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Abstract 
Studying the two famous old problems that why the moon can move around 
the Sun and why the orbit of the Moon around the Earth cannot be broken 
off by the Sun under the condition calculating with 2F GMm R= , the at-
tractive force of the Sun on the Moon is almost 2.2 times that of the Earth, we 
found that the planet and moon are unified as one single gravitational unit 
which results in that the Sun cannot have the force of 2F GMm R=  on the 
moon. The moon is moved by the gravitational unit orbiting around the Sun. 
It could indicate that the gravitational field of the moon is limited inside the 
unit and the gravitational fields of both the planet and moon are unified as 
one single field interacting with the Sun. The findings are further clarified by 
reestablishing Newton’s repulsive gravity. 
 
Keywords 
Interaction of Gravitational Field, Three-Body Problem, Orbital Perturbation 
Theory, Repulsive Gravity, Neutralization of Gravity 

 

1. Introduction 

The theory of gravity is developed from astronomy observation. It is the main 
achievement that the theory of gravity is valid to understand the celestial orbit 
and to design artificial orbit. In this work, we found, the current theory for the 
orbit in the Sun-planet-moon system need be re-explained and re-understood 
with the interaction of gravitational field. And, a theory for the interaction of 
gravitational field could be developed by further understanding the orbit in the 
Sun-planet-moon system. 
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In the time of the geocentric theory, through observation, the orbits of some 
celestial bodies can be accurately predicted and the accurate ephemeris and al-
manac are established. Observing the shape and orbit of the celestial bodies, Ni-
colaus Copernicus [1] established the heliocentric theory in 1507. Based on Kep-
ler’s law, [2] Sir Isaac Newton [3] established the theory of gravity in The Ma-
thematical Principles of Natural Philosophy in 1687. And, Newton established 
the theory of orbit. After the Newtonian theory of gravity, the orbit is not only 
an observed result, but can be understood with celestial mechanics and can be 
designed artificially. 

Factually, an orbit is not only determined with 
2

2

Mm mvG
RR

= , but is always  

perturbed by several celestial bodies. The orbital perturbation theory was initial-
ly formulated by Newton [3] [4]. Now, it is generally introduced in textbooks 
[5]. 

Almost in 1900, from the Newtonian theory of gravity, the Hill sphere was de-
rived [6] [7]. The sphere of influence, including the Hill sphere and Laplace 
sphere, is generally used to study the extrasolar system and to design the inter-
planetary satellite orbiter [8]-[14]. The Hill sphere is valid to understand the or-
bital stability zone of a moon around a planet [10] [11] [12] [13] [14]. 

After 1900, Einstein’s general relativity [15] and quantum mechanics were es-
tablished. And, the quantum theory of gravity was presented. Generally, it is 
thought that Einstein’s general relativity is a good theory for gravity while we are 
very far from having a complete quantum theory of gravity [16]. 

In this work, we noticed that there is a series of problems about the orbit in 
the solar system. 1) There is a famous old problem: [17] Why the orbit of the 
Moon around the Earth is stable under the condition that calculated with New-
ton’s law of 2F GMm R= , there is 2.2sm emF F ≈ , where smF  and emF  are 
the force of the Sun and Earth on the Moon, respectively. 2) As the Earth is or-
biting around the Sun, the Moon is also moving around the Sun. An old prob-
lem is: What is the mechanics that makes the Moon moved around the Sun? [18] 
3) In 1860, Delaunay [17] [19] presented that the Earth-Moon system is binary 
planet. The binary planet was used to explain the Moon moving around the Sun 
by Turner [18] in 1912. And, now the Pluto-Charon system is thought binary 
[20] [21] [22] [23]. In 1700s it was reported that binary star was observed [24]. 
Now, the binary star/planet/blackhole is very prevailing. But, what is the me-
chanics that could make two planets/stars/blackholes orbit around the barycen-
ter of them or orbit around each other? 4) Generally, in studying the orbit of the 
Moon, the Sun-Earth-Moon system was studied by Newton [3]. Before Poincaré, 
the Three-body problem had been studied generally [25]. Euler [26], Lagrange 
[27], Jacobi [28] and Hill [6] [7] had contribution to the restricted Three-body 
problem. Poincaré [29] [30] [31] published his study about the Three-body 
problem in 1892-99. Today, from the Poincaré’s equation, it is generally believed 
that the orbits in the Three-body system are chaotic. But, why the orbits in the 
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typical three-body, such as the Sun-Earth-Moon system and Sun-Pluto-Charon 
system, are stable? 

In the Pluto system, the mass of the Charon is almost 0.12 times that of the 
Pluto. This is a special case for the planet-moon system. The Charon is discov-
ered in 1978 [32]. Therefore, some of the theories and concepts that presented 
before 1978 need be rechecked and re-understood with the Pluto system. Calcu-
lating with 2F GMm R= , as the Pluto is at the perihelion of the orbit around 
the Sun, there is 40cp spF F ≈ , where spF  and cpF  are the gravitational force 
of the Sun and Charon on the Pluto, respectively. Therefore, from the Plu-
to-Charon system, we presented a new problem: Why the orbit of the Pluto 
around the Sun was not broken off by the Charon? (Now, the Pluto is excluded 
from the planet. But, in studying the orbits in the Pluto system, [20] [21] [22] 
[23] the mechanics and dynamics are just that for other planets. So, the Sun- 
Pluto-moon system can be treated as a Sun-planet-moon system.) 

These problems are fundamental. Although having been studied by many 
scientists for long time, they are still open problems. It seems that a new line is 
needed to understand them. Here, we present, these problems could be unders-
tood with the interaction of gravitational field. And, the orbital perturbation 
theory is a valid theory for that it is well applied in designing artificial orbit. 
Therefore, here, we shall investigate other theories of orbit with the orbital per-
turbation theory. In Sec. 2, the line of the moon moving around the Sun is stu-
died systematically. From the orbital perturbation theory, we found, a pla-
net-moon system is unified as one single solid gravitational unit orbiting around 
the Sun. And, the gravitational fields of both the planet and moon are unified as 
one field interacting with that of the Sun while the field of the moon is limited in 
the unit. This is our main conclusion. In Sec. 3, the Poincaré’s equation for 
Three-body problem is compared with the orbital perturbation equation. It is 
shown that, the gravitational unit and the interaction of gravitational field are 
implied in the orbital perturbation theory. And, it is wrong that a gravitational 
field could interact with any other ones with the force of 2F GMm R= . There-
fore, this comparison shows a clear outline about the problem in the current 
understanding about the gravitational field. In Sec. 4, it is shown that Newton’s 
conclusion that the perturbation of the Sun to the Moon is always repulsive was 
well observed from the artificial orbit with modern technology. In Sec. 5, it was 
presented that, the Hill sphere and the orbital perturbation theory are comple-
mentary to each other. In Sec. 6, we presented that all of the gravitational fields 
are interacting with others, no gravitational field can be isolated from others. So, 
the gravitational field only can be understood from the interacting field. And, by 
analogy to the Maxwell equation, we establish a set of equations for the interac-
tion of gravitational field. In Sec. 7, it is pointed out that our concept of 
gravitational unit is very analogous to the concept of binary planet which is cur-
rently used to explain the line of the moon moving around the Sun. But, obser-
vation showed that the Pluto and Charon is not binary system. The current 
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theory for binary system is questioned. In Sec. 8, we presented that our result 
could be valid to the orbit in the galaxy. The conclusion is Sec. 9. It is concluded 
that it is the time to remodel the theory of the gravity. And, the space for the in-
teraction of gravitational field is much larger than that for other fields. It should 
be a good case to better observe and understand the interaction of all fields. 

2. Orbital Perturbation Theory and the Lines  
of Moons Moving around the Sun 

As a moon is orbiting around a planet, it is also moving around the Sun. But, till 
now, the line of the moon moving around the Sun has not been systematically 
studied. Here, it is shown that, there are two typical lines of the moon moving 
around the Sun as shown in Figure 1. In Figure 1(a), the black line is that the 
Moon is moved around the Sun. As the Earth orbits around the Sun from point 
A to B, the Moon just orbited a period around the Earth. The direction of the 
orbit of the Moon moving around the Earth in AC is different from that in CB. 
In Figure 1(b), the orbit of the moon around a planet is vertical to that of the 
planet around the Sun. The line of the moon moving around the Sun is helix. 
And, between the two kinds of typical lines there are many other kinds of the 
lines for the moon moving around the Sun. A crucial problem was presented 
[18]: What is the mechanics that makes the moon moved around the Sun? 

Figure 1 shows that relative to the direction of the moon moving around the 
Sun, the direction of the orbit of the moon around the planet can be varied in all 
directions. For example, in Figure 1(a), as the Moon moves from point C to B, 
the direction of the Moon orbiting around the Earth is contrary to that of the 
Moon moving around the Sun. And, in Figure 1(b) the two directions are ver-
tical to each other. And, the velocity of the Moon around the Sun is almost 30 
km/s. It is almost equal to that of the Earth around the Sun while that of the 
Moon around the Earth is almost 1.023 km/s. No any force that is out of the pla-
net-moon system could make the moon moved in such a case. The only reason is  

 

 
Figure 1. The line of a moon moved around a star. Assuming that The orbit of the moon around 
the planet and that of the planet around the star are in a same plane, there are two typical kinds of 
lines as shown in (a) and (b). Between the two kinds of lines, there are many other different kinds 
of lines. 
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that a planet-moon system is one single gravitational unit that is moved by that 
the planet orbits around the Sun. A moon cannot independently move around 
the Sun. It is a part of a planet-moon gravitational unit that orbits around the 
Sun. 

There are two features for a planet-moon unit orbiting the Sun. First, the orbit 
of a planet-moon unit around the Sun is only determined with the velocity pv   

and mass pm  of the planet and the gravitational force of the Sun 2
S pM m

G
R

, 

i.e., 
2

2
S p p

p

M m v
G m

RR
= , where s and p denote the Sun and planet respectively.  

(For convenience, in this work, we assume all orbits are circular and on a same 
plane.) The mass and velocity of the moon cannot affect the orbit. The evidence 
is that the orbit of the Pluto around the Sun is not affected by the Charon al-
though the calculated attractive force of the Charon on the Pluto is larger than 
40 times that of the Sun. Second, the force out of a planet-moon unit cannot af-
fect the orbit of the moon around the planet and the line of the moon around the 
Sun. The evidence is that the Moon is not moved to the Sun although the calcu-
lated gravitational force of the Sun on the Moon is almost 2.2 times that of the 
Earth on the Moon. 

The planet-moon unit orbiting around the Sun could be well understood with 
the orbital perturbation theory and the Hill sphere. 

The Hill sphere usually deals with the stability of the orbit of the moon around a 
planet. For the Sun-Earth-Moon system, it is approximately written as [8] 

( ) 31 3Hr e a m M≈ −                       (1) 

where Hr  is the Hill radius, M and m are the mass of the Sun and Earth, a and e 
are the semi-major axis and eccentricity of the orbit of the Earth, respectively. 

The Hill sphere means that, inside the radius of Hr , the Earth dominates the 
gravity. And, the condition for that a moon orbits around a planet in a stable 
way is that only if the moon lies always within the Hill sphere. 

The Pluto-Charon system shows another problem for the theory of gravity. 
Because of 40cp spF F ≥ , if the formula 2F GMm R=  was valid for the gravi-
tational force of the Charon acting on the Pluto, the orbit of the Pluto around 
the Sun should have been broken off long time ago. The orbit of the Pluto 
around the Sun is stable. It certainly shows that the Charon cannot act on the 
Pluto with the force 2F GMm R= . It means that, out of the Hill sphere, the 
moon cannot have the force 2F GMm R=  on other bodies. 

From the orbital perturbation theory, [5] the force of the Sun and Moon on an 
artificial satellite orbiting around the Earth was exactly known. 

In the N-body system, the orbit of an artificial satellite around the Earth is de-
termined with: 

3 3 31
n jiE

total ii
i j

Mg G Gm
r r r=

 
= + −  

 
∑

rr
r                 (2) 
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where EM  is the mass of the Earth, r is the distance between the Earth and the 
satellite. i is the ith body, im  is the mass of ith body. For the Sun-Earth-Moon 
system, i = 2, i.e., the Sun and Moon. ir  is the distance between the satellite and 
the ith body, jr  is the distance between the Earth and ith body, , ir r  and jr  
are vectors. 

Equation (2) shows that the Earth is a central mass which determines the orbit 
of the Moon around the Earth, while the Sun only can have a perturbative force 
on the orbit. 

For an artificial satellite, the distance between the satellite and the Sun is al-
most equal to that between the Sun and Earth, i.e., i jr r≈ , the gravitational ac-
celeration of the Sun on the satellite approximately is 

32 s
perturb

M
g G

r
= R                        (3) 

where sM  is the mass of the Sun, r is the distance between the Sun and Earth, R 
is the distance between the satellite and Earth. (The perturbation theory is dis-
cussed in detailed in Sec. 4.) 

It is well known that, the perturbation force of the Sun on the satellite is very 
little. For a low orbit satellite, it is less than the force of the light pressure of the 
Sun on the same satellite. Usually, perturbg  of the Sun is on the level of 10−7 ms−2. 

Let’s consider the Earth-Moon-spacecraft system. In Figure 2, as a spacecraft 
is out of the Hill sphere of the Moon, from the perturbation theory of the orbit 
we know, the total gravitational acceleration by the force of both the Earth and 
Moon on it is 

2 32e m
total es

es

M M
g G G

r R
= + r                     (4) 

where eM  and mM  are the mass of the Earth and Moon respectively, R is the 
distance between the Earth and Moon and esr  is the distance between the Earth 
and spacecraft. 

It is emphasized, Equation (4) is well-confirmed. The theory of orbital per-
turbation is a well-understood and well-developed theory. It was used for the ar-
tificial orbit. The gravitational acceleration of the Earth and Moon on an artifi-
cial satellite around the Earth is just the Equation (4). 

It is interesting, as this spacecraft is inside the Hill sphere of the Moon, the 
total acceleration by the Earth and the Moon on it become as: 

2 32m e
total ms

ms

M M
g G G

r R
= + r                     (5) 

where msr  is the distance between the Moon and the spacecraft. 
We also emphasize, Equation (5) is also well-confirmed. The total acceleration 

of the Sun and Earth on a satellite orbiting around the Earth just is  

2 32e s
total es

es

M M
g G G r

r R
= + , where s and e denote the Sun and Earth, respectively.  

The reason that the force of the Sun on a satellite orbiting around the Earth is 
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only the perturbation force is that this satellite is inside the Hill sphere of the 
Earth just as in Equation (5) the spacecraft is inside the Hill sphere of the Moon. 

Comparing Equation (4) to Equation (5), it is shown that, for the same space-
craft, the central mass with the central force is corresponded with that the 
spacecraft is in which one Hill sphere. 

From the Hill sphere and Equations (4) and (5), understanding with the inte-
raction of gravitational field, it could be concluded that, the gravitational field of 
the spacecraft could be limited inside the Hill sphere of the Moon as shown in 
Figure 2. As the field of the spacecraft is limited, the Earth cannot have the force 
of 2F GMm R=  on the spacecraft. Therefore, generally, as a field of a mass is 
limited or trapped, it means that it cannot extend freely. And, it cannot interact 
with any ones with 2F GMm R=  in infinite space. 

Therefore, there are two observations for the limited field in the Earth-Moon 
system: 1) The field of the Moon is trapped or limited in the Hill radius of the 
Moon which is determined with Equation (1). It cannot extend infinitely. In 
another word, a gravitational field can be trapped into a limited zone by a large 
one. 2) Because it is trapped or limited inside the Hill radius zone, the force of 
the moon acting on the mass out of the Hill sphere is not 2F GMm R= . It is 
also the perturbation force, just as the force of the Moon on an artificial satellite 
around the Earth is only the perturbation force for that this satellite is out of the 
Hill sphere of the Moon. 

Therefore, there are the conclusions for the gravitational unit. 1) A primary 
gravitational unit is usually made up of a planet and a moon. It is inside the Hill 
sphere of the planet as shown in Figure 3. As the distance between the planet  

and the moon is less than 1
2 Hr  ( Hr  is the Hill radius of the planet), the orbit of  

 

 
Figure 2. The Hill sphere and the limited gravitational field. As a spacecraft is out of the 
Hill sphere of the Moon, the total gravitational acceleration by the force of both the Earth 

and Moon on it is 
2 32e m

total es
es

M Mg G G
r R

= + r ; As inside the Hill sphere of the Moon, it 

becomes 
2 32m e

total es
ms

M Mg G G
r R

= + r . It means that the field of the Moon is limited into the 

Hill sphere of the Moon. 
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Figure 3. The Hill sphere and gravitational union. The red circle is the Hill sphere. The 
Earth-Moon system orbits around the Sun on the orbit of the Earth as one single gravita-
tional unit. The force of the Sun on the Earth or that of the Earth on the Moon is 

2F GMm R=  while the Sun on the Moon is 32 s
perturb

Mg G
R

= r . 

 
the moon is stable [10] [11]. 2) A gravitational unit has an orbit around the Sun 
and the orbit is only determined with the velocity and mass of the planet. 3) The 
fields of the planet and moon are unified as one single field to interact with the  

Sun. In this case, the direct action of the Sun on the planet is 2
s

s
M

g G
R

=  while 

on the moon only is 32 s
perturb

M
g G

R
= r . 4) The gravitational field of the moon is  

limited or trapped inside the Hill sphere. It cannot have the action of 
2g Gm R=  on the planet. 5) The primary gravitational units can be combined 

to a larger unit, for example, the Sun-planets-moons unit contains several pla-
net-moon units. 

3. Two Different Understandings about Gravitational Field 

Continuing a series of previous studies for the Three-body problem, [25] [26] 
[27] [28] Poincaré [29] [30] [31] published his equation for the Three-body 
problem in 1892-1899. 

Denote the three masses by iM , where i = 1, 2 and 3, the positions of them 
with respect to the origin of a Cartesian coordinate system by the vectors iR , 
and define the position of one body with respect to another by ij j i= −r R R , 
where ij ji= −r r , 1, 2,3j =  and i j≠ , Poincaré’s equation is [25] 

2
3

2 31

d
d

i ji
i ijj

ij

M M
M G

t r=
= ∑

R
r                    (6) 

Comparing Equation (6) with Equation (2), it is easy to find that, in Equation 
(2) there is a central force from a central mass. Only the center mass ME have the  

force of 2
EM mF G

R
=  on the satellite m that is orbiting around the center mass. 
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It is different from the perturbative force of 3 31
n ji

perturb ii
i j

F Gm m
r r=

 
= −  

 
∑

rr
 by  

other bodies im . While in (6), the force of anybody interacting with another 
one is always 2F GMm R= . So, in Equation (6), no orbit in a Three-body sys-
tem could be stable. (Even the orbit of artificial satellite around the Earth is un-
stable. The orbit of a real artificial satellite is only acted by the Sun and Moon 
with the perturbative force. So, Poincaré’s restricted Three-body problem is 
questioned.) So, Equation (6) is invalid to understand why a real orbit, including 
the orbit of the Moon or an artificial satellite around the Earth, is stable. 

We noticed, for Equation (2), the central mass with the central force for the 
Moon is an observed result. For example, for the Sun-Earth-Moon system, it 
only can be an observation that the central mass for the Moon orbiting around is 
the Earth. Conversely, if calculated with 2F GMm R= , the central mass could 
be the Sun because the calculated force of the Sun on the Moon is 2.2 times that 
of the Earth. It means that, in the perturbation theory, the interaction of gravita-
tional field was taken as a condition implied in Equation (2). It is defined that 
the Sun cannot have the force 2F GMm R=  on the Moon. But, in the 
Poincaré’s equation, no observation about the real orbit was considered. It is a 
pure mathematics derivation based on 2F GMm R= . The Sun-Earth-Moon 
system and Sun-Pluto-Charon system are typical Three-body problem. Their or-
bits are stable. And, as applied the Poincaré’s equation on the orbits of the 
Sun-Earth-Moon and Sun-Pluto-Charon system, calculated with 2F GMm R= , 
the force of the Sun on the Moon is 2.2 times that of the Earth on the Moon and 
the force of the Charon on the Pluto is larger than 40 times that of the Sun on 
the Pluto, the calculated orbits in the two systems are certainly unstable. It is 
emphasized that, this is the crucial evidence to show that the Poincaré’s equation 
for Three-body problem is wrong. 

The Poincaré’s equation for Three-body problem is a strange presence. First, 
no orbit of the celestial body is chaotic. A broken orbit also is predictable. So, 
Poincaré’s equation cannot be related with any real orbit. Second, the orbits of 
the typical Three-body system are stable. Poincaré’s equation is invalid to un-
derstand these orbits. Third, Poincaré’s equation is invalid to design an artificial 
orbit. It is very clear, the Poincaré’s equation is nonsense in physics. But, there 
have been a big lot of works for the Poincaré’s equation and now every year a lot 
of thesd kinds of works are being published. This strange presence need be un-
derstood and explained with the theory of scientific communication. 

Comparing the Poincaré’s equation with the orbital perturbation equation, it 
is clearly shown that, there are two different understandings about the gravita-
tional field. It is noted that, the Poincaré’s equation is based on the assumption 
that a gravitational field could interacted with any other ones with the force 

2F GMm R= . This assumption is prevailing in current theory of gravity. With 
this understanding, in the Poincaré’s equation the observation of the real orbit is 
omitted. It only is based on mathematics derivation. Now, it presented that, 
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physics may be lost in mathematics which results in that the development of 
theoretical physics is stopped [33]. It seems that, the Poincaré’s equation may be 
a case that physics is lost in mathematics. 

In the orbital perturbation theory, Newton used mathematics to describe the 
observation of real orbit. But, in the age of Newton, the concept of field was not 
developed. Newton cannot know the interaction of the gravitational field clear. 
After Newton, it is misunderstood that a gravitational field can interact with any 
other ones with the force 2F GMm R=  has not been corrected. This misun-
derstanding is prevailing to nowadays. 

4. Newton’s Repulsive Gravity 

For convenience, in Figure 4, assuming that the Sun, Earth and Moon and the 
orbit of the Moon around the Earth are on a same plane. E is the Earth. M is the 
Moon which is orbiting around the Earth with a circle orbit. The Sun, M1, E and 
M2 are on a straight line. r and R are the distance between the Sun and Earth and 
between the Moon and Earth respectively. Under the condition of Figure 4, as 
the Moon is at point M1, the orbit of the Moon is perturbed by the Sun with: 

( )2 2

1 1
SGM

rr R

 
= − 

−  
g                     (7) 

where s and e denote the Sun and Earth, r and R are the distances between the 
Sun and Earth and between the Moon and Earth, respectively. 

From Equation (7), there is 

32 SGM
r

= Rg                          (8) 

As the Moon is moving on the orbit, from Equation (8) we have: 

( )2
3 3cos 1sGM

R
r

θ= − −g                     (9) 

It is stressed that Equation (9) is well applied in designing the orbit of artificial  
 

 
Figure 4. The direction of the perturbative force. g  is directed along line connected 
with the Earth and Moon. 
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satellite. It is well known that, the radius of an artificial orbit is varied by the 

transverse component 3

3
sin 2

2
sGM

R
r

θ⊥ =g  of Equation (9) [34]. The actual and  

predicted data of the radius of the GPS satellite at the precision of less than 3 cm 
usually can be provided by the GPS office [35] [36]. And, the force on an artifi-
cial satellite can be measured with the precision of 10−8 m/s2 [37]. So, Equation 
(9) was well measured in practice. 

Here, it is emphasized that, in Figure 4, it is the transverse component 

3

3
sin 2

2
sGM

R
r

θ⊥ =g  of Equation (9) that makes the radius of the orbit of the 

Moon varied [5]. It is clearly shown that, there is no force along the Sun-Moon line. 
The neutralization of gravity. The orbital perturbation theory clearly and cer-

tainly shows that, the Sun cannot act on the Moon with the force of 2
S mM M

F G
r

=   

along the line connected the Sun and Moon, where s and m denote the Sun and 
Moon, respectively. And, besides that as the Moon is at the point M1, there is no 
attractive force along the Sun-Moon line. It means that, the Sun cannot act on 
the Moon with a direct force. Therefore, the field of the Moon is very analogous 
to such an electric field that is neutralized. As an electric field is neutralized, it 
also cannot be directly acted by another charge. So, we could conclude that, the 
gravitational field of the Moon could be neutralized by the Earth. 

The repulsive gravity. It is noted that, in Equation (9), the direction of the 
force of the Sun on the Moon along the line EM2 (red arrow) is contrary to that 
along EM1 (green arrow) which is the direction that the Sun attracts the Moon. 
This is a clear observation. 

Factually, Newton formulated that, the perturbation of the Sun on the Moon 
is always repulsive [3] [4]. Today, we can easily prove with measurement that 
Newton is right. At point M2, the direction of the perturbative force is contrary 
to the attractive force of the Sun. And, besides along the green arrow, no other 
perturbative force is directed along the attractive force of the Sun. From Equa-
tion (9) we know, the force of the Sun perturbing to the Moon is along the blue 
line connected with the center of the Earth and the Moon. It is clear that the 
Moon is repulsed away from the center of the Earth along this direction by the 
perturbation of the Sun. In the artificial orbit, this force has been measured with 
the precision of 10−8 m/s2 [37]. It is certainly measured that the direction of the 
perturbative force of the Sun on an artificial satellite is just as that shown in 
Figure 4. But, Newtonian repulsive gravity has not been understood in current 
theory of gravity. Now, it is thought that the repulsive gravity is impossible. So, 
we think, now it is the time to reestablish Newtonian theory of repulsive gravity. 
Generally, the perturbative acceleration could be rewritten as 

2g
r

= −
Rg                          (10) 

where 2
SGM

g
r

=  is the gravitational acceleration of the Sun, r and R are the 
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distance between the Earth and the Sun and between the Earth and Moon, re-
spectively. R  is a vector. The sign “-” means that g  is a repulsive accelera-
tion. 

It is noted that, now, it is an observed result that the perturbative force is re-
pulsive gravity. While the reason that results in the repulsive gravity has not 
been known in current theory. A new theory is needed to know the reason. But, 
it is clear, in the Newtonian orbital perturbation equation, the repulsive gravity 
is defined. It corresponds to the center gravity. Under the condition of Figure 4, 
as the Moon is at point M2, the total acceleration of both the Sun and Earth on  

the Moon is 
( )2 2 2

1 1e
total S

M
g G GM

R rr R

 
= + − 

−  
. It is noted that, a general mi-

sunderstanding is that, as the Moon is at point M2, the total acceleration of both 

the Sun and Earth on the Moon is 2 2
e s

total
M M

g G G
R r

′ = + . And, as the Moon is at 

point M1, the total acceleration of both the Sun and Earth on the Moon is 

2 2
e s

total
M M

g G G
R r

′′ = − . But, in the orbital perturbation theory, totalg ′  and totalg ′′  

are radically excluded. It is clear, if totalg ′  and totalg ′′  were true, the orbit of the 
Moon around the Earth should have been broken off long time ago. It is impor-
tant, in any case, the acceleration of the Earth on the Moon is always 

2
e

e
M

g G
R

= . It determines that the orbit of the Moon around the Earth is stable.  

So, in previous, we call the Earth the center mass and eg  the center accelera-
tion. We repeat to emphasize, the center mass with the center force is an ob-
served result. It cannot be determined with the calculation based on 

2F GMm R=  for that, in this calculation, the force of the Sun on the Moon is 
2.2 times that of the Earth. For the same reason, the perturbative force with 
perturbative mass also is an observed result. The perturbative force is a such 
kind of force that is produced from the interaction of gravitational field that is 
different from the interaction for the center force. Both of the two kinds of 
forces are defined by Newton with his orbital perturbation theory. 

5. Hill Sphere and Gravitational Interaction 

In history, the Hill sphere was derived from Newtonian theory of gravity 
through the formula analogous to that Poincaré used to derive the equation for 
the Three-body problem. Because Poincaré’s equation is invalid, this derivation 
also is questioned. In this derivation, the condition for the Hill sphere is that, for 
mass M and m, it is needed that m/M is very little. But, in the Pluto-Charon sys-
tem, there is 0.12m M ≈ . It is certain, the Hill sphere is valid to the system. So, 
the Hill sphere need be re-understood with this system. It is clear, the Hill sphere 
is a valid theory in understanding the celestial orbit and in designing the artifi-
cial interplanetary orbit. So, we prefer to believe that, the Hill sphere is an ob-
served result. 

Here, we present that, the Hill sphere could be better understood with the or-
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bital perturbation theory. We found, the Hill sphere and the orbital perturbation 
theory are complementary for each other. Both of them are needed to under-
stand the orbits of the Three-body problem. The Hill sphere studies the stability 
zone of the orbit while the orbital perturbation theory studies the force of eve-
rybody on the orbit. In mechanics, the stability zone is determined with the 
force. 

It is noted that, in current theory of gravity, the Hill sphere and the orbital 
perturbation theory are independent of each other. It is in this work, it is first 
presented that, the force inside and out of the Hill sphere is determined with or-
bital perturbation theory. Currently, it is known, the Hill sphere means that, in-
side the Hill radius of Hr  of the Moon, the Moon dominates the gravity. But, it 
is not clear what is the force inside and out of the radius. The orbital perturba-
tion theory determined that the total gravitational acceleration of the Earth and 
Moon on a satellite is Equations (4) or (5). But, it is not known what is the dis-
tance (radius) that Equations (4) or (5) can work. So, we think, the Hill sphere 
and the orbital perturbation theory are two sides of a coin. The orbital perturba-
tion theory determined that the total acceleration is Equations (4) or (5). While 
the Hill radius determined the distance that Equations (4) or (5) can work. i.e., 
inside the Hill radius Equation (5) works while out of the Hill radius Equation 
(4) works. For the reason, the Equations (1) and (10) could be combined as 

2g
r

= −
Rg , HR r≤                      (11) 

where Hr  is the Hill radius which is determined in Equation (1). 
In Equation (11), because the perturbative force is measured with high preci-

sion, the force in a Hill sphere is clear. As shown in Figure 5, in the Hill sphere  
 

 
Figure 5. Hill sphere and the force of the Sun on the Moon. In the Hill sphere, the Earth 
dominates the gravitational force on the Moon. The force of the Sun on the Moon is 

2s sg
r

= −
Rg  as shown in the blue arrow, where 2

s
s

Mg G
r

= . sg  means that the force of 

the Sun repulses the Moon away from the center of the Earth. There is no force along the 
line connected the Sun and Moon. 
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of the Earth, the Earth dominates the gravitational force. The force of the Sun in 
the Hill sphere is only the perturbative force with the gravitational acceleration  

of 2g
r

= −
Rg . It means that a repulsive force which repulses the Moon from 

away the center of the Earth along the Earth-Moon line. It is certain, there is not 

the force of 2
S mM m

F G
r

=  along the Sun-Moon line. As pointed out previously,  

calculated from this formula, the force of the Sun on the Moon is 2.2 times that 
of the Earth on the Moon. If there was such a force, it should make the Moon 
moved to the Sun. And, as shown in Figure 4, there is no attractive force along 
the Sun-Moon line. 

In current theory of gravity, it is generally known that, in the Hill sphere of 
the Earth, the Earth dominates the gravity on the Moon. While it is unclear what 
is the force of the Sun on the Moon. However, this force need be known. Here, 
we may show that the force in the Hill sphere was observed with very high preci-
sion. 

Now, the Hill sphere of some bodies in the solar system was probed [38] [39]. 
In technology, the Hill sphere for the Sun-planet-moon system can be accurately 
measured. This measurement should accurately show how the gravitational field 
of the moon is limited and how the gravitational fields of both the planet and 
moon are unified. 

Artificial Hill sphere it is generally thought that a small mass, such as a space-
craft, above the surface of the Earth is with a Hill sphere. Therefore, according to 
Equation (1), an artificial Hill sphere can be obtained with the metal sphere with 
the density larger than 16.65 g/cm3. 

First, an artificial Hill sphere can be used as a probe to explore the gravita-
tional field of the Earth. If a mental sphere on the surface of the Earth can have a 
Hill sphere, it means that the field of the Earth is homogenous. If the Hill sphere 
is produced at a height above the surface of the Earth, it means that this field has 
a structure with a layer. Second, it can be used to test the Hill sphere with high 
accurate and precision. Now, the formula for the Hill sphere is approximate. 
With the artificial Hill sphere, the precision radius about it can be measured. 
Third, it can be used to detect the interaction of gravitational field. We  

know, an orbit of an artificial satellite is determined with 21
2

Mmmv G
R

= . It  

means that there is an energy exchange between m and M. So, as an artificial Hill 
sphere in the field of the Earth, there also is an energy exchange between them. 
It could be detected through that the artificial Hill sphere may not be a right 
sphere. 

6. Interaction of Gravitational Field 

Now, we have known little about the interaction of gravitational field. Even we 
have not had a line to observe the interaction of the field. 

Till now, only the one single gravitational field, which is not interacting with 
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other one, has been studied. It usually is believed that all the gravitational field 
can extend infinitely. In Newtonian theory of gravity, a gravitational field of a 
mass M is described with the equal potential surface: GM Rψ = . In Einstein’s 
general relativity, a gravitational field is described with Schwarzschild spherical 
symmetric solution of Einstein’s field equation. But, it is the fact that none of the 
gravitational fields is isolating from other ones. All of them are always interact-
ing with others. It is different from the electric field. There is the isolated electric 
field which is not interacting with other ones. So, the gravitational field only can 
be understood with the interacting fields. Thus, a theory for the interacting gra-
vitational field is needed. 

In the Newtonian theory of gravity, the gravitational force is 2F GMm R= . 
It clearly showed that, the gravitational force is an interaction between two fields 
of M and m. Here, we presented that, if the gravitational force is propagated 
with the gravitational field, the variation of the field shall result in the variation 
of the force. On another hand, as the force is varied, the field also correspon-
dently is varied. The orbit is determined with the gravitational force. Thus, the 
variation and interaction of the gravitational field can be observed through the 
orbit in the solar system. 

In previous, from the orbit, we showed three observations for the interaction 
of field of N-body. First is the orbital perturbation equation. Second is the per-
turbative force. Third is the Hill sphere. From the three observations, the interac-
tion of gravitational field of N-body could be described with a set of equations. 

( )

1

2

3

2 ,

1
3

n
center ii

center
center

i i H
i

center
H

g g
M

g G
R

g R r
r

M
r e a

M

=
 = +



=

 = − ≤



≈ −


∑

R

g

g
                    (12) 

In Equation (12), centerg  is the gravitational acceleration from the force of the 
center mass centerM  on the mass m which is with a circle orbit around the 

centerM  with the radius R. centerM  and m is unified to a gravitational unit. ir  is  

the distance between centerM  and im . 2
i

i
i

m
g G

r
= . ig  is the perturbation of  

im  to the m which repulses the m away from the center of the centerM  along 
the direction of R . M is the mass that centerM  orbits around. Just as that the 
force the Sun on the Moon is the perturbative force, the force of M on m also is 
the perturbative force. 

In Equation (12), the four equations are related with each other as a whole. The 
first equation is general to describe the interaction of field of the center iM m m− −  
system. The second equation shows that the center mass centerM  and the mass 
m unified as a gravitational unit. The third equation shows that the force of im  
on m is repulsive. The fourth equation determines the radius of the gravitational 
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unit and repulsive gravity. 
Equation (12) is analogous to Maxwell equations for the electromagnetic inte-

raction. The Maxwell equations are established from the well-developed electro-
magnetic theories, including the Coulomb law, the current law, the Biot-Savart law 
and the Faraday’s law of induction. Our equations also are established from the 
well-developed theories of gravity. But, in physics, our equations are different 
from Maxwell equations. In the Maxwell equations, there are two different kinds 
of fields, i.e., the electric and magnetic fields. In our equations, there is only one 
kind of field. 

Our equations are different from Einstein’s field equation. Till now, Einstein’s 
field equation only has had the spherically symmetric solution for one field [40]. 
It cannot be used to understand the interaction of the fields of N-body. It was 
known by many people that the orbit perturbed by N-body cannot be studied 
with Einstein’s field equation. So, the Newtonian theory of gravity is the unique 
theory to understand the celestial orbit and to design artificial orbit [41]. 

It is worth of emphasizing that Equation (12) is well confirmed. In another 
word, it is needed to design an artificial orbit. In current theory of gravity, these 
equations are separated independently. In our work, they are related with the 
interaction of gravitational field. It is very interesting, as we list the equations in 
current theory of gravity in one page, we can easily find some of new results. For 
example, as the orbital perturbation equation and the Poincaré’s equation for 
Three-body problem are listed in one page, we can easily find the difference be-
tween them which clearly shows that the Poincaré’s equation is invalid to the 
real orbit. And, as the orbital perturbation equation and the Hill sphere are listed 
in one page, we can easily find that the force of the Earth on the Moon is differ-
ent from that of the Sun on the Moon. It means that it is the time to establish a 
set of equations for the theory of gravity to replace the current theory. 

The limit of 
2

1 2 1
12

M M vG M
rr

= . For two mass M1 and M2 with the distance r, 

the orbital velocity for them could be determined respectively with 2 2
1

Mv G
r

=  

or 2 1
2

Mv G
r

= . But, Equation (12) shows that, the force of the Sun on the Moon 

is not 2
s mM M

F G
r

= . Instead, it only is 3
s mM M

G R
r

=g , where s and m denote 

the Sun and Moon, R is the distance between the Earth and Moon. It is clear, 
2

1 2 1
12

M M vG M
rr

=  is not suitable to the Sun and Moon. As presented in the 

previous, if it was suitable for them, the Moon should have been moved to the 
Sun. This case was known with the Newtonian orbital perturbation equation. 

And, 
2

1 2 1
12

M M vG M
rr

=  also is not suitable to the force of the Moon/Charon on 

the Earth/Pluto. As presented in the previous, calculated with 1 2
2

M MF G
r

= , 

the force of the Charon on the Pluto is larger than 40 times that of the Sun on 
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the Pluto. If it was so, the orbit of the Pluto around the Sun should have been 

broken off. The limit of 
2

1 2 1
12

M M vG M
rr

=  is first presented in this work. 

The current observation shows that, 
2

1 2 1
12

M M vG M
rr

=  is only suitable for 

that a moon orbits around a planet or a planet orbits around a star. From Equa-

tion (12), there is only 2 centerM
v G

R
= . That 

2
1 2 1

12

M M vG M
rr

=  is used to the  

Sun on the Moon and the Charon on the Pluto is just the condition for the 
Poincaré’s equation for Three-body problem. In such case, the orbits in the 
Sun-Earth-Moon and Sun-Pluto-Charon system should be chaotic. 

7. Binary Planet or the Gravitational Unit 

To explain the motion of the Moon around the Sun, it was presented that the 
Earth-Moon system is binary planet [18] [19]. It seems that, the binary planet is 
another kind of gravitational unit. The conclusions analogous to that deduced 
from our concept of gravitational unit, such as the gravitational field of the 
moon could be limited inside the unit, can be deduced from the binary planet. 
That the Pluto and its moons orbit around the barycenter of the Pluto-Charon 
system factually means that the Pluto cannot act on its moons with the force of 

2F GMm R= . So, in the binary planet, not only the field of the moons is li-
mited, but that of the planet is done so. It seems that, the concept of binary pla-
net is a strong evidence for our result. It shows that, to explain the orbit in the 
solar system, the planet-moon system need be considered as one single unit. But, 
we found, in mechanics and dynamics, the binary planet/star/blackhole cannot 
exist. 

In 1870, it was claimed that the binary star was observed [24]. The binary sys-
tem was introduced in current textbooks of celestial mechanics [5]. It was be-
lieved that the Pluto-Charon system is binary planet [20] [21] [22] [23]. It is dif-
ferent from other planet-moons system in which the moons orbit around a pla-
net, in the Pluto system, the Pluto and its moons orbit around the barycenter of 
the system. The binary star is at a very distant place from us. Compared to the 
Pluto-Charon system, it is much more difficult to have accurate and precision 
observation. So, we think, the binary star/planet could be better understood 
from the Pluto-Charon system. 

How to show the orbits of the moons of the Pluto in a figure? It should be easy 
to know whether or not the Pluto-Charon system is binary planet. As the orbits 
in the Sun-Pluto-moons are shown in a single figure, it should be clarified. 

The orbit of the Sun-planet-moons system is well-known. For the Sun-Pluto- 
moons system, we can simply have Figure 6(a). The Pluto orbits around the Sun 
while the moons, including the Charon, orbit around the Pluto. Figure 6(a) may 
be accepted easily by almost every people. 

It is noted that, as the Earth-Moon system is believed a binary system, the ba-
rycenter of the system is within the Earth. So, the Earth is approximately on the  
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Figure 6. (a) The orbits of the Pluto and its moons. The Pluto orbits around the Sun while all of its 
moons (including the Charon) orbit around the Pluto. (b) The current thought of The orbits of the 
Pluto and its moons. The Pluto, Charon and four little moons orbit around the barycenter of the 
Pluto-Charon system. And, the Pluto is not on the orbit around the Sun. 

 
orbit around the Sun. It is not apparently contradicted with observation. But, for 
the Pluto-Charon system, if it was true that, “Pluto’s motion is the result of the 
combination of its motion around the Sun, and its motion around the barycenter 
of its system” [20] and the other four little moons orbit around the barycenter, 
[20] [21] [22] [23] what a figure can we have? 

In Figure 6(a), the moons cannot orbit around the barycenter of the Plu-
to-Charon system. And, under the condition that the Pluto is moving on the or-
bit around the Sun, that the four little moons orbit around the barycenter of the 
Pluto-Charon system cannot be shown within a figure. 

If as currently believed that “Pluto’s motion is the result of the combination of 
its motion around the Sun, and its motion around the barycenter of its system” 
[20], the figure of the Pluto system orbits around the Sun should be Figure 6(b). 
If it was so, it should be the barycenter that is on the orbit of the Pluto-Charon 
system around the Sun. While the Pluto should not be on this orbit. And, the 
direction of the Pluto’s motion is varied and can be contrary to the direction of 
this orbit. 

Besides Figure 6(b), we cannot imagine another figure to show “Pluto’s mo-
tion is the result of the combination of its motion around the Sun, and its mo-
tion around the barycenter of its system” [20]. 

However, there is no evidence for Figure 6(b). All observations showed that 
the Pluto is on the orbit around the Sun. The direction of the Pluto’s motion is 
just along the direction of the orbit as shown in Figure 6(a). 

It is important, it was observed that the orbit of the Charon is around the 
Pluto [21]. It means that, observation showed that the Pluto and Charon is not 
binary system. 

Now, it is believed that the orbits of the four small moons are not around the 
Pluto. Instead, they are around the barycenter of the Pluto-Charon system [20] 
[21] [22] [23]. But, there are two problems: 1) What is the force of the Pluto on 
the moons? If the Pluto could not have the force of 2F GMm R=  on the 
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moons, it means that the Newtonian universe gravitation law should be invalid. 
2) As shown in Figure 6(a), as the orbit of the Charon is around the Pluto, the 
distances between the barycenter of the Pluto-Charon system and the moons are 
always varied. It certainly results in that the orbits of the moons are unstable if 
the orbits of the moons were around the barycenter. So, the belief is questioned. 

It is noted that, the theory for the binary star/blackhole/neutron-star is that 
for the binary planet presented by Delaunay [17] [19]. The observation that the 
orbit of the Charon is around the Pluto shows that Delaunay’s [19] theory for 
the binary planet is invalid. So, factually, till now, there has not been a theory for 
the binary star/blackhole/neutron-star. 

It seems that the mechanics and dynamics for the binary star are questioned. 
Usually, the binary star/planet also is called as “double star/planet”. In current 
textbooks, the binary star currently is described with a set of equations like the 
Equations (A)-(E) [5]. 

Assuming the distance between two stars M1 and M2 is R, the two stars orbit 
around the barycenter O of the M1-M2 system with the angle velocity ω, the ra-
dius for the orbits of the two stars are respectively R1 and R2, 1 2R R R+ = . In 
this case, for M1, there is 

21 2
1 12

M MF G M R
R

ω= =                     (A) 

For M2, there is 

21 2
2 22

M MF G M R
R

ω= =                     (B) 

and 
2 2

1 1 2 2M R M Rω ω=                       (C) 

2 1
1 2

1 2 1 2

,
M MR R R R

M M M M
= =

+ +
                (D) 

( ) 3
1 2G M M Rω = +  or ( )1 2v G M M R= +           (E) 

Equations (A) and (B) means that M1 and M2 orbit around the barycenter O 
with the angle velocity ω  while the radius of the orbit for M1 is R1 and for M2 
is R2. 

Here, the key problem is that, in the equations, the angle velocity ω  is not 
an observed result. Here, the angle velocity ω  only can mean that, if the binary 
star was true, such an angle velocity ω  is needed. 

It is clear, Equations (A) and (B) violated both Newtonian constant gravita-

tional law 1 2
2

M MF G
R

=  and orbital law 
2

1 2 1
12

M M vG M
RR

= . First, for (A), the 

Newtonian constant gravitational law 1 2
2

M MF G
R

=  only means that M2 has an 

acceleration on M1. This acceleration is determined with M1, M2 and R. It cannot 

act on M1 with the distance R1 from M1. Conversely, if 1 2
2

M MF G
R

=  could act 
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on M1 with the distance R1, it means that the original meaning that 

1 2
2

M MF G
R

=  acts on M1 with the distance R is broken off. And the formula 

2
1 2 1

12

M M vG M
RR

=  is also broken off. This is clear wrong. So, there is no rela-

tionship between 1 2
2

M MF G
R

=  and R1. This conclusion also is valid for Equa-

tion (B). Second, for Newtonian orbital law 
2

1 2 1
12

M M vG M
RR

= , we know, a cen-

tripetal force produced from the mass M2 is the necessary condition for M1 to  
move in a circle orbit around M2. If there is no the centripetal force, M1 shall 
move freely which cannot form a circle orbit around M2. It is clear, there is no 
mass at the barycenter O of M1-M2 system. Therefore, no centripetal force at O. 
So, no orbit around O can be formed. 

The logic in Equations (A)-(E) seems unclear. It is unclear what is the center 
that M1 or M2 is orbiting around and what is the radius that the M1 or M2 is or-
biting with. In Equations (A) and (B), the center is O and the radius is R1 or R2. 
But, in Equation (E), the radius is R and the center can be M1 or M2. Therefore, 
in (A)-(E), the center and radius are arbitrary. It is clear, the angle speed ω  for 
the orbit around O with radius of R1 and R2 in Equations (A) and (B) cannot be 
determined with the orbit around M1 or M2 with radius of R in (E). For example, 
as Equations (A)-(E) is applied on the Pluto-Charon system, if the angle speed 
ω  is that the Charon orbits around the barycenter O with the radius R1, then, 
the same the angle speed ω  is invalid for that the Charon orbits around the 
Pluto with the radius R. But, Equations (A)-(E) means that the one single angle 
speed ω  can be valid for both of the cases. It is noted that, as Delaunay [19] 
presented that the Earth-Moon system is binary system, the barycenter of the 
system is within the surface of the Earth, Rm is almost equal to R, where Rm and 
R are the distance between the Moon and the barycenter and between the Moon 
and the Earth. Equations (A) and (E) can be approximately valid for the orbit of 
the Moon around the barycenter of the system. But, for the Pluto-Charon sys-
tem, the barycenter is with a distance from the Pluto. It is clearly wrong to apply 
Equations (A)-(E) for the Pluto-Charon system. 

In history, the equations like Equations (A)-(E) were presented for under-
standing the problems in the orbit of the Moon around the Earth, i.e., Why the 
orbit of the Moon around the Earth is stable under the condition that calculated 
with Newton’s law of 2F GMm R= , there is 2.2sm emF F ≈  and accuracy 
about the perigee of the orbit of the Moon [4] [17]. In that time, several very 
famous scientists, including d’Alembert, Euler and Clairaut, tried to challenge 
Newton. They were unanimous in claiming that Newton’s law of universal gra-
vitation with the inverse-square-of-the-distance dependence does not account 
for the observed value. And some modified formulas were presented. From that 
time, many effort has been tried to modified Newtonian universal gravitational 
law. Now, this effort is still being continued. However, till now, none of the 
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modified formula is generally accepted. But, a concept that the orbit of the Moon 
is not only determined with the mass of the Earth but with both the masses of 
the Earth and Moon was remained to nowadays. In this concept, instead of  

2

2 3

d
d

eMR G
t R

= R , the acceleration on the Moon is modified as  

( )
2

2 3

d
d e m

R G M M
t R

= +
R , [4] [5] [17] where e and m denote the Earth and Moon 

respectively. However, from 
2

2
e m m

m
M M v

G M
RR

= , we know, the velocity mv   

must be determined with the centripetal force which is produced by the mass 

eM  of the Earth. But, the mass mM  of the Moon cannot have contribution to 
the centripetal force for the Moon orbits around the mass eM . So, this concept 
is questioned. 

It was argued that ( )
2

2 3

d
d e m

R G M M
t R

= +
R  is suitable for the very big mass or 

for such two masses that m/M is very large. But, it is noted that 

( )
2

2 3

d
d e m

R G M M
t R

= +
R  was presented from the Earth-Moon system. So, it is 

not suitable for the big mass system. Especially, now, there has not been such a 

theory that can replace the Newtonian constant gravitational law 1 2
2

M MF G
R

=  

and orbital law 
2

1 2 1
12

M M vG M
RR

=  for the very big mass or the large ratio of 

m/M. Now, only the Newtonian theory of gravity is valid for the orbit of any 

mass. And, it is known that ( )
2

2 3

d
d e m

R G M M
t R

= +
R  is not helpful to under-

stand the problem in the orbit of the Moon for that ( )
2

2 3

d
d e m

R G M M
t R

= +
R  

was presented [4]. But, now, the formula as ( )
2

2 3

d
d e m

R G M M
t R

= +
R  is being 

generally used. Therefore, how to understand it is still a problem. 

It is emphasized that, in a galaxy, almost every star is with a certain orbit 
around a bigger mass. The lone binary star has not been observed. So, as we 
study the binary system, Figure 6 must be considered. But, in current theory 
about the binary star, only two stars isolated from other mass are considered. 
Therefore, no valid result can be obtained from this way. We think, this is the 
largest problem in current theory about the binary star. 

It is noted, in visual, the Pluto and Charon appear as binary. Observed at the 
Charon, it appears that the Pluto was orbiting around the Charon just as that, 
observed at the Earth, the Sun was orbiting around the Earth. As we assume that 
the Earth is stationary, the line of the Sun moving around the Earth just is a 
cycle. It exactly appears as an orbit of the Sun around the Earth. In geometrics, 
as a body moves within a constant distance from another body, observed at any 
one of the two bodies, the line of another body moving is a circle. Therefore, ob-
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served at an artificial satellite around the Earth, the line that the Earth moving 
just is a circle around the satellite. It is certain, no one should thank that the 
Earth and the satellite are binary. For two stars in a very distance from us, the 
orbit of the main star orbit around a center is difficult to be observed. It also ap-
pears as that the two stars are orbiting around each other. But, after Copernicus 
heliocentric theory, we know it is unsuitable to say that the Sun is orbiting 
around the Earth. It is worth noting that, before Copernicus heliocentric theory, 
many celestial orbits and accurate ephemeris were well predicted with the geo-
centric theory. But, we cannot say that the geocentric theory is right. Therefore, 
although the binary star/planet is an observed result, it need be re-understood. 
So, we think, binary star/planet may be a misunderstanding by the geometric 
picture of the orbital motion. 

We know, the four small moons were discovered in the predicted dynamical 
stability zoo as the Pluto-Charon system was treated as binary [23]. But, we do 
not think it could be an evidence that the binary system can be existed in me-
chanics and dynamics. It is noted, in mathematics, the difference between the 
dynamical stability zoo of the Pluto-Charon system and that of the Pluto is little. 

Today, binary star is very fashioning. It was reported that the multi-star sys-
tem was observed [42]. It is believed that there are the double black hole and 
double neutron star. And, the LIGO and VIRGO’s detections of gravitational 
waves are based on the assumption of the double black hole [43] and double 
neutron star [44]. So, it is very important to clarify the binary system. 

8. Orbits in a Galaxy and the Gravitational Unit 

It is easy to observe that the Sun-planets-moons system is one gravitational unit. 
And, it is known that the orbit of the Sun is around the center of the Milky Way. 
Therefore, a star-planets-moons unit is just like a planet-moon unit, the field of 
the planets and the moons in a star-planets-moons unit are limited. And, other 
mass cannot have the action of 2g Gm r=  on the orbit of this star around the 
center of the Milky Way. If it was not so, the force of the Milky Way gravitating  

the stellar system should be determined with ig∑


, where 2
i

i i
i

m
g G r

r
=

 

, im  is  

the mass of star, planet, moon and other body and i is the number of the planet, 
star and moon in the Milky Way, ir  is the distance between this star and im , 

ir


 is a vector. (Here, only the mass of the body with a volume is considered. 
Other object, such as disperse gas, was not considered. Maybe, the law for the 
force between a star and the disperse gas need be developed.) Approximately, the 
total mass of the Milky Way is 5.8 × 1011 times that of the Sun [45] and the mass 
of center of it is only 4.5 × 106 times that of the Sun [46]. If the Star (or stellar 
system) was dominated by ig∑



, it should result in that the star (stellar sys-
tems) in different locations of the Milky Way could not be orbited around the 
center of the Milky Way for that the barycenter of mass of the Milky Way is de-
termined with i i ir m m∑ ∑ . For the stars in different locations of the Milky 
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Way, the barycenter of the mass for it is different. Therefore, the only condition 
for the stars orbiting around the center of the Milky Way is that the gravitational 
field of these stars can be limited. The star (stellar system) is not gravitated by 

ig∑


, but only by the center of the Milky Way with 2g GM R= . In another 
words, the center of the Milky Way dominates the core of the stellar systems, 
this core dominates the stars, and the star dominates the planets. The mass of 
cores, stars and planets of a stellar system cannot affect the orbit of another stel-
lar system. 

We know, the dark matter was presented from the Galaxy rotation curves in 
which the observed orbital velocity is larger than the predicted one [47]. While a 
recent observation [48] reported that, the orbits of stars and other matter in the 
spiral galaxy are dominated by the Newtonian law of gravity. The two observations 
are contradicted with each other. Now, it is generally known that, till now, it is dif-
ficult to completely explain and understand the orbits in the Sun-Earth-Moon 
system [4]. The problem for the orbits in a galaxy is much more complicated 
than that in the Sun-Earth-Moon system. Therefore, more complete theory and 
much more accurate and precession observation are needed to better know the 
orbits in a galaxy. It is noted that, in current theory for the galaxy dynamics, the 
baryonic mass of a galaxy (the sum of its stars and gas) correlates with the am-
plitude of the flat rotation velocity [49]. But, we think, the orbital perturbation 
theory and the Hill sphere ought to be valid to the orbit in a galaxy. Therefore, it 
should be important to integrate the orbital perturbation theory and the Hill 
sphere with the current theory of orbit in the galaxy. 

9. Conclusions 

Newton formulated the orbital perturbation theory and the repulsive gravity [3] 
[4]. Therefore, he factually laid the foundation for the theory of interaction of 
gravitational field. But, in Newton’s time, the theory of field had not been 
known. And, till now, it is believed that a mass can interact with any other ones 
with the force of 2F GMm R= . It resulted in that the theory for the interaction 
of gravitational field cannot be developed. After Newton, the theory about grav-
ity was developed in three aspects. First, in 1900s, the theory of field for the 
electricity and magnetism was established. The electromagnetic interaction was 
described with the Maxwell equation. It leads to that the gravitational interaction 
could be described with the theory of field by analogy to the electromagnetic 
field theory. Second, the Hill sphere was presented and generally applied 
[6]-[14]. It factually shows some of features of the interaction of gravitational 
field. Third, the artificial orbit becomes a general project which has been ex-
ploited by many nations. The gravitational force on an artificial satellite can be 
measured with high precision. Based on these developments, a new theory of 
gravity could be developed. 

In our work, the current theories about orbit are investigated with the orbital 
perturbation theory. Our main conclusion is that the planet and moon are uni-
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fied as one single gravitational unit and the field of the moon is limited in the 
unit which cannot interact with other ones out of the unit with 2F GMm R= . 
We repeat to emphasize that this conclusion was implied in the Newtonian or-
bital perturbation equation. Therefore, our conclusion is based on the well-de- 
veloped and well-applied theory. Now the gravitational force with the precision 
of 10−8 m/s2 perturbing to the artificial orbit can be measured [37] and the varia-
tion of the radius of the orbit of an artificial satellite can be measured with the 
precision of less than 3 cm [35] [36]. So, our conclusion is well confirmed expe-
rimentally and observationally. In another hand, from the contradiction between 
the orbital perturbation equation and the Poincaré’s equation for Three-body 
problem, it is clearly shown that it is not right that a gravitational field can inte-
ract with any other ones with the force of 2F GMm R= . Therefore, a new 
theory should be established for the interaction of gravitational field. It should 
be fundamental to the theory of gravity. Especially, that the interacting gravita-
tional field could be limited and that the perturbation of the Sun to the Moon 
should be repulsive gravity which should lead to remodel the theory of gravity. 

By analogy to the solar system, Ernest Rutherford [50] presented his atom 
model. Our observation shows that the planet and moon also unified as one sin-
gle solid unit by gravitational field while the planet and moon are separated in 
space. It is analogous to that the nuclei and electrons are unified as an atom. The 
space for the interaction of gravitational field is much larger than that for the 
electromagnetic field, some of the new features of the interaction of field should 
be discovered from the interaction of gravitational field. 
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Abstract 
We model the conservation of energy in the framework of the thin layer ap-
proximation for two types of interstellar medium (ISM). In particular, we 
analyse an ISM in the presence of self-gravity and a Gaussian ISM which 
produces an asymmetry in the advancing shell. The astrophysical targets to be 
simulated are the Fermi bubbles, the local bubble, and the W4 super-bubble. 
The theory of images is applied to a piriform curve, which allows deriving 
some analytical formulae for the observed intensity in the case of an optically 
thin medium. 
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1. Introduction 

We now summarize the first uses of some words: “super-shell” can be found in 
[1], where eleven H I objects are examined, “super-bubble” can be found in [2], 
where an X-ray region with a diameter of 450 pc connected with Cyg X-6 and 
Cyg X-7 is observed and “worms”, meaning gas filaments crawling away from 
the galactic plane in the inner Galaxy, can be found in [3]. Super-bubbles or 
super-shells can be defined as cavities with diameters greater than 100 pc and 
density of matter lower than that of the surrounding interstellar medium 
(ISM) [4]. Bubbles have smaller diameters, between 10 pc and 100 pc [5]. Some 
models which explain super-shells as being due to the combined explosions of 
supernova in a cluster of massive stars will now be reviewed. In semi-analytical 
calculations, the thin-shell approximation can be the key to obtaining the expan-
sion of the super-bubble; for example, [5] [6] [7] [8] [9]. The Kompaneyets ap-
proximation, see [10] [11], has been used in order to model the super-bubble 
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W4 [9] and the Orion-Eridanus super-bubble [12] [13]. The hydro-dynamical 
approximation, with the inclusion of interstellar density gradients, can produce a 
blowout into the galactic halo, see [14] [15]. Recent Planck 353-GHz polarization 
observations allow mapping the magnetic field, see [16] for the Orion-Eridanus 
super-bubble, and we recall that the expansion of super-bubbles in the presence 
of magnetic fields has been implemented in various magneto-hydrodynamic 
codes, see [17] [18]. The present paper derives the equation of motion for two 
different ISMs in the framework of the energy conservation for the thin layer 
approximation, see Section 2; compares the observed and the theoretical sections 
for Fermi bubbles, the local bubble, and the W4 super-bubble, see Section 3; and 
derives a new analytical formula for the theoretical profile in intensity using the 
piriform curve, see Section 4. 

2. The Equations of Motion 

We start with the conservation of kinetic energy in spherical coordinates in the 
framework of the thin layer approximation 

( ) ( )2 2
0 0 0

1 1 ,
2 2

M r v M r v=                     (1) 

where ( )0 0M r  and ( )M r  are the swept masses at r0 and r, while v0 and v are 
the velocities of the thin layer at r0 and r. The above equation holds for the solid 
angle ∆Ω , which in the following is unity. We now present two asymmetric 
equations of motion for bubbles and super-bubbles. The above equation is a dif-
ferential equation of the first order: 

( ) ( )
2

2
0 0 0

1 1 d .
2 2 d

rM r v M r
t

 =  
 

                  (2) 

The asymmetry is due to a gradient of the number of particles with the dis-
tance or galactic height, z, which is parametrized as 

( ) 2 2 2 2
31 2

1 2 3e e e .z Hz H z Hn z n n n −− −= + +                (3) 

where n1 = 0.395 particles cm−3, H1 = 127 pc, n2 = 0.107 particles cm−3, H2 = 318 
pc, n3 = 0.064 particles cm−3, and H3 = 403 pc [19] [20] [21]. In the framework of 
Cartesian coordinates, ( ), ,x y z , when the explosion starts at ( )0,0,0  we have 
an up-down symmetry, ( ) ( ), , , ,r x y z r x y z− =  and a right-left symmetry 
( ) ( ), , , ,r x y z r x y z− = . Conversely, when the explosion starts at ( )OB0,0, z , 

where zOB represents the distance in pc from the position of the OB association 
which generate the phenomena, we have only a right-left symmetry  
( ) ( ), , , ,r x y z r x y z− = . 

2.1. Numerical Methods 

In the absence of an analytical solution for the trajectory, we outline four ways 
which allow obtaining a numerical solution. 

1) Evaluation of the numerical solution with the the Runge-Kutta method. 
2) A non-linear method which obtains the trajectory by the following non-linear 
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equation 

0
0

1 d .
d
d

r

r
r t t

r
t

= −∫                         (4) 

3) The Euler method, which solves the following recursive equations 

1n n nr r v t+ = + ∆                         (5a) 

( )
( )1 1

1

1

2

,n n
n n

n n

M r
v v

M r+
+ +

 
=   

 
                   (5b) 

where nr , nv , and nM  are the temporary radius, velocity, and total mass, re-
spectively, t∆  is the time step, and n is the index. 

4) A power series solution of the form 

( )
( ) ( ) ( )2 3

0 1 0 2 0 3 0 ,

r t

a a t t a t t a t t= + − + − + − +
            (6) 

see [22] [23]. 
The case of an expansion that starts from a given galactic height z, denoted by 

zOB, which represents the OB associations, is also analysed. The advancing ex-
pansion is computed in a 3D Cartesian coordinate system ( ), ,x y z  with the 
centre of the explosion at ( )0,0,0 . The explosion is better visualized in a 3D 
Cartesian coordinate system ( ), ,X Y Z  in which the galactic plane is given by 

0Z = . The following translation, TOB, relates the two Cartesian coordinate sys-
tems 

OB

OB

 
X x

T Y y
Z z z

=
 =
 = +

                        (7) 

where zOB is the distance in pc of the OB associations from the galactic plane. In 
the case of OB 0z ≠ , the two masses which appear in Equation (5b) should be 
carefully evaluated. 

2.2. Medium in the Presence of Self-Gravity 

We assume that the number density distribution scales as 

( ) 2
0sech ,

2
zn z n
h

 =  
 

                      (8) 

where 0n  is the density at 0z = , h is a scaling parameter, and sech is the 
hyperbolic secant [24] [25] [26] [27]. In order to include the boundary 
conditions we assume that the density of the medium around the OB associa-
tions scales with the self-gravity piece-wise dependence 

( )
0

0 2
0

if
;

sech if
2

c

c

r r
r r z r r

h

ρ
ρ

ρ

≤
=   > 

 

                (9) 
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where cρ  is the density at 0z = . In order to find an acceptable value of h, we 
make a comparison with Equation (3), after which we choose 90 pch = , see 
Figure 1. 

The mass M0 swept in the interval [ ]00, r  is 

( ) 3
0 0 0

4, .
3c cM r rρ ρ π=

 
The total mass ( )0; , ,cM r r hρ  swept in the interval [0, r] is 

( )

( )

( )

( ) ( )( )

( )

( )( )

( )

( )

( )

( ) ( )( )

( )

0

0

0

1cos cos3 2 2 2
0

2

1cos cos3 2
0

3

cos2 2
0 0

2

; , ,

4 1 e 4 8 ln 1 e
3 cos cos cos

8 2, e 4 1 e
coscos

4 8 ln 1 e
cos cos

c

r r
c c c ch h

r r
c ch h

r
c c h

M r r h

r r h r h h r

h r h
polylog

r h h r

θ θ

θ θ

θ

ρ

ρ ρ ρ ρ
θ θ θ

ρ ρ
θθ

ρ ρ
θ θ

−

−

   
= − + + − +      

   

   
− − + +      

   

 
− + +

  ( )( )

( )0 cos3

38 2, e
cos

r
c hh

polylog
θρ

θ

 
+ −    

 

(10) 

where θ  is the polar angle and the polylog operator is defined by 

( ) ( )
1

, Li
n

s s
n

zpolylog s z z
n

∞

=

= = ∑                  (11) 

where ( )Lis z  is the Dirichlet series. The positive solution of Equation (1) gives 
the velocity as a function of the radius: 

( )0 0; , , ,ANv r r v h
AD

=                      (12) 

where 
 

 
Figure 1. Profiles of density versus scale height z: the disk in presence of self-gravity as 
given by Equation (8) when 90 pch =  (dashed blue line) and the three-component ex-
ponential distribution as given by Equation (3) (red full line). 
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( )
( )( ) ( ) ( ) ( )( )

( ) ( ) ( )

( )( ) ( ) ( ) ( )

( )

0 00

0 0

0 0

cos coscos cos
3

0

cos cos cos

cos cos cos cos
3

2
0

24cos e e e 1 e

e e 1 2, e

e e e 1 2, e

cos l

r r r rr r
h h h h

r r r
h h h

r r r r r
h h h h

AN r h

polylog

h polylog

h r

θ θθ θ

θ θ θ

θ θ θ θ

θ

θ

+ +

+

   
 = − −  + + +  − 

      

  
+ + + −    

  

   
+  + + +  −   

  

+ −
( ) ( )

( ) ( )( )
( )( )

0

0

cos cos
2

cos
3 2 2

0 0

n 1 e ln 1 e

cos 11 12 cos e2

r r
h h

r r
h

h r

r hr hr

θ θ

θ

θ θ
+

    
 + + +          


− + −



 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )( )
( )

( )( )
( )

( ) ( )

0 0

0

0

cos cos cos
2

0

cos cos cos
2

cos
3 2

0 0

cos
3 2 3

0

1

0 0 0

2

e e 1 ln 1 e

e e 1 ln 1 e

cos 1 12 cos e

1 12 cos e 1

1

12

2

cos cos

r r r
h h h

r r r
h h h

r
h

r
h

h r

h r

r hr

r hr r v r

θ θ θ

θ θ θ

θ

θ

θ θ

θ θ θ

   
− + + +      

   

   
+ + + +      

   


− −




+ + +  

  (13) 

and 
( )( )

( )( )
( )( ) ( )

( )

( )( ) ( )

( )
( )( )

( )( )

( )( )

( )( )
( )

( )( )
( )

( )( )
( )( )

0 0

0 00

0 0

0

cos cos cos
33 2

0

cos coscos
22 2

0

cos cos cos
2 3 32 3 3

0 0 0

cos
3

e cos 24 e ln 1 e cos

24 e ln 1 e cos 12 e cos

12 e cos e cos e cos

24 e

r r r r r
h h h

r r r rr
h h h

r r r r
h h h

r r
h

AD r h r

h r hr

hr r r

h polylog

θ θ θ

θ θθ

θ θ θ

θ

θ θ

θ θ

θ θ θ

+ +

+ +

+

+

 
= − + +  

 
 

− + −  
 

+ − −

+
( ) ( )( ) ( )0 0coscos cos

32, e 24 e 2, e
r rr r

h h hh polylog
θθ θ+   

− − −      
     

( ) ( )

( )
( ) ( )

( )

( ) ( )

( )
( ) ( )

( )

( )

( )( )
( )

( )( ) ( )( )

0

0 0 0

0

cos cos cos cos
2 2

cos cos cos cos
2 2

0 0

cos cos
2 2 32 2 3

0 0

24 e ln 1 e cos 24 e ln 1 e cos

24 e ln 1 e cos 24 e ln 1 e cos

12 e cos 12 e cos cos

24

r r r r
h h h h

r r r r
h h h h

r r
h h

h r h r

h r h r

hr hr r

θ θ θ θ

θ θ θ θ

θ θ

θ θ

θ θ

θ θ θ

   
+ + + +      

   
   

− + − +      
   

− + −

+
( ) ( ) ( ) ( ) 0cos cos cos cos

3 3e 2, e 24 e 2, e
r r r r

h h h hh polylog h polylog
θ θ θ θ   

− − −      
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( ) ( ) ( ) ( )

( )

( )
( )

( )

( ) ( )

0 0 0

0

0

cos cos cos cos
3 3

cos cos
2 2

0

cos cos
3 3

24 e 2, e 24 e 2, e

24 ln 1 e cos 24 ln 1 e cos

24 2, e 24 2, e

r r r r
h h h h

r r
h h

r r
h h

h polylog h polylog

h r h r

h polylog h polylog

θ θ θ θ

θ θ

θ θ

θ θ

   
+ − − −      

   
   

+ + − +      
   

   
+ − − −      

   

  (14) 

The differential equation which governs the motion for the medium in the 
presence of self-gravity is 

( )( )
( )

( ) ( ) ( )( )
( )

( )
( )( )

( ) ( )

( )( )

( ) ( )

( )

( )

( ) ( )( )

( )0 0

12 2cos3
0

cos cos2 3

2 3

1cos cos2 2 2
0 0 0

2

4 1 e 4
3 cos cos

8 ln 1 e 8 2, e
cos cos

4 1 e 4 8 ln 1 e
cos cos cos

r t
c cc h

r t r t
c ch h

r r
c c ch h

r t h r t hr

h r t h
polylog

r h r h h r

θ

θ θ

θ θ

ρ ρρ
θ θ

ρ ρ

θ θ

ρ ρ ρ
θ θ θ

−

−

   − + +    
   

− + − −      
   

   
+ + − + +     

   

( )( )

( )

( )
0 2cos3 3 2

0 0
3

d8 2, e 0,
d 3cos

r
c chh r v

polylog r t
t

θρ ρ

θ



   + − − =      

   (15) 

and does not have an analytical solution. Figure 2 shows the numerical solution 
obtained with the Runge-Kutta method. 

A Taylor expansion of order 3 of Equation (15) gives 

( )

( ) ( ) ( ) ( ) ( )0 0 0

0 0 0

122 cos cos cos2
0 0

0 0 0
0

; , , ,

3 e e 2e 1 ,
r r r

h h h

r t t v r h

v t t
r v t t

r

θ θ θ
−

  −  = + − − + +     

   (16) 

 

 
Figure 2. Phase plane portrait and numerical solution (full yellow line) for a medium in 
the presence of self-gravity as given by Equation (8) when 0 250 pcr = , 90 pch = , 

64 10 yrt = × , 4
0 4 10 yrt = ×  and 1

0 2000 km sv −= ⋅ . 
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and Figure 3 shows the numerical solution obtained by the Runge-Kutta me-
thod and the series solution up to a time for which the percentage error is less 
than 10%. 

2.3. Gaussian Medium 

We assume that the number density distribution scales as 

( )
2

2
0

0e ,
z
zn z n

−

=                         (17) 

where 0n  is the density at 0z =  and 0z  is a scaling parameter. We now give 
the adopted piece-wise dependence for the Gaussian medium 

( ) ( )( )22

2
0

0

cos0 0

0

if
; ,

e if

c

r

z
c

r r
r r z

r r
θ

ρ
ρ

ρ
−

≤
= 
 >

              (18) 

where cρ  is the density at 0z = . A comparison with Equation (3) gives 

0 200 pcz = , see Figure 4. The total mass ( )0 0; , ,cM r r zρ  swept in the interval 
[0, r] is 

( )
( )( )0 0 3; , , ,

12 cos
c

BNM r r zρ
θ

=                  (19) 

where 

( )( ) ( ) ( )

( )( )

( )
( )( )

( )
2 22 2

0
2 2
0 0

3 03 3 3
0 0 0

0 0

cos cos

2 2
0 0 0

cos cos
4 cos 3erf 3erf

6e cos 6e cos ,
r r

z z
c

r r
BN r z z

z z

rz r z
θ θ

θ θ
θ

θ θ ρ
− −


   = − − + −   
   



+ − 


π π



  (20) 

and erf(x) [28] is the error function defined by 
 

 
Figure 3. Numerical solution (red full line) and Taylor expansion of the solution (dashed 
blue line), parameters as in Figure 2 but 52.8 10 yrt = × . 
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Figure 4. Profiles of density versus scale height z: the medium is that in the presence of a 
Gaussian medium as given by Equation (29) when 90 pch =  (dashed blue line) and the 
three-component exponential distribution as given by Equation (3) (red full line). 

 

( )
( )2

0
exp d

erf 2 .
x

t t
x

−
=

π
∫                    (21) 

The velocity as a function of the radius is 

( )0 0 0; , , ,CNv r r z v
CD

=                      (22) 

where 

( ) ( )( )
( )( )

( )

( )( )

( ) ( )

( ) ( )

22

2
0

22
0

2
0

cos
33 2

0 0

cos

2 3
0 0 0

0

0 3

0

1 2

0 0 0 0

2 6cos 2 3 cos e cos

cos
e cos erf

cos
erf co

1 2

,1 s2

r

z

r

z

CN r rz

r
r z z

z

r
z r v r

z

θ

θ

θ θ θ

θ
θ

θ
θ

−

−

 
 = − − + 

 

 
− −  

 


  +   
   

π



π      (23) 

and 

( )( )
( )( )

( )
( )( )

( )
( ) ( )

2 22 2
0

2 2
0 0

cos cos
33 2 2

0 0 0 0

0 3 3
0 0

0 0

4 cos 6e cos 6e cos

cos cos
3erf 3erf .

r r

z zCD r rz r z

r r
z z

z z

θ θ

θ θ θ

θ θ

− −

= − +

   
− +   

  
π π



   (24) 

The differential equation which governs the motion for the Gaussian medium is 

( )( ) ( ) ( )( )

( ) ( )
( )( ) ( )( )

( )
2 2

2
0

2
3 33 3 2

0 0 0

cos 2
2
0

d4 cos 4 cos
d

d6 cos e
d

r t

z

r t r r v
t

r t r t z
t

θ

θ θ

θ
−

  − 
 

 −  
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( )
( )( )

( )

( ) ( )

( ) ( ) ( )

22
0

2
0

cos 2
2

0 0

2
0 3

0
0

2
3
0

0

d6cos e
d

cos d3 erf
d

cos d3 erf 0.
d

r

z r t r z
t

r
r t z

z t

r t
r t z

z t

θ

θ

θ

θ

−  +  
 

  −   
  

  + =  


π


π              (25) 

Figure 5 shows the numerical solution obtained with the Runge-Kutta me-
thod. 

A Taylor expansion of order 3 of Equation (25) gives 

( ) ( ) ( )
( )( )22

0
2
0

cos22
0 0

0 0 0 0 0 0 0
0

3
; , , , e ,

4

r

zv t t
r t t r v z r v t t

r

θ
−−

= + − −        (26) 

and Figure 6 gives the numerical solution obtained by the Runge-Kutta method  
 

 
Figure 5. Phase plane portrait and numerical solution (full yellow line) in the Gaussian 
case when 0 250 pcr = , 0 90 pcz = , 57.1 10 yrt = × , 3

0 7.1 10 yrt = ×  and  
1

0 10000 km sv −= ⋅ . 
 

 
Figure 6. Numerical solution (red full line) and Taylor expansion of the solution (dashed 
blue line), parameters as in Figure 5 but 44.26 10 yrt = × . 
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and the series solution up to a time for which the percentage error is less than 
9%. 

3. Astrophysical Applications 

In the following we will analyse the local bubble, the Fermi bubble and the super 
bubble W4. An observational percentage reliability, obsε , is introduced over the 
whole range of the polar angle θ , 

obs num
obs

obs,

100 1 ,j j

jj

r r

r
ε

 −
 = −
 
 

∑
∑

                 (27) 

where numr  is the theoretical radius of the considered bubble, obsr  is the ob-
served radius of the considered bubble, and the index j varies from 1 to the 
number of available observations. The observational percentage of reliability al-
lows us to fix the theoretical parameters. 

3.1. The Local Bubble 

The local bubble (LB) has already been simulated in the framework of the con-
servation of momentum [29]; here we adopt the framework of the conservation 
of energy. The numerical solution is shown as a cut in the x-z plane: see Figure 7 
for a medium in the presence of self-gravity as given by Equation (9) and Figure 
8 for a Gaussian density profile as given by Equation (18). 

 

 
Figure 7. Geometrical section of the LB in the x-z plane with a profile in the presence of 
self-gravity as given by Equation (8) (green points) and observed profile (red stars). The pa-
rameters are 1

0 3700 km sv −= ⋅ , 0 7 pcr = , 3.5 pch = , 48.5 10 yrt = × , 2
0 8.5 10 yrt = ×  

and OB 0z = . The observational percentage reliability is obs 82.42%ε = . 
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The 3D advancing surface of the local bubble for the case of self-gravity is 
shown in Figure 9. 

3.2. The Fermi Bubble 

Fermi bubbles have already been simulated in the framework of the conservation 
of momentum [30]; here we apply the conservation of energy. We now test our 
models on the image of the Fermi bubbles available at  

 

 

Figure 8. Geometrical section of the LB in the x-z plane with a Gaussian profile (green 
points) and observed profile (red stars). The parameters are 1

0 4000 km sv −= ⋅ ,  

0 7 pcr = , 0 9.1 pcz = , 48.5 10 yrt = × , 2
0 8.5 10 yrt = ×  and OB 0z = . The observational 

percentage reliability is obs 82.58%ε = . 
 

 
Figure 9. 3D surface of the LB with parameters as in Figure 7, with a profile in presence 
of self-gravity as given by Equation (8). The three Euler angles are 90Θ =  , 0Φ =   and 

90Ψ =  . 
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https://www.nasa.gov/mission_pages/GLAST/news/new-structure.html. The 
numerical solution is shown as a cut in the x-z plane: see Figure 10 for a density 
profile in the presence of self-gravity as given by Equation (9) and Figure 11 for  

 

 
Figure 10. Geometrical section of the Fermi bubbles in the x-z plane with a profile in the 
presence of self-gravity as given by Equation (8) (green points) and observed profile (red 
stars). The parameters are 1

0 2000 km sv −= ⋅ , 0 250 pcr = , 0 12 pcz = , 64 10 yrt = × , 
4

0 4 10 yrt = ×  and OB 0z = . The observational percentage reliability is obs 93%ε = . 
 

 
Figure 11. Geometrical section of the Fermi bubbles in the x-z plane with a Gaussian 
profile (green points) and observed profile (red stars). The parameters are  

1
0 1000 km sv −= ⋅ , 0 250 pcr = , 0 200 pcz = , 57.1 10 yrt = × , 3

0 7.1 10 yrt = ×  and 

OB 0z = . The observational percentage reliability is obs 92.12%ε = . 
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a Gaussian density profile as given by Equation (18). 
The 3D advancing surface of the local bubble for the Gaussian case is shown 

in Figure 12. 

3.3. The W4 Super-Bubble 

The W4 super-bubble has been analysed from the point of view of the astro-
nomical observations [31] [32] [33], in connection with the evolution of the 
magnetic field [34] and from a theoretical point of view [9] [35]. The upper part 
of Figure 3 in [36], which combines [SII], Hα  and [OIII] images has been di-
gitized and will be the section of reference for W4, see Figure 13. 

We now simulate the egg-shape of W4 when OB 0z ≠ . The numerical solution,  
 

 
Figure 12. 3D surface of the Fermi bubbles with parameters as in Figure 11, Gaussian 
profile. The three Euler angles are 90Θ =  , 0Φ =   and 90Ψ =  . 

 

 
Figure 13. Section of the W4 + IC 1805 complex. 
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which is evaluated with the Euler method, is shown as a cut in the x-z plane: see 
Figure 14 for a density profile in the presence of self-gravity and Figure 15 for a 
Gaussian profile. The two adopted profiles in density are symmetric with respect  

 

 
Figure 14. Geometrical section of the W4 super-bubble in the X-Z plane with a profile in 
the presence of self-gravity as given by Equation (9) (green points) and observed profile (red 
stars). The parameters are 1

0 20000 km sv −⋅= , 0 1 pcr = , 17 pch = , 51.3 10 yrt = × , 

0 10 yrt =  and OB 100z = . 
 

 
Figure 15. Geometrical section of the W4 super-bubble in the X-Z plane with a Gaussian pro-
file (green points) and observed profile (red stars). The parameters are 1

0 4700 km sv −⋅= , 

0 1 pcr = , 0 55 pcz = , 52.25 10 yrt = × , 0 10 yrt =  and OB 100z = . 
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to the galactic plane, 0Z = , but the simulated theoretical sections do not have 
an up-down symmetry, due to the fact that the expansion starts at 0z z= . Nev-
ertheless, we still have a right-left symmetry. 

The egg shape of the W4 super-bubble is shown in Figure 16. 
The curious bump visible in the upper left part of Figure 13 could be an as-

tronomical superposition of the image of IC 1805 on W4 or an intrinsic feature 
in the expansion of W4. In order to reproduce this feature, we assume that the 
scaling factor 0,z θ  in the interval inf supθ θ θ< <  varies with the following em-
pirical law 

( )0, 0 0 0.0006 ; ,z z z Nθ θ θ σ= +                  (28) 

where 

( )
( )

( )
1 22

2
1; , exp ,

22

x
N

θ
θ σ µ

σσ

 − = −
 
 π

             (29) 

is the Gaussian distribution, and 
2

inf supθ θ
θ

+
=  and 9σ θ= . 

Figure 17 shows an “ad hoc” simulation of the bump of W4. 

4. The Theory of the Image 

In the framework of an optically thin medium, we outline a new analytical mod-
el which reproduces a theoretical vertical cut in the intensity of radiation and an 
old numerical model which simulates the intensity of radiation as a function of 
the point of view of the observer. 

4.1. The Piriform Model 

The piriform curve, or pear-shaped quartic, in 3D Cartesian coordinates ( ), ,x y z  
has the equation 

( ) ( )4 2 2 2 3 2 0,a x y b z a z+ − − =                  (30) 

where a and b are both positive [37], see Figure 18 where the parameters a and b  
 

 
Figure 16. 3D surface of the W4 super-bubble with parameters as in Figure 15, Gaussian 
profile. The three Euler angles are 90Θ =  , 0Φ =   and 90Ψ =  . 
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Figure 17. Geometrical section of the W4 super-bubble in the X-Z plane with a Gaussian 
profile (green points) and observed profile (red stars). The parameters are the same as for 
Figure 15. 

 

 
Figure 18. 3D display of the piriform curve when 3 kpca =  and 3 2 kpcb = . 

 
match the Fermi bubbles. 

We are interested in a section of the above curve in the x-z plane which is ob-
tained by inserting 0y =  

( )4 2 2 3 2 .a x b z a z= −                      (31) 
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The parametric form of the piriform curve is 

( ) ( )( ); , 1 sinx a b aθ θ= +                   (32a) 

( ) ( ) ( )( ); , cos 1 sin ,z a b bθ θ θ= +                (32b) 

where 3
2 2

θ− ≤ ≤
π π  and the maximum value reached along the z axis is 

2 .maxz a=                          (33) 

We assume that the emission takes place in a thin layer comprised between an 
internal piriform which in polar coordinates has radius 

4 2 2 2
2 2 ,int

zr a ab z b z
a

= + −                   (34) 

and an external piriform which has radius 

,ext intr r c= +                         (35) 

where c is a positive parameter, see Figure 19. We therefore assume that the 
number density mC  is constant between the two piriforms; as an example, 
along the z axis the number density increases from 0 at ( )0, maxz  to a maximum 
value mC , remains constant up to ( )0, maxz c+ , and then falls again to 0. The 
length of sight which produces the image in the first quadrant, when the observ-
er is situated at the infinity of the x-axis, is the locus parallel to the x-axis which 
crosses the position z in the Cartesian x-z plane and terminates at the external 
piriform. In the case of an optically thin medium, the line of sight is split into 
two cases 

( ) ( )4 2 2 3 2 4 2 2 4 2
2

1; , , , 2 2 2I m ml z a b c C C a c b z a b z az z b a a cz
a

 = + − + − + 
 

(36) 

 

 
Figure 19. Internal and external piriforms in the first quadrant when 3 kpca = , 

3 2 kpcb =  and 3 20c = . The dotted lines represent two different lengths of sight. 
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when max maxz z z c≤ < +  

( )

( ) ( )4 2 2 3 2 4 2 2 4 2
2

; , , ,

1 2 2 2 2

II m

m

l z a b c C

C z a z zb a c b z a b z az z b a a cz
a

  = − − − + − + − +  
  

(37) 

when 0 maxz z≤ < . 
A comparison between observed and theoretical intensity can be made by re-

placing in the above result mC  with mI  and doubling the length of sight due 
to the contribution of the second quadrant 

( )

( )4 2 2 3 2 4 2 2 4 2
2

; , , ,

12 2 2 2

I m

m

I z a b c I

I a c b z a b z az z b a a cz
a

 = × + − + − + 
 

    (38) 

when max maxz z z c≤ < +  

( )

( ) ( )4 2 2 3 2 4 2 2 4 2
2

; , , ,

12 2 2 2 2

II m

m

I z a b c I

I z a z zb a c b z a b z az z b a a cz
a

  = × − − − + − + − +  
  

 

(39) 

when 0 maxz z≤ < . 
The resulting intensity is 2mI c  at 0z =  and increases to 2 4mI c a c+  

at maxz z= , see Figure 20 for a typical profile in intensity along the z-axis. 

4.2. The Numerical Model 

The source of the luminosity is assumed here to be the flux of kinetic energy, 

mL . The observed luminosity along a given direction can be expressed as 
 

 
Figure 20. The intensity profile for the piriform model along the z-axis when when 

3 kpca = , 3 2 kpcb = , 3 20c =  and 1mC = . 
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,mL Lε=                           (40) 

where ε  is a constant of conversion from the mechanical luminosity to the ob-
served luminosity, for more details see [30]. The image of the Fermi bubbles is 
shown in Figure 21 and Figure 22 shows a cut of the intensity along the z-axis. 

 

 
Figure 21. Map of the theoretical intensity of the Fermi bubbles for the model in the 
presence of self-gravity as given by Equation (9) with parameters as in Figure 10. The 
three Euler angles characterizing the orientation are 0Φ = , 90Θ =  and 90Ψ = . 

 

 
Figure 22. The intensity profile for the Fermi bubbles evolving in a model in the presence 
of self-gravity as given by Equation (9) along the z-axis, parameters as in Figure 21 
(green empty stars) and the intensity profile for the piriform model along the z-axis when 
when 3.3 kpca = , 1.65 kpcb = , 0.825c =  and 1mC =  (red full line). 
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Figure 22 also shows the cut of the piriform model in order to evaluate the 
goodness of the analytical model for complex sections. 

5. Conclusions 

Equations of motion We derived two equations of motion coupling the thin 
layer approximation with the conservation of energy. The first model imple-
ments a profile in the presence of self-gravity of density and the second a Gaus-
sian profile of density. In the absence of analytical results for the trajectory, with 
the exception of a Taylor expansion, we provided a numerical solution. 

Comparison with other approaches 
As an example, Figure 3 in [13] models the Eridanus-Orion structure with an 

ellipsoid, here we introduce the mushroom shape, see Figure 10 relative to the 
Fermi bubble and the egg shape, see Figure 16 relative to W4. We also suggested 
a first model for shapes apparently impossible to be simulated, see Figure 17 for 
the bump of W4. 

Theory of the image The introduction of the piriform curve as a model for 
the section of the super-bubble confirms the existence of a characteristic “U” 
shape which has a maximum in the internal piriform at 2z a=  and a mini-
mum at the centre, 0z = , see Equation (20). The superposition of a numerical 
cut with the piriform’s cut, (see Figure 22), shows us that the use of the piriform 
curve as a model is acceptable. 
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Abstract 
Mayr et al. [1] proposed that the vertical velocities in the global scale meri-
dional circulation can produce distinct latitude bands where Jovian vortices 
like the white and brown are observed, and we present here a brief review of 
the mechanism. The observed life times of the ovals are much longer than 
the estimated spin-down times, which indicates that the vortices must be 
sustained through the release of internal energy. Like Jupiter’s Great Red 
Spot (GRS), the white/brown ovals are treated like terrestrial hurricanes or 
cyclones, which are generated by convection. The planetary energy Jupiter 
emits is transferred by convection, and under this condition the upward 
motions in the meridional circulation, around the equator for example, re-
lease energy from below and decrease the convective instability to suppress 
the formation of cyclones. But the downward motions in the circulation, 
near 20˚ latitude for example, carry energy down so that the convective in-
stability is amplified to produce a dynamical environment that is favorable 
for the development of cyclones like the GRS and white/brown ovals. This 
picture is supported by an analysis of results from a numerical model of Ju-
piter’s alternating jets (Chan and Mayr [2]). Generated by alternating ver-
tical winds in the meridional circulation, the vertical temperature variations 
reveal distinct latitude bands with enhanced convective instability, most 
prominent at high latitudes where long-lived circumpolar cyclones are ob-
served from the Juno spacecraft. 
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1. Introduction 

A gaseous planet, Jupiter emits more than twice as much energy as it receives 
from the Sun. The planetary energy from the interior is carried by convection to 
the top of the atmosphere, where it is radiated away from the stable region 
around the clouds. Jupiter’s vortices like the Great Red Spot (GRS) and the al-
ternating zonal jets are mainly observed in the cloud layer (e.g., Smith et al. [3] 
[4]; Mitchell et al. [5]; Simon-Miller et al. [6]; Porco et al. [7]; Sánchez-Lavega et 
al. [8]; Galanti et al. [9]; Tabataba-Vakili et al. [10]), and model simulations have 
been confined to that region (e.g., Marcus [11], Marcus et al. [12]; Marcus et al. 
[13]; Showman et al. [14]; Showman [15]). On a different path, recent numerical 
models have been showing that convective energy transport below the clouds 
can generate the alternating jets (e.g., Mayr et al. [16]; Ingersoll et al. [17]; Zhang 
and Schubert [18]; Christensen [19]; Aurnou and Olson [20]; Heimpel and 
Aurnou [21]; Chan and Mayr [2]). And Chan and Mayr [22] produced Jovian 
type vortices purely by convection, without imposing artificial shears and flow 
fields in support of the mechanism Kuiper [23] had proposed, linking the GRS 
to the terrestrial hurricane. 

Based on the theory developed by Charney and Eliassen [24] and Ooyama 
[25], the terrestrial hurricane is generated by the so-called Conditional Instabili-
ty of Second Kind (CISK), which requires that the lower layer in the Earth’s 
tropical atmosphere is convective and conditionally unstable, i.e., unsaturated 
and wet-super adiabatic. When a vortex develops, convergence of the horizontal 
flow brings moisture into the center and forces ascension with release of latent 
energy, and this process in turn refuels the motions. 

Considering that the observed horizontal dimension of the planetary vortex 
can reach as an upper limit the Rossby diameter of deformation (Holton [26]), 
the depths, h, and spin-down times, τ, can be estimated (Holton [27]) to pro-
duce h = 400 km and 200 km, and τ = 1.6 years and 4 months for the GRS and 
the white/brown ovals, respectively (Mayr et al. [1]). The long life time of the 
GRS, discovered centuries ago, indicates that it is rooted deep in the convective 
region of Jupiter’s atmosphere, and high-precision gravity measurements with 
the Juno mission are exploring the depth of the vortex down to more than 300 
km (Gilanti et al. [9]). The white and brown ovals also have live times exceeding 
the spin-down times, which suggests that they originate well below the clouds. 
These long-lived vortices are observed organized along latitude bands, and Mayr 
et al. [1] propose that the downward motions in the global-scale meridional cir-
culation can produce regions with amplified convective instability, varying with 
latitude, where the dynamical conditions are favorable for generating and sus-
taining the Jovian vortices. 

2. Vortex Generations 

Jovian vortices and terrestrial hurricanes have in common that they produce the 
same flow pattern at the top of the atmosphere. This is seen for example in some 
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of the earliest close-up observations of the Great Red Spot (GRS) and white ovals 
that were taken from Voyager I in March 1979 (Smith et al. [3] [4]); and Skylab 
took pictures of hurricane Irah on September 24, 1973. The sense of rotation is 
anti-cyclonic, i.e., counter-clockwise for the GRS that is located in the southern 
hemisphere (20˚S), and clockwise for Irah that appeared in the northern hemis-
phere (18˚N, 107.8˚W). Under the influence of the Coriolis force, anti-cyclonic 
motions are sustained by enhanced pressure and related temperature variations 
inside the vortex. 

In the case of the terrestrial hurricane or tropical cyclone, a low pressure sys-
tem is formed near the ground to produce a cyclonic flow pattern. The spiraling 
winds are drawn into the center of the hurricane, and rising motions with con-
vection fuel the high pressure system above, which generates the anti-cyclonic 
motions at higher altitudes. 

For the GRS in contrast the picture is not that clear, because the measure-
ments have been limited to the convectively stable atmospheric layer around the 
clouds. Figure 1(a) shows the vertical temperature variations inside and outside 
the GRS, which were derived from infrared measurements on Voyager I (Hanel 
et al. [28]). Below the tropopause, the temperatures increase towards lower alti-
tudes with gradients close to super adiabatic; convection becomes important. 
Within the limited altitude range of observations, there is no indication of en-
hanced temperatures inside the GRS. To produce the anti-cyclonic rotation of 
the vortex, the pressure must be built up by temperature variations further down 
in the convective region of the troposphere, illustrated in Figure 1(b). In analo-
gy with the terrestrial hurricane mechanism, it is proposed that the upward  

 

 
Figure 1. (a) Vertical temperature variations inside and outside the GRS derived from infrared 
measurements on Voyager 1, taken from Hanel et al. [28]. (b) Proposed schematic cross sections 
of temperature (solid line) and pressure (dashed line) variations in the convective troposphere. 
(Figure taken from Mayr et al. [1].) 
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motions inside the GRS transfer energy up from below to increase the tempera-
ture, which in turn is building up the pressure. Due to expansion from below, 
the pressure continues to be enhanced at higher altitudes to maintain the an-
ti-cyclonic vortex near the clouds. Infrared measurements from Voyager I (Ha-
nel et al. [28]) show traces of water in the troposphere of Jupiter. Condensation 
of water vapor with release of latent energy can contribute to generate the 
long-lived Jovian vortices. 

3. Latitudinal Vortex Stratification 

The alternating zonal jets of Jupiter are in geostrophic balance, produced by la-
titudinal pressure and temperature variations. Evidence of that is seen for exam-
ple in Voyager infrared measurements (e.g., Hanel et al., [28] [29]) that show 
considerable structure in the temperature at the 0.8 bar pressure level. Plateaus 
are observed, which are formed by temperatures that decrease abruptly towards 
higher latitudes near 20˚ and 60˚. Moreover, there is some indication that the 
zonal-mean temperature at the 0.15 bar level has a minimum near 20˚ latitude. 

The latitudinal temperature/pressure variations are generated by the internal 
convective energy source and in part by solar heating. The energy is mainly dis-
sipated by the multi-cellular meridional circulation (Mayr and Harris [30]; Mayr 
et al. [16]) which is involved (Mayr et al. [1]) in the formation of the latitude 
bands where the long lived Jovian vortices are mainly observed. 

For the purpose of this discussion, it is helpful to present in simplified form 
the energy equation for the zonal-mean variations of the circulation 

( )pT Wc T z Qα + ∂ ∂ + Γ =                     (1) 

where α is the effective cooling coefficient due to turbulent heat conduction and 
radiation, T temperature, W vertical velocity of meridional circulation, cp specif-
ic heat at constant pressure, z altitude, Γ adiabatic temperature lapse rate, and Q 
the energy source like solar heating. With stability S = (∂T/∂z + Γ), the atmos-
phere is convectively stable, S > 0, or unstable, S < 0. 

With Jupiter’s internal energy source, the average global stability, S, is small. 
Thus relatively small changes in the temperature, ∆T, can significantly affect the 
latitudinal variations of the stability (S + ∆S). 

In the convective troposphere (S < 0), the prevailing upward motions in the 
meridional circulation (W > 0), around the equator for example, supply from 
below energy to the ambient medium, which increases the temperature and sta-
bility (∆S > 0), illustrated in Figure 2(a). Energy that otherwise may contribute 
to fuel a disturbance is transported to higher altitudes, and the consequence is 
that localized disturbances are suppressed. It is less likely that hurricane like vor-
tices develop in the updraft regions of the large scale meridional circulation. 

On the other hand, near 20˚ latitude for example, where downward motions 
occur in the meridional circulation, energy is removed from the surrounding 
ambient medium and is transported to lower altitudes. The temperature de-
creases, and the atmosphere becomes less stable or more convective (∆S < 0),  
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Figure 2. Schematic illustration of the vertical temperature variations, produced by the 
large scale meridional circulation (thin lines). On the left side (a) is shown the up-draft 
region around the equator for example, where the temperature increases, ΔT > 0, and the 
stability, ΔS > 0. Hurricanes like vortices are less likely to develop in this region. On the 
right side (b) is shown a region near 20˚ latitude for example, where the meridional cir-
culation produces downward motions. The temperature and stability then decrease, ΔT < 
0, ΔS < 0. Localized disturbances or vortices are more likely to develop. (Figure taken 
from Mayr et al. [1].) 

 
illustrated in Figure 2(b). As a result, localized disturbances will be accelerated, 
and vortices can develop and be sustained. The Great Red Spot (GRS) and 
brown ovals are observed along latitude bands around −20˚ (Smith et al. [3]), 
and the latitudinal stratifications observed in the white ovals can also be pro-
duced by the downward motions in the multi-cellular meridional circulation. 

Latitudinal cross sections of the prevailing temperature and zonal wind fields 
are illustrated in Figure 3. Away from the equator, the temperature (pressure) 
decreases, which can produce (assuming geostrophy) the eastward equatorial jet. 
Around 25˚, the temperature variation reverses and can produce the westward 
jet. In between presumably, a temperature minimum lies, where the atmosphere 
is less stable, and hurricane like vortices can develop such as the GRS and 
white/brown ovals. The anticyclonic motions inside the Jovian hurricanes may 
be embedded in a zonal velocity field that is cyclonic, so that swirls and wake ef-
fects develop as illustrated in Figure 3. 

The above discussion about the Jovian vortices in relation to the zonal circula-
tion applies to the altitude regime where they are created. Figure 3 does not 
portray the conditions at higher altitudes near the top of the visible clouds where 
the observations come from. The GRS was observed 70˚W and 100˚W in system  
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Figure 3. Illustration of the relationship between the multi-cellular meridional circulation 
(top), zonal circulation (middle), and relative temperature variations (bottom). Rising mo-
tions (light arrows) increase the temperature, illustrated in Figure 2(a), and the stability is 
enhanced (e.g. in the equatorial region). Downward motions (dark arrows) decrease the 
temperature, illustrated in Figure 2(b), and the stability is reduced (e.g. near 20˚ latitude). 
In between, the temperature (pressure) falls off towards higher latitudes, driving eastward 
jets. Poleward of the temperature minimum, a westward jet can develop. The hurricane type 
vortex would tend to form in the shear region of the zonal velocity field in between. Due to 
the multicellular structure of the meridional circulation, this alternating pattern of upward 
and downward motions can produce alternating latitude bands, where Jovian type hurri-
canes are “forbidden” or “stimulated”, respectively. (Figure taken from Mayr et al. [1].) 

 
III during the Voyager I (1 February 1979) and Voyager II (23 May 1979) en-
counters, respectively. This produces a large 0.27/day retrograde drift of the GRS 
within a short period of time (Figure 1 in Smith et al. [4]), which is consistent 
with the 100 yr mean drift (1.05 × 104 deg between 1850 and 1950). This drift 
direction is opposite to that of the observed zonal winds near the visible clouds 
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and may indicate that the latitudinal structure in the prevailing circulation is 
changing significantly over the large depth of the GRS. Consistent with the pat-
tern illustrated in Figure 3, the Voyager observations show that the white and 
brown ovals tend to move eastward in the direction of the zonal winds. 

The Great Red Spot has been observed since its discovery by Casini in 1665, 
and this huge long-lived vortex is unique. Speculating about its creation, an 
enormous meteor might have plunged deep into the atmosphere of the southern 
tropical zone where the dynamical conditions are favorable for generating and 
sustaining Jovian hurricanes. 

4. Model Generated Latitude Bands of Instability 

The above discussed mechanism for the formation of latitude bands with hurri-
cane type vortices is supported by numerical results from a spectral model that 
generates Jupiter’s alternating zonal jets (Chan and Mayr [2]). The model is 
formulated with associated vector spherical harmonics for the numerical solu-
tion of the time dependent 3D nonlinear Navier Stokes equations (Chan et al. 
[31]). The spherical harmonics are truncated at 20 degrees (T20), and 68 radial 
grid levels cover the 430 km vertical depth of the atmosphere that is fully strati-
fied and compressible. Stress-free and impenetrable boundary conditions are 
applied at the top and bottom of the 0.6% radial layer model domain. Jupiter’s 
internal energy flux is applied but the smaller Solar input is ignored. The plane-
tary energy is carried by convection over 95% of the layer and is emitted by ra-
diative diffusion from a stable layer at the top. A uniform kinematic viscosity is 
adopted to dissipate the kinetic energy generated by convection. 

In Figure 4 are shown the zonal-mean components of the zonal velocities (a) 
and relative temperature variations (b). Alternating winds are generated, and the 
velocities are within a factor of two of the observed values. In agreement with the 
Voyager observations (Smith et al. [6]), the model reproduces the large velocity 
peak at the equator and steep retrograde winds at 20˚ latitudes. With Jupiter’s 
internal energy source applied, the zonal winds are varying in the radial direc-
tion -in contrast to the Taylor column models (e.g., Christensen [19]; Aurnou 
and Olson [20]; Heimpel and Aurnou [21]) that are generated with unrealistic 
hyper-energetic energy source. In geostrophic balance, the temperature gener-
ated pressure variations with latitude produce the zonal wind velocities. The 
overall latitude pattern of the relative temperature variations is similar to that of 
the zonal winds, except for the region around the equator where the vanishing 
Coriolis force produces relatively small perturbations. 

For the latitudinal variations of the meridional circulation the numerical re-
sults are presented in Figure 5. The vertical winds (a) highlight the mul-
ti-cellular pattern characteristic of Jupiter’s circulation. The meridional winds 
(b) show converging and diverging velocity patterns with opposite directions in 
the opposite hemispheres. In common with the zonal wind pattern in Figure 4, a 
single circulation cell dominates around the equator, and multi-cellular circula-
tion bands cover the latitudinal variations. Controlled by flow continuity, the 
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Figure 4. (a) Latitudinal variations of mean zonal winds (averaged in longitude) at alti-
tudes indicated on a fractional (%) radius scale. Top of domain, green; top of convection 
region, black; middle of convection region, blue; bottom of domain, red. Width of pro-
grade equatorial jet agrees with observations, but 70 m/s winds are a factor of 2 smaller 
than observed. (b) The relative temperature variations, larger than observed, are shown 
with collar scale identical to zonal winds (a). (Figures are taken from Chan and Mayr [2].) 

 

 
Figure 5. (a) Computed mean vertical winds (mm/s) at top (black) and bottom (green) of 
convection region. Controlled in part by the short horizontal scale of Jupiter’s circulation, 
the vertical winds are comparatively small. The latitudinal wind pattern is symmetric, 
with dominant upward velocity at the equator. (b) The larger meridional winds have op-
posite directions in the northern and southern hemispheres. Obeying flow continuity, the 
velocities are much larger at the top of the domain (black versus red/green). (Figures are 
taken from Chan and Mayr [32].) 
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meridional winds are much larger at higher altitudes in the atmosphere where 
the background densities are much smaller compared to the lower portion. In 
contrast to the large rotational zonal winds, the smaller meridional winds have 
divergence, involved in generating the temperature and pressure variations that 
produce the zonal winds. 

In Figure 6 are shown the computed temperature variations, ∆T, relative to 
the global average, T, taken from Chan and Mayr [2]. For the southern hemis-
phere, the temperatures are presented at different altitudes, identified with the 
underlying color code. 

With the planetary energy source from the interior, the global-average at-
mosphere is convectively unstable, S = (∂T/∂z + Γ) < 0 and the varying stabili-
ty/instability across the globe, ∆S = (∂∆T/∂z + Γ), can be deduced from d∆T 
(black-top - red-bottom) that varies with the vertical temperature gradient, 
∂∆T/∂z. Around the equator the model results show that the temperature in-
creases with altitude, d∆T > 0 (∂∆T/∂z > 0, ∆S > 0); at low latitudes, the atmos-
phere is more stable or less convective. The same pattern in the vertical temperature  

 

 
Figure 6. The computed temperatures (Figure 4(b)) relative to the global average, ∆T, 
are presented on an expanded scale for the southern hemisphere to high-light the varia-
tions with latitude (altitudes shown with the fractional (%) radius scale identified with 
color code). The temperature differences with altitude, d∆T = ∆T(top-black) − ∆T (bot-
tom-red), produce an alternating latitude pattern with reduced and enhanced convective 
instability, where the latitude bands with d∆T < 0 provide dynamical conditions favorable 
for generating the long lived vortices like the GRS and white/brown ovals. (Figure taken 
from Chan and Mayr [2].) 
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0), opposite to the pattern of the equatorial region; the atmosphere is more un-
stable, more convective. A similar pattern, though much weaker, is also pro-
duced in the region around 20˚ latitude where the convective instability is am-
plified (∆S < 0). 

The vertical temperature gradients, ∂∆T/∂z, across the globe alternate direc-
tion to produce distinct latitude bands with enhanced convective instability, 
where long-lived cyclones can form like the GRS and white/brown ovals in the 
region around 20˚ latitude. The convective instability is largest and most prom-
inent at high latitudes where circumpolar cyclones are observed from the Juno 
spacecraft (e.g. Tabataba-Vakili et al. [10]). 

5. Conclusions 

The present review was stimulated by a recent conference paper about a numer-
ical simulation addressing the longevity of the Great Red Spot (Hassanzadeh and 
Marcus [33]). In this model, the imposed vertical motions from the meridional 
circulation are quoted as the key for extending the life time of the Great Red 
Spot (GRS). 

On a similar track, Mayr et al. [1] proposed that the vertical velocities in the 
global scale meridional circulation can produce the observed latitude bands 
where the long-lived Jovian vortices are mainly generated. Following Kuiper 
[23], the GRS and white/brown ovals are treated like terrestrial hurricanes. In 
this analysis, the depths and life-times of the vortices were estimated (Holton 
[26] [27]) to produce spin-down times of 2 years for the GRS, and 3 months for 
the white/brown ovals. Discovered centuries ago, the relatively long life time of 
the GRS indicates that it must reside deep inside Jupiter’s convection region. 
And the same applies to the white and brown ovals, which have life-times far 
exceeding their spin-down times. Numerical experiments show that long-lived 
vortices can be spontaneously generated inside the fast rotating Jovian type con-
vection zone (Chan and Mayr [22]). 

The question is what generates the latitude bands with enhanced convective 
instability where the white and brown ovals are observed and in broad terms, the 
answer can be provided by the mulita-cellular meridional circulation illustrated 
in Figure 3. As illustrated in Figure 2(a) more closely, the upward motions in 
the meridional circulation around the equator, for example, supply energy from 
below and increase the temperature and stability. In that environment, the con-
vective instability is suppressed, so that the dynamical conditions are not favora-
ble for generating hurricane like vortices. On the other hand near 20˚ latitude 
for example, illustrated in Figure 2(b), the downward motions in the meridional 
circulation transport the energy to lower altitudes to increase the convective in-
stability. Under such conditions, the dynamical environment is favorable for ge-
nerating and sustaining the GRS and the white/brown ovals. 

The proposed mechanism for the formation of latitude bands with variable 
convective instability is supported by numerical results from a spectral model 
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that simulates the global variations of the Jovian atmosphere (Chan and Mayr 
[2]). Generated by the internal planetary energy source, the resulting variations 
of the temperature and zonal winds are shown in Figure 4 for the convective 
model atmosphere. In geostrophic balance, the alternating zonal winds are gen-
erated by the latitudinal variations of pressure and related temperature. And the 
temperature variations in turn are dissipated and transformed by the global scale 
meridional circulation. 

In Figure 6 are shown the computed temperature perturbations relative to the 
global average, ∆T, presented on an expanded scale for the southern hemisphere 
to high-light the temperature differences with altitude, d∆T, the measure of 
convective instability. It shows that the temperature increases with altitude 
around the equator. The temperature difference between the top (black) and 
bottom (red) of the convective atmosphere is positive, d∆T > 0; the atmosphere 
is more stable, less convective. And the same kind of temperature variation is 
produced at latitudes around 35˚. But at high latitudes, and to lesser extent 
around 20˚, the temperature perturbations decrease with altitude, d∆T < 0; the 
atmosphere is less stable, more convective. Generated by the downward motions 
in the meridional circulation (Figure 5), latitude bands are generated with am-
plified convective instability, where the dynamical conditions are more favorable 
for generating Jovian type vortices. 

On Earth, the hurricanes are spawned in the tropics after the summer season 
with elevated ocean temperatures when the upper troposphere is turning colder 
to increases the convective instability, analogous to the temperature decrease 
produced by the meridional circulation that stimulates the Jovian vortex. 
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Abstract 
The results of optical spectroscopic monitoring observations of a young bi-
nary system, Z CMa, are presented in this study. Z CMa consists of a Herbig 
Be star and an FU Orionis object, and it shows irregular light variation in the 
quiescent phase and exploding brightening in the outburst phase. Me-
dium-resolution spectra were obtained on 21 nights between 2015 and 2019 
using the Nayuta telescope in Japan. We also used five high-resolution spec-
tra, obtained between 2008 and 2011, with the Keck Telescope. During the 
outburst phase, the intensity of the He I absorption line increased with an in-
crease in the luminosity of the system. Because the He I absorption line is a 
characteristic feature of an early-type star, we considered that the outbursts 
were caused by the Herbig Be star. The equivalent widths of the [O I] line de-
creased with an increase in the luminosity of the system. We claim steady 
mass loss at the rate of 10−5.5 M



∙yr−1. The intensities of the Hα and Fe II 
emission lines did not change during the outbursts. However, the line inten-
sities increased with an increase in the luminosity of the system in the quies-
cent phase. We consider that those lines are attributed to the FU Orionis ob-
ject and the light variations in the quiescent phase were caused by the FU 
Orionis object. 
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Stars:Pre-Main Sequence, Stars:Variables:T Tauri, Herbig Ae/Be,  
Techniques:Spectroscopic 

 

1. Introduction 

A young stellar object (YSO) gains its weight by accretion of surrounding mate-
rials through a circumstellar disk. Steady mass accretion rate of an order of 10−8 
M


∙yr−1 has been proposed for a solar-mass YSO [1]. Mass accretion from the 
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circumstellar disk to the stellar surface lasts 106 yr. Thus, the steady mass accre-
tion is insufficient for the star to get the final mass. One of the phenomena that 
may solve this problem is the rapid increase in the luminosity observed for 
YSOs. V1057 Cyg increased its luminosity by more than 5 magnitudes in 1969 
[2], and this luminosity increase was interpreted as a temporary increase in the 
mass accretion rate by a factor of 1000. An object that shows a sudden increase 
in luminosity and maintains the bright phase for more than a decade is called an 
FU Orionis object. An object that experiences a brightening phase for a shorter 
period than an FU Orionis object is called an EXor. 

Z CMa is an YSO that shows irregular light variations. In the past twenty 
years, Z CMa has repeatedly exhibited 0.5 - 1.5 magnitude changes in the optical 
wavelengths [3]. In addition, Z CMa has often exhibited sudden increases in 
brightness. The amplitudes had approximately 2-magnitude in the V-band and 
the brightening phase lasted for ~100 days with an interval of hundreds of days. 
These EXor-like outbursts occurred in 2000, 2004, 2008, 2011, 2015, and 2016 
[4] [5]. 

Near-infrared speckle interferometry resolved two components of the binary 
[6] [7]. It is indicated that the south-eastern component dominates the visual 
and ultraviolet parts of the spectral energy distribution (SED). Although this 
component has not undergone a large outburst in the last century, it has been 
identified as an FU Orionis object [8]. This star has a spectral type of F, a mass 
of 3 M



, a radius of 7 R


, and an age of 3 × 105 yr. The north-western compo-
nent dominates the infrared parts of the SED. It was identified as a Herbig Be 
star [9], surrounded by a dust cocoon [3]. Its mass is 16 M



, radius is 7.6 R


, and 
age is estimated to be 3 × 105 yr [3]. 

The large scale picture that the Herbig Be star is surrounded by a dust cocoon 
of variable geometry and the whole system is surrounded by an infalling 
envelope is widely supported by many observational results (e.g. [10]). Optical 
spectropolarimetry of Z CMa was carried out in 1991-1992 [9]. At that time, Z 
CMa was at V~9.6 - 9.8 mag. Polarization of 1% - 2% in the continuum and up 
to 6% in the emission lines were detected. It was argued that the Herbig Be star 
was the emission line source and it was mostly obscured by an asymmetrical 
dust cocoon. The outburst was attributed to the light variation of the Herbig Be 
star. Another spectropolarimetric observation was carried out in the outburst 
phase in 2008 [4]. The polarization angles of the emission lines were perpendi-
cular to the large-scale jet. It was claimed that the outburst was the phenomenon 
that more light from the Herbig Be star reached the observer through a widened 
cavity. 

JHKL-band photometry of the individual components was carried out by us-
ing the adaptive optics system [11]. Observations showed that the flux of the 
Herbig Be star increased significantly for wavelengths shorter than 10 μm during 
the outburst. It was concluded that the outburst was caused by the Herbig Be 
star, and this was confirmed through spectroscopy. During the outburst in 1987, 
the flux of the Balmer emission lines and the Ca II K emission line, as well as the 
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brightness of Z CMa, increased. Moreover, many metallic lines, such as Fe II, Cr 
II, and Ti II, changed from absorption to emission lines [12]. These phenomena 
were interpreted as the outbursts caused by the Herbig Be star. 

We have carried out a series of optical spectroscopy of Z CMa. We also inves-
tigated the relationship between the line intensities obtained from spectroscopy 
and the luminosity obtained from broad-band photometry. 

2. Observations and Data Reduction 

We conducted spectroscopic observations of Z CMa on 21 nights between Oc-
tober 2015 and November 2019 by using the medium- and low-dispersion 
long-slit spectrograph (MALLS) mounted on the 2.0 m Nayuta telescope at Ni-
shi-Harima Astronomical Observatory, Japan. Using a grating of 1800 lines/mm 
and a 0.8” slit, we obtained spectra with a wavelength resolution of ~10,000 be-
tween 6280 Å and 6720 Å. The exposure time ranged from 300 s to 1200 s, and 1 
- 4 spectra were obtained each night. Flat frames and comparison frames were 
acquired by using a halogen lamp and an Fe-Ne-Ar lamp in the instrument, re-
spectively. Dark frames were also obtained. Details of the observations are pre-
sented in Table 1. 

We also used data obtained by employing the high-resolution echelle spec-
trometer (HIRES) of the Keck telescope. The data between 2008 and 2011 were 
obtained from the archive system. The spectral resolution was ~48,000 between 
5700 Å and 7150 Å. We obtained object frames, bias frames, flat frames, and 
Th-Ar lamp comparison frames. Details of the observations are also listed in 
Table 1. 

The MALLS data were reduced using the IRAF software. The average count of 
the overscan region was subtracted from the entire region. Ten dark frames were 
combined with the median, and the combined dark image was subtracted from 
the object and flat frames. The normalized flat image was used to correct the 
sensitivity of each CCD element. We identified approximately 50 emission lines 
of the Fe-Ne-Ar lamp in the comparison image and established a relationship 
between the column number of the pixel and the wavelengths. The column 
number of the pixel of the object frame was converted into the wavelength using 
this relationship. We also corrected the spatial distortion of the object image 
using the comparison image. We then fitted background emission as a func-
tion of the columns of the image and subtracted it from the entire region. We 
extracted a one-dimensional spectrum from a two-dimensional spectrum in the 
object frame. The extracted spectrum was binned by the slit width. The Doppler 
shift due to the orbital motion of the Earth was corrected. We combined the spec-
tra acquired each night. Finally, we normalized the continuum level of the spec-
trum. 

Image processing of the HIRES data was performed through a pipeline called 
Mauna Kea Echelle Extraction in addition to IRAF. Each component of the bi-
nary system was not resolved either in the MALLS data or in the HIRES data. 
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Table 1. Observation date, integration time, and V-band magnitude of the object. 

Date (JST) JD (−2,450,000) Integ. Time (s) V-mag Telescope 

2008-12-03 4804 60 8.7 Keck (PI: Dahm) 

2008-12-04 4805 60 8.7 Keck (PI: Dahm) 

2008-12-17 4818 60 8.5 Keck (PI: Hireseng) 

2010-11-14 5515 200 8.5 Keck (PI: Herbig) 

2011-11-18 5884 180 10.1 Keck (PI: Reipurth) 

2015-10-13 7309 1800 9.95 Nayuta 

2015-10-31 7327 1800 9.82 Nayuta 

2015-11-29 7356 1800 9.61 Nayuta 

2015-12-01 7358 1800 9.61 Nayuta 

2016-01-10 7398 1800 8.14 Nayuta 

2016-01-12 7400 1800 8.14 Nayuta 

2016-01-13 7401 1800 8.19 Nayuta 

2016-01-16 7404 1800 8.19 Nayuta 

2016-03-03 7451 1800 8.53 Nayuta 

2016-03-11 7459 1800 8.68 Nayuta 

2016-04-05 7484 1800 9.20 Nayuta 

2016-10-13 7675 1800 8.71 Nayuta 

2016-10-20 7682 1800 8.88 Nayuta 

2016-11-03 7696 1800 9.36 Nayuta 

2016-11-08 7701 1800 9.48 Nayuta 

2016-11-11 7704 1800 9.50 Nayuta 

2016-11-17 7710 1800 9.74 Nayuta 

2016-11-21 7714 1800 9.72 Nayuta 

2018-01-23 8142 1800 10.34 Nayuta 

2019-01-15 8499 1800 10.01 Nayuta 

2019-01-18 8502 1800 9.93 Nayuta 

3. Results 

Figure 1 shows an example of the spectra obtained with MALLS. Emission lines 
of [O I], Fe II, and Hα, as well as the He I absorption line, appear in the spectra. 
The equivalent widths of these lines were measured by applying direct integra-
tion using IRAF (Table 2). 

Figure 2 shows the light curve of Z CMa. We considered that the light varia-
tion is a combination of a small amplitude about 0.5 magnitude around 10 mag-
nitude and a large amplitude about 2 magnitude around 9 magnitude. We classi-
fied the object as being in the quiescent phase when it is fainter than 9.6 magni-
tude in the V-band and the outburst phase when it is brighter than 9.6 magni-
tude in the V-band. 
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Figure 1. Optical spectrum of Z CMa obtained on October 20, 2016 with MALLS. The spec-
tral flux is normalized with the continuum flux. The prominent features in the spectrum are 
the Hα emission line with a blueshifted absorption component, [O I] forbidden line (6300 Å), 
Fe II emission lines (6435 Å, 6456 Å, and 6516 Å), and He I absorption line (6678 Å). 

 

 
Figure 2. Light curve of Z CMa. The V-band magnitudes were obtained from the data-
base of Kiso/Kyoto Wide-field Survey [13]. Outbursts are observed during February 2015, 
February 2016, and March 2017, with the amplitude of approximately 2 magnitudes. 
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Table 2. Equivalent widths of the prominent features. The unit is Å. 

Date (JST) He I Hα [O I] Fe II 6435 Fe II 6456 Fe II 6516 

2008-12-03 0.96 0.5
0.463.2−
+−  

0.19
0.211.60−
+−  −2.03 −2.00 −2.46 

2008-12-04 0.85 76.5 0.4− ±  
0.19
0.141.37−
+−  −2.06 −2.08 −2.57 

2008-12-17  38.7 0.3− ±  
0.08
0.051.18−
+−  −1.36 −1.24 −1.48 

2010-11-14 1.27 0.4
0.338.5−
+−  1.51 0.13− ±  −1.85 −2.11 −2.19 

2011-12-18 0.22 0.7
0.685.9−
+−  

0.25
0.233.38−
+−  −1.42 −1.58 −1.71 

2015-10-13 0.20 1.0
0.9156.3−
+−  

0.29
0.273.03−
+−  

0.15
0.143.44−
+−  3.27 0.09− ±  

0.12
0.113.48−
+−  

2015-10-14 0.21 167.7 0.9− ±  
0.29
0.283.33−
+−  

0.15
0.133.56−
+−  3.42 0.09− ±  3.43 0.11− ±  

2015-10-31 0.24 132.2 1.0− ±  
0.32
0.313.10−
+−  

0.16
0.152.90−
+−  

0.11
0.102.48−
+−  

0.13
0.122.89−
+−  

2015-11-29 0.14 1.1
1.0146.8−
+−  

0.32
0.302.52−
+−  3.46 0.17− ±  3.31 0.11− ±  3.27 0.13− ±  

2015-12-01 0.13 150.6 1.1− ±  3.13 0.36− ±  3.48 0.18− ±  3.30 0.12− ±  
0.15
0.143.46−
+−  

2016-01-10 1.74 1.4
1.544.6−
+−  

0.33
0.240.54−
+−  

0.22
0.201.58−
+−  

0.13
0.121.35−
+−  1.33 0.13− ±  

2016-01-12 1.36 50.0 0.6− ±  
0.17
0.150.67−
+−  

0.09
0.081.51−
+−  1.34 0.05− ±  1.40 0.06− ±  

2016-01-13 1.32 52.4 0.7− ±  
0.22
0.190.88−
+−  

0.11
0.101.51−
+−  1.35 0.06− ±  1.50 0.07− ±  

2016-01-16 1.09 0.7
0.649.2−
+−  

0.18
0.150.79−
+−  

0.10
0.091.37−
+−  1.17 0.05− ±  1.26 0.06− ±  

2016-03-03 1.40 0.7
0.666.6−
+−  

0.20
0.191.52−
+−  

0.10
0.091.85−
+−  

0.06
0.051.36−
+−  

0.08
0.061.68−
+−  

2016-03-11 0.86 3.1
3.284.2−
+−  

0.88
0.731.67−
+−  

0.45
0.412.37−
+−  

0.30
0.271.58−
+−  

0.35
0.282.15−
+−  

2016-04-05 0.64 111.2 1.0− ±  
0.33
0.301.94−
+−  2.81 0.17− ±  2.45 0.11− ±  

0.14
0.112.75−
+−  

2016-10-13 1.00 59.1 1.1− ±  
0.35
0.321.78−
+−  

0.18
0.171.78−
+−  

0.09
0.081.43−
+−  

0.13
0.121.54−
+−  

2016-10-20 1.33 80.8 2.4− ±  
0.75
0.661.97−
+−  

0.38
0.352.15−
+−  

0.15
0.131.36−
+−  

0.29
0.231.84−
+−  

2016-11-03 0.16 121.6 1.0− ±  
0.32
0.302.36−
+−  3.35 0.16− ±  3.15 0.11− ±  

0.13
0.123.11−
+−  

2016-11-08 0.13 1.0
1.1136.5−
+−  

0.32
0.312.83−
+−  3.54 0.16− ±  3.35 0.10− ±  3.43 0.12− ±  

2016-11-11 0.12 133.0 0.9− ±  
0.29
0.282.90−
+−  3.43 0.15− ±  3.16 0.10− ±  3.28 0.11− ±  

2016-11-17 0.13 0.9
1.0142.4−
+−  3.66 0.29− ±  3.53 0.15− ±  3.37 0.10− ±  3.44 0.11− ±  

2016-11-21 0.06 1.0
1.1136.0−
+−  

0.33
0.323.53−
+−  

0.17
0.163.42−
+−  

0.12
0.113.11−
+−  2.85 0.12− ±  

2018-01-23 0 119.9 2.5− ±  
0.71
0.623.36−
+−  

0.33
0.241.26−
+−  

0.20
0.150.70−
+−  

0.24
0.201.12−
+−  

2019-01-15 0.22 130.1 0.9− ±  
0.27
0.263.14−
+−  

0.11
0.102.95−
+−  

0.08
0.072.83−
+−  3.06 0.10− ±  

2019-01-18 0.07 1.0
1.1139.1−
+−  4.03 0.32− ±  3.61 0.16− ±  3.28 0.11− ±  

0.13
0.123.37−
+−  

4. Discussion 
4.1. He I 

The He I absorption line has been detected in many Herbig Ae/Be stars. A Her-
big Ae/Be star, V645 Cyg, has blueshifted absorption features in the He I absorp-
tion line [14]. The blueshifted absorptions are indicative of a high-velocity out-
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flow. High-dispersion spectra of Z CMa were acquired between 1985 and 1988 
[12]. At that time, the He I line showed a broad absorption feature. 

In our observations, the He I line showed a weak emission feature during the 
quiescent phase and a blueshifted broad absorption feature during the outburst 
phase (Figure 3). The equivalent widths of the emission component were be-
tween 0 and −0.7 Å, and those of the absorption component were between 0 and 
1.7 Å. Figure 4 shows the relationship between the equivalent widths of the He I 
absorption component and the V-band magnitudes. The least square fit of the 
points for V < 9.6 mag is also shown. If the line intensity is constant, the equiva-
lent widths would be small when the object is bright. However, in the outburst 
phase, the equivalent widths of the absorption component increased with an in-
crease in the luminosity of the object. This result indicates that the line intensity 
increased during the outburst phase and the source of the He absorption feature 
and that of the outbursts are the same object. Because the He I absorption  

 

 
Figure 3. Line profiles of the He I emission and absorption features. The rest wavelength of the He I line is 
6678 Å. The emission at 6663 Å is attributed to Fe. 
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Figure 4. Relationship between the equivalent widths of the absorption feature of the He 
I line and the V-band magnitude. The filled circles represent the measurements of the 
MALLS spectra, and the open circles represent those of the HIRES spectra. The dotted 
line represents the least square fit of the points for V < 9.6 mag. Its correlation coefficient 
is 0.89. 

 
feature originates from the Herbig Be star, we considered it to be the source of 
the outbursts. 

4.2. [O I] 

It is well-known that the [O I] emission traces a jet. [O I] narrow-band images of 
Z CMa were obtained with an angular resolution of 0.03 arcsec [15], and a col-
limated jet emanating from the FU Orionis object was detected. The mass loss 
rate of this jet was estimated to be 10−8 to 10−6 M



∙yr−1. 
In the optical spectra of Z CMa, the [O I] emission line showed a double peak 

feature with peaks at 6291.0 Å and 6300.6 Å (Figure 5). The separation of the 
peaks corresponded to 440 km∙s−1 in radial velocity. We measured the equivalent 
width of the [O I] emission line including two peaks. Figure 6 shows the rela-
tionship between the equivalent widths and the V-band magnitudes of the ob-
ject. The equivalent widths of the [O I] emission line decreased with an increase 
in the luminosity of the object. We constructed a simple model such that the 
continuum flux increased without any change in the intensity of the [O I] emis-
sion line. When the intensity of the continuum light increased by a factor of α, 
the equivalent width of the line decreased by a factor of α. The coefficient of de-
termination between the model and the observed equivalent widths, R2, is 0.83. 
The equivalent widths of the [O I] line are small when the star outbursts. Hence,  
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Figure 5. Profiles of the [O I] line. Two peaks appear at 6291.0 Å and 6300.6 Å. In the HIRES spectra shown 
at the top of the figure, telluric absorption lines appear. 

 
we concluded that the [O I] emission line was veiled when the outbursts oc-
curred. 

It is claimed that the blue peak did not exist until 2000 but grew significantly 
in 2002 [3]. The equivalent widths of the blue side and red side of the [O I] 
emission line, separated by the border at 6295.8 Å, are roughly correlated. We 
considered that the two peaks originated from the same star. 

The mass loss rate was estimated from the [O I] luminosity. We considered 
1150 pc as the distance to Z CMa. We assumed constant V-R color and constant 
continuum flux in the R-band wavelengths, so that the ratio of the band width of 
the V-band filter to the [O I] equivalent width corresponded to the ratio of the 
V-band luminosity to the [O I] luminosity. We used the formula of [16] for es-
timating the mass loss rate, wM , 

6300
10 10log 4.3 log ,w

L
M

L
= − +



                   (1) 
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Figure 6. Relationship of the equivalent widths of the [O I] emission line and the V-band 
magnitudes. The filled circles indicate the MALLS data, and the open circles indicate the 
HIRES data. The equivalent widths decrease with an increase in the luminosity of the ob-
ject. The dotted line shows the equivalent width of the [O I] line for the model in which 
the intensity of the emission line does not change as the continuum flux decreases. The 
model equivalent width is scaled so that it matches the observed equivalent width at V = 
9.6 mag. The variation in the equivalent widths of the [O I] emission line is almost con-
sistent with the model. 

 
where L6300 is the [O I] luminosity and L



 is the solar luminosity. The mass loss 
rate was found to be almost constant at 10−5.5 M



∙yr−1. 
The fact that the [O I] emission line was unchanged in the luminosity and 

veiled by continuum light during the outbursts suggests that the origin of the jet 
is the FU Orionis object. Otherwise, the jet is insensitive to the rapid change in 
the mass accretion. 

4.3. Hα 

Z CMa shows a strong Hα emission line. It is suggested that the Hα emission 
line of Z CMa emanates from jet and that its high velocity component comes 
from the expanded atmosphere of the Herbig Be star [17]. We confirmed the P 
Cygni profile of the Hα line in all spectra (Figure 7). Figure 8 shows the rela-
tionship between the equivalent widths of the emission feature and the V-band 
magnitude of the object. We measured the equivalent widths by applying direct 
integration and did not measure the absorption feature. Figure 8 also shows the 
equivalent width of the Hα emission line for the model in which the continuum 
light component increases without any change in the intensity of the Hα line.  
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Figure 7. Line profiles of the Hα emission line. 

 
The observed equivalent widths of the Hα line in the outburst phase seemed to 
be consistent with the model. R2 is 0.91 between the model and the observed 
equivalent widths for V < 9.6 mag. The Hα emission line was veiled to the con-
tinuum light when the outburst occurred. Based on the variation in the equiva-
lent widths of the He I absorption line, it was determined that the Herbig Be star 
was the source of the outbursts. The fact that the Hα emission line was veiled 
with the continuum light suggests that the Hα line originates from a place unre-
lated to the outbursts, i.e., from the FU Orionis object. In the quiescent phase, 
the equivalent widths of the Hα emission line did not match the model. We dis-
cuss this equivalent width variation in the Hα line in the quiescent phase in the 
following sub-section. 

4.4. Fe II 

Several emission lines of Fe II were detected (Figure 9). The equivalent widths of 
three Fe II lines (6435 Å, 6456 Å, and 6516 Å) were measured by employing  
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Figure 8. Relationship between the equivalent widths of the Hα emission line and the 
V-band magnitudes. The filled circles indicate the MALLS data. The open circles indicate 
the HIRES data. The dotted line shows the equivalent width for the model in which the 
intensity of the emission line does not change when the continuum flux decreases. The 
model equivalent width is scaled as it matches the observed equivalent width at V = 9.6 
mag. The variation in the Hα equivalent widths is almost consistent with the model. 
However, the observed equivalent widths do not match the model when the object was 
fainter than 9.6 magnitude in the V-band. 

 
direct integration. Figure 10 shows the relationship between the equivalent 
widths of the three lines and the V-band magnitudes of the object. Figure 10 al-
so shows the equivalent widths of the emission lines for the model in which the 
continuum light component increases without any change in the intensities of 
the Fe II lines. For V < 9.6 mag, R2 between the model and the equivalent widths 
are 0.75, 0.77, and 0.70 for these lines, respectively. Our observations showed 
that the Fe II emission lines were veiled to the continuum light when the out-
bursts occurred. We considered that the lines originate from a place unrelated to 
the outbursts, i.e., from the FU Orionis object. In the quiescent phase, the inten-
sities of the Fe II emission lines increased with an increase in the continuum 
flux. 

4.5. Origin of the Light Variations in the Outburst Phase and the 
Quiescent Phase 

In the previous sections, the equivalent widths of the emission lines of [O I], Hα, 
and Fe II, as well as those of the He absorption feature, were investigated. In the 
outburst phase, the equivalent widths of the He I absorption line increased,  
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Figure 9. Line profile of the Fe II emission line at λ6435 Å. 

 
whereas those of the [O I], Hα, and Fe II emission lines decreased. We claimed 
that the Herbig Be star contributed to the optical continuum flux in the outburst 
phase. The Hα and Fe II emission lines were heavily veiled by the continuum 
light of the Herbig Be star in the outburst phase, and we think that these lines 
originated from the FU Orionis object. The [O I] line originated from a 
low-density region away from the central star such as a jet emanating from the 
FU Orionis object. Nature of the outburst is still under debate; it is not clear 
whether the outburst was originated as a consequence of a real outburst asso-
ciated to the Herbig Be star, or because of changes in the dust cocoon such as the 
formation of a new hole. Broad-band photometry and polarimetric observations 
will reveal geometrical change of the cocoon, composition of the dust, and grain 
size distribution. If the amount of visible light transmitted through the cocoon 
changes, the amount of the visual extinction changes. Because the adjacent con-
tinuum flux as well as the line flux would change, an equivalent width of a line 
does not change. It is clear that the equivalent widths of many emission and  
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Figure 10. Relationship between the equivalent widths of the Fe II emission lines (6435 
Å, 6456 Å, and 6516 Å) and the V-band magnitudes. The dotted lines show the equivalent 
widths for the model in which the intensities of the emission lines do not change and the 
continuum flux decreases. The model equivalent widths are scaled as those match the ob-
served equivalent widths at V = 9.6 mag. The Fe II equivalent widths are almost consis-
tent with the model. However, the observed equivalent widths do not match the model 
when the object was fainter than 9.6 magnitude in the V-band. 

 
absorption lines changed during the outbursts. These phenomena are not ac-
counted by the geometrical change of the dust cocoon. We claim that, at least, a 
part of the outbursts are attributed to the real outburst of the Herbig Be star. 

The equivalent widths of the emission and absorption lines also changed in 
the quiescent phase. The He I absorption feature was barely detected. The [O I] 
emission line was veiled by the continuum light. The intensities of the Hα and Fe 
II emission lines increased as the star became brighter. Previous studies sug-
gested that the FU Orionis object dominates the V-band luminosity during the 
quiescent phase [11]. We considered that the Hα and Fe II emission lines origi-
nated from the FU Orionis object. Because the FU Orionis object showed the 
emission lines even in the quiescent phase, we considered that the light variation 
in the quiescent phase was caused by mass accretion to the FU Orionis object. 
We propose that the light variation in the outburst phase is due to the Herbig Be 
star and the light variation in the quiescent phase is caused by the FU Orionis 
object. 
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5. Conclusion 

We conducted optical spectroscopic monitoring observations of a young binary 
Z CMa. Medium-resolution spectra were obtained on 21 nights between 2015 
and 2019. During the observation period, the object experienced four brighten-
ing phases with an amplitude of 2 magnitudes in the V-band. The intensity of 
the He I absorption line increased with an increase in the luminosity of the ob-
ject. Because the He I line is a characteristic feature of an early-type star, we con-
cluded that large-amplitude light variations were associated with the Herbig Be 
star. The equivalent widths of the [O I] line decreased as the continuum flux in-
creased. The mass loss rate estimated from the equivalent widths of the [O I] line 
remained almost constant at 10−5 M



∙yr−1. The intensities of the Hα and Fe II 
emission lines did not change in the outburst phase. However, these lines be-
came stronger as the luminosity of the object increased in the quiescent phase. 
We propose that the light variations in the outburst phase are caused by the 
Herbig Be star and those in the quiescent phase are due to the FU Orionis object. 
Because the FU Orionis object shows emission lines, we claim that its light varia-
tion is caused by mass accretion. 

Acknowledgements 

This work was supported by JSPS KAKENHI Grant Number JP17K05390. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this 
paper. 

References 
[1] Muzerolle, J., Hartmann, L. and Calvet, N. (1998) A Brγ Probe of Disk Accretion in 

T Tauri Stars and Embedded Young Stellar Objects. The Astronomical Journal, 116, 
2965-2974. https://doi.org/10.1086/300636  

[2] Kenyon, S.J. and Hartmann, L.W. (1991) The Dusty Envelopes of FU Orionis Va-
riables. Astrophysical Journal, 383, 664-673. https://doi.org/10.1086/170823  

[3] van den Ancker, M.E., Blondel, P.F.C., Tjin A Djie, H.R.E., Grankin, K.N., Ezhkova, 
O.V., Shevchenko, V.S., et al. (2004) The Stellar Composition of the Star Formation 
Region CMa R1—III. A New Outburst of the Be Star Component in Z CMa. 
Monthly Notices of the Royal Astronomical Society, 349, 1516-1536.  
https://doi.org/10.1111/j.1365-2966.2004.07629.x  

[4] Szeifert, T., Hubrig, S., Schöller, M., Schütz, O., Stelzer, B. and Mikulásek, Z. (2010) 
The Nature of the Recent Extreme Outburst of the Herbig Be/FU Orionis Binary Z 
Canis Majoris. Astronomy & Astrophysics, 509, Article No. L7.  
https://doi.org/10.1051/0004-6361/200913704  

[5] Bonnefoy, M., Chauvin, G., Dougados, C., Kóspál, Á., Benisty, M., Duchêne, G., et 
al. (2017) The 2008 Outburst in the Young Stellar System Z CMa. III. Multi-Epoch 
High-Angular Resolution Images and Spectra of the Components in Near-Infrared. 
Astronomy & Astrophysics, 597, Article No. A91.  
https://doi.org/10.1051/0004-6361/201628693  

https://doi.org/10.4236/ijaa.2021.113019
https://doi.org/10.1086/300636
https://doi.org/10.1086/170823
https://doi.org/10.1111/j.1365-2966.2004.07629.x
https://doi.org/10.1051/0004-6361/200913704
https://doi.org/10.1051/0004-6361/201628693


H. Akimoto, Y. Itoh 
 

 

DOI: 10.4236/ijaa.2021.113019 421 International Journal of Astronomy and Astrophysics 
 

[6] Koresko, C.D., Beckwith, S.V.W., Ghez, A.M., Matthews, K. and Neugebauer, G. 
(1991) An Infrared Companion to Z Canis Majoris. Astronomical Journal, 102, 
2073-2078. https://doi.org/10.1086/116031  

[7] Haas, M., Christou, J.C., Zinnecker, H., Ridgway, S.T. and Leinert, Ch. (1993) 
Sub-Diffraction-Limited Infrared Speckle Observations of Z Canis, a 0”.10 Variable 
Binary Star. Astronomy & Astrophysics, 269, 282-290.  

[8] Hartmann, L., Kenyon, S.J., Hewett, R., Edwards, S., Strom, K.M., Strom, S.E., et al. 
(1989) Pre-Main-Sequence Disk Accretion in Z Canis Majoris. Astrophysical Jour-
nal, 338, 1001-1010. https://doi.org/10.1086/167252  

[9] Whitney, B.A., Clayton, G.C., Schulte-Ladbeck, R.E., Calvet, N., Hartmann, L. and 
Kenyon, S.J. (1993) Spectrum of the “Invisible” Companion of Z Canis Majoris Re-
vealed in Polarized Light. Astrophysical Journal, 417, 687-696.  
https://doi.org/10.1086/173347  

[10] Canovasm, H., Min, M., Jeffers, S.V., Rodenhuis, M. and Keller, C.U. (2012) Con-
straining the Circumbinary Envelope of Z Canis Majoris via Imaging Polarimetry. 
Astronomy & Astrophysics, 543, Article No. A70.  
https://doi.org/10.1051/0004-6361/201117762  

[11] Hinkley, S., Hillenbrand, L., Oppenheimer, B.R., Rice, E.L., Pueyo, L., Vasisht, G., et 
al. (2013) High-Resolution Infrared Imaging and Spectroscopy of the Z Canis Ma-
joris System during Quiescence and Outburst. The Astrophysical Journal, 763, Ar-
ticle No. L9. https://doi.org/10.1088/2041-8205/763/1/L9  

[12] Hessman, F.V., Eisloeffel, J., Mundt, R., Hartmann, L.W., Herbst, W. and Krautter, 
J. (1991) The High State of the FU Orionis Variable Z Canis Majoris. Astrophysical 
Journal, 370, 384-395. https://doi.org/10.1086/169824  

[13] Maehara, H. (2014) Automated Wide-Field Survey for Transient Objects with a 
Small Telescope. Journal of Space Science Informatics Japan, 3, 119-127. 

[14] Hamann, F. and Persson, S.E. (1989) High-Resolution Spectra of the Luminous 
Young Stellar Object V645 Cygni. Astrophysical Journal, 339, 1078-1088.  
https://doi.org/10.1086/167362  

[15] Antoniucci, S., Podio, L., Nisini, B., Bacciotti, F., Lagadec, E., Sissa, E., et al. (2016) 
Sub-0.1” Optical Imaging of the Z CMa Jets with SPHERE/ZIMPOL. Astronomy & 
Astrophysics, 593, Article No. L13. https://doi.org/10.1051/0004-6361/201628968  

[16] Hartigan, P., Edwards, S. and Ghandour, L. (1995) Disk Accretion and Mass Loss 
from Young Stars. Astrophysical Journal, 452, 736-768.  
https://doi.org/10.1086/176344  

[17] Bailey, J. (1998) Detection of Pre-Main-Sequence Binaries Using Spectro-Astrometry. 
Monthly Notices of the Royal Astronomical Society, 301, 161-167.  
https://doi.org/10.1046/j.1365-8711.1998.02010.x  

 
 
 

https://doi.org/10.4236/ijaa.2021.113019
https://doi.org/10.1086/116031
https://doi.org/10.1086/167252
https://doi.org/10.1086/173347
https://doi.org/10.1051/0004-6361/201117762
https://doi.org/10.1088/2041-8205/763/1/L9
https://doi.org/10.1086/169824
https://doi.org/10.1086/167362
https://doi.org/10.1051/0004-6361/201628968
https://doi.org/10.1086/176344
https://doi.org/10.1046/j.1365-8711.1998.02010.x


International Journal of Astronomy and Astrophysics, 2021, 11, 422-434 
https://www.scirp.org/journal/ijaa 

ISSN Online: 2161-4725 
ISSN Print: 2161-4717 

 

DOI: 10.4236/ijaa.2021.113020  Sep. 24, 2021 422 International Journal of Astronomy and Astrophysics 
 

 
 
 

On the Development of a Simple and Portable 
Ground-Based Infrared Imaging System for 
Lunar and Atmospheric Studies 

Abdullrahman Maghrabi1*, Georg Dittié2, Abdulah Al-Dosari1, Mohammed Al-Mutiri1,  
Mohammed Al-Tlasi1, Abdulah Alshehri1 

1The National Center for Applied Physics King Abdulaziz City for Science and Technology, Riydah, KSA 
2Dittié Thermografie, Königswinter, Germany 

 
 
 

Abstract 
A small, portable, infrared (wavelength of 7 - 14 µm) system has been de-
signed and developed to study the thermal behavior of the lunar surface and 
for thermal remote sensing applications. The principal operation of the sys-
tem depends on collecting large amounts of infrared light, using a modified 
Newtonian telescope. The light from the object is reflected by the primary mir-
ror and the secondary mirror. This collected light is then focused into a thermal 
camera by using an intermediate germanium lens as a field lens to provide a 
real optical image on the camera sensor. Several observations have been ob-
tained out using the developed system, and eliciting some interesting results. 
These include lunar observations during different phases and during partial lu-
nar eclipse. The thermal behavior of the lunar surface was identified, proving 
the system’s functionality and performance. The developed system is, also, par-
ticularly suitable tool for outreach programs and students projects which can 
possibly offer useful learning and exploration opportunities for students in 
different applications. In this paper, a brief description about the developed 
system is provided. Some of the obtained results are illustrated. The future 
applications and improvements to the designed system are also summarized. 
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1. Introduction 

The moon being the closest celestial object to Earth has attracted scientists to 
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study its geological structures and understand the physical and chemical proper-
ties of its surface, e.g., [1]-[6]. Detailed knowledge and data of lunar topography 
are of interest for planning lunar robotic and human explorations as well as es-
tablishing a potential platform for a range of scientific investigations [7] [8] [9] 
[10]. Moreover, lunar explorations are essential for fundamental and applied 
science, such as to evaluate the Earth, solar system and universe and conduct in-
vestigations in fundamental physics, astrobiology, and human physiology and 
medicine [11] [12] [13]. 

Optical observations have enabled astronomers to study the moon’s surface at 
a scale far finer than is possible for any other object in the sky. Several topog-
raphical features have been identified on the moon’s surface, including craters, 
domes, mountains, and dark halo and rubble areas, e.g. [14]. 

When radio telescopes and infrared (IR) detectors were developed in the 
mid-20th century, researchers were able to explore the lunar surface to a greater 
extent than was previously possible [15]-[23]. Additionally, direct investigation 
by space probes during the last half-century or so through space-based instru-
ments [7] [21] [24] has also contributed to obtaining detailed information about 
the lunar surface. 

Despite thermal, ground-based lunar observations having been conducted 
during the 1950s and 1960s using larger and professional telescopes, the utiliza-
tion of this technology in recent times with respect to the technological devel-
opments in the field of thermal cameras and other associated accessories is li-
mited. Considering this, we have succeeded in designing and developing a 
cost-effective and portable prototype for a ground-based infrared (7 - 14 µm) 
system to study the thermal behavior of the lunar surface and use the flexibility 
this system which allows for the further applications of infrared remote sensing. 
The system was designed from theoretical considerations, without practical ex-
perience. However, the obtained results are acceptable and will allow us to fur-
ther investigate and optimize the functionality and performance of the devel-
oped system. Being easy to use the developed system can be utilized for student 
projects and outreach programs and can be considered a useful tool for teaching 
thermography by qualitative visualization and/or quantitative analysis of a great 
number of physical phenomena [23] [25] [26] [27] [28]. 

In this paper, the basic design and the main components of the developed 
system are detailed in Section 1. Some of the obtained results are presented in 
Section 2. The conclusion and the future plans are discussed in the last section.  

2. The Detection System 

Figure 1 presents a schematic diagram of the IR-optical system. The principal 
operation of the system is to collect a large amount of light, using the primary 
mirror from the target object, and then reflect it onto the secondary mirror. This 
collected light is then focused into a thermal camera by using an intermediate 
germanium lens. Figure 2 shows the main components of the developed system, 
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which will be briefly discussed in the following subsections. 

2.1. The Thermal Camera 

VarioCam IR, a microbolometer -based camera manufactured by Jenoptik, was 
used for the developed system. The camera contains a matrix of tiny resistors, 
which are warmed up by the incoming radiation. Even the slightest change in 
resistance can be scanned and measured by the camera. A big advantage of using 
this type of cameras is that the microbolometers technology does not need cool-
ing and they are temperature stabilized. The camera has a focal plane array of 
640 × 420 pixels and is sensitive to thermal radiations of 7 - 14 µm, with a tem-
perature resolution of about 0.08 K at 30˚C. The camera delivers an image con-
taining information about the IR intensity, which is stored on a SD card. The 
technical specifications of this camera are given in the datasheet of the camera 
(https://www.jenoptik.com/). 

2.2. The Newtonian Telescope 

A Newtonian telescope from Skywatcher Teleskop, of the type N 304/1500 PDS 
Explorer BD OTA, was adopted for this system. The telescope has a mechanical 
diameter of 360 mm and a length of more than 1500 mm. This is  necessary to 
concentrate the incoming IR light in to the aperture of the IR camera without 
optical losses or introducing image aberrations. It consists of a large concave  

 

 
Figure 1. Schematic diagram showing the design of the proposed IR-optical system. 
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Figure 2. Shows the components of the developed system. 1. Newtonian telescope; 2. The 
Adjustable table; 3. The IR camera; 4. The Relay lens; 5. The Safety shutter; 6. The Equa-
torial mount; 7. The Counterweights; 8. Weight rod holder; 9. Thermal blanket; 10. A 
sturdy tripod. 

 
mirror and a flat secondary mirror. The main mirror forms an image at the relay 
lens, which projects it into the IR camera. The secondary mirror just bends the 
light out of the incoming light bundle to avoid large blocking by the camera. The 
overall field of view (FOV) of the optical system is 3 × 2.3 degrees, and the light 
gathering capacity is 1886 mm with a magnification of 608. 

2.3. Germanium Relay Lens 

To form an image on a sensor, it is necessary to introduce a relay lens between 
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the camera lens and the main mirror of the telescope. Only few materials are 
fully transparent in thermal infrared light. The most favorable material in this 
regard is germanium, which offers excellent chemical and mechanical stability as 
well as a hardness that allows machining with the demanded precision. The re-
fractive index of germanium is very high, so an anti-reflection coating is crucial 
and can be found on all germanium surfaces. For the purpose of this project a 
Plano-convex a germanium lens with a diameter of 48 mm and an AR coating of 
7 - 14 micron was used. This lens has a positive focal length and is best applied 
for infinite and finite conjugate applications (Figure 3). 

2.4. Mounting Rings and Adjustment Table 

The mounting rail carries two rings that hold the tube of the telescope. These 
rings are mounted with screws onto the rail, which also works as a stopper for 
the easy mounting of the whole assembly onto the equatorial mount (Figure 
5(a)). 

We have mechanically designed an adjustment table to carry the IR camera 
and mount it in its desired position. This table has a dedicated plate to mount 
the camera from which an exact view of the relay lens is available. A dedicated 
adaptor was designed to hold the camera on the plate, and it allows us to mount 
the camera on the vertical side of the adjustment table as it looks down into the 
relay lens. The adjustment ring offers all the necessary freedom grades like shift 
and tilt angles to put the IR camera into its proper position. Once adjusted, the po-
sition of the camera has to be checked, but no realignment is needed in general. 

A red colored safety shutter was introduced in front of the relay lens to pre-
vent the destruction of the camera by sunlight when the sun used as a calibration 
object. It is fixed by magnets in open and closed positions, so no extra fixing is 
needed, and it can be moved at the beginning with observation. 

 

 
Figure 3. The Germanium lens attached to its base, located between the IR camera and 
the optical telescope. 
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2.5. The Equatorial Mount and the Tripod 

The assembly of the IR camera, adjustment table, Newtonian telescope and the 
relay lens group with safety shutters are big and heavy. For pointing to a given 
position, a matching mount with sufficient carrying capacity is needed. Com-
mercial fork mounts of altazimuth style are not available for long, big telescopes 
like this. For the purpose of this project, the Rainbow Astro Morning Calm 200 
GE equatorial mount with high tracking accuracy (±5 arcsecond) was used. The 
mount has a dedicated controller that contains a microcontroller for doing posi-
tion calculations, driving the two positioning drives, and tracking the daily 
movement of the celestial objects. 

To ensure the function of automatic positioning, a sturdy tripod was designed 
to carry the weight of the mount together with the counterweights, telescope and 
the camera including the adjustment table. The tripod has three legs that can be 
individually extended to put the mounting top of the tripod into an exact hori-
zontal position. 

2.6. Image Processing 

For the purpose of this project, a dedicated version of the “Fornax” software was 
development and utilized for image processing. This commercial software was 
initially developed by Dr. George Dittié for thermography and image processing. 
The dedicated version of this software incorporated several image processing 
routines to get a better image quality for the presentation. For instance, the 
software can reduce the noise of the thermal observations by averaging a row of 
raw thermograms (thermal images). The signal to noise ratio is increased by the 
square root of the average number of thermograms. Because the target object 
can move somewhat in the field of view the image can be re-centered before be-
ing superimposed to the average image, hence, the image blur due to slight misa-
lignments or mechanical errors can be rejected. Moreover, the vignetting effect 
can be removed using the field flattening function available in the software. This 
function subtracts a background with superimposed vignetting limb from the 
thermal image. Besides, the software also allows the user to select specific part of 
the processed image and plot temperature profiles. 

3. Results 

The developed system has been tested, calibrated, and used in several practical 
experiments to ensure its functionality and performances using different targets. 

We began the testing state by implementing signature imaging for some 
well-known targets such as buildings and towers. These experiments allow us to 
understand the thermal behavior of the studied objects. Moreover, these studies 
will enable us to understand the atmospheric absorption/emission and its influ-
ence on the observations during different atmospheric conditions [29]. 

Figure 4 is an example shows the thermal and optical images of Alfayslia 
tower. This tower is part of the Riyadh skyline and is about 7 km from the  
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observation site. The thermal image clearly shows the structure of the building, 
where the red spots indicate the warmer parts of the tower. 

Figure 5 shows the thermal images of the moon during different lunar phases. 
It obvious that the temperature distributions on the surface of the moon are  

 

 
(a)                                                         (b) 

Figure 4. Shows (a) the Optical and (b) the Thermal images of the Alfayslia tower. 
 

 

 
Figure 5. Shows the thermal images of the moon during different phases: Top left (30 August 2016), Top right (11 March 2015), 
Bottom left (3 May 2016), and Bottom right (8 July 2015). 
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affected by the illuminated part of the lunar surface. Some of the structures of 
the lunar surface, such as craters and mountains are clearly seen and their tem-
peratures were different from one phase to another [24] [27] [28] [30] [31]. 

Figure 6(a), shows the thermal image of the crescent observed on the 21st of 
January 2015 at 4:37 PM whereas Figure 6(b), captures the illumination of the 
moon at the time of observation. The astronomical ephemeris of the moon at the 
time of observation showed that the moon was a 26-h old moon, with an altitude 
of 17˚47' and an angular separation of 19˚54', phase 3.6 % at air mass of 3.27, 
which shows the capabilities of the developed system in detecting the thin cres-
cent. The obtained results of the crescent observation can be of interest to those 
who are looking for alternative techniques of observing the crescent. However, 
the obtained results are preliminary and more practical sessions are suggested to 
attain the world record of crescent citing. 

Figure 7(a), shows the thermal image of the planet Mercury obtained on Jan-
uary 22, 2015. The illustration of the position of Mercury at the time of observa-
tion was obtained from the Sky software and is presented in Figure 7(b). The 
observation time was 5:10 PM, two minutes after the sunset, the altitude was 13 
19, phase 21.1 %, air mass 4.30, and the angular separation from the sun was 17 
34. The success of these initial practical experiments demonstrated the principal 
functionality of the IR telescope. 

Additionally, using the developed system, we were able to observe the partial 
lunar eclipse that occurred on September 27, 2015. Figure 8, shows some of the 
obtained thermal images during this eclipse. 

It is obvious from the images that the highlands (e.g., Moon Alps) and young-
er craters like Copernicus and Tycho on the moon are brighter than, for in-
stance, darker lava plains. This is partly because the former features absorb less  

 

  
(a)                                                         (b) 

Figure 6. (a) Shows the thermal image of the 26-h old crescent recorded on the 22nd January 2015 and (b) is presentation of 
the illuminated part of the moon at the time of the observation. 
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solar radiation than the latter. At thermal infrared wavelengths, the lunar surface 
is nearly an ideal black-body radiator, mostly due to the tiny spaces and holes 
between the dust grains [6] [24] [28] [32] [33] [34]. The thermal properties of 
the dust layer on the lunar surface are responsible for the large temperature 
changes during a lunar day [31]. Therefore, lunar eclipses present excellent op-
portunities to study the changes that happen on the lunar surface when solar  

 

  
(a)                                                        (b) 

Figure 7. (a) Shows the first thermal images of Mercury obtained from observation session conducted in 22nd January 2015, 
Riyadh. (b) Sky software illustration of the positions of Mercury and other planets at the time of observation. 
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Figure 8. Shows the different thermal images taken by the developed system in Riyadh during the lunar eclipse that occurred on 
the 27th September 2015. In this eclipse, we were able to observe the first part of the eclipse from full to totally eclipsed moon. 
However, the moon set when it was totally eclipsed; hence we were not able to observe the second phase of the eclipse. 
 

radiations are suddenly cut off by the transit of the Earth [31] [35]. Thermal 
properties of the lunar surface during different lunar eclipses obtained by the 
developed system constitute the subject of ongoing project. 

4. Conclusions and Future Plans 

A prototype portable infrared (7 - 14 µm) system has been designed, developed, 
and used for lunar and atmospheric studies. The system is one of the 
ground-based thermal imaging instrumentations which utilize the advance 
technology of thermal cameras and associated accessories. 

Preliminarily tests have been conducted under real conditions and have 
shown good results. Thermal observations for the lunar surface were carried out 
in different phases and showed superior results. Lunar features like the high-
lands and particularly, the less dark cratered lowlands were clearly identifiable. 
Up till now, the telescopic system was probably sensitive enough to detect the 
stored warmth from the past lunation on the bottom of younger craters. Addi-
tionally, a 26-h old crescent has been clearly cited without any complications 
and the thermal image of Mercury is obtained. 

The scientific importance of the IR telescope lies not only in finding out more 
about the thermal behavior of the lunar surface but also uses the flexibility of the 
system to study more about further applications of IR systems in remote-sensing 
applications. The system can be used for non-destructive testing from a distance, 
such as on power lines or very large constructions like bridges and towers. A 
notable application of the system is that it can be used to learn more about our 
atmosphere, particularly about aerosols, by exploring the atmospheric absorp-
tion and emission in thermal IR wavelengths. Measuring the atmospheric ab-
sorption and emission by comparing the signal with the given lunar temperature 
at different altitudes above the horizon can deliver valuable information about 
our atmosphere. This can be very important for improving climate simulations, 
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particularly for the subtropical zones. Additionally, the developed system can be 
used for student’s projects and outreach programs which can offer rich learning 
and exploration opportunities for students and researchers in different fields. 
These include detector technologies and optics, involving in some meaningful 
measurements to understand the thermal properties of the moon and the at-
mosphere. In such programs students and researchers will involve in the world 
of experimental thermal imaging, calibration procedures, data analysis and in-
terpretation, and, finally, the sharing and distribution of the scientific results. 

Since the actual version of the telescope is a prototype designed without prac-
tical experience, based on theoretical considerations. It works well, but there is 
still room for further enhancements that build on the experiences gained by the 
first operation of the prototype. There are several modifications which have been 
suggested for the better performance and functionality for the developed system. 
These relate to the limitations of the size of the relay lens, diameter of the optical 
mirror, alignments, and weight of the whole system. 

For extended use, the construction of a sturdy permanent pier instead of a tripod 
would increase the mechanical precision and stiffness by an order of 10. The actual 
telescope is sensitive within the given limits of the IR camera and the atmospheric 
range, but this is true only for the circle of the innermost field of view, which covers 
2/3rd of the vertical dimensions of the camera sensor. The majority of the field is af-
fected by vignetting. This is caused by the limited clear diameter of the germanium 
relay lens. Despite the vignetting, the developed system can be used without prob-
lems but only within a limited field of view. The limited diameter is a consequence 
of the budget limits imposed for the prototype to reduce the economic risk. 

More frequent observational sessions are suggested to overcome the environ-
mental problems. These observations will help in establishing a reliable database 
of atmospheric behavior under different circumstances, which will be useful for 
the scientific community. 
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Abstract 
The equation of motion for a relativistic neutral particle that moves in a me-
dium characterized by a friction proportional to the square of the velocity is 
analyzed. The relativistic trajectory is derived in a numerical way and in the 
form of a Taylor series. The astrophysical applications cover the trajectory of 
SN 1993J and the light curve of gamma ray bursts. 
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1. Introduction 

Relativistic viscosity has the following applications: change in the mean par-
ticle momentum and spreading around the mean for the cosmic rays (CR) [1]; 
acceleration of CR in shear flows, such as active galactic nuclei (AGN), gamma 
ray burst (GRB) and jets [2] [3]; interaction of a neutral particle with the mi-
crowave background radiation (CMB) [4] [5]; and generation of the CMB in 
the expanding universe [6]. The Lagrangian and a Hamiltonian for a relativis-
tic particle moving in a dissipative medium characterized by a force that de-
pends on the square of the velocity of the particle have been derived [7]. This 
paper is a highly idealized attempt to model SN light curves by assuming that 
the resistivity of the ambient interstellar medium is quadratic to the velocity of 
the SN envelope. Section 2 derives a relativistic equation of motion in the 
presence of viscosity proportional to the square of the velocity. Section 3 ap-
plies the relativistic results to the motion of SN 1993J, to the light curve of 
GRB 130427A and GRB 060729. The CMB is not related with the model that is 
presented here. 

How to cite this paper: Zaninetti, L. 
(2021) Relativistic Motion with Viscosity. I 
Newton’s Law of Resistance. International 
Journal of Astronomy and Astrophysics, 
11, 435-444. 
https://doi.org/10.4236/ijaa.2021.113021 
 
Received: July 31, 2021 
Accepted: September 21, 2021 
Published: September 24, 2021 
 
Copyright © 2021 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/  

  
Open Access

https://www.scirp.org/journal/ijaa
https://doi.org/10.4236/ijaa.2021.113021
https://www.scirp.org/
https://doi.org/10.4236/ijaa.2021.113021
http://creativecommons.org/licenses/by/4.0/


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.113021 436 International Journal of Astronomy and Astrophysics 
 

2. The Equation of Motion 

We assume a one dimensional motion with a resistive force of Newtonian type, 
( )2

0resF Bm v t= − , where B is a constant, 0m  is the considered mass and ( )v t  
is the velocity. In the following, we will consider only positive and decreasing 
velocities. Newton’s second law in special relativity is: 

( )( ) ( )
( )

( )0
02

2

d d d d ,
d d d d

1

m v tpF mv t m v
t t t tv t

c

γ

 
 
 = = = = 
 − 
 

         (1) 

where F is the force, p is the relativistic momentum, m is the relativistic mass, 

0m  is the rest mass, c is the velocity of light, ( )v t  is the velocity and 
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 is the Lorentz factor; see equation (7.16) in [8]. The first order 

differential equation in the velocity that governs the motion is 
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The solution to this first order differential equation for ( )v t  in an implicit 
form is 
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where 0v  is the velocity at 0t t= . An explicit solution for the velocity can be 
obtained by considering the physical solution of the previous algebraic equation 
of fourth degree in v 

4 2 0,v pv q+ + =                         (4) 

with 
2 ,p c= −                            (5) 
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Before we continue, we will introduce the following simplification. 
Conjecture 1. In the presence of more than one solution for the temporal 

evolution of the velocity/space, we select the physical one that has a positive de-
creasing/increasing behavior. According to this statement, the physical solution 
is 

( ) 21 2 4 2 .
2

v t p q p= − − −                    (8) 

We already know that 0v v=  at 0t t= . Once we know that 1v v=  at 1t t= , 
it is possible to derive the unknown parameter B from the previous formula 
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At this moment, we are unable to obtain an analytical solution for ( )r t . 
Therefore, the trajectory is obtained by a numerical integration of Equation (8). 

An approximation for the trajectory is represented by a Taylor series expan-
sion about 0r r=  of order 2 
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which means the following approximate velocity as function of time 
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We now analyze the mildly relativistic case for which the relativistic momen-
tum in the case of a unit mass is 

( ) ( ) ( )3
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which means the following first order differential equation for the velocity 
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The velocity in the mildly relativistic case is 
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The indefinite integral of the velocity is 
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where 
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which leads to the following trajectory in the mildly relativistic case 

( ) ( ) ( )0 .r t I t I t= −                       (18) 

The unknown parameter B in the mildly relativistic case is 
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The Relativistic Luminosity 

The relativistic transfer of energy through a surface, A, is 

( )2 2
, ,m rL A c p vγ ρ= +                      (20) 

where p is the pressure. For sake of simplicity, we take p = 0, and γ  is the Lo-
rentz factor, see eqn. A31 in [9] or eqn. (43.44) in [10]. In the case of a spherical 
cold expansion 
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We now assume the following power-law behavior for the density in the ad-
vancing layer of radius r 
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which has the following temporal scaling 
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where ( )r t  is given by the Taylor series represented by Equation (10). The 
mechanical relativistic luminosity is 
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Once we insert formulae (10) and (11) in this equation, we obtain an ap-
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proximate expression for the mechanical relativistic energy, which has a com-
plicated expression that is not here reported. We now parameterize the presence 
of the absorption introducing a the optical thickness ντ . The observed luminos-
ity is assumed to be 

( ), 1 e ,obs obs m rL C L ντ−= −                     (25) 

where obsC , which is here assumed to be constant in the interval of time consi-
dered here, allows the match between theory and observations. The optical 
thickness ντ  takes the value ∞  in the case of an optically thin medium or can 
be function of time to simulate the complex behavior of the observed luminosity; 
more details can be found in [11]. The observed absolute magnitude is 

( )10log ,obs obs obsM L k= − +                    (26) 

where obsk  is a constant of match between theory and observations. 

3. Astrophysical Applications 

The chosen astrophysical units are pc for length and yr for time. With these 
units, the initial velocity is ( ) ( )1 5 1

0 0km s 9.7968 10 pc yrv v− −⋅ = × ⋅ . 
As a first example, we apply the above results to the deduction of the parame-

ter B to SN 1993J for which observational times and velocities are available [12] 
[13], see Table 1. A test for the quality of the fits is represented by the merit 
function 2χ  

( )2
2

2 ,th obs

j obs

r r
χ

σ
−

= ∑
 

where thr , obsr  and obsσ  are the theoretical radius, the observed radius and 
the observed uncertainty, respectively. Once B is derived on an observational ba-
sis, Figure 1 reports the analytical velocity and Figure 2 reports the numerical 
trajectory, with data as given in Table 1. 

A comparison between the numerical solution with the Runge Kutta method 
and a Taylor series is reported in Figure 3. 

The second example is applied to the light curve (LC) of GRB 130427A, which 
was the most luminous gamma-ray burst in the last 30 years, see Figure 1 in 
[14]. Figure 4 reports the X-flux as a function of time and the relative theoretical  

 
Table 1. Numerical values of the parameters for the fit and the theoretical model applied 
to SN 1993J. 

model values 2χ  

Fit by a power law 0.828; 0.015fit Cα = =  43 

Newtonian viscosity 3
0 03.0 10 pc; 13800 km sr v−= × =  45.59 

B evaluation 2 3
0 12.39 10 pc yr , 8.6 10 pc yrv v− −= × = ×   

B evaluation 2 2
0 12.6 10 yr, 10.58 10 yrt t− −= × = ×  

17.082 pcB −=  
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Figure 1. Analytical velocity versus time (full line) for SN 1993J as given by formula (8). 

 

 
Figure 2. Numerical radius (full line) and astronomical data of SN 1993J with vertical error 
bars. 

 
data with data as in Table 2. 

The third example is dedicated to the LC for GRB 060729 as observed by the 
Ultraviolet and Optical Telescope (UVOT) in the time interval [10-2-26] days, 
see Figure 1 in [15]. Figure 5 presents the LC of UVOT (U) apparent magnitude 
for GRB 060729 with data as in Table 3, and Figure 6 presents the temporal  
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Figure 3. Numerical radius (blue line) and Taylor solution (red line) as represented by 
Equation (10). 

 

 
Figure 4. Flux in the X-ray as function of time in seconds for GRB 130427A (empty stars) 
and theoretical curve as given by Equation (25) (full line) when ντ = ∞  with data as in 
Table 2. 

 
Table 2. Numerical values of the parameters for the theoretical model applied to GRB 
130427A. 

4 4 1
0 0 01.0 10 pc; 1.0 10 s; 0.99; 7.082 pc ; 3.1r t B dβ− − −= × = × = = =  

 
Table 3. Numerical values of the parameters for the theoretical model applied to GRB 
060729. 

4 6 1
0 0 01.0 10 pc; 2.0 10 s; 0.99; 7.082 pc ; 3r t B dβ− − −= × = × = = =  
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Figure 5. The LC of UVOT (U) + HST (F330W) for GRB 060729 (empty stars) and theo-
retical curve with radius as given by the relativistic numerical model with data as in Table 
3. The theoretical magnitude is given by Equation (26) (full line). 

 

 
Figure 6. The time dependence of ντ  (empty stars) for GRB 060729 and a logarithmic 
polynomial approximation of degree 5 (full line). Parameters as in Table 3. 

 
behavior of the optical depth. 

4. Conclusions 

Physics. We have derived velocity as a function of time for a relativistic neutral 
particle that moves in a dissipative medium in the presence of friction, which 
depends on the square velocity of the particle. The trajectory (i.e., space as a 
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function of time) can be deduced by numerical integration of the velocity or by a 
Taylor series of the differential equation of the second order. 

Astrophysics. An application of the obtained results to SN 1993J allows us to 
derive the constant B and draw a comparison between the observed and theoret-
ical trajectory, see Table 1 and Figure 2. The LCs of GRB 130427A and GRB 
060729 were simulated, see Figure 4 and Figure 5. 
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