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Abstract 
We compare the observed galaxy stellar mass distributions in the redshift 
range 0 11z<   with expectations of the cold ΛCDM and warm ΛWDM 
dark matter models, and obtain the warm dark matter cut-off wavenumber: 

0.44 1
fs 0.340.90 Mpck + −

−= . This result is in agreement with the independent mea-
surements with spiral galaxy rotation curves, confirms that kfs is due to warm 
dark matter free-streaming, and is consistent with the scenario of dark matter 
with no freeze-in and no freeze-out. Detailed properties of warm dark matter 
can be derived from kfs. The data disfavors the ΛCDM model. 
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1. Introduction 

Most current cosmological observations are well described by the cold dark matter 
ΛCDM model with only six independent parameters, and a few assumptions that 
are consistent with present observations: flat space, a cosmological constant, and 
scale invariant adiabatic primordial density perturbations [1]. This economical 
description of the universe is apparently in agreement with all observations on 
large scales, but seems to have tensions with some small scale phenomena: the 
“cusp vs core” problem of spiral galaxies, i.e. simulations obtain a cusp while 
observations find a core, and the “missing satellite” problem [2]. The ΛCDM model 
assumes that dark matter has a negligible free-streaming length. However, fits to 
spiral galaxy rotation curves obtain a non-negligible dark matter free-streaming 
length [3]. This free-streaming cuts off the power spectrum of linear density per-
turbations at a comoving wavenumber kfs. Adding this parameter to the ΛCDM 
model obtains the warm dark matter model (ΛWDM). 
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We compare the observed galaxy stellar mass distributions in the redshift range 
0 11z<   with expectations of the cold and warm dark matter models, and ob-
tain the cut-off wavenumber kfs. The notation and cosmological parameters are 
as in Reference [1]. 

The outline of this article is as follows. In Section 2 we obtain predictions, 
based on the Press-Schechter formalism, of the stellar mass distributions for the 
cold and warm dark matter models. This formalism is valid only at redshifts 

5z   as discussed in Section 3. In Section 4 we present measurements of kfs by 
comparing predictions with data in the redshift range 5.5 8.5z  . Section 5 
verifies the compatibility between predictions and the galaxy with largest ob-
served spectroscopic redshift to date. We close with conclusions. 

2. Predictions of the Stellar Mass Distributions 
Let ( )P k  be the power spectrum of linear density perturbations in the cold 
dark matter ΛCDM model as defined in Reference [4], Equation (8.1.42). k is 
the comoving wavenumber. If dark matter is warm, ( )P k  becomes replaced by 
( ) ( )2

fsP k k kτ , where ( )2
fsk kτ  is a cut-off factor. The cut-off is due to free- 

streaming of the warm dark matter particles. 
In Reference [3] we consider a step-function cut-off factor. In that approxi-

mation, the first galaxies to form have the transition mass 

3
fs fs crit

4 ,
3 mM r ρ= π Ω                       (1) 

where fs fs1.555r k= . Galaxies with larger masses form bottom up by hierar-
chical clustering. Once saturation is reached, galaxies that would have formed 
with mass M  may “not fit”, loose mass to neighboring galaxies, and collapse 
with mass less than M . These are stripped down galaxies, they populate all 
masses, and are the only galaxies that form with mass less than fsM  in the step 
function approximation [3]. 

In the present article we take 

( ) ( )2 2 2
fs fsexp .k k k kτ = −                     (2) 

This smooth cut-off is approximately the Born approximation of the calcula-
tion presented in Reference [5]. The true cut-off factor has a longer tail at large k 
than the Born approximation [5]. To study the effect of the tail, we also consider 
the cut-off factor 

( )
( )
( )

2 2
fs fs2

fs 2 2
fs fs fs

exp if ,

exp if .

k k k k
k k

k k k k k k
τ

 − ≤= 
− ⋅ >

            (3) 

All figures, except Figure 13, include the tail: its effect is relatively small. 
As we shall see in the following, the smooth cut-off results in bottom up hierar-

chical clustering, as in the ΛCDM model, up to saturation at redshift 5z ≈ , and 
thereafter seems to become dominated by the generation of stripped down ga-
laxies. Irregular “clumpy galaxies”, that resemble beads on filaments or sheets [6], 
that are dynamically unstable and break up, may also contribute to the galaxy 
stellar mass function [6] [7]. 
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The mean of the square of the fractional mass fluctuation in a sphere of com-
oving radius 0 01.555r k=  (smoothed by a gaussian window function), and mass 

3
0 crit4 3mM r ρ≡ π Ω , at redshift z, is [4] 

( )
( ) ( )

( )
2 2 2

2 2
3 2 2 20

fs 0

, 4 d exp exp ,
2 1

f k kM z k kP k
k kz

σ
∞    

= π − −   
π +    

∫      (4) 

while density perturbations are still linear. For simplicity, we have assumed the 
cut-off factor (2). f  is a correction due to the cosmological constant;  

1,1.257,1.275f =  for 0,2,11z = , respectively [4]. For 0 8r h=  Mpc,  
( ) 88 Mpc ,0 0.815 0.009hσ σ≡ = ±  [1] is becoming non-linear at the present 

time. 8σ  fixes the normalization of (4). 
The Press-Schechter stellar mass function [8] is obtained from (4) as follows. 

The mass fraction locked up in halos with mass greater than M  at redshift z is iden-
tified with the probability that the relative fluctuation of mass M  exceeds 1.686: 

( ) 1, erfc ,
2 2

F M z ν 
=  

 
                     (5) 

where ( )1.686 ,M zν σ≡ . Then ( )( ), dF M z M M− ∂ ∂  is identified with the 
mass fraction in halos with masses between M  and dM M+ . This identifica-
tion is valid so long as the galaxies do not break up, or loose mass to neighboring 
galaxies, and have time to cluster. The Press-Schechter stellar mass function is 
then obtained after some algebra, and the inclusion of a “fudge factor” 2 [8], jus-
tified in [9]: 

( )
( )

1

PS

d lnd ,
d ln d ln

mn f
M M M

σρ
ν

−

=                   (6) 

where 

( )
2

PS
2 exp ,

2
f νν ν

 
= − π  

                    (7) 

and critm mρ ρ≡ Ω . Equation (7) is valid in the spherical collapse approximation. 
A calculation that takes into account the average ellipticity and prolateness of 
perturbations, is the ellipsoidal collapse approximation, pioneered by R.K. Sheth 
and G. Tormen [10] [11], that replaces ( )PSf ν  by ( )ECf ν : 

( ) ( )0.6
EC PS0.322 1 ,f fν ν ν− = +                    (8) 

with ν ν= . Good fits to simulations are obtained with 0.84ν ν=  [11]. The fac-
tor 0.84 depends on the algorithm used to identify the collapsed halos, e.g. on the 
“link length” of the “friends-of-friends” algorithm, and also on the simulation vo-
lume. We note that Equations (6), (7) and (8), have no free parameters, except kfs. 

Figures 1-3 present galaxy stellar mass function calculations for the ΛCDM 
model, and for ΛWDM with 1

fs 1.6 Mpck −=  and 10.8 Mpc− , respectively . We 
have converted from the halo mass M  to the stellar mass sM  as follows:  

10 10log log 0.63 0.19sM M= − ±  [3]. This uncertainty should be kept in mind 
when comparing the figures with observations. 
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Figure 1. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Collapse 
with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for the ΛCDM 
model, at several redshifts. These distributions are valid before saturation, i.e. for 5z  . 

 

 
Figure 2. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Collapse 
with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for the ΛWDM 
model with 1

fs 1.6 Mpck −= , at several redshifts. These distributions are valid before sa-
turation, i.e. for 5z  . 
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Figure 3. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Collapse 
with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for the ΛWDM 
model with 1

fs 0.8 Mpck −= , at several redshifts. These distributions are valid before sa-
turation, i.e. for 5z  . 

3. The Stellar Mass Distribution from SDSS Data 

We analyze Sloan Digital Sky Survey (SDSS) data release DR16 [12]. We include 
all data in the right ascension range 145˚ to 230˚, and declination range 0˚ to 50˚. 
By eye inspection of each redshift bin of this sky patch, we see only mild extrane-
ous features such as zones with different exposure. The galaxy properties, includ-
ing stellar mass, stellar age, star formation rate (SFR), and metallicity, are obtained 
from the photon spectra in filters u, g, r, and i, by several stellar population syn-
thesis (SPS) models. The results that we analyze are placed in the following SDSS 
DR16 classes: stellarMassFSPSGranWideDust [13], stellarMassStarformingPort 
[14], stellarMassPCAWiscBC03 [15], and stellarMassPCAWiscM11 [15]. The 
SPS of these classes are described in the cited references. The galaxy stellar mass 
distributions for these SPS are presented in Figures 4-7, for several redshift bins. 
The units are counts per unit ( )10log sM M



 (dex) and unit comoving volume 
(Mpc3). sM  is the galaxy stellar mass returned by the SPS. The reduction of the 
distributions at low mass are due to the relative luminosity threshold of the ob-
servations. To obtain the galaxy stellar mass functions it is still necessary to di-
vide by the stellar mass completeness factor (which is over 80% at 0.6z < , and 
decreases at higher z [16]). 

In Figure 4 we observe mass distributions that increase with redshift z at the 
high mass end. This top down evolution is also observed by the Dark Energy Sur-
vey (DES), see Fig. 7 of Reference [17]. If we assume that the mass corresponding 
to a threshold factor 1/2 scales as the square of the luminosity distance, then the 
shift of the distributions to the right for 0.4 0.7z< <  should be even larger. 

 

DOI: 10.4236/ijaa.2020.102005 61 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102005


B. Hoeneisen 
 

 

Figure 4. Galaxy counts per dex per comoving volume ( )10d d log sn M M V


 [dex−1Mpc−3] 

as a function of ( )10log sM M


 from SDSS DR16 data in class stellarMassFSPSGranWideDust 

[13], in bins of redshift z of width ±0.5 (bin 0.025z =  has width ±0.025). 

 

 

Figure 5. Galaxy counts per dex per comoving volume ( )10d d log sn M M V


 [dex−1Mpc−3] 

as a function of ( )10log sM M


 from SDSS DR16 data in class stellarMassStarformingPort 

[14], in bins of redshift z of width ±0.5 (bin 0.025z =  has width ±0.025). 
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Figure 6. Galaxy counts per dex per comoving volume ( )10d d log sn M M V


 [dex−1Mpc−3] 

as a function of ( )10log sM M


 from SDSS DR16 data in class stellarMassPCAWiscM11 

[15], in bins of redshift z of width ±0.5 (bin 0.025z =  has width ±0.025). 

 

 

Figure 7. Galaxy counts per dex per comoving volume ( )10d d log sn M M V


 [dex−1∙Mpc−3] 

as a function of ( )10log sM M


 from SDSS DR16 data in class stellarMassPCAWiscBC03 

[15], in bins of redshift z of width ±0.5 (bin 0.025z =  has width ±0.025). 
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The top down evolution is observed even when the expected mass is replaced by 
the median mass minus one standard deviation, so the excess at high mass is not 
due to a statistical fluctuation. However, Figure 5 presents galaxy stellar mass 
distributions that do not change significantly with redshift. In Figure 6 and 
Figure 7 the evolution is slightly top down. In summary, at our current level of 
understanding, in the redshift range 0 0.7z<   the galaxy stellar mass func-
tion either evolves top down, or is stationary within observational uncertainties. 

Let us compare the observed stellar mass function at 0z = , e.g. Figure 4, 
with the calculations in Figures 1-3. We find that at 1210sM M=



 the calcula-
tions at sat 5z ≈  already matches the observation at 0z = . This “saturation” at 
the high mass end is not understood. At 1010sM M=



 we obtain sat 7z = , 4 
and 2 for fsk = ∞ , 1.6 Mpc−1 and 0.8 Mpc−1, respectively. At these satz  for 

1010sM M=


 the probability ( ),F M z  is of order 0.01, stripped down galax-
ies form, and the Press-Schechter formalism breaks down. Galaxy merging re-
quires dissipation. The “saturation” observed at 1210sM M=



 may be due to 
the long time required for “dry” mergers of galaxies with little gas content. In 
conclusion, to measure fsk , we need to compare observations with calculations 
at 5z  , before the saturation sets in. 

Note that the predictions become insensitive to fsk  for fsM M> . Therefore, to 
measure fsk , we verify that prediction and data are in agreement for fsM M> . For 
future convenience, ( ) ( )10 fs 10 fslog log 0.63 10.5,10.9,11.5sM M M M≈ − =

 

 
for 1

fs 1.6,1.2,0.8 Mpck −= , respectively. 

4. Measurements of kfs from Stellar Mass Distributions  
with z ≈ 5.5 to z ≈ 8.5 

Reference [18] presents a compilation of measured stellar mass functions for red-
shifts 0z ≈  to 8.5z ≈ , and estimates the systematic uncertainties imposing 
continuity equation constraints. The measurements with 5.5z ≈  to 8.5z ≈  [19] 
[20] [21] are compared with calculations in Figures 8-10. From these figures we 
obtain the measurements of kfs summarized in Table 1. Note that the bin centered 
at 4.5z =  already shows signs of saturation at the high mass end, see Figure 11. 

Taking the Ellipsoidal Collapse model with 0.84ν ν=  as the preferred predic-
tion with an uncertainty 0.3 1

fs 0.1Mpck + −
−∆ =  (see Table 1), the contribution of cor-

related systematic uncertainties of the data obtained in Reference [18], ±0.15 Mpc−1, 
 

Table 1. Measurements of the warm dark matter cut-off wavenumber kfs obtained from 
Figures 8-10, assuming the validity of the Press-Schechter, Ellipsoidal Collapse with ν ν= , 
and Ellipsoidal Collapse with 0.84ν ν= , approximations. The total uncertainties shown 
include statistical uncertainties, and systematic uncertainties estimated in [18]. 

z 
1

fs Mpck −    
Press-Schechter 

1
fs Mpck −    

Ellipsoidal collapse, ν  

1
fs Mpck −    

Ellipsoidal collapse, 0.84ν  

≈ 8 1.10 0.30±  1.10 0.40±  0.80 0.30±  

≈ 7 1.10 0.30±  1.25 0.35±  0.85 0.25±  

≈ 6 1.10 0.30±  1.25 0.35±  0.80 0.30±  
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Figure 8. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Collapse 
with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for ΛCDM, and 
ΛWDM with fs 1.6,1.2k =  and 0.8 Mpc−1, at redshift 8z = , compared with observa-
tions [18] [19]. 

 

 
Figure 9. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Collapse 
with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for ΛCDM, and 
ΛWDM with fs 1.6,1.2k =  and 0.8 Mpc−1, at redshift 7z = , compared with observa-
tions [18] [19] [20]. 
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Figure 10. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Col-
lapse with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for ΛCDM, 
and ΛWDM with fs 1.6,1.2k =  and 0.8 Mpc−1, at redshift 6z = , compared with ob-
servations [18] [19] [20]. 

 

 
Figure 11. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Col-
lapse with ν ν= , and Ellipsoidal Collapse with 0.84ν ν=  approximations, for ΛCDM, 
and ΛWDM with fs 1.6,1.2k =  and 0.8 Mpc−1, at redshift 4.5z = , compared with ob-
servations at 4.5z ≈  [18] [19] [20] [21]. Note the onset of “saturation” at the high 
mass end (that is not understood). 
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an uncertainty due to ( )P k , ±0.2, and statistical uncertainties, we obtain our final 
measurement: 0.44 1

fs 0.340.90 Mpck + −
−= . This result is insensitive to the “tail” in (3).  

(Note: The present measurement of kfs superceeds the estimate in Reference 
[3] that was based on data in SDSS DR15, class stellarMassFSPSGranWideDust 
that shows strong top down galaxy evolution, see Figure 4.) 

5. Estimate of kfs from Galaxy GN-z11 

The galaxy with largest spectroscopically confirmed redshift to date is GN-z11 
with 0.08

0.1211.09z +
−=  [22]. Its stellar mass is estimated to be 910sM M≈



. One 
such galaxy was found in a comoving search volume 6 31.2 10 MpcV = × , for 

1z∆ = . Figure 12 compares this single galaxy with expectations corresponding 
to the cut-off factor (3). To illustrate the effect of the cut-off factor tail, Figure 13 
presents the expectations corresponding to the gaussian cut-off factor (2). From 
this single galaxy we obtain 1

fs 1.1 Mpck −≈ .  

6. Conclusion 

Comparing measurements of stellar mass distributions of galaxies in the redshift 
range 5.5 8.5z   with expectations, we obtain the warm dark matter cut-off 
wavenumber 0.44 1

fs 0.340.90 Mpck + −
−= . This result is in agreement with the indepen-

dent measurements obtained by fitting spiral galaxy rotation curves (demonstrating 
that the cut-off kfs is due to warm dark matter free-streaming), and is consistent 
with the scenario of dark matter with no freeze-in and no freeze-out, see Table 2 
[3] [23] [24] [25]. Detailed properties of warm dark matter can be derived from 
kfs [3]. The observed stellar mass functions disfavor the ΛCDM model. 
 

 

 
Figure 12. Calculated stellar mass functions with the Press-Schechter, Ellipsoidal Col-
lapse with ν ν= , and Ellipsoidal Collapse with 0.84ν ν= , approximations, for ΛCDM, 
and ΛWDM with fs 1.6,1.2k =  and 0.8 Mpc−1, at redshift 11.1z = , compared with one 
observed galaxy GN-z11 (assuming one similar galaxy per dex) [22]. The cut-off factor is 
given in Equation (3). This graph obtains kfs of the order of 1.1 Mpc−1. 
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Figure 13. Same as Figure 12, but with the gaussian cut-off factor (2). 
 

Table 2. Update of Table 2 of Reference [3]. Summary of three independent measure-
ments of the adiabatic invariant ( )rms 1hv  [3], the expansion parameter at which dark 
matter particles become non-relativistic NRha′ , the cut-off wavenumber of warm dark 

matter kfs, the transition galaxy mass fsM  and the mass mh of dark matter particles (for 
the case of zero chemical potential). The top (bottom) table is for fermions with 2fN =  
(bosons with 1bN = ). 

Fermions 
Observable 

( )[ ]rms 1 km shv
 

6
NR 10ha′ ×  [ ]eVhm  

1
fs Mpck −    ( )10 fslog M M

  

Spiral galaxies 0.76 0.29±  2.54 0.97±  
35
1779+
−  

0.42
0.240.80+
−  12.08 0.50±  

No freeze-in/-out 0.47
0.250.81+
−  

1.57
0.842.69+
−  75 23±  0.76 0.31±  12.14 0.52±  

sM  distribution    0.44
0.340.90+
−  11.93 0.56±  

Bosons 
Observable 

( )[ ]rms 1 km shv
 

6
NR 10ha′ ×  [ ]eVhm  

1
fs Mpck −    ( )10 fslog M M

  

Spiral galaxies 0.76 0.29±  2.54 0.97±  
22
1151+
−  

0.28
0.150.51+
−  12.66 0.50±  

No freeze-in/-out 0.16
0.080.26+
−  

0.52
0.280.88+
−  113 35±  1.26 0.50±  11.49 0.52±  

sM  distribution    0.44
0.340.90+
−  11.93 0.56±  
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Abstract 
The thin layer approximation applied to the expansion of a supernova remnant 
assumes that all the swept mass resides in a thin shell. The law of motion in 
the thin layer approximation is therefore found using the conservation of mo-
mentum. Here we instead introduce the conservation of energy in the frame-
work of the thin layer approximation. The first case to be analysed is that of 
an interstellar medium with constant density and the second case is that of 7 
profiles of decreasing density with respect to the centre of the explosion. The 
analytical and numerical results are applied to 4 supernova remnants: Tycho, 
Cas A, Cygnus loop, and SN 1006. The back reaction due to the radiative losses 
for the law of motion is evaluated in the case of constant density of the inters-
tellar medium. 
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Supernovae: General, Supernovae: Individual (SN Tycho),  
Supernovae: Individual (SN Cas A), Supernovae: Individual (SN Cygnus Loop), 
Supernovae: Individual (SN 1006) 

 

1. Introduction 

The thin layer approximation assumes that the mass ejected in the explosion of a 
supernova (SN) resides in a thin layer. This approximation is usually applied in 
the late stage of the explosion in order to explain the supernova remnant (SNR), 
see [1] [2] [3]. The physical quantity which is conserved in the previous approach-
es is the momentum, equal to the swept mass multiplied by the velocity at a giv-
en radius of expansion 0r  equated to these quantities at a radius r. Some natural 
questions therefore arise: 
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• Can we model the expansion of an SNR when the energy is conserved rather 
than the momentum? 

• Can we model the energy conservation when the density of the interstellar 
medium (ISM) decreases with the distance from the point of the explosion? 

In order to answer the above questions, Section 2 reviews the standard laws of 
conservation, Section 3 introduces the conservation of energy and Section 4 ap-
plies the derived equations of motion to 4 SNRs. 

2. Laws of Conservation 

We summarise four laws of conservation useful to model some astrophysical 
phenomena in which the temperature and the pressure are absent. The first law 
is the conservation of momentum in spherical coordinates in the framework of 
the thin layer approximation. The Newton’s second law for an expanding sphere 
in the framework of the thin shell approximation along a solid angle ∆Ω  is 

3 2d 1 ,
d 3

r v r P
t

ρ  = 
 

                       (1) 

where r is the advancing radius, ρ  is the density assumed to be constant, v the 
velocity and P the internal pressure, see formula (10.27) in [4]. Let us assume 

0P =  (cold model) and the above equation in two different points of expansion 
becomes 

( ) ( )0 0 0 ,M r v M r v=                       (2) 

where ( )0 0M r  and ( )M r  are the swept masses at 0r  and r, while 0v  and v 
are the velocities of the thin layer at 0r  and r. This first law has been widely 
used to model the SNRs, see [5]-[10]. This conservation law can be expressed as  

a differential equation of the first order by inserting d
d
rv
t

= : 

( ) ( )0 0 0
d .
d
rM r v M r
t

=                       (3) 

In the case where the ISM has constant density, the analytical solution for the 
trajectory is 

( ) ( )3 44
0 0 0 0 0 0 0; , , 4 ,r t t r v r v t t r= − +                  (4) 

and the velocity is 

( )
( )( )

3
0 0

0 0 0 3 43 4
0 0 0 0

; , , ,
4

r v
v t t r v

r v t t r
=

− +
               (5) 

where 0r  and 0v  are the position and the velocity when 0t t= . The second 
law is the conservation of energy which will be introduced in details in the next 
section. An example is given by the energy conserving phase in the interstellar 
bubbles, see [4]. The third law of conservation is given by the conservation of mo-
mentum flux which is the rate of transfer of momentum through a unit area 

( ) ( ) ( ) ( ) ( )22
0 0 0 ,x v A x x v x A xρ ρ=                 (6) 
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where ( )xρ  is the density at position x, ( )A x  is the area at position x and 
( )v x  is the velocity at position x, see Formula A27 in [11]. This law is useful to 

model the radiogalaxies where there is a continuous flow of matter from the 
central region to the periphery, see [12]. The fourth law of conservation is given 
by the conservation of energy flux which is the rate of transfer of energy through 
a unit area 

( ) ( ) ( ) ( ) ( )33
0 0 0

1 1
2 2

x v A x x v x A xρ ρ=                (7) 

where ( )xρ  is the density at position x, ( )A x  is the area at position x and 
( )v x  is the velocity at position x, see Formula A28 in [11]. This law is useful to 

model the astrophysical jets, see [13]. 

3. Energy Conservation 

The conservation of kinetic energy in spherical coordinates within the frame-
work of the thin layer approximation when the thermal effects are negligible is 

( ) ( )2 2
0 0 0

1 1 ,
2 2

M r v M r v=                     (8) 

where ( )0 0M r  and ( )M r  are the swept masses at 0r  and r, while 0v  and v 
are the velocities of the thin layer at 0r  and r. The above conservation law, 
when written as a differential equation, is 

( ) ( )
2

2
0 0

1 d 1 0.
2 d 2

M r r t M v
t

  − = 
 

                 (9) 

The velocity as a function of the momentary radius is 

( )
3 2

0 0
0 0 3 2; , .

r v
v r r v

r
=                       (10) 

In the following, the case of constant density as well as 7 profiles of decreasing 
density will be considered. 

3.1. Medium with Constant Density 

When the ISM is considered to have constant density, the analytical solution for 
the trajectory when the energy is conserved is 

( ) ( )( )2 53 5 3 5
0 0 0 0 0 0 0

1; , , 2 5 5 2 ,
2

r t t r v r t t v r= − +            (11) 

which has the asymptotic behaviour ( )0 0 0; , ,ar t t r v , 

( )
( )

( )( )3 53 5 3 5 2 5 13 5 3 5 2 5 2 5
0 0 0 00 0

0 0 0 2 5 3 51
0

2 5 5 22 51 1; , , ~ .
2 25a

r t v r tr v
r t t r v

vt

−

−

− +
+   (12) 

The velocity as function of the radius is 

( )
3 2

0 0
0 0 3 2; , ,

r v
v r r v

r
=                      (13) 

and the velocity as a function of time is 
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( )
( )( )

3 5 3 5
0 0

0 0 0 3 5
0 0 0

2
; , , ,

5 5 2

r v
v t t r v

t t v r
=

− +
              (14) 

where 0r  and 0v  are the position and the velocity when 0t t= . 

3.2. Constant Density and Back Reaction 

The radiative losses per unit length are assumed to be proportional to the flux of 
momentum 

2 24 ,sv rρ− π                         (15) 

where   is a constant and srho  is density in the thin advancing layer which is 
4ρ . Inserting in the above equation the velocity to first order as given by Equa-
tion (13) the radiative losses, 0 0( ; , , )Q r r v ε , are 

( )
3 2

0 0
0 0; , , 16 .

r v
Q r r v

r
ρ π

= −


                   (16) 

The sum of the radiative losses between 0r  and r is given by the following 
integral, L, 

( ) ( )

( ) ( )
0

0 0 0 0

3 2 3 2
0 0 0 0 0

; , , ; , , d

16 ln 16 ln .

r

r
L r r v Q r r v r

r v r r v rρ ρ

=

= − π + π

∫ 

 
         (17) 

The conservation of energy in presence of the back reaction due to the radia-
tive losses is 

( ) ( )3 2 3 2 3 2 3 2
0 0 0 0 0 0 02 3 16 ln 16 ln 2 3 .r v r v r r v r r vρ ρ ρ ρπ + π − π = π       (18) 

The analytical solution for the velocity to second order, ( )0 0; , ,cv r r c  , is 

( )
( ) ( )3 2

0 0 0
0 0 3 2

24ln 24ln 1
; , , .c

r r r v
v r r v

r
− + +

=
 

          (19) 

The inclusion of back reaction allows the evaluation of the SRS’s maximum 
length ( )0 ,backr r  , which can be derived imposing to zero the above velocity. 

( )
( )024ln 1

1 24

0 , e .
r

backr r
+

=


                    (20) 

3.3. Medium with an Hyperbolic Profile of Density 

We assume that the medium around the SN scales with the piecewise depen-
dence 

( )
0

0 0
0

if
;

if

c

c

r r
r r r

r r
r

ρ
ρ

ρ

≤
=   >   

                  (21) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
starts to decrease. The mass swept, 0M , in the interval [ ]00, r  is 

( ) 3
0 0 0

4, .
3c cM r rρ ρ= π
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The total mass swept, ( )0; , cM r r ρ , in the interval [ ]0, r  is 

( ) 3 2
0 0 0

2; , 2 .
3c c cM r r r r rρ ρ ρ= − π + π

 
The application of energy conservation gives the velocity as a function of the 

radius: 

( ) 0 0
0 0 2 2

0

; , 2 .
6 2

v r
v r r v

r r
=

−
                   (22) 

Separation of variables followed by integration gives 

( ) ( )

( ) ( )

2 2
0 00

0 0

2 2
0 0 00 0

0
0 0 0 0 0

6 ln 2 3 6 26 ln 2 31 1
12 12

6 ln 6 26 ln 21 1 1 1 .
24 12 4 2

r r r rr

v v

r r r r rr r
t t

v v v r v

+ −+
−

−
+ + + − = −

    (23) 

In this equation it is not possible to extract the radius as a function of time, 
and therefore a numerical procedure is adopted in order to derive the trajectory. 

3.4. Medium with an Inverse Square Profile for the Density 

We now assume that the medium around the SN scales with the piecewise de-
pendence (which avoids a pole at 0r = ) 

( )
0

2
0 0

0

if
;

if

c

c

r r
r r r

r r
r

ρ
ρ

ρ

≤
=    >  

 

                 (24) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
starts to decrease. 

The total mass swept, ( )0; , cM r r ρ , in the interval [ ]0, r  is 

( ) 3 2 3
0 0 0 0

8 4; , 4 .
3 3c c c cM r r r r r rρ ρ ρ ρ= − π + π + π

 
Applying the conservation of energy, the velocity as a function of the radius is 

( )
( )0 0 0

0 0
0

2 3
; , .

2 3
r r r v

v r r v
r r

− −
= −

−
                (25) 

The trajectory, i.e. the radius as a function of time, is 

( ) ( )( )2 33 3
0 0 0 0 0 0 0 0

1 2; , , 2 9 9 2 ,
6 3

r t t r v r t t v r r= − + +          (26) 

which has the asymptotic behavior, ( )0 0 0; , ,ar t t r v , 

( )
( )

( ) 32 3 12 3 2 3 33 33
0 0 0 00 0

0 0 0 02 3 31
0

2 9 9 22 91 2; , , ~ .
6 3 81a

r t v r tr v
r t t r v r

vt

−

−

− +
+ +   (27) 

The velocity as a function of time is 

( )
( )

3 3
0 0

0 0 0
3

0 0 0

2
; , , .

9 9 2

r v
v t t r v

t t v r
=

− +
               (28) 
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3.5. Medium with a Power Law Profile for the Density 

We now assume that the medium around the SN scales as 

( )
0

0 0
0

if
;

if

c

c

r r
r r r

r r
r

α

ρ
ρ

ρ

≤
=    >  

 

                 (29) 

where cρ  is the density at 0r = , 0r  is the radius after which the density 
starts to decrease and 0α > . 

The total mass swept, ( )0; , ,cM r r ρ α , in the interval [ ]0, r  is 

( )
3 3

3 0 0
0 0

4; , , 4 4 .
3 3 3

c c
c c

r r rM r r r
r

αρ ρ
ρ α ρ

α α
π π = π − + − −   

The application of energy conservation gives the differential equation 

( )
2

3 3 3 20
0 0 0

1 d 22 3 .
3 9 d 3c c

r
r r r t r v

r t

α

ρ α ρ
α

      − π − = π     −     
      (30) 

The velocity as a function of the radius is 

( )
( ) ( )3 3

0 0 0 0 0
0 0 3 3

0 0

3 3
; , , .

3

r r r r v r
v r r v

r r r

α α

α α

α α
α

α

−

−

− − + −
=

− +
          (31) 

There is no analytical solution for the trajectory, and therefore we have im-
plemented a numerical procedure. The first approximation for the trajectory is 
obtained by a series solution of Equation (30) to fourth order, 

( ) ( ) ( ) ( )( )2 32 3
0 0 0 0

0 0 0 0 0 0 2
0 0

43 1; , , , .
4 4

v t t v t t
r t r v t r v t t

r r
α

α
− + −

≈ + − − +   (32) 

The second approximation for the trajectory is found by first deriving an asymp-
totic expansion of Equation (31), namely 

( )
( )

( )

1
0 0 0

0 0 31
0

3 31; , , ~ .
3

v r r
v r r v

r r

α

αα

α
α

+

−−

−
              (33) 

Then, the asymptotic approximate trajectory turns out to be 

( ) ( ) ( )( )(
( )( ) ( ) ) ( )

1

1

3
5 5

0 0 0 0 0 0 0

522 2 2
0 0 0

; , , , ~ 12 4 5 9 3

3 5 12 .

r t r v t r r v t t

t t v r

α
α α

α

α α α

α α

−

−

−
− −

− −

× − − − −

− − − − +

     (34) 

3.6. Medium with an Exponential Profile for the Density 

We assume that the medium around the SN scales with the piecewise dependence 

( )
0

0
0

if
;

exp if

c

c

r r
r r r r r

b

ρ
ρ

ρ

≤
=   − >   

                (35) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
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starts to decrease. The total mass swept, ( )0; , cM r r ρ , in the interval [ ]0, r  is 

( ) ( )

( )
0

3 2 2
0 0

2 2
0 0

4; , , 4 2 2 e
3

4 2 2 e .

r
b

c c c

r
b

c

M r r b r b b br r

b b br r

ρ ρ ρ

ρ

−

−

= π − + + π

+ + + π
 

The application of energy conservation gives the differential equation 

( )
0

0 0

2
3 2 2 3

2 2 3 3 2
0 0 0 0 0

d2 6 e 6 e 3 e 6 e
d

26 e 3 e .
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        (36) 

The velocity as a function of the radius is 

( )0 0; , , ,Nv r r v b
D

=                       (37) 

where 

0
3 2 2 2 2 3

0 0 0 0 0 0
1 16 e e 1 6 ,
2 2

r r
b bN r b b r br b b br r r v r
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  (38) 

and 

( ) ( )
0

3 2 2 3 2 2 3
0 0 06 6 3 e 6 6 3 e .

r r
b bD b b r br b b r br r

− −
= − − − + + + −       (39) 

There is no analytical solution for the trajectory, and therefore we present a 
series solution of Equation (36) to fourth order: 

( ) ( ) ( )
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        (40) 

3.7. Medium with a Gaussian Profile for the Density 

We assume that the medium around the SN scales with the piecewise dependence 

( )
0

2
0

0

if

; ,
exp if

c

c

r r

r r b r r r
b

ρ

ρ
ρ

≤


 =   − >      

             (41) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
starts to decrease. The total mass swept, ( )0; , cM r r ρ , in the interval [ ]0, r  is 
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    (42) 
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where ( )erf x  is the error function, defined by 

( ) 2

0

2erf e d ,
x tx t−=

π ∫
                     (43) 

See [14]. 
The differential equation when the energy is conserved is 

( ) ( )
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In the absence of an analytical solution for this differential equation, we present 
an approximation using the fourth order Taylor series: 
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       (45) 

3.8. Autogravitating Medium 

We assume that the medium around the SN scales with the piecewise dependence 
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0 2
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=     >     

             (46) 

where cρ  is the density at 0r = , 0r  is the radius after which the density starts 
to decrease and sech is the hyperbolic secant ([15] [16] [17] [18]). 

The total mass swept, ( )0; , , cM r r b ρ , in the interval [ ]0, r  is 
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where the polylog operator is defined by 

( ) ( )
1

, Li
n

s s
n

zpolylog s z z
n

∞

=

= = ∑                  (48) 

and ( )Lis z  is a Dirichlet series. The differential equation when the energy is 
conserved is 
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The velocity as a function of the radius is 
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  (52) 

In the absence of an analytical solution for this differential equation, we present 
the approximation arising from the fourth order Taylor series: 
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3.9. Medium with an NFW Profile 

We assume that the medium around the SN scales with the Navarro-Frenk-White 
(NFW) distribution as follows: 
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where cρ  is the density at 0r = , and 0r  is the radius after which the density 
starts to decrease, see [19]. The total mass swept, ( )0; , , cM r r b ρ , in the interval 
[0, r] is 
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The differential equation when the energy is conserved for an NFW profile is 
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  (57) 

The velocity as a function of the radius is 
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This differential equation does not have an analytical solution, so we present 
the approximation arising from the fourth order Taylor series: 

( )

( ) ( ) ( )( )
( )

0 0 0

2 32 3
0 0 0 0 0

0 0 0 2
0 0 0

; , , ,

5 73 1 .
4 4

r t r v t b

v t t v b r t t
r v t t

r r b r
− + −

≈ + − − +
+

       (60) 

4. Astrophysical Applications 

We now test the reliability of the numerical and approximate solutions on four 
SNRs: Tycho, see [20], Cas A, see [21], Cygnus loop, see [22], and SN 1006, see [23]. 
The three astronomically measurable parameters are the time since the explosion in 
years, t, the actual observed radius in pc, r, and the present velocity of expansion in 
km∙s−1, see Table 1. The astrophysical units are pc for length and yr for time. With 
these units, the initial velocity is ( ) ( )1 5 1

0 0km s 9.7968 10 pc yrv v− −⋅ = × ⋅ . In all the 
models here considered, the initial velocity, 0v , is constant in the time interval 
[ ]00, t . 

The goodness of the model is evaluated through the percentage error rδ  of 
the radius, which is 

100,theo obs
r

obs

r r
r

δ
−

= ×                      (61) 

where obsr  is the radius of the SNR as given by the astronomical observations 
and theor  is the radius suggested by the model. In an analogous way, we can de-
fine the percentage error of the velocity. Another useful astrophysical variable is 
the predicted decrease in the theoretical velocity in 10 years, ( )1

10 km sv −∆ ⋅ . 

4.1. Constant Density 

The numerical results for the medium with constant density are presented in 
Table 2. 

4.2. Power Law Densities 

The results for a medium with an hyperbolic density are presented in Table 3, 
those for the medium with an inverse square profile of density are presented in 
Table 4, and those for the medium with an inverse power law profile of density 
are presented in Table 5. 
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Table 1. Observed astronomical parameters of the SNRs. 

Name Age (yr) Radius (pc) Velocity (km∙s−1) References 

Tycho 442 3.7 5300 Williams et al. (2016) 

Cas A 328 2.5 4700 Patnaude and Fesen (2009) 

Cygnus loop 17,000 24.25 250 Chiad et al. (2015) 

SN 1006 1000 10.19 3100 Uchida et al. (2013) 

 
Table 2. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with constant density, see Section 3.1. 

Name ( )0 yrt  ( )0 pcr  ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 28.41 0.87 30,000 0.1 35.55 −47.33 

Cas A 17.96 0.55 30,000 0.095 34.22 −57.03 

Cygnus loop 55.51 1.7 30,000 0.23 123.5 −0.197 

SN 1006 91.43 2.79 30,000 0.8 37.52 −26.83 

 
Table 3. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with an hyperbolic profile of density, see Section 3.3. 

Name ( )0 yrt  ( )0 pcr  ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 20.24 0.62 30,000 0.017 22.2 −46.53 

Cas A 12.40 0.38 30,000 0.127 20.37 −56.4 

Cygnus loop 22.85 0.7 30,000 0.61 181 −0.2 

SN 1006 68.57 2.09 30,000 0.27 63.38 −25.76 

 
Table 4. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with an inverse square profile of density, see Section 3.4. 

Name ( )0 yrt  ( )0 pcr  ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 10.44 0.32 30,000 0.016 0.98 −39.7 

Cas A 6 0.184 30,000 0.216 2.40 −48.62 

Cygnus loop 2.28 0.07 30,000 0.1 272 −0.18 

SN 1006 40.82 1.25 30,000 0.089 104 −21.6 

 
Table 5. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with a power law profile of density when 1.5α = , see Section 3.5. 

Name ( )0 yrt  ( )0 pcr  ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 15.6 0.47 30,000 0.152 12.83 −44.41 

Cas A 9.3 0.285 30,000 0.0383 40.43 −47.15 

Cygnus loop 9.96 0.3 30,000 0.0443 23.29 −0.1 

SN 1006 55.15 1.689 30,000 0.07 31.53 −22.91 
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In the case of a density which decreases with a power law profile we have al-
ready pointed out the absence of an analytical solution. As a consequence, Fig-
ure 1 presents the asymptotic approximate trajectory as given by (34) for Tycho 
in the full range of time [ ]15.6 yr - 442 yr . Figure 2 presents the Taylor ap-
proximation of the trajectory as given by (32) in the restricted range of time 
[ ]15.6 yr - 24 yr . 

 

 
Figure 1. Numerical solution (full red line) and asymptotic approximate solution (blue 
dashed line) for the inverse power law with 1.5α =  Parameters as in Table 5 for Tycho. 

 

 
Figure 2. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the inverse power law with 1.5α = . Parameters as in Table 5 for Tycho. 
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4.3. Presence of an Exponential 

The astrophysical parameters for an exponential profile of density are presented 
in Table 6 and the fit of the trajectory with a Taylor expansion, see Equation (40), 
is presented in Figure 3. 

The astrophysical parameters for a Gaussian profile of density are presented 
in Table 7 and the fit of the trajectory with a Taylor expansion, see Equation 
(45), is presented in Figure 4. 

4.4. Autogravitating Medium 

The astrophysical parameters for an autogravitating medium are presented in Ta-
ble 8 and the fit of the trajectory with a Taylor expansion, see Equation (53), is 
presented in Figure 5. 

4.5. NFW Profile 

The astrophysical parameters for an NFW profile of density are presented in 
Table 9 and the fit of the trajectory with a Taylor expansion, see Equation (60), 
is presented in Figure 6. 

 

Table 6. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with an exponential profile of density, see Section 3.6. 

Name ( )0 yrt  ( )0 pcr  b ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 15.83 0.48 1 30,000 0.22 8.12 −27.62 

Cas A 11.91 0.365 1 30,000 0.29 15.27 −43.88 

Cygnus loop 5.15 0.15 0.7 30,000 0.085 425 0 

SN 1006 18.35 0.56 0.7 30,000 0.46 178 −0.02 

 
Table 7. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with a Gaussian profile of density, see Section 3.7. 

Name ( )0 yrt  ( )0 pcr  b ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 12.89 0.395 1 30,000 0.013 21.62 −0.005 

Cas A 10.95 0.335 1 30,000 0.034 7.79 −3.2 

Cygnus loop 3.2 0.0979 0.7 30,000 0.0385 445 0 

SN 1006 11.73 0.359 0.7 30,000 0.087 206.2 0 

 
Table 8. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with an autogravitating profile of density, see Section 3.8. 

Name ( )0 yrt  ( )0 pcr  b ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 24.57 0.752 1.5 30,000 0.019 25.1 −38.3 

Cas A 15.4 0.474 1 30,000 0.03 23.3 −45.9 

Cygnus loop 10.6 0.326 1 30,000 0.046 403 −0.03 

SN 1006 26.8 0.82 0.7 30,000 0.002 174 −0.149 
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Table 9. Theoretical parameters of the SNRs for the equation of motion in the case of 
conservation of energy with an NFW profile of density, see Section 3.9. 

Name ( )0 yrt  ( )0 pcr  b ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  ( )1
10 km sv −∆ ⋅

 

Tycho 13.3 0.408 1.5 30,000 0.07 3 −34.8 

Cas A 8 0.245 1 30,000 0.073 0.26 −42.3 

Cygnus loop 3.43 0.1052 1 30,000 0.09 338 −0.1 

SN 1006 27.5 0.845 0.7 30,000 0.074 136 −14.1 

 

 
Figure 3. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the exponential profile. Parameters as in Table 6 for Tycho. 

 

 
Figure 4. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the Gaussian profile. Parameters as in Table 7 for Tycho. 
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Figure 5. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for the autogravitating profile. Parameters as in Table 8 for Tycho. 

 

 
Figure 6. Numerical solution (full red line) and Taylor approximation (blue dashed line) 
for an NFW profile. Parameters as in Table 9 for Tycho. 

5. Conclusion 

The thin layer approximation in the framework of the conservation of energy is 
an alternative to the use of the conservation of momentum in order to find the 
equation of motion for a supernova remnant (SNR). In the case where the inters-
tellar medium (ISM) has a constant density, it is possible to find the trajectory in 
an analytical form, see Equation (11). The case of energy conservation in a medium 
with variable density was also explored but an analytical trajectory was found only 
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Table 10. Synoptical parameters of the best model for SNRs with different density profiles. 

Name model ( )0 yrt  ( )0 pcr  ( )1
0 km sv −⋅

 ( )%rδ  ( )%vδ  

Tycho inverse square 10.44 0.32 30,000 0.016 0.98 

Cas A NFW, b = 1 pc 8 0.245 30,000 0.073 0.26 

Cygnus loop power law 9.96 0.3 30,000 0.0443 23.29 

SN 1006 power law 55.15 1.689 30,000 0.07 31.53 
 

in the case of a medium characterized by an inverse square decrease of density, 
see Equation (26). The other profiles of density require a numerical integration in 
order to find the trajectory. A Taylor series can provide the trajectory for a short 
interval of time: see Figure 2 for a power law, Figure 3 for an exponential law, 
Figure 4 for a Gaussian law, Figure 5 for an autogravitating medium and Figure 6 
for a Navarro-Frenk-White (NFW) density profile. As an astrophysical target we 
have chosen to reproduce 4 standard SNRs. The match between the observed and 
simulated radius as well as that between the observed velocity and the simulated 
velocity has been analysed in terms of the percentage error, see Tables 2-9. Table 
10 presents in column 2 the best model for the SNRs here analysed. The solution 
for the velocity to first order allows the insertion of the back reaction, i.e. the ra-
diative losses, in the equation for the energy conservation, see Equation (18), and 
as a consequence the velocity corrected to second order, see Equation (19). The 
radiative losses allow evaluating the length at which the advancing velocity of the 
SNR is zero. 
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Abstract 
The results of near-infrared photometric observations of a transit event of an 
extrasolar planet HAT-P-54b are presented herein. Precise near-infrared pho-
tometry was carried out using the Nayuta 2 m telescope at Nishi-Harima As-
tronomical Observatory, Japan and Nishi-Harima Infrared Camera (NIC). 
170 J-, H-, and Ks-band images were taken in each band in 196 minutes. The 
flux of the planetary system was observed to decrease during the transit event. 
While the Ks-band transit depth is similar to that in the r-band, the J- and 
H-band transits are deeper than those in the Ks-band. We constructed simple 
models of the planetary atmosphere and found that the observed transit depths 
are well reproduced by inflated atmosphere containing H2S molecule. 
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1. Introduction 

Astronomical observations of extrasolar planets have revealed a rich diversity: 
for instance, planets ranging from Earth-sized to giant Jupiter-sized ones; besides, 
there are Jupiter-mass planets orbiting very close to the host star, while there are 
others with an eccentric orbit. Furthermore, the recent transit observations have 
revealed diversity not only on the planetary bodies and orbits, but also in terms 
of the planetary atmosphere: a fraction of the hot Jupiters have an inflating at-
mosphere, while for others, the atmosphere seems to be escaping from the planet. 
Detailed infrared observations of the transit events of the extrasolar planets can 
be used to reveal the thermal structure and temperature inversion of their atmos-
phere. 

Photometric and spectroscopic observations of a transit event reveal the chemi-
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cal composition of the atmosphere of an extrasolar planet. Transit depth is deep 
at the wavelength where the atoms or molecules in the atmosphere absorb the 
light of the host star. To date, the presence of sodium, potassium [1], and H2O 
[2] has been confirmed in the atmosphere of the extrasolar planets, while mole-
cules such as CO, CO2, and CH4 have also been detected. Furthermore, solid par-
ticles in the form of clouds and haze have also been identified in the atmospheres 
of extrasolar planets. 

HAT-P-54b is a hot-Jupiter orbiting a low-mass main-sequence star HAT-P-54 
with an orbital period of 3.8 days. The mass and radius of the star are 0.645 so-
lar-mass and 0.617 solar-radius, respectively. The transit events of this planetary 
system were observed in the r'-band with the HAT-6 instrument at Fred Lawrence 
Whipple Observatory (FLWO) in Arizona and the HAT-9 instrument at Mauna 
Kea Observatory in Hawaii, and in the i-band with the KeplerCam imager on the 
FLWO 1.2 m telescope [3]. This observations yield that the planet-to-star radius 
ratio is 0.157, i.e., the radius of the planet is 134,977 km, in the r'-band. Combined 
with the Doppler shift measurements, the mass and orbital inclination of the pla-
net were derived to be 0.76 Jupiter mass and 87.04˚, respectively, using which, its 
surface gravity was deduced to be 21.09 m∙s−2. 

We conducted near-infrared photometry of the transit event of HAT-P-54 using 
a unique three-color camera: the transit light curves were simultaneously recorded 
in three bands. Infrared wavelength observations offer a great advantage for in-
vestigating the chemical composition of the atmosphere of an extrasolar planet, 
because the surface temperature of most such planets is less than 2000 K, so that 
most species form molecules with vibration bands in the infrared wavelengths. 

2. Observations and Data Reduction 

The near-infrared transit observations of HAT-P-54 were carried out on March 
19, 2015 using the Nishi-Harima Infrared Camera (NIC) mounted on the Nayuta 
2 m telescope at Nishi-Harima Astronomical Observatory, Japan. NIC has three 
1024 × 1024 HgCdTe arrays with a field of view of 2.73' × 2.73'. The images in the 
J-, H-, and Ks-bands were taken simultaneously. Near-infrared magnitudes of 
HAT-P-54 are 11.15 mag, 10.49 mag, and 10.33 mag in the J-, H-, and Ks-bands, 
respectively. The transit event was predicted to begin at 21:48 and end at 23:36 
(JST). Therefore, we observed the planetary system between 21:08 and 24:24 
(JST). As a reference star, 2MASS J06393662 + 2530129, which is a main-sequence 
star located 1.37' away from HAT-P-54, was also observed simultaneously. Its 
near-infrared magnitudes are 10.95 mag, 10.37 mag, and 10.20 mag in the J-, H-, 
and Ks-bands, respectively. Ten frames of 30 s exposure each were taken with 
10" radius telescope dithering. In total, 170 frames were obtained in each J-, H-, 
and Ks-band. The seeing condition was 3.0'', 2.7'', and 2.4'' in the J-, H-, and 
Ks-bands, respectively. 

The data were processed using the Image Reduction and Analysis Facility 
(IRAF). The object frames were calibrated in the standard manner, namely by 
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dark subtraction and flat fielding with the twilight frames. Next, we created sky 
frames by calculating the median of the dithered 10 frames. Each sky frame was 
then subtracted from the flat-fielded object frame. A vertical stripe pattern re-
mained in the sky-subtracted image. We estimated the intensity of the stripe pat-
tern in the region without objects, and removed this count from the sky-subtracted 
image. The fluxes of the target and reference stars were derived by aperture pho-
tometry: the aperture radius was set to the FWHM of the PSF, so that the stan-
dard deviation of the relative flux, as shall be explained later, shows minimum at 
the time out of the transit event. The flux of the target star was divided by that of 
the reference star; we call this the relative flux. The relative fluxes before and af-
ter the transit should be the same, unless the target or reference star is a variable 
star. However, the average of 32 relative fluxes before the transit was larger than 
that of 41 relative fluxes after the transit. We fitted these 73 fluxes a linear func-
tion, and all relative fluxes were divided by the function, so that the average of 
the out-of-transit relative flux is unity. Nevertheless, the relative flux still has an 
artificial pattern. The position of the target and reference stars in the image were 
changed by telescope dithering. We noticed large relative flux when the target 
star was imaged in the lower part of the image, which could be due to the im-
perfection of the flat fielding. We calculated the average of the normalized rela-
tive fluxes out of the transit for each dithering position, and then subtracted the 
average from each normalized relative flux. Finally, we added unity. 

3. Results 

The transit event of HAT-P-54b was detected in three bands in the near-infrared 
wavelengths (Figure 1). We fitted the light curves to the relative flux at the 
EXOFAST website (http://astroutils.astronomy.ohio-state.edu/exofast/exofast.shtml, 
[4]), and then derived the transit depths. The values listed in Table 1 were used 
as the input physical and orbital parameters for the host star and planet, respec-
tively. The transit depths are derived to be 0.0273 ± 0.0010, 0.0282 ± 0.0007, and 
0.0246 ± 0.0010 in the J-, H-, and Ks-bands, respectively. The transit depths in 
the J- and H-bands are deeper than those in the Ks-band. The EXOFAST website 
also provides the radius ratio of an extrasolar planet and its host star; the derived 
radius ratios are larger in the J- and H-bands than in the Ks-band (Table 2). 
Furthermore, we fitted a light curve to the i-band transit data obtained using 
KeplerCam on the FLWO 1.2 m telescope at JD 2456310 [3]. 

4. Discussion 

The transit depths are different in different bands. The depth in the Ks-band is 
similar to the depth in the r-band [3]. On the other hand, the depths in the J- 
and H-bands are deeper than those in the r- and Ks-bands (Figure 2). 

The transit depth does not change significantly with wavelengths, if the plane-
tary atmosphere is cloudy or hazy. However, if the planetary atmosphere is clear, 
the depth changes with the wavelength. This is not only due to the absorption of 
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photons from the host star by the atoms and molecules in the atmosphere of the 
planet, but also the Rayleigh scattering of the atoms and molecules at short wa-
velengths. However, we cannot discuss the Rayleigh scattering for HAT-P-54b, 
owing to the lack of transit observations at short wavelengths. 

 

 

Figure 1. Near-infrared relative fluxes of the transit event of HAT-P-54b. The fluxes of 
HAT-P-54 were normalized by those of the reference star. Solid lines represent the light 
curves fitted with the differential evolution Markov chain Monte Carlo method. 

 
Table 1. Physical parameters of the host star and the orbital parameters of the planet. 

Parameter Value 

Effective temperature 4390 ± 50 K 

Metallicity −0.127 ± 0.08 

Surface gravity 4.467 ± 0.012 [log cm∙s−2] 

Orbital period of the planet 3.799847 ± 1.4 × 10−5 day 

Orbital inclination of the planet 87.040 ± 0.084 degree 

 
Table 2. Radius ratios of the planet to the host star. 

Band Radius ratio 

i 0.162 ± 0.001 

J 0.165 ± 0.003 

H 0.168 ± 0.002 

Ks 0.157 ± 0.003 
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Figure 2. The transit depths as a function of wavelengths. The transit depth is the de-
crease of the relative flux due to the planet’s transit across the host star, normalized by the 
relative flux out of the transit event. Filled circles are the observed depths and the solid 
line shows the transit depth spectrum of the model atmosphere. Open circles indicate the 
transit depths of the best-fit model atmosphere in optical and near-infrared broad-bands, 
where the radius and surface gravity are 87% and 11% of the original values, respectively. 

 
We constructed the transmission model spectra of the planet using the Plane-

tary Spectrum Generator [5] (https://psg.gsfc.nasa.gov/), which calculates the 
transit depths as a function of the wavelengths. The temperature of the host star 
was set to 4390 K, its radius to 0.62 solar-radius, and the distance between the 
star and the planet to 0.0409 AU. For the planetary atmosphere, we used a pres-
sure-temperature profile of a giant planet [6]; the equilibrium temperature was 
818 K, and no scattering aerosols were considered. The free parameters were the 
radius of the planet, the scale height of the atmosphere, and a species of an atom 
or molecule. We varied the scale height by changing the value of the surface 
gravity. We constructed atmospheric models by varying the radius and surface 
gravity of the planet in steps of 1% of the original value, respectively. The transit 
depths of the HAT-P-54 system have thus far been deduced only at five points 
by the photometric observations. To simplify the model, only one atom or mo-
lecule species was included in the model atmosphere. Sixty species of atoms or 
molecules were investigated. We used the EXO-Transmit database [7] for the 
cross section when available, and the HITRAN database otherwise. Among the 
constructed transmission spectra, the spectra of the atmosphere containing OH, 
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HCl, and H2S showed deep absorptions in the J- and H-bands. We multiplied 
the transmission curves of the r-, i-, J-, H-, and Ks-band filters to the transmis-
sion spectra and then calculated the transit depth in each band. 

The best fit spectrum was the spectrum of the atmosphere containing H2S mo-
lecules (Figure 2): namely, the planetary radius of 117,430 km, which is 87% of 
the radius estimated from the r'-band transit data [3], and surface gravity of 2.32 
m∙s−2, which is 11% of the surface gravity calculated from the planetary radius 
derived from the r'-band transit data and the planetary mass derived from the 
Doppler shift measurement [3] (Table 3). The scale height of the atmosphere 
was about 10 times larger than that in equilibrium, which indicates that the at-
mosphere of HAT-P-54b is inflating. 

The sulfur chemistry in the atmosphere of hot Jupiters investigated by several 
studies indicates that the HS and S2, which are photochemically and thermochem-
ically generated from H2S, absorb substantial amounts of light at high altitudes, 
causing stratospheric temperature inversions [8]: H2S absorbs UV photons of wa-
velengths between 200 and 260 nm, and then dissociates into mercapto (HS) and 
H. We estimated the UV-C flux (λ = 121.6 - 280 nm) at the surface of HAT-P-54b. 
The spectral type of the host star of the planet, i.e., HAT-P-54 is late-K. The 
UV-C flux of the Sun at 1 AU is 3.38 Wm−2 and that of a late-K dwarf at 1 AU is 
0.506 Wm−2 [9]. The semi-major axis of the orbit of HAT-P-54b is 0.0412 AU. 
We calculated the UV-C flux at the surface of the planet as  

210.506 = 298
0.0412

 × 
 

 Wm−2, 

which is 88 times stronger than the flux at the surface of the Earth. 
It was reported that while H2S is abundant in the lower atmosphere (P > 0.001 

bar), CO is more abundant than H2S at any altitude [8], as it exhibits strong ab-
sorption bands in the Ks-band. However, our observations showed that the tran-
sit depth in the Ks-band is as shallow as that in the r-band; thus, we did not find 
any evidence of CO absorption. 

The observation possibility of H2S in hot Jupiters using the JWST telescope is 
examined [10]. It is indicated that H2S is the dominant species at pressure levels 
between 1 × 10−4 and 1 × 104 bar in such atmospheres. The infrared model spec-
tra of hot Jupiters observed by JWST were constructed in the wavelength range 
from 2.0 to 11 μm: The absorption features of H2S between 2.6 and 2.8 μm and 
between 3.5 and 4.1 μm can be detected in the transmission spectra for the pla-
net with an equilibrium temperature higher than 1500 K. 

 
Table 3. Physical parameters of the planet. 

parameter value 

Equilibrium temperature 818 K 

Radius 117,430 km 

Surface gravity 2.32 m∙s−2 
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We measured the transit depths of HAT-P-54b only in three bands, and despite 
combining our results with those of a previous study, the transit depths could be 
determined only in five bands by photometry. Therefore, our conclusion that the 
atmosphere of HAT-P-54b contains H2S may not be a unique solution. To seek 
other species and to confirm H2S in the atmosphere of this planet, photometric 
observations in other wavelengths and spectroscopic observations are required. 
More complicated atmospheric models including stratospheric thermal inversion 
and altitude distribution of atoms and molecules are mandatory for the comparison. 

5. Conclusion 

We conducted near-infrared photometry of the transit event of an extrasolar 
planet, HAT-P-54b. Precise near-infrared photometry was carried out using the 
Nayuta 2 m telescope and Nishi-Harima Infrared Camera (NIC). 170 near-infrared 
images were taken in each J-, H-, and Ks-band in 196 minutes. The flux of the 
planetary system was observed to decrease during the transit event. While the 
transit depth in the Ks-band was 0.0246 ± 0.0010, which is similar to that in the 
r-band, greater depths were observed in the J- and H-bands, i.e., 0.0273 ± 0.0010 
and 0.0282 ± 0.0007, respectively. Furthermore, we constructed simple models of 
the planetary atmosphere and found that the observed transit depths are well 
reproduced by the inflated atmosphere containing the H2S molecule. 
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Abstract 
This is the first report of the Barents Sea Ice Edge (BIE) project. The BIE po-
sition has varied between latitude 76˚N and above 82˚N during the last 440 
years. During the period 10,000 to 6000 years ago, Arctic climate was signifi-
cantly warmer than today. We review various oceanic and atmospheric fac-
tors that may have an effect on the BIE position. The Gulf Stream beat with re-
spect to alternations in flow intensity and N-S distribution plays a central role 
for the changes in climate and BIE position during the last millennium. This 
occurred in combination with external forcing from total solar irradiation, 
Earth’s shielding strength, Earth’s geomagnetic field intensity, Earth’s rotation, 
jet stream changes; all factors of which are ultimately driven by the planetary 
beat on the Sun, the Earth and the Earth-Moon system. During the last 20 years, 
we see signs of changes and shifts that may signal the end of the late 20th cen-
tury warm period. The BIE position is likely to start advancing southward in 
next decade. 
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1. Introduction 

Fluctuations of the southern sea ice edge and the Marginal Ice Zone in the Arctic 
Ocean in the North Atlantic occupy a key function for the understanding of 
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climate changes. The aim of this paper is to investigate a possible connection be-
tween the orbits of the planets and Earth’s climate as documented in our revised 
440 years long BIE position record. This is an old hypothesis, based on the com-
plex synchronization structure of the solar system, which since Pythagoras of 
Samos (ca. 570 - 495 BC) is known as the music of the spheres [1]. As science 
evolved with Kepler’s elliptical orbits and Newton’s mechanics, and in particular 
with the discovery by Christian Huygens in the 17th Century, that entrainment or 
synchronization between coupled oscillators requires very little energy exchange if 
enough time is allowed, the hypothesis of a connection is strengthened. Since the 
solar system is about 5 billion years old, there is plenty of time to synchronize. 

Synchronization is observed in a large number of numerical relations in the 
solar system [2]. Since short periods may be washed out by stochastic noise in 
the climate system it is important to find long time series where the long periods 
may be preserved. In this paper we discuss what we can learn from a 440 years 
long series of estimated positions of Barents Sea Ice Edge (BIE). 

In this series of papers, we present analysis of a revised data set, covering 440 
years, of the estimated position of the late August ice edge position in the Ba-
rents Sea Ice Edge (BIE). The data set is unique in the sense that it covers the two 
last grand solar minima, the Maunder Minimum (1640-1720) and the Dalton 
Minimum (1790-1820) [3], the first one of which includes the coldest period of 
the last millennium in the Northern hemisphere (1690-1700) according to [4]. 

The Barents Sea Ice Edge (BIE) project was launched in 2015. The present pa-
per, termed Paper 1, provides an introductory review of active variables and po-
tential forcing functions. The second report, termed Paper 2, provides a more 
detailed analysis of correlations with other data sets and possible drivers of the 
BIE position variation. 

The present paper begins with a general outline (Sections 2 and 3) of the geo-
logical and paleoclimatical background. The Gulf Stream plays a central role and 
is discussed in Section 4 with respect to its temporal and spatial variations dur-
ing the last millennium. Section 5 discusses multiple integrated effects. Tempera-
ture and ice conditions during the Holocene are presented in Section 6. The life 
and resources in the Arctic including a graph of the BIE changes during the last 
440 years are given in Section 7. Section 8 is devoted to a discussion of possible 
external driving forces. Section 9 covers internal coupling and feedback processes. 
The paper ends with a discussion in Section 10, and the conclusions drawn in 
Section 11. 

2. North Atlantic Ocean 

The opening of the North Atlantic Ocean began in the Early Eocene (e.g. [5] [6]). 
Mörner [7] gave a general account of the major Cenozoic events in the North 
Atlantic with respect to plate tectonics, crustal-lithospheric movements, paleo-
ceanography and paleoclimatology. As stressed by Hopkins [8], the GIN Sea (i.e. 
the Greenland, Iceland and Norwegian Seas) “plays a unique and vital role in the 

 

DOI: 10.4236/ijaa.2020.102008 98 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008


N.-A. Mörner et al. 
 

circulation of the world’s ocean, in coupling the Polar Sea (Arctic Ocean) to the 
Atlantic Ocean”. 

The rate of modern sea floor spreading is in the order of a couple of centime-
tres per year [9]. The Faroe-Iceland Ridge underwent a stepwise long-term sub-
sidence ending in uplift in the Mid-Pleistocene [7]. The Fennoscandian Shield 
was suddenly uplifted at about the Oligocene/Miocene boundary around 23 Ma 
(Ma = million years), initiating “The Baltic River” debouching in the Nether-
lands [7] [10] and slump deposits west of Svalbard [11] ending in a considerable 
subsidence of the Baltic region in the last million years. The Barents Shelf expe-
rienced uplift pulses at about 38 Ma, 22.5 Ma and 5 - 4 Ma, ending in a subsi-
dence in the Mid-Pleistocene. Svalbard was uplifted at 22.5 Ma. 

3. Paleoclimate 

In the Paleocene to Eocene, Svalbard had a temperate climate [12] [13]. The tem-
perate flora on Svalbard was originally assigned a Miocene age [14], which posed 
some paleoclimatological problems. 

At about 3 - 4 Ma (million year), the Panama Isthmus closed [7] [15] [16], 
which initiated the formation of the Gulf Stream bringing warm, high-salinity 
equatorial water to high latitudes in the North Atlantic (cf. below) and the Arctic 
cross-polar flow. By this, regional evaporation increased, especially from the ocean 
between Greenland, Svalbard and Norway, leading to increasing precipitation 
over the adjoining land areas, partly in the form of snow, resulting in significant 
glacier growth. 

At about 3 Ma, there was a short period of quite temperate climatic conditions 
with a boreal forest in the Cape Copenhagen Formation of northeast Greenland. 
This period represents a global warm peak and global sea level high stand span-
ning the Kaena Reversed Geomagnetic Polarity zone within the Gauss Normal 
Polarity zone [17] [18]. 

At the Gauss/Matuyama boundary at about 2.6 Ma [17] [19] or rather at dur-
ing Marine Isotope Stage (MIS) G10 at around 2.8 Ma [20] [21] [22] the alterna-
tion between continental glaciations and interglacials commenced. In Europe the 
sequence of continental glaciations started with the Pretiglian Glaciation at around 
the Gauss/Matuyama boundary and in the early Matuyama [7] [23] [24] [25]. 
Jakobsson et al. [26] presented a useful overview of the glacial history of the Arc-
tic Ocean during the last 150,000 years. The probable impact from previous in-
terglacials on our understanding of present-day climate conditions has been as-
sessed by Kandiano et al. [27]. The deglaciation of the Barents Sea region is cov-
ered by [28] [29] [30]. 

4. The Gulf Stream 

The Gulf Stream sets the character of the North Atlantic (e.g. [31] [32] [33]). 
From the Gulf of Mexico, the Gulf Stream follows the American east coast up to 
New Foundland where it turns east and splits into two main branches (Figure 1); 
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the northern branch (known as the North Atlantic Drift) and the southern branch 
(known as the Canary Current). The northern branch (NB) reaches all the way 
up into the Barents Sea and the Arctic Ocean, making northwestern Europe mild 
and inhabitable. The southern branch (SB) affects the Gibraltar area, northwest 
Africa and the Canary Islands. 

When the warm Gulf Stream water in the North Atlantic Drift meets the cold 
polar water in the Norwegian Sea and in the Labrador Sea, it sinks forming the 
North Atlantic Deep Water, which is a part of the huge global thermohaline cir-
culation system (Figure 2). This is a global system of surface water circulation 
and deep-water circulation. According to [34] “heat and freshwater fluxes at the 
ocean’s surface play a key role in the forming of ocean currents, which in turn  

 

 
Figure 1. The Gulf Stream and its division into a northern (NB) and southern (SB) 
branch. 

 

 
Figure 2. The global thermohaline circulation system with the approximate areas of down-welling 
of warm surface water into cold deep water in the Arctic and Antarctic marked by orange dots 
(modified from [35]). 
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have major effect on climate” and he finishes by concluding: “understanding its 
past and future behaviour is crucial to our understanding of climate change”. 
This is, of course, exactly the reason why we have undertaken the present study 
of the ice edge behaviour and its forcing functions. 

 

 
Figure 3. The beat (pulsation) of the Gulf Stream as a function of changes in the Earth’s rate of rotation [36] [37] redistributing 
ocean water masses and ocean stored heat along the northern (a) and southern (c) branches of the Gulf Stream. The type-a circu-
lation is typical for Grand Solar Maxima, and the type-c (and type-b) is typical for Grand Solar Minima. 

The Gulf Stream Beat 

The Gulf Stream splits at about 40˚N Lat. and 30˚W Long. into a northern 
branch (NB) and a southern branch (SB) as illustrated in Figure 1. The distribution 
of oceanic water along those two branches is not constant with time but sub-
jected to a “beat” or pulsation in its intensity and especially in the alternation of 
water distribution along the two branches [36] [37] [38] as illustrated in Figure 3. 
When the northern branch increases in intensity and warms Scandinavia and the 
Arctic, the southern branch decreases and cools the Gibraltar-Canary area 
(Figure 3(a)). When southern branch increases and warms the Gibraltar-Canary 
region, the northern branch decreases and Scandinavia and the Arctic cools 
(Figure 3(b) & Figure 3(c)). The forcing of the alternations in beat along the 
northern and southern branches comes from changes in Earth’s rate of rotation 
[36] [37]; deceleration in the first case (Figure 3(a)) and acceleration in the 
second case (Figure 3(c)). 

The type-a circulation is typical for Grand Solar Maxima and is recorded at 
the known warm peaks at about AD ~970, ~1250, ~1320, ~1590 - 1600, ~1720 - 
1790, and after 1900. The type-b and type-c circulations are typical for Grand 
Solar Minima and is well recorded and documented at the “little ice ages” around 
AD ~1050, ~1300, ~1450, ~1690, ~1810, and there are strong reasons to expect 
that it will re-occur at about AD 2040 [37] [38] [39]. 

The alternations between type-a and type-c circulation have wide environ-
mental effects in the North Atlantic. Significantly, Yasuhara et al. [40] find a cor-
relation between cooling events and periods of reduced Atlantic Meridional Over-
turning Circulation (AMOC) during the last 10,000 years, Thibodeau et al. [41] 
between the Little Ice Age and a slowdown of the North Atlantic circulation, and 
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Seidov et al. [42] for the last 60 years. 
Grand Solar Maxima and Minima affect the Earth’s shielding capacity as a 

function of the Solar Wind interaction with the Earth’s geomagnetic field (e.g. 
[43]). The shielding controls the penetration of particles responsible for the for-
mation of 14C in the atmosphere, the atmospheric 10Be content and cosmic ray par-
ticles [44]. The variations in atmospheric 14C content are well documented and 
provide a continual record of the variations in Solar Wind intensity and its effect 
on the Earth’s geomagnetic field strength as recorded by the changes in Earth’s 
shielding capacity [37] [38] [45]. 

Figure 4 gives the changes in 14C production during the last millennium (re-
drawn from [46]). Weak shielding and high 14C production are shown down-
wards with the names of the Grand Solar Minima given in blue. During these 
periods the North Atlantic experienced type-c (or b) circulation (Figure 3). 
Strong shielding and low 14C production (upwards) occurred when the Sun ex-
perienced Grand Solar Maxima and the North Atlantic had a type-a circulation 
(Figure 3). Filtering of the 14C production curve (red line in Figure 4) gives a 
main period of 210 years (grey line in Figure 4), which corresponds to the main 
solar cycle identified by Abreu et al. [47] for the last 9400 years. 

Easterbrook [44] [48] has documented a close correlation between Grand So-
lar Minima (Wolf, Spörer, Maunder, Dalton, 1880-1915, 1945-1977) and climatic 
records of severe cooling events. Mörner [37] showed that the Spörer, Maunder 
and Dalton Minima are very clearly identified in ocean temperature records in-
dicating type-c circulation (Figure 5). Even the 1930-1940 warming in the north 
and cooling in the south were followed by a cooling in the north and a warming in 
the south (Fig. 9 in [37]) indicates a change from type-a to type-b/c circulation. 

 

 
Figure 4. Changes in 14C production in the atmosphere (red curve) 950-1950 as a func-
tion of the Solar Wind induced changes in Earth’s shielding capacity (strongly modified 
from [46]). Blue fields mark decreased shielding trends and proposed cooling periods of 
grand solar minima. Yellow fields mark increasing shielding trends and proposed warm-
ing periods of grand solar maxima. The 1970-2000 warming is missing because the records 
end in 1950. The thin grey line shows a filtering period of ~210 years with scale to the 
right. 
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Figure 5. Ocean circulation and Gulf Stream beat during the Spörer (type-c), Maunder 
(type-b followed by type-c) and Dalton (type-c) Grand Solar Minima (from [37]). Data in 
orange refer to the time of temperature changes recorded in the database used by Mörner 
[37]. 

 
Figure 4 suggests that the Medieval Warm Optimum may have lasted from 

1050 to 1250, which is significantly longer than originally proposed by Lamb 
(e.g. [49]). 

The period AD 950 - 1050 is an interesting and important period. It is well 
covered in Figure 4 with a warm peak around 970 and a cold peak around 1050 
(the Oort Grand Solar Minimum in Figure 4). In Sweden, the late 10th century 
was warm and the early 11th century cool and exceptionally dry with sand drift 
and dying peat bogs over in northern Europe. Figure 6 illustrates the situation 
in Greenland [50] [51]. In the period AD 900 - 1000, quite warm climatic condi-
tions prevailed and there was a free sailing route from Iceland to Greenland. Al-
ready a century later icebergs and sea ice prevented a direct route to Greenland, 
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and the sailing route was displaced to the south. This was just in the time of the 
Oort Grand Solar Minimum (Figure 4). By AD 1200 - 1400 the sailing route was 
even more displaced to the south, and the Viking settlements on Greenland were 
left to become extinct. Obviously, this was due to the cooling events during the 
Wolf and Spörer Grand Solar Minima. 

 

 
Figure 6. The changes in sailing route to Greenland as a function of changes in climate and 
ocean circulation (modified from [50] [51]). 

 
Isotopic data from the GISP2 ice core suggest multi-year intervals of low 

temperature especially in the early and mid-14th century, presumably representing 
the coldest period in central Greenland for the last 700 years [52], among other 
things exposing the remaining Norse settlement in Greenland to disaster [53]. 
The growth of open system pingos in Disko Island (central W Greenland) also 
points towards multi-year cold intervals during the Little Ice Age [54] [55]. 
Analysis of the isotopic composition of ice samples from a Little Ice Age glaci-
er-derived rock glacier in Disko Island [56] indicate a mean annual air tempera-
ture about 2˚C - 4˚C below present values, presumably reflecting net ice accu-
mulation during a cold interval of the Little Ice Age, tentatively dated to AD 
1600 - 1775. 

The drift-ice records of Bond et al. [57] [58] and “deglacial oscillations in 
ocean circulation” [59] seem directly to add on to the Gulf Stream beat picture 
of Mörner [37]. Cores from both sides of the North Atlantic (off Newfoundland 
and off Ireland) record cyclic peaks in ice-rafted material from drift-ice (IRD), 
indicating cyclic alternations between two modes: 1) low IRD, warmer SST and a 
circulation as today (i.e. the type-a circulation of Figure 3), and 2) ice-rafting 
events with peaks in IRD, colder SST and a significant southward advection of 
colder and fresher water (i.e. the type-c circulation of Figure 3). As a conse-
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quence, the thermohaline circulation was reduced [57] [60]. This is consistent 
with the model of Mörner [51], where the surface water circulation affects the 
deep-water circulation, not vice versa as illustrated in Figure 7. Furthermore, 
this southward shift of colder, ice-bearing surface water far into the sub-polar 
North Atlantic had an ocean surface circulation origin, which was coupled with 
the atmospheric circulation over Greenland [57]. Consequently, we can safely as-
sume that the observed cooling events recorded far south along the European 
coasts (Figure 3(c)) also extended over the central and western parts of the North 
Atlantic (as recorded by the drift-ice events). The correlation by Bond et al. [58] 
between periods of increased drift-ice and periods of reduced Solar activity (as 
recorded by cosmogenic nuclides which, in fact, refers to Solar Wind activity [38], 
not irradiance as claimed by Bard et al. [61] and Sejrup et al. [62]. This implies 
that the Gulf Stream pulses must represent Solar Wind effects on the Earth’s to-
tal rate of rotation as proposed by Mörner [36] [37] [43] [63] [64]. The presence 
of an external rotational pulse was recently endorsed by [65]. 

 

 
Figure 7. Effects and feedback interaction of changes in Earth’s rate of rotation (from [51]). 
Ocean surface circulation plays the dominant role in redistribution ocean-stored energy (as rec-
orded by paleoclimate) and water masses (as recorded by sea level). The external forcing refers 
to the planetary beat on the Sun, the Earth and the Earth-Moon system [36] [43] [63]. Internal 
forcing comes from the redistribution of mass and the changes in Earth’s radius due to changes 
in sea level [66] [67] [68]. 

 
Kerr [69] wrote about “a slow, multidecadal climate pulse that beats the At-

lantic Ocean” (his AMO) and noted that already Bjerknes [70] wrote about “a 
surge of warm water up the Gulf Stream” in order to explain the early 20-century’s 
warm climate over Northwest Europe. Similarly, the North Atlantic changes 
recorded by Levitus [71] had to be related to changes in the strength of the Gulf 
Stream. Furthermore, the major shifts in climate and sea level recorded over the 
last 150 years in Northwest Europe correspond with the major shifts in LOD 
(length of the day) [67] [68], indicating an interaction between rotation and Gulf 
Stream beat. In the Florida Straits, the water masses transported by the Florida 
Current (28 - 32 Sv) varied significantly through the last millennium with a gen-
eral lowering of about 3 Sv during the “Little Ice Age” [72]. 
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Figure 8. Changes in polar front position (red lines) and Gulf Stream distribution (hatched 
flow arrows) during the main stadials and interstadials of the last 25 Ka (thousand years): (A) at 
LGM, (B) at 18 Ka, (C) at 14 - 16 Ka and (D) at 12 - 13 Ka (modified from [68]). 

 
In Figure 8, we compare the polar front positions and Gulf Stream distribu-

tion at the major stadial/interstadial changes of the last 25 Ka (from [68]); viz. at 
LGM (Last Glacial Maximum, 22 - 24 Ka), the 18 Ka glacial maximum, the 
Bölling/Alleröd (BÖ/AL) interstadials at about 16 - 14 cal. Ka BP and the 
Younger Dryas (YD) stadial at around 13 - 12 cal. Ka BP (Ka BP = thousand 
years before present). 

During LGM the land ice had its maximum expansion and the polar front was 
located far down in the North Atlantic forcing the Gulf Stream along its south-
ern branch (Figure 8(A)). In the Pacific, the Kuroshio Current was forced to lower 
latitudes as a function of a considerable speeding-up of Earth’s rate of rotation 
due to the sea level lowering and decrease in Earth’s radius [36] [68]; i.e. internal 
forcing (Figure 7). On the Faroe shelf, grooves and furrows from grounded ice-
bergs have been recorded at several 100 m depth indicating drift from the NE to 
the SW of polar water full of floating icebergs, some of which must have been of 
gigantic size to scratch the seafloor as deep down as 300 - 500 m [73] (green ar-
row in Figure 8(A)). 

At the Pomeranian Stadial around 18 Ka, the polar front was just south of Icel-
and. The Gulf Stream seems to have penetrated up to the edge of this front 
(Figure 8(B)). 

During the Bölling-Alleröd Interstadials, the Gulf Stream penetrated all the 
way up into the Barents Sea (Figure 8(C)). A boreo-arctic mollusc fauna entered 
the North Sea and the Kattegatt. At the Younger Dryas Stadial the climatic con-
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ditions returned to arctic and glacial conditions. The polar front and the Gulf 
Stream were displaced to the south (Figure 8(D)). This was also the case with 
the Kuroshio Current in the Pacific [36] [66] indicating increasing rate of Earth’s 
rotation. The drastic changes in ocean water distribution, climate and rotation in 
association with the BÖ/AL to YD periods pose complicated forcing [68] [74]. 

5. Multiple and Integrated Effects 

The changes in ice edge positions within the Svalbard and Greenland regions dur-
ing the last 400 - 500 years—the topic of this project—must be the function of 
multiple variables (e.g. Bucha [75] [76]; Kellogg [77]; Dickson et al. [78]; Forman 
et al. [79]; Humlum [56] [80]; Jennings et al. [81]; Meeker and Mayewski [82]; 
Vinje and Goosse [83]; Soon [84]; Divine and Dick [85]; Yndestad [86]; Hum-
lum et al. [87] [88]; Sejrup et al. [62] [89]; Davis and Brewer [90]; Solheim et al. 
[91]; Yndestad and Solheim [92]; Roy [93]; Årthun et al. [94]). Because the Gulf 
Stream beat records a close correlation with the Grand Solar Maxima/Minima 
alternations (above), there are reasons to consider the multiple effects of the plane-
tary beat on the Sun, the Earth and the Earth-Moon system as illustrated in Fig-
ure 9 (from [43]). The observed changes in Gulf Stream beat, North Atlantic 
Oscillation (NAO), Pacific Multidecadal Oscillation (PDO), other oceanic “os-
cillations” system and the new concept of rotational eustasy seem to lead their 
origin in processes within Figure 9 system [64]. 

Ocean circulation changes as presented in Figure 9 imply that the observed 
data may record planetary cycles (e.g. [1]), solar cycles (e.g. [92]), lunar-solar 
tidal cycles (e.g. [90] [95]) and lunar cycles [86] [96]. 

 

 
Figure 9. Integrated effects of planetary beat on solar variability in luminosity (e.g. electro-
magnetic radiation) and, via the Solar Wind, on a number of fundamental terrestrial 
processes, and, via direct effects on the Earth-Moon system, on gravity, rotation, wind, ocean 
circulation, and sea level changes and oceanic oscillation systems [43] [63] [64]. 
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(A) 

 
(B) 

Figure 10. (A) Global ocean temperature 0 - 1900 m according the Argo measurements 
(reworked from [97]) indicating the redistribution of ocean surface water between the 
Arctic and the Equatorial regions as proposed by Mörner [37] [38]. The alternating trend 
may be a signal for the transition between type-a and type-b/c circulation. (B) Argo tem-
perature changes (˚C) 2004-2019 [97] [98]. Whilst the Arctic Oceans were cooling (down 
to 1300 m), the Equatorial Oceans were worming (in their uppermost 50 - 100 m). 

 
A recent manifestation of the Gulf Stream beat (i.e. the alternations between 

type-a and type-b/c circulation in Figure 3) and the concept of rotational eustasy 
[94] seems to be recorded in the ocean temperature variations between the 
Arctic from 2011 and the equatorial regions from 2012 as illustrated in Figure 
10(A). 

 

DOI: 10.4236/ijaa.2020.102008 108 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008


N.-A. Mörner et al. 
 

The Argo temperature changes with depth from 2004 to 2019 [97] demon-
strate that the Arctic Oceans were cooling considerably in the upper 1300 m at 
the same time as the Equatorial Ocean were warming in the upper 50 - 100 m 
(Figure 10(B)). This is consistent with a decrease in the northern branch of the 
Gulf Stream (i.e. a change from type-a towards a type-b or type-c circulation; 
Figure 3), and a decrease in the Arctic down-welling and thermohaline circula-
tion (Figure 2). The Arctic cooling recorded is likely—if continued (cf. Figure 
10(A)) —to initiate a southward advance of the BIE position in the near future. 

The temperature changes shown in Figure 10(A) and Figure 10(B) are linked 
to a considerable freshening of the North Atlantic after 2012 as excellently shown 
by Holliday et al. [99]. Their analysis is based on the Argo measurements, too. 
According to them, the freshening was both rapid and extensive, and reached a 
low salinity level not recorded before in the last 120 years. 

The concept of Gulf Stream beat [37] and the observations of latitudinal 
changes in temperature in the North Atlantic (Figure 10(A) and Figure 10(B) 
at about 2011 has recently got an important support in observed changes in 
northward ocean heat transport and cooling (about 2˚C) and freshening in the 
Eastern Subpolar Gyre [100], which may be taken to signify the onset of a gener-
al change from type-a to type-c circulation. 

Another important implication of Figure 9 scheme is that the solar impact on 
planet Earth primarily goes via heliomagnetic Solar Wind emission and not via 
total solar irradiance (TSI). When changes in the Earth’s geomagnetic shielding 
capacity are involved, we can be sure that the main forcing function comes from 
the Solar Wind interaction with the magnetosphere and the Earth’s rate of rota-
tion (Figure 9). Therefore, observed variations in 14C and 10Be are the manifesta-
tion of changes in the shielding capacity (Solar Wind) not in TSI (as proposed by, 
for example, Bard et al. [61], Scafetta [1], and Veretenenko and Ogurtsov [101]). 
The so-called 60-yr cycle [102] must primarily be a function of heliomagnetic 
Solar Wind emission [43] [63]. 

6. Temperature and Ice Conditions during the Holocene 

The Last Glaciation ended at about 11,800 BP, which is the boundary between 
the Pleistocene and the Holocene and also the boundary between the Younger 
Dryas and the Preboreal. The warming following the last glaciation at the end of 
the Younger Dryas period 11.8 Ka ago was abrupt. In central Greenland, tem-
peratures increased by 7˚C or more within 10 - 30 years [103] [104] [105]. Most 
of the changes in wind-blown materials, snow and some other climate indicators 
registered by ice cores, including a doubling of snow accumulation, played out 
within a few years [106]. 

In the Northern Hemisphere, summer insolation peaked 10 - 9 Ka ago when 
the last remnants of the large ice sheets in the northern hemisphere retreated ra-
pidly. At that time the incoming solar radiation was approximately 8% greater 
than at present [107]. This may have been especially significant at high latitudes  
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Figure 11. Temperature changes in the Svalbard region during the last 12,000 years; (a) 
according to Werner et al. [129], (b) according to Mangerud & Svendsen [126], and (c) 
according to Humlum [130] and Humlum et al. [87]. 

 
in summer when daylight persists for 24 hours [108]. Since then, the Northern 
Hemisphere summers have gradually seen decreasing incoming solar radiation. 
The peak insolation is reflected in paleoecological data from the Arctic, where the 
Holocene thermal maximum, resulting in northward movement of the tree-line 
and shrub tundra replacing herbaceous tundra north of the tree line, occurred 
close to the Pleistocene-Holocene transition, broadly in the interval between 13 - 
7.5 Ka BP depending on latitude [109]. 

The Holocene changes in glacier extension and temperature in the Svalbard 
region have been studied by several authors (e.g. [87] [110]-[128], all of which 
indicate an early Holocene with climatic conditions significantly warmer than 
today, and a late Holocene of cooling conditions as illustrated in Figure 11. 

Figure 11 gives the general changes in temperature in the Svalbard region 
during the last 12,000 years. Curve (a) gives the changes in water temperature at 
a depth of 100 m in the Fram Strait according to Werner et al. [129]. Curve (b) 
gives air temperature change in Svalbard according to Mangerud and Svendsen 
[126]. Curve (c) gives the major changes in ice conditions with arrows indicating 
the increase to a maximum at about 2300 cal. yrs BP (cf. above; Humlum et al. 
[87]), the major sea ice expansions in the periods 1660 - 1720 and 1800 - 1818 
and retreat at around 1769 [130] (see Figure 12). The main trend is clear; a rapid 
rise in temperature in early Holocene followed by a temperature well above the 
present from 10,500 to 5500 cal. yrs BP (with a period of low temperature 8500 - 
8200 cal. yrs. BP) and values below the present from about 3000 to 100 cal. yrs 
BP. Curves (a) and (b) agree well in general trend, but differ in details. The Late 
Holocene is best covered by the data of curve (c), too few data for a detailed 
analysis of the last 2500 years, however. 

 

DOI: 10.4236/ijaa.2020.102008 110 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008


N.-A. Mörner et al. 
 

In much of the Nordic Seas the mid Holocene period 6 - 4 Ka BP encompasses 
a transition to reduced Atlantic Water influence and lower sea surface tempera-
tures. The late Holocene period from ca. 4 Ka BP to the present is characterized 
by sea-surface cooling caused by decreased Atlantic Water influence in the sur-
face waters of the Nordic Seas, including coastal Svalbard (e.g. [116]). Atlantic 
Water inflows to the Arctic Ocean may also have been affected by bathymetric 
changes elsewhere in the Arctic (i.e., Nares Strait, Bering Strait and other eastern 
Canadian Arctic Channels). Of these, the opening of Bering Strait about 10,000 
cal. yrs BP might be the most important because it introduces relatively fresh 
Pacific waters into the Arctic Basin. This may have strengthened the meridional 
Atlantic Water circulation through the Fram Strait, at the expense of Barents Sea 
inflow [79]. Jennings et al. [81], working on the East Greenland Shelf, found evi-
dence for late Holocene cooling from 4.7 Ka BP, associated with southward ex-
pansion of the Arctic sea ice and increased polar water influence. A general shift 
towards cooling and return to the present tundra environments at many Eura-
sian arctic and subarctic sites apparently started around 4.5 Ka BP [109] [131]. 
Additional evidence for Late Holocene glacier growth on Svalbard was presented 
by Snyder et al. [121]. 

In Svalbard permafrost near sea level was reforming shortly before 3 Ka BP 
[87]. Furrer [112] [113] found evidence in NW Spitsbergen for a late Holocene 
glacier advance, reaching maximum size around 2.3 Ka BP and again during the 
Little Ice Age. Röthe et al. [123] studied the Karlbreen glacier in northwestern 
Svalbard. They documented a small to absent glacier from 9500 to 4000 cal. yrs. 
BP, a significant expansion at 3600 BP, a glaciation peak at 2400 BP, a significant 
peak 1300 - 1800 BP, a peak 700 - 100 BP and LIA peaks in the period 100 - 500 
cal. yrs BP. Snyder et al. [121], working in western Spitsbergen, recovered lami-
nated sediments in a core in the proglacial lake Linnévatnet (W Spitsbergen) to 
reconstruct the glacial history of a presently ice-free cirque. Terrestrial macro-
fossils from the core were radiocarbon dated to provide a limit on the onset of 
glaciation, and indicate that a nearby short glacial valley (a cirque) was not gla-
ciated until in the Little Ice Age. The absence of glaciation during earlier Neogla-
cial periods suggests local climatic conditions “favouring glacier expansion were 
either of greater magnitude or of longer duration during the ‘Little Ice Age’ than 
at any other time during the Holocene”. Humlum et al. [87] described in situ sub-
glacial vegetation beneath the glacier Longyearbreen. Dating of the plants recov-
ered demonstrated a glacier advance of about 2 km during the last 1100 years. 

Professor Hubert Lamb stands out as one of the key persons in the under-
standing of climate change in historical times (e.g. [49] [132] [133] [134] [135]). 
Besides his excellent analyses on the changes in temperature, wind and ocean 
circulation, he also gave vivid examples on the cooling during the Little Ice Ages 
in the form of the sudden appearance of Eskimos in kayaks at the coast of Scot-
land and the drop of ocean surface temperature between Iceland and the Faroe 
Island of about 5˚C [135]. 
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In the late 16th century, climate conditions were favourable and Dutch sailors 
attempted to find the northeast-passage to the Pacific. During one of the expedi-
tions, Willem Barents in 1596 discovered Svalbard, which obviously then must 
have been accessible, indicating warmer climatic conditions (cf. peak at around 
1600 in Figure 4). His discovery route is shown on a sea map from 1599. The 
discovery was challenged by the English, who claimed Svalbard was discovered 
by Hugh Willougby already in 1573. In our BIE series we have data back to 1579, 
almost 20 years before the discovery of Svalbard by Barents. 

The whaling industry flourished in the 18th century, and in the year 1769 there 
are firm evidence that the spring maximum ice edge was north of Svalbard, and 
even north of the 1966 position as indicated in Figure 12, and further discussed 
in Part 2 [136]. The 18th century was, on the whole, a period of warmer climatic 
conditions in Northern Europe (cf. Figure 4). 

Figure 12 by Humlum [130] provides an expressive paleoenvironmental map 
of the Northeast Atlantic region during the 1660 - 1720 period with ice positions 
compared with 1769, 1899 and 1966. The period of cool climatic conditions cor-
responds to the Maunder Minimum shown in Figure 4. 

 

 
Figure 12. Palaeoenvironmental map of the Northeast Atlantic region (from [130]) dur-
ing the Little Ice Age in the 17th century with the spring maximum ice edge position in 
1660-1720 and comparative positions in 1769, 1866 and 1966. 

 
Figure 12 map is based on various written sources, including Lamb [49] 

[132] [133] [134] [135] [137]. Red arrows indicate prevailing wind directions. 
Symbols for animals and humans with black cross indicate reported periods of 
absence/extinctions. Symbols for ice crystals indicate periods with reported pe-
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riods of glacier growth. Yellow symbols (Europe) indicate periods with reported 
coastal flooding and/or strong coastal sand drifting. 

The ice edge displacements documented in Figure 12 imply a manifestation 
of the beat between the cold East Greenland Current and the warm West Spits-
bergen Current in pace with the Gulf Stream beat (Section 4); viz. an intensifica-
tion of the East Greenland Current (and decrease of the West Svalbard Current) 
and a northward displacement of the ice edge during Grand Solar Maxima, and 
an intensification of the North Atlantic Current and the West Spitsbergen Cur-
rent (and decrease of the East Greenland Current) and a southward displace-
ment of the ice edge during Grand Solar Minima. Both the Maunder Minimum 
cold phase and the Dalton Minimum cold phase are well recorded in Figure 12 
map. High-resolution sediment cores from the Fram Strait [129] provide too 
imprecise data to record this, however. This is also the case with a record of the 
last 2000 years [138]. 

6.1. Observations Referring to the Last 150 Years 

Only a limited number of Arctic meteorological stations were in operation be-
fore 1910, and in few places have observations been carried out before the late 
19th century. In Fennoscandia, the oldest systematic climatic observations north 
of 65˚N were in Tornio (Finland) during a period from 1737 to 1749, while 
regular weather stations were initiated around 1850. The first station in northern 
Russia was at Arkhangelsk in 1813. Early meteorological observations were in-
itiated in Greenland in the period 1866-1895. Meteorological observations in the 
Arctic Ocean began at the voyage headed by F. Nansen on-board the “Fram” in 
1894-1896 and were again taken up during the forced drift in the ice of other 
ships in the 1930s. The first real meteorological station in the High Arctic was 
Green Harbour (Svalbard) in 1911. A new phase of the Arctic data coverage started 
in the mid-1930s with North Pole Ice stations that continuously operated in the 
Arctic Ocean up to 1991. Economic reasons later caused a disappointing reduc-
tion in the number of existing Arctic meteorological stations during the 1990s, 
especially in northern Russia and Canada. The available meteorological records, 
however, clearly conveys the impression of high Arctic temperature variability; 
both on an annual basis and between individual regions in the Arctic. 

Long Arctic surface air temperature records (Figure 13) illustrate conditions 
during the last cold interval of the Little Ice Age, which was terminated by a 
marked increase in mean annual air temperature around 1920. This rise was 
mainly derived from rising winter temperatures, while the temperature increased 
less in other seasons, especially summer. The termination of the Little Ice Age 
was followed by a warm period, recorded at many Arctic meteorological stations, 
continuing to around 1940-1950, where after a widespread cooling commenced. 
In some parts of the Arctic this cooling culminated around 1970-75 and was fol-
lowed by a corresponding temperature recovery towards the end of the 20th cen-
tury. In some regions, such as Greenland and Iceland, cold conditions prevailed 
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almost to the end of the 20th century, while in other regions (e.g. Svalbard) tem-
peratures have been rising without interruption since the cold period around 
1970 [139]. 

 

 
Figure 13. Long Arctic surface annual air temperature series (redrawn from [56]). The 
thin blue line represents the mean annual air temperature, and the thick blue line is the 
running 5-year average. Data source: NASA Goddard Institute for Space Studies (GISS) 
and http://www.rimfrost.no/.  

 

The period 1915-1940 (Figure 13) represents a period of general warming in 
the Arctic especially influencing northern Alaska, northern Canada, Greenland 
and the northern parts of Russia and Siberia. The warming was by far most 
pronounced during the winter season (DJF) and least during the summer (JJA). 
The Svalbard-northern Russia region was exposed to relatively warm autumns 
(SON), suggesting increased cyclonic activity, leading to retreat of sea ice in the 
Kara Sea. This may be explained by the onset of a prolonged weakened state in 
the continentally based Siberian High in this period, as suggested by Meeker and 
Mayewski [82]. Hanssen-Bauer and Førland [140], however, suggested that the 
early 20th century temperature increase in the Norwegian Arctic cannot be ex-
plained as a result of changes in advection alone. It may therefore be suggested 
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that increasing cyclonic activity along the northern coasts of Russia and Siberia 
by wind stress may have contributed to opening of the sea ice cover, releasing heat 
from warm water below to the atmosphere, and thereby providing an additional 
source of heat. In order to illustrate the potential effect of this on air-temperatures, 
the average heat loss over the ice covered Arctic basin is about 6 W/m2, while the 
heat loss to the atmosphere from the ice-free north eastern Greenland Sea aver-
ages is no less than 200 W/m2 [141] [142]. 

Whatever the reasons for this warming may be, several very mild winters were 
recorded in W Greenland, most notably in 1929, where no land-fast sea ice formed 
at all and hunters were able to use kayaks throughout the whole winter [56]. At 
the same time new fish species appeared in the central W Greenland region, 
causing a significant change in Inuit hunting habits towards open sea fishing. 
The most important new species in the Disko Island region was the Greenland 
cod, locally known as the big-headed cod, which presumably is identical to the 
Icelandic cod [56]. Most likely, larvae of the Icelandic cod spread to SE Greenland 
waters in the early 1920s, driven by an enhanced Irminger Current, and for some 
decades were able to reproduce and survive in SW Greenland waters [143]. 
Whatever the precise background, this species represented a very important re-
source in Greenlandic economy for about 15 - 20 years, after which a decline set 
in, ending with a number of disastrous fishing seasons. 

The changing ice conditions after 1920 also made the first navigation of the NE 
Passage without wintering possible in 1932 for the Russian trawler “Sibiryakow” 
[144]. Ten years later, in August 1942, the reduced sea ice extension prompted the 
German naval high command to order the heavy cruiser “Admiral Sheer” into 
the Kara Sea, to intercept suspected allied convoys from US and Canada with 
supplies to the Red Army, making use of the extraordinary open water condi-
tions along the Russian and Siberian coasts at that time [145]. During this opera-
tion “Wunderland”, famed “Sibiryakow” was regrettably sunk by “Admiral Sheer”. 
The background for the German concern was the fact that a German raider, the 
“Komet”, without great difficulties passed through the Northern Sea Route to the 
Pacific Ocean in summer 1940 [146] [147]. However, the Allies never attempted 
to make use of the NE Passage during the war. 

Special interest has often been attached to the Svalbard region, as this part of 
the Arctic apparently displays a high climatic variability, as was recognized by 
both Ahlmann [148] and Lamb [132], and later by IPCC [149]. Significant cli-
matic variations in the Svalbard region during the 20th century are well docu-
mented by meteorological data since 1911 [139] [150] [151]. As an example, a 
marked warming around 1920 within 5 years changed the mean annual air tem-
perature at sea level from about −9.5˚C to −4˚C. This is one of the most pro-
nounced increases in air temperature documented anywhere during the instru-
mental period. Later, from 1957 to 1968 the air temperature sharply dropped 
about 4˚C, with a subsequent more gradual increase towards the end of the 20th 
century (Figure 13). The high climatic variability of the Svalbard region probably 
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derives from three mechanisms. Firstly, the islands are located directly in the 
main transport pathway for air masses into the Arctic Basin [78] [152]. Secondly, 
Svalbard is located near the confluence of air masses and ocean currents with 
very different temperature characteristics. Finally, the variability is further en-
hanced by rapid variations in the sea-ice extent, coupled with both atmospheric 
and oceanic circulation [80] [153] [154] [155] [156]. 

Moving on to the period 1940-1965, in contrast to 1915-1940, this represents a 
period of cooling in many parts of the Arctic (Figure 13). Again, the tempera-
ture change was by far most pronounced during the winter and weaker during 
other seasons. Especially Alaska, NW Canada, Russia and parts of Siberia were 
affected by this development. The North Atlantic sector with Scandinavia at that 
time had relatively cold autumns, suggesting an increase of northerly winds. 
North Atlantic sea ice also increased in this period, and a greatly increased flow 
of the cold East Greenland Current brought polar water far south (cf. Figure 3(c)). 
In several years (1965 and especially 1968 and 1969) more Arctic sea ice came to 
the coasts of Iceland than seen for fifty years [137]. In April-May 1968 and 1969 
Iceland was half surrounded by sea ice, which has not occurred since 1888. At 
the same time, the Greenland cod migrated to Iceland waters, and for a few years 
(1967-1971) offset the declining stocks there. The 1960s also saw the abandon-
ment of attempts at grain growing in Iceland, which were resumed during the 
previous relatively warm period (1920-1950) after a lapse of some hundreds of 
years [137]. At the beginning of the 21st century, grain (barley) was only grown 
at one farm near Skoga in southernmost Iceland, and only for making hay (H. 
Björnsson, pers.com. 2003). 

6.2. The Last 50 Years 

The final ca. 30 years of the 20th century has been a period of renewed warming 
in many parts of the Arctic, lending observational support to the common notion 
of ‘Global Warming’ [93] [149] [157] [158] [159] [160]. Again, this warming has 
been most pronounced in the winter season and less so in other seasons. The late 
20th century warming has affected especially western Canada, Russia and Siberia. 
This was accompanied by retreating sea ice in both the arctic North Atlantic sec-
tor, and in the Kara Sea, after reaching a maximum extension in the early 1970s 
(e.g. [161] [162]). A study by Winsor [163] concluded that the mean sea ice thick-
ness in the Arctic Ocean remained constant from 1986 to 1997. Satellite mapping 
showed the late summer 2012 sea ice extension in the Arctic to be the smallest 
since initiation of satellite mapping in 1978. However, the sea ice expanded again 
in 2013 and 2014, and despite the season 2018-2019 showed the next smallest 
ice-covered area, there is no trend in September ice-cover 2007-2019. 

An apparent paradox is that warming registered in the Atlantic water layer be-
low the sea ice in the Arctic Ocean became noticeable in the early 1990s, whereas 
the major ice thinning occurred prior to 1990 [163], suggesting the dynamics of 
sea ice extension in the Arctic Ocean to be more complex than usually thought. 
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Polyakov et al. [164] proposed that the Arctic Ocean has experienced an “at-
lantification” (i.e. increased role of Atlantic inflow) during the last decades. This 
seems contradicted by Klyashtorin et al. [165] who documented an increased 
Atlantic inflow through the Faroe-Shetland Strait from 1910 to 1970, a fall to low 
levels in 1980 and continued low levels at least up to 2000. Humlum [56] recorded 
a drop in the North Atlantic Current temperature from 2004 to 2019 with a 
peak-low in 2016. This can hardly be combined with an “atlantification” in the 
last two decades (nor is the general decreasing trend in warm water to the Arctic 
since 2011; Figure 10(A)). 

According to Polyakov et al. [164] “the role of Atlantic water heat in sea-ice 
reduction is not negligible”. Observations from the 1990s and 2000s documented 
two warm, pulse-like Atlantic water (AW) temperature anomalies on the order 
of 1˚C (relative to the 1970s), entering the Arctic through Fram Strait and occu-
pying large areas of the Arctic Ocean. The strength of the 2000s warming peaked 
in 2007-2008, with no analogy since the 1950s (cf. [166]). This AW warming has 
slowed slightly since 2008. Ocean ventilation may have had pronounced effects 
on the ice edge position (a question to be returned to in Part-2 [136]). 

Whilst the Arctic region, in general, records a warming during the last 25 years, 
the Eurasian region records a cooling [159]. According to Roy [93], this is the 
function of the weaker sunspot cycles in the last 40 years. The influence of the 
Sun on the Arctic winter climate goes via changes in Arctic Oscillation (AO). 
During winter solar minima, there is a warming over most of the Arctic (in De-
cember-February), especially over the Kara and Barents Seas, but a cooling over 
Siberia and Scandinavia [93]. 

7. Life and Resources in the Arctic 

The ice cover in the European Arctic Seas affects the biologic productivity and 
the marine life in many ways and on all trophic levels. This includes the marine 
lightscape [167], the total primary production [168] [169] [170], the timing and 
quality of the primary and secondary production [171] [172] [173] [174], and 
the total production of commercial and non-commercial fish, seals and whale 
stocks [175] [176]. In this paper, we present data on the sea ice cover in the Euro-
pean Arctic from 1579 to 2018 (below). After a warm period that characterized 
the Viking time (see Figure 6) the winter temperature decreased rapidly from 
about 1030 and stayed relatively low in the Svalbard area until 1890 [177]. De-
spite that the period 1550 to 1890 in general was a period with very low winter 
temperature in Svalbard area, there has been periods with higher temperatures 
and a large variation in the summer (August) ice cover over the period 1580 to 
2016 [177] [178]. The periods with little sea ice cover are associated with high 
biological production, fishing activity and hunting for whales and seals. 

From Iceland, we have fish landings statistics covering the period 1600-1862 
[179]. It shows “fluctuations of 50-60 years” with deep lows in the 1690s, 1750s 
and 1810s. 
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Figure 14. Reconstructed aggregate harvest of bowhead whales from the Greenland-Spitzbergen 
stock (from [183]). 

7.1. BIE in the Whaling Period 

Due to the pioneering work of Torgny Vinje [180] on assessing the location of 
the summer ice edge between Svalbard and Frans Josef Land (20˚E - 45˚E), 
based on log books of whalers, warships, early explorers, and scientist (e.g. [181]), 
and later airplanes and satellites, we have a record of the sea ice cover in this re-
gion, dating back to the 1580s. Falk-Petersen et al. [178] updated this time series 
to the present and related it to the primary and secondary production in the 
Whalers Bay north of Svalbard. They hypothesized that in periods with little ice 
the total bio-production in the European Arctic increased due to two main factors: 
a) the increase of the total area of open water available for primary production 
during spring and summer in the Barents Sea and Nordic Seas, and b) the winter 
upwelling of nutrient rich Atlantic water along the shelf break in the area north 
of Svalbard and Frans Josef Land fuels production hotspots in Whalers Bay as 
soon as the Sun returns. The high primary production attracts the lipid-rich 
Arctic grazing zooplanktons such as Calanus glacialis, Calanus finmarchicus 
and Calanus hyperboreus, the key species in the high latitude lipid-based eco-
systems [169] [182]. 

The area north of Svalbard was called the Whalers Bay by the Dutch whalers, 
who carried out intense whaling here for more than 100 years. The peak of the 
whaling period, between 1660 and 1730, coincided with a period where the 
summer ice edge was north of 80˚N for extended periods. Interesting, the short 
period with the expansion of the ice edge between 1730 to 1750 also showed a 
reduced catch of the bowhead whale as demonstrated in Figure 14 showing the 
reconstructed aggregate catch [183]. Comparing Figure 5, Figure 12 and Figure 
14, we find that the maximum catch of more than 3000 bowheads happened in 
1701 (i.e. at the end of the Maunder Minimum) when there was a type-c ocean 
circulation with cold water all the way south to Portugal (Figure 5). In historical 
time, it was the period with most spring ice in the North Atlantic and the sea 
temperature along the Norwegian coast was so low that the cod did not repro-
duce. 
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The Whalers Bay in the Fram Strait is a high productive hotspot today, and we 
suggest that this also was the case in the period with the historical whaling from 
1670 to 1790, and that the high primary and secondary production sustaining 
the large stocks of whales and seals in this area [178] [183] [184] [185]. Bow-
heads are slow swimmers that feed by filtering zooplankton out of engulfed wa-
ter masses with their 4.5 - 5 m long baleen plates. The main prey is the energy 
rich Calanus copepods such as Calanus glacialis and Calanus hyperboreus, but 
also other lipid-rich zooplankters [186] [187]. Weslawski et al. [184] estimated 
that bowhead whales consumed as much as 4 million tons of plankton per sea-
son from June to September in the Svalbard area at the peak of their abundance. 

The documentation on the “French Naval Operations in the Spitsbergen during 
Louis XIVs Reign” further illustrates the productivity of this area in the Dutch 
whaling period. The commercial value of whaling activity was high and the com-
mercial output of interest for several European nations [188]. In 1693, the French 
king sent a fleet of warships north of Svalbard to take the Dutch whaling fleet as 
prizes. On the 6th August 1693, the two French frigates Agil and Favori encoun-
tered and took a fleet of more than 40 ships, all flying the Dutch standard, under 
fire at the mouth of the Hinlopen strait (La Baye aux Ours—today Sorgbukta). 
The French frigates sized 13 ships and sunk a large part of the Dutch ships. The 
remaining Dutch whaling fleet escaped by sailing northeast in the ice-free area in 
the Hinlopen Strait. Despite the losses, the Dutch ship owners still were able to 
make a profit. The Dutch whaling stopped in some periods due to naval conflicts 
in Europe, for instance 1665-1667, 1691 and 1710 [183]. 

7.2. BIE in the Post Whaling Period 

After the intense Dutch bowhead whaling period 1680 to 1790, the sea ice ex-
panded rapidly, and large parts of the Nordic Sea and the Barents Sea were cov-
ered by ice during spring and summer until 1910. Then the ice retreated rapidly 
until the 1940s, before the ice expanded again in the 1960s and 70s. In the long 
period with extensive ice cover after 1790, there was a short period with less ice 
around the 1850s and in the decade that followed. In 1873 the cod appeared on 
the banks of Spitzbergen, and a fishery was established the year after. The cod 
appeared in dense aggregations where the cod were feasting up on sea butterflies 
(Limacina helicina) [189] [190]. The fishery in this period was done by hand-line 
from small rowboats. The intense cod fishery off Svalbard (Spitsbergen) lasted 
from 1874 to1882 [189]. Then there was a rapid retreat towards north by the ice 
edge between 1910 and 1940 (Figure 15) and already in 1931 H. U. Sverdrup 
[181] with the submarine Nautilus did marine research as far north as 82˚N in 
the Fram Strait. In the 1930s there was an intense cod fishery off Svalbard with 
yearly landings of several million tons [191]. The Northeast Arctic cod stock in 
the Nordic Seas and the Barents Sea was strong during the mid-1950s, with a 
stock of about 4 - 5 million tons. However, during the cold 1960s and 1970s, 
with an expansion of the sea ice in the Barents Sea (see Figure 15), the stock was 
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dramatically reduced to 1 million tons by 1964 [190] [192]. The cold period 
lasted to approximately 1985 in the Nordic Seas [169] [193], with persistent large 
ice cover in the European Arctic. This period falls together with a collapse both 
in the herring and in cod stocks in the Norwegian Sea and Barents Sea [190] 
[192]).  

The expansion or contraction of distributional range of cod will often coincide 
with long-term temperature changes [194]. Northward expansion of the cod stock 
with increasing temperature and reduced ice cover has previously been docu-
mented during the warm periods of the late 1800 and during the 1920s and 1930s. 
During the warming event in the 1920s and 1930s and associated decreasing ice 
cover, the cod changed its distribution from southern Greenland up to Disko 
Island [195-197]. The cod was present as far north as the Disko Bay until the 
1970s when they disappeared following a rapid decline in seawater temperature, 
with a slight recovery after the 1990s [197]. 

After 1990 there has been a rapid increase in temperature and decrease in ice 
cover in the European Arctic, followed by a large increase in the commercial fish 
stock in the Nordic Sea and the Barents Sea. In the Whalers Bay a mesopelagic 
layer of fish and zooplankton was recorded with an increased presence of mam-
mals north of Svalbard [176] [185] [198] [199]. 

 

 
Figure 15. The estimated position of the BIE 1579-2018 (black dots) and an 11-point running 
mean (red curve). Some important events (marked 1-11): 1) 1611-51 approx. 250 whales/yr, 
2) 1662-71 increase to 2000/yr, 3) 1689-1696 reduced whaling, 4) 1701 max catch 3180 whales, 
5) 1723-1735 reduced whaling, 6) 1750-1800 declining catch, 7) 1831 commercial whaling ends, 
8) 1879-1882 rich cod fisheries in Svalbard waters, 9) Eastern Arctic bowhead assumed extinct, 
10) 1955-1960 strong Barents Sea cod stock, 11) 1990-cod recovery, the bowhead is back. 

 
Figure 15 shows the revised BIE position estimates for the period 1579-2018 

(black dots) and an 11-point running mean. Some important biological events 
are marked with numbers (Figure 15, points 1 - 11). The red curve documents 
the presence of all the major solar maxima/minima known for the last 440 years 
(Figure 4); viz. little ice in the late 16th century solar maximum, ice expanding 
from 1600 to 1650 corresponding to the first half of the Maunder Minimum. The 
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retreat of BIE in the second half will be discussed in Part 2 [136]. Then we ob-
serve less ice during the 18th century solar maximum, expanding ice from 1780 
to 1800 referring to the onset of the Dalton Minimum, less ice in a short period 
around 1850, and rapid retreat of the ice edge 1910-1940. Finally, we observe 
more ice 1940-1970, and a retreat 1970-2010. Since 2010, except for the record 
low ice in 2012, the summer ice cover has not shown any significant decrease 
(http://nsidc.org/arcticseaicenews/). We may also notice the rapid expansion of 
the ice in the years 1614-1616, 1664-67, 1690-95, 1780-85, 1864-69, and 1960-62, 
which may be due to special weather events. Apart from the cycles, the domi-
nating part of the curve is the gradual movement of the BIE northwards for 
more than 200 years (1800-2018). 

Another interesting point is that the ice minima in 1760 and 1940 are 180 
years apart. This may be related to the José cycle of 179 years [200], which is the 
fundamental orbital repetition period of the Jovian planets and is also synchro-
nized with the sidereal orbital periods of Venus, Earth, Mars and Jupiter as well 
as the Schwabe (11.1 yrs), Hale (22.2 yrs) and Gleissberg (90 yrs) periods [201]. 
The mechanism and phase lock of these events will be discussed in more detail 
in Part 2 [136]. Since the 179 yrs period is a stable period, the José cycle may 
confirm an ice minimum in 1580 and predict a future ice minimum in 2120. 

7.3. The Atlantic Ocean Oscillations 

There are a number of ocean oscillations systems like PDO (Pacific Decadal Os-
cillation), AMO (Atlantic Multidecadal Oscillation) and NAO (North Atlantic 
Oscillation), which sets the character of regional changes in oceanic environ-
ment. They are all included in the “stadium wave wheel” of Wyatt and Curry 
[202], indicating coupling and feedback interaction (Section 9.5 and Appendix 
1). Easterbrook [44] [203] noted that glaciers on Mt. Baker in Washington State 
showed a regular pattern of advances and retreats, which matched the PDO varia-
tions. This has a bearing on the effects of changes in the North Atlantic (Gulf 
Stream, NAO, AMO) with respect to the changes in ice-edge position on the Ba-
rents Sea region. 

The NAO index is defined as the normalized pressure difference between sub-
tropical high and Icelandic low pressure. Its connection to the Arctic Ocean os-
cillation (AO) is well described by D’Aleo and Easterbrook ([204], Fig. 11.16) 
indicating alternations between stages of zonal jet stream and warm positive 
NAO conditions, and meridional jet streams and cold NAO conditions in the 
North Atlantic. The NAO-index was increasing from 1895 and had maxima be-
tween 1908-1926 and 1985-1997 and negative values 1955-75. It is about 70 years 
between its two maxima. The Earth’s rotation (LOD) is negatively correlated with 
the integral function of NAO (INAO), and also with global sea surface tempera-
ture (SST) [65]. They [65] modelled SST based on LOD and INAO back to 1650 
and found that the cold sea was dominating in the beginning of 18th century, as 
shown in Figure 12, even if there were warm land temperature periods in Europe. 

 

DOI: 10.4236/ijaa.2020.102008 121 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008
http://nsidc.org/arcticseaicenews/


N.-A. Mörner et al. 
 

Another anomaly was the period 1900-1930 with an increasing positive NAO 
and a cold SST [205]. Lansner and Pedersen [206] showed that in the warm pe-
riod 1920-1950, it was only stations with little ocean influence, which showed 
warming, while the warming at the end of the century took place both at ocean 
affected and shielded stations. The result is a slight cooling for inland stations 
1900-2010 measuring −0.03˚C/century, while ocean affected stations showed a 
warming 0.78˚C/century. This is interpreted as a sign of a slow ocean warming 
since the cold LIA. 

The AMO index (Figure 16) is defined as the pattern of sea surface tempera-
ture variability when the linear trend is removed [207]. It has a 65 - 70 years’ 
quasi-periodic variation [208]. The updated AMO series in Figure 16 has a pe-
riod of 67 years. The BIE position variation is roughly in phase with the AMO 
index. During the period 1900-1925 the SST was cold, AMO negative, and NAO 
posive, which shows that AMO is dominating over NAO [205]. Both Alheit et al. 
[209] and Drinkwater et al. [194] discussed the AMO variations and recorded its 
effects on fish faunas and North Atlantic temperature and ice-edge variations. 
Mette et al. [156]] record a close correlation between AMO and changes in ocean 
temperature in northern Norway. 

 

 
Figure 16. The AMO oscillation in temperature variation from 1856 to 2018 (11 yr running 
mean) ([207]; from http://www.esrl.noaa.gov/psd/data/timeseries/AMO/). 

 
According to Klyashtorin and Lyubushin [210] and Klyashtorin et al. [165], 

the stocks of herring and cod in the Barents Sea fluctuate with a 60-year peri-
odicity (the cods lagging by 8 - 10 years), which correlates with the changes in 
Arctic temperature, the ocean water temperature and the ice cover conditions in 
the Barents Sea, all exhibiting a ~60-year periodicity. Mörner [43] noted that the 
changes in ice cover reflect the “delivery of warm Atlantic water to the region” 
and that “the main source of heat delivered to the Arctic basin is warm water in-
flow from the North Atlantic Stream” as recorded by Nikolaev and Alexeev [211]. 
It agrees with the observed changes in Earth’s rotation [36] and Gulf Stream beat 
[37]. This is illustrated in Figure 17. 

This implies that the BIE position variations may be synchronized with the 
movements of planets in the solar system and follow the grand solar maxima/mi- 

 

DOI: 10.4236/ijaa.2020.102008 122 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008
http://www.esrl.noaa.gov/psd/data/timeseries/AMO/)


N.-A. Mörner et al. 
 

nima alternations and the 60-yrs cycle during the last 440 years. This suggests a 
primary planetary—solar forcing (further discussed below, and in Part 2 [136]). 

 

 
Figure 17. From planetary beat via a number of North Atlantic variables to the changes in 
fish faunas as observed by Klyashtorin et al. [165] (from Mörner [43]). 

8. Alternative External Driving Forces 

The Arctic sea ice grows in the winter, when it is cold and dark, reaching a 
maximum area in March/April. It then retreats to a summer minimum in late 
August or September. A recent re-calibration of Arctic sea ice extent datasets 
1901-2015 (Fig. 10 in [212]) shows that the Arctic summer sea ice cover was 
growing until about 1920, then retreating slightly until 1960, when there sud-
denly became more ice, which retreated slowly until 1990, then faster. At the 
same time the annual average surface air temperatures in the Arctic changed in 
opposite directions, indicating that air temperature variations may be the first 
cause for ice cover variations. 

For the Whalers Bay area, the winter sea ice loss has since 1979 been larger 
than for the Arctic in general. The winter ice loss trend has been close to 10% 
per decade. The reason may be 0.3˚C warmer water in the Atlantic water path-
way. Wind pattern may control the year-to-year changes, but influx of warmer 
water controls the decadal variations according to Onarheim et al. [213]. 

A new estimate of Northern Hemisphere and Arctic weather stations based air 
temperature variation, well supported by sea surface temperature trends, glacier 
length variations, and three rings proxy temperatures [214], suggest that surface 
temperatures in the Arctic increased during the period 1915-1940, decreased 
1940-1970, and then increased from 1975, in good agreement with the proposed 
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“Total Solar Irradiance” (TSI) according to Hoyt and Schatten [215] and up-
dated by Scafetta and Willson [216], using the post 1980 ACCRIM satellite 
measurements for calibration (Figure 18). 

 

 
Figure 18. Comparison between Total Solar Irradiation (TSI) according to the Scafetta and 
Willson [216] calibration (red curve) and the composite temperature curve for Arctic sta-
tions (a) and a rural composite for the Northern Hemisphere (b) [214]. The Arctic temper-
ature curve is based on data from 77 Global Historical Climatology Network stations above 
the Arctic Circle. The NH-composite is based on rural stations in the US, China, Ireland 
and Arctic. (Reproduced with permission from the authors W. Soon, R. Connolly & M. 
Connolly). 

 
In order to investigate the proposed solar-Arctic climate connection on mul-

tidecadal to centennial timescales, longer time series have to be analysed. It is 
important to keep track of systematic patterns as: seasonal and annual cycles, 
local and regional air pressure systems: topography, landscape, and storage and 
exchange of heat/energy through atmospheric and oceanic circulation and glaci-
ation; and delayed actions [217]. An example of a coupled interaction is the 13 
years’ delay of the North Pacific Multidecadal Oscillation (NPMO) to the Atlan-
tic Multidecadal Oscillation (AMO) [218]. 

In addition to direct solar irradiation, the Arctic warming is related to the at-
mospheric heat transport from the tropics to the Arctic, which is modulated by 
TSI variations with little or no delay [219]. This results in a warming of the mid 
and high latitudes while the tropics do not warm much. One example is the re-
cent temperature “pause” (or “hiatus”), which is dominated by a slight cooling in 
the equatorial regions while the high latitudes are warming [220]. 
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In the following we will discuss various driving mechanisms covering millen-
nial, centennial, multi-decadal and shorter time scales. 

8.1. Millennial, Centennial and Multi-Decadal Solar and  
Planetary Cycles 

The interaction between Earth, the Sun and other planets in the solar system re-
sults in variations in the Earth’s orbit on many time scales. Secular changes in 
eccentricity, axial tilt and precession result in long climate cycles, also called Mi-
lankovitch cycles [221] [222], which in generally are held to be the main reason 
for the Quaternary Ice Ages. The rapid changes of cooling and warming periods 
observed are in phase with 10Be variations, however, which makes it more likely 
that solar activity is the main reason for the alternations between Ice Ages and 
Interglacial, between stadials and interstadials, and short-term changes in cli-
mate [48]. 

Analysis of solar activity in a 9400-year long record of solar modulation po-
tential φ determined from cosmogenic radionuclides such as 10Be and 14C shows 
distinct periodicities of 88, 104, 150, 208 and 506 yrs [47]. They find excellent 
agreement between the long-term cycles and periods in planetary torque, sug-
gesting a physical connection (see Figure 4). It should be noted, however, that 
they did not detect a 60-yrs cycle in their analysis. 

An analysis of the Zürich mean annual sunspot number Rz (1749-2009 AD), 
the group sunspot number Rh, (1610-1995 AD), the Extended time series of So-
lar activity Indices (ESAI) (1090-2003 AD), and the simulated extended geo-
magnetic index aa (1619-2003) by Komitov et al. [223] show that in all series ex-
ists a strong cycle with duration 55 - 60 years in the 18th and 19th centuries. It is 
less pronounced during the end of the 19th and the beginning of the 20th centu-
ries. In all series except Rz there is also strong and stable quasi 100 - 120 years 
and ~200 years cycles. In the Rz series a strong ~95 years period was present. 
Also quasi 40 - 45 and 30 years cycles are detected, but they are unstable during 
long time scales and have low amplitudes. An interesting difference is that the 
simulated aa-index shows a period 180 years while the Rh shows 202 years. 
Cliver et al. [224] found a strong correlation between decadal aa and global tem-
perature values (r = 0.90) and conclude that 50% - 100% of the temperature in-
crease since Maunder Minimum is due to solar variability. 

The solar dynamo theory [225] explains that in the beginning of a sunspot 
cycle, the dynamo process transforms the Sun’s polar field into an internal to-
roidal field that increases during the maximum phase of the solar cycle, then af-
fecting Rz, when completing the sunspot cycle the toroidal field transforms into 
a poloidal affecting the aa-index. However, analysing wavelet power spectra 
Duhau and Chen [226] find that Rz and aa undergo cyclical oscillations whose 
amplitudes vanished in 1923. After that the ratio between Rz and aa increases 
from 5.3 to 12.4 and the phase difference decreases from 0.12 to 0.05 radians. 
They find that the secular Rz modulation steadily rise until the next Gleissberg 
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cycle maximum in 1971. The temporal change in the coupling function between 
Rz and aa is synchronous with a loss in the relationship between temperature 
and sunspot number in the period 1920-1955 [227]. For the secular changes in 
Rz 1844 - 2000 Duhau and Chen [226] determined the following periods: 85.5, 
121.1, and 171.2 years. 

Finally, it may be significant to note that Blanter et al. [228] gave 4 possible 
explanations to the low values of the Solar Cycle 23: it may mark: 1) the begin-
ning of a New Grand Solar Minimum, 2) the beginning of a new Gleissberg cycle, 
3) the end of a great maximum episode, or 4) a random variation. 

In order to forecast future variations, it is necessary to identify stationary os-
cillations. This was done for the first time for TSI variations and group sunspot 
series by Yndestad and Solheim [92], who searched for stationary components 
using the wavelet autocorrelation method. They found stationary components of 
the solar variability controlled by the 12 years Jupiter period and the 84 years 
Uranus period and its 3/2, 5/3 and 9/2 harmonic components giving periods 125, 
210, and 373 years. The TSI record of Hoyt and Schatten [229] showed only the 
stable periods of Jupiter, Uranus and Neptune. 

According to Kuznetsova [230], the changes of the terrestrial climate during 
the last millennium are driven by the interaction of Jupiter, Saturn, Venus, the 
Sun and the Moon. 

Le Mouël et al. [231], analysed the Ri series by singular spectrum analysis 
(SSA) and found 4 components: a multi-secular trend with a slight acceleration 
around 1900, two Hale periods of 11.0 and 10.0 years, the fist increasing in am-
plitude, the second with secular amplitude variation with maximum around 
1740 and 2010, and a clean Gleissberg period component which varied from 85 
to 94 years with a decreasing amplitude—signalling a longer period beat. The 
multi-secular trend confirms the modern grand solar maximum from 1920 [3] 
[232]. 

Analysis of the last 4000 years of the reconstructed central Greenland surface 
temperature, derived from the bi-decadal 𝑑𝑑18O record from the Greenland Ice 
Sheet Project II (GISP2) [233] [234] revealed periods ≈3500, ≈1130, ≈790, ≈580 
and ≈370 years [235]. A 3-period model based on non-linear optimization of the 
longest periods resulted in a good fit that clearly shows the timing of historical 
warm periods ([236], their Fig. 8). 

A global temperature harmonic analysis [236] based on paleotemperature re-
constructions and instrumental records for the period AD 1 to 2015 gave three 
significant periods: ≈1000, ≈460 and ≈190 years in addition to a less significant 
period ≈60 years. A 190-year period was also found modulating the length of the 
sunspot cycles ([237] [238]). 

Harmonic analysis of the HadCRUT4 global temperature (1850-2012) [239] 
showed that a linear trend of 0.5˚C per century and periods 9.1, 21.6 and 66 
years. A 9.3 years period is a harmonic of the 18.6 years lunar tide period. This 
period is also identified as a standing wave in the Atlantic Ocean by Mazimov 
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and Smirnov [240] [241]. The 21.6 years period is close to the Sun’s magnetic 
period, the Hale period of 22 years. 

During solar cycles with negative polarity of the Sun’s northern polar field, the 
Galactic Cosmic Ray (GCR) variation has a peaked form. In the other phase it 
has a plateau. This is an effect of the differences in cosmic ray drift in the posi-
tive and negative phases of the magnetic cycle. Integrated GCR counts are higher 
in plateau cycles compared with peaked cycles [242]. This may be the reason for 
the amplification of the 22 years component in the global temperature curve. 
The difference between 11 and 22 years climate response, is also seen in the lati-
tudinal difference in the rhythm of growth in pine trees, (as shown in [239]; Fig. 
6), where the 20 years period dominates north of 65 degrees latitude, while the 
10 years period dominates at lower latitudes. This may be a result of differences 
in atmospheric circulation or effects of cosmic rays of lower energies reaching 
deeper at higher latitudes. For Svalbard at 78˚N, an analysis of temperature se-
ries by Humlum et al. [88] shows that periods 17 and 26 years are much stronger 
than those at 10 - 12 years. 

Kasatkina et al. [243] showed that dendrochronological data from the Kola 
Peninsula and Finnish Lapland recorded the effect of low-latitude volcanic activ-
ity with “significant decrease in polar tree-ring growth over 7 years after erup-
tion”, and “the main cycles of solar activity (11, 20 - 25 and ~100 years)”. 

The 66 yr period can be explained as a harmonic solar (3 * 22 = 66 yr) or lunar 
(3.5 × 18.6 = 65.1 yr) period. A maximum entropy power spectra analysis by 
Scafetta [244] showed that 9 different global and regional temperature series 
contained the same 10 spectral cycles from the Sun and the Planets, in addition 
to a 9.1 years period from the Moon. 

Scafetta [245] demonstrated multi-frequency spectral coherence between 
planetary and global surface temperature oscillations by advanced techniques 
and statistical significance tests, with large coherence peaks of 20 and 60 years 
quasi-periods. The latter has maxima around 1880, 1940 and 2000. 

Periods mentioned above may well be present in global time series, but the 
sensitivity of the local (high latitude) climate is different from low latitude sensi-
tivity, and the combination of thermal-salinity-cryospheric interactions, also 
involves lunar and orbital forcing, acting different at seasons. A framework for 
the solar-lunar-orbital interaction for high latitudes is presented by Cionco et 
al. [246] and demonstrated in Figure 19. The latitudinal temperature gradient 
(LTG) drives the (wind driven) ocean circulation between the tropics and the 
polar regions. Analyses of recent changes in LTG suggest that the Earth’s cli-
mate system is unusually sensitive to changes in LTG [247]. LTG varies accord-
ing to seasons. In the NH summer the variation in obliquity is dominating 
with 41 Ka orbital and 18.6-yr lunar cycle. In NH winter the TSI is dominating 
with 11yr cycle [90] [246]. The LTG is clearly modulated by the TSI variations 
[219] and represent a channel both for solar and lunar forcing of Arctic cli-
mate. 
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Figure 19. Mean daily irradiance at 65˚N for the summer solstice based on a variable TSI and 
variation in the Earth’s orbit due to interaction from the Moon and other planets (modified 
from [246]). The Spörer, Maunder and Dalton Minima are easily observed, like the 1920-2000 
high and a coming minimum 2020-2085. 

8.2. Lunar Cycles 

Treloar [95] identified that lunar-solar forces produce multiple tidal ocean ef-
fects with periods of 86.795, 46.22, 13.53, 18.02 and 20.295 years. Lunar Nodal 
oscillation components of ~56 and ~74 years are observed in the North Sea, 
Kattegatt and Baltic tide gauge data [248] [249]. 

An analysis of time-series for the North polar position, extent of Arctic ice, sea 
level, sea temperature, air temperature, and the NAO winter index shows that a 
harmonic spectrum from the 18.6-year lunar nodal cycle is present in all time-series 
[86] [96]. The cycles in the harmonic spectrum have stationary periods but not 
stationary amplitudes and phases. A sub-harmonic cycle of 74 years may intro-
duce a phase reversal of the 18.6-year cycle. 

Correlations are also found between the lunar nodal tide effect and tempera-
ture and salinity in hydrographic time series for the Faroe-Shetland channel and 
the Kola Section, suggesting that the temperature and salinity variations are 
forced by harmonics of the nodal tide [96] [250]. Dominating periods were the 
18.6 yr lunar nodal period and its 9.3 year harmonics. 

8.3. Solar and Lunar Cycles and Earth’s Orbit 

Davis and Brewer [90] stated: “empirical evidence suggests that extraterrestrial 
forcing influences the Earth’s climate” (a notion that we certainly agree with), 
and they presented data in the effort of “unifying orbital, solar and lunar forc-
ing”. 

Figure 19 shows the summer insolation at 65˚N during the last 2000 years 
[246]. It gives the combined effect of variable TSI and orbital variations due to lu-
nar and planetary cycles, including solar variability. The rapid decline 1350-1400 
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coincides with the start of the Little Ice Age (LIA), which had its maximum cold 
period 1687-1703, according to the longest instrumental temperature record from 
Central England [251]. Recovery from this cold period was first visible in the 
Arctic from about 1920 as demonstrated in Figure 12 and Figure 15. The sum-
mer insolation at 65˚N increased in three steps after 1700 with the recent 
1920-2000 maximum being the highest. After 2005 the June 21 TSI at 65˚N is 
decreasing with a minimum in 2045 and a recovery at a lower level about 2085. 

It is interesting to notice that a major reorganisation in atmospheric circula-
tion took place about 1420. During the preceding Medieval Warm Period, winter 
storminess across the North Atlantic was at a minimum. This is confirmed in 
Na+ deposits in the GISP2 borehole in Greenland [252]. After 1420 until about 
1925 cells of winter Icelandic low pressure have been strongly anchored within 
northern hemisphere circulation, which has resulted in increased frequency and 
severity of North Atlantic winter storms. This corresponds to a period of re-
duced June 21 solar Insolation at 65˚N (Figure 19). A reduction in winter stormi-
ness is documented for Grimsey and Stykkisholmur weather stations in Iceland 
after 1920 [253]. 

8.4. Changes in the Earth’s Shielding Capacity 

The Earth’s magnetic field is modulated by the solar wind, which varies in phase 
with the solar activity or sunspot cycles, with an average period of 11.06 years. 
At maximum solar activity the shielding capacity of the Earth’s magnetic field 
against cosmic rays from exploding stars is maximum, and this reduces the num-
ber of cosmic rays that hit the Earth. Since cosmic rays may be related to forma-
tion of clouds [254], this has a climate effect. We can therefore expect less clouds 
and higher temperatures at solar maxima. The variations in the solar wind ampl-
ify the TSI-effect on the Earth’s climate, and longer periods with reduced solar 
wind intensity are in general cold periods on Earth (cf. Figure 4). 

A linear relation between sunspot numbers and the rotation of the Earth, or 
the length of the day (LOD), shows that increased solar activity or strong solar 
wind decelerates the Earth’s rotation (Fig. 2 in [37]). This affects the oceanic and 
atmospheric circulation systems (cf. Figure 9), both of which have a significant 
effect of terrestrial weather and climate. The relations among solar activity, irra-
diance, solar wind, variations in the Earth’s atmospheric shielding and variation 
in LOD are visualized in Figure 20. 

The changes in Earth’s shielding capacity are recorded in the changes in at-
mospheric 14C production. Figure 4 gives the changes from AD 950 to 1950. The 
production is modulated by a 210-yr periodic fluctuation, which corresponds to 
the 208-yr period observed by Abreu et al. [47] during the last 9400 years. The 
cycle had its maximum in 1910 and a minimum in 2005. This signals the end of 
the warming period. 

The shielding capacity is a function of the solar wind, which brings magnetic 
plasma, which strengthens the Earth’s magnetic field. Weaker solar wind means 
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less shielding. 30 years of output from a data-constrained magneto-hydrodynamic 
model of the solar corona has made it possible to model solar wind variations 
over the last four centuries [45] as shown in Figure 21 for the equatorial component 
that hits the Earth. The global solar wind variations show main evolution in four 
zones: 1) the Maunder Minimum of lower solar wind speed values, 2) the 18th 
century of generally higher values, 3) the Dalton Minimum of lower values, and 
4) the last 180 years of surprisingly similar values. 

 

 
Figure 20. Variations in solar activity affect the Earth’s rotation, cloud formation and so-
lar irradiance). The isotopes 14C and 10Be may be used as indicators for past solar activity 
[37]. 

 

 
Figure 21. Estimated helio-equatorial mean solar wind speed 1617-2013 at the distance of one 
astronomical unit (AU) from the Sun, the red curve is an 11-yr running mean. Four zones are 
identified: 1) the Maunder Minimum, 2) the 18th century high, 3) the Dalton Minimum, and 4) 
the last 180 years with a fairly constant level (modified from [45]). 
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Figure 22 shows solar wind measured by spacecraft in geocentric orbits, made 
available through the omniweb.gsfc.nasa.gov website, and observations at the 
Oulu neutron count detector. Neutron counts are a good measure of cosmic ga-
lactic rays (GCR) particles and are clearly anti-correlated with the solar wind. 
The figure shows that the solar wind has decreased more than 30% from the peak 
in 2004. Since 1990 the neutron counts (GCR) has increased and the solar wind 
speed decreased indicating that Earth’s shielding capacity has decreased consider-
ably since 1990 (Figure 22). 

 

 
Figure 22. (a): Solar wind measured at the Earth’s orbit (6 solar rotations running mean; 
https://spdf.gsfc.nasa.gov/pub/data/omni/low_res_omni/extended/omni_27_av.dat), (b): 
Oulu neutron counts (6 months average; http://cosmicrays.oulu.fi). Both graphs show a 
change in mean trend at about 1992 indicating the onset of decreased shielding capacity. 

 
Bucha [75] demonstrated that increased corpuscular radiation (as recorded by 

the neutron counts) implied enhanced penetration of electrons into the middle 
atmosphere and stratosphere, resulting in increased temperature and atmospheric 
pressure in the stratosphere and troposphere in the auroral oval. This leads to a 
change from a meridional to a zonal type of atmospheric circulation over the Arc-
tic. Visa versa, low corpuscular magnetic activity leads to low temperatures in 
the stratosphere. Further effects on the Solar Wind interaction with the terrestri-
al system are given in Figure 9 (cf. [43] [63] [64]. Kuznetsova [230] identified a 
198 yrs magnetic field cycle and a 54 yrs solar wind cycle in terrestrial tempera-
ture data. 

A closer study of the geomagnetic activity over the past century of the solar 
wind flow speed Vsw, the interplanetary magnetic field strength B, and the open 
solar flux Fs, indicate that the grand maximum started in 1920, peaked around 
1955 and 1986 and then declined. Extrapolating the linear decline trends indi-
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cate that the grand maximum of the three parameters will end in 2013, 2014 and 
2027, respectively [232]. 

9. Internal Coupling and Feedback Processes 

We have previously discussed possible external driving forces for the main Gulf 
Stream beat as well as for the BIE variations. In this section, we discuss internal 
coupling and feedback processes because they provide insights into the dynam-
ics on the regional dimension. 

9.1. The ENSO Events 

The equatorial current lags behind the rotation of the solid Earth, which lead to 
an accumulation of warm water-masses outside East Asia rising local sea level by 
about 30 cm. At El Niño events, 0.4 ms of the rate of rotation (LOD) is trans-
ferred from the solid Earth to the hydrosphere, which is manifested in an east-
ward migration of the water-masses from East Asia towards the west coasts of 
the two American continents. When the water hits the west American coasts, sea 
level rises by about 30 cm, and 0.4 ms in rotation (LOD) is transferred back to 
the solid Earth. This provides a significant documentation of the interaction and 
feedback coupling between the redistribution of mass (water) and changes in 
rotation with the interchange of angular momentum between the solid Earth 
and the hydrosphere [36] [43]. 

9.2. The Gulf Stream Pulsation and Earth’s Rate of Rotation 

Mörner [255] noted that the Gulf Stream exhibited a pulsation of 16 cycles within 
the Holocene, recorded in high-resolution deep-sea cores, sea level changes in 
the Kattegatt-North Sea region, and temperature changes in Northwest Europe. 
He interpreted this in terms of a feedback coupling between water masses redi-
stributed from low latitudes to middle-to-high latitudes, and changes in Earth’s 
rotation in order to compensate for this. We now know, that the primary driving 
force is to be found in external planetary interaction with the Sun and the Earth 
(Figure 9; [37] [43] [63]). 

The Gulf Stream beat system proposed by Mörner [37] has a close relation to 
the alternations between NAO+ and NAO− stages recorded by Wanner et al. 
[256]. Their main illustration (Fig. 9 in [256]) has been endorsed and reprinted 
by Pinto and Raible [257] and Boström [258]. Whilst the Gulf Stream beat 
theory has a driving energy input from external forces (Figure 7 and Figure 9), 
the NAO theory of Wanner et al. [256] is based on internal interaction and 
feedback process. It seems significant that Wilson (2011) concluded that he had 
presented facts, indicating, “that the phases of two of the Earth’s major climate 
systems, the North Atlantic Oscillation (NAO) and the Pacific Decadal Oscilla-
tion (PDO), are related to changes in the Earth’s rotation rate”. As shown by 
Mörner [36] [37] the changes in rotation originate from planetary-solar beat as 
illustrated in Figure 9, i.e. from external sources (Figure 7). 
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9.3. The Ocean Oscillation Interaction 

In his account on “the Lunar nodal cycle influence on the Barents Sea”, Yn-
destad [259] [260] presented both an internal and an external view of the climate 
feedback loops of the Arctic; i.e. the coupling and interaction between tempera-
ture, water, ice extent and light reflection in the Arctic region of the Atlantic 
sector. 

He noted that his first lunar view model was good to illustrate the fundamental 
dynamics operating with respect to feedback loops in an autonomous dynamic 
system. This model represents the internal interaction and feedback processes. 
He noted that this model was not enough, but called for external oscillating forces. 

In his external forced oscillators model, he included solar/orbital influx (from 
the Milankovitch variables), Moon orbital forces (tides and rotation) and CO2 
effects. 

Today, we know that the Sun varies in quite another way, and that the plane-
tary beat effects the Sun, the Earth and the Earth-Moon system (Figure 9). 

Yndestad’s thesis [259] [260] is deeply relevant, because it at the same time as 
it shows the fundamental interaction and coupling between different internal 
parameters, it also calls for external forcing functions (today in improved under-
standing, however). 

9.4. The Rotating Wine Glass Mechanism 

The polar position oscillates with periods 6, 18, and 74 yrs cycles, all related to 
the 18.6 lunar nodal cycle. 

Yndestad [259] explains that in the cold Arctic Ocean, water accumulates in 
circulating layers, the Arctic Surface Water, the Atlantic Water, the Deep Water, 
and the Bottom Water, all of which have different densities and circulation pat-
terns. The Atlantic Water residence time is about 25 years, while the Deep Water 
residence time is about 75 years, which is the same period as the polar motion. 
His model is that the gravity force from the 18.6 years lunar nodal cycle, influ-
ences the polar position and most likely the circulating water in the Arctic Ocean, 
the Arctic ice extent, and Arctic atmospheric condition. A continuous source of 
energy from the stationary polar position cycle is transformed into a spectrum of 
oscillating water circulation periods, where some harmonic cycles are preserved 
by resonance. This is the base for “The wine glass theory”, that the rotating Arc-
tic Ocean behaves like liquid in a rotating wine glass, where the Deep Water os-
cillation has a resonance of about 74.5 years. The denser Bottom Water has a re-
sonance of 4 × 74.5 = 290 years, while the less dense Atlantic water has a reson-
ance 74.5/3 = 25 years. 

Yndestad [259] presents the detection of lunar nodal oscillation or harmonics 
in all Arctic climate time series analysed (Barents Sea ice extent, Kola section 
ocean temperatures, Hammerfest tidal variations, Greenland Sea ice extent, Røst 
winter temperature, and NAO winter index). He concludes that these stationary 
cycles may enable us to predict the future Arctic climate. 
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9.5. The “Stadium-Wave” Mechanism 

Wyatt [261] and Wyatt and Curry [202] have presented a quite remarkable “Sta-
dium-wave” mechanism of a special and temporal wave of 4 segments propa-
gating across the Northern Hemisphere activating a network of synchronized 
climate variables. They identified four temporal groups (I - IV) changing between 
negative and positive phases. It offers a synchronization and feedback coupling 
between ocean, ice and wind factors. In Appendix 1, it is shown that the “sta-
dium wave” mechanism of Wyatt and Curry [202] can be combined with the 
planetary-solar modulation, Gulf Stream beat and the external rotation forces 
here discussed. 

In this paper, we acknowledge that the mechanism seems to imply a logical 
manifestation of “terrestrial changes in climate & environment” in Figure 9, but 
calls for external driving forces (as indicated in Figure 7 and Figure 9). 

10. Discussion 

The yearly cycle of freezing and melting of the Arctic Ocean ice cover depends 
on the variation of heat influx during the seasons. This is modulated by many 
different internal and/or external factors, as the direct solar radiation, the cloud 
cover modulated by cosmic ray particles and other particles (pollution or vol-
canic), transport of warm water by ocean currents and advection of air by the 
wind directed by pressure system, again modulated by the solar wind. Our work-
ing hypothesis is that the planetary gravity beat is somehow preserved as a weak 
signal through a chain of processes schematically shown in Figure 9 and in some 
cases amplified in local or regional synchronized systems: especially Earth rota-
tion [36] [262] and the polar wobble [86]. 

The climate of the North Western coast of Europe and the position of the ice 
edge in the North Atlantic Ocean are controlled by the Northern branch of the 
Atlantic current (Gulf Stream) and by advection modulated by the Northern Jet 
Stream, which both are controlled by the solar wind. The solar wind also acts on 
the Earth’s speed of rotation, which again forces the ocean currents (cf. Figure 7). 

The summer Artic sea ice was nearly gone during the Holocene temperature 
maximum 10,500 to 5500 cal. yrs BP (Figure 11), but reappeared during the Late 
Holocene cooling period, which culminated with maximum ice in the period 
1660-1720 as demonstrated in Figure 12. Thereafter a rapid warming took place 
in the 18th century (in 1769 the ice edge was even north of Svalbard) before 
another cold period occurred around 1800-1818 (in agreement with stages 1 - 3 
in Figure 21 solar wind reconstruction). From then on, we observe a successive 
northward shift of the ice edge (Figure 12). 

The explorations of the Arctic that started late in the 16th century led to the 
discovery of Svalbard and rich stocks of seals and bowhead whales (Balaeana 
mysticetus). By inspection of logbooks from expeditions and hunters and later 
from airplanes and satellites, it has been possible to estimate the BIE August po-
sition since 1579. This series is not complete, but it makes it possible to investi-

 

DOI: 10.4236/ijaa.2020.102008 134 International Journal of Astronomy and Astrophysics 
 

https://doi.org/10.4236/ijaa.2020.102008


N.-A. Mörner et al. 
 

gate secular trends, which are important to understand the evolution of the Arc-
tic ice cover and Earth’s climate. 

When the BIE expanded during the cold 19th century, and the stock had been 
hunted down, commercial whale hunting stopped. The bowhead disappeared 
(Figure 14). It came back in the 1990s when the BIE position retreated north of 
Svalbard (Figure 15). 

The position of the Sea Ice Edge in the Barents Sea (BIE) is a result of many 
dynamic factors acting on different time scales. Signatures of periodic and 
quasi-periodic variations can give indications on relations preserved during a 
chain of processes as indicated in Figure 9 and Figure 18. Periods with much ice 
correspond to deep minima in the solar activity, suggesting a causal connection 
between solar activity and the BIE positions. 

10.1. The Maunder and Dalton Minima 

The Gulf Stream circulation system is strongly driven by the main alternations 
between Grand Solar Maxima and Minima (Figures 1-6, Figure 8, Figure 12, 
Figure 19). During the Maunder and Dalton Minima, the inflow of warm Atlan-
tic water to the Arctic was strongly reduced, and cold Arctic water reached all 
the way south to central Portugal (Figure 5). In the GIN Sea region, severe cli-
mate conditions and periods of extensive ice expansion occurred (Figure 12). 
Both periods are well recorded in the Solar wind intensity record of Figure 21 
(zones 1 and 3). The solar maximum of the 18th century, is recorded in strongly 
intensified inflow of warm Atlantic water to the Arctic, high solar irradiance at 
65˚N (Figure 19), high values of solar wind (Figure 21, zone 3), and generally 
warm climate conditions and strongly reduced ice extension in the GIN Sea re-
gion with the April maximum ice edge of year 1769 located even north of Sval-
bard (Figure 12). 

A particular problem with this interpretation is that the maximum catch of 
bowhead whales took place in the period 1685-1703 (Figure 14) when the cold-
est climate in the millennium was recorded in Europe, and the global sea surface 
temperature was 1.0˚C - 1.5˚C cooler than in the 1950-1980 period [65]. From 
Figure 15 and Figure 21 it is clear that the BIE moved north at least 50 years 
before the recent high solar wind level was reached. Gulf Stream circulation type-a 
dominated the 18th century ([63], Fig. 7a in [64]). The water north of Svalbard 
and in the Fram Strait was apparently warm enough for rich marine life. This 
seems to call for a local source of heat or special wind pattern, maybe recorded 
in the weak positive NAO-index in 1705-1740 [263]. 

Another problem is that the high level of solar wind through the 19th century 
did not move the BIE north. This did not happen until the start of the solar 
Grand Maximum in the 1920s, and was accompanied by a rapid temperature in-
crease at many Arctic stations (Figure 13). One possible explanation will be ex-
plored in Paper 2 [136]: The Sun was stressed after the producing short suns-
pot-cycles resulting in the 18th century maximum, and it relaxed by producing 
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long cycles in the 19th century. Only at the start of cycle 16 (1900) it was “re-
freshed” and able to produce short cycles [238]. This pushed the BIE north in 
the 20th century, still modulated by the planetary cycles. 

In the BIE position estimates (Figure 14) we find minimum ice 180 years apart, 
corresponding to the José period of alignment of the planets in the solar system. 
It may also seem significant that Yndestad and Solheim [92] were able to docu-
ment the planetary beat of Jupiter, Saturn, Uranus and Neptune in TSI and 
sunspot datasets in addition to the recorded 210-yr (de Vries/Suess) cycle, which 
is the predominant cycle in the 14C production record of the last 9400 years [47]. 

10.2. The 60-Yr Cycle 

The most prominent feature in the BIE record (Figure 15) are the two deep mi-
nima 1630-1660 and 1800-1900 and gradual move north after 1900. A series of 
maxima 180 years apart suggest a modulation following the José cycle of orbital 
synchronization. Since this is a sum of three 60-year cycles we may also find the 
60-year cycle in the data (to be searched for in Paper 2 [136]). 

A 60-year quasi-periodic cycle is detected in global temperature (Figure 19; 
[208] [239] [262] [264] [265]), in TSI [219], in LOD [36] [43] [266], in geomag-
netism [267] [268], in Jet Stream changes between zonal and meriodional circu-
lation [101] [269] [270], in sea level changes [271] [272] [273] [274] and ocean 
oscillations systems like PDO, AMO and NAO (Figure 18; [204]). 

Scafetta (e.g. [244] [266]) and Solheim [239] showed that the 60-yr cycle had an 
origin in the combined 60-yr beat of Jupiter and Saturn. Consequently, we must 
place planetary beat—in this case the combined beat by Jupiter and Saturn—at 
the top of the forcing (Figure 9). This beat simultaneously affects the Sun, the 
Earth and the Earth-Moon system. The solar variability generates changes in 
luminosity (irradiance) and Solar Wind, the last one of which controls a number 
of fundamental Earth’s processes as illustrated in Figure 9. 

The planetary beat effects on Earth’s rotation and the Earth-Moon system 
imply that there must also be a generation of tidal effects. It therefore seems sig-
nificant that Yndestad was able to identify the 18.6 and 74.4 tidal cycles in dif-
ferent Norwegian Sea parameters [84] [250] [259] [260], and Hansen [248] was 
able to document the 55.8 yrs and 74.4 yrs tidal cycles in the North Sea and Kat-
tegatt records. 

10.3. The Near Future 

Cyclic forcing functions imply that we would have means of predict changes in 
the near future. The deterministic model analyses of sunspots and TSI recorded 
by Yndestad and Solheim [92] suggest that we will have a new Dalton-type mini-
mum by about 2025-2050 and 2040-2065, respectively. This fits well with other 
estimates of a New Grand Solar Minimum; e.g. at about 2030-2050 [37] [39], 
starting in 2014 and reaching its minimum in 2055-2060 [275]), in 2030-2040 
[244] [276], and around 2040 [165]. 
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The 60-yr cycle (Figure 19) and the lunar cycles must interact with the Gleiss-
berg (~84 years) and the de Vries/Suess (208 years) cycles as assumed in the con-
cept of a New Grand Solar Minimum peaking some 20 - 30 years in the future 
(above). The effect of the positive trend of a millennium long cycle [235] should 
also be considered. It seems significant, however, that the combined Gleisssberg-de 
Vries cycles provides a cyclic trend which agrees well with the observed changes 
in 14C prediction and the Gulf Stream beat between type-a and type-c circulation 
patterns ([38] [39]; Appendix 2). 

11. Conclusions 

We have presented a new 440 long record of the changes in BIE position (Figure 
15). It includes an observed ice maximum in the mid 17th century, extreme north-
ern positions in the 18th century and expansion to low latitudes in the early 19th 
century. Since the end of the Dalton minimum about 1820, BIE is moving north 
with cycles imposed on a linear trend; slow in the beginning, faster after 1920. 
We correlated this with the changes in Gulf Stream beat with its major changes 
in inflow of Atlantic water to the Arctic; low inflow, cold climatic condition and 
ice expansion during the Maunder Minimum, strong inflow, warm climatic condi-
tions and ice reduction during the Solar Maximum of the 18th century, and cold 
climatic condition and ice expansion during the Dalton Minimum. This is con-
sistent with a solar forcing where the changes in Earth’s shielding strength play a 
central role. Much ice persisted during the 19th century. Significant warming and 
ice melting are recorded during the 20th and early 21st centuries (except for a 
minor step back in 1940-1960). 

This implies changes in solar wind, and an ultimate driving force in planetary 
beat (Figure 9). The planetary beat includes the interacting effects of Jupiter, 
Saturn, Uranus and Neptune on the 60-yrs, 84-yrs and 208-yrs cycles in addition 
to an integrated effect of almost two centuries of persistent high solar wind 
(Figure 21) or a long cycle perhaps of millennium length, driven by the com-
bined outer planets, not to forget lunar cycles imposed by the polar wobble. Peaks 
(or ice minima) 180 years apart may be a result of planetary synchronization 
(the José cycle). 

During the last 200 years, the BIE record seems predominantly forced by a 
long-period maybe of millennium scale steady northward move, and shorter 
cycles, and the 60-yrs cycle, ultimately driven by the combined Jupiter and Sa-
turn beat on the Sun, the Earth and the Earth-Moon system (Figure 9). This 
planetary beat seems also to be the external force needed to drive the “stadium 
wave” mechanism of Wyatt and Curry (202) as further discussed in Appendix 1. 

We note signs suggesting the ending of the present warm period; e.g. 1) the 
long-term solar cycles, which have set the character of the terrestrial changes in 
climate during the last millennium (Figure 4), are in the stage of changing back 
to a new Grand Solar minimum [39], 2) the solar cycles record a progressive de-
crease in sunspot number of cycles 23 and 24, 3) the atmospheric neutron count 
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and solar wind speed have changed in the last decade (Figure 22) towards weaker 
shielding conditions, and 4) the Arctic Oceans are cooling in the last decade 
(Figure 10(A) and Figure 10(B)) and the North Atlantic is recording a fre-
shening [99]. 

As for the future changes in climate and environment of the Arctic, there are 
two scenarios: 1) a linear, maybe even accelerating, warming leading to ice-free 
conditions in 2061-2088 according to Onarheim and Årthun [160], or 2) cyclic 
changes, in response to planetary beat leading to a New Grand Solar Minimum 
at about 2030-2050 with colder climatic conditions. Our data are in favour of the 
second scenario. The climatic evolution during the next couple of decades will 
provide the final test. 

Finally, we note with pleasure that the bowhead whale (Balaeana mysticetus), 
once feared to have become extinct (Figure 14), has now reappeared. 
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Appendix 1 (by Nils-Axel Mörner) 

The “stadium wave wheel” mechanism in need of external forcing 
Wyatt [1] and Wyatt and Curry [2] have presented a quite remarkable “Sta-

dium-wave” mechanism of a special and temporal wave of 4 segments propa-
gating across the Northern Hemisphere activating a network of synchronized 
climate variables. They identified four temporal groups (I - IV) changing between 
negative and positive phases. It offers means of synchronization and feedback 
coupling between ocean, ice and wind factors, but it lacks driving input energy 
forces. Therefore, I analysed the system in view of our paper on the changes in 
Arctic sea ice edge positions during the last 440 years with respect to planeta-
ry-solar modulation and Gulf Stream beat. 

Wyatt [1] proposed that the variables of the Northern Hemisphere surface tem-
perature (NHT), the Atlantic Multidecadal Oscillation (AMO), the North Atlantic 
Oscillation (NAO), the El Nino-Southern Oscillation index (NINO3.4), the North 
Pacific Oscillation (NPO), the Pacific Decadal Oscillation (PDO), the Aleutian 
Low Pressure Index (ALPI), and the  index of Atmospheric-Mass-Transfer anoma-
lies (AT) could be combined into a logical system of a wave propagating around 
the Northern Hemisphere in a manner resembling a stadium wave of applauding 
athletes at sport events. This initiated the “Stadium Wave” Wheel theory of 
Wyatt and Curry [2]. Wyatt [1] “did not assign an exact period to the signal; 
rather, the signal is described as secularly varying, with an apparent 64-year pe-
riod during the 20th century” (quot. [2]). Therefore, I think, we are allowed to 
elaborate with the timing of their four (I-IV) “temporal groups” as done in Fig-
ure 23 and Figure 24. 

 

 
Figure 23. The “stadium wave wheel” [2] here divided into two halves; a warm half be-
ginning 1910 and 1976 and a cold half beginning 1878, 1945 and 2006 (for explanations of 
acronyms [2]). 
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Figure 24. The warm segments I-IV (orange) and cold segments I-IV (blue) in the “sta-
dium wave wheel” [2] compared to their probable positions with respect to the global 
temperature curve [3] [4] and its division in periods of 30 years rises and falls indicating a 
60-yrs external driving force [5]. 

 
In Figure 23, I have simply divided the “stadium wave wheel” of Wyatt and 

Curry [2] into two halves; a warm half beginning 1910 and 1976 and a cold half 
beginning 1878, 1945 and 2006 as given the main global temperature curve in 
Figure 24. 

In Figure 24, we compare the temporal zonation given by Wyatt and Curry 
[2] and the main global temperature record of the last 150 years [3] [4] [5]. The 
similarity is clear. There is an alternation between warm and cold periods of a 
duration of about 30 years; i.e. a full cycle of 60 years. It predicts a cooling from 
2006 to 2036. The dominant 60-yr cycle is indicative of an external force of pla-
netary-solar origin. 

I therefore propose that the stadium wave mechanism by Wyatt and Curry [2] 
of a number of inter-connected internal factors of coupling and feedback, in fact, 
is ultimately driven by external forces going back to a planetary beat (Figure 9 in 
the main paper). There are strong arguments for seeking a primary forcing of 
AO in geomagnetic changes [6], and of AMO, NAO and PDO in external rota-
tion [7] [8] [9]. 
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Appendix 2 (by Nils-Axel Mörner) 

The Gulf Stream Beat Theory: Origin and Perspectives 
The close correlation observed among the changes in Gulf Stream beat [1] [2], 

the changes in a combined curve of the Gleissberg and de Vries cycles (Fig. 5 in 
[2]) and the observed changes in atmospheric 14C production ([3] [4]; Figure 4), 
which is a measure of the strength of the Earth’s geomagnetic shielding capacity, 
provide a chain of facts indicating that solar variability driven by planetary beat 
controls the Earth’s geomagnetic field strength driving the latitudinal beat of the 
Gulf Stream. Additional data [5] indicate that there is a close correlation be-
tween Gulf Stream beat and Earth’s rate of rotation. The Solar Wind changes 
observed (Figure 21; [6]) are indicative of the solar-terrestrial interaction [7] 
[8]. 

This implies that we see the following linkage between solar variability as seen 
in the alternation between Grand Solar Maxima and Minima), Earth’s rotation 
and the beat of the distribution of water masses by the Gulf Stream (Figure 25). 

 

 
Figure 25. Relations among solar cycles, Earth’s rate of rotation and the observed 
changes in the ocean circulation in the North Atlantic [1] [2]. 

 
Over the last 800 years the Gulf Stream has switch between circulation pat-

terns of type-a (at Grand Solar Maxima) and type-c (at Grand Solar Minima) in 
Figure 3, in the following way (Figure 26 from [7]): 

 

 
Figure 26. Changes main Gulf Stream circulation patterns during the last 800 years be-
tween type-a (orange wedges upwards) and type-c (blue wedges downwards) (from [8]). 

 
The changes in Gulf Stream circulation pattern (Figure 26) fit very well with a 

curve combining the Gleissberg 84 yrs cycle and the De Vries 240 yrs cycle (from 
[2]) indicating correlation between solar variability and Gulf Stream beat 
(Figure 27). 
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Figure 27. Cyclic phasing of the combined “Gleisberg” and De Vries Cycles over the last 600 years 
giving a new Solar Minimum at about 2040-2050 (from [2]). Observed periods of type-a and type-c 
Gulf Stream circulation patterns are marked with dots and label 2 (type-a) and 4 (type-c) according 
to Mörner [1]. Vertical scale gives temperature in centigrade. 

 
The changes in Gulf Stream beat (Figure 26) also correlates well with record-

ed changes in 14C production, indicating a correlation between changes in the 
Earth’s shielding strength and the ocean circulation changes (Figure 28). 

 

 
Figure 28. Comparison between Gulf Stream circulation patterns according to Figure 27 
(above) and a curve of 14C production (below) by Bard et al. [9] termed “solar irradiance” 
though it, in fact, is a curve of geomagnetic shielding primarily controlled by the Solar Wind 
effects [1] [2] [7] [8]. S, M, D and F stands for Spörer, Maunder, Dalton and Future Grand 
Solar Minima. The corresponding alternation between type-a (orange wedges) and type-c 
(blue wedges) North Atlantic circulation is given in the top graph (cf. Figure 26). Figure 30 
gives an update version of the geomagnetic shielding during the last 450 years and Figure 4 
covers the last 1000 years. 

 
In 1996, I suddenly realised that the Earth’s rate of rotation (Figure 29) was 

strongly controlled by external changes in the Earth’s geomagnetic shielding strength 
due to interaction with the Solar Wind [5]. The external forcing has later been 
confirmed by Mazzarella [10], and Mazzarella and Scafetta [11]. Figure 29 record 
resemble the Solar Wind record (Figure 21) in showing long cycles during the 
17th and 18th centuries and a dominance of a 60 yrs cycle for the last 200 years. 
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Figure 29. The changes in LOD (down implies acceleration and up deceleration) and corres-
ponding changes in temperature and sea level in the Northwest European region (from [5]). The 
correlations seem good and lend support to the rotational/circulation theory proposed [12] [13]. 
The changes in LOD as well as in temperature and sea level follow a cyclic pattern: centennial for 
the first 200 years and of an about 60 yrs cyclicity for the last 200 years. The PDO cycle shows a 
similar pattern with a cyclicity of about ~56 yr (1921-1977 and 1942-1998). 

 

 
Figure 30. Delta 14C variations [3], with interpretations in terms of Grand Solar Maxima/Minima 
and terrestrial warm/cold phases (also type-a/type-c Atlantic circulation). 
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Figure 30 (from [3]) provides a very sharp and clear picture of the changes in 
atmospheric 14C production since AD 1500 (a longer record is given Figure 4). 
Whilst the cycles from 1450 up to 1790 are in the order of 80 - 90 years, the 
cycles after 1790 are in the order of 60 years. This is in agreement with the LOD 
record (Figure 29) and the Solar Wind record (Figure 21). It also agrees with 
the Gulf Stream changes between type-a and type-c circulation patterns. 

In conclusion, this means that we see the following chain of cause-and-effect 
behind the observed cyclic pattern in changes of North Atlantic circulation and 
its stepwise origin in causal changes in rotation, shielding, solar wind intensity, 
solar variability and planetary beat as shown in Figure 31 (cf. Figure 9): 

 

 
Figure 31. Chain of cause-and-effects from Gulf Stream Beat back to its ultimate origin 
in Planetary Beat (cf. Figure 9) [14] [15]. 
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Abstract 
Here we extend the conservation of energy in the framework of the thin layer 
approximation to the asymmetrical case. Four types of interstellar mediums 
are analysed, in which the density follows an inverse square profile, a power 
law profile, an exponential profile and a toroidal profile. An analytical solution 
for the radius as a function of time and the polar angle in spherical coordinates 
is derived in the case of the inverse square profile. The analytical and numer-
ical results are applied to two supernova remnants: SN 1987A and SN 1006. 
The back reaction due to the radiative losses is evaluated in the case of the in-
verse square profile for the surrounding medium. Two models for the image 
formation are presented, which explain the triple ring visible in SN 1987A 
and the jet feature of SN 1006. 
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Supernovae, General ISM, Supernova Remnants Supernovae,  
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1. Introduction 

The asymmetries observed in supernovae (SNs) and supernova remnants (SNRs) 
have been recently investigated by different approaches: on analysing a type Ia 
SN that exploded around CE 1900 [1] reported that it is asymmetric in the radio 
region but shows a bipolar morphology in the X region. The details of the dece-
leration of that SN in different directions were analysed by [2]. The symmetry of 
many SNRs in 6-cm and 20-cm Very Large Array images was measured by [3]. 
A three dimensional smoothed particle hydrodynamic simulation was used by 
[4] in order to explain the observed asymmetries in SNs. [5] implemented a 
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three-dimensional MHD numerical code in which the initial mass distribution 
of the SN is asymmetric. The presence of an asymmetric circumstellar medium 
(CSM) responsible for the lack of narrow lines within the first two days of the 
explosion for the Type II-P supernova SN 2017gmr was suggested by [6]. The 
differences in the Si II line widths in type Ia supernovae with an asymmetric CSM 
were explained by [7]. An asymmetric explosion as seen from different viewing 
angles was suggested by [8] in order to explain some anomalies in the photospher-
ic velocities. The model of energy conservation in the thin layer approximation 
for the expansion of SNRs was developed in [9] in the spherical case. Here we 
analyse the asymmetrical or non-spherical case. In order to accomplish this, Sec-
tion 2 derives the basic differential equations which regulate the equation of mo-
tion for SNRs for four types of medium. Section 3 applies those analytical and 
numerical results to SN 1987A and SN 1006 and Section 4 analyses two models of 
the image formation for the two SNRs analysed. 

2. Energy Conservation 

A point in Cartesian coordinates is characterized by x, y and z, and the position 
of the origin is the centre of the explosive phenomena. The same point in spher-
ical coordinates is characterized by the radial distance [ ]0,r∈ ∞ , the polar angle 

[ ]0,θ ∈ π , and the azimuthal angle [ ]0,2ϕ ∈ π . In the following, the profiles of 
the density considered are independent of the azimuthal angle and are functions 
of the distance z from the 0z =  plane. In spherical coordinates, the goal is to 
derive the instantaneous radius of expansion, r, as a function of the polar angle. 
The following approaches will model the CSM around the point of explosion of 
the SN which is characterized by a plane, 0z = , which produces an up and down 
symmetry in the polar angle, ( ) ( )r rθ θ= π− , and by a polar axis, 0, 0x y= = , 
which produces a right and left symmetry for the azimuthal angle ( ) ( )r rϕ ϕ= + π . 
The basic symmetries are now outlined 

( ) ( )r rθ θ= π−                        (1a) 

( ) ( )r rϕ ϕ= + π                        (1b) 

In other words, the numerical simulations will be developed in the first qua-

drant ( 0,
2

θ  π∈   
, 0ϕ =  and then applied to the other three quadrants. 

The conservation of kinetic energy in spherical coordinates along the solid 
angle ∆Ω  in the framework of the thin layer approximation is 

( ) ( )2 2
0 0 0

1 1; ; ,
2 2

M r v M r vθ θ=                   (2) 

where ( )0 0 ;M r θ  and ( );M r θ  are the swept masses at 0r  and r, while 0v  
and v are the velocities of the thin layer at 0r  and r. The above conservation 
law when written as a differential equation is 

( ) ( )
2

2
0 0

1 d 1 0.
2 d 2

M r r t M v
t

  − = 
 

                 (3) 
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The velocity as a function of the radius is 

( )
3 2

0 0
0 0 3 2; , , .

r v
v r r v

r
θ =                       (4) 

In the following, 0r  is the radius after which the density starts to decrease, r 
is the radius of expansion in spherical coordinates, cρ  is the density at 0r = , 

( )cosz r θ=  is the Cartesian coordinate along the Z axis and ( )cos θ  is the 
polar angle in spherical coordinates. The main astrophysical assumption adopted 
here is that the density of the CSM decreases as a function of the distance from 
the centre, due to the previous stellar winds. At the time of writing, there are no 
astronomical observations which outline such an effect, and therefore we test 
different profiles for the density and evaluate whether they are compatible with 
the observed sections of SNRs. 

2.1. An Inverse Square Profile of the Density 

We assume that the medium around the SN scales with the axial piecewise de-
pendence 

( )
0

2
0 0

0

if
;

if

c

c

r r
r r r

r r
z

ρ

ρ
ρ

≤
=    >  

 

                  (5) 

The mass 0M  swept in the interval [ ]00, r  is 

( ) 3
0 0 0

4, .
3c cM r rρ ρ π=

 
The total mass ( )0; , cM r r ρ  swept in the interval [0, r] is 

( ) ( )
( )( )

2
0 03

0 0 0 2

1; , , .
3 cos

c
c c

z r r
M r r z r

ρ
ρ ρ

θ

−
= +

 
The positive solution of Equation (2) gives the velocity as a function of the ra-

dius: 

( )
( )( )( ) ( )

( )( )

23 2 2
0 0 0 0 0 0 0

0 0 23 2 2
0 0 0 0

cos 3 3 cos
; , .

cos 3 3

r z r z r r v r
v r r z

r z r z r

θ θ

θ

+ −
=

+ −
       (6) 

The differential equation which models the energy conservation is 

( )( )
( )( )

( )
2 2
0 03 3 2

0 0 02

1 1 d 1 0.
2 3 d 6cos

c
c c

z r t r
r r t r v

t
ρ

ρ ρ
θ

 −   + − =    
         (7) 

The analytical solution of the above differential equation is 

( )

( )( ) ( ) ( )( )( ) ( )( )
0 0

2 32 3 2 22 3 2 23
0 0 0 0 0 0 0

2
0

; , ,

cos 9 2 cos 2 2 cos 6
.

6

r t z r

r z t t v r r z

z

θ

θ θ θ − − − + + − 
 =

 (8) 

The above inverse square profile for density satisfies the basic symmetries as 
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outlined in Equations (1a) and (1b). 

2.2. Back Reaction for the Inverse Square Profile 

The radiative losses per unit length are assumed to scale as 
2 24 ,− sv rρε                           (9) 

where ε  is a constant and srho  is the density in the thin advancing layer 
which is 4ρ . Inserting into the above equation the velocity to first order as 
given by Equation (6), the radiative losses ( )0 0 0; , , , ,Q r r v z ε θ  are 

( )
( )( )

2 3 2
0 0 0

0 0 0 23 2 2
0 0 0 0

; , , , , 4 .
cos 3 3

= −
+ −

c z r v
Q r r v z

r z r z r

ε
ε

ρ
θ

θ
         (10) 

The sum of the radiative losses between 0r  and r is given by the integral 

( ) ( )

( )( ) ( )( ) ( )( )( )( )
0

0 0 0 0 0 0

2 23 2 3 2 3
0 0 0 0 0 0

; , , , , ; , , , , d

4 3 ln cos 3 ln cos .

=

= + − + −

∫
r

r

c

L r r v z Q r r v z r

r v r z r r r

ε ε

ε

θ θ

ρ θ θ
   (11) 

The conservation of energy in the presence of the back reaction due to the ra-
diative losses is 

( )( ) ( )( )
( )( )
( )( ) ( )( )

( ) ( )( )( )( )

22 3 2
0 0 0

2

23 2 3 2
0 0 0 0 0

23 2 3 2
0 0 0 0 0

1 3 cos
1 2

cos

4 3 ln cos 3

4 3 3ln ln cos 1 6 .

+ − +

+ + − +

− + =

c

c

c c

v r z r r

r v r z r r

r v r r v

θ ρ

θ

ρ θ

ρ θ ρ

ε

ε

         (12) 

The analytical solution for the velocity to second order, ( )0 0 0; , , , ,cv r r v z ε θ , is 

( )

( ) ( )( )( )( ) ( )

0 0 0

23
0 0 0 0

; , , , ,

8ln 8ln cos 1 cos
,

− − −
=

cv r r v z

Ar A r v r

A

ε

ε

θ

θ ε θ        (13) 

where 

( )( )23 2 2
0 0 0 0cos 3 3 .A r z r z rθ= + −                  (14) 

The inclusion of the back reaction allows the evaluation of the SRS’s maxi-
mum length, ( )0 0, , ,backr r z θ ε , which can be derived by setting this velocity to 
zero: 

( )

( )( )( )
( )( )

23
08ln cos 1

1 8 23 2
0 0 0

0 0 2
0

e cos 3
, , , .

3

+

− +
=

r

back

r z r
r r z

z

θ ε

ε θ
εθ       (15) 

Figure 1 shows the SRS’s maximum length as a function of the constant of 
conversion ε  and the polar angle θ . The above figure shows that the SNR 
cannot reach an infinite length at an infinite time but has a finite lifetime and 
length. 
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Figure 1. A 2D map of ( )0 0, , ,backr r z θ ε  in pc. The parameters are 0 0.098 pcr =  and 

4
0 1.5 10 pcz −= × . 

2.3. A Power Law Profile of the Density 

The medium is assumed to scale as 

( )
0

0 0
0

if
;

if

c

c

r r
r r r

r r
z

α

ρ

ρ
ρ

≤
=    >  

 

                 (16) 

where α  is a positive real number. The total mass ( )0; , ,cM r r ρ α  swept in 
the interval [ ]0, r  is 

( )

( )( )( ) ( )( )( )
0 0

1 13 3
0 0 0

3
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cos cos
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3 3
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c
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− −− + − + − 
 = −

−  
The velocity ( )0 0; , ,v r r v α  as a function of the radius is 

( )

( ) ( )( )( ) ( )( )( ) ( )
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0 0

1 13 3 3
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 (17) 

The differential equation which governs the motion is 

( )( ) ( )( )( ) ( )( )( )
( )

3 1 13
20 0 0

3
0

3 2
0 0

cos cos
1 1 d
2 3 3 d

1 0.
6

c
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c

r t z r z
r r t

t

r v

α αα α α αρ θ θ
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− =

 (18) 
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The above differential equation does not have an analytical solution; a Taylor 
expansion of order 3 covers a limited range in time 

( ) ( ) ( )( )( ) ( )1 21 2
0 0 0 0 0 0 0 0 0 0 0

3; , , , , cos .
4

r t r v z t r v t t r v z t t
α

α αα θ
−− −= + − − −    (19) 

The above power law profile for the density satisfies the basic symmetries as 
outlined in Equations (1a) and (1b). 

2.4. An Exponential Profile of the Density 

The medium is assumed to scale as 

( )
0

0 0
0

0

if
; ,

exp if

c

c

r r
r r z z r r

z

ρ

ρ
ρ

≤
=   − > 

 

              (20) 

The total mass ( )0 0; , ,cM r r zρ  swept in the interval [0, r] is 
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The velocity ( )0 0; ,v r r v  as a function of the radius is 
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The differential equation which governs the motion is 
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      (23) 

In the absence of an analytical solution, we present the Taylor expansion of 
order 3 for the trajectory. 
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( ) ( ) ( ) ( )0

0

cos22
0 0

0 0 0 0 0 0 0
0

3; , , , e .
4

r
zv t t

r t r v z t r v t t
r

θ
−−

= + − −        (24) 

The above exponential profile for the density satisfies the basic symmetries as 
outlined in Equations (1a) and (1b). 

2.5. A Toroidal Profile of the Density 

A torus is swept out by revolving a small circle of radius Tr  about an axis lying 
in the same plane as the circle but outside it, say at a distance of TR , see Figure 2. 
The above toroidal profile of the density, once the axis of revolution is identified 
with the polar axis, satisfies the basic symmetries as outlined in Equations (1a) 
and (1b). In Cartesian coordinates, the torus satisfies the equation 

( )2
2 2 2 2 0.T TR x y z r− + + − =                  (25) 

We now consider its intersection with the plane 0y =  and as a consequence 
the equation of the torus is now 

( )2 2 2 0.T TR x z r− + − =                     (26) 

We now evaluate the intersection between the torus and a straight line of equ-
ation which crosses the centre, ( 0, 0z x= = ), 

( )cot ,z x θ=                         (27) 

where θ  is the polar angle in the spherical coordinates for the circle which 
represents the torus in the first quadrant. The line touches the torus at a single 
point at the critical value of the polar angle, critθ : 

 

 
Figure 2. A 3D view of a torus. 
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2 2

arctan .T T
crit

T

R r
r

θ
 −
 =
 
 

                   (28) 

The above angle allows us to define the following three zones. 
1) critθ θ< : the line does not intersect the torus. 
2) critθ θ= : the line is tangent to the torus at one degenerate single point, 

with Cartesian coordinates ( ,crit critx z ), see Figure 3. 
3) critθ θ> : the line intersects the torus at two points, with Cartesian coordi-

nates ( 1 1,x z ) and ( 2 2,x z ), see Figure 4. 
The Cartesian coordinates at critθ θ=  are 

2 2
T T

crit
T

R rx
R
−

=                        (29a) 

2 2

.T T T
crit

T

R r r
z

R
−

=                      (29b) 

The Cartesian coordinates of the two intersections when critθ θ>  are 

( ) ( )( ) ( )22 2
1 sin cos sinT T Tx R R rθ θ θ = − − + 

 
          (30a) 

( ) ( )( ) ( )22 2
1 sin cos cosT T Tz R R rθ θ θ = − − + 

 
          (30b) 

 

 
Figure 3. The straight line which intersects the centre (red) and is tangent to the torus 
(blue) in the first quadrant. 

 

 
Figure 4. The intersections between a straight line which intersects the centre (red), the 
torus (blue) to the tangent point (asterisk). 
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( ) ( )( ) ( )22 2
2 sin cos sinT T Tx R R rθ θ θ = + − + 

 
          (30c) 

( ) ( )( ) ( )22 2
2 sin cos cosT T Tz R R rθ θ θ = + − + 

 
         (30d) 

We now assume that the density of matter is cρ  outside the torus and 1ρ  
inside the torus. The mass swept in the third zone requires a careful analysis. 
When critθ θ> , the mass swept along a line before the intersection with the torus, 

( );I cM r ρ , is 

( ) 31; ,
3I c cM r rρ ρ=                      (31) 

where r is the momentary radius of expansion in spherical coordinates. 
The mass swept when r is inside the torus in the third zone, ( )1; , , ,II c T TM r R rρ ρ , 

is 
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r R R r

ρ ρ

ρ θ θ

ρ θ θ

  = − − +     
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       (32) 

The mass swept when r is outside the torus in the third zone is 
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ρ θ θ
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ρ θ θ

  = − − +     

  + + − +     

  − − − +     
    + − + − +       

       (33) 

The equation of motion is solved through the Euler method when the follow-
ing recursive equations are solved 

1n n nr r v t+ = + ∆                        (34a) 

( )
( )

1 2

1
1 1

,n n
n n

n n

M r
v v

M r+
+ +

 
=   

 
                  (34b) 

where nr , nv , nM  are the temporary radius, velocity, and total mass, respec-
tively, t∆  is the time step and n is the index. Due to the fact that the velocity is 
continuously updated, see Equation (34b), the method turns out to be stable. 
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3. Astrophysical Applications 

The complex structure of SN 1987A, see the Hubble Space Telescope (ST) image 
in Figure 5, can be classified as a torus only, a torus plus two lobes, and a torus 
plus 4 lobes, see [10] [11]; we therefore speak of a strong asymmetry. The region 
connected with the radius of the advancing torus is here identified with our  

equatorial region, in spherical coordinates, 
2

θ =
π . A useful resource for calibration 

for calibration is the geometric section of SN 1987A which is given as a sketch in 
Fig. 5 of [12]. This geometric section was digitized and rotated in the x-z plane 
by −40˚, see Figure 6; it will be the astronomical section of reference in order to 
test the simulations. 

SN 1006 started to be visible in 1006 AD and currently has a radius of 12.2 pc, 
see [13] [14]. The X-shape is shown in Figure 7 and the γ-ray shape (100 GeV) 
is shown in Figure 8. 

More precisely, on referring to the above X-image, it can be observed that the 
radius is greatest in the north-east direction, see also the radio map of SN 1006 
at 1370 MHz by [15], and the X-map in the 0.4 - 5.0 keV band of Fig. 1 in [13]. 
The following observed radii can be extracted: 11.69 pcupR =  in the polar di-
rection and 8.7 pceqR =  in the equatorial direction. A geometric section of the 
above X-map was digitized and rotated in the x-z plane by −45˚, see Figure 9; it 
will be the test for the simulations based on the previous data we can speak of a 
weak asymmetry for SN 1006. The reliability of the models is evaluated in terms 
of the percentage reliability, obsε , 

 

 
Figure 5. An ST image of SN 1987A in the year 1997. Credit is given to the Hubble Space 
Telescope. 
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Figure 6. Geometric section of SN 1987A in the x-z plane adapted by the author from 
Fig. of [12]. 

 

 
Figure 7. A Chandra X-ray (Red, Green, Blue) image of SN 1006 in the year 2013. Credit 
is given to the Chandra X-ray Observatory. 
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Figure 8. An high energy stereoscopic system (HESS) γ-ray image of SN 1006. Credit is 
given to the Max-Planck-Institut für Kernphysik. 

 

 
Figure 9. Geometric section of SN 1006 in the x-z plane adapted by the author from our 
Figure 7. 

obs num
obs

obs,

100 1 ,
 −
 = −
 
 

∑
∑

j j

jj

r r

r
ε                  (35) 

where numr  is the theoretical radius of the SNR, obsr  is the observed radius of 
the SNR, and the index j varies from 1 to the number of available observations. 
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3.1. Results for the Inverse Square Profile 

In the case of an inverse square profile of the density we have an analytical solu-
tion as given by Equation (8). Figure 10 displays a cut of SN 1987A in the x-z plane. 

A rotation around the z-axis of the previous geometric section allows building 
a 3D surface, see Figure 11. 

Figure 10 displays a cut of SN 1987A in the x-z plane. 
Figure 12 displays a cut of SN 1006 in the x-z plane and Figure 13 a 3D dis-

play. 
The above results can be easily reproduced because we have an analytical ex-

pression for the trajectory. 

3.2. Results for a Power Profile 

In the case of a power law profile of the density we obtained a numerical solu-
tion for the differential Equation (18). Figure 14 presents the results for SN 
1987A in the x-z plane and Figure 15 those for SN 1006. 

The above results shows that a variable power law profile can model the ob-
served sections of the two SNRS here simulated. 

3.3. Results for an Exponential Profile 

In the case of an exponential profile of the density we obtained a numerical solu-
tion for the differential Equation (23). Figure 16 presents the results for SN 1987A 
in the x-z plane and Figure 17 those for SN 1006. 

 

 
Figure 10. Geometric section of SN 1987A in the x-z plane with an inverse square profile 
(green points) and the observed profile (red stars). The parameters 0 0.001355 pcr = , 

0 0.0001 pcz = , 27.7 yrt = , 0 0.053 yrt =  and 1
0 25000 km sv −= ⋅  give obs 91.92%=ε . 
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Figure 11. 3D surface of SN 1987A with parameters as in Figure 10 in the framework of 
an inverse square profile. The three Euler angles are 40Θ = , 60Φ =  and 60Ψ = . 

 

 
Figure 12. Geometric section of SN 1006 in the x-z plane with an inverse square pro-
file (green points) and the observed profile (red stars). The parameters 0 0.098 pcr = , 

4
0 1.5 10 pcz −= × , 1000 yrt = , 0 9.057 yrt =  and 1

0 10600 km sv −= ⋅  give  

obs 94.34%=ε . 
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Figure 13. 3D surface of SN 1006 with parameters as in Figure 12, inverse square profile. 
The three Euler angles are 70Θ = , 70Φ =  and 70Ψ = . 

 

 
Figure 14. Geometric section of SN 1987A in the x-z plane with a power law profile (green 
points) and the observed profile (red stars). The parameters 1.5α = , 0 0.0038 pcr = , 

0 0.0001 pcz = , 27.7 yrt = , 0 0.148 yrt =  and 1
0 25000 km sv −= ⋅  give obs 91.92%=ε . 
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Figure 15. Geometric section of SN 1006 in the x-z plane with a power law profile (green 
points) and the observed profile (red stars). The parameters 1.5α = , 0 0.098 pcr = , 

0 0.00015 pcz = , 1000 yrt = , 0 9.057 yrt =  and 1
0 10600 km sv −= ⋅  give  

obs 93.562%=ε . 
 

 
Figure 16. Geometric section of SN 1987A in the x-z plane with an exponential profile (green 
points) and the observed profile (red stars). The parameters 0 0.04 pcr = , 0 0.033 pcz = , 

27.7 yrt = , 0 0.0528 yrt =  and 1
0 25000 km sv −= ⋅  give obs 92.45%=ε . 
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Figure 17. Geometric section of SN 1006 in the x-z plane with an exponential profile (green 
points) and the observed profile (red stars). The parameters 0 2.45 pcr = , 0 4.9 pcz = , 

1000 yrt = , 0 0.052 yrt =  and 1
0 25000 km sv −= ⋅  give obs 94.26%=ε . 

 
The above results shows that an exponential profile for the density is compa-

rable with the observed sections of the two SNRS here simulated. 

3.4. Results for a Toroidal Profile 

In the case of a toroidal profile of the density, we obtained a numerical solution 
for the two recursive Equations (34a) and (34b). Figure 18 presents the results 
for SN 1987A in the x-z plane and Figure 19 for SN 1006. 

A toroidal region around the point of the explosion with density greater than 
the surrounding medium produces theoretical sections which are comparable 
with the observed sections of the two SNRS here simulated. 

4. Theory of the Image 

The astronomical images are given by cut or 2D maps for the intensity of emis-
sion. The shape of the intensity of emission is a combination of different processes 
which are as follows. 

1) An assumption on the transfer equation: we adopt an optically thin me-
dium. 

2) Type of emission: we choose non thermal emission. 
3) Geometry of the radiative zone: the zone of emission resides in the thin ad-

vancing shell, which in our case is not spherical. 
More details on the above assumptions can be found in Section 7 of [16]. 
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Figure 18. Geometric section of SN 1987A in the x-z plane for a toroidal profile (green 
points) and the observed profile (red stars). The parameters 0 0.15 pcr = , 01.02 pcTR r= , 

0.9 pcT Tr R= , 1cρ = , 1 10 cρ ρ= , 27.7 yrt = , 0 5.65 yrt = , 1
0 26000 km sv −= ⋅  and 

0.01 yrh =  give obs 86.28%=ε . 
 

 
Figure 19. Geometric section of SN 1006 in the x-z plane for a toroidal profile (green 
points) and the observed profile (red stars). The parameters 0 3.6 pcr = , 01.02 pcTR r= , 

0.86 pcT Tr R= , 1cρ = , 1 3 cρ ρ= , 1000 yrt = , 0 135.64 yrt = , 1
0 26000 km sv −= ⋅  and 

1 yrh =  give obs 94.41%=ε . 
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4.1. How to Build an Image 

The first model assumes that the intensity of the image is proportional to the 
length along the line of sight within the emitting region. The derivation of this 
length can be complicated, due to the complex morphology of the analysed ob-
ject and to the infinite points of view of the observer. Figure 20 presents a sketch 
of the emitting layer, some lines of sight, and the position of the observer. This 
sketch allows building a geometric model for the theoretical image formed be-
tween the two layers. The second model for the intensity of the observed radia-
tion assumes a synchrotron source for luminosity proportional to the flux of ki-
netic energy, mL , 

31 ,
2mL AVρ=                         (36) 

where A is the considered area, V the velocity and ρ  the density, see Formula 
(A28) in [17]. In our case 2A R= ∆Ω , where ∆Ω  is the considered solid angle 
along the chosen direction. This means 

2 31 ,
2mL R Vρ= ∆Ω                       (37) 

where R is the instantaneous radius of the SNR and ρ  is the density in the ad-
vancing layer in which the synchrotron emission takes place. The observed lu-
minosity along a given direction can be expressed as 

,= m mL Lε                           (38) 

 

 

Figure 20. First quadrant for the layer between the upper (red curve) and the lower (green 
curve) section of SN 1987A in the x-z plane with an inverse square profile when 0 θ< < π . 
Parameters as in Figure 10. The observer is at infinity of the x-axis and two lines of sight, 
s1 and s2, are marked. 
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where mε  is a constant of conversion from the mechanical luminosity to the 
observed luminosity in the considered band. The numerical algorithm which al-
lows us to build a complex image is now outlined. 
• An empty (value = 0) memory grid ( ), ,M i j k  which contains 4003 pixels is 

considered. 
• We first generate an internal 3D surface by rotating the ideal image of 180˚ 

around the polar direction and a second external surface at a fixed distance 
R∆  from the first surface. As an example, we fixed 12R R∆ = , where R is the 

momentary radius of expansion. The points on the memory grid which lie be-
tween the internal and external surfaces are stored in memory on ( ), ,M i j k  
with a variable integer number according to Formula (43). 

• Each point of ( ), ,M i j k  has spatial coordinates , ,x y z  which can be re-
pre-sented by the following 1 3×  matrix, A, 

x
A y

z

 
 =  
  

                          (39) 

The orientation of the object is characterized by the Euler angles ( ), ,Φ Θ Ψ  
and therefore by a total 3 3×  rotation matrix, E, see [18]. The matrix point is 
represented by the following 1 3×  matrix, B, 

B E A= ⋅                           (40) 

• The intensity map is obtained by summing the points of the rotated images 
along a particular direction. 

• The effect of the insertion of a threshold intensity, trI , given by the observa-
tional techniques, is now analysed. In both models the threshold intensity 
can be parametrized by maxI , the maximum value of intensity characterizing 
the map. 

More details on the theory of the image can be found in [16]. 

4.2. Results for the First Model 

The radiation of the SN is supposed to originate from between a lower boundary 
of radius infr , given as an example by ( )0 0; , ,r t z r θ  of Equation (8), and an 
upper boundary with radius given by the equation 

.
12
inf

sup inf

r
r r= +                        (41) 

The above layer is visualized in Figure 21 for SN 1987A when an inverse 
square profile is adopted. 

The image of SN 1987A is formed between the two layers. The data of the two 
layers are stored in memory as Cartesian coordinates 

( ) ( ) ( )( )sinsup supx n r n nθ=                   (42a) 

( ) ( ) ( )( )cossup supz n r n nθ=                  (42b) 

( ) ( ) ( )( )sininf infx n r n nθ=                   (42c) 
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( ) ( ) ( )( )cosinf infz n r n nθ=                   (42d) 

where n is the considered index. In order to build the first model we assume that 
z varies between ( )1supz  and ( )supz N  where N represents the number of points. 
The image is assumed to be proportional to the distance between the x coordi-
nate on the upper layer and the x coordinate on the lower layer as a function of 
the position z on the polar axis, see Figure 22. In principle, astronomers should 
produce these observational cuts in order to compare the observations with the 
theory here developed. 

The same algorithm allows building a map of the theoretical intensity for the 
rotated image of SN 1987A, see Figure 23. The observed image of SN 1987A 
should be digitized in order to make a comparison with the theory. 

4.3. Results for the Second Model 

This second model allows simulating particular effects, such as the triple ring sys-
tem of SN 1987A, see Figure 24, where three zones or holes with theoretical in-
tensity under the threshold value are visible. The enigma of the three holes is 
solved. Characteristic features, such as the “jet appearance” visible in some maps 
for SN 1006, see the X-ray map 3 and γ-ray map 3, are theoretically modeled in 
Figure 25. The enigma of the jet, which is a cone, in a nearly spherical expansion 
is solved. 

 
Figure 21. The layer between the upper (green points) and the lower (red points) section 

of SN 1987A in the x-z plane with an inverse square profile when 0 θ< < π . Parameters 
as in Figure 10. 
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Figure 22. Cut of the mathematical intensity I, as a function of the polar z-axis for SN 
1987A with an inverse square profile. Parameters as in Figure 10 and 240N = . 

 

 
Figure 23. Map of the theoretical intensity I, for SN 1987A with an inverse square profile 
made by 400 × 400 pixels. Parameters as in Figure 10. 
 

 
Figure 24. Model map of SN 1987A rotated in accordance with the observations, for an in-
verse square medium with parameters as in Figure 10. The three Euler angles characterizing 
the orientation are 105Φ =  , 45Θ =   and 165Ψ = −  . In this map 2.2tr maxI I= . 
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Figure 25. Model map of SN 1006 rotated in accordance with the γ-ray observations with 
HESS, for a toroidal medium. Physical parameters as in Figure 19. The three Euler angles 
characterizing the orientation of the observer are 180Φ =  , 90Θ =   and 55Ψ = −  . In 
this map 1.2tr maxI I= . 
 
Table 1. Synoptic percentage reliability for the best model of SNRs with different profiles 
for the density. 

Model SNR ( )obs %  

inverse square profile 
SN 1987A 91.92 

SN 1006 94.34 

power profile 
SN 1987A 91.92 

SN 1006 93.56 

exponential profile 
SN 1987A 92.45 

SN 1006 94.26 

toroidal profile 
SN 1987A 86.28 

SN 1006 94.41 

5. Conclusions 

Models  
We have adopted four models in the framework of the conservation of energy 

for the thin layer approximation and applied them to two SNRs; the results for 
the percentage reliability, see Formula (35) are shown in Table 1. The best fit for 
the asymmetric section of SN 1987A is represented by the exponential model for 
decreasing density in the polar direction and by the toroidal profile of the density 
for SN 1006. 

Image theory  
Two models for the intensity of the image in an SNR have been presented, 

which both require an analytical or numerical function for the advancing radius 
in terms of the polar angle. The appearance of the triple ring in SN 1987A, see 
Figure 24, and the jet-feature in SN 1006, see Figure 25, have been simulated. 

https://doi.org/10.4236/ijaa.2020.102009


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2020.102009 188 International Journal of Astronomy and Astrophysics 
 

Back reaction 
The derivation of an approximate form for the losses, see Equation (10), allows 

deriving a finite rather than infinite length for an SNR, see Equation (15). 
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