consequence he calculated the deflection by the Earth a factor 6.25 too 
large given the data used. Compared to a calculation with present-day data the 
deflection he calculated is a factor 6.9 too large.  

Soldner did not give any further information regarding his calculation for the 
Sun. He only mentioned the result as 0.84”, close to the present-day classical 
value of 0.87”. 

Working our way back from his result we found Soldner used for the surface 
gravity of the Sun the value 257 m/s2, close to the present-day value of 274 m/s2. 
Based on the plausibility of this value, Soldner’s motive for doing the calcula-
tions and his description of the observational context, we conclude Soldners 
value of 0.84” represents the deflection for both arms of the path.  

In hindsight he had done well to add a separate drawing for the observational 
context he had in mind in relation to the calculation for the Sun. Such a drawing 
would also indicate that the value observed by an astronomer on Earth would in 
theory be slightly less than 2ω due to the finite distance of the Earth to the Sun, 
as Soldner already remarked.  

In those days the spread of knowledge and information did not go by the ve-
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locity of light as today and not always in a straight line [14]. A closer look at the 
historical context (as in larger strokes already is given in [15]), such as the pre-
cise astronomical data known at the time in which and at the place where he 
wrote his paper, is asked for to put further to the test our suspicion of the con-
ceptual mistake in the calculation for the Earth.  

As with writing a historical novel, some things we know, some things we spe-
culate and fantasize about, but some things we will never know because only 
Soldner could tell us. 
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Appendix 1. Calculation of the Height Close to Perigee 

- the Euclidean case  
In case of no gravitational field the particle of light and the photon have ac-

cording to Euclidean Geometry for small values of φ  the height 21
2

φ⊕=KN R  

(Figure A1) 
- the classical calculation  

For the classical value of the eccentricity we found in (2.1) that 
2

⊕

⊕

=
c R

e
GM

.  

For small values of φ  we can set ( )
2

cos 1
2
φφ ≈ − .   

When we insert these values for e and ( )cos φ  in the classical formula of the  

path ( ) ( ) ( )
( )
1

1 cos
φ φ

φ
⊕

⊕ ⊕

+
= − = −

+
R e

h r R R
e

, we find for the height KM of the par-

ticle of light ( ) 2 2
2

1
2 2

φ φ φ⊕
⊕= ≈ −

GM
KM h R

c
. We note that 21

2
φ⊕R  is equal to 

the height KN in the Euclidean case. 
- the GR calculation  

When we substitute ( )
2

cos 1
2
φφ ≈ −  for small values of φ  in the GR for-

mula of the path ( ) ( ) ( )
1

21 11 cos cos
2 2

φ φ φ
−

⊕
⊕ ⊕ ⊕

  
= + − −     

s s sR R R
R R

R R R
, we find 

for the difference ΔR  of the radial coordinates of the points L and K that  

21 3Δ
2 2

φ⊕
 ≈ − 
 

sR R R .  

We must now transform ΔR  to the height h of the point L. 
Between the coordinates ∆h  and ΔR  exists close to the surface according  

to GR the relation 
1

⊕

∆
∆ ≈

− s

Rh
R
R

. When we use a Taylor expansion for 1

1
⊕

− sR
R

  

 

 

Figure A1. The different heights close to Perigee. For illustrational purposes the bending 
is hugely exaggerated. 
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according to 21 1 31
2 81

≈ + +
−

x x
x

, we find for the height KL of the photon  

( ) 2 21 1
2 2

φ φ φ⊕= ≈ − sKL h R R . 

After inserting 2

2 ⊕=s
GM

R
c

 we find for the height KL of the photon  

( ) 2 2
2

1
2

φ φ φ⊕
⊕= ≈ −

GM
KL h R

c
. 

We note again that 21
2

φ⊕R  is equal to the height KN in the Euclidean case. 

When we compare for a small value of φ  the classical height with the GR 
height we see that the photon is attracted by gravity “twice as much” as the par-
ticle of light.  

We can see this by comparing with the height KN, thus with the Euclidean 
straight line representing the path in case there were no gravitational field. This 
is rather loosely formulated, because it is not intended to say that the accelera-
tion is twice as much. In GR the concepts of velocity and acceleration are com-
plicated because the involvement of the time-coordinate.  

It must also not be concluded that the particle of light and the photon reach 
the successive values of φ  simultaneously. To compare their real behavior we 
should let the particle of light and the photon run against each other in a simula-
tion, after first solving their trajectories as a function of time.  

Appendix 2. Calculation of the Distance at Semi Latus Rectum  

- the classical calculation 

When we set 
2

φ π
=  in the classical formula of the path we find for the height 

or distance to the surface of the Earth of the point W (Figure A2) 
 

 
Figure A2. The different distances to the surface of the Earth at Semi Latus Rectum. For illustrational purposes the bending is 
hugely exaggerated. 
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( ) 2 21
2 2 1 cos

2

⊕ ⊕
⊕ ⊕ ⊕ ⊕ ⊕ ⊕

⊕

+π π   = = − = − = + − = ≈    π     +  
 

R e c R
UW h r R R eR R R eR

GMe
. 

- the GR calculation  

When we set 
2

φ π
=  in the GR formula of the path, we find for the point V 

the radial GR coordinate 
2

2
⊕π  = 

  s

R
R

R
. 

After inserting 2

2 ⊕=s
GM

R
c

 we find 
2 2

2 2
⊕

⊕

π  = 
 

c R
R

GM
. 

We must now transform the coordinate R to the distance h. Between the 
coordinates h and R exists in GR the relation:  

2 2

2 2 2 2 2

1 1d 1 d
2 2

1

1 2ln
2 2

1 ln
2 2 2 2

⊕ ⊕

π π   
   
   

⊕
⊕

⊕ ⊕ ⊕
⊕

⊕ ⊕ ⊕

π   = = ≈ +      −

 π  
  π    ≈ − +    

 
 
 

≈ − + ≈ 
 

∫ ∫
R R s
R R

s

s

s

R
UV h R R

RR
R

R
R R R

R

c R c R c R
R R

GM GM GM

 

Comparing the results we see that for 
2

φ π
=  the GR distance is approximately 

half the classical distance.  
For the Earth the GR distance at Semi Latus Rectum is approximately 0.46 

lightyear and for the Sun 0.017 lightyear. The distance to the nearest star Prox-
ima Centauri is approximately 4.2 lightyear.  

Appendix 3. The Measurement at the 1919 Eclipse 

Paying closer attention to the angles being measured at the 1919 eclipse we note 
that the formulas for the classical deflection and the GR deflection are based on 
lightrays emanating from stars supposed to be at infinity. In the measurement at 
the 1919 eclipse the stars were, as always, far away, but not at infinity. Also the 
position of the Earth is such that a large part of the path is left out. The geometry 
of the situation in which the measurements were made, is rather complicated, as 
illustrated in Figure A3.  

It must further be noted that the lightrays from the stars being photographed 
at the 1919 eclipse were close to the rim of the Sun, but not exactly grazing the 
surface of the Sun.  

A more detailed treatment of these points can be found in [3]. 
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Figure A3. The star is observed at an angle δ1 at a different position on the sky than its “true” position δ2, 
measured half a year later. For illustrational purposes the bending is hugely exaggerated. A more detailed 
and on-scale figure can be found in [3].  
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