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Abstract 
We have shown that the permittivity of space grows for a beam of light as the 
gravitational field increases. Also, we have derived two values for Chandra-
sekhar limit. Using the necessity of equality of wavelengths in matching sys-
tems, we have derived the Hawking black hole temperature and evaporation 
time in an easier and completely different way, and shown that mass and wa-
velength of the field and black hole at Schwarzschild sphere are quantized. 
The extreme simplicity of the present new approach to black holes compared 
to those based on general relativistic ones should promote it. 
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1. Introduction 

To basically find the lifetime of a black hole, S. Hawking has suggested (in 1974) 
that space is formed of particles (or antiparticles) of positive energy and virtual 
antiparticles (or particles) of equal, in absolute value, of negative energy, as Kip 
Thorne mentions in his book [1] [2]. Hawking said that the immediate space to 
the event horizon constantly decomposes to its real and virtual particle - anti-
particle. The virtual antiparticles (with negative energy) fall into the black hole 
and the real particles escape to infinitely far from it. 

According to his suggestion, those negative energy virtual antiparticles falling 
into the black hole immediately get together with the positive energy real par-
ticles underneath the event horizon and reconstruct space. In this manner, the 
radius of the black hole event horizon should be decreasing. Considering the 
Hawking black hole evaporation time, this reduction is extremely slow. Thus, 
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this model derives a time as of evaporation (or, lifetime) of a black hole. Howev-
er, we contend that the assumption of space include negative energy antiparticles 
should merely be an imaginary one. Also, the gravitational field is not addressed 
in this hypothesis, because as we know the space around a black hole is filled 
with strong gravitational energy. 

Here, we first look at the motion of a photon of light in a gravitational fields 
especially, that of a black hole. Next, we will aim to remove the problem and 
even not talk about negative energy particles. Also, we show agreement between 
the present results and Chandrasekhar limit plus Hawking - black hole temper-
ature and evaporation time. 

2. The Principle of Harmony and Light and Matter  
in the Vicinity of a Black Hole 

First, we postulate that two waves get to “match” and become united once they 
have the same wavelength. We call this the principle “harmony.” [3] (Appendix 1) 

We will show, for black holes next to their event horizon sphere the energy 
(quantum) within it is made to match its gravitational field there. This matching re-
sults in the gravitational field to absorb the energy units and make the neutral space. 
Eventually the energy of the gravitational field will become equal to zero also. There 
will no longer remain any energy inside the shrinking black hole. This is our sug-
gested way of evaporation of a black hole. The time length measured by us (on the 
surface of the earth) that the gravitational field takes to absorb Mc2 from the inside of 
the event horizon sphere is actually the black hole lifetime, which we call “τtotal.” The 
advantage of this model is contrary to the assumption of negative - energy particle or 
antiparticle; the gravitational field is an established experimental reality. 

First, however we determine the ratio of energy, Wph, (i.e. the energy of the 
photon from the standpoint of an observer in free space and not the curved 
space), while the photon is moving radially toward the sphere of radius rs 
(2GM/c2) of a black hole, to its (the photon’s) vacuum energy, W0,. Here, G (6.67 
× 10–8 dyn∙cm2/g2) is the universal gravitational constant. The gravitational po-
tential energy, Wph, of a photon of light (of vacuum energy W0) is: 

20 0
2 2ph

W WGMW v
rc c

= =                      (1) 

According to virial theorem this (−GMW0/c2r) is half of the energy that the 
photon loses. The other half is already radiated to space at infinity or inside of 
the black hole. 

Although Stefano and Quattrini [4], on the basis of a not enough exact expe-
riment by NASA, for our case, deny the existence of a gravitational potential. But 
more recently Alexandre Chaloum Elbeze [5] clearly talks about the effect of 
gravitational field on the motion of photons. 

Consequently, at any r, the total energy of the photon is: 

0
0

2

2
ph

GM
W W

W
c r

= − .                      (2) 
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The permittivity of space is: 

0

ph

W
W

ε = .                           (3) 

Therefore, 

0
2

1

2
0 0

2
2

1
W GM

W GMW c r c r
ε ε

−
 = = − 
 

⇒
−  

1 2

2

21 GM
c r

n
−

 = − 
 

⇒ .                     (4) 

This increase in index of refraction is the reason for slowing down and bend-
ing a photon in gravitational field. Then, we can calculate the speed, frequency, 
and wavelength of any incoming light. We have the following 

1 2

21 2c GM
c r

n cυ
υ

 = 


⇒= − 


.                   (5) 

0 0 0
0 2

 2
 

1
ph

f h f W GMf
f h f W

f
c r

ε  ⇒ = − 


= =


= .             (6) 

And thus: 
1 2

20
21 GM
c r

λ λ
−

 = − 
 

.                     (7) 

As sr r→  the speed υ , frequency f, and wavelength λ , of an incoming 
photon, respectively go to zero, zero, and infinity. Consequently, at rs, any in-
coming photon of light would have zero frequency (infinite wavelength). Ac-
cording to Equation (2), the total energy, Wph left for any incoming photon of 
light will go to zero, as sr r→  or: 

( ) 0ph sW r = .                         (8) 

So, a photon of light stops existing at the Schwarzschild radius of a black hole 
having zero speed and having given up all its free-space energy W0. Time stops 
as sr r→  thus, the period of any photon of light goes to infinity. Therefore, no 
motion is conceived inside the sphere of radius rs and the contraction of the 
black hole should stop inside this sphere. 

The situation is different for an incoming mass at rs. Putting the kinetic ener-
gy of the mass equal to the gravitational potential we find the speed to be equal 
to that of light (c) at rs. By the time the particles of matter reach the Schwarz-
schild sphere they have radiated almost quarter of their mass (matched to the 
gravitational field) and according to virial theorem the other quarter is radiated 
most probably inside the system of the particle - black hole. Thus, the three 
quarters of the mass join the black hole. 

3. The Derivation of Minimum Mass of a Protosun and a 
Neutron Star. Comparison with Chanrasekhar Limit 

At this point let us derive the minimum possible value of the mass of the core of 
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a star that can change to a neutron star and eventually to a black hole. 
The first way we suggest to find this value is; we claim that, in order for a star 

to be able to evolve to a neutron star is; at the beginning of the star’s formation 
all the kinetic energy of the electron of every Hydrogen (H) atom at its ground 
state, i.e. 13.6 eV plus that already radiated (which itself is 13.6 eV) have to be 
equal to the star’s self - gravitational field of the core at the surface of the proto - 
star. Here we include the radiated part of the electron because this energy is 
most probably saved in the other parts of the proto - star itself. In essence we 
say, our requirement for a star to eventually evolve to a neutron star is that all of 
the electrons collapse in its protons of the core and all of the core’s H atoms 
ground state orbital electrons’ kinetic energies plus those already radiated, to be 
equal to the star’s self-gravitational field (as a whole). 

According to a paper by D.Ezer and A.G.W. Cameron [6] “The maximum ra-
dius of the protosun consistent with gravitational stability is 57R☉.” 

The self - gravitational energy of a spherical star of mass M is 
23

5S LF
i

E
GMW

r
= .                        (9) 

Then, requiring the self - gravitational energy of core but at the surface of the 
protosun to be equal to 2 × 13.6 eV times N (Mcore/mHydrogen) then we claim Mcore 
would be big enough to form a neutron star [7]. Because first it is the core of a 
star that survives the supernova explosion and converts to a white dwarf and 
second in the beginning the core is made of H atoms. 

In that case, many ground state electrons would not have any orbital kinetic 
energy left and thus, ideally collapse into their protons. Therefore, there would 
be all neutrons in the environment. We have: 

( ) ( )core

Hydrogen

12
Self-Gravitation2 13.6 1.6 10 of the coreW

M
m

−× × = .       (10) 

where, WSelf-Gravitational is in ergs and mHydrogen(1.67 × 10−24 g). Assuming rprotosun = 
60R☉ (≈4.18 × 1012 cm) instead of 57R☉, from the above two equations we have: 

( ) core c
2

12 ore
24

protosun

3
51.6

2 13.6 1.6 10
7 10
M GM

r
−

−×
× × =

 

core
332.72 10 g 1.37MM = × =⇒ ☉ .                (11) 

where M☉ (1.99 × 1033 g) is the mass of the sun. Therefore, the minimum mass 
limit for the core of a star to eventually turn to a completely stationary electron - 
proton system is Mcore = 1.37M☉. 

Second, to show an alternative way of finding the lower limit mass of a neu-
tron star we need to declare that: 

The fine structure constant α (e2/ħc = 136.7−1) is equal to (melectron/π2mproton)1/2 
which is 0.51% different than α. 

Under the extremely high pressure and temperature of the core it is possible 
that some neutrons turn into antineutrons. Therefore, the interaction between a 
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neutron and antineutron to take place or, in case of the neutron decay to hyper-
ons two neutrons are treated as two interactions of +e and –e like in the H atom. 
But particles here would have the same mass. Then, the factor, 

melectron/π2mproton converts to mneutron/π2mneutron = 1/π2. 

The lower limiting mass of a neutron star that converts to a black hole is 
found by assuming that every neutron has paired with an antineutron or, 
hyperons to join each other. So the kinetic energy (quantum mechanically) 
amounts to 2 (mnc2/π2). This energy, times the number of the pairs in the neu-
tron star is the self - gravitational energy of the star: 

2 2
neutron star neutron star neutron star

2
neutron star neutr

27

on star

2 2.28
3

2 5
10n

n

m c M GM M
m r r

=
π

= ×⇒×  

neutron star 1.37MM⇒ = ☉ .                    (12) 

The radius of a typical neutron star is reported as between 8 to 12 km [8]. 
Taking the neutron starr  as 12 km then the lower limit value of the mass of a neu-
tron star is neutron star 1.37MM = ☉ . If the mass of the core is bigger than a natural 
number times 1.37M☉ then the extra mass will be expelled to space during the 
supernova explosion of the star to make the mass of the neutron star an exact 
natural number times 1.37M☉. Thus, we think the mass of the black holes is 
Quantized and is M = n∙1.37M☉. 

Following Equations ((11), (12)) the average of the two limiting masses, is: 

neutrn star 0 1.37MM M≡ = ☉ . 
The Chandrasekhar minimum mass limit for a white dwarf that can turn to a 

neutron star is M = 1.4M☉, [9] [10] which is less than 2.2% bigger than our val-
ue. When we find the minimum mass of a neutron star that turns to a black hole 
in fact, we have found the minimum mass limit for a white dwarf that is able to 
turn to a neutron star. 

Because “time” is frozen at the event horizon of a black hole there should not 
be any further mass implosion. Thus, all the pairs of neutrons - antineutrons, or 
hyperons, should remain stationary or change to energy underneath the event 
horizon sphere (especially) under the extremely high pressure and temperature 
of the neutron star). Consequently, at this point there is no further implosion, 
and we believe no mass is left but there is energy. This energy is equal to nM0c2, 
i.e. that of the black hole. Thus, because time is frozen after the event horizon 
sphere there is not any matter inside a black hole but energy. This energy is sta-
tionary and stays inside this sphere. This is our structural model for all gravita-
tional black holes of universe. 

4. Wavelength of the Gravitational Field and That of Black 
Hole Next to Shwarzschild Sphere. The Derivation of 
Temperature and Lifetime of a Black Hole. Comparison 
with Hawking Results 

Now let’s calculate the temperature as well as the “ lifetime ” of black holes. We 
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claim that the gravitational field and the inside of the black hole next to sphere 
of radius r s match and make the neutral space. 

To get the wavelength of the gravitational field as well as that of the stationary 
energy inside the event horizon sphere we proceed as follows. Looking at the 
gravitational field immediate to the event horizon, it should be spherical and 
should be a wave wrapped around the closed spheres of the event horizon. The 
mass of the black hole in general being nM0 and referring to quantum mechani-
cal de Broglie’s principle, we claim at exactly 4πrs/n (=λ0) as many as n of λ0 
should exist. We put 4π (instead of 2π) here because the gravitational waves are 
spherical. 

Requiring that the wavelength of energy inside the event horizon sphere be 
the same. The wavelength is: λ0 of energy inside event horizon = 4πrs/n too. 
Therefore, the field immediately outside event horizon will have the same wave-
length as the inside stationary trapped energy and according to principle of 
harmony match it. 

For energy waves inside the Schwarzschild sphere we take E hf=  and 

- -G e G ef cλ = . Here the h (6.62 × 10–27 cm2∙gm/s) is Plank’s constant and the sub-
script “G-e” indicates “the Gravitational field outside and the energy inside and 
immediate to the event horizon sphere. In that case - 04G e sf nc rπ=  and 

3 4E c GM=  . Note that, the energy inside is frozen (in time)and there is no 
motion thus, no real frequency exists for this energy wave, however we accept 
the equation - -G e G ef cλ =  and we argue that if there was pure energy in empty 
space then this equation would be valid. Later, we will show more evidence to 
the validity of this assumption. Thus, the energy is 2Q sw ћc r≡  or: 

3

04Q
c w

G
w

M
= =


.                      (13) 

Here wQ is the energy of the black hole on the inner surface of the Schwarz-
schild sphere. Note that wQ = w0. 

We take the quantum of energy equal to ( ) ( )3
0 4 16w ћc GM=π π  i.e. the 

energy per squares of area 2
0sr  on the spheres of radius rs. Where M (=nM0) is 

the black hole mass. We put this unit energy equal to (1/2) kbT. With kb (1.38 × 
10−16 erg∙K−1) the Boltzmann constant and T the absolute temperature of the 
black hole. The reason for the one-dimensional factor of 1/2 (and not three di-
mensional factor of 3/2) for kbT is that the exchange of heat between the black 
hole and outside takes place on one dimensional circles (for some black holes, of 
accretion disk). 

Taking the quantum of energy (w0/4π) equal to (1/2)kbT we have: 

our v

3

alue  
8 b

c
M

T
G kπ

=
 .                      (14) 

On the other hand, the Hawking radiation temperature, THawking is: 

Hawking

3

8 bM
T c

G k
=

π
 .                      (15) 
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The Tour value is the same as THawking or, there is a 100% agreement between the 
two values. Therefore, the assumption of the inside the event horizon wave-
length being λ of energy inside event horizon = 4πrs or λG-e = 4πrs seems reason-
able. 

For 33 33
0 1.4 1.4 1.99 10 g 2.79 10 gM M= = × × = ×☉ , i.e. the Chandrasekhar 

limit: 

02
6

0 0
84 5.20 10 cms

G M
c

rλ = ×
π

≈=π .              (16) 

And Tour value = THawking is: 

–8
our value Haw

0
king

3

4.39 1
8

0 K
b

T c
GM k

T= = ×=
π


.            (17) 

And for all black holes immediately bellow the event horizon the quantum of 
energy is: 

3
23

0
0

3.81
4

10 ergsQ
cw

GM
−= ≈ ×



.                 (18) 

With M (M0 = 1.4M☉, the least mass of the black hole) in grams. 

Immediately after its birth, the aging of a black hole starts. One unit of energy 
w0Q from the inside of event horizon sphere matches the gravitational field 
making the space. Taking the self-gravitational energy of the black hole as that 
classical value of it 23 5GW GM R= −  then, at the event horizon  

( )2 2
02s Qr G M w c c′ = −  note that the negative sign for WG is indicative of its 

attractive nature and does not mean that this energy is negative. We have 

( )
( ) ( )

( )

2 22 2
0 0

2 2

3 3
5 5 2

at Q

s

Q

Q
s

G M w c G M w c

G M w c
r

c
W

r

− − −
=

−
′ ≈ −

′
 

( ) 2
0

3 3
10

at
5s QMcr wW⇒ +′ ≈ − .                 (19) 

According to virial theorem one half of (w0Q)/2 gets to be radiated (perhaps 
back to the black hole). Thus, the energy of the field is increased by 3(w0Q)/10. In 
Equation (19) we have ignored the term (w0Q)2 versus M2 in the numerator and 
ignored the term |w0Q| versus M in the denominator. Therefore, once we have an 
energy at the event horizon radius then only three 10th of it has to be already in-
vested in the gravitational field while the other seven 10th is with the black hole, 
or that energy itself is a part of the black hole, but is debilitated to match with 
the gravitational field. As result, the total energy of the field increases by 
3w0Q/10. 

Next, the gravitational field absorbs another unit of energy trapped inside the 
black hole. Now, the field’s energy increases by another 3(w0Q)/10. This flow of 
w0Q from inside the event horizon to the gravitational field, continues until all of 
the trapped energy inside the black hole (i.e. its Mc2) flows to the gravitational 
field. The 7(w0Q)/10’s of the w0Q’s make their own gravitational field after the 
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original gravitational field is exhausted and so on. Eventually, the gravitational 
fields energies match the entire Mc2 of the black hole. At this stage, the energy of 
the gravitational fields and that trapped inside the black hole will both become 
equal to zero, meaning the black hole will be completely evaporated and its gra-
vitational field will be completely gone too. 

Let us find now the total time (τtotal) taken for the gravitational fields to match 
a total energy of the black hole. 

The unit energy of the surface immediately underneath the Schwarzschild 
surface is 3

0 16Qw c GM= π  ergs. The “period” we find to this energy is  
2 3

- 32G fT GM c= π . Thus, the time rate of reduction in mass is (3/10) energy 
unit / the time period we ascribe to its radiation. 

The following relation holds: 
3 6

2
2 3 3 2 2

d 3 16 3
d 10 1032 512

c G cc
t G c G
µ µ

µ µ
π

= − = −
π π

 

.           (20) 

where the factor 3/10 in above eq. indicates energy matches as much as the gra-
vitational and μ is the reducing mass. Thus: 

2
2

4

3

3d d
10 512

c t
G

µ µ = −
π


.                   (21) 

Integrating the left side from M to 0 and the right side from 0 to τtotal (i.e. the 
lifetime of black hole) we have: 

2 2
3

total 4

5120
9

G M
c

τ π π
=



.                    (22) 

where, again M is in grams and τtotal in seconds is the total time it takes to pull a 
trapped energy Mc2 out of the black hole i.e. τtotal is our calculated total lifetime 
of black hole. 

The Hawking “total lifetime” of a black hole is 

Hawki

2

ng
3

4

5120T G M
c

=
π



.                    (23) 

Comparing the right hand sides of (22) and (23) both of these times, are pro-
portional to M3. We have THawking/τtotal ≈ 1.3%. 

5. Discussion 

Albert Einstein has said “everything has to be made as simple as possible but not 
simpler”. In this paper we present a simple method of deriving black hole con-
stants which agree with previous ones, a method that does not need Einstein eq-
uations [11] [12]. In this process we only use the principle that when two waves 
have the same wavelength can unite [3] (Appendix 1). 

We have introduced quantized wavelengths of the gravitational field and the 
black hole at the Schwarzschild sphere, that there is energy and not mass inside a 
black hole, and quantized the energy of black holes. In future papers we talk 
about the quantization of black holes in more detail. 
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6. Conclusion 

In a completely different and much easier way, we have derived the Chandra-
sekhar mass limit within about 10%, the Hawking temperature of a black hole 
exactly, the Hawking black hole lifetime within less than 1.5%, presented the 
quantized wavelengths of the gravitational field and the black hole next to the 
Schwarzschild sphere, and have quantized the energy of a black hole. 
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Appendix 1 

The principle harmony introduced by Prof. N. Angha says that two systems that 
have the same wavelengths can match and make a wave with twice as big inten-
sity i.e. two of the SAME frequency and thus, wavelength. 
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Abstract 
Using the two-component superfluid model of Winterberg for space, two 
models for the susceptibility of the cosmic vacuum as a function of the cos-
mic scale parameter, a, are presented. We also consider the possibility that 
Newton’s constant can scale, i.e., ( )1 1G G a− −= , to form the most general 

scaling laws for polarization of the vacuum. The positive and negative values 
for the Planckion mass, which form the basis of the Winterberg model, are 
inextricably linked to the value of G, and as such, both G and Planck mass are 
intrinsic properties of the vacuum. Scaling laws for the non-local, smeared, 
cosmic susceptibility, ( )aχ , the cosmic polarization, ( )P a , the cosmic ma-

croscopic gravitational field, ( )g a , and the cosmic gravitational field mass 

density, ( )gg aρ , are worked out, with specific examples. At the end of re-

combination, i.e., the era of last scattering, using the polarization to explain 
dark matter, and the gravitational field mass density to explain dark energy, 

we find that, ( ) ( ),1 ,1 ,1 ,1, , 0.37,0.19,0,0.44,rad b c ΛΩ Ω Ω Ω = . While this is an 

unconventional assignment, differing from the ΛCDM model, we believe this 
is correct, as localized dark matter (LDM) contributions can be much higher 
in this epoch than cosmic smeared values for susceptibility. All density para-
meter assignments in Friedmanns’ equation are cosmic averages, valid for 
distance scales in excess of 100 Mpc in the current epoch. We also evaluate 
the transition from ordinary matter dominance, to dark matter dominance, 
for the cosmos as a whole. We obtain for the transition points, 1.66z = , for 
susceptibility model I, and, 2.53z = , for susceptibility model II. 
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Energy, Polarization of Space 

 

1. Introduction 

Cosmic susceptibility, and cosmic polarization are natural consequences of a 
Hajdukovic/Winterberg model for space. Hajdukovic [1] [2] [3] [4] was the first 
to entertain polarization of the vacuum as a model for dark matter. The particles 
which are polarized were virtual, positively and negatively charged, pion pairs. 
Their vacuum expectation value, he argued, leads to extra energy/mass, which he 
proffered as a possible explanation for the rotation curves of stars within galax-
ies, the halo effect around galaxies, the motion of galaxies within superclusters, 
and gravitational lensing. Later, he included dark energy as a consequence of this 
polarization as well. Due to the anti-screening feature of the gravity, the universe 
not only has additional effective bound mass, but an additional energy of the 
sort, that would tend to pull empty space apart. 

Winterberg considered a different version of the quantum vacuum [5]-[11]. 
According to him, the vacuum is comprised not only of blackbody radiation, but 
also literally of real, positive and negative mass particles, which he called 
Planckions. They have ±Planck mass, and form a two-component superfluid, 
where each mass maintains a fixed distance of separation from the other masses 
of the same species, due to fluid forces. Because of the mass compensating effect, 
already at the sub-microscopic level (<10−18 m), the vacuum appears massively 
neutral, and has zero net gravitational energy, zero net gravitational pressure, 
and zero net entropy in the undisturbed state. This vast assembly, or sea, of posi-
tive and negative mass Planckions populate the vacuum, and thereby create an 
ether-like medium, which is seemingly not there, due to their mass compensat-
ing effect. Winterberg did not consider the polarization of the vacuum, per se, 
but considered many other aspects relating to quantum mechanics and the gen-
eral theory of relativity, which he considers to be asymptotic limits within his 
more encompassing theory. 

The two models of Hajdukovic and Winterberg were combined in a recent 
work by this author [12] to form a new model for space. Using the idea of pola-
rization due to Hajdukovic, and the notion of positive and negative mass 
Planckions due to Winterberg, the author developed a theory of gravi statics, 
which can be used to explain the present day density parameters in Friedmanns’ 
equation. He found that, as a consequence, the cosmic susceptibility in the 
present epoch amounts to, 0 0.842χ = . The cosmic polarization, on a grand 
scale, equals, 2

0 2.396 kg mP = . Both are smeared values holding for distance 
scales in excess of 100 Mpc, and hence the bar over these cosmic averages. These 
values also hold in the present epoch only, which we denote by the subscript, 
“0”. What needs to be determined is how these cosmic quantities scale upon 
expansion of the universe. This paper deals with that question in detail. 

That the cosmic susceptibility, and cosmic polarization, of the vacuum should 
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change from epoch to epoch is not in question. Cosmic susceptibility, and cos-
mic polarization, are both dependent on the CMB temperature, and because the 
CMB temperature of the blackbody photons changes, we would expect changes 
in the amount of cosmic smeared polarization, and degree of cosmic susceptibili-
ty. The question is whether, G, Newton’s constant also changes. We believe that it 
might, and have given our reasons in references, [13] [14] [15]. This we include as 
a possibility. If G changes, then the Planck mass defined by, ( )1 2

PLM c G≡  , 
must also evolve with cosmological time. This would affect the value for the 
cosmic polarization, and susceptibility, as well. Hence we include this as a possi-
bility. If G is truly a constant of nature, however, then we can easily accommo-
date this state of affairs in all formulas given in this paper, by taking an appro-
priate limit. 

A net macroscopic polarization of space can be induced by the gravitational 
fields produced by ordinary source matter. Thus, in the surrounding regions of 
space, we can have a net polarization of space, if the conditions are right. The 
source gravitational fields would have to be strong enough, the gravitational di-
pole moments large enough, and the ambient temperatures low enough. It is 
really a tug of war situation, where the gravitational field promotes order, and 
the temperature frustrates all such attempts. Locally, a polarization cloud will 
form, about the free or source mass distribution, ( )F xρ 

, which is matter built 
up from ordinary matter, i.e., matter made up of quarks and leptons. This source 
mass distribution, ( )F xρ 

, produces an applied field in the surrounding space, 
( ) ( )0g x


 , which takes on the same symmetry as ( )F xρ 

. The, ( ) ( )0g x


 , in turn, 
induces a polarized gravitational field, ( ) ( )1g x



 , within the vacuum, the gravitic, 
which is our gravitational version of a dielectric. The total macroscopic gravita-
tional field, ( ) ( ) ( ) ( ) ( )0 1g x g x g x= +

 

    , is greater than the original field, ( ) ( )0g x


 , 
and hence, we have anti-screening, where the induced field adds to the source 
field. This is in contrast to electrostatics, where the induced field, ( ) ( )1E x



 , takes 
away from the original field, ( ) ( )0E x



 . All gravitational fields reflect the symme-
try of the original source distribution, ( )F xρ 

. A simple example of such a 
symmetry would be spherical symmetry. 

The net polarization of the vacuum, cosmically, when averaged over the entire 
universe, was found to equal, 2

0 0 0 0 2.396 kg mP gε χ= = , in the present era, as 
shown in reference [12]. In this equation, 0χ , is the cosmic susceptibility, a 
smeared quantity. The cosmic net macroscopic gravitational field equals, 

2
0 2.387E 9 m sg = − . This is another smeared quantity, obtained from 

Gauss’s law, which holds point for point in the universe, but only if huge dis-
tance scales are considered, greater than 100 Mpc in the current era. This 
value takes into account both source and bound matter within the universe. 
The gravitational permittivity, 0ε , is defined, by analogy to electrostatics, as, 

( ) ( )0 01 4 1.192E9 MKSGε ≡ π = , where, 0G , is Newton’s constant. The above 
values for, 0χ , and, 0g , above, were imposed upon us in order to make sense of 
the present-day density parameters in Friedmanns’ equation, within the ΛCDM 
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model. It is important to realize that for polarization to exist a-priori, either lo-
cally or cosmically, the positive and negative mass Planckions must be spatially 
anchored or locked in position, somehow. The specific mechanism of anchoring 
was discussed in some detail in section, II, of reference, [12]. 

In this work, we wish to build upon our model, as presented in reference, [12]. 
We want to look into the specifics of gravitational polarization formation, and 
introduce two scaling laws for the cosmic susceptibility, ( )aχ χ= , where, a, is 
the cosmic scale parameter dependent on CMB temperature. In fact, we wish to 
take this further and develop scaling laws for all the macroscopic variables of in-
terest, which were introduced in our previous work. This is our primary objec-
tive. 

A second goal is to consider a cosmologically varying gravitational constant. 
We wish to build in this additional feature, as it ties in directly with the positive 
and negative mass value for the Planckions, as well as other considerations pre-
sented elsewhere [13] [14] [15]. The Planck mass is only a constant, if Newtons’ 
constant, G, is a true constant of nature. If G varies cosmologically, very slowly 
in the current era so as not to upset, too much, the accepted and very successful 
ΛCDM model, then we have Planckion masses which change with cosmological 
time. For the broadest possible scaling laws, and to provide an intimate connec-
tion in later work between electrostatics, and Planckion theory, we will also in-
clude this possibility. 

The outline of this paper is as follows. In section II, we include the possibility 
that, ( )G G a= . There are many reasons for assuming this, which were discussed 
elsewhere. We will make use of two specific models for, ( )G G a= , which were 
called models, A, and, B, in references [13] [14] [15]. In our view, ( )aχ , and, 
( )G a , are both intrinsic properties of the vacuum, although the latter does not 

require any source mass, nor the gravitational field produced by such. 
We know that ordinary matter is made up of elementary particles, i.e., quarks 

and leptons, which only came into existence, at temperatures well below, 10E16 
Kelvin (about 1 TeV) [16] [17] [18] [19]. If Newton’s constant varies at all, it was 
calculated that, ( )1G a− , surfaces, or forms, at an inception CBR temperature of 
about, 10E22 Kelvin. In fact, both models, A, and, B, lead to very similar incep-
tion temperatures even though they are modeled quite differently. For the pola-
rization of space and susceptibility, in general, we need ordinary matter, and that 
source mass, which is made up of quarks and leptons, didn’t even begin to freeze 
out until well below, 10E16 Kelvin. So, the susceptibility of space would seem to 
have little to do with the cosmic development of, 1G− , as both have very differ-
ent inception temperatures. There is, however, an intimate connection. The 
mass of the constituent positive and negative mass Planckions is directly deter-
mined by the value of, G. The positive and negative mass value will also deter-
mine polarization, because their masses will allow us to define an intrinsic gra-
vitational dipole moment. If we wish to see how the vacuum evolves, it would be 
a mistake not to include the possibility that the masses of the Planckions can 
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vary, as they comprise and populate the vacuum, as well as determine the pola-
rization of space. 

In section III, we give two models for cosmic susceptibility, ( )aχ χ= . We 
first differentiate between ionic and orientation polarization, and show that 
both lead to essentially the same results qualitatively. Quantitatively there is a 
difference. Model I, is based on ionic polarization, whereas model II, has 
orientation polarizability as its basis. Orientation polarization, model II, assumes 
pre-existing dipoles before any applied field is introduced. When a source field is 
applied, these dipole moments will orient, or align, themselves in the sense of the 
applied field, if conditions are right, in order to minimize their gravitational po-
tential energy. Those pre-existing dipoles could be due to blackbody photon 
bombardment, as these photons would cause non-vanishing root mean square 
amplitudes for the oscillating positive and negative mass Planckion pairs, which 
make up the vacuum. 

In section IV, macroscopic quantities, important in a discussion of polariza-
tion for the cosmos as a whole, will be considered. We will derive the scaling 
laws for these quantities as the universe expands. We will also focus on one or 
two epochs of special interest, such as the era of last photon scattering, 380,000 
years after the big bang. With our two models we will see that when the CMB 
temperature was about, 3000 Kelvin, the cosmic ( )aχ  values are rather small. 
However the localized values for, ( )xχ 

, can still be quite large. The coolest re-
gions in the universe will have the greatest amount of local susceptibility, and 
thus those coolest pockets will have the greatest amount of dark matter. This can 
be important in interpreting the acoustic peaks in the power spectrum correctly. 
We also consider the cosmological point where dark matter starts to dominate 
over ordinary matter. Cosmically, this happened rather recently, when the un-
iverse as a whole is considered. Local deviations will follow their own rules, in-
dependent of the universe as a whole with respect to scaling. Finally, in section 
V, we present our summary and conclusions. 

2. G = G(a) Models 

We are interested in the scaling behavior of macroscopic quantities relevant to 
our polarization model. One of these quantities is Newtons’ constant, G. There 
are many reasons why G could vary with cosmological time [13] [14] [15], and 
we include this possibility here. We keep in mind, however, that our formulas 
are easily modified, should G turn out to be a true constant of nature. All results 
in reference, [13], revert to the standard ΛCDM model, in the limit where the 
quintessence parameter, w, equals negative one. We assumed, namely, in refer-
ence [13], that, 0.98w = − , a slight deviation from the ΛCDM assumed value of 
negative unity. The value, 0.98w = − , is what is actually observed, although, in 
fairness, 1w = − , is easily accommodated within observational error. Choosing, 

0.98w = − , allowed us to derive two specific functions for ( )G a , which we des-
ignated as models, A, and, B. Except in the very early universe, the deviations 
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from the predictions of the ΛCDM model, were slight. 
A cosmologically varying G has a long and interesting history, starting with 

the work of Dirac and his large number hypothesis [20] [21] [22], already for-
mulated in 1936. He was among the first to recognize that G is unusual because 
of its very weak value when compared to the other coupling constants found in 
nature, and its inherent canonical dimension. Soon afterwards, Jordan [23] [24] 
[25] [26] related a cosmologically time varying G to Hubble’s constant. Since 
then, there have been many attempts to observe such a variation, with limited 
success. Some of that history is presented in reference, [13], and will not be re-
peated here. It is extensive. We mention it here only to give some context. 

Model, in reference [13], assumes a 1G−  scaling behavior as follows, 

( ) ( )1 1 1 eb TG T G− −
∞= −   (model A)  (2-1) 

In Equation (2-1), T stands for the CMB temperature, and 1G−
∞  is a saturation 

value, achieved in the limit where, 0T → . The constant, “b”, was determined to 
equal, 11.663 Kelvinb = , by fixing the quintessence parameter to equal, 

0.98w = − . In model A, the, 1 1
01.014G G− −

∞ = , where 0G  is Newtons’ constant. 
Another way to write Equation (2-1), is to make use of the cosmic scale para-

meter, a, defined by, ( ) 1
0 0 1a T T R R z −≡ = = + . All subscripts, “0”, denote the 

current era, and we are using the convention where, 0 1a = . The, R, stands for 
the Hubble radius, the, T, denotes CMB temperature, and the, z, equals the red-
shift. In the present epoch, 0 2.725 KelvinT = . When re-expressed in terms of 
the cosmic scale parameter, Equation (2-1), reads, 

( ) ( ) ( )1 1 4.28 1 4.28
01 e 1.014 1 ea aG T G G− − − − −

∞= − = −  (model A) (2-2) 

This equation came into being at a temperature estimated to be approximate-
ly, 6.20E21 Kelvin. We are close to full saturation in the present epoch since, 

0 1.014G G∞= . Saturation will occur at roughly, 10a ≅ , i.e., when the observa-
ble universe is roughly ten times its current radius in this model. Equation (2-2), 
was modeled as a charging capacitor. What is charging up as a function of cos-
mological time, is the mass squared of the planckions, as will be seen shortly. 

Model B assumes an entirely different scaling law. Here, 

( ) ( )1 1 cothG T G b T T b− −
∞= −     (model B)   (2-3) 

Again, 1G−
∞  is the saturated value, applicable in the limit where the CMB tem-

perature, 0T → . The constant, “b”, was determined to equal, 48.15 Kelvinb = , 
in order to guarantee that the quintessence parameter, 0.98w = − . Here, in 
model B, it turns out that, 1 1

01.054G G− −
∞ = . 

A second way to rewrite Equation (2-3), is to make use of the identity, 

0 2.725a T T T= = . Substituting this into Equation (2-3), and making use of 
the numerical value for “b”, we find, 

( ) ( ) ( )
( ) ( )

1 1

1
0

coth 17.67 1 17.67

1.054 coth 17.67 1 17.67

G a G a a

G a a

− −
∞

−

= −  
= −  

  (model B)  (2-4) 
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This order parameter, ( )1G a− , surfaced at a Curie temperature of roughly, 
7.01E21 Kelvin, which is very close to the value above, in model A. This is re-
markable because both functions, indicated by Equations (2-1) and (2-3), are 
quite distinct from one another. In model B, Newtons’ constant, 0G , is also 
close to the final saturation value since it is found that, 0 1.054G G∞= . Effective 
saturation in model B, is achieved when the cosmic CMB temperature drops to 
one-half current value, or when the Hubble radius is twice the current radius. 
Model B, is modeled much like magnetization, and we call this model the mag-
netization model for G. Both, 1G− , and magnetization, have the same inherent 
canonical dimension. It should be noted that both Equations (2-3) and (2-4), 
involve the Langevin function, ( ) coth 1L x x x= − , where in this instance, the 
variable, 17.67x b T a= = . The Langevin function is often used to model pa-
ramagnetism. We can think of space as somehow consisting of polarized gravita-
tional domains, which can be ordered, much like magnetic domains. 

The inverse Newtonian “constant”, 1G− , in both models A, and, B, are 
one-parameter, non-linear functions, which have specific inception tempera-
tures, and rise dramatically at very high temperatures. In fact, both models give a 

( )1G a−  value, which is inversely proportional to temperature at very high tem-
peratures. More correctly, if CT  equals the inception temperature, then 1G−  is 
proportional to, ( )1 CT T− , which is typical order parameter behavior. As the 
universe expands, and the CMB temperature cools, the ( )1G a−  functions will 
start to level off and flatten. Close to saturation, the 1G−  approaches a constant 
value, 1G−

∞ . In the current era, we are close to full saturation since, 0G G∞≅ . 
When plotted as a function of cosmic scale parameter, a, both Equations (2-2) 
and (2-4), look very similar. 

The inverse Newtonian gravitational constant, ( )1G a− , is directly related to 
±Planckion mass. To see this, we start with the formal definition of the Planck 
mass, 

( )1 2
PlM c G≡                        (2-5) 

We square this result, and rewrite the mass as a field, 
2 1 20 0PlM cG ϕ−= =                    (2-6) 

Here, the 2
PlM  is no longer a constant, but the vacuum expectation value 

(VEV) of a scalar field, ϕ , squared. As the scalar field squared, 2ϕ , freezes out 
of the vacuum, the 1G−  will change its value, a process lasting eons. In our sce-
nario, 1G−  is no longer a constant, and neither is the Planck mass. We identify 
the scalar field in Equation (2-6), with the scalar field of Jordan, first introduced 
already in the year, 1937 [23]. 

It should be noted that 2
PlM  has the same canonical dimensions as magneti-

zation in condensed matter physics, or 2
WM
±

 in particle physics. Thus, it could 
very well be an order parameter based on inherent dimension alone. In the 
theory of weak interactions, it is well known that 2

WM
±

 is essentially the inverse 
Fermi constant, 1

FG− , which effectively fades at high energies, and is only con-
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stant below approximately 100 GeV. Above, 100 GeV, the momentum squared 
term starts to take over, and dominate over the mass squared term, in the prop-
agator. The, WM

±
, is the mass of the W±  boson. Newton’s constant, and the 

Fermi constant, are the only two known coupling constants in physics, which 
have an inherent canonical dimension, and that canonical dimension is the same 
for both. It can be expressed as inverse mass, or inverse momentum, squared. 
We are modeling the gravitational constant much like the Fermi constant in the 
electro-weak interaction. 

The current value for G, is, of course, ( )0 6.674E 11 MKS unitsG = − . If we in-
sert this into Equation (2-5), then we obtain the familiar Planck mass,  

2.176E 8 kgPlM = − . Using this value, we can write in place of Equation (2-6), 
the following expression. 

( )( )22 1
0 2.176E 8 kgPlM cG G G−= = −              (2-7) 

Since 1G−  will increase, with an increase in cosmological time, so too will, 
2
PlM . The Planck mass will start out from a zero value in our models, and in-

crease in accordance with Equation (2-7). 
As a specific example for our formulas, Equations (2-2) and (2-4), we consider 

the era of last scattering, where the CMB temperature was, 1 3000 KelvinT = . 
This specifies a particular epoch, where, 1

1 0 1 2.725 3000 1100a T T −= = = . We 
substitute this value into both Equations (2-2) and (2-4), and find that, 

1 0 254G G =   (model A)    (2-8a) 

1 0 177G G =   (model B)     (2-8b) 

Both functions give a larger G value for this cosmological time, when the universe 
was 1/1100 its present Hubble radius. By Equation (2-7), both the positive and nega-
tive Planckion mass, are reduced in magnitude, by a factor of, 1 254 0.063= , and 
1 177 0.075= , respectively. The ±Planckions were less massive in that pre-
vious epoch. 

3. Two Models for Cosmic Susceptibility, χ(a) 

Two types of polarization will be considered, ionization polarization, and orien-
tation polarization. For each, we will present a specific function, ( )aχ . Ionic 
polarization, designated as model I, involves induced gravitational dipole mo-
ments. Consider a source gravitational field, ( )0g



, pointing from right to left. 
The positive mass Planckion will get displaced from its equilibrium position, and 
move slightly to the left, being attracted to the source mass. Call that displace-
ment, d+



. The negative mass planckion will also get shifted, but to the right, 
being repelled by the source field, ( )0g



. Seeing that the source field is uniform 
(a small enough region of space is considered), we can expect the displacement 
of the negative mass to equal in magnitude the positive mass displacement. 
However, the sense of direction is opposite, i.e., d d− += −

 

. The induced dipole 
moment is thus, ( )( )ˆ2d Pl Plp M d M d i+= = −

 

, where, ( )î , is a unit vector 
pointing from left to right. This is the simplest kind of polarization possible, 
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where, d+ , will depend on the amount of the applied field, ( )0g


. The full ma-
croscopic field, g , is the vector sum of the source field, ( )0g



, and the induced 
field, ( )1g



, both pointing in the same direction, ( )î− . By definition, dp


, will 
always point from the negative mass to the positive mass, just like for charges in 
electrostatics. 

The gravitational potential energy here for dipole ordering is, ( )2
dU p g= − ⋅




 ( ) ( )22PlM d g+= − ⋅




, where, g , gets replaced by the localized field, ( )2g


. The 
localized field is sometimes called the local Lorentz field, or the “molecular field” 
in electrostatics, and it takes into account the other neighboring dipoles in the 
vicinity. This is the field that a particular dipole directly experiences within the 
lattice. If there is no displacement of positive and negative mass, then no dipole 
is formed. In this situation, the symmetry between the positive and negative 
masses within the undisturbed vacuum prevents any particular direction in 
space being singled out. The gravitational potential energy also averages out to 
zero. The factor of two is necessary because both positive and negative masses 
undergo displacement in an applied field. 

A second type of polarization is orientation polarization, which we call model 
II. Here we have permanent or inherent dipoles within the medium (vacuum). 
These will try to self-organize and align in a particular direction in an applied 

( )0g


 field against the disruptive effects of temperature. The gravitational poten-
tial energy here equals, ( ) ( ) ( )2 2 cosd dU p g p g θ= − = −⋅

 

 

, where, ( )2g


, is, 
again, the local Lorentz field, or molecular field, described above, which also 
takes into account the gravitational field produced by the neighboring dipoles. 
The permanent dipoles will orient themselves three-dimensionally in a ( )2g



 
field, in order to achieve the lowest possible potential energy, against a backdrop 
of CMB temperature, which will attempt to disrupt and frustrate any such at-
tempts. The permanent dipoles can be due to inherent and constant collisions 
with CMB blackbody photons. This will cause oscillations about the center of 
mass for the dipole Planckion pairs, and a root-mean-square amplitude for sim-
ple harmonic motion results. In a ( )2g



 field, the axis of vibration or oscillation 
would want to align itself with the gravitational field, with the positive mass fac-
ing the source. 

If the vector sum of the individual gravitational dipoles can overcome disrup-
tion due to temperature, then we can have partial, or even full, alignment. In ei-
ther case, we then have polarization in the amount 

MAX dP n p=




                       (3-1) 

where, MAXn , is the maximum gravitational dipole density, ( )MAX MAXn n x=


, 
and, dp



, is some average taking into account thermal disturbances. It turns 
out that, in the case of orientation polarization, we can set 

( ) ( ) ( )cos coth 1d d d dp p p L x p x xθ= = = −  
   

         (3-2) 

In Equation (3-2), ( )L x  is the Langevin function, defined as,  
( ) ( )coth 1L x x x≡ −   . This Langevin function can be viewed as a probability 
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or percentage of total dipole alignment. The Langevin function depends on am-
bient temperature, T, dipole moment, dp



, and, ( )2g


 field. The argument of 
the Langevin function, x, in Equation (3-2), is namely defined as, 

( ) ( ) ( )2
B d Bx U k T p g k T ≡ − =  

 





               (3-3) 

The, Bk , refers to Boltzmann’s constant. 
If dealing with an expanding universe, and space on a grand scale, all quanti-

ties in the definition of variable, above, are smeared quantities. Then, we would 
write in place of Equation (3-3), 

( )( ) ( )2
0 0d Bx ax a p g k T= ≡                  (3-4) 

In this equation, 0T , represents the present CMB temperature,  

0 2.725 KelvinT = , and, a, is the cosmic scale parameter, ( ) 1
0 1a T T z −= = + . 

The redshift is specified by the variable, z. Equations (3-3) and (3-4), look simi-
lar, but one is local, Equation (3-3), and the other Equation (3-4), is cosmic, 
where all variables are smeared cosmic averages, which hold only when huge 
distance scales are considered. A local equation is one where all variables depend 
on position, x . For, ( )aχ , we choose, ( ) ( )x L xχ = , where, x , is specified 
by Equation (3-4). This is our model II, for cosmic susceptibility. One will note 
that the maximum value for cosmic susceptibility, ( ) ( )x L xχ = , is unity, which 
indicates 100% alignment. 

In the case of ionic polarization, model I, we will use a different function for, 
( )aχ χ= , not the Langevin function. Instead of choosing, ( ) ( )x L xχ = , as 

specified in Equation (3-2), we will use, instead, 

( ) 1 e xxχ − = −     (model I)    (3-5) 

The variable, x, is defined as in Equation (3-4). We are looking at cosmic sus-
ceptibility, ( ) ( )x aχ χ= , which holds only when the universe is taken as a 
whole. The maximum value for Equation (3-5), is also unity. It is achieved in the 
limit where, x →∞ , or equivalently, when 0T → . The Langevin function has 
those same limits. 

The physical motivation for Equation (3-5), is somewhat different than that of 
Equation, (3-2). Equation (3-2), treats the cosmic susceptibility as a kind of 
magnetization. Localized domains in space, create an average or smeared cosmic 
value, and, ( ) ( ) ( )L x L a aχ= = , is the result. Equation (3-5), on the other 
hand, looks more like a charging capacitor model where bound mass for the un-
iverse is being “charged up” within the gravitic, which is what we call the va-
cuum. The gravitic is a gravitational version of a dielectric. From previous work 
[12], bound mass, or polarized mass, is identified as dark matter, BM . The BM  
is related to source mass, FM , by means of the equation, 

( ) ( )1B F FM K M Mχ χ χ= = −                  (3-6) 

This is a non-local smeared equation. As the universe expands, and the CMB 
temperature decreases, cosmic susceptibility, ( )aχ , will increase. As a conse-
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quence, bound mass will build up as a function of cosmological time, but not li-
nearly. As χ  gets larger according to Equation (3-5), the bound mass will in-
crease even more dramatically because of the denominator decreasing at the 
same time. The FM  value stays the same. In the current epoch, it was deter-
mined that the cosmic value for χ  equals, ( )0 0 1 0.842aχ χ= = = . The high 
degree of susceptibility is due to the very dilute mass density value of the un-
iverse in the present epoch. 

The counterpart to Equation (3-5), will hold for orientation polarization. This 
we called model II, our magnetization model for the cosmic susceptibility. Once 
more, this can be written in terms of a Langevin function as, 

( ) ( ) ( )coth 1L x x x xχ= = −     (model II)  (3-7) 

Equations (3-5) and (3-7), are two quite distinct functions. Yet, when plotted, 
they look remarkably similar. They are both one parameter, nonlinear functions, 
and both mimic order parameter behavior. The one parameter that has to be 
fixed in both models is, ( )( ) ( )2

0 0d Bx p g k T≡ . See Equation (3-4). What we are 
really determining is dipole gravitational potential energy, U, for both model I, 
and model II, since 0 2.725 KelvinT = . See Equation (3-3). This dipole energy, 
U, determines dipole ordering, or alignment, in a ( )2g



 field. Once 0x  is de-
termined, we are in a position to find the cosmic susceptibility for both our 
models, I, and, II, using Equations (3-5) and (3-7), respectively. We keep in 
mind that, 0ax= , where, a, is cosmic scale parameter. 

To find the parameter, 0x , in either model, we use the present epoch value for 
cosmic susceptibility. This has been found [12] to equal, ( )0 0 1 0.842aχ χ= = = . 
Inserting this value in Equation (3-5), and solving gives, 

0 1.845x = , 0x ax=   (model I)    (3-8) 

For Equation (3-7), we proceed likewise. Set the right hand side equal to 0.842, 
keeping in mind that this holds for, 1a = , and solve for 0x . The result is, 

0 6.338x = , 0x ax=   (model II)   (3-9) 

With these values for 0x , we can easily find, 0x ax= , for any given cosmo-
logical epoch. We just have to specify the cosmic scale parameter, a, or, equiva-
lently, the redshift. Substituting the𝑥𝑥 value in the appropriate Equations (3-5) or 
(3-7), will give us our cosmic susceptibility. 

One will have noticed that Equations (3-5), and (3-7), have the same form as 
Equations (2-2), and (2-4), in section II. This is no accident. A charging capaci-
tor model, or a magnetization model, seem to us very good parametrizations, for 
both, ( )aχ χ= , and, ( )1 1G G a− −= . We emphasize however, that they both 
model entirely physical processes. The inverse Newtonian “constant”, ( )1G a− , 
has an inception temperature of about, 10E22 Kelvin, and effectively models the 
development of Planck mass squared. See Equations (2-6) or (2-7). The ( )aχ , 
on the other hand, models cosmic susceptibility, or polarization of space, when 
the cosmos is treated as a whole. This is a smeared value. The inception temper-
ature for ( )aχ  is much less than that for ( )1G a− . ( )aχ  came into being 
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much later cosmically speaking, after BBM (Big Bang Nucleosynthesis), or when, 
10E9 KelvinT ≤ . At a CMB temperature of 3000 Kelvin, we will see that the 

( )aχ  value is already about a thousand times smaller than what it is today. This 
we show next. 

As a numerical example of Equations (3-5) and (3-7), let us evaluate both ( )aχ  
values at a CMB temperature of 3000 Kelvin, the era of last photon scattering. The 
appropriate scale parameter value here is, 1

1 0 1 2.725 3000 1100a T T −= = = . In 
model I, we substitute this 1a  value, together with the 0x  value specified in 
Equation (3-8), into Equation (3-5). We find that 

( )1
1 1 1100 1.675E 3aχ χ −= = = −   (model I)   (3-10) 

This is much less than the current cosmic value of, 0 0.842χ = . In fact, it is 
about 0.002 as large. For model II, we proceed likewise. We substitute the 1a  
value above, and the 0x  value as indicated by Equation (3-9), into Equation 
(3-7). Doing this, and evaluating the result gives, 

( )1
1 1 1100 1.920E 3aχ χ −= = = −   (model II)  (3-11) 

This result is also much less than the current value for cosmic susceptibility. It 
is only about. 0023 times as large. We notice that at this CMB temperature, both 
models give much reduced values for cosmic susceptibility, and they are ap-
proximately equal. 

For what is needed later, let us also evaluate the corresponding cosmicgravitic 
constant, or relative gravitational permittivity, defined as, 1 11K χ≡ − , for the 
above two models. We find that, 

( )1
1 1 1100 0.9983K K a −= = =   (model I)   (3-12a) 

( )1
1 1 1100 0.9981K K a −= = =   (model II)  (3-12b) 

There is virtually no cosmic polarization, and hence, the relative gravitational 
permittivity is close to unity. Finally we evaluate the ratio, 1 1Kχ , at the end of 
recombination. Using the results of Equations (3-10), (3-11), and, (3-12a, b), we 
obtain, 

1 1 1.678E 3Kχ = −     (model I)   (3-13a) 

1 1 1.924E 3Kχ = −     (model II)  (3-13b) 

These ratios are very small. In the present epoch, by contrast, we have, 

0 0 0.842 0.158 5.327Kχ = = . The values indicated above for, 1 1, Kχ , and, 

1 1Kχ , are cosmic averages, or smeared quantities, which do not hold locally. 
Locally, ( )xχ χ=



, and we cannot use the, 0x , values listed above, in Equa-
tions (3-8) or (3-9). The gravitational field is totally different locally, and not a 
smeared value. Also, we have different values for the gravitational dipole 
moments, and ambient temperature. To make a long story short, the potential 
energy is different, and we can no longer use the cosmic values determined in 
Equations (3-3) and (3-4). Local values for, ( )xχ χ=



, can be quite large in the 
era of last photon scattering, and exist, even at much, much higher temperatures 
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than 3000 Kelvin. Remember that the CMB temperature, 1 3000 KelvinT = , is a 
thermal average holding for the universe as a whole, in that era. What counts for 
local susceptibility, is the local dipole moment, the local gravitational field, and 
the local ambient temperature, all of which have to be specified before we can 
use a variation of our susceptibility models, I, and, II. In principle, however, it 
should be possible to model local situations, as well, if these inputs can be de-
termined. 

We have seen that Equation (3-1), is one way to specify polarization, Another 
way is to use a macroscopic formulation [12], P gεχ=





, a result familiar from 
electrostatics, but now applied to situations in gravistatics. Equating both equa-
tions gives, 

MAX d MAX d dP g n p n p n pεχ χ= = = =
  



             (3-14) 

In this equation, g , is the macroscopic gravitational field taking into account 
an induced field due to dipole ordering. The, MAXn , stands for the maximum 
gravitational dipole density, and, n, equals the effective dipole density, which 
takes susceptibility into account. Only a percentage of the maximum available 
dipole moments will self-organize, or align macroscopically. For gravitational 
polarization, the gravitational permittivity, ε , is defined by, ( )1 4 Gε ≡ π , 
where, G, is Newton’s constant. In the present epoch, ( )0 1.192E9 MKSε ε= = . 
As mentioned, we leave open the possibility that, G, can vary. 

Equation (3-14), can be thought of as a cause and effect relation. A gravita-
tional field, the cause, will produce a net polarization, but only if there is a net sus-
ceptibility. In other words, an induced field, ( )1g gχ≡



 , must exist. If the suscep-
tibility is unequal to zero, then we will have anet effective macroscopicdipole 
alignment, or ordering, which is the effect, in the amount, MAXn nχ= . The equ-
ation can be interpreted both, locally, or cosmically, like so many of our equa-
tions. If treated as a cosmic equation, then the ( )g a , the ( )aχ , and, the 

( )dp a , are all smeared values, holding for the universe as a whole. We would 
also have an effective smeared dipole number density, ( )n a , as well as a max-
imum smeared dipole number density, ( )MAXn a . 

4. The Scaling Behavior of Cosmic Gravitational Fields, Dark 
Matter, and Dark Energy 

We next consider the scaling laws for the macroscopic quantities introduced in 
reference [12]. Upon expansion of the universe, we wish to determine how the 
cosmic gravitational fields, the cosmic polarization, the net bound mass density 
(dark matter), and net gravitational field mass density (dark energy), change as a 
function of cosmic scale parameter. First a quick review. 

Dark matter was identified [12] as the mass produced within the vacuum, due 
to dipole alignment, or ordering. This is what we referred to as bound mass. We 
had four mass density terms in Friedmann’s equation, 

( )( )2 8 3 Rad F B ggH G ρ ρ ρ ρ= π + + +               (4-1) 
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The first, Radρ , is the mass density associated with radiation. Although this is 
a negligible contribution in the current epoch, it becomes the dominant term in 
the early universe. It is well known that blackbody radiation due to photons and 
neutrinos scale as, 

4
,0Rad Rad aρ ρ −=                       (4-2) 

All subscripts, “0”, on variables refer to the present epoch. Variables 
without a subscript refer to other cosmological epochs. The, a, is the cosmic 
scale parameter. In the present epoch, the radiative component has the value, 

( )( )3
,0 ,0 0 8.3E 5 8.624E 27 kg mRad Radρ ρ= Ω = − − . This contribution is negligible 

when compared to the other contributions on the right hand side of Equation 
(4-1), in the present epoch. All values for mass densities are taken from the latest 
WMAP/Planck cosmological data collaboration [27] [28] [29]. 

The second contribution to total mass density on the right hand side of Equa-
tion (4-1), is, Fρ . This is due to ordinary mass found in the universe, made up 
of quarks and leptons. We sum up the individual masses of all the gases, mole-
cules, atoms, stars, planets, galaxies, etc. to come up with a total mass, and then 
divide by the Hubble volume, to arrive at this, Fρ , value. Its current value is es-
timated to equal, ( )( )3

,0 ,0 0 0.0486 8.624E 27 kg mF Fρ ρ= Ω ≅ − . This is also 
well known to scale as, 

3
,0F F aρ ρ −=                        (4-3) 

The mass densities in Friedmanns’ equation are smeared values holding for 
distance scales in excess of, 100 Mpc. Only then is the universe fairly homoge-
neous and isotropic. Technically we should have bars over all such quantities, 
which indicate a cosmic average. We will dispense with this in this section for 
ease of writing. 

The third term on the right hand side of Equation (4-1), is, Bρ , which we 
identify as dark matter. As mentioned, this is bound mass, which is produced 
within the vacuum, and surrounds ordinary matter. This contribution, in our 
model, is due to the positive and negative mass Planckions forming dipoles 
within the vacuumgravitic. Fornet macroscopic ordering, or alignment, of 
such dipoles, within that space, we need a non-vanishing susceptibility. In the 
current epoch, the estimate for dark matter amounts to, ,0 ,0 0B Bρ ρ= Ω

 
( ) ( )30.2589 8.624E 27 kg m= − . This will not scale like ordinary matter in our 

model. Counter to the ΛCDM standard model, we will propose a different scal-
ing law for, Bρ . Our scaling law for, Bρ , is, 

( ) ( ) ( ) ( ) ( ) 3
,0 0 0 ,0 0 0B B F FK K K K aρ ρ χ χ ρ ρ χ χ −   = =       (4-4) 

This follows since, Bρ , is related to, Fρ , via the relation [1], 

( )B FKρ χ ρ=                        (4-5) 

Equation, (4-5), also follows from Equation (3-6). We know the value of the ratio, 

0 0Kχ , in the present epoch. This equals, ( )0 0 0.842 0.158 5.329Kχ = = . For 
the, Kχ , value in another epoch, we need to specify the scale parameter, a, 
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and then use either Equations (3-5) with (3-8), for model, I, or, Equations (3-7) 
with (3-9), for model, II. In both models we know that, 0ax= . 

As a particular example, we can consider the era of last photon scattering. 
There, the CMB temperature was, 1 3000 KelvinT = . The, 1 1Kχ , values have 
already been worked out for models I, and II, and are indicated in Equations 
(3-13a, b). Substituting these values into Equation (4-4), we find that 

,1 ,0 4.191E5B Bρ ρ =    (model I)   (4-6a) 

,1 ,0 4.805E5B Bρ ρ =    (model II)  (4-6b) 

Both of these ratios are far less than those assumed in the ΛCDM standard 
model. In the standard model, one expects that the dark matter mass density 
scales as source matter density. Therefore, in place of the right hand sides of eq-
uations, (4-6a, b), we would have instead, 3 31100 1.331E9a− = = . Clearly, equa-
tions, (4-6a, b), indicate far less or values. Dark matter, in our models, is virtual-
ly non-existent as a cosmic average, at the end of recombination. We keep in 
mind, however, that localized values for dark matter can still be quite large. We 
postpone further discussion on this point until later. 

The fourth term on the right hand side of Equation (4-1), is, ggρ . This we 
interpreted as dark energy [12]. This contribution is really made up of two sepa-
rate components, a part which does not depend on polarization, and another 
part which does. Dark energy is interpreted as the energy density associated with 
gravitational fields, due to both source matter, and bound matter. Following 
electrostatics, we claimed that [12], 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )

0 0 0 12 2 2 2

0 0 0 12 2

1 2 1 2 1 2

1 2 1 2

gg gg

AA BB

c K g c gg c g g g

c g g c g g

ρ ε ρ ε ε

ε ε ρ ρ

= = Ω = = +

= + = +
 (4-7) 

In this equation, 

( ) ( ) ( )0 021 2AA c g gρ ε≡                    (4-8a) 

( ) ( ) ( ) ( )0 121 2AB AAc g g Kρ ε χ ρ≡ =               (4-8b) 

Equations (4-8a, b), are formal definitions. The gravitational field mass densi-
ty associated with just ordinary matter, or source matter, is AAρ . This is propor-
tional to, ( )0g  squared, as indicated by Equation (4-8a). The gravitational field 
mass density associated with, ( )0g , coupled to the gravitational field associated 
with bound matter, ( )1g , is ABρ . By Equation (4-8b), this involves both the 
source gravitational field, ( )0g , and the polarized gravitational field, ( )1g . In the 
limit where the cosmic susceptibility vanishes, this contribution, ABρ , also ap-
proaches zero. 

From Equation (4-5), which is a non-local equation, we saw how bound mass 
density, or dark matter density, is related to free mass density, sometimes re-
ferred to as source mass density. Dark matter is formed in the space surrounding 
ordinary matter, and for dark matter a non-vanishing susceptibility is needed. It 
should come as no surprise then, that in the second line of Equation (4-8b), we 
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have a similar relation, but now relating the gravitational field mass densities. 
For ABρ  to exist, a non-vanishing cosmic susceptibility, χ , is needed. If cos-
mic susceptibility vanishes, then we only have the following contributions to 
mass density, Radρ , Fρ , and AAρ , in Friedmanns’ equation. The Bρ , and the 

ABρ , necessarily vanish. 
We next consider the scaling behavior for dark energy, ggρ , As we have seen, 

this is made up of two components, AAρ , and, ABρ . We first focus on the AAρ  
component, defined by Equation (4-8a). This equation is really a smeared 
equation, and, as such, should have bars placed over both the quantities, AAρ , 
and, ( )0g . Averages for the universe as a whole are epoch dependent. Cosmic 
averages also cannot be used to determine scaling. To see this, we argue as fol-
lows. 

Let us imagine the universe as a three dimensional sphere, the Hubble bubble, 
within which we place dots representing significant mass sources such as galax-
ies. Around each dot, draw dashed concentric bubbles, some smaller in radius, 
and some larger, depending on how much source mass is present. These dashed 
bubbles represent the localized susceptibility field, i.e., the extent to which, 

( ) ( )0g x


 , reaches, and polarizes the surrounding vacuum. In some instances, 
there will be no dashed bubble, because there is no localized susceptibility due to 
the ambient temperature being too high, or the source gravitational field too 
weak. In those instances where susceptibility prevails, the dashed bubbles are 
gravitationally bound to the source mass distribution. As such, the AAρ  must 
scale like ordinary matter. We obtain, 

3
,0 ,0AA AA F F aρ ρ ρ ρ −= =                   (4-9) 

What expands is the space between concentric bubbles, and not the bubbles 
themselves. 

Equation (4-9), also makes sense from a conservation of energy point of view. 
The ratio of, AAρ  to Fρ , must stay, more or less, constant as the universe ex-
pands. Therefore, ,0 ,0AA F AA Fρ ρ ρ ρ= , and Equation (4-9), follows. We have 
used Equation (4-3). The, ABρ , on the other hand, involves a coupling of ( )0g  
with ( )1g , where ( )1g  is induced in the surrounding vacuum. This can, and 
will, involve a different scaling law than that for pure source matter. 

Let us use the second line in Equation (4-8b), to determine this scaling law. 
From this equation, it should be apparent that, 

( ) ( ) ( ) ( ) ( ) 3
,0 0 0 ,0 0 0AB AB AA AAK K K K aρ ρ χ χ ρ ρ χ χ −   = =      (4-10) 

The, ( )0 0 0.842 0.158 5.329Kχ = = , in the present epoch. See the discussion 
following Equation (4-5). We also can make use of the models from the previous 
section to determine the ratio, Kχ . We use either Equations (3-5) with (3-8), 
for model I, or, Equations (3-7) with (3-9), for model II. In both models, 

0x ax≡ . All we need to do is specify the cosmic parameter, a, or redshift, z, and 
we can evaluate the cosmic ratio, Kχ , in any given epoch. 

We’ll work out one numerical example. Let us consider the end of recombina-
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tion, our familiar example, where the CMB temperature equals, 1 3000 KelvinT = . 
The, 1 1Kχ , values have been evaluated. These are specified by equations, 
(3-13a, b). We substitute these values into Equation (4-10), and find, 

( )( )3
,1 ,0 3.149E 4 1100AB ABρ ρ = −   (model I)   (4-11a) 

( )( )3
,1 ,0 5.734E 4 1100AB ABρ ρ = −   (model II)   (4-11b) 

These are very small contributions when compared to the,  
( )3

,1 ,0 ,1 ,0 1100AA AA F Fρ ρ ρ ρ= = , evaluated in Equation (4-9). 
The total dark energy mass density, ggρ , is the sum of AAρ , and, ABρ . This 

can be written as, 

( )1gg AA AAK Kρ χ ρ ρ= + =                 (4-12) 

We have utilized the second line in Equation (4-8b). We also remember that, 
in gravistatics, the identity, ( ) 1K χ+ ≡ , holds. Thus the second equality follows 
in Equation (4-12). From Equation (4-12), we obtain, 

( )( ) ( ) 3
,0 0 ,0 0gg gg AA AAK K K K aρ ρ ρ ρ −= =          (4-13) 

The relative gravitational permittivity in the present epoch equals, 0 0.158K = . 
At the end of recombination where, 1 3000 KelvinT = , we find using equations, 
(3-12a, b), that 

( )( )3
,1 ,0 0.1583 1100gg ggρ ρ =   (model I)   (4-14a) 

( )( )3
,1 ,0 0.1583 1100gg ggρ ρ =   (model II)   (4-14b) 

There is no difference between the two models. Dark energy scales according 
to Equations (4-14a, b). It will be noticed that none of the mass density scaling 
laws in Friedmanns’ equation involve, G, Newton’s constant. This will be differ-
ent when we look at the smeared, or cosmic, gravitational field strengths. 

Before we consider the individual cosmic gravitational field scaling laws, let us 
evaluate the various contributions to mass density in the era of last scattering. 
We have all the relations needed. We start with radiation mass density, Radρ . 
From Equation (4-2), we find that, 

( ) ( )44
1 ,0 0 01100 8.3E 5 1.2152E8Rad Radaρ ρ ρ ρ−= = − =        (4-15) 

The total mass density in the present epoch, 0ρ , equals,  
3

0 8.624E 27 kg mρ = − , corresponding to a present rate of expansion of, 
( )0 67.74 km s MpcH = ⋅ . For ordinary matter, we use Equation (4-3). At the 

CMB temperature, 1 3000 KelvinT = , we obtain, 

( ) ( )33
1 ,0 0 01100 0.0486 0.6469E8F Faρ ρ ρ ρ−= = =         (4-16) 

Dark matter comes next. For this we use either Equation (4-6a), or Equation 
(4-6b), as our scaling law. We find, 

( )( ),1 0 04.191E5 0.2589 1.085E5Bρ ρ ρ= =  (model I)  (4-17a) 

( )( ),1 0 04.805E5 0.2589 1.244E5Bρ ρ ρ= =  (model II) (4-17b) 
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And, finally we have dark energy. This scaling law is determined by using ei-
ther one of Equations, (4-14a, b). Using these equations, we can claim that, in 
the era of last photon scattering, 

( )( ) ( )3
,1 0 00.1583 1100 0.6911 1.456E8ggρ ρ ρ= =   (model I)  (4-18a) 

( )( ) ( )3
,1 0 00.1583 1100 0.6911 1.456E8ggρ ρ ρ= =   (model II) (4-18b) 

We sum over all the various contributions to mass density in Friedmanns’ 
Equation (4-1). At the end of recombination, we find that, 1 ,1 ,1Rad Fρ ρ ρ= +  

,1 ,1 03.3192E8B ggρ ρ ρ+ + = . This holds for susceptibility model I. For model II, 
the sum is, 1 03.3193E8ρ ρ= , which is almost in distinguihable from that of 
model I. We define the density parameters at the end of recombination by the 
equation, ,1 ,1 1i iρ ρΩ ≡ . Thus, at a CMB temperature of, 1 3000 KelvinT = , 
we find that, 

( ) ( ),1 ,1 ,1 ,1, , , 0.366,0.195,0,0.439Rad F B ggΩ Ω Ω Ω =  (models I & II) (4-19) 

This result holds for both susceptibility models, I and, II, when taken to three 
significant figures. It will be noticed that cosmic dark matter does not exist at 
this CMB temperature, given our models for cosmic susceptibility. 

The values indicated in Equation (4-19), are very different from those com-
monly assumed in the standard model. In the ΛCDM model, dark matter scales 
like ordinary matter, and there is no dark energy in this epoch. In the standard 
cosmological model, the result to be expected is, ( ),1 ,1 ,1 ,1, , ,Rad F B ggΩ Ω Ω Ω =
( )0.229,0.122,0.649,0 . When we compare this with the above, we see noticeable 
differences. In the ΛCDM model, and even in the extended models where we 
have quintessence, dark energy barely scales. Therefore, as a consequence, dark 
energy is virtually non-existent at the end of recombination in the standard sce-
nario. 

This brings us to an interesting dilemma. Dark matter is thought to be needed 
at recombination in order to aggregate ordinary matter in gravitational poten-
tial wells, without which, the present structure of the universe would be diffi-
cult to explain. Also, when looking at the CMB power spectrum obtained from 
WMAP/Planck satellite data, the height of the third acoustic peak stands in a 
certain proportion and relation to the height of the first peak. The third peak is 
identified with dark matter, whereas the first peak denotes ordinary matter. At 
the end of recombination, one could expect that, ,1 ,1 0.2589 0.0486B FΩ Ω = , 
just as is the case in the present epoch. 

We will still maintain, however, that Equation (4-19), is correct. There are 
several important points which must be considered. The first is that the localized 
dark matter contributions are much different than the smeared or cosmic aver-
age, dark matter contributions. Even though cosmic dark matter effectively dis-
appears at this high CMB temperature, localized dark matter does not. In fact, 
localized dark matter (LDM) must be much higher in value near the somewhat 
cooler source matter, since in the cosmic voids, where there is little to no source 
matter, there must also be little to no dark matter. If the average cosmic value for 

https://doi.org/10.4236/ijaa.2021.111002


C. Pilot 
 

 

DOI: 10.4236/ijaa.2021.111002 29 International Journal of Astronomy and Astrophysics 
 

dark matter is weak, and if, in the voids, there is negligible dark matter, then 
near the source masses we must have localized values for dark matter which are 
particularly strong to compensate for the close to zero values in the voids. 

Second, as indicated in Equations (2-8a, b), Newton’s gravitational constant 
has a much higher value. This would help aggregate ordinary matter into gravita-
tional potential energy wells, perhaps even without the need for localized dark 
matter. Third, as we shall see shortly, the gravitational fields have enhanced values 
due to an increase in G value. Those stronger gravitational fields would also en-
hance clumping of ordinary matter. Finally, dark energy, itself, may even play a 
role in the aggregation of ordinary matter. Dark energy is a mass density asso-
ciated with gravitational fields. This mass density can exert an added pressure on 
ordinary matter, causing the ordinary matter to clump up. In summary, there are 
many reasons which can explain source mass clumping in the era of photon de-
coupling. As to explaining the height of the third acoustic peak in relation to the 
first, we leave that for another paper. This is a technical point, and an area for 
further research and study. 

As another example of the cosmic susceptibility scaling laws, we consider, 
specifically, the cosmic era where dark matter starts to dominate over ordinary 
matter for the universe. This happened fairly recently, in cosmological time. To 
find this point we set, 

B Fρ ρ=  

( )2 2 F FKχ ρ ρ=
 

2 21χ χ= −  

2 1 2χ =                         (4-20) 

This equation can be solved for both models, I and II. For cosmic susceptibil-
ity model I, we use Equations (3-5) with (3-8), in order to fix the value for the 
cosmic scale parameter, ( ) 1

2 21a z −= + . Setting Equation (3-5), equal to 0.5, as 
indicated by Equation (4-20), we find that, 

( )21.8451 e 0.5a− − =                      (4-21) 

If we consider the second cosmic susceptibility model, model, we would have 
to use Equations (3-7) with (3-9), instead, in order to fix this parameter, 2a . 
Demanding that Equation (3-8) equal the right hand side of Equation (4-20), we 
have the condition that, 

( ) ( )2 2coth 6.338 1 6.338 0.5a a− =                (4-22) 

Both Equations (4-21) and (4-22), are easily solved. The solutions are, 

2 0.376a = , 2 1.66z =   (model I)  (4-23a) 

2 0.284a = , 2 2.53z =   (model II) (4-23b) 

The two models give different predictions, with model II indicating an earlier 
epoch for dark matter dominance. 
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What about the gravitational field scaling laws? How do these change as the un-
iverse expands? The cosmic gravitational fields are all cosmic average quantities, 
holding when distance scales in excess of 100 Mpc are considered in the present 
epoch. At such distance scales, the universe is spherically symmetric, and homoge-
neous. Because the gravitational fields are smeared values, they will not apply locally. 

We start with Equation (4-9), and use our definition, (4-8a). This allows us to 
re-express Equation (4-9), as, 

( ) ( )
2 2

0 0 3
0 0g g aε ε −



=


                   (4-24) 

We next bring the gravitational permittivity terms over to the right hand side, 
and keep in mind that, ( )1 4 Gε ≡ π . This leads to, 

( ) ( ) ( )
2 2

0 0 3
0 0g g G G a−=                   (4-25) 

Finally, taking the square root of both sides of this equation gives us the cos-
mic gravitational field scaling law, which is due to source mass in the universe. 
We find that 

( ) ( ) ( )1 20 0 3 2
0 0g g G G a−=                   (4-26) 

We notice that this scaling law does involve the Newtonian constant. If G does not 
scale, then, obviously, 0G= , and the right hand side above simplifies to, 3 2a− . 

As a concrete example, we consider the era of last scattering, where, 1
1 1100a −= . 

For this epoch, the G values have been calculated, and they are given by Equa-
tions (2-8a, b). Substituting these values into Equation (4-46), results in, 

( ) ( )0 0
1 0 5.77E5g g =    (model A)  (4-27a) 

( ) ( )0 0
1 0 4.85E5g g =    (model B)   (4-27b) 

The cosmic gravitational field due to source mass is enhanced quite dramati-
cally in this earlier epoch. 

Another cosmic gravitational field is that due to both source mass, and bound 
(polarized) mass. This gravitational field was designated as, g . We know, how-
ever, that, ( )0g Kg= . Using this relation, we can claim that for, 0g g , the fol-
lowing scaling behavior applies. 

( )( )1 2 3 2
0 00g g K K G G a−=                 (4-28) 

For this result, we have made use of Equation (4-26). This scaling law also in-
volves the Newtonian constant, but in addition, the susceptibility scaling laws, 
because of the factor, ( )0K K , on the right hand side. 

As a numerical example, we focus on, 1
1 1100a −= , the end of recombination. 

The G values are again given by equations, (2-8a, b). We also have the appropri-
ate K values, for our two susceptibility models, I, and, II. These are found in eq-
uations, (3-12a, b). Substituting all these values into Equation (4-28), renders, 

1 0 9.13E4g g =   (model A, I)   (4-29a) 

1 0 9.13E4g g =   (model A, II)   (4-29b) 

1 0 7.68E4g g =   (model B, I)   (4-29c) 
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1 0 7.68E4g g =   (model B, II)   (4-29d) 

We see that there is no difference between cosmic susceptibility models. Any 
variation is due to the G model chosen, A or, B. 

Finally, as far as cosmic gravitational fields are concerned, we still have, ( )1g , 
which is the contribution due to just bound, or polarized, mass in the universe. 
This gravitational field is dude to dipole ordering. Here we will make use of the 
fundamental relation, ( )1g gχ= . We start with Equation (4-28), and multiply 
this equation through by the factor, 0χ χ . This allows us to write, 

( ) ( ) ( ) ( )( )1 21 1 3 2
0 0 0 0g g K K G G aχ χ −=            (4-30) 

Again, both the gravitational constant, and the susceptibility model come into 
play. The scaling behavior is complicated, even in the limit where the Newtonian 
constant stays the same when switching between epochs. 

We will work out these values when, 1
1 1100a −= . The scaling laws for G are 

indicated by Equations (2-8a, b). For the ratio, ( )1 1Kχ , use Equations (3-13a, 
b). We also keep in mind that, 0 0 0.842 0.158Kχ = . Inserting all of this into 
Equation (4-30), gives us the following scaling behavior, 

( ) ( )1 1
1 0 1.82E2g g =   (model A, I)   (4-31a) 

( ) ( )1 1
1 0 2.09E2g g =   (model A, II)   (4-31b) 

( ) ( )1 1
1 0 1.53E2g g =   (model B, I)   (4-31c) 

( ) ( )1 1
1 0 1.76E2g g =   (model B, II)   (4-31d) 

These cosmic or smeared gravitational fields do not magnify by nearly as 
much as the other cosmic or smeared gravitational fields. But then, this is field 
associated with dipole moments, which, in and of themselves, should fall off 
quite rapidly with increasing temperature. 

In summary, the cosmic gravitational fields seem to scale fairly similarly, ir-
respective of the model combination chosen. All these scaling laws involve a 
variation in G value, if G does, in fact, scale. If G is a true constant, then we set, 

0G G= , in all of the above equations, resulting in less complicated scaling beha-
vior. The factor, ( )1 2

0G G , is common to all scaling laws for every type of cos-
mic gravitational field. This factor, at the end of recombination, equals, 

254 15.9= , for model, A, and, 177 13.3= , for model, B. The increased val-
ues for gravitational fields due to these factors can contribute to the aggregation 
of ordinary matter in this epoch. 

To close this section, we present one final scaling law, and that is for cosmic 
polarization, P . It is known that the cosmic polarization is given by the equa-
tion, ( )1g gP gεχ εχ ε= = = . See Equation (3-14). From this equation, it should 
be apparent that, 

( ) ( ) ( )( )
( )( )( )( )
( )( )( )

1 1
0 0 0

1 2 3 2
0 0 0 0

1 2 3 2
0 0 0

P g g

G G K K G G a
K K G G a

P ε ε

χ χ
χ χ

−

−

=

=

=

          (4-32) 
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Use of Equation (4-30), has been made. This scaling law depends on both G 
scaling and χ  scaling. We have two models for each quantity which can scale, 
and thus four permutations. 

To work out a specific example, let us look at our familiar example, 
1

1 1100a −= . For the G variation, Equations (2-8a, b), can be used. For the ratio, 

1 1Kχ , use Equations (3-13a, b). If we insert all these values into our cosmic 
polarization scaling law, Equation (4-32), we find that, 

1 0 0.72P P =   (model A, I)   (4-33a) 

1 0 0.83P P =   (model A, II)   (4-33b) 

1 0 0.87P P =   (model B, I)   (4-33c) 

1 0 0.99P P =   (model B, II)   (4-33d) 

Surprisingly, the net cosmic polarization, in the era of last photon scattering, 
is about the same as the net cosmic polarization in the current epoch. In the 
present epoch we found that, 2

0 2.396 kg mP = . We are within, 72% to 99%, of 
this current value at the end of recombination. 

5. Summary and Conclusions 

We have considered the gravitational susceptibility of space assuming that space 
is made up of a vast assembly (sea) of positive and negative mass particles, called 
Planckions. These particles, first put forward by Winterberg, form a very stiff, 
two-component superfluid, interact with particles within their species, and offer 
possible explanations for the vacuum energy, quantum mechanical indetermi-
nacy (the Heisenberg relation), the Schroedinger equation, and, now, dark mat-
ter with dark energy. It is specifically the polarization of space and bound mass, 
which leads to dark matter. For dark energy, we are led to an identification with 
gravitational field mass density, due to both source, as well as bound, mass, 
within the universe. For the polarization of space, gravitational dipoles are 
needed, which can be ordered or aligned in some sense. These are formed from 
the positive and negative mass Planckions themselves in our model, which are 
assumed to be real, versus virtual, particles. We presented two specific models 
for cosmic susceptibility, Equations (3-5) with (3-8), which we call model, I, and 
Equations (3-7) with (3-9), which is referred to as model, II. These susceptibili-
ties do not hold locally, but cosmically as smeared quantities. Thus they hold for 
the universe as a whole, when the universe is considered homogeneous. Cosmic 
susceptibility is thought to be epoch dependent, and can be expressed in terms of 
the cosmic scale parameter, a  as, ( )aχ χ χ= = . 

With the help of our two models for, ( )aχ , we can predict how space, i.e., 
the vacuum, will polarize as a function of cosmological time. We worked out 
several numerical examples. We can also have a localized version of susceptibili-
ty, ( )xχ χ=



, where no specific models are given. For that we need a compre-
hensive microscopic theory, which is being worked on. The ratio of applied gra-
vitational field, ( )0g



, which promotes order to ambient temperature, which 
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promotes disorder, is crucial. The applied field will lead through a series of steps 
to the molecular field, ( )2g



, which is what the individual dipole experiences 
within the superfluid. This takes into account the gravitational field set up by the 
neighboring dipoles. What is also important in determining, ( )xχ 

, are the gra-
vitational dipole moments themselves. These dipole moments, d Plp M d=

 

, are 
formed from the positive and negative mass Planckions comprising the vacuum. 
The theory is involved, and will be left for another paper. We keep in mind that 
even though the cosmic susceptibility may be quite low in certain epochs, such 
as in the era of last scattering, the localized values for susceptibility within the 
same epoch can be quite high. 

This result is significant because we have worked out the cosmic susceptibility 
at the end of recombination, the era of last photon scattering, 380,000 years after 
the big bang. The results are given in Equations (3-10) and (3-11). For compari-
son, the present epoch value for cosmic susceptibility is, 0 0.842χ = . In the era 
of last scattering, the cosmic susceptibility is very small, leading to virtually no 
cosmic dark matter in this epoch. Localized pockets of dark matter, however, 
can exist at this CMB temperature of 3000 Kelvin (a cosmic average), and even, 
at much higher temperatures. The bullet cluster has considerable dark matter, 
and it is known that the temperature in the surrounding space is very, very high. 
This tells us that the gravitational fields, and the dipole moments associated with 
these gravitational fields, are substantial enough to overcome the disruptive ef-
fects of ambient temperature, if our thinking is correct. Localized dark matter 
(LDM) is probably needed for the aggregation of ordinary matter at the end of 
recombination. Other mechanisms, however, can also contribute to the clump-
ing of ordinary matter into gravitational wells in this epoch. 

The polarization of the vacuum will also depend on the value of Newtons’ 
constant. Newtons’ constant determines the mass of the positive and negative 
mass Planckions in any given era. See Equation (2-6), where this is made explicit. 
We believe that Newton’s constant may vary cosmologically with time, and we in-
clude that possibility in this paper. The reasons for this are presented elsewhere. In 
a follow up paper, there is also compelling evidence for this conjecture. For the 
most general scaling laws for the cosmic polarization of space, we have also consi-
dered a time varying gravitational constant. Two models for, ( )1 1G G a− −= , were 
included. Model, A, has Equation (2-2), as its basis. Model, B, uses a different 
function to model, ( )1G a− , namely Equation (2-4). All the equations for the 
scaling of specific quantities in this paper, can accommodate both scenarios, a 
varying G, or a non-varying G. For a constant G value, simply let, 0G= , in all 
equations. With the help of two sets of scaling laws, one set for, ( )aχ , and 
another set for, ( )G a , we can predict how the polarization of space on a cosmic 
level will evolve, as the universe expands. 

Dark matter, and to some extent, dark energy, are thought to depend on 
the susceptibility of the vacuum. We also have cosmic polarization, P gεχ=  

( )1g gεχ ε= = , where the cosmic susceptibility and cosmic gravitational field, are 
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smeared quantities holding for the universe as a whole. The gravitational per-
mittivity is defined by, ( )1 4 Gε ≡ π . Dark matter is given by Equation, (4-5). 
The scaling law is relation, (4-4). This scaling law involves, ( )aχ χ χ= = . Dark 
energy is identified as Equations (4-7) with (4-8a, b). The scaling laws, here, are 
Equations (4-9) and (4-10). At the end of recombination, dark matter scales 
numerically by the amount indicated in Equations (4-6a, b). For dark energy, in 
the era of last scattering, we have the specific increases over present value, speci-
fied by Equations (4-14a, b). Also, the density parameters at the end of recom-
bination have been worked out. Their relative weightings are indicated by Equa-
tion (4-19). Although this is a somewhat unconventional prediction, we believe 
that it could be correct. We gave several reasons for how this could be reconciled 
with power spectrum data, not the least being that localized pockets of dark 
energy (LDM)can survive at this temperature, and, in fact, at much, much high-
er temperatures. There is a fundamental difference between cosmic dark matter 
(CDM), and, localized dark matter (LDM). Localized dark matter follows its 
own rules, as it is not a smeared quantity. 

The transition from ordinary matter dominance to dark matter dominance in 
the cosmos can also be determined using our cosmic susceptibility models. We 
obtained either Equations (4-23a) or (4-23b), depending on the model. These 
values are for the universe as a whole. We also found the gravitational field scal-
ing laws as one changes epochs. These will depend on Newtons’ constant, and 
whether a cosmological evolution for this quantity exists. We have Equations 
(4-26), (4-28) and (4-30). Particular numerical values have been worked out, 
which hold at the end of recombination. Those results are presented in equa-
tions (4-27a, b), (4-29a, b, c, d), and (4-31a, b, c, d). These assume that G varies 
according to either Equations (2-8a) or (2-8b). If G does not vary, minor mod-
ifications have to be made in those equations. Finally the cosmic polarization 
scaling law has been ascertained. We believe that Equation (4-32), could be valid. 
At, 1

1 1100a −= , the era of last photon scattering, we obtain equations, (4-33a, b, 
c, d). The results are surprising because there is virtually little change in cosmic 
polarization in that era versus the current era. 

We are currently working on a detailed microscopic theory of space as it re-
lates to positive and negative mass Planckions. Other work is in progress. 
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Abstract 
The light curves (LC) for Supernova (SN) can be modeled adopting the con-
version of the flux of kinetic energy into radiation. This conversion requires 
an analytical or a numerical law of motion for the expanding radius of the 
SN. In the framework of conservation of energy for the thin layer approxima-
tion, we present a classical trajectory based on a power law profile for the 
density, a relativistic trajectory based on the Navarro-Frenk-White profile for 
the density, and a relativistic trajectory based on a power law behaviour for 
the swept mass. A detailed simulation of the LC requires the evaluation of the 
optical depth as a function of time. We modeled the LC of SN 1993J in dif-
ferent astronomical bands, the LC of GRB 050814 and the LC GRB 060729 in 
the keV region. The time dependence of the magnetic field of equipartition is 
derived from the theoretical formula for the luminosity. 
 

Keywords 
Supernovae: General, Supernovae: (Individual: SN1993j), Gamma-Ray Burst: 
(Individual: GRB 050814), Gamma-Ray Burst: (Individual: GRB 060729) 

 

1. Introduction 

The number of observational and theoretical analyses of the light curves 
(LCs) for supernovae (SN) has increased in recent years. We list some of the 
recent treatments. The LC of the type Ia supernova 2018oh has an unusual 
two-component shape [1], the radio LC of SN 1998bw shows a double-peak pro-
file, possibly associated with density variations in the circumstellar medium [2], 
the R-band LCs of 265 SNs from the Palomar Transient Factory are followed and 
a model-independent LC template is built from this data-set [3], SN 2007D 
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(which is a luminous type Ic supernova) has a narrow LC and high peak lumi-
nosity that were explored with a multi-band model [4]. Evolutionary models for 
the LC were introduced using the STELLA software application [5], the conver-
sion of the kinetic energy of ejecta to radiation at the reverse and forward shocks 
was introduced in [6], the LC was modeled in the framework of the radioactive 
decay of 56Co, 57Co and 55Fe [7], the cosmological importance of the LC was ana-
lysed by [8], and PS15dpn was a luminous rapidly rising Type Ibn SN which was 
modeled in the framework of the circumstellar interaction (CSI) model plus 56Ni 
decay [9]. The previous papers leave a series of questions unanswered. 
• Given the observational fact that the radius-time relation in young SNRs fol-

lows a power law, is it possible to find a theoretical law of motion in the 
framework of the classical energy conservation? 

• Can we express the flux of kinetic energy in an analytical way in a medium 
which is characterized by a decreasing density? 

• Can we parametrize the conversion of the analytical or numerical flux of ki-
netic energy into the observed luminosity? 

• Can we model the double-peak profile for the LC in the framework of the 
temporal variations of the optical thickness? 

• Can we apply the classical and relativistic approaches to the LC of SNs and 
Gamma Ray Bursts (GRBs)? 

• Can we model the evolution of the magnetic field? 
This paper is structured as follows. In Section 2 we explore the power law fit 

model. Section 3 reviews the classical and relativistic conversion of the flux of ki-
netic energy into luminosity. Section 4 presents some analytical results for a classic-
al law of motion, Section 5 introduces two new relativistic equations of motion, 
Section 6 presents the simulation of the LC for one SN and two GRBs and Section 7 
presents the temporal evolution of the magnetic field as well as some evaluations for 
the accelerating clouds due to the Fermi II acceleration mechanism. 

2. Preliminaries 

This section presents the analysed SN and GRB, introduces the adopted statis-
tics, and reviews the power law model as a useful fit for the radius-time relation 
in SNs. 

2.1. The Analysed SN and GRB 

The first SN to be analysed is SN 1993J, for which the temporary radius of ex-
pansion has been measured for ≈10 yr in the radio band [10] [11]. Here we 
processed for the case of SN 1993J the LC for the R band as reported in Figure 
5 in [12], the V band for a short number of days, ≈ 63 days, which shows an 
oscillating behaviour, see Figure 4 in [13], the luminosity of the H α−  plot-
ted with the 2.0 - 8.0 keV LC as reported in Figure 5 in [14] and the radio flux 
density at 15.2 GHz as observed by the Ryle Telescope [15] with data available 
at http://www.mrao.cam.ac.uk/~dag/sn1993j.html. 
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The second object to be analysed is GRB 050814 at 0.3 - 10 keV, which 
covers the time interval [10−5-3] days, see [16] with data available at  
https://www.swift.ac.uk/xrt_live_cat/150314.  

The third object to be analysed is GRB 060729 observed by the Ultraviolet and 
Optical Telescope (UVOT) in the time interval [10−2-26] days, see Figure 1 in 
[17]. 

2.2. The Statistics 

The adopted statistical parameters are the percent error, δ , between the theo-
retical value and approximate value, and the merit function 2χ  evaluated as 

2
, ,2

1

N
i theo i obs

i i

y y
χ

σ=

− 
=  

 
∑                      (1) 

where ,i obsy  and iσ  represent the observed value and its error at position i, 

,i theoy  is the theoretical value at position i and N is the number of elements of 
the sample. 

2.3. The Power Law Model 

The equation for the expansion of a SN may be modeled by a power law 

( ) ,fitr t Ctα=                          (2) 

where r is the radius of the expansion, t is the time, and fitα  is an exponent 
which can be found numerically. The velocity is 

( ) 1 .fit
fitv t Ctα α−=                        (3) 

As a practical example, the radius (pc) time (yr) relation in SN 1993J is 

( ) 0.8280.0155 pc,r t t= ×                      (4) 

when 0.49 yr 10.58 yrt< < , see also Table 1. 

3. Luminosity 

In these subsections we analyse the classical and relativistic conversion of the 
flux of kinetic energy into luminosity. The absorption of the produced radiation 
is parametrized by the optical thickness. 

3.1. Conversion of Energy 

In the classical case, the rate of transfer of mechanical energy, mL , is 

( ) ( ) ( ) ( )2 31 4 ,
2mL t t r t v tρ= π                    (5) 

where ( )tρ , ( )r t  and ( )v t  are the temporary density, radius and velocity of 
the SN. We assume that the density in front of the advancing expansion scales as 

( ) ( )
0

0 ,
d

r
t

r t
ρ ρ

 
=   

 
                       (6) 
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where 0r  is the radius at 0t  and d is a parameter which allows matching the 
observations; as an example, a value of 3d =  is reported in [18]. With the 
above assumption, the mechanical luminosity is 

( ) ( ) ( ) ( )2 30
0

1 4 .
2

d

m
r

L t r t v t
r t

ρ
 

=   π
 

                (7) 

The mechanical luminosity in the case of a power law dependence for the ra-
dius is 

( ) ( )3 55 3
0 02 .fitdd d

m fit fitL t r C t αρ α− + − +− + π=                 (8) 

The energy fraction of the mechanical luminosity deposited in the frequency 
ν , Lν , is assumed to be proportional to the mechanical luminosity through a 
constant ν  

.mL Lν ν=                            (9) 

The flux at frequency ν  and distance D is 

2 .
4

mL
F

D
ν

ν π
=
                          (10) 

For practical purposes, we impose a match between the observed luminosity, 

obsL , and the theoretical luminosity, mL , 

,obs obs mL C L=                         (11) 

where obsC  is a constant which equalizes the observed and the theoretical lu-
minosity and varies on the base of the selected astronomical band. In a analog-
ous way, the observed absolute magnitude is 

( )10log ,obs m obsM L k= − +                    (12) 

where obsk  is a constant. In the relativistic case the rate of transfer of mechani-
cal energy, ,m rL , assuming the same scaling for the density in the advancing 
layer, is 

( ) ( ) ( )
( )

2 3
0 0

, 24 ,
1

d

m r

r t c t r
L t

rt

ρ β

β
 =  
 −

π
                (13) 

where ( ) ( )v t
t

c
β = , for more details, see [19]. 

A useful formula is that for the minimum magnetic field density, minB , 
2 7

1 7
min 1.8 ,

L
B T

V
νη ν =  

 
                   (14) 

where ν  is the considered frequency of synchrotron emission, Lν  is the lu-

minosity of the radio source at ν , V is the volume involved, and total

e

η =



 is a  

constant which connects the relativistic energy of the electrons, e , with the to-
tal energy in non-thermal phenomena, total , see formula (16.50) in [20] or for-
mula (7.14) in [21]. 
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3.2. Absorption 

The presence of the absorption can be parametrized introducing a slab of optical 
thickness ντ . The emergent intensity Iν  after the entire slab is 

0
e d ,tI S tντ

ν ν
−= ∫                        (15) 

where Sν  is a uniform source function. Integration gives 

( )1 e ,I S ντ
ν ν

−= −                       (16) 

see formula 1.30 in [22]. In the case of an optically thin medium, ντ = ∞ , the 
observed luminosity can be derived with Equation (11), but otherwise, the fol-
lowing equation should be used: 

( )1 e ,obs obs mL C L ντ−= −                     (17) 

where ντ  is a function of time. For the case of the apparent magnitude, we 
have 

( ) ( )10 10log log 1 e .obs m obsm L kντ−= − − − +              (18) 

The value of ντ  can be derived with the following equation: 
( ) ( )( )ln 10ln 1 e obs theom m

ντ
− −= − −                   (19) 

where theom  and obsm  represent the theoretical and the observed apparent 
magnitude. Due to the complexity of the time dependence of ντ , a polynomial 
approximation of degree M is used: 

( ) 2
0 1 2 ,M

Mt a a t a t a tντ = + + + +                (20) 

with more details in [23]. In some cases we apply the logarithms to the pair of 
data, i.e. ( )10log ix  and ( )10log iy ; we call this the logarithmic polynomial ap-
proximation. 

The absorption in the relativistic case is assumed to be the same once the clas-
sical luminosity, mL , is replaced by the relativistic luminosity ,m rL  

( ), 1 e ,obs obs m rL C L ντ−= −                     (21) 

and 

( ) ( )10 , 10log log 1 e .obs m r obsm L kντ−= − − − +             (22) 

4. A Classical Equation of Motion 

Let us analyse the case of conservation of energy in the thin layer approximation 
in the presence of a power law profile of density of the type 

( )
0

0 0
0

if
;

if

c

c

r r
r r r

r r
r

α

ρ
ρ

ρ

≤
=    >  

 

                 (23) 

where cρ  is the density at 0r = , 0r  is the radius after which the density 
starts to decrease and 0α > , see Section 3.5 of [24]. The asymptotic radius is 
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( ) ( ) ( )( )(
( )( ) ( ) ) ( )

1

1

3
5 5

0 0 0 0

522 2 2
0 0 0

12 4 5 9 3

3 5 12 ,

r t r r v t t

t t v r

α
α α

α

α α

α α

−

−

−
− −

− −

= − − − −

− − − − +

          (24) 

and the asymptotic velocity 

( ) ( )( )(
( )( ) ( ) )

( )( )( ) ( ) 1

0 0 0

4
22 2 2 5

0 0 0

2 8 3
55 5

0 0 0 0 0

2 4 5 9 3

3 5 12

2 9 3 3 5 12 .

v t r v t t

t t v r

r v r t t v

α
α

α α
αα α

α α

α α

α α α
−

−
−

− −
−− −

= − − − −

− − − − +

 
× − + − − −  
 

   (25) 

An example of trajectory is reported in Figure 1 with data as in Table 1. 
 

 
Figure 1. Theoretical radius as given by Equation (24), 0 4000 km sv = , 0 10 yrt =  and 

45 10 yrt = × . The model is the conservation of the classical energy in the presence of an 
inverse power law profile for the density. 

 
Table 1. Numerical values of the parameters for the fit and the theoretical models applied 
to SN 1993J. 

model values 2χ  

Fit by a power law 0.828; 0.015fit Cα = = ; 43 

Classic power law profile 
5

02.5; 1.0 10  pcrα −= = × ; 
4

0 05 10  yr; 20000 km st v−= × =  
176.6 

Relativistic NFW 
4

00.00185 pc; 1 10  pcb r −= = × ; 
4

0 03.6 10  yr; 269813 km st v−= × =  
823 

Relativistic NCD 
5

01.16; 5 10 pcrδ −= = × ; 
4

0 01.8 10  yr; 269813 km st v−= × =  
9589 
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As a consequence, we may derive an expression for the theoretical luminosity 
in presence of an inverse power law profile, theoL , based on Equations (7) and 
(11) 

( )( )(
( )( ) ( ) )

( )( )( )

2 5 15 5
35 5

0 0 0 0 0 0

10 3
22 2 2 5

0 0 0

3
0 0

0

128 12 4 5 9 3

3 5 12

3 5
9 3 .

2

d d

theo

d

L r v r v t t

t t v r

v t t
r

α
α α

α
α

ρ α α

α α

α α
α

− + − −
− −

+ −
−

= − − − −

− − − − +

 − − −
× − +  
 

π      (26) 

The above luminosity is based on theoretical arguments and no fitting proce-
dure was used. The observed luminosity, obsL , can be obtained introducing 

,obs obs theoL C L= ×                       (27) 

where obsC  is a constant. Similarly, 

( )10log .obs theo obsM L k= − +                    (28) 

5. The Relativistic Equation of Motion 

The relativistic conservation of kinetic energy in the thin layer approximation as 
derived in [25] is 

( ) ( ) ( ) ( )2 2
0 0 0 1 1 ,M r c M r cγ γ− = −                (29) 

where ( )0 0M r  and ( )M r  are the swept masses at the two radii 0r  and r re-

spectively, 0 2
0

1

1
γ

β
=

−
 and 0

0
v
c

β = . 

5.1. The NFW Profile 

We assume that the medium around the SN scales as the Navarro-Frenk-White 
(NFW) profile: 

( ) ( )
( )

0
2

0 0 0
02

if

; ,
if

c

c

r r

r r b r b r
r r

r b r

ρ

ρ ρ

≤


= + > +

              (30) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
starts to decrease, see [26]. The total mass swept, ( )0; , , cM r r b ρ , in the interval 
[0, r] is 

( )
( ) ( ) ( )( )

( ) ( ) ( )( )

23
0 00

0

0 0 0 0

ln4
; , , 4

3
4 ln .

cc
c

c

b r b r b r b rr
M r r b

b r
b r b r b r b r

ρρ
ρ

ρ

+ + + + ππ
= +

+
− + + + + π

   (31) 

Inserting the above mass in Equation (29) makes it possible to derive the ve-
locity of the trajectory as a function of the radius as well as the differential equa-
tion of the first order which regulates the motion. The differential equation has a 
complicated behaviour which is not presented and Figure 2 displays the numerical  
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Figure 2. Numerical radius for the NFW profile (full line), with data as in Table 1. The 
model is the conservation of the relativistic energy in the presence of an NFW profile for 
the density. 

 
solution. 

Conversely, we present an approximate solution as a third-order Taylor series 
expansion about 0r r=  

( )

( ) ( ) ( ) ( )

( ) ( )( )

0 0 0

12 2 2 2 2
0 0 0 0

0

2 2 2 2 2 2 2 2
0 0 0 0 0 0 0 0 0 0 0

; , , ,

1 3
2

3 2 2 3 2 3 2 3 .

r t r v t b

t t v c v c c v
r c

c t t c t v tv r v t t v tr v r

−= − − + + −



− − − + + − − − 



  (32) 

Figure 3 presents the Taylor approximation of the trajectory in the restricted 
range of time [4 × 10−4 yr - 10−3 yr]. 

5.2. NCD Case 

We assume that the swept mass scales as 

( )
0 0

0
0 0

0

if

; ,
if

M r r

M r r rM r r
r

δδ

≤


=  
> 

 

               (33) 

where 0M  is the swept mass at 0r = , 0r  is the radius after which the swept 
mass starts to increase and δ  is a regulating parameter less than 3. The diffe-
rential equation of the first order which regulates the motion is obtained insert-
ing the above ( )M r  in Equation (29) 

( )0 0d ; , , ,
,

d
r t r v c AN

t AD
δ

=                     (34) 
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Figure 3. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the NFW profile with parameters as in Table 1. The model is the conservation of the 
relativistic energy in the presence of an NFW profile for the density. 

 
where 

( ) ( ) ( )( )((
( ) ( )( ) ( )( ) ( )

)( ) ( )
( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) )

22 2 2
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1 2
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AN c v c r c v r t
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c v c v c v

c c v v r r t r c v c v r t

c c v v r t r c c v v c

δδ

δ δδ δ

δ δδ δ

δ δ

−

− −

−

− −

−

= − − +

+ − + −

− + + −

+ − + − − +

+ − + − + − +

 (35) 

and 

( )( ) ( )( )( ) ( )
( ) ( )( ) ( ) ( )( )

12 2
0 0 0 0

22 2 2 2 2 2 2
0 0 0 0 0

2 1

2 2 2 .

AD c c v c v r r t c v

r c v r t c v r t r c v

δδ

δ δδ δ

−−

− −

= − + − −

+ − + − + + −
   (36) 

The above differential does not have an analytical solution and therefore the 
solution should be derived numerically except about 0r r=  where a third-order 
Taylor series expansion gives 

( ) ( ) ( )( )( )

( )

2
0 0 0

0 0 0 0 0 0
0

2 2 2 2
0 0 2 2

0

; , , ,
2
1 .

c v c v t t
r t r v t r v t t

cr

c c c v v
c v

δ
δ

− + −
= + − +

× − − −
−

      (37) 

Figure 4 presents the numerical solution and Figure 5 the Taylor approxima-
tion of the trajectory. 
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Figure 4. Numerical solution of the differential Equation (34) for the NCD case (full line), 
with data as in Table 1. The astronomical data of SN 1993J are represented with vertical er-
ror bars. The model is the conservation of the relativistic energy in the NCD case. 

 

 
Figure 5. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the NCD case with parameters as in Table 1. The model is the conservation of the re-
lativistic energy in the NCD case. 

6. Astrophysical Results 

We introduce one SN and two GRBs which were processed. 

6.1. The Case of SN 1993J 

In this subsection we adopt a classical equation of motion with a power law pro-
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file of density, see Section 4. Figure 6 presents the decay of the R magnitude of 
SN 1993J, which is type IIb, as well our theoretical curve. 

We present the H α−  with soft and hard band X-ray luminosities as well the 
theoretical luminosity in Figure 7. Figure 8 presents the radio flux density of SN  

 

 
Figure 6. The R LC of SN 1993J over 10 yr (empty stars) and theoretical curve in the clas-
sical framework of a power law profile for the density as given by Equation (27) (full line). 
Parameters of the trajectory as in Table 1, d = 6, 11.5obsk = −  and 0 1ρ = . The data 
were extracted by the author from Figure 5 in Zhang et al. (2004). 

 

 
Figure 7. The H α−  and the 2.0 - 8.0 keV luminosities of SN 1993J over 10 yr (empty 
stars) and theoretical curve in the classical framework of a power law profile for the density 
as given by Equation (28) (full line). Parameters of the trajectory as in Table 1, d = 2.5, 

171.5 10obsC = ×  and 0 1ρ = . The data were extracted by the author from Figure 5 in [14]. 
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1993J at 15.2 GHz observed by the Ryle Telescope as well the theoretical flux, 
which requires a time dependent evaluation of the optical depth ντ , see Figure 9. 

Figure 10 presents the V-magnitude of SN 1993J for few days as well the theo-
retical magnitude and the time evolution of the optical depth ντ , see Figure 11. 

 

 
Figure 8. The radio flux density of SN 1993J over 443 days (empty stars) and theoretical 
behaviour in the classical framework of a power law profile for the density evaluated with 
formula (17) (full line). Parameters of the trajectory as in Table 1, d = 2.5, 148.45 10obsC = ×  
and 0 1ρ = . 

 

 
Figure 9. The time dependence of ντ  (empty stars) and a polynomial approximation of 
degree 6 (full line). Parameters as in Figure 8. 
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Figure 10. The V LC of SN 1993J over 63 days (empty stars) and theoretical curve in the 
classical framework of a power law profile for the density as given by Equation (18) (full 
line). Parameters of the trajectory as in Table 1, d = 6, 12.5obsk = −  and 0 1ρ = . The 
data were extracted by the author from Figure 4 in [13]. 

 

 
Figure 11. The time dependence of ντ  (empty stars) and a polynomial approximation 
of degree 10 (full line). Parameters as in Figure 10. 

6.2. The Case of GRB 050814 

In this subsection we adopt a relativistic equation of motion with an NFW pro-
file for the density, see Section 5.1. Figure 12 presents the XRT flux of GRB 
050814 and Figure 13 presents the temporal behaviour of the optical depth. 
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Figure 12. The XRT flux of GRB 050814 at 0.2 - 10 keV (empty stars) and theoretical curve 
with velocity and radius as given by the NFW relativistic numerical model. The theoretical 
luminosity, which is corrected for absorption, is given by Equation (13) (full line). 

 

 
Figure 13. The time dependence of ντ  (empty stars) for GRB 050814 and a logarithmic 
polynomial approximation of degree 7 (full line). Parameters as in Figure 12. 

6.3. The Case of GRB 060729 

In this subsection we adopt a relativistic equation of motion for the NCD case, see 
Section 5.2. Figure 14 presents the LC of UVOT (U) apparent magnitude for GRB 
060729 and Figure 15 presents the temporal behaviour of the optical depth. 
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Figure 14. The LC of UVOT (U) + HST (F330W) for GRB 060729 (empty stars) and 
theoretical curve with radius as given by the NCD relativistic numerical model with data 
as in Table 1. The theoretical luminosity is given by Equation (13) (full line). 

 

 
Figure 15. The time dependence of ντ  (empty stars) for GRB 060729 and a logarithmic 
polynomial approximation of degree 10 (full line). Parameters as in Figure 12. 

7. Acceleration and Magnetic Field 

The flux at frequency, Sν , in the radio band for SNs is parametrized by 

,rS C α
ν νν

−=                         (38) 

where rα  is the observed spectral index and Cν  is a constant. As a conse-

https://doi.org/10.4236/ijaa.2021.111003


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.111003 52 International Journal of Astronomy and Astrophysics 
 

quence, the luminosity, Lν , is 
24 ,L D Sν νπ=                         (39) 

where D is the distance. We now explain how it is possible to derive the magnet-
ic field from the luminosity. The magnetic field for which the total energy of a 
radio source has a minimum is 

( )2 72 7 2 7
12min

2 7 6 7

1.0
1.5368 gauss,

c L k
H

R
+

=
Φ

             (40) 

where 

( )( )
( )( )

1 1 2 1 2
12

2 1 2 2 1

1
2 ,

1 2

r r

r r

r

r

c
c

c

α α

α α

α ν ν ν ν

ν ν ν ν α

− + −
=

− − +
             (41) 

where rα  is the spectral index, 1c  and 2c  are two constants, 1ν  and 2ν  
are the lower and upper frequency of synchrotron emission, L is the luminosity 
in ergs−1, k is the ratio between energy in heavy particle and electron energy, Φ  
is the fraction of source’s volume occupied by the relativistic electrons and the 
magnetic field, and R is the radius of the source; for more details see formula 
(7.14) in [21] or formula (5.109) in [27]. The constant 12c  is numerically eva-
luated in Table 8 of [21] and an example is presented in Figure 16. The scaling 
of the magnetic of equipartition as given by Equation (40) is 

2 7
min

6 7 .LH
R

∝                         (42) 

The first example presents the temporal behaviour of minH  for GRB 050814 
in which we inserted the theoretical luminosity corrected for absorption, see 
Figure 17. 

The second example presents the temporal behaviour of minH  for SN 1993J 
in which we inserted the theoretical luminosity as given by the power law fit, see 
Figure 18. 

 

 
Figure 16. The constant 12c  as a function of the spectral index rα  when 7

1 10 Hzν = , 
10

2 10 Hzν =  (red full line) and 11
2 10 Hzν =  (blue dashed line). 
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Figure 17. The time dependence (seconds) of the minimum magnetic field for GRB 
050814 with theoretical luminosity as in Figure 13 when min 1 gaussH =  at 0t t= . The 
model is a fit to a power law. 

 

 
Figure 18. The time dependence (years) of the minimum magnetic field for SN 1993J 
with theoretical luminosity as given by formula (7) when min 1 gaussH =  at 0t t= . The 
model is a fit to a power law. 

 
An electron which loses its energy due to the synchrotron radiation has a life-

time of 

1 2500 sec,r
r

E E H
P

τ − −≈ ≈                     (43) 

where E is the energy in ergs, H the magnetic field in Gauss, and rP  is the total 
radiated power, see Eq. 1.157 in [28]. The energy is connected to the critical fre-
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quency, see Eq. 1.154 in [28], by 
18 26.266 10 Hz.c HEν = ×                     (44) 

The lifetime for synchrotron losses is 

139660 yr.syn H H
τ

ν
=                     (45) 

Following [29] [30], the gain in energy in a continuous form is proportional to 
its energy, E, 

d ,
d II

E E
t τ
=                          (46) 

where IIτ  is the typical time scale, 
2

2

1 4 ,
3II II

u c
Lcτ

  
=   

  
                      (47) 

where u is the velocity of the accelerating cloud belonging to the advancing shell 
of the GRB, c is the speed of light and IIL  is the mean free path between clouds, 
see Eq. 4.439 in [28]. The mean free path between the accelerating clouds in the 
Fermi II mechanism can be found from the following inequality in time: 

,II syncτ τ<                           (48) 

which corresponds to the following inequality for the mean free path between 
scatterers 

2

3 2 2
16182.11 pc.uL

H cν
<                    (49) 

The mean free path length for a GRB which emits synchrotron emission 
around 1 keV (2.417 × 1017 Hz) is 

( )

2
5

3 2
3.2908 10 pc

keV
L

H E
β−< ×                 (50) 

where β  is the velocity of the cloud divided by the speed of light. When this 
inequality is fulfilled, the direct conversion of the rate of kinetic energy into rad-
iation can be adopted. Figure 19 presents the above line in the framework of the 
fitted model. The mean free path length varies from 1.5 × 10−5 to 1.5 × 10−4 with 
respect to the numerical value of the advancing radius. 

8. Conclusions 

Classical and relativistic flux of energy: 
The classical flux of kinetic energy has an analytical expression in the case of 

energy conservation in the presence of a power law profile for the density, see 
Equation (26). The relativistic flux of energy in the two cases here analysed can 
only be found numerically. 

Momentum versus energy: 
The comparison of the trajectories for SN 1993J for the four possibilities, clas-

sic or relativistic, conservation of energy or momentum, is presented in Table 2. 
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Figure 19. The time dependence (years) of the mean free path length for SN 1993J when 
E = 1 keV. The model is a fit to a power law. 

 
Table 2. Type of regime, conservation, model, χ2 and reference for SN 1993J. 

regime conservation model χ2 Reference 

classical momentum inverse power law 276 Figure 6 in [31] 

classical momentum Plummer profile 265 Figure 8 in [32] 

relativistic momentum Lane-Emden profile 471 Figure 10 in [32] 

relativistic energy power law profile 6387 Figure 4 in [25] 

relativistic energy exponential profile 13,145 Figure 6 in [25] 

relativistic energy Emden profile 8888 Figure 8 in [25] 

classical energy power law profile 176.6 Figure 1 in this paper 

relativistic energy NFW profile 823 Figure 2 in this paper 

relativistic energy NCD 9589 Figure 4 in this paper 

 
The best results are obtained for the energy conservation in the presence of a 

power law profile in the present paper, see Equation (24). 
Light curve: 
The luminosity in the various astronomical bands is here assumed to be pro-

portional to the classical or relativistic flux of mechanical kinetic energy. This 
theoretical dependence is not enough and the concept of optical depth should be 
introduced. Due to the complexity of the time dependence of the optical depth, a 
polynomial approximation of degree M with time as independent variable has 
been suggested, see Equation (20) which is used in a linear or logarithmic form. 

Comparison with astronomical data: 
The framework of conversion of the classical flux of mechanical kinetic energy 

into the various astronomical bands coupled with a time dependence for the 
optical depth allowed simulating the various morphologies of the LC of super-
novae. In particular, in the case of SN 1993J we modeled: (i) the R LC of SN 
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1993J over 10 yr, see Figure 6, (ii) the H α−  and the 2.0 - 8.0 keV luminosities 
over 10 yr, see Figure 7, (iii) the radio flux density over 443 days, see Figure 8 
and (iv) V LC over 63 days, see the double peak visible in Figure 10. The LC of 
of GRB 050814 at 0.2 - 10 keV was modeled in Figure 12 and that of UVOT (U) 
+ HST (F330W) for GRB 060729 was modeled in Figure 14. 

Magnetic field 
The minimum magnetic field depends on the luminosity and this allows to 

derive its theoretical dependence on time, see Figure 18. The above dependence 
allows deriving the distance for the mean free path between accelerating clouds 
for the Fermi II mechanism when the relativistic electron emits synchrotron 
radiation in the keV region, see Figure 19. 
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Abstract 
Detailed and redundant measurements of dark matter properties have recently 
become available. To describe the observations we consider scalar, vector and 
sterile neutrino dark matter models. A model with vector dark matter is con-
sistent with all current observations. 
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1. Introduction 

The Standard Model of quarks and leptons is enormously successful, it has 
passed many precision tests, and is here to stay. However, if the Standard Model 
were complete, the universe would have no matter: no dark matter, little baryo-
nic matter, and no neutrino masses. “The New Minimal Standard Model” [1] is 
an extension that aims to “include the minimal number of new degrees of free-
dom to accommodate convincing (e.g., >5σ) evidence for physics beyond the 
Minimal Standard Model”. But this aim has a moving target: as new data be-
comes available, the model may need to be amended accordingly. The inclusion 
of a “minimal number of new degrees of freedom” is in accordance with the ab-
sence of new particles at the LHC. The purpose of the present study is to see if 
the New Minimal Standard Model is consistent with the new data on dark mat-
ter that has recently become available, and, if necessary, update the model ac-
cordingly. 

Let us briefly describe the New Minimal Standard Model [1]. First, the Stan-
dard Model Lagrangian is extended to include classical gravity. Next, a gauge 
singlet real scalar Klein-Gordon field with 2Z  parity is added for dark matter. 
Dark energy is described by the cosmological constant Λ . Two gauge singlet 
Majorana neutrinos are added to account for neutrino masses and mixing (leav-
ing one neutrino massless until data requires otherwise), and also to obtain ba-
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ryogenesis via leptogenesis. Finally, a real gauge singlet scalar field is included to 
implement inflation. 

The outline of this article is as follows. Measurements of dark matter proper-
ties are presented in Section 2. Scalar, vector and sterile neutrino dark matter 
models are studied in Sections 3 to 5. We close with conclusions. 

2. Measured Properties of Dark Matter 

Fits to spiral galaxy rotation curves [2] [3] [4], and studies of galaxy stellar mass 
distributions [5] [6] [7], independently obtain the following dark matter scena-
rio. Dark matter is in thermal and diffusive equilibrium with the Standard Model 
sector in the early universe, i.e. no freeze-in, and decouples (from the Standard 
Model sector and from self-annihilation) while still ultra-relativistic, i.e. no 
freeze-out. The decoupling occurs at a temperature 0.2 GeVCT T> ≈  to not 
upset Big Bang Nucleosynthesis. Dark matter has zero chemical potential. The 
root-mean-square velocity of non-relativistic dark matter particles, at expansion 
parameter a , is ( ) ( )rms rms 1h hv a v a= , where ( )rms 1 0.48 0.1 s9 kmhv = ± . Dark 
matter becomes non-relativistic at an expansion parameter  

( ) ( ) 6
NR rms 1 1.61 0.64 10h ha v c −′ ≡ = ± × . Dark matter is warm with a free-streaming 

cut-off wavenumber 0.54 1
fs 0.240.92 Mpck + −

−= . The corresponding free-streaming 
transition mass is ( )3 11.8 0.5

fs fs crit4 1.555 3 10mM k Mρ ±π≡ Ω =


, comparable 
with the mass of the Milky Way. The dark matter particle mass is 33

1773 eVhm +
−=  

( 28
1461 eVhm +
−= ) for scalar (vector) dark matter. There is evidence in favor of 

boson dark matter with a significance of 3.5σ [7]. The number of boson degrees 
of freedom is limited to 1bN =  or 2, i.e. to scalar or vector dark matter. The ul-
tra-relativistic dark matter temperature, relative to the photon temperature, after 
e+e− annihilation, is measured to be 0.039

0.0540.456hT T +
−=  ( 0.033

0.0500.383hT T +
−= ) for 

scalar (vector) dark matter. All uncertainties have 68% confidence. These numbers 
are obtained from Table 4 of [7] for the boson scenario that assumes that non-re- 
lativistic dark matter particles reach non-relativistic thermal equilibrium (NRTE) 
(i.e. the non-relativistic Bose-Einstein momentum distribution) due to their dark 
matter-dark matter elastic scatterings. The relations between ( )rms 1hv  and hm  
and hT T  for zero chemical potential are [7]: 

( )

3 4 1 4

rms

0.76 151.2 eVs
1
m ,k

h
h b

m
v N

   
=        

               (1) 

( ) 1 4 1 4
rms

km s
1 10.511 .

0.76
hh

b

vT
T N

   
=    

  
                (2) 

In the case of negligible dark matter elastic scattering, the non-relativistic dark 
matter retains its ultra-relativistic thermal equilibrium (URTE), i.e. the ul-
tra-relativistic Bose-Einstein momentum distribution, and the measurements are 

( )rms 1 0.67 0.2 s4 kmhv = ± , ( ) 6
NR 2.23 0.80 10ha −′ = ± × , 0.17 1

fs 0.080.37 Mpck + −
−= , 

13.0 0.4
fs 10M M±=



, and 0.029
0.0380.367hT T +
−=  ( 0.024

0.0330.309hT T +
−= ) and  

50
25124 eVhm +
−=  ( 42

21104 eVhm +
−= ) for scalar (vector) dark matter. The relations 
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between ( )rms 1hv  and hm  and hT T  for zero chemical potential are [7]: 

( )

3 4 1 4

rms

0.76 11 km13 s eV,
1h

h b

m
v N

   
=        

                (3) 

( ) 1 4 1 4
rms

km s
1 10.379 .

0.76
hh

b

vT
T N

   
=    

  
                (4) 

For an overview of these measurements see [8]. To make this article self-con- 
tained, Figure 1 presents forty-six independent measurements of NRha′  from 
fits to spiral galaxy rotation curves [4]. From NRha′  we calculate the warm dark 
matter free-streaming cut-off wavenumber fsk  [7]. This cut-off wavenumber is 
also obtained from galaxy stellar mass distributions as shown in Figure 2 [7]. 
These independent measurements are consistent! 

The current limit on dark matter self interaction cross-section is  
2

DM-DM DM 0.47 cm gmσ <  with 95% confidence [14] [15]. A tentative mea-
surement obtains ( ) 4 2

DM-DM DM 1.7 0.7 10 cm gmσ −≈ ± ×  [16]. If this measure-
ment is confirmed, dark matter retains URTE. 

The current limits on dark matter particle mass are 70 eVhm >  for fer-
mions, and 2210 eVhm −>  for bosons [14]. 

In the present study we will assume this specific dark matter scenario, and ask 
the following questions. What dark matter interactions lead to this scenario? 
How is dark matter created? How does dark matter and the Standard Model 
sector come into thermal and diffusive equilibrium? How do they decouple?  

 

 
Figure 1. Forty-six independent measurements of the expansion parameter NRha′  at 
which dark matter particles become non-relativistic (uncorrected for dark matter halo 
rotation). Each measurement was obtained by fitting the rotation curves of a spiral galaxy 
in the Spitzer Photometry and Accurate Rotation Curves (SPARC) sample [9] with the 
indicated total luminosity at 3.6 μm. Full details of each fit are presented in [4]. 
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Figure 2. Distribution of stellar masses of galaxies at redshift 4.5z =  compared with 
predictions. From this data, and similar distributions corresponding to 6,7z = , and 8, 
we obtain the power spectrum cut-off wavenumber 0.44 1

fs 0.400.90 Mpck + −
−= . Figure from [7]. 

The data are from [10] [11] [12] [13]. 
 

How does dark matter acquire mass? Why is dark matter stable (relative to the 
age of the universe)? And, why is the measured dark matter particle mass hm  so 
tiny compared to the Higgs boson mass HM ? 

Notes: For a discussion of tensions between measurements of, and limits on, 
thermal relic dark matter mass see [7] [8]. We should mention that the observed 
galaxy mass distribution presented in Figure 2 is in tension with Lyman-α forest 
studies [17]. The 3.5σ confidence in favor of boson dark matter mentioned 
above, based on spiral galaxy rotation curves and galaxy stellar mass distribu-
tions, does not include the Tremaine-Gunn limit on fermion dark matter mass 
[18] [19]. Including this limit would strengthen the confidence. However, the 
Tremaine-Gunn limit needs to be revised in view of resent observations on dwarf 
spheroidal “satellites” of the Milky Way [20] [21] [22] [23]. 

3. Scalar Dark Matter 

The measured dark matter properties allow scalar or vector dark matter, with 
fermion dark matter disfavored but not ruled out. We begin with the real scalar 
field S  of [1]. To attain thermal and diffusive equilibrium between dark matter 
and the Standard Model sector we need to add a coupling between the two. The 
simplest renormalizable coupling is proportional to ( )( )†SS φ φ  since ( )†φ φ  is 
the only Standard Model gauge singlet scalar with mass dimension ≤ 2. φ  is 
the Higgs boson field. The interaction rates ( )SS hhΓ ↔ , relative to the un-
iverse expansion rate, scale as 1/T, so equilibrium is approached towards the fu-
ture, and statistical equilibrium needs to be achieved by HT M  to avoid 
freeze-in. Decoupling occurs when the Higgs boson φ  becomes non-relativistic 
at HT M≈ . Thereafter the reaction rates become exponentially suppressed be-
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cause the Higgs bosons annihilate, and only the tail of the S  particle momen-
tum distribution is above threshold. With S HM M<  there is no freeze-out if 
S  is stable. A super-renormalizable interaction proportional to ( )†S φ φ  needs 
to be avoided because it leads to a ratio of number densities Sn nφ  that de-
pends on T. For this reason, and to obtain a stable S , and to avoid extra para-
meters in the potential ( )V S , we impose a 2Z  symmetry S S↔ − . 

Therefore, we consider a gauge singlet real Klein-Gordon scalar dark matter 
field S , with 2Z  symmetry S S↔ − , and portal coupling to the Higgs boson 
[1]. Here we present a brief review of the model to see if it can describe the ob-
served properties of dark matter. To the Standard Model Lagrangian we add 

2 2 41 1 ,
2 2 4!

S
S SS S m S Sµ

µ
λ

= ∂ ⋅∂ − − + ⋅⋅⋅                (5) 

and a contact coupling to the Higgs field φ : 

( )† 21 .
2S hS Sφ λ φ φ= −                       (6) 

(We are omitting the metric factor g− .) After electroweak symmetry breaking 
(EWSB) the Higgs doublet, in the unitary gauge, has the form 

( )0

01
2 hv h x

φ
φ

φ

+   
= =   +  

                    (7) 

with real ( )h x , the interaction Lagrangian becomes 

( )2 2 21 2 ,
4S hS h hv v h h Sφ λ= − + +                   (8) 

and dark matter particles acquire a mass squared 

2 2 21
2S hS h SM v mλ= +                        (9) 

assumed to be >0. We note that S  is absolutely stable since there is no interac-
tion term with a single S . 

The running of coupling parameters to 1-loop or 2-loop order can be found in 
[24] [25] [26] [27]. Some center of mass cross-sections are 

( )
2

,
16

fhS

i

hh SS
s

λ
σ =

π
↔

p

p
                   (10) 

( )
( )

2 4
*

22 2 2

1 ,
4

fhS W

i H H H

M
W W h SS

s s M M

λ
σ − +

π
↔ ↔ =

− + Γ

p

p
      (11) 

where ( )2
1 2s p p≡ +  is the Mandelstam variable. The reaction rates are expo-

nentially suppressed at HT M  or WT M . These interactions bring dark 
matter into thermal and diffusive equilibrium with the Standard Model sector at 

HT M  if 610hSλ −  and 10−6, respectively. The Higgs boson invisible decay 
rate for 2H SM M>  is 

( )
2 2

.
8

hS h

H

v
h SS

M
λ

Γ
π

→ =                      (12) 
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Requiring this decay rate to be less than the limit on the invisible width of the 
Higgs boson (≈0.013 GeV [14]) implies 0.03hSλ  . In summary, we require 

610 0.03hSλ−   . 

As an example, take 73 eVSM =  and 510hSλ −= ± , so 2 21 0.3 GeV
2 hS hvλ = ± . 

Then there is fine tuning in (9): 2 15 25 10 0.3 GeVSm −= ×  . Note that to achieve 

SM  as low as 73 eV starting from 246 GeVhv =  requires fine tuning between 
two unrelated input parameters with dimensions of mass. 

Let us now check whether non-relativistic dark matter acquires the non-relati- 
vistic Bose-Einstein momentum distribution due to elastic scattering. The cross- 
section at HT M  (neglecting interference with (14)), 

( )
4 4

*
4

9
,

16
hS h

H

v
SS h SS

sM
λ

σ →
π

→ =                  (13) 

implies that the mean time between collisions of dark matter particles at ST M  
is less than the age of the universe even for 610hSλ −= , so, in this model, non-rela- 
tivistic dark matter has non-relativistic thermal equilibrium. The cross-section 
(neglecting interference with (13)), 

( )
2

,
16

SSS SS
s

λ
σ

π
→ =                      (14) 

also corresponds to collisional dark matter if 1110Sλ
−> . 

Dark matter decouples from the Standard Model sector at HT M≈  when the 
Higgs bosons become non-relativistic. As the universe expands and cools, par-
ticles and antiparticles that become non-relativistic annihilate heating the Stan-
dard Model sector without heating dark matter, or neutrinos if they have already 
decoupled. For decoupling at HM  we expect the temperature of ultra-relati- 
vistic dark matter, relative to the photon temperature, after e+e− annihilation, to 
be ( ) 1 3

8 43 385 22 0.344hT T = × × =    [14], which can be compared with the 
measured ratio 0.039

0.0540.456hT T +
−=  [7]. 

The cross-section limit 2
DM-DM DM 0.47 cm gmσ <  [14] at 1a ≈ , and (13), 

implies 85 10hSλ −< × , so the present model is ruled out. If we lower hSλ  to this 
value, S  and the Standard Model sector do not achieve statistical equilibrium 
at HT M≈ . 

4. Vector Dark Matter 

To reduce the dark matter-dark matter elastic scattering cross-section, and to re-
lieve the fine tuning in the model of Section 3, we attempt reaching the small 

hm  in two steps. 
To the Standard Model Lagrangian we add a complex scalar field S  that is in-

variant with respect to the local ( )1 SU  transformation ( )exp SS iQ x Sα→    . 
The corresponding vector gauge boson V µ  acquires mass due to the breaking 
of the ( )1 SU  symmetry of the ground state. In the present model, V  is the 
dark matter candidate, and S  decays to VV . The dark matter sector is known 
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in the literature as the “Abelian Higgs model”. 
The relevant part of the Lagrangian is 

( ) ( ) ( ) ( ) ( )
† †

, ,SV D D D S D S V Sµ µ
φ µ µφ φ φ′ ′= + −           (15) 

( ) ( ) ( ) ( ) ( ) ( )( )2 22 2, ,h h s s hsV S S S S S S Sφ µ φ φ λ φ φ µ λ λ φ φ= − + − + +† † † † † †   (16) 

1 ,
2 2

iD i g g Bµ µ µ µ′= ∂ − ⋅ −Wτ                  (17) 

,V SiD i g Q Vµ µ µ′ = ∂ +                      (18) 

1 .
V

V V
gµ µ µα→ + ∂                       (19) 

S  and the Standard Model sector have no charges in common. 
For 2 0hµ > , 0hλ > , 2 0sµ > , and 0sλ > , there is symmetry breaking, and 

the fields ( )( )T
, 2hh h iA vφ += + +  and ( ) 2sS s i vρ= + +  acquire va-

cuum expectation values [28] 
2 2 2 2

2 2
2 2

2 4 2 4
and

4 4
s hs h s h hs s h

h s
hs s h hs s h

v v
µ λ µ λ µ λ µ λ
λ λ λ λ λ λ

− −
= =

− −
          (20) 

if 2 0hv >  and 2 0sv > . In unitary gauge, the real amplitudes A and ρ  become 
the longitudinal components of Z µ  and V µ , respectively, and the complex am-
plitude h±  becomes the longitudinal components of W +  and W − . The mass 
eigenstates are 

,V V S sM g Q v=                         (21) 

( ) ( ) ( )
2 22 2 2 2 2

, ,S h h s s h h s s hs h sM v v v v v vφ λ λ λ λ λ= + ± − +          (22) 

and the mixing angle is 

( ) 2 2tan 2 .hs h s

s s h h

v v
v v
λ

θ
λ λ

=
−

                    (23) 

To bring S  into thermal and diffusive equilibrium with the Standard Model 
sector without exceeding the limit on the invisible width of the Higgs boson h  
requires 610 0.03hsλ−    as in Section 3. Some reactions of interest are 

( )
4 4 2

,
2
V S s

S

g Q v
s VV

M
→ =

π
Γ                     (24) 

( )
( )

2 4
*

22 2 2

1 ,
4

fhs W

i H H H

M
ss h W W

s s M M

λ
σ + −

π
→ → =

− + Γ

p

p
      (25) 

( )
4 4

.
4

fV S

i

g Q
ss VV

s
σ

π
→ =

p

p
                   (26) 

The couplings of V , s , and h  (up to order 4) are proportional to 3h , 
2h s , 2hs , 3s , 4h , 2 2h s , 4s , 2V s , and 2 2V s . The kinematics allow V  to 

decay only to γ’s or ν’s. However, we note that there is no coupling with a single 
V , so V  is absolutely stable. 
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Our challenge is to choose parameters so that S  attains statistical equilibrium 
with the Standard Model sector at HT M , but V  does not; and we need the 
decay S VV→  to occur after S  has decoupled from the Standard Model sec-
tor, and while S  is still ultra-relativistic, i.e. within the temperature range  

S HM T M< < ; and that 112 eVh Vm M= = . 
Case S HM M< : Let us assign the high mass eigenstate to φ , and the low 

mass eigenstate to S  (the opposite case will be considered below). A particular 
solution of interest has 1θ  , so 2 2 22 2H h h hM vλ µ≈ ≈  as in the Standard Model. 
A bench-mark scenario with 112 eVVM =  is 49 10 GeVSM −= × , 510hsλ −= , 

0.1sλ = , 56 10V Sg Q −= × , 32 10 GeVsv −= × , and 0.551 GeVsµ = . To meet all 
requirements, there is fine tuning of 2

sµ  to lower sv : the relative difference of 
the two terms in the numerator of (20) is ≈10−6. 

The reaction rate of *ss h W W+ −↔ ↔ , relative to the expansion rate of the 
universe H , is ( )1 500t H∆ ⋅ =  at HT M≈ , so this coupling is strong. For 
ss hh↔ , ( )1 700t H∆ ⋅ =  at HT M≈ , so this coupling is also strong. For 
ss VV↔ , ( ) 41 3 10t H −∆ ⋅ = ×  (200) at HT M≈  ( SM ), so V  does not attain 
statistical equilibrium with S , or with the Standard Model sector, at HT M . 
The decay rate of s VV→ , relative to the expansion rate of the universe H , is 
( ) 73 10s VV H −Γ → = ×  (3 × 104) at HT M≈  ( SM ), so indeed we have ar-

ranged that the decay occurs after S  has decoupled, and while S  is still ul-
tra-relativistic, i.e. in the temperature range S HM T M< < . 

The cross-section for *VV s VV→ →  at ST M  is 

( )
8 8 4

*
4

9
.V S s

S

g Q v
VV s VV

sM
σ

π
→ → =                  (27) 

This cross-section implies that the mean dark matter particle interaction rate is 
much less than the expansion rate of the universe H  at all temperatures, so, in 
this model, non-relativistic dark matter retains the ultra-relativistic Bose-Einstein 
momentum distribution. 

The two V ’s in the decay S VV→  have correlated polarizations, so the av-
erage number of boson degrees of freedom, needed to calculate the dark matter 
density (see (21) of [7]) is ( )2 1 2bVN = + . Then, from (3) and (4), the meas-
ured values for this scenario are 45

23112 eVh Vm M +
−≡ = , and 0.026

0.0290.332hT T +
−= . 

For zero chemical potential, the number of s  per unit volume, given by the 
ultra-relativistic Bose-Einstein distribution, is 

( )

2

3 0

4 d ,
2 exp 1

bs
s

s

N p pn
pc
kT

∞
=

 
− 

 

π

π
∫



                  (28) 

where the number of boson degrees of freedom of s  is 1bsN = . After the decay 

( )

2

3 0

4 d2 .
2 exp 1

bV
s V

V

N p pn n
pc

kT

∞
= =

 
− 

 

π

π
∫



               (29) 

Each s  in 8 orbitals of momentum 2p decays to two V ’s corresponding to 
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one orbital with momentum p, so 

( )

2

3 0

4 d2 2 8 .
22 exp 1

bs
s V

s

N p pn n
pc

kT

∞
= = ⋅

 
− 

 

π

π
∫



              (30) 

Integrating, we obtain ( )1 34 3V sT T= . So, the predicted ratio is 
( )1 34 3 0.344 0.379hT T = ⋅ = , to be compared with the measured value  

0.026
0.0290.332hT T +
−= . 

The cross-section limit 2
DM-DM DM 0.47 cm gmσ <  [14] at 1a ≈ , and (27), 

implies 44.3 10V Sg Q −< × , in agreement with the benchmark solution. The ten-
tative measurement ( ) 4 2

DM-DM DM 1.7 0.7 10 cm gmσ −≈ ± ×  [16], if confirmed, 
would imply 41.6 10V Sg Q −≈ × , which is in agreement with the benchmark solu-
tion within uncertainties! 

In summary, the vector model with S HM M<  is consistent with all currently 
measured properties of dark matter. There is fine tuning to obtain the small re-
quired symmetry breaking of the ground state of S . 

Case S HM M> : Let us now assign the high mass eigenstate to S , and the 
low mass eigenstate to φ . Again, as an example, we consider the case 1θ  , so 

2 2 22 2H h h hM vλ µ≈ ≈  as in the Standard Model, and 2 2 22 2S s s sM vλ µ≈ ≈ . A bench- 
mark solution with 112 eVVM =  is 135 GeVSM = , 53 10hsλ −= × , 0.1sλ = , 

104 10V Sg Q −= × , 300 GeVsv = , and 96 GeVsµ = . When particles S  be-
come non-relativistic at S HT M M≈ > , they decay mostly to the Standard 
Model sector: reactions *ss h W W+ −→ →  are much faster than the universe 
expansion rate, while ss VV→  and s VV→  are much slower, so the universe 
is left with no dark matter. 

Assigning charges QS to Standard Model particles, to enhance or replace the 
contact interaction between S  and φ , does not lead to compelling alternative 
models. 

5. Sterile Neutrino Dark Matter 

Observations of spiral galaxy rotation curves and of galaxy stellar mass distribu-
tions favor boson over fermion dark matter with a significance of 3.5σ [7], so we 
should not yet rule out fermion dark matter. Sterile neutrinos have been studied 
extensively as dark matter candidates [29] [30] [31]. In this section we briefly re-
view sterile neutrinos and see if they are consistent with the measured properties 
of dark matter presented in Section 2. 

We extend the Standard Model with a gauge singlet neutrino Rν  with a Ma-
jorana mass 36

20107 eVM +
−= . This is the measured mass for the case of fermion 

dark matter retaining ultra-relativistic thermal equilibrium (URTE), see Table 4 
of [7]. We will refer to the two irreducible representations of the proper Lorentz 
group of dimension 2 as “Weyl_L” and “Weyl_R”. For simplicity we focus on 
one generation. Lν  and Rν  are two-component Weyl_L and Weyl_R fields, 
respectively. *

2 Liσ ν  and *
2 Riσ ν  transform as Weyl_R and Weyl_L fields, re-

spectively, where 2σ  is a Pauli matrix. †
L Rν ν , †

R Lν ν , T
2R Rν σ ν , and † *

2R Rν σ ν  
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are scalars with respect to the proper Lorentz group. 
To include Weyl spinors into the Standard Model, it is convenient to use 

4-component Dirac spinor notation. Our metric is ( ) ( )1, 1, 1, 1diag µνη = − − − . 
The matrices A and C are defined, in any basis, as †A Aµ µγ γ= , and  

TC Cµ µγ γ= −  [31], with †A A= , TC C= − , and * * 1CA C A = . We define 
† Aψ ψ≡ , and the charge conjugate field Tc Cψ ψ≡  . Then ( )ccψ ψ= , and 

T 1c Cψ ψ −= − . A Dirac spinor that satisfies ec iξψ ψ=  is a Majorana spinor (ξ  
is an arbitrary phase). 

In a Weyl basis [30], 2 *c iψ γ ψ= − , 0A γ= , 

( )† †, , ,L
R L

R

ν
ψ ψ ν ν

ν
 

= = 
 

                    (31) 

0 20

0 2

0 0 0
, , ,

0 0 0
kk

k

i
C

i
σ σ σ

γ γ
σ σ σ

−     
= = =     −     

       (32) 

*
05 2

*
0 2

0
, , .

0
L R

L R
L R

i
i

σ ν σ ν
γ ψ ψ

σ σ ν ν
−    − 

= = =     
    

         (33) 

Note that c
L Lψ ψ= , and c

R Rψ ψ= , so these are Majorana fields. With this 
notation the Majorana fields Lψ  and c

Rψ  can mix. Note however that Lψ  and  
c
Rψ  are distinct: Lψ  has weak interactions while c

Rψ  does not. R Rψ ψ ,  
c c
L Rψ ψ , R Lψ ψ , c

R Rψ ψ , and c c
R Rψ ψ  are scalars with respect to the proper Lorentz 

group. The neutrino mass term after electroweak symmetry breaking has the 
form [31] 

. .,
2 2 2

c c c
mass L R R L R R

m m M H cν ψ ψ ψ ψ ψ ψ= − − − +              (34) 

where 2hm Yv=  is a Dirac mass (Y  is a Yukawa coupling), and M  is a 
Majorana mass. We consider the case 1m M  . The mass eigenstates are [31] 

2

a a

s s

cos sin , with mass ,

sin cos , with mass ,

c
L R

c
L R

mi i m
M

m M

ψ θψ θψ

ψ θψ θψ

= − =

= + =
          (35) 

where ( )tan m Mθ = , ( ) ( ) 2 20 expLa La at iEt i E m xν ν  = ± −  
 , and  

( ) ( ) 2 20 expRs Rst iEt i E M xν ν  = ± −  
 . 

Let us now consider dark matter production. We are interested in the reac-
tions *

e se W eν ν+ + +→ → , or *
s euu Z ν ν→ → . First, we verify that the pro-

duced Lψ  is a coherent superposition of aψ  and sψ . The coherence factor is 
[32] 

( )2 2 2 2
coh cohexp 8 exp ,EM t tε σ   = −∆ ⋅ −∆               (36) 

with 
22 2
aM M m∆ ≡ − . Since we are interested in energy E of Lν  of order 

2WM , we take its uncertainty to be E W Mσ ≈ Γ  , so the first factor is 1. t∆  
is the mean time between Lν  interactions. The propagation time of aν  and 

sν  over which their wave packets cease to overlap is the decoherence time [32] 
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2

coh 2

22 2 .t
Et
M

σ=
∆

                      (37) 

Taking the wave packet duration 1t Wσ ≈ Γ , we estimate coht t∆   for the 
small value of M  being considered. In conclusion, coh 1ε ≈ , and aν  and sν  
do not become decoherent between Lν  interactions, so we must take into ac-
count their oscillations. 

Consider initial conditions for Lψ  production to be ( )0 1Lψ ∝  and  
( )0 0c

Rψ ∝ . Then, from (35), we obtain the probabilities ( ) ( ) 2
L LP t tψ∆ = ∆  to 

observe a Weyl_L neutrino, and ( ) ( )
2c

s RP t tψ∆ = ∆  to create a sterile neutrino, 

( ) ( )
2

2 2 21 4sin cos sin ,
4s L
MP t P t x
E

θ θ
 ∆

∆ = − ∆ =  
 

         (38) 

with x t≈ ∆ , and 2E s= . Note that ( ) 2s aP t m M∆ =  for  
( )2 4M t E∆ ∆ π , but this probability is suppressed by a factor  

( )2 22sin 4M t E ∆ ∆   for small t∆ . Equation (38) describes the oscillation 
between the active and sterile neutrinos. Similar phenomenology has been con-
firmed in neutrino flavor oscillation experiments. 

The cross-section ( )*
e ee W eσ ν ν+ + +→ →  is given by Eq. (50.25) of [14]. 

Multiplying by ( )sP t∆  we obtain the cross-section for sterile neutrino produc-
tion ( )*

L sl W lσ ψ ψ+ + +→ → . We find that the production mechanism  
*

L sl W lψ ψ+ + +→ →  to bring sν  into statistical equilibrium with the Standard 
Model sector at WT M≈ , and decouple at 0.2 GeVT  , fails because of the 
interference factor ( )2 22sin 4 1M t E ∆ ∆   . (Note: In Figure 11 of [2] I did 
not include this factor so that figure is wrong.) 

The production channel *
L RW W h ψ ψ+ − → →  is negligible. 

6. Conclusions 

Accurate, detailed and redundant measurements of dark matter properties have 
recently become available [7]. We have studied scalar, vector and sterile neutrino 
dark matter models in the light of these measurements. The vector dark matter 
model presented in Section 4 is (arguably) the renormalizable model with the 
least number of new degrees of freedom that is consistent with all current 
observations, and replaces the scalar dark matter model of Section 3 [1] that is 
ruled out. The sterile neutrino dark matter production mechanism studied in 
Section 5 did not meet experimental constraints. 

New insights pose new questions. If nature has chosen the vector dark matter 
of Section 4, why do the two terms in the numerator of (20) cancel to 1 part in 
106? Similar questions can be made regarding the cosmological constant Λ , or 
the strong CP phase θ . Do the scalars φ  and/or S  participate/cause infla-
tion? Baryogenesis via leptogenesis (arguably) requires sterile Majorana neutri-
nos. How are they produced? What is the origin, if any, of their masses? 

How can we move forward? A signal in direct dark matter searches would rule 
out the vector model. Indirect searches may find an excess of photons (or neu-
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trinos!) with energy ≈36 eV, ≈53 eV, or ≈62 eV, if dark matter is unstable and 
decays. Such a signal would also rule out the vector dark matter model. Collider 
experiments may discover an invisible Higgs decay width. Further progress will 
come from the cosmos: more studies of disk galaxy rotation curves, and galaxy 
stellar mass distributions (these studies can enhance the boson/fermion dis-
crimination, and perhaps can observe the predicted tail of the boson warm dark 
matter power spectrum cut-off factor ( )2

fsk kτ  [7]), galaxy formation simula-
tions, the “small scale crisis” (missing satellites, too big to fail, galaxy core vs. 
cusp, large voids), super massive black holes at galaxy centers (Einstein conden-
sation may occur at the galaxy center), revised constraints on fermion dark mat-
ter mass from the Tremaine-Gunn limit, and tighter constraints on dark matter 
self-interactions. It is necessary to understand the tensions between the Lyman-α 
forest studies and the observed galaxy stellar mass distributions, see Figure 2. 
Studies of dark matter halo rotation in disk galaxies are also needed. 
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Abstract 
Supernovae are powerful explosions of massive stars that have reached a ter-
minal stage in their evolution. A huge amount of energy is released during the 
explosion in a wide range of wavelengths. The supernova explosion causes a 
sudden rise in the dead star’s luminosity which may outshine momentarily 
the entire galaxy in which it resides. The explosion is produced by a cata-
strophic collapse of the iron core of a massive star or the collapse of a white 
dwarf after accreting enough mass from its companion to reach the Chan-
drasekhar limit. The first record of a supernova occurrence goes back to 185 
CE. Subsequently, humans have witnessed across the centuries a series of 
such violent events that appear suddenly in the sky and illuminate the dark-
ness of the night for several weeks or months. In the first part of this paper, 
we briefly describe the processes that lead to a supernova explosion. In the 
second part, we discuss historical supernovae as appearing in the records of 
human civilizations. In the third part, we highlight ancient records relating 
the sudden appearance of a supernova or a comet to the spread of epidemics 
in certain regions of the world. 
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1. Introduction 

Supernovae are violent stellar explosions. The physical process involved in ge-
nerating supernovae has been the subject of intense theoretical and observational 
research during the past few decades. The amount of energy released in a typical 
supernova explosion is colossal and reaches the incredible level of about 1044 joules 
[1] [2]. The study of their spectra and light curves has been an efficient tool in 
identifying the nature of the processes producing the huge amount of energy re-
leased in these explosions. In a typical burst, the radiation emitted by a supernova 
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may outshine, in a short period of time, the entire galaxy in which it resides. 
The first record of historical supernovae went back to 185 CE and was rec-

orded by the Chinese [3]. Since then, several supernovae have been observed in 
our galaxy, the most luminous of which was SN 1006, which occurred in the 
southern constellation Lupus. The most recent supernova explosion in our ga-
laxy occurred in 1604. For the past four centuries, our galaxy did not witness a 
supernova explosion. However, supernova sighting is limited by the observa-
tional capabilities and detection techniques. With the current set of satellites and 
Earth-based telescopes, it is probably difficult for a galactic supernova to escape 
detection. 

In this paper, we review the different types of supernova and provide an esti-
mate of their occurrences in the observed universe. We proceed then to review 
and discuss the records of historical supernovae in the Milky Way Galaxy and 
highlight the efforts to detect galactic supernovae remnants using new detection 
techniques. We next discuss certain records trying to link supernovae occur-
rences to the spread of epidemics in certain regions of the world. Observational 
data show that there has been confusion between the sudden appearance of cer-
tain ancient supernovae and comets. Modern theories regarding comets as a 
source of epidemics are discussed and are compared with ancient records in this 
respect. The role of modern spacecraft in studying the biological and other 
chemical and physical properties of comets is highlighted and discussed. 

2. Types of Supernovae 

The remnants of historical supernovae can provide a clue to the nature of the 
explosion that took place. The way stars come to a terminal stage of their evolu-
tion as a supernova is not unique and depends on the mass of the star and on its 
environment. There are two general types of supernova. The first type is of 
thermonuclear origin and is called Type I supernova. It is distinguished by the 
absence of any hydrogen line in its spectrum. This type is further subdivided in-
to subtypes Ia, Ib, and Ic depending on the details of the spectrum. Type Ia is 
characterized by the presence of strong Si II lines at 615 nm and occurs when the 
mass of the dying star exceeds the Chandrasekhar limit of about 1.4 solar 
masses. Types Ib and Ic are designated according to the presence or absence of 
strong helium lines, respectively. 

The second category of supernova is known as Type II supernova and is cha-
racterized by the presence of strong hydrogen lines in the spectrum. This type of 
supernova occurs in massive stars whose mass usually exceeds 8 solar masses. In 
these stars, the gravitational energy is strong enough to drive successive nuclear 
transformations in the inner layers of the star. Type Ib, Type Ic, and Type II su-
pernovae are closely related, and they are produced by the collapse of a massive 
and evolved stellar core. These three types are referred to collectively as core 
collapse supernovae. Type II supernovae are also characterized by a rapid in-
crease in luminosity, but their maximum brightness is typically 1.5 magnitudes 
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dimmer than Type Ia supernovae. The peak is followed by a decrease in bright-
ness of about six to eight magnitudes per year. These characteristics are very 
helpful, and they can be compared to available ancient records to identify the 
supernova’s type, and consequently the nature of the explosion that took place. 

3. Historical Supernovae 

Our knowledge about historical supernovae relies entirely on ancient records left 
by human civilizations. These records are not always accurate, and to translate 
the texts into observational data has been one of the most challenging problems 
facing astronomers. Modern satellites and Earth-based observatories are the 
main tool to identify supernovae remnants left by the explosion. However, the 
celestial coordinates and age of these remnants need to match accurately the 
available ancient records. 

SN 185: The oldest document of a supernova concerns an event that occurred 
in 185 CE and was recorded by Chinese astronomers in the Book of Later Han as 
a “Guest Star” that remained visible in the night sky for about eight months [3]. 
It might also have been recorded in Roman literature [4]. The explosion was 
identified as the remnant RCW 86. It has a diameter of 85 light years and is 8000 
light-years away in the southern constellation Circinus. NASA’s Chandra X-Ray 
Observatory and the European Space Agency’s XMM-Newton Observatory were 
used in combination to form a clear image of RCW 86. Infrared data provided 
by NASA’s Spitzer Space Telescope and WISE (Wide Field Infrared Survey Ex-
plorer) observed clouds of dust radiating at very low temperatures, but warm 
enough in comparison to normal dust in our Milky Way Galaxy. X-ray and 
infrared data led astronomers to identify the explosion as a Type Ia supernova 
[5] [6], in which a white dwarf accretes enough mass from its companion star to 
exceed the Chandrasekhar mass limit. Also, scientists need to solve one of the 
mysteries surrounding the remnant, namely, how it got so large in such a short 
time. This could be explained by assuming that a huge cavity was cleared out by 
a violent wind produced by the white dwarf prior to the explosion. This cavity is 
a very low-density region where the remnant was able to expand at a much faster 
rate than it would have otherwise. 

SN 386: This is a transient astronomical event which appeared as a “Guest 
Star” in the constellation Sagittarius and was recorded by Chinese astronomers 
almost 200 years after the first record of 185 CE [7]. Earlier reports associate SN 
386 with the supernova remnant SNR G11.2-0.3 [8]. However, recent studies 
show that this theory is not valid [9] [10]. In fact, a measured mean expansion 
rate of the SNR G11.2-0.3 remnant shell is (0.0277 ± 0.0180)% per year, and the 
actual diameter of the remnant now is about 9.8 ly, suggesting an age of 1900 ± 
500 years [9]. Recent radio observations have shown that the remnant is 14,000 
to 23,000 ly away [9]. A serious reason to reject the association of SNR G11.2-0.3 
with SN 386 is the very high absorption of light between the source and the 
Earth, which is estimated from infrared absorption at about 16 magnitudes. This 
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suggests that the exploding star would not have been visible to the naked eye. 
Further evidence of the failure to associate SNR G11.2-0.3 with SN 386 arises 
from the characteristics of the pulsar PSR J1811-1926 residing at the core of the 
remnant [11]. Recent measurements of the rotational velocity spin down rate 
and radio observations of PSR J1811-1926 indicate a much older age ranging 
between 20,000 to 23,000 years [9]. If confirmed, this would clearly discount the 
SNR G11.2-0.3 remnant as being associated with SN 386. There is a clear con-
tradiction between the age determined by the expansion rate of the supernova 
remnant and the pulsar at its core as determined by its spin-down rate. As a 
conclusion, the mystery of SN 386 remains unsolved. An alternative explanation 
is that the event reported by the Chinese refers to a passing comet. However, this 
suggestion has also its drawbacks since comets will not appear suddenly as 
“Guest Stars”. 

SN 393: The Chinese recorded the appearance of a “Guest Star” in 393 CE in 
the constellation Scorpios. The guest star remained visible for about eight 
months before fading and becoming invisible [12]. Prior to 1975, the Chinese 
record of 393 CE was interpreted as a likely bright nova with a secondary mini-
mum [13]. At the time, there were only seven possible supernova remnant can-
didates in the region of the sky where SN 393 was observed. Assuming a maxi-
mum magnitude of −1 for an event occurring close to 33,000 ly away, this im-
mediately rules out four possible candidates [13]. Another discounted candidate 
is the G350.0-18 remnant whose expansion rate suggests that the supernova oc-
curred some 8000 years ago. The remaining two supernova remnants in this re-
gion of the sky are G348.5 + 0.1 and G348.7 + 0.3; both are at the required dis-
tance of 33,000 ly and both have an estimated age of 1500 years [13]. If con-
firmed, it seems unlikely that such supernovae would be visible to the naked eye 
for eight months, especially because they occurred close to a particularly dusty 
region in the galactic plane [14]. Fortunately, the ROSAT All Sky Survey discov-
ered in 1996 another nearby supernova remnant, RX J1713.7-3946, which was 
suggested as a better match for SN 393 [15]. It was suggested in 1996 that the 
remnant was associated with the HII region G347.611 + 0.204 with an estimated 
distance of 20,000 ly. However, in 2003, when examining the interactions be-
tween a nearby molecular cloud and the expanding remnant, it was found that 
the distance is only 3000 ly. Furthermore, in 2004, measurements of the degree 
of X-ray and neutral hydrogen absorption by intervening matter between the 
Earth and the remnant, confirmed this distance. Supernova remnant RX 
J1713.7-3946 is consistent with a Type II or Type Ib supernova with a progenitor 
having a mass of 15 solar masses [16]. 

SN 1006: This is the brightest ever observed supernova recorded in history. It 
appeared as a “Guest Star” between the 30th of April and the 1st of May 1006 in 
the constellation Lupus and reached an estimated visual magnitude of −7.5 [17]. 
This brightness exceeded roughly sixteen times the brightness of Venus. The 
appearance of the “Guest Star” was recorded in Egypt, Iraq, China, Europe, Ja-
pan [18] [19], Yemen [20], and possibly by North American petroglyphs [21]. 

https://doi.org/10.4236/ijaa.2021.111005


S. Al Dallal, W. J. Azzam 
 

 

DOI: 10.4236/ijaa.2021.111005 77 International Journal of Astronomy and Astrophysics 
 

The distance to SN 1006 is estimated to be 7200 ly. 
Egyptian astrologer and astronomer Ali Bin Ridwan described the event in a 

commentary on Ptolemy’s Tetrabiblos as: “The spectacle was a large circular 
body, 2.5 to 3 times as large as Venus. The sky was shining because of its light. 
The intensity of its light was a little more than a quarter that of Moon light” [18]. 
It is interesting to note that certain astrologers interpreted the event as a portent 
of plague and famine [18]. This belief was deeply rooted in various cultures 
worldwide at the time, as described later in Section 5. 

In Europe, the event was recorded in the annals of the Abbey of Saint Gall in 
Switzerland [18]. Monks at St. Gall described the event as: “In a wonderful 
manner this was sometimes contracted, sometimes diffused, and moreover 
sometimes extinguished. It was seen likewise for three months in the inmost 
limits of the South, beyond all constellations which are seen in the sky” [22]. 
This record is often taken as an evidence of a Type Ia supernova. The “Guest 
Star” was described as bright enough to cast shadows and it was certainly seen 
during daylight hours for some time [23]. 

Songshi, the official historian of the Song Dynasty described the star as ap-
pearing on 1st of May 1006 in the constellation Di, east of Lupus, as shining so 
brightly that objects on the ground could be seen at night. In December of the 
same year, it was again sighted in the constellation Di, and was described by the 
Chinese astrologer Zhou Koming as an auspicious star, yellow in color and bril-
liant, that would bring great prosperity to the states over which it appeared [18]. 
The above description suggests that there were two distinct phases in the early 
evolution of supernova SN 1006. The first phase extended for a period of three 
months where the brightness reached its maximum. After this period, the 
brightness diminished, and then returned for a period of about eighteen months. 
There are also reports of this supernova in a petroglyph by the Hohokam in 
White Tank Mountain Regional Park in Arizona which was interpreted as the 
first known North American representation of a supernova [21]. Moreover, a 
recently found document discovered on the 25th of August 2015 suggests that 
observers in Yemen may have seen SN 1006 on the 17th of April 1006, two weeks 
before its previously assumed earliest observation [20]. 

The SN 1006 supernova remnant was first identified in 1965. Doug Milne and 
Frank Gardner demonstrated an association of the known radio source PKS 
1459-41 with SN 1006 [24]. The remnant (SNR G327.6 +14.6) is a circular shell 
located near the star Beta Lupi [25]. X-ray and optical emission from this rem-
nant have been detected. In 2010, the H.E.S.S. gamma-ray observatory an-
nounced the detection of very high energy gamma-ray emissions from the rem-
nant [25]. A signal of the SN 1006 outburst was found in the nitrate deposits in 
Antarctic ice [26]. No associated neutron star or black hole has been found, 
which is the expected situation for the remnant of a Type Ia supernova [27]. A 
survey in 2012 searching for any surviving companions of the SN 1006 progeni-
tor failed to find anything [28]. It was suggested that SN 1006 was most likely a 

https://doi.org/10.4236/ijaa.2021.111005


S. Al Dallal, W. J. Azzam 
 

 

DOI: 10.4236/ijaa.2021.111005 78 International Journal of Astronomy and Astrophysics 
 

double degenerate progenitor, that is, it was produced by the merging of two 
white dwarf stars. This model is in line with the observed two phases of the 
brightness of the supernova. The two progenitors burst out successively giving 
rise to two peaks of brightness. The estimated distance of the remnant SNR 
G327.6 + 14.6 is about 7432 ly. 

SN 1054: Probably this is the most famous supernova in history. It was first 
observed on the 4th of July 1054. The event was recorded by the Arabs, Chinese, 
Japanese, and probably by the Europeans and North Americans as evidenced by 
a pictograph associated with Ancestral Puebloan culture found near the Peñasco 
Blanco site in New Mexico. There are also a few proposed, but doubtful, obser-
vations from European sources recorded in the 15th century. The supernova re-
mained visible for two years. The supernova remnant was photographed by the 
Hubble Space Telescope. The SN 1054 remnant is located on the sky near Zeta 
Tauri and is known as the Crab Nebula. It was identified as the remnant of SN 
1054 in the years between 1921 and 1942. At the core of the remnant lies a pul-
sar. Carl Otto Lampland announced in 1921 that he had seen a structure in the 
Crab Nebula [29]. In 1928, Edwin Hubble was the first to notice the changing 
aspect of the Crab Nebula, due to its growing size, which he attributed to a stel-
lar explosion and thus confirmed that the nebula is the remnant of a supernova. 
From the change in size, Edwin Hubble calculated the date of explosion and 
found that it had occurred about nine centuries ago. However, Hubble’s com-
ments remained obscure since the physical phenomenon of the explosion was 
not known at the time. Eleven years later, Walter Baade and Fritz Zwicky hig-
hlighted the fact that supernovae are very bright phenomena [30]. An explana-
tion of their nature was suggested by Zwicky [31]. Nicholas Mayall was the first 
to propose that the event of 1054 was actually a supernova [32]. This deduction 
was subsequently refined by Mayall and Jan Oort in 1942. 

Chinese sightings: In Chinese records, the “Guest Star” of 1054 occurred 
during the reign of Renzong of the Sing dynasty (960-1279). The event was rec-
orded in Chinese documents in the first year of the Zhihe era, corresponding to 
the year 1054 CE. Many Chinese documents identify the position and date of the 
appearance of the “Guest Star”. Three Chinese documents indicate that the guest 
star was located close to the South-East of Tianguan (Zeta Tauri). The duration 
of the supernova is explicitly mentioned in Chinese records. The Song Shi is the 
official annals of the Song dynasty, and it gives a total period of visibility of 642 
days; according to the Song Huiyo record, daylight visibility of the event lasted 
for 23 days. 

Japanese sightings: In Japan, the oldest and most detailed record is the Mei-
getsuki, the diary of Fujiwara no Teika (1162-1241). The Meigetsuki places the 
event in the fourth lunar moon, one month earlier than the Chinese texts. This 
difference is usually attributed to an error in the lunar months in the Japanese 
document. The location of the “Guest Star” was in the direction of the East, and 
it seemed to emerge from the Tianguan star. 
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Arabian sightings: In Arabian records, the sighting of SN 1054 appeared in 
the Book Uyon Al Anbaa fi Tabaquat Al Atibaa. This is a detailed bibliography 
of physicians in the Islamic World compiled by Ibn Abi Usaibi’a (1194-1270) in 
the middle of the thirteenth century. In this book, the testimony was given by 
Ibn Batlan, who stated: “One of the famous epidemics of our time occurred 
when a spectacular star appeared in Gemini, of the year 446 (of the Muslim Ca-
lendar). In the autumn of that year, fourteen thousand people were buried in 
Constantinople. Thereafter, in the middle of the summer of 447, the majority of 
Fostat (Cairo) people and all foreigners died”. Ibn Batlan continues: “While the 
spectacular star appeared in the sign of Gemini, it caused the epidemic of the 
Fostat with the Nile being low, when it appeared in 445” [33]. The year 446 in 
the Muslim Calendar corresponds to the year 1054 CE. The exact date of the 
event in 446 is difficult to determine, but the reference in the text to the level of 
the Nile indicates that it occurred during the period preceding the annual flood, 
which happens during summer, in good agreement with the Chinese records. 

European sightings: Since 1980, several European documents have been 
identified as potential observations of supernova SN 1054 [34] [35] [36] [37] 
[38]. Most of these documents are not precise, and they are not convincing from 
an astronomical point of view. It seems difficult to interpret most of them as re-
lated to a possible supernova event. The lack of accounts in European chronicles 
about SN 1054 raised several questions. In fact, SN 1054 occurred only 48 years 
after the famous SN 1006 which was recorded in a substantial number of Euro-
pean documents. In 1999, George W. Collins and coworkers [34] defended the 
plausibility of the European sighting of SN 1054, arguing that the records in-
dicate that European sightings predate Chinese and Japanese records by more 
than two months. These authors criticize the Chinese records, particularly the 
problem associated with the position of the supernova with respect to the Zeta 
Tauri star. They also surmise that the correct year reported by Ibn Batlan is AH 
445 (which corresponds to: 23 April 1053 - 11 April 1054) rather than 446 
(which corresponds to: 12 April 1054 - 1 April 1055). The publication by Collins 
et al. [34] was highly criticized by Stephenson and Green [39]. These authors 
emphasize that the problem with Chinese and Japanese documents can be easily 
solved philosophically and need not be interpreted in terms of unreliability in 
the Chinese and Japanese observations [39]. They argue that the consensus es-
tablished by 1995 is that the European documents do not provide an interpreta-
tion of the sighting of SN 1054 [40]. The idea of Collins et al. [34] was reviewed 
with some enthusiasm in the magazine Ciel & Espace, but it has not received 
much support due to its criticism by Stephenson and Green [41]. 

North American Petroglyphs: The SN 1054 event appeared in two Native 
American paintings. These paintings show a crescent moon located next to a cir-
cle that could represent a star [42]. It was suggested that this configuration 
represents a conjunction between the moon and the supernova. This is made 
possible by the fact that, seen from the Earth, the supernova occurred in the path 
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of the ecliptic. This suggestion is in line with the dating in these paintings. More 
precisely, on the morning of July 5th, 1054, the moon was located in the imme-
diate proximity of the supernova, as depicted in these paintings. However, this 
interpretation cannot be confirmed, since the dating of the paintings is extreme-
ly imprecise, and only one of the paintings shows the crescent moon. Another, 
more precise document is related to the Anasazi at the Chaco Canyon site in 
New Mexico. It shows a hand below which there is a crescent moon facing a star 
at the bottom left. On the wall underneath the petroglyph there is a drawing 
which could be the core and tail of a comet. This could be the passing of Halley’s 
Comet in 1066. Although plausible, this interpretation is impossible to confirm 
and does not explain why it was the supernova SN 1054 that was represented. 

SN 1181: Chinese and Japanese astronomers recorded the SN 1181 supernova in 
eight separate texts. The event took place on August 4 and August 6, 1181. It is one 
of only eight recorded supernovae that were observable with the naked eye. It re-
mained visible for about 185 days in the direction of the constellation Cassiopeia. 

The remnant of SN 1181 is believed to be associated with the X-ray pulsar 
J0205 + 6449 (also known as 3C58). The pulsar’s rotational period is 15 rotations 
per second, and it is still rotating as quickly as it did when it first formed [43]. 
This is in contrast with the Crab Nebula pulsar (SN 1054 remnant), which has 
lost two thirds of its rotational velocity in essentially the same time span [44]. 
The surprise came from recent radio surveys of 3C58 that indicate that this su-
pernova remnant is much older, and therefore cannot be associated with SN 
1181. The remnant of SN 1181 is still to be identified. 

SN 1572: A supernova that appeared in early November 1572 in the constella-
tion Cassiopeia was discovered independently by many individuals [45]. SN 
1572 is considered one of the most important events in the history of astronomy. 
Tycho Brahe produced an extensive work describing the observation of a “Guest 
Star”: “De nova et nullius aevi memoria prius” (concerning the star, new and 
never before seen in the life memory of anyone). The work was published in 
1573 with reprints overseen by Johannes Kepler in 1602 and 1610. These reprints 
contained both Tycho Brahe’s own observation and the analysis of sightings by 
many other observers. 

In England, John Aubrey recorded in his memoranda the impact of the event 
on Queen Elizabeth [46]. She summoned the mathematician and astrologer 
Thomas Allen asking his advice about the new star that appeared in Cassiopeia. 
Thomas gave his judgment very learnedly. In the Ming dynasty in China, the 
appearance of the “Guest Star” was an issue of discussion between the young 
Wanli Emperor and Zhang Juzhang. According to the cosmological tradition, 
the emperor was warned to consider his misbehavior since the appearance of the 
new star was interpreted as an evil omen [47]. More reliable contemporary re-
ports mention a star that burst forth sometime between November 2nd and 6th in 
1572, driving the star to rival Venus in brightness [48]. The supernova remained 
visible to the naked eye well into 1574 before gradually fading and disappearing 
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from view [48]. In Yemen, the supernova was observed by Isa Sharaf-Eldine, and 
was published in his book Rawh El-Rooh [49]. 

Considerable efforts were deployed to search for the supernova remnant asso-
ciated with SN 1572, but these efforts were not conclusive until 1952, when 
Hanbury Prawn and Cyril Hazard from Jodrell Bank Observatory detected a ra-
dio signal at 158.5 MHz. The remnant was identified as the object 3C10 appear-
ing in the third Cambridge list, and another designation of SN 1572 is G120.7 + 
2.1, but most authors simply refer to it as the “Tycho supernova remnant”. The 
visible counterpart of SN 1572 was discovered in the 1960s, using the Palomar 
Mountain Telescope, as a faint nebula. The supernova was confirmed as Type Ia 
[48]. Recent studies indicate a rate of expansion lower than 5000 km/s [50]. In 
October 2004, the discovery of a G2 star, like our Sun, was reported as a compa-
nion star that contributed mass to the exploding white dwarf of SN 1572. The 
star was named Tyhco G. It has a velocity exceeding four times the mean veloci-
ties of neighboring stars. This discovery has been challenged recently since the 
star is far away from the center of the explosion and does not show rotation, 
which is expected for a companion star [51]. 

SN 1604: This is also known as Kepler’s supernova. This is the last supernova 
observed in our galaxy. It appeared in the constellation Ophiuchus in 1604. SN 
1604 was brighter than any other star in the night sky, with an apparent magni-
tude of −2.5. It remained visible during the day for over three weeks. 

The first record of SN 1604 was by Lodovico delle Colombe in northern Italy 
on the 9th of October 1604 [46]. Johannes Kepler started his observation of the 
event on the 17th of October while working at the imperial court in Prague for 
Emperor Rudolf [46]. It was subsequently named after him, even though he was 
not the first to observe the event. The supernova was also recorded by the Ara-
bian astronomer Isa Sharaf-Eldine [49], and thus he is the only known astrono-
mer who witnessed the appearance of two supernovae. The supernova was also 
observed by Chinese and Korean sources [47]. 

Table 1 provides a summary of the recorded historical supernovae that  
 
Table 1. Recorded historical supernova events. 

Observation Type Magnitude Constellation Date (month) Year 

Chinese Ia - Circinus & Centaurus - 185 CE 

Chinese - - Sagittarius - 386 CE 

Chinese II-Ib −1 Scorpius - 393 CE 

Arabs, Chinese, Japanese, Europeans Ia −7.5 Lupus 30 April 1006 CE 

North Americans, Arabs, Chinese II −6 Taurus 4 July 1054 CE 

Chinese and Japanese - −1? Cassiopeia 6 August 1181 CE 

Chinese, Japanese, Arabs, Europeans, Tycho Brahe Ia −4 Cassiopeia 6 November 1572 CE 

Europeans, Arabs, Kepler Ia −2.25 to −2.5 Ophiuchus 9 October 1604 CE 
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were discussed and reviewed in this paper. 

4. Unrecorded Milky Way Galaxy Supernovae 

For the past four centuries, no supernova was reported in our galaxy, though 
many others have been observed in other galaxies, the most important of which 
is the SN 1986 supernova which appeared in the Large Magellanic Cloud and 
was visible to the naked eye. There is evidence for two Milky Way Galaxy su-
pernovae that occurred in 1680 and 1870, however, they were not recorded by 
any source. These are Cassiopeia A [52] and G1.9 + 0.3 [53], respectively. Cas-
siopeia A occurred in the constellation Cassiopeia and is a core collapse super-
nova of Type IIb [54], whereas G1.9 + 0.3 occurred in the constellation Sagitta-
rius and was triggered by the merger of two white dwarfs [53]. The absence of 
historical records for either is probably due to absorption by interstellar dust 
which made them fainter than usual and thus difficult to observe. Other uncon-
firmed supernova events may have been observed in 369 CE, 386 CE, 437 CE, 
827 CE, and 902 CE [55]. 

5. Supernovae, Comets, and the Epidemic Claim 

Some Arab and European documents relate the appearance of “Guest Stars” to 
the spread of epidemics in certain regions in the world. The most famous docu-
ment of the kind is the book by Ibn Abi Usaibi’a Uyon Al Anbaa fi Tabaquat Al 
Atibaa, already mentioned in relation to SN 1054. Ibn Batlan described in the 
text the spread of epidemics in several regions in the Middle East concurrently 
with the appearance of a “Guest Star”. Scientifically, the relation between the 
explosion of a supernova and the spread of an epidemic is an idea that lacks 
any scientific merit. For the case of the SN 1054 supernova, light takes 6500 
years to arrive the Earth. Any biological material from the exploding star envi-
ronment cannot be ejected with velocities comparable to the speed of light, and 
consequently it will arrive on Earth hundreds to thousands of years later. Fur-
thermore, biological materials cannot withstand the high temperatures caused by 
the explosion. In the second part of the document, Ibn Batlan stated: “Thus Pto-
lemy’s prediction becomes true: Woe to the people of Egypt when one of the 
comets appears threateningly in Gemini! Then Saturn descended into the sign of 
Cancer, … Famine and epidemics abandoned”. In the above paragraph, Ibn Bat-
lan quotes Ptolemy to emphasize the relation between comets and the spread of 
epidemics. It seems that there was confusion at that time between supernovae 
and comets. The relation between comets and the spread of epidemics was dis-
cussed thoroughly (in modern times) by Hoyle and Wickramasinghe in their 
book Evolution from Space [56]. They argue that the chance of obtaining the 
required set of enzymes for even the simplest cell without panspermia is one in 
1040000. This means that the chance is basically zero. Hoyle and Wickramasinghe 
advance the idea that comets are the source of panspermia, and they attribute 
the diseases on the Earth to extraterrestrial origins, including the 1918 flu pan-

https://doi.org/10.4236/ijaa.2021.111005


S. Al Dallal, W. J. Azzam 
 

 

DOI: 10.4236/ijaa.2021.111005 83 International Journal of Astronomy and Astrophysics 
 

demic, and certain outbreaks of polio and mad cow diseases. For the 1918 flu 
pandemic they hypothesized that cometary dust brought the virus to the Earth 
simultaneously at multiple locations. This view was almost universally dis-
missed by experts of this pandemic. The possibility that comets may carry bi-
ological materials has been considered seriously in recent years by various 
space agencies. This idea was the main reason for sending space probes to visit 
comets and investigate the possibility of detecting biological materials on their 
surfaces. Among the missions to visit comets are Vega 1 and 2 (1986), Giotto 
(1992), Deep Space (2001), Stardust (2004), Deep Impact (2005), Ulysses (2007), 
and Rosetta (2016). The outcome of these missions was not conclusive. 

6. Conclusion 

Historical supernovae research studies have flourished in modern times. The 
problem of identifying the location of the corresponding supernova remnant has 
been one of the most challenging endeavors facing astronomers today. The chal-
lenge has been to extract reasonable information from (at times) poorly written 
historical records. This is the case, for example, with SN 386. Other problems are 
associated with the contradictory Chinese and Japanese records, especially in the 
case of SN 1054. Compared to other nations, the Chinese were the most diligent 
in recording the appearance of “Guest Stars”. In the Arab world, several dis-
persed records revealing the sightings of “Guest Stars” have been found. Ibn 
Radwan from Egypt, Ibn Batlan from Iraq, and Isa Sharaf-Eldine from Yemen 
are the main names appearing in Arabic historical records of supernovae sight-
ings. The latter is the only astronomer who has sighted two supernovae in a life-
time. A disturbing Arabic record written by Ibn Batlan tried to associate the ap-
pearance of the SN 1054 supernova with the spread of epidemics in certain re-
gions in the Middle East. We have shown that such a claim is devoid of any 
scientific merit. Two newly discovered historical supernovae in our galaxy es-
caped detection, most probably because of the intervening interstellar dust. It is 
interesting to note that most recorded supernovae are of Type Ia. With the ad-
vent of more advanced observational facilities, it might be possible in the near 
future to precisely pinpoint the location of some doubtful historical supernovae 
remnants. 
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Abstract 
We test and explore a Modified Universe Dynamics (MOUND) formula re-
cently proposed by the author. We show that, similarly to Milgrom’s Mod-
ified Newtonian Dynamics (MOND), it is successful in accounting for the 
mass discrepancy in spiral galaxies, and it predicts the Baryonic Tully-Fisher 
Relation (BTFR) and the Radial Acceleration Relation (RAR). Contrary to 
Milgrom’s MOND, MOUND also explains the dynamics of galaxy clusters 
and does not rely on an empirical interpolating function or an ad hoc accele-
ration parameter. 
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1. Introduction 

Modified Newtonian Dynamics (MOND) is a modification of Newtonian gravity 
first suggested by Milgrom [1] as an alternative to dark matter to account for the 
mass discrepancy in spiral galaxies. Although notably successful in explaining 
rotation curves and kinematics of galaxies [1] [2], it falls short on galaxy clusters 
because additional undetected matter is still required [3] [4] [5]. Furthermore, 
MOND’s formulation remains empirical and lacks an underlying fundamental 
theory, hence it is not generally accepted by the scientific community. In this 
paper, we explore a novel Modified Universe Dynamics (MOUND) formula 
recently proposed by the author [6]. In the MOUND approach, the Universe 
gravitational acceleration 10 23.4365 10 m sug − −= × ⋅  couples with Newtonian 
acceleration, and Newtonian dynamics are preserved. The consequences of this 
coupling become apparent on large scales, when Newtonian acceleration is of the 
same magnitude as the Universe gravitational acceleration. We show that 
MOUND explains not only the dynamics of galaxies but also those of galaxy 
groups and clusters. We show that the formula reverts to the Newtonian formula 
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on high accelerations and to the Baryonic Tully Fisher Relation (BTFR) [7] [8] 
on low accelerations. Finally, we demonstrate that it also predicts the Radial Ac-
celeration Relation (RAR) [9]. 

2. The MOUND Formula 

In a paper entitled “The Quantum Bang Hypothesis: an Alternative to Dark 
Matter and Dark Energy” [6], the author proposed the following MOUND for-
mula for the observed rotation velocity vobs of a galaxy: 

obs u
GMv GMg

r
= +                      (1) 

where G is the Newtonian gravitational constant, M is the mass of the galaxy, r is 
the distance from the center of the galaxy and gu is the Universe gravitational 
acceleration defined as: 

10 2
2 3.4365 10 m su

u
h

GM
g

R
− −= = × ⋅                  (2) 

where Mu is the mass of the observable Universe and Rh is the Hubble radius. 
We note that, contrary to MOND, the acceleration parameter in MOUND is 

not empirical but derived from cosmological parameters. 

3. Fits to Galaxies Curves 

To test the MOUND formula, we use the velocity contributions from the Spitzer 
Photometry and Accurate Rotation Curves (SPARC) database [10] and compute 
the baryonic velocity contribution Vbar as follows: 

2 2 2 2
bar gas disk disk bul bulV V d V Y V Y= + +                  (3) 

where Vgas is the gas velocity contribution, Vdisk the disk velocity contribution, 
Vbul the bulge velocity contribution, Υdisk and Υbul are the mass-to-light ratios 
(M*/L) of disk and bulge components respectively and d is the distance ratio de-
fined as: 

mound

a

D
d

D
=                           (4) 

where Dmound is the inferred distance from MOUND and Da is the adopted dis-
tance from the SPARC database. 

Using the classic Newtonian formula M = V2R/G, we compute the baryonic 
mass and use it to compute the MOUND velocity using the MOUND formula 
(Equation (1)). We then compare the computed rotation curve with the ob-
served rotation curve traced using Vobs from the SPARC database. 

We assume the M*/L ratios to be constant for each given galaxy. To obtain the 
best fit, we adjust the disk M*/L ratio (also the bulge ratio, if present) and the 
distance ratio d. Mass-to-light ratios and the distance ratio are the only free pa-
rameters. 

Figures 1-3 show three examples of MOUND fits to rotation curves. The radius  
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Figure 1. Bulge dominated spiral. 

 

 
Figure 2. Disk dominated spiral. 

 

 
Figure 3. Gas dominated dwarf. 

 
(horizontal axis) is given in kpc and the rotation velocity (vertical axis) is given 
in km∙s−1. The dots show the observed rotation curve (Vobs), the dashed line 
shows the baryonic Newtonian rotation curve (Vbar) and the solid line shows the 
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MOUND predicted rotation curve (VMOUND). For each galaxy, we show the in-
ferred M*/L ratio and the distance ratio d. 

We applied the MOUND formula to a large sample of galaxies including small 
and large, bulge or disk dominated galaxies as well as gas dominated dwarfs, see 
Figures 1-3 and Figure 4. Considering the uncertainty relating to the observed  

 

 
Figure 4. The radius (horizontal axis) is given inkpc and the rotation velocity (vertical axis) is given in km∙s−1. The dots show the 
observed rotation curve (Vobs), the dashed line shows the baryonic Newtonian rotation curve (Vbar) and the solid line shows the 
MOUND predicted rotation curve (VMOUND). 

https://doi.org/10.4236/ijaa.2021.111006


P. G. Tonin 
 

 

DOI: 10.4236/ijaa.2021.111006 91 International Journal of Astronomy and Astrophysics 
 

velocities, distances, inclinations and possible peculiar velocities of galaxies, the 
rotation curves obtained using the MOUND formula confirm that MOUND 
could account for the mass discrepancy in galaxies without the need to invoke 
dark matter. 

4. Galaxy Groups and Clusters 

Milgrom’s MOND fails to account for the mass discrepancy in galaxy groups 
and clusters by a factor of two to three [3] [4] [5]. We show, in Figure 5, that 
this is not the case for MOUND. 

 

 
Figure 5. The baryonic mass as a function of circular velocity for galaxy groups and ga-
laxy clusters (dots). The MOND prediction is shown as a dashed line and the MOUND 
prediction is shown as a solid line. 

5. The Classic Newtonian formula 

From equation (1), we deduce that: 
if 

u
GM GMg

r
                         (5) 

then 

obs
GMv

r
=                          (6) 

which is exactly the classic Newtonian equation for the rotation velocity of a ga-
laxy. 

The radial acceleration (g) is defined as: 

2

GMg
r

=                            (7) 

Therefore, Equation (5) can be rewritten as: 

ug g                            (8) 
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We conclude that, for radial accelerations (g) that are much larger than the 
Universe gravitational acceleration (gu), the MOUND formula reverts to the 
classic Newtonian formula. 

6. The Baryonic Tully-Fisher Relation (BTFR) 

The mass of a galaxy correlates with the amplitude of the flat rotation velocity. 
This is known as the Baryonic Tully-Fisher Relation [7] [8] expressed as follows: 

4
flatv GMg=                           (9) 

where vflat is the flat rotation velocity, G is the Newtonian gravitational constant, 
M is the mass of the galaxy and g is the radial acceleration. 

From Equation (1), we deduce that: 
if 

u
GM GMg

r
                        (10) 

Then 
4
obs uv GMg=                          (11) 

which is exactly the Baryonic Tully-Fisher relation. 
Equation (10) can be rewritten as: 

ug g                            (12) 

We conclude that, for radial accelerations (g) that are much smaller than the 
Universe gravitational acceleration (gu), the MOUND formula reverts to the 
Baryonic Tully-Fisher relation. 

We note that, contrary to Milgrom’s MOND, MOUND does not require an 
empirical interpolating function to transition from the high acceleration regime 
(Newtonian regime) to the low acceleration regime (MOND regime). 

7. The Radial Acceleration Relation (RAR) 

The radial acceleration of rotationally supported galaxies correlates with the ac-
celeration predicted by the observed distribution of baryons. This is known as 
the Radial Acceleration Relation (RAR) [9] [11]. 

The observed radial acceleration (gobs) is defined as: 
2
obs

obs
v

g
r

=                          (13) 

where vobs is the observed rotation speed and r the distance from the galaxy’s 
center. 

The baryonic acceleration (gbar) is defined as: 

2bar
GMg
r

=                          (14) 

Substituting the above in Equation (1), we obtain: 

obs bar bar ug g g g= +                      (15) 
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Figure 6. Observed radial acceleration versus the predicted baryonic acceleration. 516 
data points from the 23 galaxies featured in this paper. 

 
Figure 6 shows the observed radial acceleration (dots) versus the predicted 

baryonic acceleration (dashed line) and the MOUND predicted curve (solid 
line). 

It confirms that the MOUND formula predicts, through a precise equation, 
that the observed radial acceleration is correlated to the baryonic acceleration as 
reported by McGaugh et al. [9] 

8. Conclusion 

In this paper, we have tested and explored a novel MOUND (Modified Universe 
Dynamics) formula recently proposed by the author. We have shown that it 
provides an alternative to Milgrom’s MOND without the main limitations of 
MOND, namely its empirical interpolating function and its inability to fully ac-
count for the mass discrepancy in galaxy clusters. MOUND and its underlying 
theory [6] could potentially be a viable alternative to dark matter and form the 
basis of a much simpler cosmological model without any ad hoc parameters. 
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Abstract 
Interaction between the intracluster medium and the interstellar media of ga-
laxies via ram-pressure stripping (RPS) has ample support from both obser-
vations and simulations of galaxies in clusters. Some, but not all of the obser-
vations and simulations show a phase of increased star formation compared 
to normal spirals. Examples of galaxies undergoing RPS induced star forma-
tion in clusters experiencing a merger have been identified in high resolution 
optical images supporting the existence of a star formation phase. We have 
selected Abell 3266 to search for ram-pressure induced star formation as a 
global property of a merging cluster. Abell 3266 (z = 0.0594) is a high mass 
cluster that features a high velocity dispersion, an infalling subcluster near to 
the line of sight, and a strong shock front. These phenomena should all con-
tribute to making Abell 3266 an optimum cluster to see the global effects of 
RPS induced star formation. Using archival X-ray observations and published 
optical data, we cross-correlate optical spectral properties ([OII, Hβ]), indica-
tive of starburst and post-starburst, respectively with ram-pressure, ρv2, cal-
culated from the X-ray and optical data. We find that post-starburst galaxies, 
classified as E + A, occur at a higher frequency in this merging cluster than in 
the Coma cluster and at a comparable rate to intermediate redshift clusters. 
This is consistent with increased star formation due to the merger. However, 
both starburst and post-starburst galaxies are equally likely to be in a low or 
high ram pressure environment. From this result, we infer that the duration 
of the starburst phase must be very brief so that: 1) at any time only a small 
fraction of the galaxies in a high ram pressure environment show this effect, 
and 2) most post-starburst galaxies are in an environment of low ram pres-
sure due to their continued orbital motion in the cluster. 
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1. Introduction 

An estimated 20% of all galaxies are in clusters of galaxies [1]. These large struc-
tures are typically ~3 million light years or more in radius and are roughly cir-
cular in projection. A hot (107−8 K), X-ray emitting intracluster medium (ICM) 
permeates all galaxy clusters. The X-ray spectra from the plasma have a thermal 
bremsstrahlung continuum with emission lines from high ionization states of 
elements such as O, Fe, Si, and S. These elements are formed in stars and their 
presence in the ICM implies a connection to star formation, which takes place 
predominately in galaxies [2]. The elements have an average global abundance of 
0.3 Solar for rich clusters with kT ~5 keV [3]. However, cluster radial metallicity 
profiles show a central peak of Fe as well as other elements [4]. While studies of 
sedimentation of metals to the center of the cluster could account, at least in 
part, for the excess metals [5], inclusion of the intracluster magnetic field gives a 
prohibitively long time for this process [6]. With the expected slow settling time 
via diffusive models and inhibition from a likely non-radial magnetic field, se-
dimentation would be inefficient. Therefore, much of the metal enhancement 
must have originated from local galaxy evolutionary processes that are more effi-
cient in the cluster center. [7] originally suggested that as galaxies move through 
the ICM, there is a possibility that their interstellar medium (ISM) could be re-
moved through RPS. The high velocity of the galaxy through the ICM and the 
local density of the ICM, which increases toward the center, results in a ram 
pressure that is higher in the inner 500 kpc than the outer parts of the cluster [8]. 
The increased metals in a region of generally higher gas density (and therefore 
higher ram-pressure) are consistent with RPS being associated with the metal 
enrichment. Though there are competing galaxy evolutionary processes that fa-
vor the cluster center [9], images of gas removal in galaxies by RPS are evident in 
the jelly-fish galaxies. 

Modeling ram-pressure stripping of the hot coronae of galaxies in clusters is 
consistent with the trend of smaller cluster galaxy coronae compared to the hot 
X-ray halos of field galaxies. This indicates that at least some gas removal occurs 
within cluster environments for recently accreted galaxies [10]. In fact, evidence 
of ram-pressure stripping of M86 in the Virgo cluster was seen in the X-ray soon 
after it was predicted [11]. Later observations mapped the structure of its 150 
kpc tidal tail in the X-ray with high resolution [12] providing details of the 
stripping process. More recently, an ample number of observations showing that 
RPS occurs in galaxy clusters [13] [14] [15] have become available. Simulations 
and observations generally agree that the outer disk (>20 kpc) is stripped first 
and the gas forms a tail in the wake of the galaxy [16]-[21]. Simulations are in 
general agreement that ram pressure increases the galactic star formation rate 
[22] [23] and there are examples of increased star formation observed during 
RPS [24] [25] [26] [27] [28]. [27] reports a significant enhancement in star for-
mation due to RPS in a large sample of clusters using optical spectroscopy. 
However, there are counter examples of RPS where enhanced star formation is 
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not seen; for example, in the Virgo cluster [29]. 
A general feature of simulations that are characterized by enhanced star for-

mation is that ram pressure causes a compression of the gas within the disk of 
the galaxy. This transfer of gas from the outer regions of the galaxy to the inner, 
increases the gas density, resulting in an increase in the star formation rate. 
However, other simulations do not see enhanced star formation in the disk [30] 
or only a slight enhancement for galaxies with select physical parameters and 
orientation [31] [32] [33]. Simulations of RPS during a galaxy cluster merger 
[22] [23] show increased star formation due to local enhancements in gas densi-
ty from the cluster wide shocks that typically accompany mergers and the broa-
dened velocity dispersion. This phase of enhanced star formation in the disk and 
gas halo stripping [34] leads to an overall reduction of the gas available to the 
galaxy, resulting in a subsequent decrease in the overall star formation rate. 
Thus, there is an optimum time to observe the increased star formation rate as it 
should only be enhanced for a relatively short time period after ram pressure 
stripping begins [22]. The length of time depends on the strength of the ram 
pressure acting on the galaxy and the velocity of the galaxy, since this would af-
fect the length of the RPS phase. As the galaxy encounters denser regions of the 
ICM, and hence stronger ram pressure, higher star formation rates should occur. 
This is directly observed in the Jellyfish galaxies found in merging clusters [35] 
[36] [37]; [26]. The increase in star formation should be accompanied by an ob-
served enhancement in the equivalent width of emission or absorption lines. The 
stripping timescale in the center of the cluster is estimated at 200 - 500 Myr [33] 
[16] [8] so that if a galaxy cluster is observed after this time, any enhancement in 
these lines may no longer be observable. 

[27] has reported increased star formation via RPS in clusters of various 
morphology using a spectroscopic data set. In this paper, we will specifically ad-
dress the connection with cluster merger. We have chosen a cluster with an on-
going merger to look for a global effect of increased star formation since there is 
some disagreement about the importance of this phase in the simulations. Abell 
3266 is a well studied cluster with an ongoing merger [38] [39] [40] [41]. The 
cluster has a high velocity dispersion in the central region, 1367 km∙s−1, while the 
outer region of the cluster exhibits a velocity dispersion similar to other rich 
clusters, 1000 km∙s−1 [39]. These velocities are consistent with the trend in values 
derived by [41] though smaller as these authors use a less restrictive velocity cri-
terion for cluster membership and therefore model the larger cluster environ-
ment. The merger process creates more high velocity galaxies in the cluster as 
the kinetic energy of the infalling subcluster is turned into internal cluster ener-
gy via dynamical friction thus inflating the velocity dispersion in the central re-
gion. The cluster velocity distribution also has a high velocity component identi-
fied with a subcluster, which contains 30 galaxies [40]. Further evidence of a 
merger is an asymmetric gas distribution and regions of shocked gas [39]. There 
should be higher ram pressure in these local regions of increased galaxy velocity 
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and post-shock, higher density gas. Depending on the timescale of stripping, as 
discussed above, we expect to see a correlation between high local ram pressure 
and the equivalent width of [OII] or Hβ due to an increase in star formation. If 
no correlation is seen between ram pressure and these lines, it could be that this 
phase of star formation has already ceased. However, a cluster with an ongoing 
merger is the best case for catching the relatively short duration process of in-
duced star formation. 

2. X-Ray and Optical Data 

Abell 3266 is a galaxy cluster located in the Southern Hemisphere at 
4h31m24.1s, −61d26m38.0fs (J2000) at a redshift of z = 0.0594 [41]. X-ray obser-
vations showed a central temperature enhancement in the intracluster medium, 
possibly due to a merger [42]. A detailed temperature map confirmed the merger 
and provided details of the shock structure as well as the geometry of the merger 
[39]. The extended cluster region shows a complex gas [38] and optical structure 
containing six groups and filaments to the north of the cluster [41]. Abell 3266 
was observed with the ROSAT Position-Sensitive Proportional Counter (PSPC), 
for 13,547 seconds between August 19, 1993 to September 27, 1993. We choose 
to use the ROSAT PSPC over higher resolution data sets because its large field of 
view, 2 degrees, matches the cluster size and provides full coverage of the Abell 
3266 cluster. The position, velocity, and equivalent width of Hβ and [OII] for 
each galaxy were obtained from the Wide-Field Nearby Galaxy Clusters Survey 
[43]. The spectroscopic data given in Table 1 is from [44]. Typically, the equiva-
lent width of Hα is used as an optical indicator of recent star formation [45]. 
When the spectroscopic data collected for Abell 3266 was fit, the Hα line was 
found to be in a cluttered region of the spectrum. This is due to the presence of 
the NII spectral lines, at wavelengths of 6548Å and 6583Å, on either side of the 
Hα line. The uncertainty in the Hα line for this cluster lead us to choose the Hβ 
line as the preferred indicator of star formation. When examining the intensity 
of the Balmer series transitions, the ratio of intensity of Hα compared to Hβ at 
10,000 K is 2.87, and all subsequent Balmer transitions higher than Hβ are sub-
stantially weaker. So, although Hα could not be used for this study, Hβ is a rea-
sonable alternative for detecting star formation since it is the next strongest 
Balmer line. The [OII] emission is due to hot, young stars, namely O and B type 
stars. The optimal conditions for producing [OII] emission can be found in HII 
regions [46]. Because of the short lifetime for these massive stars, [OII] emission 
is a good indicator of the most recent star formation. 

There are other star formation indicators than those used here and indicators 
exist across the electromagnetic spectrum, including: radio line and continuum, 
FIR, optical emission and absorption lines, UV, and X-ray. Each indicator has 
advantages and disadvantages with regard to applicability and calibration (see 
references in [45]). Indicators in the UV/optical/NIR rely on radiation from the 
stars themselves, while the FIR, radio, and X-ray are less direct. The radio  
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Table 1. Optical Line Equivalent Widths. 

WINGS ID 
[OII] EW 
Width (Å) 

[OII EW] Error 
Width (Å) 

Hδ EW 
Width (Å) 

Hδ EW Error 
Width (Å) 

Hβ EW 
Width (Å) 

Hβ EW Error 
Width (Å) 

RA 
Degrees 

DEC 
Degrees 

J042847.65-613052.9 − − 2.16 0.81 0.87 0.58 67.19854 −61.51469 

J042856.57-613753.8 − − 7.98 2.27 0.29 0.34 67.23571 −61.63161 

J042902.02-611354.9 − − 2.2 1.15 2.88 1.15 67.25842 −61.23192 

J042902.33-612417.2 −9.37 2.59 5.29 1.25 −2.02 0.86 67.25971 −61.40478 

J042905.27-611302.4 −10.72 2.79 3.77 1.16 −7.76 1.7 67.27196 −61.21733 

J042905.22-611321.7 −17.76 2.54 7 1.79 −6 1.42 67.27175 −61.22269 

J042907.20-612018.3 − − 1.03 0.6 2.55 0.88 67.28 −61.33842 

J042908.67-613906.4 −9.96 6.86 −2.81 1.04 1.92 0.86 67.28612 −61.65178 

J042912.95-611508.4 −35.65 8.31 4.76 1.28 1.67 0.69 67.30396 −61.25233 

J042916.95-611953.1 −11.09 1.9 1.82 1.16 −4.08 1.96 67.32062 −61.33142 

J042917.68-612818.2 − − 1.06 0.63 1.41 0.71 67.32367 −61.47172 

J042918.62-611929.8 − − 1.83 0.8 0.84 0.49 67.32758 −61.32494 

J042918.93-611419.3 − − 3.08 1.11 1.29 0.68 67.32887 −61.23869 

J042924.75-611905.7 − − 0.79 0.51 1.99 0.7 67.35312 −61.31825 

J042924.92-612603.4 − − 0.92 0.56 1.3 0.6 67.35383 −61.43428 

J042925.36-613345.9 − − 0.83 0.68 0.73 0.53 67.35567 −61.56275 

J042926.28-611155.9 0 0.56 4.16 1.25 0.82 0.59 67.3595 −61.19886 

J042927.18-611651.9 −2.93 2.1 3.48 1.11 2.4 0.76 67.36325 −61.28108 

J042927.89-612337.0 − − 1.44 0.71 2.45 0.91 67.36621 −61.39361 

J042932.77-611452.5 − − 0.44 0.38 1.46 0.72 67.38654 −61.24792 

J042933.01-611124.4 −2.18 1.31 2.47 0.92 −1.02 1.08 67.38754 −61.19011 

J042933.10-611536.3 −2.55 1.53 1.73 0.77 0.74 0.46 67.38792 −61.26008 

J042934.78-612803.7 − − 1.05 0.6 1.59 0.73 67.39492 −61.46769 

J042936.13-611450.2 − − − − 2.48 1.13 67.40054 −61.24728 

J042937.98-611445.5 − − 1.2 0.66 2.41 0.92 67.40825 −61.24597 

J042939.59-611034.5 −30.48 5.48 −0.24 0.27 −1.58 0.78 67.41496 −61.17625 

J042944.51-611456.3 −17.76 3.3 2.31 0.82 −10.04 1.99 67.43546 −61.24897 

J042944.77-613054.9 − − 2.68 1.05 2.83 1.05 67.43654 −61.51525 

J042946.91-613025.6 −31.43 8.41 −7.68 1.45 6.02 1.59 67.44546 −61.50711 

J042947.62-612337.0 − − − − 7.11 3.14 67.44842 −61.39361 

J042948.73-613732.2 − − − − 2.44 0.87 67.45304 −61.62561 

J042951.03-611127.3 − − 1.38 0.69 1.55 0.72 67.46262 −61.19092 

J042951.96-611812.9 −4.13 1.43 − − 0.36 0.42 67.4665 −61.30358 

J042957.45-611145.7 − − 1.26 0.72 2.57 0.98 67.48937 −61.19603 

J043000.74-612554.3 −21.87 16.42 2.23 1.08 1.98 1.07 67.50308 −61.43175 
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J043003.09-611714.0 −22.73 8.03 2.3 1.13 0.89 0.96 67.51287 −61.28722 

J043003.77-611555.4 − − 0.27 0.38 0.14 0.33 67.51571 −61.26539 

J043004.38-612255.5 − − 3.78 1.13 2.32 1.06 67.51825 −61.38208 

J043004.47-612325.7 0 0.7 2.56 0.95 1.52 0.73 67.51862 −61.39047 

J043006.99-613551.2 − − 5.8 1.79 4.2 1.49 67.52912 −61.59756 

J043007.64-612003.6 0 0.49 1.08 0.67 2.25 0.92 67.53183 −61.33433 

J043008.03-611809.3 −30.83 7.46 0.02 0.14 −1.23 1.24 67.53346 −61.30258 

J043008.45-612529.8 − − − − 3.78 1.94 67.53521 −61.42494 

J043012.30-611946.4 − − − − −6.82 2.85 67.55125 −61.32956 

J043014.66-612808.7 − − 7.34 1.47 3.29 1 67.56108 −61.46908 

J043014.72-613145.4 − − − − 1.75 0.87 67.56133 −61.52928 

J043016.68-612239.4 − − − − 3.02 1.9 67.5695 −61.37761 

J043017.05-611844.1 −46.92 5.74 4.78 1.25 −8.07 1.71 67.57104 −61.31225 

J043018.11-613508.8 −3.17 1.14 2.2 0.87 −2.12 0.84 67.57546 −61.58578 

J043018.94-611806.9 − − 5.39 1.48 0.41 0.53 67.57892 −61.30192 

J043020.03-612609.7 − − 3.09 1.18 2.48 1.02 67.58346 −61.43603 

J043021.56-612848.7 0 0.25 1.44 0.68 1.24 0.66 67.58983 −61.48019 

J043022.67-612319.6 −12.71 5.45 4.67 1.38 1.3 0.68 67.59446 −61.38878 

J043025.99-612745.9 − − 5.28 2.55 −4.79 1.8 67.60829 −61.46275 

J043026.05-613524.8 −35.58 18.78 −12.89 1.98 2.69 0.94 67.60854 −61.59022 

J043026.74-613031.9 −4.99 2.82 1.71 0.83 2.82 1.09 67.61142 −61.50886 

J043026.85-613503.1 − − 8.14 1.93 7.24 2.18 67.61187 −61.58419 

J043028.36-611704.0 −17.28 5.12 1.49 0.86 0.43 0.74 67.61817 −61.28444 

J043028.68-611939.8 − − − − 0.49 0.46 67.6195 −61.32772 

J043028.84-613932.5 − − 2.92 1.19 2.58 1 67.62017 −61.65903 

J043030.43-612023.1 −3.23 1.61 2.89 1.02 0.51 0.46 67.62679 −61.33975 

J043032.07-614200.6 −25.8 8.63 0.03 0.48 −7.23 1.69 67.63362 −61.70017 

J043032.53-611257.5 − − 2.46 1 0.67 0.82 67.63554 −61.21597 

J043032.85-613755.5 − − 1.42 0.73 1.69 0.92 67.63687 −61.63208 

J043033.23-613300.7 − − 4.77 2.09 8.44 2.63 67.63846 −61.55019 

J043034.31-611912.6 − − 2.3 1.17 1.86 1.05 67.64296 −61.32017 

J043037.57-614249.6 − − 1.85 0.97 6.42 2.62 67.65654 −61.71378 

J043037.69-612902.7 − − 1.47 0.75 1.28 0.74 67.65704 −61.48408 

J043038.92-612837.5 − − 2.14 0.94 3.38 1.42 67.66217 −61.47708 

J043039.53-613507.8 − − 2.2 0.9 1.39 0.66 67.66471 −61.5855 

J043039.66-611751.9 −3.47 2.26 2.74 1.11 8.73 1.88 67.66525 −61.29775 

J043041.79-612243.1 −3.15 1.78 1.37 0.6 1.76 0.75 67.67412 −61.37864 
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J043041.87-612715.8 0 0.6 0.91 0.54 2.7 0.81 67.67446 −61.45439 

J043041.86-611303.0 − − 1.95 0.84 2.8 1.02 67.67442 −61.2175 

J043041.88-611709.9 − − − − 2.05 0.82 67.6745 −61.28608 

J043043.25-612106.9 −66.91 7.36 − − −18.85 2.49 67.68021 −61.35192 

J043044.89-611104.6 − − − − 1.5 0.85 67.68704 −61.18461 

J043045.32-613300.4 − − 4.22 1.41 1.5 0.83 67.68883 −61.55011 

J043045.38-612335.7 0 0.37 1.38 0.63 0.54 0.37 67.68908 −61.39325 

J043045.64-613538.7 − − 0.69 0.63 2.09 1.32 67.69017 −61.59408 

J043046.27-611132.2 − − − − 1.25 0.61 67.69279 −61.19228 

J043050.16-611543.9 0 0.09 1.5 0.71 1.9 0.8 67.709 −61.26219 

J043050.35-611406.0 0 1.18 − − 1.53 1.03 67.70979 −61.235 

J043051.24-611059.7 0 0.26 1.07 0.52 0.94 0.55 67.7135 −61.18325 

J043051.87-612324.4 − − 3.13 1.16 6.89 1.64 67.71612 −61.39011 

J043052.13-611034.7 − − − − −0.73 0.83 67.71721 −61.17631 

J043052.25-612813.8 − − 1.89 0.77 0.59 0.46 67.71771 −61.4705 

J043053.08-612514.2 −3.05 2.26 4.28 1.13 3.2 1.57 67.72117 −61.42061 

J043053.73-613005.7 − − 1.65 0.77 2.3 0.83 67.72387 −61.50158 

J043054.21-612103.2 − − 2.05 0.82 1.48 0.69 67.72587 −61.35089 

J043055.49-612014.3 − − 2.27 1.13 2.01 0.98 67.73121 −61.33731 

J043056.84-613202.3 − − 1.53 0.71 1.74 0.71 67.73683 −61.53397 

J043056.87-611333.5 − − 3.31 1.22 3.79 1.55 67.73696 −61.22597 

J043056.90-612147.4 − − 3.66 1.34 −2.01 1.67 67.73708 −61.36317 

J043057.00-613107.3 −11.63 6.7 −19.85 2.91 6.8 2.09 67.7375 −61.51869 

J043058.25-613536.2 −5.99 3.96 0.73 0.47 0.21 0.54 67.74271 −61.59339 

J043058.75-611021.0 − − − − −1.28 0.8 67.74479 −61.1725 

J043059.59-612507.2 − − − − 1.04 0.79 67.74829 −61.41867 

J043059.55-612740.1 −9.39 8.53 6.53 1.61 −9.28 4.98 67.74812 −61.46114 

J043059.77-613438.5 0 0.17 1.19 0.71 1.76 0.89 67.74904 −61.57736 

J043100.91-612957.9 −57.74 12.48 − − −5.96 4.46 67.75379 −61.49942 

J043104.72-613053.4 − − 5.42 1.52 −0.7 1.02 67.76967 −61.51483 

J043104.61-612802.6 − − 1.21 0.57 1.71 0.67 67.76921 −61.46739 

J043107.70-613012.1 − − 3.53 1.35 −0.46 0.78 67.78208 −61.50336 

J043108.34-613413.8 − − 4.39 1.36 1.17 1.01 67.78475 −61.5705 

J043108.71-612707.0 −2.82 2.08 2.41 0.94 1.69 1.01 67.78629 −61.45194 

J043108.81-612510.1 −24.6 7.22 3.67 1.01 −6.88 1.45 67.78671 −61.41947 

J043109.75-612535.8 − − − − 5.96 1.83 67.79062 −61.42661 

J043112.64-612728.9 0 0.29 1.12 0.68 1.75 0.76 67.80267 −61.45803 

https://doi.org/10.4236/ijaa.2021.111007


M. J. Henriksen, S. Dusek 
 

 

DOI: 10.4236/ijaa.2021.111007 102 International Journal of Astronomy and Astrophysics 
 

Continued 

J043113.20-611037.9 − − − − 0.64 0.65 67.805 −61.17719 

J043114.59-612344.7 0 1.49 1.97 1.09 1.83 0.95 67.81079 −61.39575 

J043117.02-612724.2 − − 7.41 1.76 1.08 1.15 67.82092 −61.45672 

J043117.25-613149.8 −2.3 1.69 6.24 1.29 3.62 1.09 67.82187 −61.5305 

J043117.66-612743.7 − − − − 3.37 1.2 67.82358 −61.46214 

J043121.54-613016.3 − − − − −0.85 1.14 67.83975 −61.50453 

J043121.86-612517.7 − − 0.93 0.93 0.56 0.74 67.84108 −61.42158 

J043123.30-612726.9 − − 1.31 0.65 0.52 0.42 67.84708 −61.45747 

J043126.94-612301.3 −5.97 2.29 8.25 1.62 4.28 1.07 67.86225 −61.38369 

J043130.61-613845.0 −26.95 4.34 2.65 0.89 −1.86 1.07 67.87754 −61.64583 

J043131.08-614208.8 − − 1.53 1.03 3.91 1.49 67.8795 −61.70244 

J043137.44-612552.9 − − − − 3.12 0.99 67.906 −61.43136 

J043139.30-613951.6 − − − − −4.61 1.81 67.91375 −61.66433 

J043139.39-612141.8 −23.83 5.01 2.83 1.19 −0.58 0.91 67.91412 −61.36161 

J043140.34-611635.3 − − 2.57 0.99 1.62 0.73 67.91808 −61.27647 

J043142.26-613139.2 0 0.32 0.09 0.18 0.67 0.46 67.92608 −61.52756 

J043142.88-613020.1 − − 1.81 0.87 1.32 0.75 67.92867 −61.50558 

J043147.43-611754.8 −18.34 2.78 5.71 1.39 −17.05 2.94 67.94762 −61.29856 

J043148.16-611802.1 − − 5.93 1.8 3.92 1.72 67.95067 −61.30058 

J043148.33-611633.8 − − 8.23 1.52 1.53 1.39 67.95137 −61.27606 

J043150.03-611929.7 −10.85 4.49 7.57 1.73 3.58 1.43 67.95846 −61.32492 

J043150.25-613046.3 − − 0.55 0.44 0.94 0.72 67.95937 −61.51286 

J043151.90-613215.1 − − − − −3.58 3.32 67.96625 −61.53753 

J043153.18-611850.0 − − − − 8.37 2.34 67.97158 −61.31389 

J043153.46-612941.2 − − 5.97 1.54 2.36 1.1 67.97275 −61.49478 

J043153.58-612738.5 − − 6.31 1.58 0.78 1.18 67.97325 −61.46069 

J043153.72-612614.4 − − − − 2.32 0.86 67.97383 −61.43733 

J043155.17-613042.0 −63.03 13.55 −1.44 0.74 −15.67 3.41 67.97987 −61.51167 

J043158.70-611624.1 −8.26 3.93 1.63 0.69 1.63 0.67 67.99458 −61.27336 

J043200.75-611503.0 − − 2.8 0.97 1.23 0.78 68.00312 −61.25083 

J043202.49-611946.6 − − 1.98 0.87 1.68 0.81 68.01037 −61.32961 

J043212.83-611232.9 − − 2.56 0.94 2.21 0.93 68.05346 −61.20914 

J043213.28-612540.2 −5.97 3.25 3.8 1.38 2.81 1.03 68.05533 −61.42783 

J043213.90-613812.0 0 0.02 3 1.09 4.24 1.21 68.05792 −61.63667 

J043218.84-611920.3 − − 5.01 1.35 4 1.29 68.0785 −61.32231 

J043221.93-611041.2 −6.94 6.72 − − 1.82 0.88 68.09137 −61.17811 

J043222.39-613551.0 −117.41 86.44 −0.55 0.77 3.47 1.1 68.09329 −61.5975 
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J043223.53-613340.0 − − 0.34 0.33 1.58 0.69 68.09804 −61.56111 

J043225.62-612320.0 −31.43 6.95 − − 4.65 2.05 68.10675 −61.38889 

J043226.65-612134.2 − − 2.81 0.94 4.26 2.01 68.11104 −61.3595 

J043229.88-613044.6 0 1.09 1.21 0.56 1.58 0.72 68.1245 −61.51239 

J043233.84-613838.8 − − 1.33 0.68 2.69 0.96 68.141 −61.64411 

J043234.08-611359.1 −4.32 1.46 1.59 0.75 −1.46 0.73 68.142 −61.23308 

J043234.77-611455.5 − − 3.33 1.06 2.4 1.07 68.14487 −61.24875 

J043235.35-612945.4 − − 3.93 1.3 1.51 0.96 68.14729 −61.49594 

J043239.62-612555.1 − − − − −4.8 2.15 68.16508 −61.43197 

J043240.10-612542.5 − − 1.21 0.62 1.67 0.74 68.16708 −61.42847 

J043241.58-612303.8 −4.13 2.75 2.44 1.11 3.7 1.19 68.17325 −61.38439 

J043242.82-612811.1 − − 2.97 1.01 0.84 0.75 68.17842 −61.46975 

J043244.94-611627.0 −13.95 3.89 5.41 1.2 1.14 0.79 68.18725 −61.27417 

J043245.88-613256.3 − − − − 2.55 1.14 68.19117 −61.54897 

J043247.12-612107.2 0 0.97 3.64 1.06 3.12 1.4 68.19633 −61.352 

J043247.60-612511.3 − − − − 6.04 1.33 68.19833 −61.41981 

J043248.45-611947.8 − − − − 6.26 1.74 68.20187 −61.32994 

J043252.93-612936.9 −28.85 4.2 − − −12.75 3.68 68.22054 −61.49358 

J043254.13-612132.4 − − − − 0.83 0.6 68.22554 −61.359 

J043254.18-612547.7 − − 1.8 0.73 2.22 0.95 68.22575 −61.42992 

J043255.41-611910.4 0 0.25 1.68 0.7 4.01 1.06 68.23087 −61.31956 

J043257.83-612547.2 − − 1.86 0.84 2.21 0.93 68.24096 −61.42978 

J043258.46-613005.1 0 0.5 1.59 0.73 2.48 0.83 68.24358 −61.50142 

J043306.66-612613.7 0 0.14 0.89 0.53 1.16 0.63 68.27775 −61.43714 

J043308.58-612115.4 −2.47 2.02 3.52 1.14 2.34 0.9 68.28575 −61.35428 

J043309.01-612312.1 − − 6.9 1.57 −3.14 1.81 68.28754 −61.38669 

J043314.12-612034.0 − − 2.23 0.87 1.78 0.73 68.30883 −61.34278 

J043315.31-612143.0 − − − − 2.04 0.79 68.31379 −61.36194 

J043316.32-611800.9 −4.96 2.81 1.48 0.75 1.81 0.73 68.318 −61.30025 

J043322.76-612845.8 − − − − 0.43 0.4 68.34483 −61.47939 

 
line-to-continuum ratio, involving free-free emission from a star-forming re-
gion, must be separated from contaminating dust and synchrotron emission 
(references in [47]). The FIR, UV, and X-ray are associated with high mass 
stars and therefore recent or ongoing star formation, in the last 100 million 
years or so. The Balmer and oxygen emission and absorption lines, used in this 
paper, have the advantage of covering a broader range of stellar mass, from in-
termediate to high and therefore cover several billion years of star formation. 
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However, the optical lines have the disadvantage of sensitivity to attenuation by 
dust. 

3. Analysis 

Given the large number of groups in the cluster found optically that also appear 
to have enhanced X-ray emission [41], we calculate the local gas density for each 
galaxy. The local gas density is obtained from an annulus with inner radius of 25 
kpc and outer radius of 50 kpc. These values are nominally chosen to both ex-
clude emission from a disk similar to the Milky Way and restrict gas density to the 
local value encountered by the galaxy. The angular scale for Abell 3266 is 70.4 
kpc∙arcmin−1 so the annulus dimensions are sub arc minute. The point-spread 
function for the PSPC is described by a Gaussian with a width that varies with 
distance from the detector center from 15 arc sec to 50 arc sec at 1 keV [48]. 
Thus the regions are folded through the point spread function (see Table 2). The 
energy range for each region was restricted to 0.5 - 2.4 keV, which maximizes 
source counts while minimizing background contamination. Only galaxies with 
an X-ray signal-to-noise count rate greater than 3 were used to obtain a gas den-
sity. The count rate is converted to a flux using an APEC model with specified 
values for temperature, abundance, and column density. The fluxes and norma-
lizations are shown in Table 3. The ion density is calculated from the normaliza-
tion, which contains the emission integral, using the sampled volume and an av-
erage electron per ion corresponding to the assumed abundances. The ion den-
sity is given in Table 4. The abundances assumed for the count rate to flux con-
version as well as the density calculation is 90% H and 10% He, with metals ig-
nored. The emission weighted PSPC temperature, 5.8 keV [40] is used through-
out the cluster as the PSPC is insensitive to temperature changes in the X-ray 
emitting gas. The column density is set to 2 × 1020 cm−2 [49]. 

The ram pressure depends on the velocity of each galaxy in addition to the ion 
density and mass. [40] found that the range of galaxies in the Abell 3266, fol-
lowing a clipping procedure described in detail there, includes galaxies with 
heliocentric velocity between 15,000 and 21,000 km∙s−1. Figure 1 shows the ve-
locity histogram for the galaxies used in our analysis. 

Of the original 263 galaxies in the WINGS survey, 51 are outside of the veloc-
ity range and are likely foreground or background. Another 35 galaxies are 
eliminated due to low signal-to-noise X-ray data or non-physical [OII] values. 
The heliocentric velocity of the main cluster core found by [40] is 17,804 km∙s−1 
giving a redshift of 0.0594, consistent with [41]. We use 0.0594 as the redshift 
throughout the paper. The velocity of each galaxy is found by subtracting the 
galaxy velocity from the heliocentric cluster velocity. The galaxy velocities are 
given in Table 4. The distribution of galaxies, as seen in Figure 1, is asymmetric 
and the peak is offset from zero, further evidence of the merger. 

In general, the gas density is higher toward the center, and lower in the out-
skirts. However, in a cluster merger, there is an asymmetry in the X-ray surface  

https://doi.org/10.4236/ijaa.2021.111007


M. J. Henriksen, S. Dusek 
 

 

DOI: 10.4236/ijaa.2021.111007 105 International Journal of Astronomy and Astrophysics 
 

Table 2. Regions for Gas Density Measurements. 

Hour 
RA DEC Off Axis 

Radius (arcmin) 
PSF Width 

(arc sec) 
Inner Radius 

(arcsec) 
Outer Radius 

(arcsec) min sec degrees arcmin arcsec 

4 31 50.03 −61 19 29.7 12.4337 19.9201 44.9201 69.9201 

4 30 34.31 −61 19 12.6 11.2017 17.973 42.973 67.973 

4 30 50.16 −61 15 43.9 14.6472 23.8213 48.8213 73.8213 

4 31 40.34 −61 16 35.3 14.724 23.9649 48.9649 73.9649 

4 30 59.59 −61 25 7.2 4.07797 11.037 36.037 61.037 

4 30 8.03 −61 18 9.3 13.7105 22.112 47.112 72.112 

4 31 39.39 −61 21 41.8 9.58788 15.7072 40.7072 65.7072 

4 31 13.2 −61 10 37.9 20.4041 35.8627 60.8627 85.8627 

4 32 47.12 −61 21 7.2 16.8322 28.1034 53.1034 78.1034 

4 33 14.12 −61 20 34 20.3085 35.644 60.644 85.644 

4 32 55.41 −61 19 10.4 18.9509 32.6022 57.6022 82.6022 

4 32 26.65 −61 21 34.2 14.2444 23.0761 48.0761 73.0761 

4 30 28.36 −61 17 4 13.7331 22.1522 47.1522 72.1522 

4 29 44.51 −61 14 56.3 18.4374 31.4832 56.4832 81.4832 

4 29 57.45 −61 11 45.7 20.767 36.6974 61.6974 86.6974 

4 30 56.87 −61 13 33.5 17.0372 28.5244 53.5244 78.5244 

4 30 58.75 −61 10 21 20.6304 36.3822 61.3822 86.3822 

4 30 51.24 −61 10 59.7 19.9349 34.7953 59.7953 84.7953 

4 29 39.59 −61 10 34.5 23.0053 42.0159 67.0159 92.0159 

4 30 50.35 −61 14 6 16.4688 27.3644 52.3644 77.3644 

4 29 5.27 −61 13 2.4 23.3189 42.7833 67.7833 92.7833 

4 30 4.47 −61 23 25.7 9.43714 15.5137 40.5137 65.5137 

4 30 45.38 −61 23 35.7 6.06744 12.1249 37.1249 62.1249 

4 29 18.62 −61 19 29.8 16.9995 28.4468 53.4468 78.4468 

4 29 47.62 −61 23 37 11.1649 17.9177 42.9177 67.9177 

4 30 22.67 −61 23 19.6 7.79429 13.6278 38.6278 63.6278 

4 29 24.75 −61 19 5.7 16.6465 27.7244 52.7244 77.7244 

4 30 53.08 −61 25 14.2 4.02546 11.0173 36.0173 61.0173 

4 30 28.68 −61 19 39.8 10.9741 17.6329 42.6329 67.6329 

4 29 32.77 −61 14 52.5 19.3951 33.5845 58.5845 83.5845 

4 29 27.18 −61 16 51.9 18.1529 30.8708 55.8708 80.8708 

4 31 8.71 −61 27 7 2.25179 10.5845 35.5845 60.5845 

4 29 2.33 −61 24 17.2 16.4114 27.2487 52.2487 77.2487 

4 29 34.78 −61 28 3.7 11.2969 18.1171 43.1171 68.1171 
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Continued 

4 29 33.1 −61 15 36.3 18.7164 32.089 57.089 82.089 

4 30 20.03 −61 26 9.7 5.97435 12.0586 37.0586 62.0586 

4 29 24.92 −61 26 3.4 12.9547 20.7942 45.7942 70.7942 

4 29 25.36 −61 33 45.9 13.712 22.1146 47.1146 72.1146 

4 30 37.69 −61 29 2.7 2.86953 10.6878 35.6878 60.6878 

4 30 14.66 −61 28 8.7 5.97325 12.0578 37.0578 62.0578 

4 30 57 −61 31 7.3 2.66258 10.6481 35.6481 60.6481 

4 29 48.73 −61 37 32.2 13.593 21.9034 46.9034 71.9034 

4 30 52.25 −61 28 13.8 1.08041 10.4926 35.4926 60.4926 

4 29 8.67 −61 39 6.4 18.74 32.1406 57.1406 82.1406 

4 30 32.85 −61 37 55.5 10.8505 17.4511 42.4511 67.4511 

4 30 45.32 −61 33 0.4 5.10075 11.5112 36.5112 61.5112 

4 30 39.53 −61 35 7.8 7.60024 13.4335 38.4335 63.4335 

4 30 18.11 −61 35 8.8 9.00532 14.9778 39.9778 64.9778 

4 30 37.57 −61 42 49.6 16.0239 26.474 51.474 76.474 

4 30 59.77 −61 34 38.5 6.5948 12.529 37.529 62.529 

4 31 31.08 −61 42 8.8 15.6023 25.6447 50.6447 75.6447 

4 31 17.25 −61 31 49.8 4.21908 11.0922 36.0922 61.0922 

4 31 42.26 −61 31 39.2 6.63035 12.558 37.558 62.558 

4 32 13.9 −61 38 12 14.5553 23.65 48.65 73.65 

4 32 22.39 −61 35 51 13.6799 22.0574 47.0574 72.0574 

4 32 33.84 −61 38 38.8 16.8205 28.0793 53.0793 78.0793 

4 32 35.35 −61 29 45.4 12.934 20.759 45.759 70.759 

4 32 40.1 −61 25 42.5 13.9603 22.5597 47.5597 72.5597 

4 31 55.17 −61 30 42 7.81878 13.6528 38.6528 63.6528 

4 32 45.88 −61 32 56.3 15.0305 24.5435 49.5435 74.5435 

4 32 42.82 −61 28 11.1 13.9052 22.4605 47.4605 72.4605 

4 31 23.3 −61 27 26.9 3.56717 10.8634 35.8634 60.8634 

4 32 47.6 −61 25 11.3 15.0819 24.6414 49.6414 74.6414 

4 32 13.28 −61 25 40.2 10.5296 16.9877 41.9877 66.9877 

4 32 41.58 −61 23 3.8 15.1529 24.7769 49.7769 74.7769 

4 33 9.01 −61 23 12.1 18.4975 31.6132 56.6132 81.6132 

4 31 37.44 −61 25 52.9 6.07204 12.1282 37.1282 62.1282 

4 33 16.32 −61 18 0.9 22.008 39.6109 64.6109 89.6109 

4 31 14.59 −61 23 44.7 5.99355 12.0722 37.0722 62.0722 

4 31 21.86 −61 25 17.7 4.94247 11.4263 36.4263 61.4263 
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Continued 

4 33 6.66 −61 26 13.7 17.3227 29.1164 54.1164 79.1164 

4 32 54.18 −61 25 47.7 15.7737 25.9801 50.9801 75.9801 

4 33 15.31 −61 21 43 19.9006 34.7178 59.7178 84.7178 

4 31 58.7 −61 16 24.1 15.999 26.4245 51.4245 76.4245 

4 32 34.77 −61 14 55.5 20.1417 35.2641 60.2641 85.2641 

4 32 34.08 −61 13 59.1 20.9086 37.0253 62.0253 87.0253 

4 30 51.87 −61 23 24.4 6.07313 12.129 37.129 62.129 

4 32 44.94 −61 16 27 19.81 34.5136 59.5136 84.5136 

4 30 41.79 −61 22 43.1 7.15115 13.0081 38.0081 63.0081 

4 32 12.83 −61 12 32.9 20.6981 36.5383 61.5383 86.5383 

4 30 43.25 −61 21 6.9 8.82232 14.7591 39.7591 64.7591 

4 30 54.21 −61 21 3.2 8.65877 14.568 39.568 64.568 

4 31 8.81 −61 25 10.1 4.23185 11.0973 36.0973 61.0973 

4 32 0.75 −61 15 3 17.4571 29.3971 54.3971 79.3971 

4 30 17.05 −61 18 44.1 12.5641 20.1361 45.1361 70.1361 

4 29 51.03 −61 11 27.3 21.4363 38.2574 63.2574 88.2574 

4 30 41.88 −61 17 9.9 13.1943 21.2058 46.2058 71.2058 

4 30 44.89 −61 11 4.6 19.9066 34.7315 59.7315 84.7315 

4 30 41.86 −61 13 3 17.7545 30.0227 55.0227 80.0227 

4 29 37.98 −61 14 45.5 19.0932 32.9156 57.9156 82.9156 

4 29 32.16 −61 13 13 20.9638 37.1533 62.1533 87.1533 

4 29 26.28 −61 11 55.9 22.6027 41.0383 66.0383 91.0383 

4 29 2.02 −61 13 54.9 22.8824 41.7164 66.7164 91.7164 

4 30 7.6 −61 20 3.6 11.939 19.1174 44.1174 69.1174 

4 30 33.1 −61 24 22.6 6.01252 12.0856 37.0856 62.0856 

4 29 7.2 −61 20 18.3 17.7337 29.9788 54.9788 79.9788 

4 29 12.95 −61 15 8.4 20.8735 36.9438 61.9438 86.9438 

4 30 59.55 −61 27 40.1 1.22339 10.4981 35.4981 60.4981 

4 29 51.96 −61 18 12.9 14.8499 24.2016 49.2016 74.2016 

4 29 27.89 −61 23 37 13.498 21.7356 46.7356 71.7356 

4 30 3.09 −61 17 14 14.9374 24.367 49.367 74.367 

4 30 30.43 −61 20 23.1 10.1359 16.4377 41.4377 66.4377 

4 30 41.87 −61 27 15.8 2.84001 10.6818 35.6818 60.6818 

4 29 17.68 −61 28 18.2 13.5667 21.8568 46.8568 71.8568 

4 30 33.23 −61 33 0.7 5.88135 11.994 36.994 61.994 

4 29 35.69 −61 31 40.7 11.6083 18.5961 43.5961 68.5961 
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4 30 21.56 −61 28 48.7 5.00984 11.4619 36.4619 61.4619 

4 28 47.65 −61 30 52.9 17.7234 29.9569 54.9569 79.9569 

4 30 53.73 −61 30 5.7 1.65623 10.5234 35.5234 60.5234 

4 30 26.74 −61 30 31.9 4.75041 11.329 36.329 61.329 

4 28 56.57 −61 37 53.8 19.284 33.3377 58.3377 83.3377 

4 31 4.61 −61 28 2.6 1.09718 10.4932 35.4932 60.4932 

4 30 28.84 −61 39 32.5 12.7379 20.427 45.427 70.427 

4 30 26.85 −61 35 3.1 8.25806 14.1173 39.1173 64.1173 

4 31 12.64 −61 27 28.9 2.31846 10.5935 35.5935 60.5935 

4 31 8.34 −61 34 13.8 6.25812 12.2653 37.2653 62.2653 

4 31 7.7 −61 30 12.1 1.99237 10.5537 35.5537 60.5537 

4 31 30.61 −61 38 45 11.9659 19.1603 44.1603 69.1603 

4 30 50.84 −61 35 11.7 7.29611 13.1417 38.1417 63.1417 

4 30 6.99 −61 35 51.2 10.5581 17.0283 42.0283 67.0283 

4 31 39.3 −61 39 51.6 13.5535 21.8335 46.8335 71.8335 

4 31 21.54 −61 30 16.3 3.45809 10.8315 35.8315 60.8315 

4 31 17.87 −61 35 37.9 8.10492 13.9518 38.9518 63.9518 

4 31 42.88 −61 30 20.1 6.12744 12.1684 37.1684 62.1684 

4 32 29.88 −61 30 44.6 12.3527 19.7869 44.7869 69.7869 

4 31 53.46 −61 29 41.2 7.35707 13.1989 38.1989 63.1989 

4 32 4.87 −61 28 49.9 8.81154 14.7464 39.7464 64.7464 

4 32 23.53 −61 33 40 12.5615 20.1319 45.1319 70.1319 

4 32 58.46 −61 30 5.1 16.044 26.5138 51.5138 76.5138 

4 33 22.76 −61 28 45.8 19.2314 33.2211 58.2211 83.2211 

4 31 53.72 −61 26 14.4 7.84943 13.6842 38.6842 63.6842 

4 31 53.58 −61 27 38.5 7.40951 13.2487 38.2487 63.2487 

4 32 57.83 −61 25 47.2 16.2537 26.9321 51.9321 76.9321 

4 33 8.58 −61 21 15.4 19.2968 33.366 58.366 83.366 

4 32 54.13 −61 21 32.4 17.4229 29.3254 54.3254 79.3254 

4 31 53.18 −61 18 50 13.2862 21.3651 46.3651 71.3651 

4 31 48.33 −61 16 33.8 15.1859 24.84 49.84 74.84 

4 30 56.9 −61 21 47.4 7.81436 13.6483 38.6483 63.6483 

4 31 9.75 −61 25 35.8 3.82392 10.9457 35.9457 60.9457 

4 30 32.53 −61 12 57.5 18.0609 30.6739 55.6739 80.6739 

4 30 39.66 −61 17 51.9 12.481 19.9983 44.9983 69.9983 

4 29 5.22 −61 13 21.7 23.0514 42.1282 67.1282 92.1282 
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4 29 18.93 −61 14 19.3 21.0332 37.3147 62.3147 87.3147 

4 29 36.13 −61 14 50.2 19.1642 33.0723 58.0723 83.0723 

4 30 16.68 −61 22 39.4 8.88398 14.8322 39.8322 64.8322 

4 29 16.95 −61 19 53.1 16.9168 28.2769 53.2769 78.2769 

4 30 12.3 −61 19 46.4 11.8584 18.9892 43.9892 68.9892 

4 30 8.45 −61 25 29.8 7.69306 13.5257 38.5257 63.5257 

4 31 13.24 −61 27 12.2 2.58166 10.6341 35.6341 60.6341 

4 30 0.74 −61 25 54.3 8.43068 14.3083 39.3083 64.3083 

4 30 25.99 −61 27 45.9 4.55609 11.2369 36.2369 61.2369 

4 30 45.64 −61 35 38.7 7.92215 13.7593 38.7593 63.7593 

4 30 58.25 −61 35 36.2 7.67245 13.5051 38.5051 63.5051 

4 31 51.9 −61 32 15.1 8.08144 13.9268 38.9268 63.9268 

4 31 17.66 −61 27 43.7 2.75006 10.6643 35.6643 60.6643 

4 32 52.93 −61 29 36.9 15.2675 24.9967 49.9967 74.9967 

4 32 25.62 −61 23 20 13.1002 21.0435 46.0435 71.0435 

4 32 48.45 −61 19 47.8 17.7839 30.0849 55.0849 80.0849 

4 31 26.94 −61 23 1.3 7.43901 13.2768 38.2768 63.2768 

4 32 18.84 −61 19 20.3 15.0363 24.5546 49.5546 74.5546 

4 31 48.16 −61 18 2.1 13.7081 22.1077 47.1077 72.1077 

4 32 2.49 −61 19 46.6 13.1831 21.1864 46.1864 71.1864 

4 32 21.93 −61 10 41.2 23.1181 42.2911 67.2911 92.2911 

4 29 33.01 −61 11 24.4 22.6216 41.084 66.084 91.084 

4 30 46.27 −61 11 32.2 19.3762 33.5426 58.5426 83.5426 

4 30 52.13 −61 10 34.7 20.3955 35.8428 60.8428 85.8428 

4 30 18.94 −61 18 6.9 13.0832 21.0142 46.0142 71.0142 

4 30 3.77 −61 15 55.4 16.1829 26.7904 51.7904 76.7904 

4 30 4.38 −61 22 55.5 9.81363 16.0031 41.0031 66.0031 

4 30 55.49 −61 20 14.3 9.55989 15.671 40.671 65.671 

4 30 38.92 −61 28 37.5 2.69135 10.6533 35.6533 60.6533 

4 29 44.77 −61 30 54.9 10.2157 16.5475 41.5475 66.5475 

4 31 0.91 −61 29 57.9 1.37648 10.5055 35.5055 60.5055 

4 30 14.72 −61 31 45.4 6.80727 12.7056 37.7056 62.7056 

4 30 32.07 −61 42 0.6 15.2798 25.0203 50.0203 75.0203 

4 30 56.84 −61 32 2.3 3.68776 10.9008 35.9008 60.9008 

4 31 4.72 −61 30 53.4 2.50857 10.622 35.622 60.622 

4 31 50.25 −61 30 46.3 7.21385 13.0654 38.0654 63.0654 
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Table 3. X-ray Data. 

Hour 
RA DEC Count Rate 

cts∙s−1 
Error 

Flux 
ergs∙cm−2∙s−1 

Norm 
min sec degree arcmin arcsec 

4 31 50.03 −61 19 29.7 1.634E−02 1.126E−03 2.257E−13 3.924E−04 

4 30 34.31 −61 19 12.6 9.145E−03 8.488E−04 1.264E−13 2.087E−04 

4 30 50.16 −61 15 43.9 4.326E−03 5.98E−04 5.977E−14 9.871E−05 

4 31 40.34 −61 16 35.3 8.956E−03 8.421E−04 1.237E−13 2.044E−04 

4 30 59.59 −61 25 7.2 2.444E−02 1.371E−03 3.377E−13 5.577E−04 

4 30 8.03 −61 18 9.3 5.02E−03 6.399E−04 6.936E−14 1.146E−04 

4 31 39.39 −61 21 41.8 2.829E−02 1.474E−03 3.909E−13 6.455E−04 

4 31 13.2 −61 10 37.9 1.444E−03 3.803E−04 1.995E−14 3.295E−05 

4 32 47.12 −61 21 7.2 6.577E−03 7.284E−04 9.083E−14 1.579E−04 

4 33 14.12 −61 20 34 1.521E−03 3.878E−04 2.102E−14 3.471E−05 

4 32 55.41 −61 19 10.4 3.589E−03 5.531E−04 4.957E−14 8.618E−05 

4 32 26.65 −61 21 34.2 1.048E−02 9.079E−04 1.448E−13 2.391E−04 

4 30 28.36 −61 17 4 4.716E−03 6.216E−04 6.516E−14 1.076E−04 

4 29 44.51 −61 14 56.3 2.154E−03 4.432E−04 2.976E−14 4.915E−05 

4 29 57.45 −61 11 45.7 1.97E−03 4.301E−04 2.722E−14 4.495E−05 

4 30 56.87 −61 13 33.5 1.945E−03 4.232E−04 2.687E−14 4.438E−05 

4 30 58.75 −61 10 21 1.44E−03 3.803E−04 1.99E−14 3.286E−05 

4 30 51.24 −61 10 59.7 1.982E−03 4.301E−04 2.739E−14 4.523E−05 

4 29 39.59 −61 10 34.5 1.026E−03 3.405E−04 1.418E−14 2.341E−05 

4 30 50.35 −61 14 6 2.787E−03 4.924E−04 3.851E−14 6.36E−05 

4 29 5.27 −61 13 2.4 1.553E−03 3.953E−04 2.146E−14 3.544E−05 

4 30 4.47 −61 23 25.7 7.186E−03 7.554E−04 9.929E−14 1.64E−04 

4 30 45.38 −61 23 35.7 1.48E−02 1.071E−03 2.044E−13 3.554E−04 

4 29 18.62 −61 19 29.8 1.49E−03 3.802E−04 2.059E−14 3.4E−05 

4 29 47.62 −61 23 37 3.907E−03 5.683E−04 5.398E−14 8.915E−05 

4 30 22.67 −61 23 19.6 1.448E−02 1.06E−03 2.001E−13 3.304E−04 

4 29 24.75 −61 19 5.7 1.342E−03 3.647E−04 1.854E−14 3.062E−05 

4 30 53.08 −61 25 14.2 2.126E−02 1.279E−03 2.938E−13 4.851E−04 

4 30 28.68 −61 19 39.8 8.539E−03 8.212E−04 1.179E−13 2.05E−04 

4 29 32.77 −61 14 52.5 1.329E−03 3.565E−04 1.836E−14 3.033E−05 

4 29 27.18 −61 16 51.9 1.778E−03 4.094E−04 2.457E−14 4.057E−05 

4 31 8.71 −61 27 7 5.321E−02 2.015E−03 7.349E−13 1.278E−03 

4 29 2.33 −61 24 17.2 1.725E−03 4.022E−04 2.383E−14 3.936E−05 

4 29 34.78 −61 28 3.7 3.299E−03 5.262E−04 4.558E−14 7.528E−05 
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4 29 33.1 −61 15 36.3 2.226E−03 4.497E−04 3.076E−14 5.079E−05 

4 30 20.03 −61 26 9.7 1.032E−02 8.982E−04 1.426E−13 2.355E−04 

4 29 24.92 −61 26 3.4 2.372E−03 4.558E−04 3.277E−14 5.413E−05 

4 29 25.36 −61 33 45.9 1.225E−03 3.484E−04 1.693E−14 2.795E−05 

4 30 37.69 −61 29 2.7 1.086E−02 9.204E−04 1.501E−13 2.478E−04 

4 30 14.66 −61 28 8.7 9.561E−03 8.656E−04 1.321E−13 2.182E−04 

4 30 57 −61 31 7.3 8.431E−03 8.141E−04 1.165E−13 1.924E−04 

4 29 48.73 −61 37 32.2 1.226E−03 3.484E−04 1.694E−14 2.798E−05 

4 30 52.25 −61 28 13.8 1.883E−02 1.205E−03 2.601E−13 4.521E−04 

4 29 8.67 −61 39 6.4 1.77E−03 4.094E−04 2.446E−14 4.039E−05 

4 30 32.85 −61 37 55.5 1.785E−03 4.021E−04 2.466E−14 4.073E−05 

4 30 45.32 −61 33 0.4 4.251E−03 5.882E−04 5.874E−14 9.7E−05 

4 30 39.53 −61 35 7.8 2.569E−03 4.682E−04 3.55E−14 5.862E−05 

4 30 18.11 −61 35 8.8 3.167E−03 5.151E−04 4.376E−14 7.227E−05 

4 30 37.57 −61 42 49.6 1.35E−03 3.647E−04 1.865E−14 3.081E−05 

4 30 59.77 −61 34 38.5 3.789E−03 5.58E−04 5.235E−14 8.646E−05 

4 31 31.08 −61 42 8.8 5.201E−04 2.638E−04 7.186E−15 1.187E−05 

4 31 17.25 −61 31 49.8 9.111E−03 8.454E−04 1.259E−13 2.079E−04 

4 31 42.26 −61 31 39.2 8.115E−03 7.999E−04 1.121E−13 1.852E−04 

4 32 13.9 −61 38 12 1.216E−03 3.484E−04 1.68E−14 2.775E−05 

4 32 22.39 −61 35 51 1.984E−03 4.231E−04 2.741E−14 4.527E−05 

4 32 33.84 −61 38 38.8 1.947E−03 4.232E−04 2.69E−14 4.443E−05 

4 32 35.35 −61 29 45.4 5.484E−03 6.663E−04 7.577E−14 1.251E−04 

4 32 40.1 −61 25 42.5 1.01E−02 8.919E−04 1.396E−13 2.305E−04 

4 31 55.17 −61 30 42 8.868E−03 8.351E−04 1.225E−13 2.129E−04 

4 32 45.88 −61 32 56.3 2.804E−03 4.924E−04 3.874E−14 6.398E−05 

4 32 42.82 −61 28 11.1 5.853E−03 6.876E−04 8.087E−14 1.336E−04 

4 31 23.3 −61 27 26.9 6.611E−02 2.245E−03 9.135E−13 1.509E−03 

4 32 47.6 −61 25 11.3 6.143E−03 7.042E−04 8.488E−14 1.402E−04 

4 32 13.28 −61 25 40.2 1.97E−02 1.233E−03 2.721E−13 4.73E−04 

4 32 41.58 −61 23 3.8 9.254E−03 8.556E−04 1.279E−13 2.112E−04 

4 33 9.01 −61 23 12.1 3.671E−03 5.583E−04 5.072E−14 8.377E−05 

4 31 37.44 −61 25 52.9 4.432E−02 1.841E−03 6.121E−13 1.064E−03 

4 33 16.32 −61 18 0.9 9.65E−04 3.319E−04 1.333E−14 2.202E−05 

4 31 14.59 −61 23 44.7 3.37E−02 1.607E−03 4.654E−13 8.092E−04 

4 31 21.86 −61 25 17.7 5.875E−02 2.117E−03 8.118E−13 1.341E−03 
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4 33 6.66 −61 26 13.7 2.396E−03 4.622E−04 3.309E−14 5.753E−05 

4 32 54.18 −61 25 47.7 4.845E−03 6.309E−04 6.691E−14 1.163E−04 

4 33 15.31 −61 21 43 2.665E−03 4.866E−04 3.681E−14 6.399E−05 

4 31 58.7 −61 16 24.1 6.891E−03 7.44E−04 9.517E−14 1.655E−04 

4 32 34.77 −61 14 55.5 2.51E−03 4.747E−04 3.466E−14 6.027E−05 

4 32 34.08 −61 13 59.1 1.892E−03 4.234E−04 2.613E−14 4.543E−05 

4 30 51.87 −61 23 24.4 1.487E−02 1.074E−03 2.054E−13 3.571E−04 

4 32 44.94 −61 16 27 2.439E−03 4.685E−04 3.368E−14 5.856E−05 

4 30 41.79 −61 22 43.1 1.35E−02 1.024E−03 1.864E−13 3.242E−04 

4 32 12.83 −61 12 32.9 2.123E−03 4.433E−04 2.932E−14 5.098E−05 

4 30 43.25 −61 21 6.9 1.266E−02 9.927E−04 1.748E−13 3.04E−04 

4 30 54.21 −61 21 3.2 1.501E−02 1.079E−03 2.073E−13 3.604E−04 

4 31 8.81 −61 25 10.1 3.408E−02 1.616E−03 4.707E−13 8.183E−04 

4 32 0.75 −61 15 3 4.671E−03 6.217E−04 6.451E−14 1.122E−04 

4 30 17.05 −61 18 44.1 5.26E−03 6.532E−04 7.264E−14 1.263E−04 

4 29 51.03 −61 11 27.3 1.884E−03 4.234E−04 2.602E−14 4.524E−05 

4 30 41.88 −61 17 9.9 6.554E−03 7.243E−04 9.051E−14 1.574E−05 

4 30 44.89 −61 11 4.6 1.223E−03 3.569E−04 1.689E−14 2.937E−05 

4 30 41.86 −61 13 3 2.163E−03 4.432E−04 2.987E−14 5.194E−05 

4 29 37.98 −61 14 45.5 1.614E−03 3.951E−04 2.229E−14 3.875E−05 

4 29 32.16 −61 13 13 1.587E−03 3.952E−04 2.192E−14 3.811E−05 

4 29 26.28 −61 11 55.9 1.26E−03 3.65E−04 1.74E−14 3.025E−05 

4 29 2.02 −61 13 54.9 1.559E−03 3.953E−04 2.153E−14 3.743E−05 

4 30 7.6 −61 20 3.6 4.963E−03 6.353E−04 6.854E−14 1.192E−04 

4 30 33.1 −61 24 22.6 1.586E−02 1.108E−03 2.19E−13 3.808E−04 

4 29 7.2 −61 20 18.3 1.708E−03 4.023E−04 2.359E−14 4.101E−05 

4 29 12.95 −61 15 8.4 1.058E−03 3.404E−04 1.461E−14 2.54E−05 

4 30 59.55 −61 27 40.1 2.718E−02 1.444E−03 3.754E−13 6.526E−04 

4 29 51.96 −61 18 12.9 4.704E−03 6.216E−04 6.496E−14 1.13E−04 

4 29 27.89 −61 23 37 2.897E−03 4.981E−04 4.001E−14 6.956E−05 

4 30 3.09 −61 17 14 4.02E−03 5.784E−04 5.552E−14 9.653E−05 

4 30 30.43 −61 20 23.1 1.029E−02 8.983E−04 1.421E−13 2.471E−04 

4 30 41.87 −61 27 15.8 1.648E−02 1.128E−03 2.276E−13 3.957E−04 

4 29 17.68 −61 28 18.2 2.213E−03 4.43E−04 3.056E−14 5.314E−05 

4 30 33.23 −61 33 0.7 4.172E−03 5.833E−04 5.762E−14 1.002E−04 

4 29 35.69 −61 31 40.7 2.309E−03 4.494E−04 3.189E−14 5.544E−05 
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4 30 21.56 −61 28 48.7 9.564E−03 8.656E−04 1.321E−13 2.296E−04 

4 28 47.65 −61 30 52.9 1.025E−03 3.316E−04 1.416E−14 2.461E−05 

4 30 53.73 −61 30 5.7 1.048E−02 9.046E−04 1.447E−13 2.516E−04 

4 30 26.74 −61 30 31.9 8.654E−03 8.247E−04 1.195E−13 2.078E−04 

4 28 56.57 −61 37 53.8 1.535E−03 3.878E−04 2.12E−14 3.686E−05 

4 31 4.61 −61 28 2.6 3.796E−02 1.704E−03 5.242E−13 9.115E−04 

4 30 28.84 −61 39 32.5 1.995E−03 4.231E−04 2.755E−14 4.79E−05 

4 30 26.85 −61 35 3.1 3.02E−03 5.038E−04 4.171E−14 7.252E−05 

4 31 12.64 −61 27 28.9 5.944E−02 2.129E−03 8.209E−13 1.427E−03 

4 31 8.34 −61 34 13.8 4.474E−03 6.027E−04 6.179E−14 1.074E−04 

4 31 7.7 −61 30 12.1 1.268E−02 9.927E−04 1.751E−13 3.045E−04 

4 31 30.61 −61 38 45 1.547E−03 3.8E−04 2.136E−14 3.715E−05 

4 30 50.84 −61 35 11.7 2.267E−03 4.429E−04 3.131E−14 5.443E−05 

4 30 6.99 −61 35 51.2 1.56E−03 3.8E−04 2.154E−14 3.746E−05 

4 31 39.3 −61 39 51.6 1.606E−03 3.876E−04 2.218E−14 3.856E−05 

4 31 21.54 −61 30 16.3 1.458E−02 1.063E−03 2.014E−13 3.501E−04 

4 31 17.87 −61 35 37.9 3.477E−03 5.37E−04 4.802E−14 8.349E−05 

4 31 42.88 −61 30 20.1 1.32E−02 1.013E−03 1.823E−13 3.17E−04 

4 32 29.88 −61 30 44.6 5.414E−03 6.62E−04 7.477E−14 1.3E−04 

4 31 53.46 −61 29 41.2 1.145E−02 9.451E−04 1.581E−13 2.749E−04 

4 32 4.87 −61 28 49.9 1.569E−02 1.103E−03 2.168E−13 3.77E−04 

4 32 23.53 −61 33 40 2.76E−03 4.86E−04 3.812E−14 6.627E−05 

4 32 58.46 −61 30 5.1 2.488E−03 4.684E−04 3.436E−14 5.974E−05 

4 33 22.76 −61 28 45.8 1.156E−03 3.487E−04 1.597E−14 2.776E−05 

4 31 53.72 −61 26 14.4 2.64E−02 1.424E−03 3.646E−13 6.339E−04 

4 31 53.58 −61 27 38.5 3.9E−02 1.728E−03 5.386E−13 9.365E−04 

4 32 57.83 −61 25 47.2 4.231E−03 5.932E−04 5.843E−14 1.016E−04 

4 33 8.58 −61 21 15.4 4.04E−03 5.835E−04 5.579E−14 9.701E−05 

4 32 54.13 −61 21 32.4 5.583E−03 6.75E−04 7.71E−14 1.341E−04 

4 31 53.18 −61 18 50 1.466E−02 1.068E−03 2.025E−13 3.52E−04 

4 31 48.33 −61 16 33.8 9.482E−03 8.657E−04 1.31E−13 2.277E−04 

4 30 56.9 −61 21 47.4 1.312E−02 1.01E−03 1.812E−13 3.15E−04 

4 31 9.75 −61 25 35.8 3.568E−02 1.653E−03 4.928E−13 8.567E−04 

4 30 32.53 −61 12 57.5 1.931E−03 4.232E−04 2.667E−14 4.637E−05 

4 30 39.66 −61 17 51.9 7.007E−03 7.478E−04 9.677E−14 1.682E−04 

4 29 5.22 −61 13 21.7 1.253E−03 3.65E−04 1.73E−14 3.009E−05 
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4 29 18.93 −61 14 19.3 1.207E−03 3.569E−04 1.667E−14 2.898E−05 

4 29 36.13 −61 14 50.2 1.385E−03 3.726E−04 1.913E−14 3.326E−05 

4 30 16.68 −61 22 39.4 9.999E−03 8.853E−04 1.381E−13 2.401E−04 

4 29 16.95 −61 19 53.1 1.035E−03 3.316E−04 1.429E−14 2.485E−05 

4 30 12.3 −61 19 46.4 5.343E−03 6.576E−04 7.379E−14 1.283E−04 

4 30 8.45 −61 25 29.8 1.099E−02 9.267E−04 1.518E−13 2.639E−04 

4 31 13.24 −61 27 12.2 6.46E−02 2.219E−03 8.922E−13 1.551E−03 

4 30 0.74 −61 25 54.3 1.129E−02 9.39E−04 1.559E−13 2.711E−04 

4 30 25.99 −61 27 45.9 1.177E−02 9.572E−04 1.626E−13 2.826E−04 

4 30 45.64 −61 35 38.7 2.339E−03 4.494E−04 3.23E−14 5.616E−05 

4 30 58.25 −61 35 36.2 2.341E−03 4.494E−04 3.233E−14 5.621E−05 

4 31 51.9 −61 32 15.1 6.816E−03 7.361E−04 9.413E−14 1.637E−04 

4 31 17.66 −61 27 43.7 7.082E−02 2.323E−03 9.781E−13 1.701E−03 

4 32 52.93 −61 29 36.9 3.712E−03 5.582E−04 5.126E−14 8.913E−05 

4 32 25.62 −61 23 20 1.353E−02 1.027E−03 1.869E−13 3.249E−04 

4 32 48.45 −61 19 47.8 4.819E−03 6.309E−04 6.655E−14 1.157E−04 

4 31 26.94 −61 23 1.3 3.544E−02 1.647E−03 4.894E−13 8.51E−04 

4 32 18.84 −61 19 20.3 9.711E−03 8.756E−04 1.341E−13 2.332E−04 

4 31 48.16 −61 18 2.1 1.208E−02 9.722E−04 1.668E−13 2.901E−04 

4 32 2.49 −61 19 46.6 1.504E−02 1.082E−03 2.077E−13 3.611E−04 

4 32 21.93 −61 10 41.2 1.176E−03 3.57E−04 1.624E−14 2.824E−05 

4 29 33.01 −61 11 24.4 1.184E−03 3.57E−04 1.635E−14 2.843E−05 

4 30 46.27 −61 11 32.2 1.306E−03 3.648E−04 1.804E−14 3.136E−05 

4 30 52.13 −61 10 34.7 1.899E−03 4.233E−04 2.623E−14 4.56E−05 

4 30 18.94 −61 18 6.9 5.482E−03 6.663E−04 7.571E−14 1.316E−04 

4 30 3.77 −61 15 55.4 3.17E−03 5.208E−04 4.378E−14 7.612E−05 

4 30 4.38 −61 22 55.5 6.88E−03 7.4E−04 9.502E−14 1.652E−04 

4 30 55.49 −61 20 14.3 1.303E−02 1.007E−03 1.8E−13 3.129E−04 

4 30 38.92 −61 28 37.5 1.298E−02 1.004E−03 1.793E−13 3.117E−04 

4 29 44.77 −61 30 54.9 2.702E−03 4.804E−04 3.732E−14 6.488E−05 

4 31 0.91 −61 29 57.9 1.101E−02 9.266E−04 1.521E−13 2.644E−04 

4 30 14.72 −61 31 45.4 1.077E−02 9.173E−04 1.487E−13 2.586E−04 

4 30 32.07 −61 42 0.6 1.511E−03 3.801E−04 2.087E−14 3.628E−05 

4 30 56.84 −61 32 2.3 6.911E−03 7.4E−04 9.543E−14 1.659E−04 

4 31 4.72 −61 30 53.4 8.431E−03 8.141E−04 1.164E−13 2.024E−04 

4 31 50.25 −61 30 46.3 9.934E−03 8.821E−04 1.372E−13 2.385E−04 
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Table 4. Gas Density, Velocity, and Ram Pressure. 

hour 
RA DEC Distance 

kpc 
Ion Density 

cm−2 
Velocity 
km∙s−1 

Vgal-Vcl 
km∙s−1 

Density 
g∙cm−3 

Ram Pressure 
dyn∙cm−2 min sec degree arcmin arcsec 

4 31 50.03 −61 19 29.7 572.91 2.7476E−03 15074 −2730 5.9359E−27 4.424E−10 

4 30 34.31 −61 19 12.6 700.735 2.073E−03 16872 −932 4.4784E−27 3.8901E−11 

4 30 50.16 −61 15 43.9 856.381 1.2916E−03 17054 −750 2.7904E−27 1.5696E−11 

4 31 40.34 −61 16 35.3 753.041 1.8544E−03 15604 −2200 4.0062E−27 1.939E−10 

4 30 59.59 −61 25 7.2 242.725 3.8631E−03 20962 3158 8.3458E−27 8.3232E−10 

4 30 8.03 −61 18 9.3 915.99 1.431E−03 20096 2292 3.0916E−27 1.6241E−10 

4 31 39.39 −61 21 41.8 387.482 3.7982E−03 20321 2517 8.2055E−27 5.1985E−10 

4 31 13.2 −61 10 37.9 1181.63 6.2505E−04 17929 125 1.3504E−27 2.1099E−13 

4 32 47.12 −61 21 7.2 836.301 1.5283E−03 20289 2485 3.3017E−27 2.0389E−10 

4 33 14.12 −61 20 34 1067.13 6.4343E−04 18316 512 1.3901E−27 3.644E−12 

4 32 55.41 −61 19 10.4 974.164 1.0574E−03 16273 −1531 2.2844E−27 5.3545E−11 

4 32 26.65 −61 21 34.2 665.097 2.0346E−03 17959 155 4.3956E−27 1.056E−12 

4 30 28.36 −61 17 4 858.674 1.3857E−03 17547 −257 2.9937E−27 1.9773E−12 

4 29 44.51 −61 14 56.3 1230 8.1135E−04 17565 −239 1.7528E−27 1.0012E−12 

4 29 57.45 −61 11 45.7 1335.45 7.2191E−04 17551 −253 1.5596E−27 9.983E−13 

4 30 56.87 −61 13 33.5 991.857 8.0513E−04 16733 −1071 1.7394E−27 1.9952E−11 

4 30 58.75 −61 10 21 1219.17 6.1985E−04 17178 −626 1.3391E−27 5.2477E−12 

4 30 51.24 −61 10 59.7 1186.98 7.4303E−04 18044 240 1.6052E−27 9.2462E−13 

4 29 39.59 −61 10 34.5 1499.66 4.8643E−04 19795 1991 1.0509E−27 4.1658E−11 

4 30 50.35 −61 14 6 969.324 9.8085E−04 17101 −703 2.119E−27 1.0473E−11 

4 29 5.27 −61 13 2.4 1581.99 5.9283E−04 18756 952 1.2807E−27 1.1607E−11 

4 30 4.47 −61 23 25.7 739.598 1.9213E−03 17177 −627 4.1508E−27 1.6318E−11 

4 30 45.38 −61 23 35.7 407.641 3.0177E−03 18839 1035 6.5193E−27 6.9837E−11 

4 29 18.62 −61 19 29.8 1224.15 7.0553E−04 17425 −379 1.5242E−27 2.1894E−12 

4 29 47.62 −61 23 37 877.801 1.3562E−03 16984 −820 2.9299E−27 1.9701E−11 

4 30 22.67 −61 23 19.6 593.014 2.8257E−03 18999 1195 6.1047E−27 8.7177E−11 

4 29 24.75 −61 19 5.7 1189.19 6.7687E−04 17202 −602 1.4623E−27 5.2995E−12 

4 30 53.08 −61 25 14.2 291.649 3.6043E−03 15674 −2130 7.7867E−27 3.5328E−10 

4 30 28.68 −61 19 39.8 708.259 2.067E−03 16113 −1691 4.4654E−27 1.2769E−10 

4 29 32.77 −61 14 52.5 1309.1 6.1871E−04 17159 −645 1.3367E−27 5.5609E−12 

4 29 27.18 −61 16 51.9 1256.94 7.4367E−04 17112 −692 1.6066E−27 7.6935E−12 

4 31 8.71 −61 27 7 139.94 5.9017E−03 15025 −2779 1.275E−26 9.8467E−10 

4 29 2.33 −61 24 17.2 1259.59 7.7298E−04 15782 −2022 1.67E−27 6.8276E−11 

4 29 34.78 −61 28 3.7 966.872 1.2418E−03 18397 593 2.6828E−27 9.4342E−12 

4 29 33.1 −61 15 36.3 1271.83 8.1767E−04 17601 −203 1.7665E−27 7.2796E−13 
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4 30 20.03 −61 26 9.7 564.658 2.4597E−03 15961 −1843 5.3138E−27 1.8049E−10 

4 29 24.92 −61 26 3.4 1049.25 1.0054E−03 17096 −708 2.1721E−27 1.0888E−11 

4 29 25.36 −61 33 45.9 1167.06 7.067E−04 17578 −226 1.5268E−27 7.798E−13 

4 30 37.69 −61 29 2.7 444.872 2.5933E−03 18504 700 5.6025E−27 2.7452E−11 

4 30 14.66 −61 28 8.7 620.558 2.3676E−03 16478 −1326 5.115E−27 8.9936E−11 

4 30 57 −61 31 7.3 407.182 2.2869E−03 16743 −1061 4.9407E−27 5.5618E−11 

4 29 48.73 −61 37 32.2 1159.08 7.0955E−04 18534 730 1.5329E−27 8.1689E−12 

4 30 52.25 −61 28 13.8 303.671 3.5168E−03 15484 −2320 7.5976E−27 4.0893E−10 

4 29 8.67 −61 39 6.4 1500.71 7.2863E−04 18136 332 1.5741E−27 1.7351E−12 

4 30 32.85 −61 37 55.5 944.776 9.2432E−04 19680 1876 1.9969E−27 7.0278E−11 

4 30 45.32 −61 33 0.4 579.626 1.5958E−03 15332 −2472 3.4476E−27 2.1068E−10 

4 30 39.53 −61 35 7.8 737.58 1.1947E−03 15664 −2140 2.581E−27 1.182E−10 

4 30 18.11 −61 35 8.8 853.185 1.2882E−03 18188 384 2.7831E−27 4.1038E−12 

4 30 37.57 −61 42 49.6 1259.53 6.9207E−04 16720 −1084 1.4952E−27 1.7569E−11 

4 30 59.77 −61 34 38.5 626.889 1.4766E−03 19966 2162 3.1901E−27 1.4911E−10 

4 31 31.08 −61 42 8.8 1143.39 4.3514E−04 16044 −1760 9.4007E−28 2.912E−11 

4 31 17.25 −61 31 49.8 387.17 2.356E−03 15790 −2014 5.0899E−27 2.0646E−10 

4 31 42.26 −61 31 39.2 402.426 2.1599E−03 16066 −1738 4.6663E−27 1.4095E−10 

4 32 13.9 −61 38 12 956.743 6.8673E−04 18262 458 1.4836E−27 3.1121E−12 

4 32 22.39 −61 35 51 849.518 9.0024E−04 17605 −199 1.9449E−27 7.7019E−13 

4 32 33.84 −61 38 38.8 1074.97 8.1098E−04 19422 1618 1.7521E−27 4.5867E−11 

4 32 35.35 −61 29 45.4 667.008 1.5294E−03 19592 1788 3.3041E−27 1.0563E−10 

4 32 40.1 −61 25 42.5 672.069 2.0146E−03 16942 −862 4.3524E−27 3.234E−11 

4 31 55.17 −61 30 42 405.088 2.2672E−03 17380 −424 4.8981E−27 8.8056E−12 

4 32 45.88 −61 32 56.3 854.96 1.0279E−03 17385 −419 2.2207E−27 3.8987E−12 

4 32 42.82 −61 28 11.1 701.442 1.5363E−03 18314 510 3.319E−27 8.6326E−12 

4 31 23.3 −61 27 26.9 60.3938 6.3767E−03 17841 37 1.3776E−26 1.886E−13 

4 32 47.6 −61 25 11.3 742.353 1.5193E−03 17305 −499 3.2823E−27 8.1728E−12 

4 32 13.28 −61 25 40.2 438.438 3.1762E−03 16389 −1415 6.8619E−27 1.3739E−10 

4 32 41.58 −61 23 3.8 730.969 1.8607E−03 17301 −503 4.0199E−27 1.0171E−11 

4 33 9.01 −61 23 12.1 957.477 1.0573E−03 16301 −1503 2.2841E−27 5.1598E−11 

4 31 37.44 −61 25 52.9 129.74 5.221E−03 15324 −2480 1.1279E−26 6.9373E−10 

4 33 16.32 −61 18 0.9 1175.16 4.8635E−04 17084 −720 1.0507E−27 5.4469E−12 

4 31 14.59 −61 23 44.7 228.465 4.5582E−03 19346 1542 9.8475E−27 2.3415E−10 

4 31 21.86 −61 25 17.7 100.452 5.9436E−03 18944 1140 1.2841E−26 1.6688E−10 

4 33 6.66 −61 26 13.7 902.641 9.0863E−04 17843 39 1.963E−27 2.9857E−14 

4 32 54.18 −61 25 47.7 794.861 1.3549E−03 15211 −2593 2.9272E−27 1.9681E−10 
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4 33 15.31 −61 21 43 1044.12 8.8472E−04 18418 614 1.9114E−27 7.2057E−12 

4 31 58.7 −61 16 24.1 812.513 1.6052E−03 18574 770 3.4679E−27 2.0561E−11 

4 32 34.77 −61 14 55.5 1063.63 8.5224E−04 18999 1195 1.8412E−27 2.6293E−11 

4 32 34.08 −61 13 59.1 1117.12 7.226E−04 17160 −644 1.5611E−27 6.4744E−12 

4 30 51.87 −61 23 24.4 369.989 3.0246E−03 17179 −625 6.5344E−27 2.5525E−11 

4 32 44.94 −61 16 27 1034.41 8.4873E−04 20443 2639 1.8336E−27 1.277E−10 

4 30 41.79 −61 22 43.1 470.951 2.8328E−03 16815 −989 6.1199E−27 5.986E−11 

4 32 12.83 −61 12 32.9 1122.36 7.7045E−04 17884 80 1.6645E−27 1.0653E−13 

4 30 43.25 −61 21 6.9 542.605 2.6529E−03 18739 935 5.7314E−27 5.0105E−11 

4 30 54.21 −61 21 3.2 487.828 2.899E−03 18554 750 6.2629E−27 3.5229E−11 

4 31 8.81 −61 25 10.1 172.409 4.6737E−03 19241 1437 1.0097E−26 2.085E−10 

4 32 0.75 −61 15 3 911.775 1.2637E−03 17017 −787 2.73E−27 1.6909E−11 

4 30 17.05 −61 18 44.1 828.953 1.553E−03 16940 −864 3.3552E−27 2.5046E−11 

4 29 51.03 −61 11 27.3 1386.88 7.0946E−04 17729 −75 1.5327E−27 8.6216E−14 

4 30 41.88 −61 17 9.9 790.061 1.7026E−03 16800 −1004 3.6783E−27 3.7078E−11 

4 30 44.89 −61 11 4.6 1196.17 5.9927E−04 17619 −185 1.2947E−27 4.431E−13 

4 30 41.86 −61 13 3 1066.98 8.519E−04 17094 −710 1.8405E−27 9.2777E−12 

4 29 37.98 −61 14 45.5 1280.83 7.0591E−04 18316 512 1.5251E−27 3.9979E−12 

4 29 32.16 −61 13 13 1396.9 6.607E−04 16861 −943 1.4274E−27 1.2693E−11 

4 29 26.28 −61 11 55.9 1501.01 5.5977E−04 19447 1643 1.2093E−27 3.2645E−11 

4 29 2.02 −61 13 54.9 1564.73 6.1738E−04 17650 −154 1.3338E−27 3.1632E−13 

4 30 7.6 −61 20 3.6 829.675 1.5355E−03 16615 −1189 3.3172E−27 4.6897E−11 

4 30 33.1 −61 24 22.6 478.578 3.126E−03 16253 −1551 6.7535E−27 1.6246E−10 

4 29 7.2 −61 20 18.3 1292.92 7.5746E−04 18086 282 1.6364E−27 1.3014E−12 

4 29 12.95 −61 15 8.4 1433.28 5.4089E−04 19138 1334 1.1685E−27 2.0795E−11 

4 30 59.55 −61 27 40.1 228.912 4.2247E−03 16020 −1784 9.1271E−27 2.9049E−10 

4 29 51.96 −61 18 12.9 1021.56 1.3736E−03 16924 −880 2.9674E−27 2.298E−11 

4 29 27.89 −61 23 37 1046.75 1.1219E−03 19230 1426 2.4237E−27 4.9286E−11 

4 30 3.09 −61 17 14 994.406 1.2662E−03 19803 1999 2.7354E−27 1.0931E−10 

4 30 30.43 −61 20 23.1 659.584 2.3187E−03 17422 −382 5.0093E−27 7.3098E−12 

4 30 41.87 −61 27 15.8 374.249 3.2775E−03 18851 1047 7.0806E−27 7.7618E−11 

4 29 17.68 −61 28 18.2 1118.19 9.7861E−04 16611 −1193 2.1142E−27 3.009E−11 

4 30 33.23 −61 33 0.7 647.975 1.6065E−03 19579 1775 3.4706E−27 1.0935E−10 

4 29 35.69 −61 31 40.7 1022.05 1.0567E−03 19537 1733 2.283E−27 6.8565E−11 

4 30 21.56 −61 28 48.7 572.642 2.4576E−03 19556 1752 5.3094E−27 1.6297E−10 

4 28 47.65 −61 30 52.9 1409.58 5.8696E−04 16577 −1227 1.2681E−27 1.9091E−11 

4 30 53.73 −61 30 5.7 368.955 2.6218E−03 19566 1762 5.6642E−27 1.7585E−10 
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4 30 26.74 −61 30 31.9 579.922 2.3443E−03 17322 −482 5.0646E−27 1.1766E−11 

4 28 56.57 −61 37 53.8 1536.47 6.8442E−04 16438 −1366 1.4786E−27 2.7591E−11 

4 31 4.61 −61 28 2.6 200.33 4.9934E−03 18436 632 1.0788E−26 4.3089E−11 

4 30 28.84 −61 39 32.5 1066.38 9.5169E−04 18443 639 2.056E−27 8.3952E−12 

4 30 26.85 −61 35 3.1 797.672 1.3116E−03 18954 1150 2.8335E−27 3.7473E−11 

4 31 12.64 −61 27 28.9 118.546 6.2351E−03 17815 11 1.347E−26 1.6299E−14 

4 31 8.34 −61 34 13.8 575.962 1.6543E−03 16828 −976 3.5739E−27 3.4044E−11 

4 31 7.7 −61 30 12.1 299.563 2.8826E−03 19017 1213 6.2275E−27 9.1629E−11 

4 31 30.61 −61 38 45 893.592 8.5656E−04 19018 1214 1.8505E−27 2.7273E−11 

4 30 50.84 −61 35 11.7 694.436 1.1577E−03 19051 1247 2.5011E−27 3.8893E−11 

4 30 6.99 −61 35 51.2 958.211 8.9319E−04 17831 27 1.9297E−27 1.4067E−14 

4 31 39.3 −61 39 51.6 982.534 8.3394E−04 17263 −541 1.8016E−27 5.2731E−12 

4 31 21.54 −61 30 16.3 268.719 3.0735E−03 16782 −1022 6.64E−27 6.9353E−11 

4 31 17.87 −61 35 37.9 664.515 1.4117E−03 20052 2248 3.0498E−27 1.5412E−10 

4 31 42.88 −61 30 20.1 318.514 2.8475E−03 18340 536 6.1518E−27 1.7674E−11 

4 32 29.88 −61 30 44.6 652.299 1.5851E−03 16247 −1557 3.4244E−27 8.3016E−11 

4 31 53.46 −61 29 41.2 342.161 2.5989E−03 18611 807 5.6146E−27 3.6565E−11 

4 32 4.87 −61 28 49.9 393.206 2.955E−03 18754 950 6.3841E−27 5.7616E−11 

4 32 23.53 −61 33 40 734.949 1.1251E−03 17724 −80 2.4306E−27 1.5556E−13 

4 32 58.46 −61 30 5.1 867.206 9.631E−04 17327 −477 2.0807E−27 4.7341E−12 

4 33 22.76 −61 28 45.8 1054.78 5.9493E−04 18867 1063 1.2853E−27 1.4523E−11 

4 31 53.72 −61 26 14.4 262.149 3.9098E−03 17975 171 8.4467E−27 2.4699E−12 

4 31 53.58 −61 27 38.5 269.631 4.7922E−03 17485 −319 1.0353E−26 1.0535E−11 

4 32 57.83 −61 25 47.2 826.926 1.2479E−03 17649 −155 2.696E−27 6.4772E−13 

4 33 8.58 −61 21 15.4 1001.73 1.1099E−03 17968 164 2.3978E−27 6.4492E−13 

4 32 54.13 −61 21 32.4 877.067 1.383E−03 16675 −1129 2.9877E−27 3.8083E−11 

4 31 53.18 −61 18 50 628.685 2.5394E−03 17516 −288 5.4861E−27 4.5504E−12 

4 31 48.33 −61 16 33.8 771.326 1.9301E−03 20996 3192 4.1698E−27 4.2485E−10 

4 30 56.9 −61 21 47.4 429.472 2.758E−03 17310 −494 5.9584E−27 1.4541E−11 

4 31 9.75 −61 25 35.8 147.512 4.7968E−03 18530 726 1.0363E−26 5.462E−11 

4 30 32.53 −61 12 57.5 1104.62 7.9732E−04 15292 −2512 1.7225E−27 1.087E−10 

4 30 39.66 −61 17 51.9 754.95 1.7965E−03 17315 −489 3.8811E−27 9.2805E−12 

4 29 5.22 −61 13 21.7 1567.39 5.5071E−04 16185 −1619 1.1898E−27 3.1185E−11 

4 29 18.93 −61 14 19.3 1428.65 5.7492E−04 16192 −1612 1.2421E−27 3.2275E−11 

4 29 36.13 −61 14 50.2 1288.91 6.5256E−04 17003 −801 1.4098E−27 9.0453E−12 

4 30 16.68 −61 22 39.4 661.843 2.3545E−03 18279 475 5.0866E−27 1.1477E−11 

4 29 16.95 −61 19 53.1 1225.5 6.0471E−04 18302 498 1.3064E−27 3.24E−12 
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4 30 12.3 −61 19 46.4 809.427 1.5966E−03 18852 1048 3.4492E−27 3.7883E−11 

4 30 8.45 −61 25 29.8 670.808 2.5304E−03 16346 −1458 5.4666E−27 1.1621E−10 

4 31 13.24 −61 27 12.2 104.311 6.495E−03 18343 539 1.4032E−26 4.0765E−11 

4 30 0.74 −61 25 54.3 735.28 2.5267E−03 17973 169 5.4586E−27 1.559E−12 

4 30 25.99 −61 27 45.9 517.688 2.7389E−03 17443 −361 5.9171E−27 7.7112E−12 

4 30 45.64 −61 35 38.7 744.156 1.1621E−03 18143 339 2.5105E−27 2.8851E−12 

4 30 58.25 −61 35 36.2 698.054 1.1683E−03 18741 937 2.5239E−27 2.2159E−11 

4 31 51.9 −61 32 15.1 480.197 1.9777E−03 18967 1163 4.2726E−27 5.7789E−11 

4 31 17.66 −61 27 43.7 98.4949 6.7977E−03 18931 1127 1.4686E−26 1.8653E−10 

4 32 52.93 −61 29 36.9 810.925 1.2046E−03 17893 89 2.6024E−27 2.0613E−13 

4 32 25.62 −61 23 20 593.535 2.4529E−03 17121 −683 5.2992E−27 2.472E−11 

4 32 48.45 −61 19 47.8 897.545 1.2703E−03 18819 1015 2.7444E−27 2.8273E−11 

4 31 26.94 −61 23 1.3 266.986 4.5657E−03 15589 −2215 9.8638E−27 4.8394E−10 

4 32 18.84 −61 19 20.3 721.781 1.9621E−03 17349 −455 4.239E−27 8.7757E−12 

4 31 48.16 −61 18 2.1 667.423 2.277E−03 17878 74 4.9193E−27 2.6938E−13 

4 32 2.49 −61 19 46.6 607.527 2.5797E−03 15928 −1876 5.5732E−27 1.9614E−10 

4 32 21.93 −61 10 41.2 1279.99 5.3243E−04 19706 1902 1.1503E+27 4.1612E−11 

4 29 33.01 −61 11 24.4 1489.4 5.4236E−04 16971 −833 1.1717E−27 8.1304E−12 

4 30 46.27 −61 11 32.2 1160.23 6.295E−04 16057 −1747 1.36E−27 4.1506E−11 

4 30 52.13 −61 10 34.7 1214.9 7.3551E−04 17785 −19 1.589E−27 5.7363E−15 

4 30 18.94 −61 18 6.9 850.29 1.5619E−03 19080 1276 3.3743E−27 5.4939E−11 

4 30 3.77 −61 15 55.4 1059.89 1.0825E−03 18261 457 2.3387E−27 4.8843E−12 

4 30 4.38 −61 22 55.5 753.058 1.911E−03 17431 −373 4.1286E−27 5.744E−12 

4 30 55.49 −61 20 14.3 533.91 2.6462E−03 16672 −1132 5.7168E−27 7.3256E−11 

4 30 38.92 −61 28 37.5 423.35 2.9105E−03 20213 2409 6.2879E−27 3.6491E−10 

4 29 44.77 −61 30 54.9 927.796 1.1858E−03 16408 −1396 2.5617E−27 4.9923E−11 

4 31 0.91 −61 29 57.9 318.831 2.6887E−03 20087 2283 5.8087E−27 3.0275E−10 

4 30 14.72 −61 31 45.4 716.612 2.5449E−03 17011 −793 5.4981E−27 3.4574E−11 

4 30 32.07 −61 42 0.6 1220.01 7.6823E−04 16941 −863 1.6597E−27 1.2361E−11 

4 30 56.84 −61 32 2.3 464.289 2.1128E−03 19685 1881 4.5644E−27 1.615E−10 

4 31 4.72 −61 30 53.4 356.561 2.3469E−03 19538 1734 5.0701E−27 1.5245E−10 

4 31 50.25 −61 30 46.3 381.508 2.427E−03 17140 −664 5.2432E−27 2.3117E−11 

 
brightness, as can be seen in Figure 2. That is why a simple radial analysis, 
which assumes azimuthal symmetry is insufficient, justifying the analysis here 
that uses local density, to reflect gas distribution asymmetries from the merger. 
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Figure 1. Histogram of the galaxy velocities. The zero point is the velocity of the cluster, 
17,804 km∙s−1, z = 0.0594. The bin width is 200 km∙s−1. Significant asymmetry is visible 
due to the merger. 

 

 
Figure 2. Positions of galaxies overlaid on the x-ray image of Abell 3266 color coded to 
show ram pressure strength. Red depicts a galaxy with ram pressure > 5 × 10−11 dyn∙cm−2 
and blue a galaxy with ram pressure ≤ 5 × 10−11 dyn∙cm−2. 

4. Results 

The ram pressure for each galaxy, ρv2, was calculated using the gas densities and 
velocities in Table 4. Figure 3 shows the histogram of ram pressure for the 177 
galaxies in this study. As can be seen by observing the histogram, the galaxies 
experience a large range of ram pressure. We adopted the condition for high ram  
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Figure 3. Histogram of the ram pressure for each galaxy. The first two bins contain all 
galaxies with low ram pressure. 

 
pressure used by [50] of 5 × 10−11 dynes∙cm−2. Of the 177 galaxies used, 61 galax-
ies were found to have ram pressures that can be considered “high” (i.e. ≥5 × 
10−11 dyn∙cm−2. The remaining 116 galaxies were found to have “low” ram pres-
sures. The calculated ram pressures for each of the 177 galaxies are listed in Ta-
ble 4. We would expect to see galaxies with high ram pressures in regions where 
the density is high, or in galaxies with high velocities with respect to the cluster. 
In Figure 2, the distribution of these galaxies can be seen overlaid on the x-ray 
image of the cluster. Galaxies with low and high ram pressure appear throughout 
the cluster though high ram pressure galaxies tend to be closer to the center. 

Star formation in galaxies is enhanced by the ram pressure they experience. 
This is seen in both simulations and observations. To assess whether a galaxy is 
currently experiencing or recently experienced an enhancement in star forma-
tion, we inspected the equivalent width of Hβ and [OII] for each galaxy in the 
study. Figure 4 and Figure 5 show the histogram of equivalent width of Hβ and 
[OII], respectively. 

It is believed that the surrounding environment can impact how the galaxy 
evolves (e.g. [17] [51] [52] [53] [54]. If there is a correlation between ram pres-
sure and star formation in Abell 3266, it should be apparent when comparing a 
histogram of equivalent widths for galaxies with high ram pressures verses ga-
laxies with low ram pressures. Figure 6 and Figure 7 show the histograms of the 
equivalent width of Hβ and [OII], respectively, plotted based on whether the ga-
laxy has high or low ram pressure. Note that If the equivalent width of Hβ is 
positive (negative), this corresponds to absorption (emission). Perhaps there is a 
weak correlation that is buried in the large, inclusive samples. 

To evaluate this hypothesis, we addressed the fact that the equivalent widths 
of Hβ and [OII] obtained from WINGS do not all have a signal to noise of 3σ or 
greater. For this reason we have created two subsamples which will be referred to 
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as Sample A and Sample B. Sample A consists of all galaxies with line emission 
greater than 3σ significance. Sample A consists of a total of 34 galaxies for Hβ 
and 24 for O[II]. Figure 8 and Figure 9 show a plot of O[II] verses ram pressure 
and Hβ verses ram pressure, respectively, for the Sample A galaxies. Sample B is 
a subgroup of Sample A, consisting of all galaxies with a signal to noise greater 
than 3σ for both Hβ and [OII]. Sample B consists of a total of 12 galaxies. Figure 
10 and Figure 11 show a plot of Hβ verses ram pressure and [OII] verses ram 
pressure, respectively for Sample B galaxies. Sample B is the highest quality sub-
sample. However, in all of the data samples, there is no apparent correlation be-
tween Hβ or O[II] line strength and ram-pressure. 

 

 
Figure 4. Histogram of the equivalent width of Hβ. Each bin has a width of 0.5Å. 

 

 
Figure 5. Histogram of the equivalent width of [OII] emission lines. Each bin has a width 
of 2.5Å. 
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Figure 6. Histogram of Hβ equivalent width based on the ram pressure of the galaxy. The 
solid histogram corresponds to high ram pressure (≥5 × 10−11 dyn∙cm−2). The black 
dashed histogram corresponds to low ram pressure (<5 × 1011 dyn∙cm−2). Each bin has a 
width of 0.5Å. The low and high ram pressure galaxies span the same range of absorption 
line strength though the high absorption line galaxies have a higher fraction of high ram 
pressure galaxies. Low absorption line galaxies are preferentially low ram pressure. 

 

 
Figure 7. Histogram of [OII] equivalent width based on the ram pressure of the galaxy. 
The solid histogram corresponds to high ram pressure(≥5 × 10−11 dyn∙cm−2). The black 
dashed histogram corresponds to low ram pressure (<5 × 1011 dyn∙cm−2). Each bin has a 
width of 2.5Å. 
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Figure 8. Plot of equivalent width of [OII] verses ram pressure for Sample A. 

 

 
Figure 9. Plot of equivalent width of Hβ verses ram pressure for sample A, the 34 galaxies 
with 3 sigma significance. There is no visible preference for galaxies with Hβ in emission 
to be in a region of high ram pressure. 

E + A Galaxies 

[54] defines an E + A galaxy as one with Balmer absorptions lines that are (Hδ + 
Hγ + Hβ)/3 ≥ 4Å, and [OII] emission lines are < 5Å. For our criteria, we come 
as close as we can to this with our database by requiring an equivalent width of 
either Hβ or Hδ > 4Å, and equivalent width of [OII] < −5Å. There are 6 galaxies 
out of the 71 (that have spectroscopic coverage) or 8.5% that meet these classifi-
cation requirements. Of those 6, 3 have “high” ram pressures > 5 × 10−11, while 
the other 3 have “low” ram pressures. Therefore, the data do not support a  

https://doi.org/10.4236/ijaa.2021.111007


M. J. Henriksen, S. Dusek 
 

 

DOI: 10.4236/ijaa.2021.111007 125 International Journal of Astronomy and Astrophysics 
 

 
Figure 10. Log-log plot of the equivalent width of Hβ verses ram pressure for the 12 ga-
laxies (Sample B) with both Hβ and O[II] lines of higher than 3σ significance. 

 

 
Figure 11. Log-log plot of the equivalent width of O[II] verses ram pressure for 12 galax-
ies with both Hβ and O[II] lines of higher than 3σ significance. 

 
correlation between the E + A phenomenon and ram pressure. However, the 
frequency of E + A galaxies, 8.5% is substantially higher than the fraction found 
in a non-merging cluster, Coma [55] and this indicates a galaxy evolutionary ef-
fect associated with the merger. 

5. Discussion 

The relationship between ram pressure and star formation during a cluster mer-
ger was investigated for Abell 3266. This galaxy cluster was chosen because it 
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shows evidence of a merger in progress: very high velocity dispersion in the cen-
ter, an asymmetric density distribution, and regions of shock heated gas. Thus, it 
is the best opportunity to catch an increase in star formation due to RPS before 
the galaxies are quenched. Spectral type O and B type stars emit continuum rad-
iation that ionizes Hydrogen in the surrounding medium. The Hydrogen ions 
then recombine with free electrons producing recombination emission lines. 
These emission lines are believed to correspond to HII regions surrounding O 
and B type stars. Other stellar classes, such as A and F type stars, do not produce 
strong enough radiation to ionize the surrounding gas and thus are lacking Hy-
drogen emission lines. Because of the short lifetime of the high mass stars, this 
emission line should track starburst galaxies. We found that the galaxies exhi-
biting Hβ in emission do not correlate with high ram pressure in our study. We 
do not see evidence of a widespread RPS induced starburst phase associated with 
the merger. There may be evidence of an increased level of recent star formation 
due to the merger, but we don't find a direct link to ram pressure. We then turn 
our attention to the possibility of post-starburst galaxies and their correlation 
with ram pressure. 

An episode of rapid star formation would consume a large percentage of the 
gas available in the galaxy. This consumption, coupled with ram pressure strip-
ping, would lead to a termination of star formation. While the brief timescale of 
enhanced star formation via RPS is critical to whether or not a correlation is ob-
served it is possible to detect the post-starburst galaxies as E + A galaxies. An E + 
A galaxy has a characteristic spectrum, displaying strong Balmer absorption and 
little or no [OII] emission ([44] [55] [56]. The star formation observed in an E + 
A galaxy is understood to have occurred within the last 1.5 Gyr [57]. [56] ob-
served that the number of E + A galaxies found in intermediate redshift clusters 
is greater than the number found in the field. This implies that environment is 
important in their formation. Such events as ram pressure stripping could play a 
role in the increased number of post starburst galaxies found in clusters verses 
the field. [56] and [58] both observe that E + A’s are generally located outside of 
the cluster core, which may be a result of their continued motion after RPS in-
duced starburst. 

The [OII] emission comes from the medium surrounding hot, young stars, 
namely O and B type stars. The optimum conditions for producing [OII] emis-
sion can be found in HII regions [46]. This makes the [OII] emission line a good 
indication of young stellar populations. If the [OII] emission line is very weak, 
or absent, it is likely that there is no current star formation occurring in the ga-
laxy. Pairing this information with strong Balmer absorption lines allows us to 
classify galaxies as post starburst. If there was a recent starburst in a galaxy, there 
will still be some O and B type stars present which have not reached the end of 
their lifetime (1 - 10 Myr); however, there will be very little gas remaining in the 
former HII regions, resulting in a lack of [OII] emission. The A and F type stars, 
with lifetimes on the order of 1 Gyr or longer, will still provide strong Balmer 

https://doi.org/10.4236/ijaa.2021.111007


M. J. Henriksen, S. Dusek 
 

 

DOI: 10.4236/ijaa.2021.111007 127 International Journal of Astronomy and Astrophysics 
 

absorption lines in the spectra of those galaxies. We find here that 8.5% or 6 out 
of 71 of the galaxies that have both OII and Hβ or Hδ available are E + A galax-
ies. [56] find E + A’s make up a non-negligible component of the cluster popula-
tion (7% - 13%) at intermediate redshifts. These authors point out that com-
pared to the low E + A fraction in Coma (3%) [55] their results show the E + A 
fraction evolves strongly with redshift. We find a comparable fraction, 8.5% in 
Abell 3266, a low redshift merging cluster to the intermediate redshift clusters. 
Within our limited sample we can say the E + A fraction is higher in this merg-
ing cluster compared to the nearby Coma cluster. The 6 E + A galaxies are split 
evenly between high and low ram pressure. While this E + A analysis does not 
show a correlation between post starburst galaxies and high ram pressure, the 
lack of immediacy in this phenomena means that it is likely the E + A galaxies 
are observed in a different gas environment than the one they were formed in. 

The lack of a strong global correlation between ram-pressure and optical star 
formation indicators may also be complicated by the multiplicity of cluster en-
vironmental effects on galaxy evolution. For example, radio observations reveal 
an asymmetric, truncated distribution of HI in the spiral galaxy, UGC 07049, in 
the NGC 4065 group of galaxies [59]. In addition, radio continuum emission re-
veals strong star formation in the galaxy. The authors conclude that a combina-
tion of tidal and ram-pressure stripping is most likely necessary to produce the 
HI deficiency and disk asymmetry. In a study of three Virgo Cluster galaxies, in 
one of the galaxies, NGC 4264, X-ray observations at the position of magnetic 
field enhancements do not show compressional heating as expected from a 
strong adiabatic shock due to ram pressure. This favors tidal interactions rather 
than ram pressure stripping. Conversely, NGC 4569’s radio polarized ridge 
shows a higher temperature, indicative of ram-pressure shocked gas. The third 
galaxy, NGC 2276, shows no clear indications of a shock, which is consistent 
with the observed distortions coming from tidal interaction [60]. 

Finally, though there is evidence of an ongoing merger in Abell 3266, it may 
have previously had a major merger at an earlier epoch that resulted in cluster 
wide quenching of star formation diminishing the effect of the present merger. 
Support for this idea comes from studies at intermediate redshift. [61] finds that 
star formation takes place throughout the stellar disk in 0.3 < z < 0.6 galaxies 
though cluster galaxies have a significantly smaller Hα disk than field galaxies. 
The authors concluded that ram-pressure stripping and disk strangulation can 
account for this result. The high level of E + A galaxies we find is consistent with 
a larger merger within the last billion years. 

6. Conclusion 

Through this work, the properties of ram pressure and Hβ equivalent width are 
examined for 177 galaxies located in the merging galaxy cluster Abell 3266. 
There are cases of ram pressure induced star formation within galaxies, the so 
called Jellyfish galaxies that appear to be associated with cluster merger. Al-
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though Abell 3266 is an ongoing merger the expected relationship between ram 
pressure and Hβ equivalent width was not observed. This shows a lack of evi-
dence for ongoing global star formation due to ram pressure at this point of the 
merger. To test whether star formation had recently ended, we identified galax-
ies whose spectra were characteristic of E + A galaxies, or post starburst galaxies. 
There did not appear to be a correlation with E + A galaxies and ram pressure 
either. However, there is an enhancement in the number of E + A galaxies in this 
merging cluster compared to a quiescent cluster or the field, which is consistent 
with a major merger in the past billion years. The evidence contained in this 
work does not provide clear support that star formation is currently enhanced 
globally by ram pressure globally. But because simulations show that the enhanced 
star formation phase is short and depends sensitively on the environment condi-
tions the galaxy encounters, we conclude that this phase is episodic, involving 
only a small fraction of the cluster galaxies at any epoch. The lack of correlation 
is also likely the result of the galaxy’s continued motion after the RPS induced 
star formation phase. 
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Abstract 
We demonstrate that certain astrophysical distributions can be modelled with 
the truncated Weibull distribution, which can lead to some insights: in par-
ticular, we report the average value, the rth moment, the variance, the me-
dian, the mode, the generation of random numbers, and the evaluation of the 
two parameters with maximum likelihood estimators. The first application of 
the Weibull distribution is the initial mass function for stars. The magnitude 
version of the Weibull distribution is applied to the luminosity function for 
the Sloan Digital Sky Survey (SDSS) galaxies and to the photometric maximum 
of the 2MASS Redshift Survey (2MRS) galaxies. The truncated Weibull lumi-
nosity function allows us to model the average value of the absolute magnitude 
as a function of the redshift for the 2MRS galaxies. 
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1. Introduction 

The Weibull distribution was originally introduced to model the fracture 
strength of brittle and quasi-brittle materials, see [1] [2]. The Weibull distribu-
tion was successively applied to analysing the voltage breakdown of electric cir-
cuits [3] [4], the life table data of plants such as the Kolla paulula [5], the distri-
bution of tree diameters [6], plant vegetative tissue [7] and the fatigue failure 
studies of human extensor digitorum longus [8]. The analysis of the truncated 
Weibull distribution has been explored in many papers, we list some in what 
follows. The upper truncated Weibull distribution has been analysed by [9] and 
applied to modeling component or system failure, and by [10] to modeling wind 
speed data and estimating wind power density. The lower truncated Weibull 
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distribution has been analysed by [11]. The lower and upper truncated Weibull 
distribution and the evaluation of its moments have been analysed in [12] [13] 
[14]. A careful analysis of the above approaches allows concluding that the trun-
cated Weibull distribution has not yet been applied to astrophysics. This paper 
reviews the existing Weibull distribution in Section 2, introduces the truncated 
Weibull distribution in Section 3, derives the Weibull luminosity function (LF) 
for galaxies and the connected modification due to the truncation in Section 4, 
and discusses, in Section 5, the application of the Weibull LF to the SDSS galax-
ies, to QSOs, to the photometric maximum visible in the 2MRS catalog of galax-
ies, and to the cosmological evolution of the average absolute magnitude with 
the redshift. 

2. The Weibull Distribution 

Let X be a random variable defined in [ ]0,∞ ; the two/parameter Weibull dis-
tribution function (DF), ( )F x , is 

( ); , 1 e ,
cx

bF x b c
 − 
 = −                       (1) 

where b and c, both positive, are the scale and the shape parameters, see [15]. 
The probability density function (PDF), ( )f x , is 

( )
1e; , .

cx
c b

c

cxf x b c
b

 − −  

=                      (2) 

We now introduce the function 

( )1 ,i i cΓ = Γ +                         (3) 

the average value or mean, µ , is 

( ) 1, ,b c bµ = Γ                          (4) 

the variance, 2σ , is 

( ) ( )2 2 2
1 2, ,b c bσ = −Γ + Γ                     (5) 

the skewness is 

( )
( )
3

21 2 1 3
1 222

1 2

2 3
skewness , ,b c

Γ − Γ Γ +Γ
= −Γ + Γ

Γ −Γ
            (6) 

and the kurtosis 

( )
( )

4 2
1 2 1 1 3 4

22
1 2

3 6 4
kurtosis , .b c

Γ − Γ Γ + Γ Γ −Γ
= −

−Γ + Γ
             (7) 

The rth moment about the origin for the Weibull distribution, rµ′ , is 

( ), ,r
r

c rb c b
c

µ + ′ = Γ 
 

                     (8) 

where r is an integer and 
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( ) 1
0

e d ,t zz t t
∞ − −=Γ ∫                        (9) 

is the gamma function, see [16]. The median is at 
( )( ) ( )ln ln 2 ln

e ,
c b

c
+

                        (10) 

and the mode is at 

1 .c
c b

c
−                           (11) 

Random generation of the Weibull variate X is given by 

( ): , ln 1cX b c R b≈ − −                     (12) 

where R is the unit rectangular variate. The two parameters b and c can be de-
rived by the numerical solution of the two following equations which arise from 
the maximum likelihood estimator (MLE) 

1
0,

cn
i

i

xc n
b b=

   − =     
∑                      (13a) 

( ) ( )
1

ln ln ln 0,
cn

i i
i

i

x xnn b x
c b b=

   − + + − + =   
   

∑            (13b) 

where ix  are the elements of the experimental sample with i varying between 1 
and n. 

3. The Truncated Weibull Distribution 

Let X be a random variable defined in [ ],l ux x ; the truncated two-parameter 
Weibull DF, ( )TF x , is 

( ) e e; , , , ,

e e

cc
l

c c
u l

xx
bb

T l u x x
b b

F x b c x x

   −−   
   

   − −   
   

− +
=

− +

               (14) 

and the PDF, ( )Tf x , is 

( )
e

; , , , ,

e e

c

c c
u l

xc
b

T l u
x x
b b

x c
bf x b c x x

x

 − 
 

   − −   
   

 − 
 =

 
 −
 
 

              (15) 

see Section 2.1 in [14]. 
The inequality which fixes the range of existence is 0u lx x x∞ > > > > . We 

report the indefinite integral which characterizes the average value or mean, 

Tµ , 

( ) ( ), , , , ; , d ,l u TI b c x x x x f x b c x= ∫                 (16) 

which is 
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( ), , , , ,l u
INI b c x x x
ID

=                      (17) 

where 

( ) ( )( ) ( )

( )1

21 1ln ln
2 2

1 2 1 1 3 1,
2 2

1 1 3 1,
2 2

12 e 2
2

1 1 ,
2 2

c cb x c x b c c c c
c c
c c

c c c c
cc
c

IN c x b c b M b x

c c b cx M b x

−

−

− + − + − −
+ +

−
+

  = − +    
  + + +       

   (18) 

and 

( )( )( )( )1 2 1 3 1 e e
c cc c

u lx bx bID c c c
−− −−= + + + −             (19) 

where ( ),M zµ ν  is the Whittaker M function, see [17] [16]. The average value is 
therefore 

( ) ( ) ( ), , , , , , , , , , , ,l u l u u l u lb c x x I b c x x x x I b c x x x xµ = = − =       (20) 

for a comparison, see Equation (5) in [14]. The indefinite integral which charac-
terizes the rth moment about the origin for the truncated Weibull distribution, 

,r tµ′ , is 

( ) ( ), , , , ; , d ,r
l u TM b c x x x x f x b c x= ∫                (21) 

which is 

( )
( )( )( )( )

, , , , ,
e e 2 3

c cc c
u l

l u x bx b

MNM b c x x x
c r c r c r

−− −−
=

− + + + +
     (22) 

where 

( ) ( )( ) ( ) ( )

( ) ( )( )

21 2 2 2

1 2 3 2 1 2

2 2 2 2

1 2 3 2 1 2

ln ln

1 ,

,

2

1 2 .2

2 e 2
c cb x c x b c c

r r
c c

c c c c
r r
c c

r r

r r r r

MN c x b c M b xr

M b x c cx rb b x c

−− + − + −

+ +

− + −

+


= +




+ + + 


  (23) 

The rth moment about the origin for the truncated Weibull distribution is 
therefore 

( ) ( ), , , , , , , , , .r t l u u l u lM b c x x x x M b c x x x xµ′ = = − =          (24) 

The variance, ( )2 , , ,T l ub c x xσ , of the truncated Weibull distribution is given 
by 

( ) ( )22
2, 1,, , , .T l u t tb c x xσ µ µ′ ′= −                  (25) 

The Tmedian  in the case u T lx median x> >  is at 

( ) e eln ,
2 2

c cc c
u lx bx b

c c c
cT u lmedian x x b b

−−

−
 
 = + − +
 
 

          (26) 

and the Tmode  in the case u T lx mode x> >  is at 
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1 ,c
T

cmode b
c
−

=                       (27) 

which is the same value as that for the Weibull pdf. Random generation of the 
truncated Weibull variate X is given by 

( ) ( ): , , , ln e e e ,
c cc c c c

u l ux bx b x bc c cc
l u u lX b c x x x x b R R b

−− −−≈ + − − + +     (28) 

where R is the unit rectangular variate. The four parameters xl, xu, b and c can be 
obtained in the following way. Consider a sample 1 2, , , nx x x=   and let 

( ) ( ) ( )1 2 nx x x≥ ≥ ≥  denote their order statistics, so that  

( ) ( )1 21 max , , , nx x x x=  , ( ) ( )1 2min , , , nnx x x x=  . The first two parameters lx  
and ux  are 

( ) ( )1, .l unx x x x= =                       (29) 

The MLE is obtained by maximizing 

( )( )ln ; , , , .
n

T l u
i

f x b c x xΛ = ∑                   (30) 

The two derivatives 0
b

∂Λ
=

∂
 and 0

c
∂Λ

=
∂

 generate two non-linear equa-

tions in b and c which are 

1 0,

e e
c c

u lx x
b b

N

b
   − −   
   

=
 
 − +
 
 

                   (31a) 

2 0,

e e
c c

u lx x
b b

N

c
   − −   
   

=
 
 − +
 
 

                   (31b) 

where 

=1
1 e e

1 e e 1 ,

c c
u l

c c
l u

x x cn
b b i

i

x xc c
b bl u

x
N

b

x x
n c

b b

   − −   
   

   − −   
   

     = − +      
         + − − + +                    

∑
       (32) 

and 

( )

( )

( )

1
2 e e ln ln

ln ln 1 e

e ln ln 1 .

c c
u l

c
l

c
u

x x cn
b b i i

i
i

xc
bl l

x c
b u u

x x
N c x

b b

x x
n c c b

b b

x x
c c b

b b

   − −   
   

=

 − 
 

 − 
 

      = − + − +         
    + − +          

     − − +         

∑

        (33) 

https://doi.org/10.4236/ijaa.2021.111008


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.111008 138 International Journal of Astronomy and Astrophysics 
 

4. The luminosity Function 

This section reports the luminosity functions (LFs) for the Weibull distribution 
and the truncated Weibull distribution. 

4.1. The Weibull LF 

The Schechter function, introduced by [18], provides a useful reference for the 
LF of galaxies 

( )
*

* *
* * *; , , d exp d ,L LL L L L

L L L

α

α
 Φ    Φ Φ = −    

    
          (34) 

here α  sets the slope for low values of L, *L  is the characteristic luminosity 
and *Φ  is the normalization. The equivalent distribution in absolute magni-
tude is 

( ) ( )( ) ( )* *0.4 1 0.4*d 0.921 10 exp 10 d ,
M M M M

M M M
α + − − Φ = Φ − 

 
      (35) 

where *M  is the characteristic magnitude as derived from the data. We now 
introduce the parameter h, which is H0/100, where H0 is the Hubble constant. 
The scaling with h is *

105logM h−  and * 3 3 Mpch − Φ   . In order to derive the 
Weibull LF we start from the PDF as given by Equation (2), 

( )
*

*
* * *

e
; , , d d ,

cLc
LL c

LL c L L L
L

 
− 
  

 
 Ψ Ψ = Ψ              (36) 

where L is the luminosity, *L  is the characteristic luminosity and *Ψ  is the 
normalization and the version in absolute magnitude is 

( ) ( ) ( )
( )

*0.4 0.4*0.4 0.4* * * 10; , , d 0.4 10 e ln 10 d .
M M cM M c

M c M M c M
− +− + −Ψ Ψ = Ψ   (37) 

4.2. The Truncated Weibull LF 

We start with the truncated Weibull PDF with scaling as given by Equation (15) 

( )
*

* *

*
* * *

e
; , , , , d d ,

e e

c

c c
u l

Lc
L

l u
L L

L L

L c
LL c L L L L L

L

 
− 
 

   
− −   
   

 − 
 Ψ Ψ = Ψ

 
 −
  
 

        (38) 

where L is the luminosity, *L  is the characteristic luminosity, lL  is the lower 
boundary in luminosity, uL  is the upper boundary in luminosity, and *Ψ  is 
the normalization. The magnitude version is 

( )

( ) ( ) ( )( )
*0.4 0.4

*

* *0.4 0.4 0.4 0.4

* *

10
0.4 0.4

*

10 10

; , , , , d

0.4 10 e ln 2 ln 5
d ,

e e

c
M M

c c
M M M Ml u

l u

c
M M

M c M M M M

c
M

−

− + −

 
− −  

   
− −   
   

Ψ Ψ

− +
= Ψ

−

      (39) 
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where M is the absolute magnitude, *M  the characteristic magnitude, lM  the 
lower boundary in magnitude, uM  the upper boundary in magnitude and *Ψ  
is the normalization. The mean theoretical absolute magnitude, M , can be 
evaluated as 

( )
( )

* *

* *

; , , , , d
.

; , , , , d

u

l

u

l

M
l uM

M
l uM

M M c M M M M
M

M c M M M M

×Ψ Ψ
=

Ψ Ψ

∫
∫

           (40) 

5. Astrophysical Applications 

This section reviews the adopted statistics, applies the truncated Weibull distri-
bution to the initial mass function (IMF) for stars, models the LF for galaxies 
and QSOs, explains the photometric maximum in the number of galaxies of the 
2MRS, and traces the cosmological evolution of the average absolute magnitude. 

5.1. Statistics 

The merit function 2χ  is computed according to the formula 

( )2
2

1
,

n
i i

i i

T O
T

χ
=

−
= ∑                       (41) 

where n is the number of bins, iT  is the theoretical value, and iO  is the expe-
rimental value represented by the frequencies. The theoretical frequency distri-
bution is given by 

( ) ,i iT N x p x= ∆                        (42) 

where N is the number of elements of the sample, ix∆  is the magnitude of the 
size interval, and ( )p x  is the PDF under examination. 

A reduced merit function 2
redχ  is given by 

2 2 ,red NFχ χ=                        (43) 

where NF n k= −  is the number of degrees of freedom, n is the number of 
bins, and k is the number of parameters. The goodness of the fit can be ex-
pressed by the probability Q, see equation 15.2.12 in [19], which involves the 
number of degrees of freedom and 2χ . According to [19] p. 658, the fit may be 
acceptable’ if 0.001Q > . 

The Akaike information criterion (AIC), see [20], is defined by 

( )AIC 2 2ln ,k L= −                      (44) 

where L is the likelihood function and k the number of free parameters in the 
model. We assume a Gaussian distribution for the errors. Then the likelihood  

function can be derived from the 2χ  statistic 
2

exp
2

L χ 
∝ − 

 
 where 2χ  has 

been computed by Equation (41), see [21], [22]. Now the AIC becomes 
2AIC 2 .k χ= +                        (45) 

The Kolmogorov-Smirnov test (K-S), see [23] [24] [25], does not require bin-
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ning the data. The K-S test, as implemented by the FORTRAN subroutine 
KSONE in [19], finds the maximum distance, D, between the theoretical and the 
astronomical CDF as well the significance level PKS, see formulas 14.3.5 and 
14.3.9 in [19]; if 0.1KSP ≥ , the goodness of the fit is believable. 

5.2. The IMF for Stars 

We tested the truncated Weibull distribution on four samples of stars: NGC 
2362 (271 stars), the young cluster NGC 6611 (207 stars), the γ Velorum cluster 
(237 stars), and the young cluster Berkeley 59 (420 stars), for more details, see 
Section 5.2 of [26]. The results are presented in Table 1 for the truncated Wei-
bull distribution with two parameters, where the last column reports whether the 
results are better compared to the lognormal distribution (Y) or worse (N). Re-
sults on the lognormal distribution were reported in Table 1 in [26]. 

Graphical displays of the empirical PDF visualized through histograms as well 
as the theoretical PDF for NGC 6611 are reported in Figure 1 and those for the γ 
Velorum sample are reported in Figure 2. 

5.3. The LF for Galaxies 

A test has been performed on the *u  band of SDSS as in [27] with data availa-
ble at https://cosmo.nyu.edu/blanton/lf.html. The Schechter function, the new 
Weibull LF represented by formula (37) and the data are reported in Figure 3, 
parameters as in Table 2. 

A careful examination of Table 2 reveals that the Weibull LF has a lower 2
redχ  

compared to the Schechter LF. 
Another case is the LF for QSO in the case 0.3 0.5z< < , see [28] for more 

details. Figure 4 displays the observed LF for QSO as well the theoretical fit with 
the Weibull LF. The parameters and the statistical results for the Schechter LF 
are reported in Table 3 and those for the Weibull LF in Table 4; the Weibull LF  

 
Table 1. Numerical values of 2

redχ , AIC, probability Q, D, the maximum distance be-
tween theoretical and observed DF, and PKS, significance level, in the K-S test of the trun-
cated Weibull distribution with two parameters for different mass distributions. The last 
column (LN) indicates an AIC lower (Y) or bigger (N) in respect to the lognormal distri-
bution. The number of linear bins, n, is 20. 

Cluster parameters AIC 2
redχ  Q D PKS LN 

NGC 2362 
0.726b = , 2.2c = ,  
0.12lx = , 1.47ux =  

39.5 1.96 0.011 0.011 0.576 N 

NGC 6611 
0.483b = , 1.011c = ,  
0.019lx = , 1.46ux =  

47.77 2.48 8.4 × 10−4 0.059 0.45 Y 

γ Velorum 
0.153b = , 0.745c = ,  
0.158lx = , 1.317ux =  

31.24 1.45 0.107 0.063 0.292 Y 

Berkeley 59 
0.347b = , 1.143c = ,  
0.16lx = , 2.24ux =  

83.71 4.73 9.74 × 10−10 0.122 6.35 × 10−6 N 
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Figure 1. Empirical PDF of the mass distribution for NGC 6611 cluster data (blue histo-
gram) with a superposition of the truncated Weibull PDF (red line). Theoretical parame-
ters as in Table 1. 

 

 
Figure 2. Empirical PDF of the mass distribution for γ Velorum data (blue histogram) 
with a superposition of the truncated Weibull PDF (red line). Theoretical parameters as 
in Table 1. 

 
Table 2. Numerical values and 2

redχ  of the LFs applied to SDSS Galaxies in the *u  band. 

LF parameters 2
redχ  

Schechter * 17.92M = − , 0.9α = − , * 30.03 MpcΦ =  0.689 

Weibull * 16.69M = − , 0.728c = , * 30.0718 MpcΨ =  0.650 
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Figure 3. The LF data of SDSS ( *u ) are represented with error bars. The continuous line 
fit represents the Weibull LF (37) and the dotted line represents the Schechter function. 

 

 
Figure 4. The observed LF for QSOs, empty stars with error bar, and the fit by the Wei-
bull LF for z in [ ]0.3,0.5  and M in [ ]24.93, 22− − . Parameters as in Table 4. 

 
Table 3. Parameters of the Schechter LF in the range of redshift [ ]0.3,0.5  when 3k =  

and 10n = . 

*M  
*Ψ  α  

2χ  
2
redχ  Q AIC 

−23.75 8.85 × 10−7 −1.37 10.49 1.49 0.162 16.49 

 
Table 4. Parameters of the Weibull LF for QSOs in the range of redshift [ ]0.3,0.5  when 

3k =  and 10n = . 

*M  
*Ψ  α  

2χ  
2
redχ  Q AIC 

−20.566 9.26 × 10−6 0.471 10.08 1.44 0.183 16.08 
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has smaller 2
redχ  compared to the Schechter LF. 

5.4. The Photometric Maximum 

In the pseudo-Euclidean universe, the correlation between the expansion veloci-
ty and distance is 

0 ,lV H D c z= =                        (46) 

where 0H  is the Hubble constant, 1 1
0 100 km s MpcH h − −= ⋅ ⋅ , with 1h =  

when h is not specified, D is the distance in Mpc, lc  is the speed of light and z 
is the redshift. In the pseudo-Euclidean universe, the flux of radiation, f, ex-

pressed in units of 2Mpc
L
 , where L



 represents the luminosity of the sun, is 

2 ,
4

Lf
D

=
π

                         (47) 

where D represents the distance of the galaxy expressed in Mpc, and 

0

.lc z
D

H
=                           (48) 

The joint distribution in z and f for a generic LF, 
2

2
crit

z
z

 
Φ 
 

 is 

5 2
4

2
0

d 4 ,
d d d

l

crit

cN zz
z f H z

  
= Φ  

   
π

Ω
                (49) 

where dΩ , dz  and df  represent the differentials of the solid angle, the red-
shift, and the flux, respectively, and 

2 *
2 0

24crit
l

H L
z

fcπ
=                         (50) 

where *L  is the characteristic luminosity, for more details, see [29]. The LF is 
chosen to be the Schechter function, but different LFs can be tested, for example, 
the Weibull LF. The joint distribution in z, f and Ω  for galaxies for the Weibull 
LF, see Equation (36), is 

( )

2

22
2 5 * 2

* 2

5 *
0

4 ed ; , ,
.

d d d

c

crit

zc
z

l crit
crit crit

zz c c zN z c z z
z f H L

 
 −
 
 

 
Ψ  Ψ 

π
=

Ω
         (51) 

The above number of galaxies in z and f has a maximum at maxz z=  which is 
the solution of the following non-linear equation 

2

22 2
5 2

2 28 e 1 0.

c

crit

zc c
z

l crit
crit crit

z zzc c z c c
z z

 
 −
 
 

     − Ψ − − =        
π          (52) 

A first numerical evaluation of the position in z of the above equation is re-
ported in units of critz , see the blue dashed line in Figure 5. A second analytical 
result can be obtained inserting for the number of galaxies a numerical value for  
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Figure 5. Position in units of critz  of the photometric maximum as a function of the shape 
parameter c: numerical solution (blue dashed line) and Taylor solution (red full line). 

 
c. As an example when 1 2c = , the nonlinear equation for the photometric 
maximum is 

2

22 2
5 * 2

2 22 e 3 0,crit

z
z

l crit
crit crit

z zzc z
z z

−  
 − Ψ − =
 
 

π              (53) 

which has a physical solution at 

max 3 .critz z=                          (54) 

A third approximate result is obtained using a Taylor expansion of Equation 
(52) around 2 critz z=  of order 3, which gives 

( )

max
3 3 2 2 3 3 2 2 2 2 2

2 2 2 2

2464 28 16 2 4 256 464 12 16 2 16 4 4 ,
1264 2 256 14 16 2 4 3 64 9 16 3 4 16 4

crit
c c c c c c c c c c

c c c c c c c c c

z z

c c c c c c c c c A
c c c c c c c c

+ +

= ×

− + − + − + + − − −
− − + + − + − +

 (55) 

where 

(

)

4 4 4 3 3

3 2 2 2

3 4 4 1 2

4 16 40 64 32 1024 56 64 48 256

8 16 14 64 3 16 2 16 3 256 2 64

8 1024 60 256 4 4096 16 .

c c c c c

c c c c c c

c c c c

A c c c c c

c c c c c c

c c c

= − + × + × + × −

− + × − + − −

+ × − × − × +

    (56) 

A graphical display of the Taylor solution is reported in Figure 5 as the red full 
line. Figure 6 reports the number of observed galaxies for the 2MASS Redshift 
Survey (2MRS) catalog at a given apparent magnitude and both the Schechter and 
the Weibull models for the number of galaxies as functions of the redshift. The in-
fluence on the above curve of varying *M  is reported in Figure 7. 

The mean redshift for galaxies z  is 

0

0

d d
d d d .

d d
d d d

Nz z
z fz

N z
z f

∞

∞

Ω
=

Ω

∫

∫
                     (57) 
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Figure 6. The galaxies of the 2MRS with 10.31 10.47m≤ ≤  or  

2 21164793 1346734
Mpc Mpc

L L
f≤ ≤   are organized in frequencies versus heliocentric 

redshift, (empty circles); the error bar is given by the square root of the frequency. The 
maximum frequency of observed galaxies is at 0.017z = . The full line is the theoretical 

curve generated by ( )d
d d d

N z
z fΩ

 as given by the application of the Schechter LF which is 

Equation (43) in [29] and the dashed line represents the Weibull LF which is Equation 
(51). The Weibull LF parameters are 1 2c =  and * 20.65M = − , 2 198χ =  for the 

Schechter LF and 2 452χ =  for the Weibull LF. 
 

 
Figure 7. The theoretical number of galaxies for the Weibull LF as function of the red-
shift and *M ; parameters as in Figure 6. 
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The mean redshift for the Weibull LF as a function of critz  when 1 2c =  is 

( ) 4 wh 1en 2,crit critz z z c= =                 (58) 

or as a function of the flux 

( )
*0.4 0.4

02 10
wh 2e 1n ,

M M

l

f H
z f c

fc

−

π
=

π
=



          (59) 

where 3.39M =


 is the reference magnitude of the sun at the considered 
bandpass, or as a function of the apparent magnitude 

( )
*0.921 0.921 0.4 0.45

0
0.921 0.921

4 10 e 10
when .

e
1 2

M m M M

M m
l

H
z m c

c

− −−

−

×
= =

 



    (60) 

5.5. Mean Absolute Magnitude 

The absolute magnitude which can be observed as a function of the limiting ap-
parent magnitude, Lm , is 

10
0

5log 25,L L
czM m
H

 
= − − 

 
                  (61) 

where 11.75Lm =  for the 2MRS catalog. 
The theoretical average absolute magnitude of the truncated Weibull LF, see 

Equation (40), can be compared with the observed average absolute magnitude 
of the 2MRS as a function of the redshift. To fit the data, we assumed the fol-
lowing empirical dependence on the redshift for the characteristic magnitude of 
the truncated Weibull LF. 

 

 
Figure 8. Average absolute magnitude of the galaxies belonging to the 2MRS 
(green-dashed line), theoretical average absolute magnitude for the truncated Weibull LF 
(blue dash-dot-dash-dot line) as given by equation (42), lower theoretical curve as 
represented by Equation (63) (red line) and minimum absolute magnitude observed 
(cyan dotted line). 
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0.7
* min

max min

25.14 4 1 .
z zM

z z

  − = − + −   −  
              (62) 

This relationship models the decrease of the characteristic absolute magnitude 
as a function of the redshift and allows us to match the observational and theo-
retical data. The lower bound in absolute magnitude is given by the minimum 
magnitude of the selected bin, the upper bound is given by Equation (61), the 
characteristic magnitude varies according to Equation (62) and Figure 8 reports 
a comparison between the theoretical and the observed absolute magnitude for 
the 2MRS catalog. 

6. Conclusions 

Truncated Weibull distribution 
We derived the PDF, the DF, the average value, the rth moment, the variance, 

the median, the mode, an expression to generate random numbers and the way 
to obtain the two parameters, b and c, by the MLE for the truncated Weibull 
distribution. 

Weibull luminosity function 
We derived the Weibull LF in the standard and the truncated case: the appli-

cation to both the SDSS Galaxies and to the QSOs in the range of redshift 
[ ]0.3,0.5  yields a lower reduced merit function compared to Schechter LF, see 
Table 2 and Table 4. 

Cosmological applications 
The number of galaxies as functions of the redshift, the flux and the solid an-

gle for the Weibull LF in the pseudo-Euclidean universe presents a maximum 
which can be compared with the observed one for the 2MRS, see Figure 6. The 
truncated Weibull LF produces a good fit to the average absolute magnitude of 
the 2MRS galaxies as a function of the redshift, see Figure 8. 
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sakademiens handlingar, No. 151, Generalstabens litografiska anstalts förlag, Stockholm. 

[2] Weibull, W. (1951) A Statistical Distribution Function of Wide Applicability. Jour-
nal of Applied Mechanics, 18, 293-297. 

[3] Cacciari, M., Mazzanti, G. and Montanari, G. (1996) Comparison of Maximum Li-
kelihood Unbiasing Methods for the Estimation of the Weibull Parameters. IEEE 
Transactions on Dielectrics and Electrical Insulation, 3, 18.  
https://doi.org/10.1109/94.485511 

[4] Hirose, H. (1996) Maximum Likelihood Estimation in the 3-Parameter Weibull 
Distribution. A Look through the Generalized Extreme-Value Distribution. IEEE 

https://doi.org/10.4236/ijaa.2021.111008
https://doi.org/10.1109/94.485511


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.111008 148 International Journal of Astronomy and Astrophysics 
 

Transactions on Dielectrics and Electrical Insulation, 3, 43-55.  
https://doi.org/10.1109/94.485513 

[5] Tuan, S.J., Chang, P.W., Saska, P., Atlihan, R. and Chi, H. (2017) Host Plants Mix-
ture and Fitness of Kolla paulula: With an Evaluation of the Application of Weibull 
Function. Journal of Applied Entomology, 141, 329-338.  
https://doi.org/10.1111/jen.12357 

[6] Diamantopoulou, M.J., Özçelik, R., Crecente-Campo, F. and Eler, Ü. (2015) Estima-
tion of Weibull Function Parameters for Modelling Tree Diameter Distribution 
Using Least Squares and Artificial Neural Networks Methods. Biosystems Engi-
neering, 133, 33-45. https://doi.org/10.1016/j.biosystemseng.2015.02.013 

[7] Pitt, R. (1982) Models for the Rheology and Statistical Strength of Uniformly 
Stressed Vegetative Tissue. Transactions of the ASAE, 25, 1776-1784. 

[8] Gallagher, S. (2012) Weibull Analyses of the Fatigue Life of Human Tissues. Pro-
ceedings of the Human Factors and Ergonomics Society Annual Meeting, Vol. 56, 
1130-1134. https://doi.org/10.1177/1071181312561246 

[9] Zhang, T. and Xie, M. (2011) On the Upper Truncated Weibull Distribution and Its 
Reliability Implications. Reliability Engineering & System Safety, 96, 194-200.  
https://doi.org/10.1016/j.ress.2010.09.004 

[10] Kantar, Y.M. and Usta, I. (2015) Analysis of the Upper-Truncated Weibull Distri-
bution for Wind Speed. Energy Conversion and Management, 96, 81-88.  
https://doi.org/10.1016/j.enconman.2015.02.063 

[11] Wingo, D.R. (1989) The Left-Truncated Weibull Distribution: Theory and Compu-
tation. Statistical Papers, 30, 39-48. https://doi.org/10.1007/BF02924307 

[12] McEwen, R.P. and Parresol, B.R. (1991) Moment Expressions and Summary Statis-
tics for the Complete and Truncated Weibull Distribution. Communications in Sta-
tistics—Theory and Methods, 20, 1361-1372.  
https://doi.org/10.1080/03610929108830570 

[13] Khan, R., Anwar, Z. and Athar, H. (2007) Recurrence Relations for Single and 
Product Moments of Generalized Order Statistics from Doubly Truncated Weibull 
Distribution. Aligarh Journal of Statistics, 27, 69-79. 

[14] Crénin, F. (2015) Truncated Weibull Distribution Functions and Moments.  
https://doi.org/10.2139/ssrn.2690255 

[15] Forbes, C., Evans, M., Hastings, N. and Peacock, B. (2011) Statistical Distributions. 
Fourth Edition, John Wiley & Sons, Hoboken.  
https://doi.org/10.1002/9780470627242 

[16] Olver, F.W.J., Lozier, D.W., Boisvert, R.F. and Clark, C.W. (2010) NIST Handbook 
of Mathematical Functions. Cambridge University Press, Cambridge. 

[17] Abramowitz, M. and Stegun, I.A. (1965) Handbook of Mathematical Functions with 
Formulas, Graphs, and Mathematical Tables. Dover, New York. 

[18] Schechter, P. (1976) An Analytic Expression for the Luminosity Function for Ga-
laxies. ApJ, 203, 297. https://doi.org/10.1086/154079 

[19] Press, W.H., Teukolsky, S.A., Vetterling, W.T. and Flannery, B.P. (1992) Numerical 
Recipes in FORTRAN. The Art of Scientific Computing. Cambridge University 
Press, Cambridge. 

[20] Akaike, H. (1974) A New Look at the Statistical Model Identification. IEEE Trans-
actions on Automatic Control, 19, 716-723.  
https://doi.org/10.1109/TAC.1974.1100705 

[21] Liddle, A.R. (2004) How Many Cosmological Parameters? MNRAS, 351, L49.  

https://doi.org/10.4236/ijaa.2021.111008
https://doi.org/10.1109/94.485513
https://doi.org/10.1111/jen.12357
https://doi.org/10.1016/j.biosystemseng.2015.02.013
https://doi.org/10.1177/1071181312561246
https://doi.org/10.1016/j.ress.2010.09.004
https://doi.org/10.1016/j.enconman.2015.02.063
https://doi.org/10.1007/BF02924307
https://doi.org/10.1080/03610929108830570
https://doi.org/10.2139/ssrn.2690255
https://doi.org/10.1002/9780470627242
https://doi.org/10.1086/154079
https://doi.org/10.1109/TAC.1974.1100705


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2021.111008 149 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.1111/j.1365-2966.2004.08033.x 

[22] Godlowski, W. and Szydowski, M. (2005) Constraints on Dark Energy Models from 
Supernovae. In: Turatto, M., Benetti, S., Zampieri, L. and Shea, W., Eds., 1604-2004: 
Supernovae as Cosmological Lighthouses, Vol. 342 of Astronomical Society of the 
Pacific Conference Series, Astronomical Society of the Pacific, San Francisco, 
508-516. 

[23] Kolmogoroff, A. (1941) Confidence Limits for an Unknown Distribution Function. 
The Annals of Mathematical Statistics, 12, 461-463.  
https://doi.org/10.1214/aoms/1177731684 

[24] Smirnov, N. (1948) Table for Estimating the Goodness of Fit of Empirical Distribu-
tions. The Annals of Mathematical Statistics, 19, 279-281.  
https://doi.org/10.1214/aoms/1177730256 

[25] Massey Frank, J.J. (1951) The Kolmogorov-Smirnov Test for Goodness of Fit. Jour-
nal of the American Statistical Association, 46, 68-78.  
https://doi.org/10.1080/01621459.1951.10500769 

[26] Zaninetti, L. (2020) New Probability Distributions in Astrophysics: II. The Genera-
lized and Double Truncated Lindley. International Journal of Astronomy and As-
trophysics, 10, 39-55. https://doi.org/10.4236/ijaa.2020.101004 

[27] Blanton, M.R., Hogg, D.W., Bahcall, N.A., Brinkmann, J. and Britton, M. (2003) 
The Galaxy Luminosity Function and Luminosity Density at Redshift z = 0.1. APJ, 
592, 819. https://doi.org/10.1086/375776 

[28] Zaninetti, L. (2017) A Left and Right Truncated Schechter Luminosity Function for 
Quasars. Galaxies, 5, 25-40. https://doi.org/10.3390/galaxies5020025 

[29] Zaninetti, L. (2019) The Truncated Lindley Distribution with Applications in As-
trophysics. Galaxies, 7, 61. https://doi.org/10.3390/galaxies7020061 

 
 
 

https://doi.org/10.4236/ijaa.2021.111008
https://doi.org/10.1111/j.1365-2966.2004.08033.x
https://doi.org/10.1214/aoms/1177731684
https://doi.org/10.1214/aoms/1177730256
https://doi.org/10.1080/01621459.1951.10500769
https://doi.org/10.4236/ijaa.2020.101004
https://doi.org/10.1086/375776
https://doi.org/10.3390/galaxies5020025
https://doi.org/10.3390/galaxies7020061


9 772161 471005 10




	Front Cover
	Inside Front Cover-Editorial Board
	Table of Contents
	Journal Information
	1-The Quantization of Black Holes, Lower Mass Limit, Temperature, and Lifetime of Black Holes in a Simple Way
	11-Scaling Behavior for the Susceptibility of the Vacuum
	37-Energy Conservation in the Thin Layer Approximation: IV. The Light Curve for Supernovae
	59-Adding Dark Matter to the Standard Model
	73-A Brief Review of Historical Supernovae
	87-MOUND: An Alternative to Milgrom’s MOND
	95-A Lack of Evidence for Global Ram-Pressure Induced Star Formation in the Merging Cluster Abell 3266
	133-New Probability Distributions in Astrophysics: V. The Truncated Weibull Distribution
	Inside Back Cover-Call for Papers
	Back Cover

