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Abstract 
From the Sun, a look at the edge of each spiral arm in our Milky Way (seen 
tangentially, along the line of sight) can yield numerous insights. Using dif-
ferent arm tracers (dust, masers, synchrotron emission, CO gas, open star 
clusters), we observe here for the first time an age gradient (about 12 ± 2 
Myrs/kpc), much as predicted by the density wave theory. This implies that 
the arm tracers are leaving the dust lane at a relative speed of about 81 ± 10 
km/s. We then compare with recent optical data obtained from the Gaia sa-
tellite, pertaining to the spiral arms. 
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1. Introduction 

Nowadays, we are at an exciting stage of getting to know better the inside of 
spiral arms, their origins in space and time, and how they maintain themselves 
in view of existing localised shocks and turbulences. Since 2006, the trigonome-
tric “parallax” measurement of radio masers (through interferometric telescopes) is 
ongoing—the inverse of the parallax gives a precise physical distance, provide 
the error bar in the parallax value is small. Since about 2014, catalogues of arm 
tangents, and statistical analyses of these catalogues of observational data, allow 
us to get the precise galactic longitude where an arm tracer (hot or cold dust, 
hot or cold gas, young or old stars, etc.) peaks in intensity as a telescope drifts 
across the arm in the Galactic plane. Since 2017, the recent Gaia satellite data 
have allowed the cartography and velocity of nearby stars in the Galactic disk. A 
Gaia stellar image of the location of the spiral arms near the Sun showed a dif-
fuse broad area for the Perseus arm and for the Sagittarius arm, with the 
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well-defined narrow arm spine indicated by the radio masers (Figure 1 in 
Kounkel [1]; Figure 3 in Khopersky [2]; Figure 8 in Cantat-Gaudin [3]).  

Figure 1 shows an artist’s impression of the disk of the Milky Way. The huge 
blue plane disk shows four long curving spiral arms (composed of stars, gas and 
dust, cosmic-rays, etc.).  

Section 2 investigates the 4 long spiral arms, cartographically and kinemati-
cally. Section 3 presents new quantitative results on the age gradient within a 
spiral arm, using arm tracers at different ages. Section 4 concludes. 

2. The Galactic Arms in the Milky Way 

Arms are defined by their location, composition (arm tracers), velocity, pitch, 
arm start, and width. 

2.1. Cartographic Mapping of the Galactic Disk 

In the 18th century, scientists with telescopes envision the Center of the Galaxy to 
be away from the center of the Earth, shattering the predominant centric view 
(Earth had been thought earlier to be at the center of our Universe). Astrono-
mers like Herschel, Shapley, Oort, IAU commissions used scientific instruments 
that were improved with time, and finally maser trigonometry to nail the dis-
tance to the Galactic Center to a higher precision. Recent observations show that 
the Sun’s orbit is separated from the Galactic Center by about 8.1 kilopar-
secs—see Abuter [5]. 
 

 

Figure 1. The whole view, as would be seen from above the Galactic disk (at the Galactic 
North Pole). This is a cartoon drawn by V. Straizys and E. G. Meistas in 2006, at the Li-
thuania’s Moletai Astronomical Observatory, inspired by a drawing published earlier by 
Vallée [4]. 
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Figure 2 shows the coordinate systems accepted nowadays. The direction 
from the Sun to the Galactic Center (i.e., the “Galactic Meridian”) is set at a Ga-
lactic longitude of zero. Galactic longitudes turn counterclockwise around the 
Sun, until we reach 360 degrees (thus back towards the Galactic Center). A first 
coordinate system is centered on the Sun, to map our disk galaxy: a star is meas-
ured with a solar distance r and a galactic longitude l, starting from the vertical 
axis downward. A second coordinate system is centered on the Galactic Center, 
to map our disk galaxy: a star is measured with a distance to galactic center R 
and a galactic angle q, starting from the horizontal axis.  

Pointing a telescope on Earth to one spiral arm, one can measure the exact 
galactic longitude when a tracer is “tangent to the spiral arm” (i.e., when a line of 
sight from the Sun is aligned along the longest distance inside a spiral arm). One 
can repeat a scan in galactic longitude to find the exact arm longitude, using 
each time a different arm tracer (dust, gas, hydrogen, star, etc), thus producing a 
catalogue of arm tangents. The arms are well measured with geometric mapping, 
velocity mapping, and future positions are predicted with kinematical models. 
Figure 3 shows the observed arm tangent, as seen from the Sun, in CO light, 
toward the Scutum spiral arm (dashed line). Also shown is the observed arm 
tangent in 2.4 µm dust (dashed line). The offset between the two arm tangent is 
real, and the dust arm tangent is closer to the direction of the Galactic Center. 
 

 

Figure 2. Two Map coordinates systems. A black star is shown at top right in a red spiral 
arm, using two coordinate systems. Galactic quadrants are shown (I: downright; II: top 
right; III: top left; IV: bottom left). Adapted from Figure 2 in [6]. 
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Figure 3. Spiral arm model, for Galactic Quadrant I, fitted to the cold broad diffuse CO 
1-0 gas. The mean longitude of the CO arm tangent from the Sun down to the Scutum 
arm (upper dashed line) differs by about 2˚ from the mean longitude for the dust 2.4 µm 
arm tangent (lower dashed line). The short black crosscut at the arm tangents, near (x, y) 
= (3.0, 3.0 kpc), is about 300 pc long. There, the line of sight inside the Scutum arm is 
shorter for the CO arm tangent (about 1 kpc) than for the dust arm tangent (about 2 kpc). 
Gas flow (arrows, at left) are going clockwise on a circular orbit around the Galactic Cen-
ter (dotted circles), entering the arm on its inner arm edge. 
 

These long spiral arms appear to follow a rough logarithmic shape. An arm is 
said to have a “pitch angle”, given by the angle between a tangent to a pure or-
bital circle (around the Galactic Centre) and the arm’s own extended shape. 
Looking at the same spiral arm, we can observe the arm tracer as the arm turns 
around the galactic nucleus, crossing the Galactic Meridian (the straight line 
from the Sun’s location to the center of the Galactic nucleus). First we observe 
the galactic longitude (lI) in Galactic Quadrant I (where the Sun is traveling to) 
and second we observe the galactic longitude (lIV) in Galactic Quadrant IV 
(where the Sun is coming from), for the same spiral arm.  

Figure 4 shows a view from above, looking at the galactic disk. Two tangents 
are drawn from the Sun, one to the Sagittarius arm (bottom right) and one to the 
Carina arm (bottom left). Carina and Sagittarius are parts of the same arm. Si-
milarly, two tangents are drawn from the Sun, one to the Scutum arm (to the 
right) and one to the Crux-Centaurus arm (bottom left), both parts of the same  
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Figure 4. The arm pitch (deviation from a tangent to a pure circle) as measured across 
two galactic quadrants (I and IV). Adapted from Figure 1 in [6]. 
 
arm. The difference between galactic longitudes of two tangents from the same 
arm yields the pitch angle (p), via trigonometry (see derivation in [6]—Equations 
(1) to (10)): 

( ) ( ) ( ) ( )( )I IV I IVtan ln sin sin 2l l p l lπ π− + ⋅ = −  

where π denotes a half-circle, and the galactic longitudes lI and lIV must be tan-
gents to the same arm tracer (both in CO, say). 

From Galactic Quadrant I to Galactic Quadrant IV, a logarithmic function 
was fitted to the Sagittarius-Carina arm, to the Scutum-Crux-Centaurus arm [6], 
and to the Norma arm [7], all yielding an arm pitch near −13 degrees (down-
ward from a circle).  

The four long spiral arms are observed to start near the Galactic Center, but 
not exactly there: it starts at about 2.2 kpc away from the Galactic Center [8]. 
Thus the Perseus arm is seen to originate near galactic longitude 337˚ (=−23˚) 
for the cold diffuse broad CO peak, and 340˚ degrees (=−20˚) for the hotter dust 
lane. The origin of the Sagittarius arm is near galactic longitude 343˚ (=−17˚) 
for the cold diffuse broad CO peak, and 346˚ (=−14˚) for the masers/young stars 
lane. The origin of the Norma arm is near galactic longitude 016˚ for the mas-
ers/young stars lane, and 020˚ for the cold diffuse broad CO peak. The Scutum 
arm is seen to originate near galactic longitude 026˚ for the dust lane, and near 
033˚ for the cold diffuse broad CO peak. 

If we measure the arm width “S” from the location of the dust lane (not from 
the maser region) to the location of the diffuse CO gas, then we find a mean val-
ue of 315 ± 26 parsecs [9]. Here the value of S (signal) over its error (sigma) is 
12, thus way above the “5 sigma” threshold normally used in physics to signal a 
discovery.  
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2.2. Velocity/Kinematical Mapping the Galactic Disk 

Centuries ago, the Sun was thought not to move at all. Later commissions of the 
International Astronomical Union (IAU) results fixed it near 220 km/s. More 
recently, after several corrections for the Sun’s non-circular motion, a final value 
near 233 km/s was arrived at (Drimmel & Poggio [10]). At the Sun’s location, 
this represents an “angular velocity” for the material (gas and stars) of about 
28.8 km/s/kpc (=233/8.1). This value is different than the spiral pattern speed, 
nearer 17 km/s/kpc [11]. Observations show that the gas and stars move at the 
same speed, in their roughly circular orbit, around the Galactic Center. They all 
move clockwise, as seen from the North Galactic Pole.  

In our Galaxy, we observe a “flat” circular orbital curve (i.e., the same circular 
speed, at every galactic radius), beyond a galactic radius of 2 kpc. Thus, using the 
known distances to each of the four spiral arms in the Milky Way, a plot of radi-
al velocity versus galactic longitude, or various galactic distances, can be made. 

In Figure 5, we show the picture towards the interior of the disk, including 
the Galactic Center. It tells us what a radar on Earth would see when looking 
towards Galactic quadrant I (at right, longitudes from 0 to 90 degrees) and Ga-
lactic quadrant IV (at left, longitudes from −90˚ or 270˚, up to 0˚ or 360˚).  

Very similar velocity results were obtained recently by [12] using Gaia EDR3 
data in the radial range 5 to 20 kpc, finding a circular orbital velocity near 234.7 
± 1.7 km/s near the Sun’s position. 

The velocity data obtained from the Gaia satellite is making a great contribu-
tion to the 3-dimensional spatial structure, and the 3-dimensional velocity  
 

 

Figure 5. The velocity distribution of different spiral arms, looking towards the Galactic 
center. Adapted from Figure 3 in [9]. 
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distribution of our Galaxy [13]. The passages of the nearby spheroidal Sagittarius 
Dwarf Galaxy “SDG” are impacting those stars in the Milky Way disk, to a cer-
tain degree, but not enough to explain numerically the plot of Vz versus z [14] 
[15]. Gaia DR2 data and other data were used to compute a strong reflex motion 
of stars in the Galactic disk, due to the last closest approach (50 kpc) of the Large 
Magellanic Cloud (Figure 1 in [16]). The encounter between “SDG” and the 
Milky Way was confirmed around 540 M years ago [17]. Sysoliatina et al. [18] 
were able to match their star model to the Gaia star data in the solar neighbor-
hood, provided there were two bursts of star formation within the last 4 Gyrs. A 
recent model [19] argued that the “phase spiral” (Vz versus z) was excited some 1 
to 2 Gyrs before the recent transit of SDG.  

The recent Gaia satellite has made a contribution to the nearby kinematic 
structures of our Galaxy ([20] [21]). They argued that the galactic disk is still in 
evolution, including a tidal interaction with the incoming Sagittarius dwarf ga-
laxy, a mechanism of compression when stars and gas enter a spiral arm and of 
expansion when stars and gas exit a spiral arm, and an effect of the rotation of 
the Galactic bar. One fascinating discovery by Gaia is the apparent “corrugation” 
of the galactic disk, defined loosely as vertical motion (vz) away from the disk (in 
the z-coordinate); in fact, Antoja et al. ([22]—their Figure 1) showed the vertical 
position and velocities of the stars with Gaia in a plot of Vz versus z, exhibiting a 
spiral loop. Some explanations of this spiral loop behaviour were made, but the 
main culprit seems to be due to the passages of the nearby spheroidal Sagittarius 
Dwarf Galaxy “SDG” that turns around the Milky Way disk, crossing it at dif-
ferent point in time—see models by Laporte et al. [23], Bland-Hawthorn et al. 
[19] and [24]. SDG is at about 16 kpc from our Galactic Center, towards a galac-
tic longitude of 5˚ and galactic latitude of −15˚, with a radial velocity of +140 
km/sec, and a size of about 3 kpc ([25]—their Figure 3); it has been noted for 
leaving a debris trail in the Local Arm ([26]—their Section 6.4).  

Open star clusters have been measured by Gaia; the peak age in the distribu-
tion is 3.6 Gyrs, while the shortest age is 3.2 Myrs, and the olderst age is 10,000 
Myrs (Figure 2 in [27]). Such a long age make them difficult to stay with the 
same spiral arm, and to inform on the spiral arm where they formed. 

Recent Gaia maps of the locations of O-B stars (upper main sequence) (Fig-
ure1 in Poggio et al. 2021 [28]), open star clusters < 100 Myrs (Figure 2 in [28]), 
and young Cepheids < 100 Myrs (Figure 3 in [28]) show a large spiral arm width 
(1 to 2 kpc), much larger than expected from radio tracers, and artifacts caused 
by foreground extinction, and radial orientations (fingers of God oriented to 
Earth), mixing stars in interarm islands with stars in spiral arms (0.4-kpc aver-
aging cells). Gaia does not go mapping beyond the Galactic Center, into was is 
known as the “Zona Galactica Incognita” [29]. 

3. New Results 

Here we quantify the observed age gradients, and look for sustainable theories. 
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3.1. Age Gradient Seen in Spiral Arms 

With time, a young star becomes an old star, and its motion keeps going along 
their galactic circle around the galactic center. The dust location in a spiral arm 
is often referred to as the “dust lane”, starting the edge of a spiral arm, on the 
arm side closest to the Galactic Center. The nursery contains several stars in 
formation, or “protostars”. The nursery can be detected, however, at submilli-
meter radio wavelengths or extreme far infrared wavelengths. Each protostar 
may harbor “radio masers” (a part of the process leading from protostar to star). 

When travelling inside the arm, after the dust lane and the maser region in-
side the dust, a traveller may encounter lanes of other arm tracers, such as the 
location of the radio synchrotron peak intensity, and the location of the radio 
recombination lines coming from the ionized gas around ionised hydrogen HII 
regions (HII regions are made of ionized hydrogen gas, surrounding a hot young 
star coming fresh out of its nursery). When one reaches the outer side of a spiral 
arm, one enters a region of cold diffuse gas, notably the location of a lot of dif-
fuse Carbon monoxide (CO) gaseous molecules. 

For each spiral arm, we thus can take a “cross-section”, going from one arm 
edge (dust, say) to the other arm edge (diffuse CO gas or old stars). Knowing the 
linear distance from the Sun to each arm segment seen tangentially, we can con-
vert from angular separation to linear separation.  

Figure 6 shows the picture of a typical cross section of a spiral arm. Shock and 
star-formation can occur in the red zone (at right), becoming a young protostar 
(orange zone), then a young star (green zone), and finally an old star (blue 
zone). Hence an age gradient is seen (called a color gradient, in optical astrono-
my). 
 

 

Figure 6. Each arm tracer is located separately in a spiral arm. Statistics over several arms show the location of 
each arm tracer, in a typical spiral arm cross-section. The distance between the “potential minimum” (blue 
zone) and the “inner arm edge” (red zone) is about 315 pc. Adapted from Figure 11 in [30]. 
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Age gradient from different arm tracers. Given that each tracer peaks in 
emission at a different age, the observed tracer separation from the dust lane 
shows an age gradient in the arm. Thus for radio masers and ultracompact HII 
regions (in the orange zone) of typical age 1 Myrs and at about 100 pc from the 
dust lane and density wave shock (in red zone), the age gradient is about 10 ± 3 
Myrs/kpc (=1.0/0.10). For the optically visible young HII regions (in the green 
zone) of typical age 2.2 Myrs and at about 200 pc from the dust lane (in the red 
zone), the age gradient is about 11 ± 3 Myrs/kpc (=2.2/0.2). For the optically 
visible old HII regions (in the blue zone) of typical age 4 Myrs and at about 300 
pc from the dust lane (in the red zone), the age gradient is about 13 ± 3 
Myrs/kpc (=4/0.3). Elsewhere, the youngest visible optical star clusters (in the 
white area to the left of the blue zone) of typical age 8 Myrs and at about 600 pc 
from the dust lane would give an age gradient of about 13 ± 3 Myrs/kpc (=8/0.6). 

We summarise these new results here, by taking a mean over one variable 
(tracer age over tracer separation from dust lane), giving an age gradient at 
around 12 ± 2 Myrs/kpc, being around 10 for the orange zone, around 11 for the 
green zone, around 13 for the blue zone, and around 13 for the white zone. By 
implication, the relative speed of arm tracers from the shock front (being the in-
verse of the age gradient) is about 81 ± 10 km/s. 

3.2. Theories on Sustained Spiral Structure 

Stars and gas go around their own roughly circular orbit around the Galactic 
Center. Observations showed that the speed on their orbit is the same for every-
one, independent of the galactic radius, from a galactic radial distance of 2 to 
perhaps 20 kpc. In our Galaxy, this fixed speed is near 233 km/sec. Thus the time 
to do a full orbital circle around the Galactic Center, for the Sun at a galactic ra-
dius of 8.1 kpc, is about: 2 π 8100 pc/233 km/sec, giving 218 Millions of years. 

Many different theories have been published to predict spiral arms (origin, 
formation, maintenance). Some theories propose that temporary spiral arms can 
be generated by the “rotation of a galactic bar” located at the galactic center 
(predicting 2 spiral arms), or by the “passage of a nearby galaxy” (predicting 2 
tidal spiral arms). Some propose that “dynamic transient recurrent turbulences” 
in the galactic disk would create long-lived spiral arms but no age gradient—see 
a review in Dobbs & Baba (2014) [31] and Pettitt et al. (2020) [32]. Others pro-
posed that a long-lived “spiral density wave”, rotating at a fixed pattern speed, 
could generate 2 or 4 spiral arms (as reviewed in Shu [33] and Roberts [34]). 

Density wave theory proposes that a density wave rotates at a fixed angular 
pattern speed, throughout the galactic disk. Thus at a given galactic radius, the 
fixed speed of the orbiting gas and stars would differ from that of the pattern 
speed (given by the galactic radius times the pattern’s fixed angular speed). 
There is a corotation radius (material speed of gas and stars equals the linear 
speed of the wave pattern). Below that corotation radius, the stars and gas can 
reach the slower moving wave, creating a “shock” at the entrance to the arm, 
which in turn causes the gravitational collapse of pockets of gas into protostars, 
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with their associated masers, the agglomeration of dust into a dust lane, etc. 
While these protostars are evolving into young stars, they would continue in 
their orbit, leaving the shock and dust lane behind. As young stars, some would 
harbor around them an ionised hydrogen region (HII). While these young stars 
are evolving into old stars, they would continue in their orbit, leaving the young 
star lane behind.  

When proposed by Lin & Shu [35], it was observationally difficult to observe 
and measure some of their predictions, notably the physical distances with time 
between protostars, young stars, and older stars, leaving the field open to the 
creation of alternate theories ([33] [36]). The predicted separation among dif-
ferent arm tracers inside a spiral arm was first obtained in 2014 for our Milky 
Way, using statistical analyses of earlier telescopes scans along the galactic plane, 
in many different arm tracers [37]. 

At what angular speed does the “spiral pattern” rotate? Various variants of the 
density wave theory put it between 15 and 20 km/s/kpc (Table 2 in [38]), Vallée 
[11]). Multiplying by the Sun’s distance to the Galactic Center, one finds its li-
near velocity to be about 145 km/sec. This value is smaller than the orbital veloc-
ity of the gas and stars near the Sun (233 km/s), and it ensures that a shock is 
created as the interarm gas reaches and overtakes a spiral arm. 

For the Milky Way (CO gas peak versus dust lane), and for a time T value 
given by separation over relative speed: T= 315 pc/(233 − 145) km/s = 3.6 Myrs. 
Thus to see an age gradient, one must use tracers younger than 10 million years. 
Otherwise, some tracers would have plenty of time to wander away from their 
initial arm, and reach anywhere over the next spiral arm (confusing their loca-
tions there with those born in that next arm). To reach the next spiral arm, away 
at 0.25 × 2 π 8.1 kpc = 12.7 kpc, and at a relative speed of (233 − 145) = 88 km/s, 
a star needs 144 Myrs.  

Summarising here, only the density wave theory seems to fit most observed 
arm tracers (number of arms, shock and dust, masers and age gradient, gas 
speed and pattern speed, etc.). The others (rotating central bar, passing tides) 
predict a wrong number of arms or no age gradient (dynamic transient). 

4. Conclusion 

Using arm tangents, an “age gradient” was found in the Milky Way since 2014, 
through the combination of several telescopes and the use of statistical analyses 
of catalogued observational data, giving the precise galactic longitude of each 
individual arm tracer (gas, dust, etc.) when it peaks in intensity as a telescope 
drifts across galactic longitudes in the Galactic plane. Finding here the separa-
tion of some arm tracers from the dust lane (Section 3.1) yielded an age gradient 
near 12 ± 2 Myrs/kpc, implying that the arm tracers leave the dust lane at a rela-
tive speed near 81 ± 10 km/s. The density wave theory seems to accommodate 
most observational data (Section 3.2). Gaia velocity data are helping paint a dy-
namical picture of the Milky Way. Parallax measurements (radio masers, Gaia 
optical stars) are helping define the locations of the spiral arms. 
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Abstract 
Asteroid research is of global security interest, we are more afraid about any 
impact of these asteroids on Earth. We seek through this work to provide a 
study on the effect of the asteroid’s shape on the gravity aspect. Knowledge of 
the potential is crucial to bodies approaching the asteroid. There is a range of 
asteroid shapes to consider. Some well-known asteroids such Ceres, Vesta, 
Iris and Oumuamua are considered in this study. After determining the mo-
ment of inertia of the asteroids depending on their materials, the gravity 
fields and the potential gravity of the asteroids are established when varying 
their shapes. A representation of the gravity field is given in three dimension-
al coordinate systems. Also, the behavior of the potential gravity is drawing in 
the function of the object’s location. The second part is dealing with the in-
terpretation of all the obtained results in order to deduce some rules and fea-
tures which would be useful for the identification of the asteroids. Thus, by 
the best knowledge of the effect of the asteroid’s shape, we would be more in-
formed in the survey of the hazardous near earth objects. 
 

Keywords 
Asteroid, Gravity Field, Moment of Inertia, Potential Gravity, Shapes 

 

1. Introduction 

Asteroids are rocky bodies revolving around the sun. They are essentially located 
in the main belt between Mars and Jupiter but they are also lying remarkably as 
Trojan asteroids in Jupiter and as near Earth asteroid with different configura-
tions relative to the Earth’s orbit. The international community is interested 
about asteroids to prevent catastrophic collision on Earth but also to be in-
formed about the early formation of the solar system. Many missions have been 
directed to the landing and the taking off from some asteroids. Therefore the 
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information about the size, the shape, the physical proprieties and the orbit of 
asteroid are so important for the survey and the exploration missions.  

Physical proprieties of asteroid bands are deeply studied in [1] by following 
the dynamical evolution of asteroid particles. In [2] the geometric effects are 
taking into account by considering the finite size of the asteroid. Other works 
like in [3] consider the effect of the gravity field, solar tide and solar radiation 
pressure acting on a spacecraft trajectory from an asteroid. Also the Yarkovsky 
effect which may act on small asteroid is presented in [4]. Showing the increas-
ing and decreasing of this effect on the asteroid’s orbital inclination.  

This paper aims to improve our knowledge on the effect of the asteroid shape 
on the potential gravity aspect. This is important to study asteroids with moons 
and the binary or triple asteroids [5]. It would also help planning of missions of 
the exploration of asteroids [6]. The first part of the paper is dealing with the 
shapes of asteroid chosen to represent the most encountered shapes of asteroids. 

After that the analysis of the potential gravity is achieved for each asteroid 
type with the concerning graph and the interpretations. Finally the conclusion 
with some perspective about asteroids is given. 

2. Shapes of Asteroids 

Asteroids are the leftovers from the formation of the solar system about 4.6 bil-
lion years ago. They are originating from the accretion process or by disintegra-
tion after collision of big rocks [7]. Various shapes are observed for the asteroids 
[8] [9], but some features of shapes are dominated and listed as follows:  

NSA: Near Spherical Asteroid like Ceres, Vesta and Pallas [10]. They are big 
asteroids with the diameter big than 500 km and are considered some times as 
dwarf planets. 

LA: Long asteroid with length is more important than the other sizes like the 
Oumuamua asteroid which is an interstellar body which has visited our solar 
system in 2017. 

DA: Deformed asteroid with bending shape like the Eros asteroid and the Ito-
kawa asteroid. 

AA: Assembled shapes where unless two rocks parts are grouping in one as-
teroid like Arrokoth asteroid. 

CR: Crated asteroid which are dominated by large craters like the 16 Psyche 
asteroid and the TB 145 asteroid. 

3. Gravitational Potential of Asteroids 
3.1. Gravitational Potential of an Aspherical Body 

Any aspherical body S can be considered as the grouping of all the contained 
volume element dV [11] [12] [13]. Let O be the center of mass of the body to 
which the coordinate system is attached. One is interested to the gravitational 
potential dU created by dM on a point P separated of a distance q. s is the dis-
tance between O and dM and r is the distance between O and P (see Figure 1). 
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Figure 1. Gravitational potential of an aspherical body. 

 
The gravitation potential dU on P is written as 

2d dGU M
q

= −                          (1) 

From The law of cosines we can write: 
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So we can establish the equation (1) as 
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By ignoring the h.o.t the total gravitational is expressed as 
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By using the identity ( ) ( )2 2cos sin 1α α+ = , we can express 

( ) ( ) ( )2 2 2
2 3 3

3d cos d d sin d
2

G G G GU P M s M s M s M
r r r r

α α= − − − +∫ ∫ ∫ ∫  

Let us determine each term of the above equation: 

dG M
r ∫ : is the gravitational potential of a point M at O. 

( )cos ds Mα∫ : This term underlies the definition of the center of mass 
dcmr r M M= ∫  which equal zero in our case since we have chosen O as the 

centre of mass. 
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2ds M∫ : Represents the moment of inertia and its value is ( )1
2

A B C+ +  
where A, B and C are the principal moments of inertia. 

( )2 2sin ds Mα∫  Represents the moment of inertia of the body around OP 
and denoted by I. 

Therefore the Equation (1) becomes the well-known MacCullagh’s Formula1 

( ) ( )3 3
2

GM GU P A B C I
r r

= − − + + −               (2) 

3.2. Assessment of the Gravitational Potential 

Let us consider an asteroid arbitrary shape (Figure 2) with the reference frame 
Rf located at the centre of mass G with main axes of inertia. The Mass of the as-
teroid is M and we are interested by the gravitational potential on some space 
point P which is distance of r relative of the centre of mass G. 

Then we can use the MacCullagh’s Formula (2) as: 
The first term in this equation, GM

r
−  is the gravitational potential of the 

asteroid of mass M concentrated on G which it’s identical for a spherical shape.  

The other term ( )3 3
2
G A B C I
r

− + + −  is the contribution of the irregular shape 

of the asteroid on the GP direction.  
So the sign of the expression ( )3A B C I+ + −  is important to see if this term 

contributes to increase the gravitational potential of the asteroid or not. We 
would be interested by the value of this expression for each class of the asteroid 
shape to evaluate the final gravitational potential in Equation (2). 

4. The Gravity Field 

The gravity field g  which is deduced from the gravitational potential energy 
by g grad U= −



. 
Applying this relation for all the asteroids types shows in a qualitative sight 

the distribution of the gravity field in some vicinity sphere. These asteroids grav-
ity fields increase dramatically around the centre of mass and decrease in the far 
regions like the gravity field for the Ceres asteroid in as sphere radius of 1000 km 
(see Figure 3). 
 

 

Figure 2. Gravitational potential of an asteroid. 

 

 

1Journal of guidance control and dynamics 36(3): 790-798, DOI: 10.2514/1. 
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Figure 3. Gravity field of Ceres asteroid. 

5. Application on Famous Asteroids 

We have drawn, in this part many shapes of asteroids, based on real images as 
well as the internationally known characteristics of them (size, shape, mass, den-
sity). Therefore we can deduce the moments of inertia by using a Mathematica 
software and evaluating the critical term to define finally the gravitational poten-
tial of different asteroids. 

5.1. Gravitational Potential of the Ceres Asteroid 

Figure 4 shows a graphical model of Ceres, which is the largest asteroid located 
in the main asteroid belt. Its mean diameter is 939.4 km, the mass is 0.00016 the 
Earth’s mass and the mean density is 2.162 g/cm3. 

Figure 5 and Figure 6 show respectively the effect of U in the equatorial ra-
dius and polar Radius direction. We observe that the value of U is too small and 
can be considered as negligible. Since the Ceres shape is nearly spherical. This 
value also increases from the equatorial radius direction ( 181.63 10U = × ) to the 
polar radius direction ( 183.04 10U = − × ) passing by an intermediate value 
( 177.02 10U = − × ) for a direction of 450 from the x axis direction. 

5.2. Gravitational Potential of the Oumuamua Asteroid 

Figure 7 shows a graphical model of Oumuamua is an interstellar object de-
tected in 2019. Its dimensions are about 500 m × 60 m × 60 m with a mean den-
sity of 2 g/cm3. 
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Figure 4. Graphical model of Ceres. 
 

 

Figure 5. Gravitational potential in equatorial radius direction. 
 

 

Figure 6. Gravitational potential in polar radius direction. 
 

 

Figure 7. Graphical model of Oumuamua. 
 

Great Gravitational potential is observed in the length direction of the asteroid 
( 113.68 10U = × ). But it decreases in the other directions (y and z axis) as shown 
respectively in Figures 8-10. 
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Figure 8. Gravitational potential in the length direction x axis. 
 

 

Figure 9. Gravitational potential in the y axis direction. 
 

 

Figure 10. Gravitational potential in the z axis direction. 

5.3. Gravitational Potential of the Eros Asteroid 

Figure 11 shows a graphical model of Eros is a Near Earth Object with a mass of 
6.687 × 1015 kg and a mean density of 2.67 g/cm3. Its dimensions are of 34.4 km 
× 11.2 km × 11.2 km. 

Figures 12-14 show respectively the effect of U in the x, z and y axes. With 
this bending shape of the Eros asteroid ( 183.73 10U = × ) is positive in the x axis 
direction. But it decreases in the z axis direction ( 171.64 10U = × ) much more 
than in the y axis direction ( 172.08 10U = − × ). 

5.4. Gravitational Potential of the Arrokoth Asteroid 

Figure 15 shows a graphical model of Arrokoth is an asteroid composed of two  
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Figure 11. Graphical model of Eros. 
 

 

Figure 12. Gravitational potential in the x axis direction. 
 

 

Figure 13. Gravitational potential in the y axis direction. 
 

 

Figure 14. Gravitational potential in the z axis direction. 
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big rocks: Ultima (21 km) and Thule (15 km). It’s located in the Kuiper belt. Its 
volume is about 3210 km3 and the mean density is 0.5 g/cm3. 

The effect of the Gravitational potential is too big in the z direction  
( 166.795 10U = × ) than in the x ( 161.57 10U = − × ) and y direction  
( 165.21 10U = − × ) as shown respectively in Figures 16-18. This is comprehensi-
ble since the height of the two assembled rocks in the asteroid is too large rela-
tive to the other dimensions. 

5.5. Gravitational Potential of the Psyche Asteroid 

Figure 19 shows a graphical model of 16 Psyche is a big asteroid located the 
main asteroids belt. Its dimensions are about 277 km × 238 km × 138 km, the 
mass is 2.41 × 1019 kg and the mean density is 4.2 g/cm3. 

Figures 20-22 show respectively the effect of U in the x, z and y axes. The 
craters of this asteroid which resembles to the 16 Psyche asteroid is located in 
the y and z axes directions. Therefore we observe the value of U decreasing in y 
direction ( 208.4 10U = − × ). Meanwhile U is augmenting ( 193.38 10U = × ) in the 
z axis direction. But less in than in the x axis direction ( 208.1 10U = × ) since 
there are no craters in this direction. 
 

 

Figure 15. Graphical model of Arrokth. 
 

 

Figure 16. Gravitational potential in the z axis direction. 
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Figure 17. Gravitational potential in the x axis direction. 
 

 

Figure 18. Gravitational potential in the y axis direction. 
 

 

Figure 19. Graphical model of psyche. 
 

 

Figure 20. Gravitational potential in the x axis direction. 
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Figure 21. Gravitational potential in the y axis direction. 
 

 

Figure 22. Gravitational potential in the z axis direction. 

6. Conclusion 

Survey and exploration of the asteroids receive much information about these 
celestial objects. The shape of asteroids strongly influences the gravity aspect 
around these objects. Thus a deep analysis of the MacCullagh’s formula helps us 
to know the effect of the shape irregular relative to the potential gravity located 
at the centre of mass of them. The results of this analyst are applied to 5 repre-
sentative closes of asteroid; then we are able to see the distribution of the poten-
tial gravity caused by the asteroids in there vicinities asteroids. We can explore 
the information about the effect of asteroid shape to determine their orbits 
around the sun and closer to the earth. Also the state of gravitational potential of 
asteroid is important to study the binary asteroids and the asteroids with moons. 
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Abstract 
The Crab Nebula and its pulsar PSR B0531 + 21 is the space laboratory for the 
study of fundamental physical processes. From the beginning of the current 
century up to date, the giant pulses of the pulsar in the Crab Nebula are regu-
larly observed on the Large Phased Array of the Pushchino Radio Astronomy 
Observatory of the Lebedev Physical Institute at a frequency 111 MHz. The 
connection between the scattering time scale of radio pulses and the disper-
sion measure of the pulsar, which was established earlier together with Jodrell 
Bank, is confirmed. The observed variations in the scattering of radio pulses 
and their partial correlation with the dispersion measure are explained by the 
eclipse of the pulsar by dense plasma clouds with fluctuations in the electron 
density significantly exceeding the corresponding fluctuations in the inters-
tellar medium. The question of a possible connection between period failers 
(glitches), dispersion measure variations, radio pulses scattering and gam-
ma-ray flares is discussed.  
 

Keywords 
Pulsar, Giant Pulses, Dispersion Measure, Braking Index, Glitches,  
Gamma-Ray Flares 

 

1. Introduction 

The Crab Nebula was first observed in 1731 by the English physicist and ama-
teur astronomer John Bevis. It is included in the catalog of nebulae compiled by 
Charles Monsieur in 1758 as object M1. The Crab Nebula was so named by Lord 
Ross in 1844. Observing the nebula with high resolution, he noticed a structure 
similar to a crab claw. It is believed that it is a remnant of the hydrogen-rich type 
II supernova explosion, observed in China in 1054. In 1949, radio astronomers 
Bolton, Stanley, and Slee identified the Crab Nebula as a radio source. Buhler 
and Blandford [1] write: “Due to its high luminosity L ≈ 1.3 × 1038 erg∙s−1 (Hester 
2008) and its proximity of ~2 kpc (Trimble 1973), the Crab can be studied in 
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great detail. It is therefore one of our prime laboratories to study non-thermal 
processes in the Universe. Many discoveries have been made in the Crab and 
then been seen in other non-thermal sources (including active galactic nuclei, A 
gamma ray bursts and X-ray binaries) such as polarized synchrotron radiation 
or pulsed optical emission (Shklovsky 1953, Cocke et al. 1969). True to this leg-
acy two remarkable discoveries have been made in the last years. Very 
high-energy (VHE & 100 GeV) gamma-ray emission has been detected from the 
pulsar, and high-energy (HE & 100 MeV) gamma-ray flares have been discov-
ered from the nebula. These phenomena have not been observed in any other 
pulsar wind nebula to date”. 

The Crab Nebula pulsar PSR B0531 + 21 (Crab Pulsar) was discovered by 
Staeilin and Reifenstein in 1968 as a radio source of giant pulses (GPs)1, rather 
than as a periodic source [2]. Fourier analysis did this later. The phenomena of 
scattering time scale τsc

2 and the dispersion measures (DM) variations of the GPs 
in the Crab Pulsar were first recorded by Rankin and Counselman [3] from ob-
servations in Arecibo in the range of 74 - 430 MHz in 1969-1971. Analyzing the 
scattering variations, they concluded that these processes occur mainly within 
the Crab Nebula. Isaacman and Rankin [4] continued the measurements until 
1974. They also found variations in the scattering time scale and the DM, but 
found no significant relationship between these phenomena.  

Since the beginning of the current century and up to the present time, regular 
observations of GPs from the Crab Pulsar at 111 MHz have been carried out on 
the Large Phased Array of the Pushchino Radio Astronomy Observatory (LPA 
PRAO) of the Lebedev Physical Institute. This article systematizes the data ob-
tained during the observation of the Crab Pulsar [5] [6] [7]. In particular, we 
show that the scattering of GPs of the Crab pulsar depends not only on the DM, 
but also on the degree of plasma inhomogeneity. The possible relationship be-
tween step changes in the rotation speed (“glitch”), the DM variations and scat-
tering time scale is discussed. Results of the search for a connection between 
gamma-ray flares and disturbances in the pulsar magnetosphere are given. 

2. Observations and Results 

Systematic observations of the Crab Pulsar at a frequency of 111 MHz are car-
ried out on LPA radio telescope from September 2002 up to date. The observa-
tions were initially carried out using a 128-channel spectrum analyzer with a 
channel bandwidth of 20 kHz, a total bandwidth 2560 kHz, and a readout inter-
val 2.56 ms. Beginning from April 2006 the observations were conducted using 
512-channel digital spectrum analyzer with a channel bandwidth of 5 kHz and 
readout interval 2.56 ms. The linear polarization of E.-W. Has been registered. 
GPs are analyzed using a special program that allows us to determine the scat-

 

 

1The working definition of giant pulses is a flux density in a single pulse which is more than 10 times 
the mean flux density. 
2The scattering time scale τsc in the interstellar medium is measure of the pulse broadening, and  
dispersion measure DM measures the total electron content between the pulsar and the observer. 
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tering time scale pulsar radio pulses by simulating the passage of a pulse through 
a scattering medium. A theoretical scattering pulse profile was generated by 
successively convolving a gaussian profile, representing the intrinsic pulse, with: 
1) an impulse scattering function of the form exp(−t/τsc); 2) a gaussian function 
representing the effects of interstellar dispersion across the filter bandpass; 3) an 
exponential function representing the post-detector RC time constant. The 
theoretical profile was least-squares fitted to the observed profile, with τsc as the 
adjustable parameter [8]. 

The scattering values for each GP were averaged over five days of observa-
tions. The mean scattering parameters were compared with dispersion measures 
derived from data obtained at Jodrell Bank Observatory (JBO)3. The monthly 
JBO data were interpolated to the comparison data. 

Preliminary data on the correlation between the variations of scattering time 
scale τsc and the DM were obtained at the LPA PRAO by Kuzmin and Losovsky 
at a frequency of 111 MHz together with Jordan and Smith from the JBO in 
2006-2007 [9]. However, due to the relatively short duration of this coincidence 
and the shift between the compared phenomena (the DM variations are 30 days 
late relative to the scattering variations), it was impossible to exclude the ran-
domness of this event. It was necessary to continue the measurements to make 
sure that the correlation really took place. 

In the course of observations in the period 2008-2013, a long non-stationary 
process was recorded, characterized by abnormally strong scattering time scale 
τsc reaching up to 115 ms (Figure 1). We can estimate the size of the massive 
plasma cloud that eclipsed the pulsar in 2008-2013. It is known that the DM 
(pc/cm3) = ne(cm−3 ) × D(pc), where ne—mean electron density and D—cloud 
size. The scattering value at a frequency of 111 MHz in January 2008 with DM = 
56.763 was 20 ms. In December 2012, with the DM = 56.855, the scattering τsc 
was about 115 ms. Electron density of the filament ne, according to published 
data, is about 103 cm−3 [10]. To increase the DM by 0.092 pc/cm3, the cloud size 
“D” should be 0.092/103 = 0.92 × 10−4 pc = 2.84 × 1014 cm = 19 AU. During the 
observation period (2002-2020), there were several glitches4. 

During the same period, a number of Gamma-ray flares > 100 Mev has been 
detected by Fermi Gamma-ray Space Telescope [11] [12] [13] and AGILE-X-ray 
and gamma-ray astronomical satellite [14] [15] [16] [17] (See Figure 1: dash-line 
segments).  

Figure 2 shows the statistical relationship between the scattering time scale τsc 
(in milliseconds) and the conditional Crab Nebular dispersion measure, dm = 
(DM − 56.7) × 1000 in pc/cm3 of the Crab Pulsar at a frequency of 111 MHz in 
the period 2002-2020. The error of the scattering time scale measurement is es-
timated at 5%. The relationship between the scattering time scale and dispersion 
measure is given by expression 

 

 

3http://www.jb.man.ac.uk/pulsar/crab/crab2.txt. 
4http://www.jb.man.ac.uk/pulsar/glitches/gTable.html. 

https://doi.org/10.4236/ijaa.2021.114024
http://www.jb.man.ac.uk/pulsar/crab/crab2.txt
http://www.jb.man.ac.uk/pulsar/glitches/gTable.html


B. Ja. Losovsky 
 

 

DOI: 10.4236/ijaa.2021.114024 473 International Journal of Astronomy and Astrophysics 
 

 
Figure 1. Change in the scattering time scale of the pulsar in the Crab Nebula at a fre-
quency of 111 MHz in the period 2002-2020. Dash-line shows gamma-ray flares. Short 
segments-strong glitches, shortened segments-weak glitches. On the abscissa axis, the ob-
servation epoch in modified Julian days MJD = JD − 2,450,000 and the corresponding 
years are given. 
 

 

Figure 2. Statistical relationship between the scattering time scale (in milliseconds) τsc 
and the dm = (DM − 56.7) × 1000 pc/cm3 of the Crab Pulsar at a frequency of 111 MHz 
in the period 2002-2020. 
 

( ) ( ) ( ) ( )lg 2.51 8 2.19 4 lgsc dmτ = − + ×  or ( )2.19 0.04
sc C dmτ ±= ×        (1) 

A comparison of the scattering time scale variations and the conditional dis-
persion measure dm = (DM − 56.7) × 1000 confirms their dependence (Figure 
3). The correlation coefficient is 0.80 ± 0.05. The results obtained are in good 
agreement with measurements of the radio emission of the Crab Pulsar at a fre-
quency of 610 MHz on the 42-foot radio telescope of the JBO and at a frequency 
of 1400 MHz on the Lovell radio Telescope. Based on the results of observations 
in the period from 2008 to 2012, the dependence between the τsc and the DM 
with a correlation coefficient of 0.56 ± 0.01 was obtained [18]. 
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Figure 3. Comparison of the scattering time scale variations in ms (scale on the left, red) 
and the conditional dm = (DM − 56.7) × 1000 (scale on the right, blue). On the abscissa 
axis—the epoch of observations in modified Julian days MJD = JD − 2,450,000 and the 
corresponding years. The correlation coefficient is 0.80 ± 0.05. Gamma-ray flares > 100 
Mev, detected by Fermi Gamma-ray Space Telescope and AGILE X-ray and gamma-ray 
astronomical satellite are indicated by brown vertical line [11]-[17]. 
 

The scattering time scale τsc depends on: the electron density ne; the relative 
inhomogeneity of the medium Δne/ne; the dispersion measure DM, (or the dis-
tance between the source and the observer d); the frequency of the radio signal ν 
[10]. 

( ) ( ) 22 4 4
*~sc e e ed n n n DMτ ν ν ∆ = ∆ ×                (2) 

In an environment, where the parameter Δne/ne is almost constant, the scat-
tering at a given frequency is proportional to the square of the DM: 

2~sc C DMτ ×                           (3) 

This is what is observed for most pulsars [19]. The scattering variations in the 
first approximation are proportional to the variations of DM: 

~ 1sc C DMτ∆ ×∆                         (4) 

It follows from the Formula (2) that the scattering can be different with the 
same DM.  

In the Crab Nebula, the parameter (Δne/ne) is subject to significant changes, so 
the variations of the τsc parameter depend not only on the dispersion measure, 
but also on the degree of plasma inhomogeneity (Δne/ne): 

( ) ( )~ 1 2sc e eC DM C n nτ∆ ×∆ + ×∆ ∆                (5) 

The spectrum of electron density fluctuations 

( ) 2
nF q C q α−= × ,                       (6) 
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where 2
nC  (m−α−3) is the turbulence coefficient [20]; q-spatial frequency, q = 

2π/l—where l is the character scale of turbulence α-spectral index of the elec-
tron-density irregularity. 

( )2 22 3 22 10nC d ββ βν ν − −− −= × ∆ ,                (7) 

where β—spectral index of pulse broadening ( )2 2β α α= − . 
Here ν is the frequency in GHz, Δν is the decorrelation bandwidth in MHz, d 

is in kpc. 
Measurements of GPs from the Crab Pulsar over a wide range of frequencies 

from 40 to 2228 MHz show that the frequency dependence of scatter-broadening 
of the pulses is in agreement with a model with normal Gaussian distribution of 
the inhomogeneities (α = β = 4) [21], and 

2 3 4 2 12 10nC dν ν− − −= × ∆ .                   (8) 

The scattering τsc and the decorrelation bandwidth Δν are related by the ratio 
2πτscΔν = 1. In particular, for the frequency ν = 111 MHz and τsc = 1/(2πΔν) 
turbulence level 

2 20.00198n scC dτ −= ,                     (9) 

where τsc is in milliseconds. 
The period from 2002 to 2007 with a small dispersion measure and small 

scattering variations is conditionally considered as quiet and the period from 
2009 to 2013 with a large dispersion measure and significant scattering varia-
tions is considered as active. 

We accepted mean scattering parameter τsc = 10 ms for the passive period and 
τsc = 100 ms for the active period. Error estimated as 20%.  

According to Yao et al. [22] distance to Crab pulsar d = 1.311 kpc (Err = 14%)  
In 2002-2007, during a quiet period 2

nC  = 0.0115 ± 0.0038 m−7. The varia-
tions of DM measure ΔDM were 0.035, which at a radius of nebular 1.7 pc cor-
responds to Δne ~ 0.02 cm−3 and this is consistent with the estimate [18]. 

If, according to [23], the value of the dispersion measure of the Crab nebula 
can be taken as 4 pc/cm3, then ne ~ 2 cm−3 and Δne/ne ~ 0.01. 

In 2009-2013, during the active period 2
nC  = 0.115 ± 0.038 m−7. The varia-

tions of the DM were ΔDM = 0.105, which corresponds to the average value of 
the density variations Δne ~ 0.06 cm−3 and Δne/ne ~ 0.03. 

In the interstellar medium in the direction of the Crab Pulsar [18] Δne = 2 × 
10−6 cm−3.With ne ~ 0.03 cm−3 Δne/ne ~ 1.0 × 10−4. 

Turbulence in the disturbed region higher than in quiet ones and much higher 
than in the interstellar medium. 

3. Discussion 

Pulsars gradually slow down as a result of the conversion of rotational energy 
into the energy of charged particles and electromagnetic waves. In the simple 
model of pulsar rotation frequency f, the first derivative of the rotation frequen-
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cy df/dt and the second derivative of the rotation frequency d2f/dt2 are used. In 
this case power-low slowdown is the form df/dt = −k × fn. The value of exponent 
of f is known as braking index n. The value of the braking index  

( ) ( )22 2d d d dn f f t f t= ×                    (10) 

The braking index n is expected to be 3 in the case of braking by pure dipole 
radiation and 1 in the case of pulsar wind dominated torque. Deviations from 
value 3 for Crab pulsar (n ~ 2.5) indicates, than the part of the torque on the 
pulsar is due to the outflow of particles. 

Jumping irregularities in the rotation of the pulsar (glitches) can be of two 
types: discrete glitches and slow glitches. Both types of glitches cause accelerated 
rotation of the pulsar, which occurs against the background of secular decelera-
tion of the neutron star. With discrete glitches, the frequency increases suddenly, 
and then follows an exponential decrease in frequency to the previous value. 
Slow glitches are associated with slow frequency fluctuations. 

The hypothesis about the connection of random irregularities of period with 
processes in the magnetosphere was firstly expressed Manchester and Taylor in 
the book “PULSARS” [10]. There are some models, describing the origin of 
glitches. One model treats glitches as star quakes, caused by the rearrangement 
of the flattened crust, which tends to become spherical, as the star’s rotation 
slows down. Another model considers a neutron star as a reservoir, filled with a 
superfluid, the mass of which, when the pulsar’s rotation slows down, transmits 
the angular momentum to the crust, which leads to a glitch [24].  

The problem of the relationship between glitches, scattering changes, disper-
sion measures and gamma-ray bursts is discussed in detail Cadez et al. [25]. 
They devoted their work to the study of the pulsar in the Crab nebula, using ra-
dio data from the Jodrell Bank Observatory from 1998 to 2014 together with 
optical observations of the pulsar, using the ultra-fast photon counter, mounted 
on the Copernico telescope at the Astrophysical Observatory in Asiago (Italy) in 
2008 and at the Southern European Telescope at La Silla observatory (Chile) in 
2009. Analysis of the data showed, that jumps in the braking index are associated 
with large glitches, when the relative change in the rotational speed of the pulsar 
exceeds 10−8. A similar conclusion was obtained by Lyne et al. with the mean 
value n = 2.34 [26]. Different braking index values 2.45 and 2.57 are also re-
ported between glitches by Kou and Tong [27]. 

The delay in the variations of the dispersion measure relative to the variations 
of the braking index is ~1010 days and is explained by the time of ionization of 
the nebula by the pulsar wind (Figure 4). 

The model of Cadez et al. [25] suggests, that glitches and subsequent varia-
tions in the braking index are caused by instability in the magnetosphere, which 
changes the configuration of the magnetic field and the currents in the plasma, 
through which the pulsar interacts with the nebula. Perturbations in the pulsar’s 
magnetosphere can lead to glitches and jumps in the braking index, to the ejec-
tion of charged particles into the nebula, to the formation of filaments and to an  
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Figure 4. The relationship between the dispersion measure DM (blue dots) and the 
braking index n (red dashed line, horizontal segments). The vertical segments of the 
dashed line record the glitches. The solid red line shows the braking index with a shift of 
1010 days. MJD = JD − 2,400,000. The correlation coefficient between the dispersion 
measure and the braking index is 0.7. 
 
increase in the dispersion measure. Intermediary models have been discussed by 
Kou and Tong [27]. They consider that glitches are related to changes in interior 
of the neutron stars, but may lead to some effect in the outer magnetosphere. In 
turn, plasma instabilities in the nebula can disrupt the configuration of magnetic 
field lines, when fields of opposite polarity are pressed together, and cause gam-
ma-ray flare, similar to flares in the solar corona. The same opinion says Buhler 
and Blangdford [1]: “The gamma-ray flares are therefore likely connected to ex-
plosive reconnection events triggered by current instabilities”. Striany et al. also 
support this idea [28], but they note: “However, evidence for magnetic field re-
connection events in the Crab Nebula is elusive, and no optical or X-ray emis-
sion in coincidence with the gamma-ray flaring has been unambiguously de-
tected to date (e.g., Weisskopf et al. 2012)”. According to our data (Figure 3) 
gamma-flares have tendency to concentrate during the period of enhanced dis-
turbances in the Crab Nebula, that can be considered as support of this model. 
As for the correlation between of pulsar glitches and gamma-ray flares Buhler 
and Blandford [1] write: “The time scale of the recurrence of pulsar glitches is 
similar to the recurrence of the gamma-ray flares, however, there is no obvious 
correlation in time between these two events”. 

4. Conclusions 

The scattering of the Crab pulsar radio emission at a frequency of 111 MHz ac-
cording to our measurements and the dispersion measure provided in Jodrell 
Bank, show secular variations they are well correlated (correlation coefficient 
0.80 ± 0.05). 

The observed changes in the pulsar pulse scattering and the dispersion meas-
ure and their partial correlation are explained by the passage of plasma clouds in 
front of the pulsar with a size of about 0.92 × 10−4 pc (3.0 × 1014 cm) with varying 
degrees of turbulence. 
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In 2002-2007, during the quiet period, in the Crab Nebula 2
nC  = 0.0115 ± 

0.0038 m−7 and Δne/ne ~ 0.01. 
In 2008-2013, during the active period, in the Crab Nebula 2

nC  = 0.115 ± 
0.038 m−7 and Δne/ne ~ 0.03. 

Turbulence in the disturbed region is higher than in quiet ones and much be 
higher than in the interstellar medium. 

Various types of pulsar radio emission irregularities can be explained by physical 
processes occurring in the pulsar’s magnetosphere. Perturbations in the pulsar’s 
magnetosphere can lead to ejection of charged particles into the Nebula, lead to 
instability of the plasma, disrupt the configuration of the magnetic field lines 
and cause gamma-ray flares. According to our data gamma-flares have tendency 
to take place during the period of enhanced disturbances in the Crab Nebula that 
can be considered as support of this model. New observations are needed to 
support this hypothesis.  
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Abstract 
The deduction of a relativistic and mildly relativistic equation of motion in 
the presence of a drag force proportional to the velocity is presented. The ob-
tained results are used to model the trajectory of the supernova SN1993J and 
the light curves of gamma-ray bursts. 
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1. Introduction 

A relativistic treatment of the equation of motion in the presence of a resistive 
force proportional to the velocity has been investigated in the following models: 
a model for the Newtonian scattering of photons [1], a motion through a uni-
form adiabatic medium on the steady-state accretion of matter onto a Schwarz-
schild black hole [2], an extreme mass-ratio inspirals around strongly accreting 
supermassive black holes [3], and ultra-relativistic detonations in the framework 
of the cosmological first-order phase transitions [4]. In Section 2, this paper ex-
plores the relativistic law of motion in the presence of viscosity proportional to 
the velocity. Section 3 is devoted to the astrophysical applications. 

2. The Equation of Motion 
2.1. The Classic Case 

We assume a one-dimensional motion with a resistive force of Stokes type [5], 
( )resF Amv t= − , where A is a constant, m is the considered mass and ( )v t  is 

the velocity. The differential equation which governs the motion is 
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which has an analytical solution in an explicit form  
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where 0v  is the velocity at 0t t= . The equation of motion in the explicit form 
is  
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where 0r  is the distance at 0t t= . The numerical value of the constant A is  
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where 1v  is the velocity at 1t t= . 

2.2. The Relativistic Case 

We assume a one-dimensional motion with a resistive force of Stokes type, 
( )0resF Am v t= − , where A is a constant, 0m  is the considered rest mass and 

( )v t  is the velocity. Newton’s second law in special relativity is:  
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                       (5) 

where F is the force, 0m  is the rest mass, c is the velocity of light and ( )v t  is 
the velocity; see Equation (7.16) in [6]. The first order differential equation in 
the velocity which governs the relativistic motion is  
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An analytical solution to the above first order differential does not exist; how-
ever, a solution exists for ( )v t  in an implicit form for the time  
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and 

( )( )2 2 2 2
02 ,D A c v c v= − −                      (9) 

where 0v  is the velocity at 0t t= . The constant A can be derived from the fol-
lowing formula  

,NNA
DD

=                           (10) 

where 

( ) ( )( ) ( )((
( ) ( ) ( ))

( )( ( )
( ) ( )))

3 2 2 2 2 2
1 0 0 0 1

2 2 2 2 2 2 2
1 0 0

2 2 2 2 2 2 2
1 1 1 1

2 2 2 2
0 0

2 2 ln

ln ln ln

2 ln ln

ln ln ,

NN c cv c v c v c v c v c

c c v c v c c c v c

c v c v c v c c c v

c v c c c v

= − + − + + − − −

− + − − − − + + −

+ − − − − − + −

− − − + + −

    (11) 

and 

( )( )( )2 2 2 2
0 1 1 02 ,DD t t c v c v= − − −                  (12) 

where 1v  is the velocity at 1t t= . 

2.3. The Mildly-Relativistic Case 

The first order differential equation for the mildly-relativistic motion is 
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where W is the Lambert W function [7] and 
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with 0v  being the velocity at 0t t= . The trajectory in the mildly relativistic case 
is  
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where 
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with 0r  being r at 0t t= . The constant A can be derived in the mildly relativis-
tic case by the following formula  
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where 1v  is the velocity at 1t t= . 

2.4. Astrophysical Luminosity 

The mechanical relativistic luminosity is  

( )
( )

( )2 30
, 02

14 ,
1

d

m r
r

L r t c t
rt

ρ β
β

 
 
 −

π=              (19) 

where ( )r t  is the temporary radius of the expansion, 0r  is the radius at 0t t= , 

0ρ  is the density at 0t t= , d is a shape parameter and ( ) ( )v t
t

c
β = . The ob-

served luminosity, obsL , is assumed to scale as  

( ), 1 e ,obs obs m rL C L ντ−= −                     (20) 

where obsC  is a constant that allows the match between theory and observa-
tions, and ντ−  is the optical thickness. 

3. Astrophysical Applications 

The astrophysical units are chosen to be pc for the length and years for the time: 
the constant A is therefore expressed in 1

yr
. A test for the quality of the fits is 

represented by the merit function 2χ   

( )2
2

2 ,th obs

j obs

r r
χ

σ
−

= ∑  

where thr , obsr  and obsσ  are the theoretical radius, the observed radius and 
the observed uncertainty, respectively. 

3.1. Application to SN 1993J 

Figure 1 reports the numerical trajectory, of SN 1993J for which observational 
parameters are available [8] [9] with data as in Table 1. 

3.2. Application to GRBs 

A first example is applied to the light curve (LC) of GRB 130427A , which was 
the most luminous gamma-ray burst in the last 30 years; see Figure 1 in [10]. 
Figure 2 reports the X-flux as a function of the time and the relative theoretical 
data, with data as in Table 2. 
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Figure 1. Numerical radius (full line) and astronomical data of SN 1993J with vertical er-
ror bars. 
 

 

Figure 2. Flux in the X-ray as a function of time in seconds for GRB 130427A (empty 
stars) and theoretical curve as given by Equation (20) (full line) when ντ = ∞  with data 
are as in Table 2. 
 
Table 1. Numerical values for the parameters of Stokes’s theoretical model applied to SN 
1993J. 

model values 2χ  

Stokes’s 3
0 3.0 10 pcr −= × ; 0 13800 km sv = ; 

10.07
years

A =  85.7 

 
A second example is applied to the LC in X-ray of GRB 120521C 2, see Figure 

2 in [11], which is reported in Figure 3, with temporal behavior of the optical 
depth as in Figure 4. 

A third example is given by the LC in X-ray of GRB 130606A, see Figure 2 in 
[11], which is reported in Figure 5, with the temporal behavior of the optical 
depth as in Figure 6. 

https://doi.org/10.4236/ijaa.2021.114025


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.114025 486 International Journal of Astronomy and Astrophysics 
 

 

Figure 3. Flux in the X-ray as function of time in seconds for GRB 120521C (empty stars) 
and theoretical curve as given by Equation (20) (full line), with ντ  as in Figure 4 and 
with data as in Table 2.  
 

 

Figure 4. The time dependence of ντ  (empty stars) for GRB 120521C and a logarithmic 
polynomial approximation of degree 5 (full line). Parameters as in Table 2. 
 
Table 2. Numerical values of the parameters for the theoretical model. 

GRB name theoretical parameters 

GRB 
130427A 

5
0 9.9 10 pcr −= × ; 3

0 1.0 10 yeart −= × ; 0 0.9β = ; 11
pc

A = ; 3.1d =  

GRB 
120521C 

4
0 1.0 10 pcr −= × ; 6

0 1.0 10 yeart −= × ; 0 0.9β = ; 110000
pc

A = ; 3d =  

GRB 
130606A 

4
0 1.0 10 pcr −= × ; 6

0 1.0 10 yeart −= × ; 0 0.9β = ; 11000
pc

A = ; 2d =  
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Figure 5. Flux in the X-ray as a function of time in seconds for GRB 130606A (empty 
stars) and theoretical curve as given by Equation (20) (full line), with ντ  as in Figure 6 
and with data as in Table 2. 
 

 

Figure 6. The time dependence of ντ  (empty stars) for GRB 130606A and a logarithmic 
polynomial approximation of degree 5 (full line). Parameters as in Table 2. 

4. Conclusions 

We analyzed the one-dimensional relativistic motion in the presence of a resis-
tive force proportional to the velocity. An analytical solution for the velocity was 
derived in an implicit form, see Equation (7). In the mildly relativistic case, we 
derived an analytical solution for both the velocity, see Equation (14), and the 
distance, see Equation (16), in terms of the Lambert W function. 

A first test to evaluate the constant A in an astrophysical environment is on 
SN 1993J. A full relativistic treatment of the LC for GRBs was done for GRB 
130427A, GRB 120521C and GRB 130606A in the framework of the optical 
thickness with a time dependence. 
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Abstract 
We try to bridge the gap between the theory of linear density-velocity-gravi- 
tational perturbations in the early universe, and the relaxed galaxies we ob-
serve today. We succeed quantitatively for dark matter if dark matter is 
warm. The density runs of baryons and of dark matter of relaxed galaxies are 
well described by hydro-static equations. The evolution from initial linear 
perturbations to final relaxed galaxies is well described by hydro-dynamical 
equations. These equations necessarily include dark matter velocity disper-
sion. If the initial perturbation is large enough, the halo becomes self-gravitating. 
The adiabatic compression of the dark matter core determines the final core 
density, and provides a negative stabilizing feedback. The relaxed galaxy halo 
may form adiabatically if dark matter is warm. The galaxy halo radius con-
tinues to increase indefinitely, so has an ill-defined mass.  
 

Keywords 
Galaxy Formation, Warm Dark Matter, Adiabatic Invariant of Warm Dark 
Matter 

 

1. Introduction and Overview 

How does a particular linear density perturbation in the early universe evolve to 
become a relaxed galaxy that we observe today? We approach this question in 
(arguably) reverse chronological order. We begin with a study of relaxed ellip-
tical galaxies with a cusp dominated by baryons. We find that the density runs 

( )h rρ  of the dark matter halo, and ( )b rρ  of baryons, are determined (in a 
limited range of the radial coordinate r) by the dispersion velocities 2

rhv′  of 
dark matter particles, and 2

rbv′  of baryons, and by the radius eqr  at which 

( ) ( )eq eqh br rρ ρ= . 
Next, we consider relaxed spiral galaxies with a core dominated by baryons. 
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The density runs ( )h rρ  and ( )b rρ  are obtained by numerical integration of 
four coupled equations: Newton’s equation, and the equation of conservation of 
momentum, of dark matter and of baryons. To start these numerical integra-
tions we need four boundary conditions. These parameters are 2

rhv′ , 2
rbv′ , 

and the densities ( )minh rρ  of dark matter, and ( )minb rρ  of baryons, at the first 
measured radius minr r= . These four parameters cannot be obtained from the 
equations: they are boundary conditions that need to be obtained from observa-
tions of galaxy rotation curves, or by carrying forward the evolution of primor-
dial density perturbations. 

The purpose of the present study is to find out how nature obtains these pa-
rameters starting from a particular linear density-velocity-gravitational pertur-
bation in the early universe. In order to simplify the problem at hand, we study 
spiral galaxies with a core dominated by dark matter. Then we can, to a first ap-
proximation, neglect baryons, and focus the study on the two parameters 

2
rhv′  and ( )minh rρ . 

Perturbations of dark matter in the early universe are described by three equa-
tions: Newton’s equation, the equation of continuity, and Euler’s equation. Ana-
lytic solutions in the linear approximation are well known [1]. These equations 
require initial conditions, i.e. the power spectrum of linear density perturbations 
( ) ( )2

fsP k k kτ . ( )P k  is the power spectrum corresponding to cold dark mat-
ter [1]. If dark matter is warm, there is a cut-off factor ( )2

fsk kτ  due to 
free-streaming, that is well approximated by  

( ) 2 2
fs2

fs e ,k kk kτ −=                        (1) 

(except for the case of boson dark matter with a chemical potential approaching 
0− , in which case ( )2

fsk kτ  develops a tail that may be searched for in future 
experiments) [2]. 

Starting with given initial perturbations, we integrate the equations numeri-
cally to study the formation of the dark matter halo of a relaxed galaxy. We can 
indeed obtain the parameter 2

rhv′  from these integrations. However, the eq-
uations discussed so far apparently do not fix ( )minh rρ . It is sometimes assumed 
that various relaxation processes virialize the particles fixing ( )minh rρ . Viria-
lized solutions exist for any ( )minh rρ , so ( )minh rρ  would have to be deter-
mined by the details of relaxation. So the origin of ( )minh rρ  is a mystery. In the 
course of these studies, we will indeed propose a solution to the mystery, which, 
if true, has far reaching consequences. 

We use the standard notation in cosmology as in [3]. 

2. The Stationary Galactic Halo 

We consider relaxed galaxies, i.e. galaxies with no sign of recent collisions or 
mergers, or other extraneous features. We model the galaxy as two self-gravitating, 
non-relativistic, non-degenerate, gases: dark matter and baryons. The hydro-static 
equations that describe the density runs ( )h rρ  of dark matter, and ( )b rρ  of 
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baryons, are Newton’s equations 

4 , 4 ,h h b bG Gρ ρ∇ ⋅ = − ∇ = −π π⋅g g                (2) 

and the equations of conservation of the r-component of momentum of particles 
with velocity 0rv >  (or, separately, 0rv < ), valid for collision-less gases, or for 
gases with elastic collisions [4]:  

( ) ( )
2 2

2 2ˆ ˆ, .rh h h h r rb b b b r
v vv v
r r

ρ ρ κ ρ ρ κ
   

∇ = + ∇ = +   
   
g e g e      (3) 

The gravitation field is 2 ˆb h rv r= + = −g g g e . The velocity of rotation of test 
particles in circular orbits ( ) ( )totv r v r≡  in the plane of the galaxy has contri-
butions from dark matter and baryons: ( ) ( ) ( )2 2

h bv r v r v r= + . Sub-indices h 
refer to the dark matter halo, while sub-indices b refer to baryons. The constant 
parameters hκ  and bκ  are included to account (approximately) for rotation 
of dark matter and baryons in the disk of spiral galaxies. For spiral galaxies we 
have estimated 0.15hκ ≈ , and 0.98bκ ≈  [4]. For elliptical galaxies we take 

0hκ ≈ , and 0bκ ≈ . The variables 2
rhv  and hκ , and also 2

rbv  and bκ , ap-
pear in the following combinations:  

2 2
2 2, .

1 1
rh rb

rh rb
h b

v v
v v

κ κ
′ ′≡ ≡

− −
                    (4) 

Good fits to observed rotation curves are generally obtained assuming 2
rhv′  

and 2
rbv′  are independent of the radial coordinate r (in some galaxies 2

rhv′   

decreases at large r, so the present analysis is valid up to that radius). We solve 
these equations in spherical coordinates, assuming spherical symmetry. These 
equations need four boundary conditions, e.g. 2

rhv′ , 2
rbv′ , ( )minh rρ  and 

( )minb rρ . We integrate the equations numerically from the first observed radius 

minr  to the last one maxr , in the disk of the galaxy, and vary the four boundary 
conditions to minimize a 2χ  between the calculated and observed rotation 
curves. Note that we do not use density templates. 

The observed independence of 2
rhv  on r in these relaxed galaxies implies 

that the particles of the gas have a 1D phase space density that follows the 
non-relativistic Boltzmann distribution, i.e. the number of dark matter particles 
in dr  and d rhv  is proportional to [6]  

( )( )2

2

1 1
2exp d d ,

h rh h h

rh

m v m r
r r v

kT

φ κ + − 
− 
 
 

             (5) 

where ( )
0

d
r

r g rφ = − ⋅∫  is the gravitational potential. Note that from (5), 
2
rh hv kT m= , independently of r. hT m  is the dark matter temperature-to-mass 

ratio. 

2.1. Elliptical Galaxies with a Cusp Dominated by Baryons 

Numerical integrations of (2) and (3) for the elliptical galaxies M87, NGC 5846, 
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and NGC 4807 are presented in Figures 1-3. The observed rotation curves are 
derived from measurements of the enclosed total mass ( )M r< . The enclosed 
total mass, and the dark matter and baryon contributions are obtained from 
light profiles, velocity dispersion of stars, planetary nebulae, and globular clus-
ters, X-ray properties from emitting hot gas, and weak and strong gravitational 
lensing. For large r, with ( )hM r<  dominating the enclosed mass, the asymp-
totic solutions of (2) and (3) are  

( ) ( )
2

2
2 , and ,

2
rh

h b

v
r r r

Gr
αρ ρ −

′
= ∝

π
                (6) 

 

 
Figure 1. Velocities of circular orbits of test particles (left), and densities (right), of dark matter (sub-index h) and baryons 
(sub-index b), as a function of the distance r from the center of the giant elliptical galaxy M87. Data is from [5]. The curves are 

calculated numerically, see text. The fits obtain 2 533 42 km srhv′ = ± , 2 331 6 km srbv′ = ± , ( ) 3
min 0.6 0.3 pch r Mρ = ±



, and 

( ) 3
min 25 3 pcb r Mρ = ±



 at min 0.39 kpcr = . The fitted mass-to-luminosity ratio is 1.0 0.1M Lϒ = ±
 

. 

 

 

Figure 2. Velocities of circular orbits of test particles (left) and densities (right), of dark matter (sub-index h) and baryons 
(sub-index b), as a function of the distance r from the center of the elliptical galaxy NGC 5846. Data is from [7]. The curves are 

calculated numerically, see text. The fits obtain 2 288 11 km srhv′ = ± , 2 218 4 km srbv′ = ± , ( ) 3
min 0.08 0.02 pch r Mρ = ±



, 

and ( ) 3
min 0.20 0.05 pcb r Mρ = ±



 at min 2.88 kpcr = . The fit obtains a mass-to-light ratio 0.96 0.23M Lϒ = ±
 

. 
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Figure 3. Velocities of circular orbits of test particles (left) and densities (right), of dark matter (sub-index h) and baryons 
(sub-index b), as a function of the distance r from the center of elliptical galaxy NGC 4807. Data is from [8]. The curves are calcu-

lated numerically, see text. The fits obtain 2 271 18 km srhv′ = ± , 2 197 5 km srbv′ = ± , ( ) 3
min 6 4 pch r Mρ = ±



, and  

( ) 3
min 135 18 pcb r Mρ = ±



 at min 0.08 kpcr = . The mass-to-light ratio is fixed at 1.0M Lϒ =
 

. 

 
where 2 2

rb rhv vα ′ ′≡ . For small r, with ( )bM r<  dominating the enclosed 
mass, the asymptotic solutions of (2) and (3) are  

( ) ( )
2

2
2 , and .

2
rb

b h

v
r r r

Gr
αρ ρ −

′
= ∝

π
               (7) 

Examples of galaxies that obtain good fits, with the assumption that 2
rhv′  

is independent of r, are presented in Table 1. For galaxy Mrk1216, the assump-
tion that 2

rhv′  is independent of r obtains a good fit for 50 kpcr < , while 
2

rhv′  declines for larger r. 
If 2 3α < , the baryonic mass of the galaxy is finite:  

2

eq

2 2 2 .
2 3

rb
b

v
M r

G
α
α

′ −
≈

−
                    (8) 

Replacing bM  by Lϒ , i.e. by the mass-to-light ratio ϒ  times the absolute 
luminosity L, and taking the logarithm of (8), obtains the equation of a plane in 
the space ( )2

eqln , ln , lnrbL v r′ . This plane is known in the literature as the 
“fundamental plane” of elliptical galaxies. 

2.2. Spiral Galaxies with a Core Dominated by Baryons 

Figure 4 presents the rotation curves and density runs of the low surface bright-
ness spiral galaxy F571-8. At large r the asymptotes are as in (6). As 0r → , the 
densities ( )h rρ  and ( )b rρ  approach finite limits ( )0h rρ →  and  

( )0b rρ → , i.e. the galaxy has a core of dark matter, and a core of baryons. Ad-
ditional examples can be found in [2] and [13]. 

Let us understand the boundary conditions. The flat rotation velocity ( )flatv r  

at large r determines 2
flat 2rhv v′ = . The slope of the rotation velocity of test  
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Figure 4. Velocities of circular orbits (left) and densities (right), of dark matter (sub-index h) and baryons (sub-index b), as a 
function of the distance r from the center of the low surface brightness spiral galaxy F571-8. Data is from [12] and references 

therein. The curves are calculated numerically, see text. The fits obtain 2 99.5 2.7 km srhv′ = ± , 2 40.8 1.4 km srbv′ = ± ,  

( ) 3
min 0.044 0.004 pch r Mρ = ±



, and ( ) 3
min 0.13 0.03 pcb r Mρ = ±



 at min 0.22 kpcr = . The disk mass-to-light ratio  

0.20M Lϒ =
 

 is fixed. These measurements obtain the adiabatic invariant ( ) ( )( )rms 1 1 1.57 0.09 km sh hv statκ= − × ± , see 

Section 4 for the definition. 9
3.6 m 10.164 10L Lµ = ×



. 

 

Table 1. Parameters 2
rhv′  and 2

rbv′ , and their ratio α , for several elliptical ga-

laxies with a cusp dominated by baryons. Uncertainties are statistical from the fits de-
scribed in Section 2. Additional examples can be found in [9].  

Galaxy 
1 22

rhv′  

[km/s] 

1 22
rbv′  

[km/s] 
α  

Data 
source 

M87 533 ± 42 331 ± 6 0.62 [5] 

NGC 1407 291 ± 5 255 ± 6 0.88 [10] 

NGC 4374 289 ± 4 253 ± 8 0.88 [11] 

NGC 4807 271 ± 18 197 ± 5 0.73 [8] 

NGC 5846 288 ± 11 218 ± 4 0.76 [7] 

 
particles ( ) ( ) ( )2 2

h bv r v r v r= + , and its contribution from baryons ( )bv r , at 
small r, determine the dark matter density in the core of the galaxy:  

( ) ( ) ( ) ( )2 2 20 3 4c h br v r v r Grρ ρ  ≡ → = − π  . 

2.3. Spiral Galaxies with a Core Dominated by Dark Matter 

Figure 5 presents the rotation curves and density runs of the spiral galaxy NGC 
0024 with a core (arguably) dominated by dark matter. Additional examples can 
be found in [2] and [13]. First galaxies (arguably) have a core dominated by dark 
matter. For simplicity, in the following we will study the formation of galaxies 
dominated by dark matter, since then the density run ( )h rρ  of the relaxed ga-
laxy is described with just two parameters: the dark matter reduced velocity dis-
persion 2

rhv′ , and the dark matter core density ( ) ( )min0c h hr rρ ρ ρ≡ → ≈ . 
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Figure 5. Velocities of circular orbits (left) and densities (right), of dark matter (sub-index h) and baryons (sub-index b), as a 
function of the distance r from the center of the spiral galaxy NGC 0024. Data is from [12] and references therein. The 
mass-to-light ratio has been fixed at 0.26M Lϒ =

 

, but is uncertain in the approximate range 0.2 to 0.5 [12], i.e. the measure-

ment of bρ  is uncertain. The curves are calculated numerically, see text. The fits obtain 2 71.2 0.9 km srhv′ = ± ,  

2 66.4 2.4 km srbv′ = ± , ( ) 3
min 0.36 0.03 pch r Mρ = ±



, and ( ) 3
min 0.062 0.007 pcb r Mρ = ±



 at rms 0.21 kpcr = . These mea-

surements obtain ( ) ( )( )rms 1 1 0.56 0.03 km sh hv statκ= − × ± . 9
3.6 m 3.889 10L Lµ = ×



. 

3. Formation of the Galactic Halo 

Let us consider a universe with zero spatial curvature, dominated by non-relativistic 
warm dark matter. The mean density of the early universe is  

crit
2 3

1 ,
6

c
h Gt a

ρ
ρ

Ω
=

π
=                       (9) 

where t is the age of the universe, and ( )a t  is the expansion parameter (nor-
malized to 1a =  today). The velocity of expansion is rv Hr= , with Hubble 
parameter ( )2 3H t= . If dark matter is warm, the root-mean-square of the 
r-component of the dark matter particles dispersion velocity (with respect to a 
comoving observer) is  

( ) ( )rms rms2 1
.

3 3
h h

rh

v a v
v

a
≡ =                    (10) 

This velocity dispersion scales as ( )1 a t∝ , so  

( )
( )

2
rms

1 3 1 3
crit

1

3

rh h

h c

v v
ρ ρ

≡
Ω

                     (11) 

is an adiabatic invariant. Note that the velocity v  of a free particle (with re-
spect to a comoving observer momentarily at the position of the particle) scales 
as 1a−∝v  due to the expansion of the universe. 

For simplicity, we consider only dark matter. The formation of the galactic 
halo can be illustrated by integrating numerically Newton’s equation  

4 ,hGρπ∇ ⋅ = −g                        (12) 
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the continuity equation  

( ) ,h
h ht

ρ
ρ

∂
= −∇ ⋅ = −∇ ⋅

∂
j v                     (13) 

and Euler’s equation  

( ) ( )2d 1 .
d

h h
h h rh h

h

v
t t

ρ
ρ

∂ ′= + ⋅∇ = − ∇
∂

v v
v v g              (14) 

Newton’s equation, and the last two terms in (14), obtain the steady state dark 
matter halo of Section 2. Again we take 2

rhv′  independent of r for this steady 
state solution. This approximation is valid out to a radius where the rotation ve-
locity ( )v r  remains flat, often beyond the range of observations, and the 
present analysis is limited to that radius. 

Linear perturbation theory is obtained for ( )1h h hρ ρ δ= +  with 1hδ  . 
Equations (12), (13), and (14), with 2 0rhv′ = , and in the linear approximation, 
admit the following solutions for the perturbations ( )h aδ r , ( )h aδ v r , and 
( )aφ r : two vector modes that decay as 1a−∝ , one scalar mode that decays as 

3 2a−∝ , and one scalar mode that grows as a∝  due to gravitational collapse, 
and will survive [1]. φ  is the gravitational potential. r  is the proper coordi-
nate, and ar  is the co-moving coordinate. We assume dark matter is colli-
sion-less. If 2 0rhv′ > , then modes with proper length 

( )2
J rh hv Gλ λ ρ′< π≡                     (15) 

are damped and collapse due to free streaming. (For collisional gases, 2
rhv′  is 

replaced by the sound speed sc , and Jλ  is the Jeans wavelength. For Jλ λ<  
the solutions are sound waves. If the mean free path of the particles is compara-
ble to λ , the sound wave is attenuated due to Silk damping [1]). 

Here, to understand the formation of the dark matter halo of a galaxy, we in-
tegrate Equations (12), (13), and (14) numerically, in proper (not co-moving) 
spherical coordinates, and only consider spherically symmetric solutions. For 
warm dark matter we supplement the preceding equations with the condition of 
adiabatic expansion (11) in the core of the galaxy:  

( ) ( ) 1 3
rms min2

crit

1 ,
.

3
h h

rh
c

v r t
v

ρ
ρ

 
=  

Ω 
                (16) 

This equation will be discussed in Section 4, and its importance, to fix and sta-
bilize the galaxy core density and radius, will be illustrated by the simulations. 

minr  is the smallest r in the numerical integration, and is chosen much smaller 
than the galaxy core radius cr . 

To understand the formation of the galactic halo we need to include velocity 
dispersion, i.e. the last term in (14), since it is needed to obtain agreement with 
the observed rotation curves of relaxed galaxies as shown in Section 2. Once we 
include velocity dispersion, Equations (12), (13) and (14) become incomplete 
since 2

rhv′  remains unspecified, and we can not, consistently, omit the adia-
batic invariant constraint (16). 
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The simple implementation (16) of adiabatic expansion is justified as follows. 
To integrate Equations (12), (13), and (14) we need to assign a value to 2

rhv′ , 
possibly r- and t-dependent. From numerical studies described below, we find 
that the solutions are insensitive to 2

rhv′  for t less than turn-around, or for 
large r (beyond the pivot point discussed below). Thus, for the problem at hand, 
it is sufficient to assign an r-independent value (16) to 2

rhv′ , derived from the 
dark matter core density ( ) ( )min ,c ht r tρ ρ≈ , at each time step in the numerical 
integration. 

Equations (12), (13), (14), and (16) are approximate: they are hydro-dynamical 
equations that treat dark matter as a continuous medium, not as a superposition 
of particle orbits, and do not include relaxation mechanisms to damp oscilla-
tions to attain a relaxed final state. Relaxation is beyond the scope of the present 
study. For a review of cosmological simulations of galaxy formation see [14]. 

As an example we consider a galaxy with stellar mass 9.5
* 10M M=



, ob-
served at a redshift 8z = , see Figure 4 of [15], or Figure 10 of [2]. At 8z = , the 
mean density of the homogeneous universe is 5 32 10 pci Mρ − −= ×



. We esti-
mate the halo dark matter mass to be 1110hM M≈



 [2] [15]. We interpret this 
mass hM  as the mass of the initial linear density perturbation since it is well 
defined: the dimensions of this perturbation scale as the expansion parameter a , 
while its density scales as 3a−  (for 1hδ  ), so hM  of linear perturbations is 
independent of time. (As we shall see later, the mass of the relaxed halo is ill de-
fined). We will start the simulation at 30.03 pci Mρ −=



, corresponding to 
1 97a = . The radius of the initial linear perturbation is then of order 9 kpc. 

Figure 6 and Figure 7 illustrate the formation of the halo of this galaxy. In 
this example, the initial linear density perturbation is Gaussian,  

( )2 21 expi i ir rρ ρ δ = + −  , with 30.03 pci Mρ −=


, 4.9 kpcir = , and 0.3δ = . 
The initial dark matter velocity is the Hubble flow, and the dark matter adiabatic 
invariant, in this simulation, is ( )rms 1 0.67 km shv =  [13]. We note, in Figure 6, 
that the central density decreases with time, turns around, increases, and ap-
proaches the final steady-state galaxy halo with asymptotes marked with lines C 
D E. The increase of the core density is due to negative dark matter velocity rhv  
after turn-around shown in Figure 7. This dark matter is falling back to the core. 

Let us recall that the final steady-state galaxy halo is determined by (12), (13), 
and (14) with 0t∂ ∂ →  and 0rhv = , i.e. by Newton’s Equation (12), and the 
momentum conservation equation  

( )21 .rh h
h

v ρ
ρ

′= ∇g                       (17) 

These static equations require two boundary conditions, namely the dark matter 
reduced velocity dispersion 2

rhv′  (taken to be independent of r), and the core 
density ( ) ( )min0c h hr r rρ ρ ρ≡ → ≈ = . Let us also recall that these two parame-
ters where obtained, in Section 2, by comparing the observed and calculated ga-
laxy rotation curves. 
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Figure 6. The dark matter density run ( )h rρ  of a galaxy with stellar mass 9.5
* 10M M=



 

observed at redshift 8z = , is presented at times 1 2 3 2t aρ−∝ ∝  that increase by factors 

1.4086 (or 1.4086  for the dot-dashed lines). A line from A to B encloses a dark matter 
mass 1110hM M≈



. Asymptotes of the final dark matter halo ( )h rρ  are indicated by 

lines C D E. The core density C is 30.0126 pcc Mρ =


. The asymptote D E is  

( )2 22h rhv Grρ ′= π  with 2 28 km srhv′ = , as determined by the pivot point P. The 

dark matter velocity dispersion 2
rhv  in the core of the galaxy is calculated, at each 

time step, with (16) with rms 0.67 km shv = . We take 0hκ = . The last line is invalid: it is 
included to illustrate numerical integration breakdown, see Figure 7. 
 

 

Figure 7. Shown is the radial velocity ( )rhv r  of dark matter as a function of radius r at 

several times for the galaxy of Figure 6. Note that adiabatic compression feedback sets 
0 km srhv =  out to a radius r that increases with time t, up to the pivot point where the 

numerical integration algorithm breaks down. We expect rhv  to reach zero out to a ra-

dius that increases past P at a velocity 23 rhv′ , thus attaining the relaxed configuration 

of Section 2 out to increasing radii. This adiabatic compression feedback is negative, i.e. it 
tends to stabilize the core density. 
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The main purpose of the present study is to determine how these two para-
meters, 2

rhv′  and cρ , are obtained from the linear density-velocity-gravitational 
perturbations of the early universe. It turns out that the pivot point P in Figure 6 
fixes the final halo asymptote D E. We find that the asymptote D E depends on 
the initial linear density perturbation, see Figure 8, but not on the adiabatic in-
variant ( )rms 1hv , see Figure 9. The pivot point P is determined by numerical in-
tegration, starting with the initial linear perturbation, as shown in Figure 8. The 
asymptote D E, for cr r , is  

( ) ( )
2 2

2

2
, ,

2
rh rh

h h

v v
r M r r

GGr
ρ

′ ′
= < =

π
              (18) 

as in (6). Therefore the pivot point P determines the final reduced velocity dis-
persion 2

rhv′ . The galaxy core radius is defined by 
12 2

.
2

rh
c

c

v
r

Gρ

 ′
 ≡
 π

                      (19) 

 

 

Figure 8. Same as Figure 6, except that the radius of the Gaussian perturbation is set at 2.0,3.5,6.0ir =  or 12.0 kpc. Note that the 

initial perturbation determines 2
rhv′ . 
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Figure 9. Same as Figure 6, except that the dark matter adiabatic invariant is set to ( )rms 1 0.0,0.3,0.5hv = , or 1.0 km/s. Note that 

2
rhv′  of the asymptote is independent of ( )rms 1hv . 

 
The condition to obtain a self-gravitating core is that the core radius at 
turn-around be less than the would be pivot point radius, so that a pivot point 
can form. Passing this bottle-neck, the core collapses, see Figure 6 and Figure 8. 

What phenomena determines the second parameter cρ ? In the cold ΛCDM 
scenario, the central density increases to infinity, i.e. the dark matter particles 
fall to 0r ≈ , overshoot, splash-back, overshoot again, etc., and various relaxa-
tion mechanisms, and the virial theorem (assuming a well-defined halo mass 

hM ), are invoked to finally attain a relaxed galaxy halo [16]. These phenomena 
are not captured by Equations (12), (13), and (14), and the numerical integration 
breaks down at core collapse, see the first panel of Figure 8. 

In the case of warm dark matter we complement Equations (12), (13), and (14) 
with the equation of adiabatic expansion (16). Note, in Figure 10, that the value 
of 2

rhv′  does not change the pivot point P, and affects (does not affect) the 
halo formation for r less than (greater than) r of the pivot point. For this reason  
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Figure 10. Same as Figure 6, except that the dark matter reduced velocity dispersion 2
rhv′  is held fixed at 4, 8, 12, or 28 km/s. 

To keep the core 2
rhv′  independent of time is un-natural, but helps understand galaxy halo formation. Note that the value of 

2
rhv′  does not change the pivot point P, and affects (does not affect) the halo formation for r less than (greater than) r of the 

pivot point. 
 
we use the core density ( )min ,r tρ  to update 2

rhv′  at each time step using 
(16). After core turn-around, the core density cρ  increases, and hence 2

rhv′  
increases. This is a negative feedback on the further growth of cρ , see Figure 
10. In summary, (16) not only determines the steady-state core density (once the 
pivot point P, and the final 2

rhv′  are determined), but also provides a nega-
tive feedback that tends to stabilize the core density. With fixed 2

rhv′  the col-
lapse is run-away. 

Note in Figure 6 and Figure 7 that dark matter keeps falling onto the steady 
state galaxy halo, so the radius of this halo continues to grow. Equating the halo 
density (18) with the density (9) of the homogeneous universe, we obtain the 
constant velocity with which the halo grows: 23 rhr t v′= . Note that the aver-
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age velocity of a dark matter particle in the halo times the age of the universe t, is 
of the order of the radius of the halo at time t. Note also that the halo mass keeps 
growing so is an ill defined concept. Let us mention that dark matter particles 
with orbits well within the boundary of the halo at time t have completed many 
orbits in time t. So 2

rhv′  in the core and in the inner asymptotic region are 
connected, and attain thermal equilibrium. Finally, let us mention that, as the 
galaxy halo radius grows, new dark matter particles acquire orbits bound to the 
galaxy, populating the tail of the non-relativistic Boltzmann distribution. 

As the central density cρ  in Figure 6 increases, so does the core temperature 
due to adiabatic compression. This compression brings rhv  to its equilibrium 
value 0rhv =  out to a radius r that increases with time, see Figure 7. Numerical 
integration breakdown occurs when 0rhv =  approaches the pivot point P. The 
negative rhv  beyond P indicates that the dark matter halo radius keeps growing. 
If we artificially “jump” the pivot point P, i.e. we stop the numerical integration 
before 0rhv ≈  reaches P, and resume the integration after passing P, we obtain 
the result shown in Figure 11 (left panel). In nature we do not see any signifi-
cant extraordinary phenomena at P, see, for example, the figures in Section 2. 
Neither do we see any instability in the integration of the static equations, see 
Figure 11 (right panel). 

Figure 12 shows the formation of the halo of a galaxy starting from a density 
perturbation that has both positive and negative fluctuations. Note how the halo 
keeps growing past the pivot point P. 

Figure 13 shows the formation of the galactic halo starting from a top-hat 
density perturbation. It is interesting to note that even in this extreme case the 
galaxy halo forms adiabatically. Note how the transition region from high-to-low 
density widens. The analytic solutions inside and outside of the transition  
 

 

Figure 11. Left: Extended numerical integration of Figure 6 skipping over the pivot point P. Right: Integration of the static equa-
tions of Section 2, for comparison with asymptotes C D E. Note that the density run ( )h rρ  is determined by the two boundary 

conditions 2 28 km srhv′ = , and 30.0126 pcc Mρ −=


. 
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Figure 12. Formation of the dark matter halo of a galaxy with initial density perturbation 

( ) ( )1 0.3 sinh i i ir r r rρ ρ=  + ⋅    with 30.03 pci Mρ −=


, and 2 kpcir = . The asymp-

totes of the final dark matter halo ( )h rρ , indicated by lines C D E, have 2 28 km srhv′ = , 

and 30.0126 pcc Mρ =


. 

 

 

Figure 13. Formation of the dark matter halo of a galaxy with a top-hat initial density 
perturbation with 30.03 pci Mρ −=



, 0.3iδ = , and 3.5 kpcir = . The edges of the 
step-function have been rounded to allow numerical integration. The asymptotes of the 

final dark matter halo ( )h rρ , indicated by lines C D E, have 2 24 km srhv′ = , and 
30.008 pcc Mρ =



. This figure illustrates that even a top-hat initial perturbation can 
form a stationary halo adiabatically, due to the feedback of the warm dark matter adia-
batic invariant ( )rms 1 0.67 km shv = . 
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region, corresponding to homogeneous universes, are well known. The adiabatic 
invariant ( )rms 1hv  has the same constant value inside and outside of the transi-
tion region, and has a cosmological origin in the early universe when perturba-
tions were linear. Note how the core density ( ) ( )min ,c ct r tρ ρ≈  decreases, turns 
around, and increases (as in an overdense homogeneous universe) until the 
transition region reaches the core halting further increase of ( )c tρ . This figure 
illustrates why we calculate 2

rhv  independent of r using ( )min ,c r tρ , see (16). 
Figure 14 illustrates the hierarchical formation of galaxies. Reversing the sign of 

the perturbation of Figure 12 we can study the expansion of voids, see Figure 15.  
To the preceeding examples we may add a velocity perturbation, e.g.  

( )1 3rh hv Hr δ= −  for a growing initial mode. 
 

 

Figure 14. Illustration of the hierarchical formation of galaxies (with two pivot points). 
The initial density perturbation is a double top-hat. 
 

 

Figure 15. Same as Figure 12, except that the sign of the perturbation has been reversed 
in order to study the expansion of voids. 
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4. The Adiabatic Invariant ( )hv rms 1  

Consider a box of volume 3V L=  with non-relativistic dark matter, and apply 
periodic boundary conditions: 2x xp k n L= = π  , with 0, 1, 2,n = ± ±  , and 
similarly for yp  and zp . Let ( )nmln p  be the number of dark matter particles 
in orbital nml . Then the density, and mean of the velocity squared, are  

( ) ( )
( )

2
1 2 2 3

2, ,nml nmlh nml
h nml h

nml h nmlnml

nm
n V v V

V m n
ρ − −= ∝ = ∝∑∑ ∑

p p
p

p
     (20) 

where hm  is the dark matter particle mass. We note that 
3 22

h hvρ  does not 
depend on V, i.e. it is an adiabatic invariant, so long as the number of dark mat-
ter particles per orbital ( )nmln p  remains constant, as expected for non-interacting 
particles, or even, on average, for particles with elastic interactions in a relaxed 
configuration. We will assume that dark matter particles are non-interacting, 
except for gravity. 

Now assume that the box is free-falling, so V varies, and the gas expands or 
contracts adiabatically conserving 

3 22
h hvρ . A free-falling observer in a den-

sity peak in the early universe sees the dark matter gas expand adiabatically, 
reach maximum expansion, turn around, and contract adiabatically into the core 
of a galaxy. See, for example, Figure 6. Due to the hierarchical formation of ga-
laxies, galaxies merge and our observer continues seeing adiabatic contractions. 
See, for example, Figure 14. The end result is that 

3 22
h hvρ  remains constant, 

as in the early universe, i.e. 3 22
h hvρ  is of cosmological origin, and we expect 

3 22
h hvρ  to be the same for all free-falling observers at rest with respect to the 

dark matter, i.e. observers in the cores of relaxed galaxies. And this is indeed 
what is observed (within statistical and systematic uncertainties), see Figure 16, 
with far-reaching consequences [2] [4] [13] [17] [18]! It has been argued that the 
adiabatic invariant might become diluted by “phase space mixing”. However, the 
observations in Figure 16 seem to indicate that, if phase space becomes diluted, 
then it later becomes un-diluted as the galaxy halo relaxes. 

We find it convenient to define the adiabatic invariant in the core of a galaxy 
as  

( )
1 3

2 1 2 crit
rms 1 3 ,c

h rh
c

v v
ρ
ρ

 Ω
≡  

 
                (21) 

as in (11), where 2
rhv  and cρ  are obtained from observed galaxy rotation 

curves. The mean and standard deviation of 40 well measured galaxies, is  

( ) ( )rms 1 1 0.87 0.27 km s ,h hv κ= − × ±               (22) 

for non-degenerate dark matter, see Figure 4 of [13]. hκ  is a correction for 
dark matter halo rotation, estimated to be 0.35

0.150.15hκ
+
−=  for spiral galaxies [2] 

[4]. For the interesting cases of fermion or boson dark matter with zero chemical 
potential in the core of the galaxy, see reference [2]. 
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Figure 16. Forty six independent measurements of the expansion parameter  
( )NR rms 1h ha v c′ ≡  at which dark matter particles become non-relativistic (uncorrected for 

dark matter halo rotation). Each measurement was obtained by fitting the rotation curves 
of a spiral galaxy in the Spitzer Photometry and Accurate Rotation Curves (SPARC) sam-
ple [12] with the indicated total luminosity at 3.6 μm. Figure from [19]. References to the 
original rotation velocity measurements can be found in [12]. Two of these measurements 
were given in Figure 4 and Figure 5. Full details of each measurement are presented in 
[13]. 

5. Conclusions 
Let us consider a relaxed galaxy dominated by dark matter. The density run 

( )h rρ  is determined by just two parameters, i.e. the reduced velocity dispersion  
2

rhv′ , and the core density cρ . These parameters are obtained from observa-
tions of galaxy rotation curves, as explained in Section 2. Our objective, in the 
present study, is to understand how these two parameters are obtained from the 
linear density-velocity-gravitational perturbations in the early universe. The halo  
asymptote ( )2 22h rhv Grρ ′= π  is the solution of the isothermal sphere, its ra-

dius grows at a velocity 23 rhv′ , and determines the flat rotation velocity  
2

flat 2 rhv v′=  of test particles. The parameter 2
rhv′  is obtained by numeri-

cal integration, starting from the linear perturbation, see Section 3. This asymp-
totic halo is obtained adiabatically, beyond the pivot point P, even for the 
top-hat perturbation, see Figure 13. 

The second parameter, i.e. the core density cρ , is a mystery in the cold dark 
matter ΛCDM model. In that model, the core expands, reaches turn-around, 
collapses, overshoots, followed by splash-back, overshoots again, etc., and sever-
al relaxation processes are invoked to reach a virialized state. How can the ob-
servations in Figure 16 be explained in the cold ΛCDM scenario? 

On the other hand, we are able to obtain cρ  if dark matter is warm, for then 
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Equations (12), (13), and (14) need to be supplemented by the equation of adia-
batic expansion (16) with ( )rms 1 0hv ≠ . In fact, the adiabatic invariant ( )rms 1hv  
not only fixes the central density cρ , but also stabilizes it. The dark matter at 

0r ≈  expands, reaches turn-around, and begins to collapse. As the core central 
density cρ  increases adiabatically, its temperature proportional to 2

rhv′  also 
increases, halting the expansion. This negative feedback can be understood by 
studying Figure 7 and Figure 9. Note that an adiabatic formation of the core is 
possible, even with no relaxation processes or baryons (at least for an initial li-
near perturbation sufficiently near Jeans instability, as expected for a power 
spectrum ( ) ( )2

fs
nP k k k kτ −∝ , for fsk k , with 3n ≤ ). rhv  approaches its 

equilibrium value 0rhv =  out to a radius that increases with time with constant 
velocity 23 rhv′ , populating the tail of the non-relativistic Boltzmann distribu-
tion. 

The velocity dispersion term in (14) is needed to understand the density run 
( )h rρ  of relaxed galaxies, see Section 2. Once this velocity dispersion term is 

included, Equations (12), (13), and (14) become incomplete since it is then ne-
cessary to specify 2

rhv , i.e. we need to add the equation of adiabatic expansion 
(16) for both theoretical and experimental reasons, see Section 4, and Figure 16. 
The observed dark matter core is evidence that dark matter is warm, see (19). 

To understand the baryon density run ( )b rρ  we do need to include relaxa-
tion processes in the formation, collision, and merger of galaxies, in star forma-
tion, in the formation of binaries and black holes, and in radiation of photons 
and neutrinos. Relaxation allows baryons to settle to the bottom of the dark 
matter gravitational potential well, and even dominate the central density and 
gravitational potential with a core, or a cusp of baryons. 

If indeed the galaxy central density of dark matter cρ  is determined by the 
adiabatic invariant ( )rms 1hv , as supported by the theory described in Section 4, 
and by the data presented in Figure 16, then ( )rms 1hv  is of cosmological origin, 
and provides a detailed, precise, and redundant determination of dark matter 
properties, see [2] and references therein. 
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Abstract 
It is assumed here that the energy of a strong gravitational field creates 
non-linear effects over enclosed masses. This idea and the rigorous rules of 
the General Theory of Relativity output a metric that covers strong and weak 
gravitational fields. The proposed metric could be correct because it included 
the Schwarzschild’s metric as a particular case and has no singularities. Addi-
tionally, it appears here that the massive condition of the gravitational fields 
has properties like the so-called Dark Matter.  
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1. Introduction 

Equations having infinities are avoided in physics when possible. When that is 
not possible, we call it a singularity. Those singularities are not welcomed be-
cause they nullify one of the goals of science that is the application of equations 
to understand the system under study. 

One well-known singularity appears in Schwarzschild’s metric [1] applied to 
the gravity created by a spherically symmetric, non-rotating body, of mass M 
and radius R. Strong conclusions coming from math deductions are risky as in 
[1], where it is claiming “The uniqueness of the solution resulted spontaneously 
through the present calculation”. That solution appears on page 20 on Carson 
Blinn [2] pdf paper as, 

2
2 2 2 2 2 2 2 2

2

2

2 dd 1 d d sin d
21

GM rs c t r r
GMc r
c r

θ θ φ = − − − − 
  −

        (1) 

In Equation (1) s is the space-time interval, G is the universal gravitational 
constant, c is the speed of light, t is time, and θ  and φ  are the spherical an-
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gles. If the gravitational fraction becomes bigger than one, we are forced to deal 
with imaginary time and imaginary radial distances. 

As soon as 1935 [3] it was proposed to deal with those singularities by apply-
ing a change of variables (others propositions in [4]-[12]). That move was a ma-
thematical solution that required some extra physical consideration, further 
complicating the problem. Besides previous note, the same author concluded in 
1939 [13] that “…the ‘Schwarzschild singularities’ do not exist in physical reali-
ty”. The authors proposed to take those singularities as mathematical concepts 
and not as real entities. 

In [14] it was called to attention about the stability of any of the solutions 
proposed and clarifying that unstable solutions should not be taken into consid-
eration. It was concluded in [15] that stars approaching the singular condition 
become unstable and must collapse to a point. In agreement with that idea, in 
[16] another surprising idea is mentioned by indicating mathematically that the 
centrifugal force is reversed bellow the Schwarzschild’s radius. The intention of 
removing the Schwarzschild singularity by a change in the coordinates system 
does not eliminate all the rare physical consequences. Now the authors are 
pointing to the non-sense of the dynamical inside those singularities. 

The conclusion of [17] mentioned “…we are led to the unexpected conclusion 
that a particle which exerts a gravitational field must travel faster than light”. 
Another call back to the physics was mentioned in [18] by saying “It may be seen 
that de Sitter’s singularity like Schwarzschild’ singularity is an artificial singular-
ity, not of the field but of the coordinates introduced to describe this field”. It 
looks as they have given up in [19] after concluding “This perhaps can be attri-
buted to the fact, as remarked by Einstein [20] that the general theory of relativ-
ity would break down under such stringent conditions”. It is mentioned in [21] 
that there should be some physics because the Schwarzschild’s solution is ma-
thematically stable under small non-spherical perturbations. In [22] appears a 
strong remark “…the singular character of the surface r = 1 is a feature inti-
mately connected with the non-definiteness of the space-time metric”. At this 
time, it looks like the authors are trapped between the attractiveness and inco-
herence of the hall picture. 

Other’s problems arise by connecting gravity with others disciplines of the 
physics. In [23] was introduced the idea that Quantum Mechanics affect the me-
tric derivations as “Firstly, the event horizon obtained by setting g~ = 0, which 
occurs at r = L, in the classical theory, should now be modified”. Negating the 
power of theoretical physics, in [24] was claimed “In a real Universe an isolated 
body cannot be described strictly by the Schwarzschild solution because the 
body does not exist all alone in the Universe”. Professors teaching this material 
are not happy with its consequences, even in modern times, as in [25] where it 
was declared “In concluding, it is important to emphasize that the interior 
structure of realistic black holes has not been satisfactorily determined and is 
still open to considerable debate”. Another metric [26] is introduced with ma-
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thematical consequences related to the existence of the superluminal particles 
called tachyons. 

Interesting propositions were made in [27] [28] [29]. Those ideas are pointing 
in the direction followed here in this paper. 

Einstein’s General Theory of Relativity (GTR) [30] has been tested many 
times and its condition of General is accepted without questioning. This notion 
does not imply that any solution coming from applying GTR is going to also be 
general because some internal assumption can reduce its domain. This statement 
seems trivial, but it is the reason of this paper where the question Could exist 
another solution that include the Schwarzschild’s solution as a particular one? 
will be answer. 

2. A Variation Solving GTR for Spherical Symmetry 

The differential equation on page 19 [2], where   appears as the Ricci tempor-
al tensor and the Ricci scalar is 

00 00 002 2 2

1 1 1 1 81 .
2

V Gg T
r VV r c

π′  − = + − = 
 

               (2) 

Normally Equation (2) is solved by nulling the temporal energy-stress tensor 
T00. Let’s apply a fundamental variation. Here it will be assumed that the GTR is 
about the general properties of any field in the space-temporal reality and gravi-
ty should be treated as any other field. Then, the tensor T00 could not be zero. 
Because the intensity of the Newtonian’s gravity decreases with the squared of 
the radius and the energy density of other fields are proportional to its intensity 
squared, it will be assumed that T00 decreases inversely with the quartic of the 
distance. In that way, it is close to zero for regular gravitational fields. Mathe-
matically the constrain 4 48 Gc T Arµν

− −≈π  will be used because in weak fields 
that constrain includes the Schwarzschild’s solution as a particular case. Equa-
tion (2) becomes Equation (2a) 

( )
00 00 2 2 4

1 1 1 11 .
2

rAVg
r VV r r

′  − = + − = 
 

 
              (2a) 

The reader can check out that Equation (3) is solution of Equation (2a) 

( ) 2

21 ,r
GMV
C r

= +                          (3) 

if A(r) satisfices 

( )

2 2

2
4

2

4 .
21

r
G MA

GMC
C r

=
 + 
 

                      (4) 

Realize that for weak gravitational fields  

( ) ( ) 12 1 2 11 2 1 2rV GMc r GMc r
−− − − −= + ≈ − , and 0A ≈  as is in the Schwarzschild’s 

solution. 
Similarly, the solution of the equivalent differential equation on the same page 

19 [2], where now the tensor is pure radial, 
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( )
11 11 2 4

1 1 1 11
2

rAUg
r UV Vr r

′  − = − + − = 
 

 
              (5) 

becomes identical to Equation (2a) as expected if U = V−1 holds. 
Because on page 12 [2] the squared space-time interval was characterized as 

( ) ( )
2 2 2 2 2 2 2 2 2d d d d d d sin d ,r rs g x x U c t V r r rµ ν

µν
µν

θ θ φ= = − − −∑  

the substitution of Equation (3) and its inverse into the equation above output, 
1

2 2 2 2 2 2 2 2 2
2 2

2 2d 1 d 1 d d sin d .r R
GM GMs C t r r r
C r C r

θ θ φ
−

≥
   = + − + − −   
   

   (6) 

The math done pays off because Equation (6) does not carry on any singulari-
ty, not even at the center of the gravitational body. This can be noticed in Figure 
1 where it was assumed a constant average density defined as the ratio between 
the mass contained in the spherical volume of radius r, and that volume. 
 

 
Figure 1. Graphic introduction of the differences between the Schwarzschild’s metric and 
the one suggested in this paper as Equation (6). A gravitational factor of 2GM∙C−2 = 2 was 
used for all curves and a radius of R = 1.2 u. The metric proposed by Equation (9) show-
ing not singularity and no exotic time or space at any point. 
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3. Interesting Consequences 

The metric described by Equation (6) becomes important for strong gravitation-
al fields. In no circumstance does that metric show any skyrocket tendency, not 
even for the maximum gravitational potential at the surface of the body. Also, 
the temporal part of the metric has no negative values as expected. Additionally, 
the gravitational potentials approach flat values faster than in the Schwarz-
schild’s metric. That means that in any experimental observation of Kerr’s drag-
ging or Yukawa’s potential, effects should be intended as close as possible to the 
source. The work in [31] is an example of negative observations attempted too 
far away from the center of our galaxy. In principle, it is possible that the idea 
proposed in this paper could explain that negative result. 

3.1. Body on the Center of the Milky Way 

In [32] the Schwarzschild’s metric was used assuming that the metric can be ap-
plied in strong gravitational fields. This approach establishes an upper limit for 
the mass of neutron stars. Star S2, according to [33], is moving with a velocity of 
7650 km∙s−1 at 120 AU from the center of the Milky Way. Those numbers can be 
associated with a gravitational mass around 4.1 × 106 times the mass of the Sun. 
The metric of Equation (6) does not have any theoretical condition that forces 
matter to crush and become a black hole. With the new metric, it is now possible 
to assume that the strong nuclear pressure can completely equilibrate the gravi-
tational pressure. Then it is possible to visualize a neutron star at the center of 
our galaxy. The radius of that neutron star will be 1.5 × 103 km and it will be a 
black star, not a black hole. On the other hand, if the mass acting on S2 is only 
the gravitational field filling the 120 AU radius, it implies that field has a 6 × 10−4 
kg∙m−3 average density. This value makes sense because it is around 100 times 
smaller than the hydrogen gaseous density. Of course, because we are dealing 
with big numbers here, a logical combination of both masses can play the neces-
sary gravitational role on the center of our galaxy. 

3.2. A Bonus 

What other properties does the gravitational field have? If the gravitational field 
becomes radiative after some distance to the center, then its density should de-
crease inversely with the square of the radius. That means a constancy of the 
product 2Gm∙C−2∙r−1 and the gravitational mass m must increase with the dis-
tance r. In our galaxy, the rotating stars move with constant velocities around 
200 km∙s−1 from 0.2 kpc [34]. Those numbers require that inside 0.2 kpc must be 
a total mass of around three billion times the mass of the Sun. The hypothesis 
developed in this paper is pointing in the direction that the so called “Dark Mat-
ter” could now be seen as gravitational mass. Some numbers for the budge of our 
galactic gravitational field are 6 × 10−18 kg∙m−3 average density and 2Gm∙C−2∙r−1 = 
1.4 × 10−6 gravitational factor. 
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4. Conclusions 

Einstein understood that the GTR metric of space included Newtonian gravity 
because gravity produces the curvature of space-time. This is an example of the 
interplay between mathematics and physics that results in progress in both dis-
ciplines. However, it is important to realize that mathematical solutions can 
correspond to regions that predict exotic physical behavior of space and time. 

The idea mentioned above was split into two ideas. Here, it was assumed that 
the GTR is about the relativistic connections in the space-time coordinates and 
the fields filling those coordinates. Then it became natural to manipulate the 
gravitational field as is done with any other field. It looks like a simple idea, but 
it allows to find an exact solution of the GTR equations that included the 
Schwarzschild’s solution as an approximate solution for weak gravitational 
fields. Our approach was based on the idea that gravitational field has energy 
and that energy can behave as a gravitational mass. 

In [35] a sacrifice was made assuming that photons have rest mass and that 
makes the existence of exotic Dark Energy unnecessary. Here, applying the same 
logic to the possible particles of gravity, the idea of Dark Matter becomes unne-
cessary to explain what happens in regions where gravity is strong. If the model 
proposed here is correct, exotic, and yet unobserved phenomena may be unne-
cessary. 
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Abstract 
The truncated version of the two-parameter Sujatha distribution is analysed. 
In particular, its probability density function and distribution function are 
obtained. The results are applied to the initial mass function for stars, to the 
luminosity function for galaxies, to the number of galaxies as a function of 
the redshift and to the average absolute magnitude of a galaxy as a function of 
its redshift. 
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1. Introduction 

The one-parameter Sujatha distribution was introduced by [1], deriving the 
most important statistical quantities This distribution has been generalized in 
various ways [2] [3] [4] [5] [6]. Some questions are still to be analysed:  

1) Is it possible to introduce the effect of truncation for the Sujatha distribu-
tion?  

2) Is the Sujatha distribution useful to model the initial mass function (IMF) 
for the stars?  

3) Is it possible to model the luminosity function for galaxies (LF) with the 
Sujatha distribution?  

This paper reviews the Sujatha distribution in Section 2, introduces the scale 
in Section 3, evaluates the main statistical parameters of left- and right-truncated 
Sujatha distributions with scale in Section 4, derives the luminosity function (LF) 
for galaxies in Section 5, derives the truncated LF for galaxies in 6 and applies 
the results to same astrophysical samples, see Section 7. 
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2. The Sujatha Distribution 

Let X be a random variable with values in [ ]0,∞ . Then, the one-parameter Su-
jatha probability density function (PDF), ( )f x , is  

( )
( )3 2

2

1 e
; ,

2

bxb x x
f x b

b b

−+ +
=

+ +
                   (1) 

where b is the shape parameter, see [1]. Figure 1 shows a 3D surface of this PDF. 
The distribution function (DF), ( )F x , is  

( )
( ) ( )( )2 2 2

2

2 1 2 1 e 2
; .

2

bxx x b x b b b
F x b

b b

−− + − − − + − − + + +
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+ +
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Its average value or mean, µ , is  

( ) ( )
2

2

2 6 ,
2

b bb
b b b

µ + +
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+ +
                      (3) 

its variance, 2σ , is  
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σ + + + +
=

+ +
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its skewness is  
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3
4 3 2 2
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+ + + + + +
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and its kurtosis is  
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Its kth moment about the origin, kµ′ , is  
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− − − ++ + + +
′ =

+ +
              (7) 

 

 

Figure 1. The Sujatha PDF as a function of the parameter b and the random variable. 
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Its mode, ( )Mode b , is 

( )
22 3 4 .

2
b bMode b

b
− + + − +

=                   (8) 

An approximate expression for its median, ( )Med b , can be obtained by a 
Taylor expansion of order 2 for the DF around the average value  

( )
( )

( )( )( )

2

2
2 6

42 8 7 6 5 4 3 22

2 2 4 2

2 e 4 20 84 220 494 804 1104 984 704
.

2 2 3 3 6 12

b b
b bb b b b b b b b b b

Med b
b b b b b b b

+ +

+ +− + + + + + + + + + + +
=

+ + + + + +
 (9) 

As an example, the above approximate median at 1b =  has a percentage er-
ror of 1.11%. The moment generating function, XM , is  

( )
( )

( )( )

2 2 3

32

2 2
; .

2
X

b bt t b t b
M t b

b b b t

− + + − +
=

+ + −
              (10) 

A random generation of the Sujatha variate X can be obtained by solving the 
nonlinear equation  

( ); ,F x b R=                          (11) 

where R is the unit rectangular variate and F is given by Equation (2). The pa-
rameter b can be derived from the sample mean, x , by solving the cubic Equa-
tion (3)  

( )
( )( )

( )

1
34 3 2 3 2

1
34 3 2 3 2

3 3 7 28 171 32 5 8 66 6 1

3
1 5 1 1.

3
3 3 3 7 28 171 32 5 8 66 6 1

x x x x x x x x
b

x
x x x

x
x x x x x x x x x

+ + + + + + + +
=

− + −
− −

+ + + + + + + +

 (12) 

3. The Sujatha Distribution with Scale 

The two-parameter Sujatha PDF, ( )sf x , introduces the scale, s, in the Sujatha 
PDF  

( ) ( )

2
3

2

2

1 e
; , ,

2

bx
s

s

x xb
ss

f x b s
b b s

− 
+ + 

 =
+ +

                 (13) 

which has the DF  

( )
( ) ( )( ) ( )

( )
2 2 2 2 2 2

2 2

2 2 e 2
; , .

2

bx
s

s

s sx x b s s x b s s b b
F x b s

s b b

−
− − − − + − + + +

=
+ +

   (14) 

We now determine some quantities, among others, its average value is  

( ) ( ), ,s b s b sµ µ= ×                       (15) 

its variance is  

( ) ( )2 2 2, ,s b s b sσ σ= ×                      (16) 
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its median is at  

( ) ( ), ,sMed b s Med b s= ×                    (17) 

and its mode is  

( ) ( ), .sMode b s Mode b s= ×                   (18) 

The two parameters b and s can be derived by the numerical solution of the 
two following equations, which arise from the maximum likelihood estimator 
(MLE),  

( ) 1
2

2 13 0,
2

n

i
i

xn bn
b sb b

=+
− − =

+ +

∑
                   (19a) 

( )3 2 2 3

2 2
1

2

1 2
3

0,

n
i i i

i i i

bx bsx s b x s
ns

s x s x
s

=

 + + + +
− +   + +  =

∑
           (19b) 

where the ix  are the elements of the experimental sample with i varying be-
tween 1 and n. 

4. The Truncated Sujatha Distribution with Scale 

Let X be a random variable with values in [ ],l ux x . The truncated two-parameter 
Sujatha PDF, ( )Tf x , is  

( )
( )3 2 2 e

; , , , ,

bx
s

T l u

b s sx x
f x b s x x

A

−
+ +

=               (20) 

where  

( ) ( )( )

( ) ( )( )

2 2 2 2

2 2 2 2

2 2 e

e 2 2 .

l

u

x b
s

l l

x b
s

u u

A s b b bx b s b x

s b b bx b s b x s

−

−


= + + + + +



− + + + + + 



          (21) 

The truncated DF, TF , is  

( )
( ) ( )( ) ( ) ( )( )2 2 2 2 2 2 2 22 2 e 2 2 e

; , , , ,

lx b bx
s s

l l l
T l u

s sx x b s s x b s s sx x b s s x b s
F x b s x x

B

− −
+ + + + + − + + + + +

=  (22) 

where  

( ) ( )( )
( ) ( )( )

2 2 2 2

2 2 2 2

2 2 e

2 2 e .

l

u

x b
s

l l l

x b
s

u u u

B s sx x b s s x b s

s sx x b s s x b s

−

−

= + + + + +

− + + + + +

          (23) 

Its average value, Tµ , is  

( ), , , ,T l u
Nb s x x
D

µ =                        (24) 

where  
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( ) ( ) ( )( )
( ) ( ) ( )( )

2 2 3 2 2 2 2 3

2 2 3 2 2 2 2 3

2 3 2 3 6 e

2 3 2 3 6 e

l

u

x b
s

l l l l l l

x b
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u u u u u u

N x s sx x b s s sx x b s s x b s

x s sx x b s s sx x b s s x b s

−

−

= + + + + + + + +

− + + + + + + + +

  (25) 

and  

( ) ( )( )

( ) ( )( )

2 2 2 2

2 2 2 2

2 2 e

e 2 2 .

l

u

x b
s

l l l

x b
s

u u u

D b s sx x b s s x b s

s sx x b s s x b s

−

−


= + + + + +




− + + + + + 


        (26) 

The first two parameters, lx  and ux , of the truncated Sujatha distribution 
can be obtained from the empirical data by evaluating the minimum and maxi-
mum elements of the sample. Consider a sample 1 2, , , nx x x=   and let  

( ) ( ) ( )1 2 nx x x≥ ≥ ≥  denote their order statistics, so that ( ) ( )1 21 max , , , nx x x x= 
, 

( ) ( )1 2min , , , nnx x x x= 
. The first two parameters lx  and ux  are  

( ) ( )1, .l unx x x x= =                       (27) 

The remaining two parameters, b and s, are obtained by maximizing the MLE 
but the results are complicated and therefore we omit them. 

5. The Luminosity Function 

The Sujatha luminosity function (LF) can be derived from Equation (13):  

( ) ( )
( )

3 2 2
* * *

2 3

e
; , , d ,

2

*
bL

* * L

*

b L LL L
L b L L

b b L

−
+ +

Ψ Ψ = Ψ
+ +

          (28) 

where L is the luminosity, *L  is the characteristic luminosity and *Ψ  is a 
normalization, i.e. the number of galaxies per cubic Mpc. The mean luminosity 
per unit volume, j, is  

( )
( )
( )
2

20

2 6
d ,

2

* *L b b Y
j L L l

b b b
∞ + +

= Ψ =
+ +∫                (29) 

and the average luminosity, L , is  

( )
( )

2

2

2 6
.

2

*L b b
L

b b b

+ +
=

+ +
                     (30) 

The version in absolute magnitude is  

( )
( ) ( )0.4 0.4

* *

3 10 0.4 0.4 1.2 1.2 0.8 0.8

2

; , , d

0.4 ln 10 e 10 10 10
,

2

*M M * * ** b M M M M M M

M b M M

b Y

b b

− +− − + − + − +

Ψ Ψ

+ +
=

+ +

 (31) 

where *M  is the characteristic magnitude. We now introduce the parameter h, 
which is 0 100H , where 0H  is the Hubble constant. The scaling with h is 

*
105logM h−  and * 3 3Mpch − Ψ   . 
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6. The Truncated Luminosity Function 

We start with the truncated Sujatha PDF with scale as given by Equation (20)  

( ) ( )3 2 2
* * *

e
; , , , , d d ,

*
bL

* * *L

l u

b L LL L L Fistar
L b L L L L L

E

−
+ +

Ψ Ψ = Ψ     (32) 

where L is the luminosity, *L  is the characteristic luminosity, lL  is the lower 
boundary in luminosity, uL  is the upper boundary in luminosity, *Ψ  is a 
normalization factor and  

2 2 2 2 2 2 2 2 2

2 2 2 2

2 2

e e e e e

e e e 2 e 2 e

2 e 2 e .

l u l u l
* * * * *

u l u l u
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l u
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L b L b L b L b L b
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l u l

L b L b L b L b L b
* * * *L L L L L

u l u

L b L b
* *L L

E L L b L b L b L L b L b L

b L L b L b L bL L bL

L L

− − − − −

− − − − −

− −


= − + − +



− + − + −


+ −



  (33) 

The magnitude version is  

( )* *; , , , , d ,l u
FM b M M M L
G

Ψ Ψ =                  (34) 

where  

( ) (
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5 5 0.4 0.4 0.4 1.23 1.0 10

0.4 0.4 0.8 0.4 0.4 0.4 0.4

0.4 ln 10 e 10

10 10 ,

*M M
*

l u

*
l u l u

M M M Mb

M M M M M M M

F b
− +

+ + −−

+ − + − −

= −

+ +

         (35) 

where  
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 (36) 

where M is the absolute magnitude, *M  the characteristic magnitude, lM  the 
lower boundary in magnitude and uM  the upper boundary in magnitude. The 
mean theoretical absolute magnitude, M , is  

( )
( )

* *

* *

; , , , , d
.

; , , , , d

u

l

u

l

M
l uM

M
l uM

M M b M M M M
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M b M M M M

×Ψ Ψ
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Ψ Ψ

∫
∫

             (37) 

https://doi.org/10.4236/ijaa.2021.114028


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.114028 523 International Journal of Astronomy and Astrophysics 
 

The Photometric Maximum 

Following a procedure outlined in Section 5.4 of [7], the joint distribution in z, 
the redshift, f, the flux and Ω , the solid angle, for the number of galaxies in the 
case of the Sujatha distribution LF, see Equation (28), is  

( ) ( )
( )

2

2* 4 3 5 4 2 2 4

2 5 4
0

d ; , , 4 e
,

d d d 2

crit

b z
z

crit l crit crit

*
crit

N z b z z b c z z z z

z f b b H L z

π
−

Ψ + +
=

Ω + +
       (38) 

where the critical value of z, critz , is  
2 *

2 0
2 ,

4crit
H L

z
fcπ

=                          (39) 

where *L  was defined in Section 5 and c is the speed of light. Recall that in the 

pseudo-Euclidean universe, the flux of radiation, f, expressed in units of 2Mpc
L
  

units, where L


 represents the luminosity of the sun, is  

2 ,
4

Lf
D

=
π

                          (40) 

where D is the distance of the galaxy expressed in Mpc, and  

0

.lc z
D

H
=                            (41) 

The number of galaxies as a function of the redshift has a maximum at  

( )
1
64 3 2 3 2

,

6 3 3 3 6 13 108 368 7 15 12 128

Gz

b b b b b b b b b

=

+ − + + + + + +

 (42) 

where  

( )( )
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34 3 2 3 26 3

1
21 2
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G b b b b b b b b b

b b b b b b b b b b z


= − × − + − + + + + + +




− + × + − + + + + + + + +



 (43) 

Figure 2 shows the number of galaxies as a function of the parameter b and 
the redshift z. 

The mean redshift as a function of critz  and b is  

( )
( )
( )

2

2

32 3 12
, .

3 4 10 35
crit

crit

z b b
z b z

b b b

+ +

+ +π
=                 (44) 

7. Astrophysical Applications 

The merit function 2χ , the reduced merit function 2
redχ , the goodness of fit, Q, 

the Akaike information criterion (AIC), the maximum distance in the Kolmo-
gorov-Smirnov test (K-S), D, and the significance level, KSP , in the K-S test 
were defined in Section 5.1 of [7]. 
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Figure 2. The number of galaxies as a function of the parameter b and the redshift when 
* 23.7M = − , 6

21.29 10
Mpc

Lf = ×   and 1h = . 

7.1. The IMF 

We tested the truncated Sujatha distribution on four samples of stars: NGC 2362 
(271 stars), the young cluster NGC 6611 (207 stars), the γ  Velorum cluster 
(237 stars), and the young cluster Berkeley 59 (420 stars). (For more details, see 
Section 5.2 of [8]). The results are presented in Table 1 for the truncated Sujatha 
distribution. The last column shows whether the results are better (Y) than for 
the lognormal distribution or worse (N). The results with the lognormal distri-
bution were given in Table 1 in [8]. 

The empirical PDF visualized through histograms as well as the theoretical 
PDF for NGC 6611 are reported in Figure 3 and those for the γ  Velorum 
sample are reported in Figure 4. 

7.2. The Luminosity Function 

The first test was performed on the *u  band of SDSS as in [9] with data availa-
ble at https://cosmo.nyu.edu/blanton/lf.html. The Schechter function, the new 
Sujatha LF represented by Formula (28) and the data are reported in Figure 5 
with parameters as in Table 2. 

A careful examination of Table 2 reveals that the Sujatha LF has a bigger 2
redχ  

compared to the Schechter LF. 
The second test is on the LF for quasi stellar objects (QSO) in the case 

0.3 0.5z< < , see [10] for more details. Figure 6 displays the observed LF for 
QSO as well the theoretical fit with the Sujatha LF. The parameters and the sta-
tistical results for the Schechter LF are reported in Table 3 and those for the Su-
jatha LF in Table 4; the Sujatha LF has a bigger 2

redχ  than the Schechter LF. 
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Table 1. Numerical values of 2
redχ , AIC, probability Q, D, the maximum distance between theoretical and observed DF, and KSP , 

the significance level, in the K-S test of the truncated Sujatha distribution with two parameters for different mass distributions. 
The number of linear bins, n, is 20. 

Cluster parameters AIC 2
redχ  Q D KSP  LN 

NGC 2362 26.95 10b −= × , 21.61 10s −= × , 0.12lx = , 1.47ux =  44.44 2.24 1.81 × 10−3 4.85 × 10−2 0.534 N 

NGC 6611 8.49b = , 3.57s = , 0.019lx = , 1.46ux =  43.15 2.17 2.71 × 10−3 5.67 × 10−2 0.5 Y 

γ  Velorum 69297b = , 16663s = , 0.158lx = , 1.317ux =  42.99 2.16 2.85 × 10−3 6.14 × 10−2 0.322 Y 

Berkeley 59 3465b = , 1040s = , 0.16lx = , 2.24ux =  78.12 4.11 8.96 × 10−9 0.139 1.45 × 10−7 N 

 
Table 2. Numerical values and 2

redχ  of the LFs applied to SDSS Galaxies in the *u  
band. 

LF parameters 2
redχ  

Schechter * 17.92M = − , 0.9α = − , * 30.03 MpcΦ =  0.689 

Sujatha * 20.70M = − , 18.83b = , * 30.029 MpcΨ =  6.6 

 
Table 3. Parameters of the Schechter LF in the range of redshift [ ]0.3,0.5  when 3k =  

and 10n = . 

*M  *Ψ  α  2χ  2
redχ  Q AIC 

−23.75 8.85 × 10−7 −1.37 10.491 1.49 0.162 16.49 

 
Table 4. Parameters of the Sujatha LF for QSOs in the range of redshift [ ]0.3,0.5  when 

3k =  and 10n = . 

*M  *Ψ  b 2χ  2
redχ  Q AIC 

−25.2 2.41 × 10−6 12.56 32.05 4.57 3.96 × 10−5 38.05 

 

 

Figure 3. Empirical PDF of the mass distribution for NGC 6611 cluster data (blue histo-
gram) with a superposition of the truncated Sujatha PDF (red line). Theoretical parame-
ters as in Table 1.  
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Figure 4. Empirical PDF of the mass distribution for γ  Velorum cluster data (blue his-
togram) with a superposition of the truncated Sujatha PDF (red line). Theoretical para-
meters as in Table 1.  
 

 

Figure 5. The LF data of SDSS ( *u ) are represented with error bars. The continuous line 
fit represents the Sujatha LF (28) and the dotted line represents the Schechter function. 
 

 

Figure 6. The observed LF for QSOs, empty stars with error bar, and the fit by the Suja-
tha LF for z in [ ]0.3,0.5  and M in [ ]24.93, 22− − . Parameters as in Table 4. 
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7.3. The Photometric Maximum 

Figure 7 shows the number of observed galaxies for the 2MASS Redshift Survey 
(2MRS) catalog at a given apparent magnitude and both the Schechter and the 
Sujatha models for the number of galaxies as function of the redshift.  

7.4. Mean Absolute Magnitude 

The absolute magnitude that can be observed, as a function of the limiting ap-
parent magnitude, Lm , is  

10
0

5log 25,L L
czM m
H

 
= − − 

 
                 (45) 

where 11.75Lm =  for the 2MRS catalog. 
The theoretical average absolute magnitude of the truncated Sujatha LF, see 

Equation (37), can be compared with the observed average absolute magnitude 
of the 2MRS as a function of the redshift. To fit the data, we assumed the fol-
lowing empirical dependence on the redshift for the characteristic magnitude of 
the truncated Sujatha LF  

0.7
* min

max min

25.14 2.5 1 .
z zM

z z

  − = − + −   −  
             (46) 

 

 

Figure 7. The galaxies of the 2MRS with 10.31 10.47m≤ ≤  or  

2 21164793 1346734
Mpc Mpc

L L
f≤ ≤   are organized in frequencies versus heliocentric 

redshift, (empty circles); the error bar is given by the square root of the frequency. The 
maximum frequency of observed galaxies is at 0.017z = . The full line is the theoretical 

curve generated by ( )d
d d d

N z
z fΩ

 as given by the application of the Schechter LF which is 

Equation (43) in [11] and the dashed line represents the Sujatha LF which is Equation 
(38). The parameters for the Sujatha LF are 3.2b =  and * 23.28M = − , 2 198.34χ =  
for the Schechter LF and 2 205.18χ =  for the Sujatha LF. 
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Figure 8. Average absolute magnitude of the galaxies belonging to the 2MRS (green- 
dashed line), theoretical average absolute magnitude for the truncated Sujatha LF (blue 
dash-dot-dash-dot line) as given by Equation (37), lower theoretical curve as represented 
by Equation (45) (red line) and minimum absolute magnitude observed (cyan dotted 
line). 
 

This relationship models the decrease of the characteristic absolute magnitude 
as a function of the redshift and allows us to match the observational and theo-
retical data. The lower bound in absolute magnitude is given by the minimum 
magnitude of the selected bin, the upper bound is given by Equation (45), the 
characteristic magnitude varies according to Equation (46) and Figure 8 shows a 
comparison between the theoretical and the observed absolute magnitude for the 
2MRS catalog. 

8. Conclusions 

Sujatha distribution with scale 
We derived the PDF, the DF, the average value, the variance, the median, the 

mode, an expression to generate random numbers and the way to obtain the two 
parameters, b and s, by the MLE for the Sujatha distribution with scale. 

Truncated Sujatha distribution 
We derived the PDF, the DF, and the average value of the truncated Sujatha 

distribution. The application of this distribution to the IMF for stars gives better 
results than the lognormal distribution for two out of four samples, see Table 1. 

Sujatha luminosity function 
We derived the Sujatha LF in the standard and the truncated case. The appli-

cation to both the SDSS Galaxies and to the QSOs in the range of redshift 
[ ]0.3,0.5  yields a lower reduced merit function compared to Schechter LF, see 
Table 2 and Table 4. 

Cosmological applications 
The number of galaxies as a function of the redshift, the flux and the solid an-
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gle for the Sujatha LF in the pseudo-Euclidean universe presents a maximum 
which can be compared with the observed one for the 2MRS, see Figure 7. The 
truncated Sujatha LF fits the average absolute magnitude of the 2MRS galaxies as 
a function of the redshift, see Figure 8, but the 2χ  is bigger than that produced 
by the equivalent Schechter formula. 
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