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ABSTRACT 

In this paper a prey-predator video game is presented. In the video game two predators chase a prey that tries to avoid 
the capture by the predators and to reach a location in space (i.e. its “home”). The prey is animated by a human player 
(using a joypad), the predators are automated players whose behaviour is decided by the video game engine. The pur- 
pose of the video game is to show how to use mathematical models to build a simple prey-predator dynamics repre- 
senting a physical system where the movements of the game actors satisfy Newton’s dynamical principle and the be- 
haviour of the automated players simulates a simple form of intelligence. The game is based on a simple set of ordinary 
differential equations. These differential equations are used in classical mechanics to describe the dynamics of a set of 
point masses subject to a force chosen by the human player, elastic forces and friction forces (i.e. viscous damping). 
The software that implements the video game is written in C++ and Delphi. The video game can be downloaded from: 
http://www.ceri.uniroma1.it/ceri/zirilli/w9. 
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1. Introduction 

This paper illustrates an example of how a physical sys- 
tem modeled by elementary mathematics can be used as 
the basis of a video game where the (human) players 
must move considering some restrictions to their move- 
ments (and of the automatic characters as well) that are 
implied by Newton’s dynamical principle. Moreover they 
must consider the physical characteristics of the auto- 
matic characters (i.e. their masses, velocities, ...) together 
with their elementary form of artificial intelligence (AI). 
The target age of the players is made of the children be- 
tween five and thirteen years. A user experiment we 
conducted suggests that children in that age group play- 
ing the game develop an intuitive understanding of New- 
ton’s dynamical principle. The children aged between 
five and eight years enjoy the game. The fun of the game 
decreases when the age of the children involved in- 
creases. Teenagers could be interested in the game more 
as a learning experience than as a recreational experience. 
In fact the video game can be seen as a compelling con- 

text where virtual experiments about Newton’s dynami- 
cal principle can be done. The video game presented in 
Sections 3 and 4 considers the situation where two preda- 
tors (the automatic characters) chase a prey (the player). 
The predators want to capture the prey. The prey has to 
avoid the capture and reach a given location in space (i.e. 
its “home”). This game is formulated using appropriate 
mathematical models. 

The video game has two purposes. The first one is to 
show how mathematical models, such as optimal control 
problems and differential games, can be used to model a 
physical system, that is the basis of the video game, 
where the actors movements satisfy Newton’s dynamical 
principle and the automatic characters have a simple 
form of artificial intelligence (AI). The second purpose is 
to provide an example of video game where players in 
the choice of their strategy must consider the restrictions 
to their movements and to the movements of their oppo- 
nents coming from Newton’s dynamical principle. They 
also must understand how the AI of the automatic char- 
acters works to anticipate their behaviour. 

*Corresponding author. The game is an example of how a simple mathematical  
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model inspired by physics can be exploited to build an 
interesting learning experience [1]. 

A second form of AI that goes beyond the AI of the 
automatic characters is the one that adapts the game to 
the ability of the (human) players. The behaviour of a 
(human) player in a sequence of game matches can be 
monitored by the game logic, for example, making an 
elementary statistical analysis of the “points” scored by 
the player in the matches. This statistics contains infor- 
mation about the learning experience and the acquired 
ability of the player and can be used to modify the be- 
haviour of the automatic characters. The behaviour of the 
automatic characters is modified changing the values of 
the parameters contained in the equations that define 
their movements. In this way it is possible to calibrate the 
game difficulty (i.e. the effectiveness of the predators in 
chasing the prey) on the basis of the ability of the player. 
Serious games are a way to improve knowledge and to 
acquire skills (see, for example, [2] and the references 
therein). This can be done using the so called experience 
engines [2]. These engines select task sequences based 
on the current player profile. The purpose of using this 
profile to improve the learning process of the player 
building ad hoc tasks designed for the specific player 
goes beyond our purposes here. The present version of 
the game adapts the game to the ability of the (human) 
player in a very simple way, in fact the game has three 
levels of increasing difficulty and it is necessary to score 
a certain number of points in a sequence of matches to go 
from one level of the game to the next one. 

Let us now concentrate on the mathematical model of 
the physical system considered and on its solution. The 
video game proposed is modeled as a rendez vous prob- 
lem, that is as an evader pursuit game. Rendez vous 
problems involving two actors (or two sets of actors re- 
ferred in the sequel as Sets 1 and 2) whose dynamics is 
defined by systems of differential equations have been 
widely studied in the scientific literature and have many 
applications in science and engineering. These problems 
are formulated as optimal control problems (see, for ex- 
ample, Athans [3]), or as differential games (see, for 
example, Athans [3], Isaacs [4], Melikyan [5]). These 
references are only indicative since the scientific litera- 
ture on this subject is huge. 

Roughly speaking, the use of an optimal control prob- 
lem as a mathematical model of the “rendez vous” prob- 
lem assumes that the actors belonging, say, to Set 1, do 
not pursue a goal conflicting with the goal pursued by the 
actors of Set 2. These actors do not react to the action of 
Set 2 actors and move on trajectories implicitly defined 
by differential equations pursuing their own goal, for 
example, the goal of reaching their home. Moreover the 
model assumes that the trajectories of set 1 actors are at 
least in part known to set 2 actors and that these last ac- 

tors rely on this knowledge to choose a “strategy” (pos- 
sibly optimal) to achieve a goal that involves the set 1 
actors (i.e., for example, to have a “rendez vous”) mini- 
mizing a cost functional. 

However, in many applications it is considered the 
situation where not only set 2 actors pursue a goal (i.e. 
the rendez vous) through a (possibly optimal) strategy 
but also set 1 actors pursue a goal at least in part con- 
flicting with the goal of set 2 actors (i.e., for example, to 
avoid the rendez vous and/or to reach a certain position 
in space called “home”) through a (possibly optimal) 
strategy. In this situation, the mathematical model pro- 
vided by control theory is insufficient and models com- 
ing from game theory must be used. In our case, since the 
actors of the game move on trajectories implicitly de- 
fined by differential equations (describing the constraints 
imposed by physical laws) and the two sets of actors 
present in the game have conflicting goals, differential 
games are the natural mathematical model to consider. 
These models must be solved in a closed loop form in 
order to be useful in the video game context where the 
players must react in real time to the developments on 
the game scene. In fact, the closed loop solution of the 
mathematical model (i.e. the control problem eventually 
coming from the differential game formulation) that de- 
fines the behaviour of the automatic characters (Set 2 
actors) does not require the knowledge of the state vari- 
ables of the set 1 actors (human players) over the entire 
time period of the game action in order to compute the 
control variables (i.e. the variables that determine the 
movements of the automatic characters (set 2 actors)). In 
the closed loop solution the control variables at the cur- 
rent time are obtained using only the knowledge of the 
state variables of set 1 and set 2 actors until the current 
time. A similar statement holds for the human players 
that animate the set 1 actors and for all the players when 
closed loop solutions of differential games are considered. 
In fact the human players choose their control variables 
(i.e. the variables that determine the movements of set 1 
actors) using a joypad on the basis of the knowledge of 
the game scene shown on the computer screen up to the 
current time. 

The use of differential games and optimal control pro- 
blems to develop prey-predator video games is an inter- 
esting idea that is worth investigating. In fact, prey- 
predator video games can be realized using simpler ma- 
thematical approaches (see for example [6-9]). For ex- 
ample in [6] and [7] mathematical models based on sys- 
tem of ordinary differential equations to describe the 
movements of automatic characters are presented. These 
models range from simple heuristic rules to sophisticated 
ones that describe an articulated body consisting of rigid 
links connected by joints. In absence of joints, each link 
has six degrees of freedom, three translational and three 
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rotational. In [6] and [7] the problem of modeling players 
that are able to make decisions is not considered. In [9] 
the behaviour of the automatic characters is based on 
pathfinding algorithms, such as Dijkstra pathfinding al- 
gorithm (Section 4.2 of [9]), and decision making capa- 
bility of these players is based on the analysis of random 
trees. Moreover, in [9] Chapter 7, a detailed discussion of 
several approaches for the management of learning ex- 
periences based on AI and on the use of statistical analy- 
sis of the players performances in the game after having 
played a given number of matches is proposed (see Sec- 
tion 7.3.2 of [9]). In [8] a prey-predator system is studied 
to develop game-like interaction between prey and pre- 
dators. The mathematical model proposed in [8] charac- 
terizes each actor of the game by its position vector and 
by a unit vector called “heading direction”. The heading 
direction is not necessarily the velocity of the actor. The 
dynamics of the actors is described by a system of ordi- 
nary differential equations that depends on the interac- 
tions among actors. The function that defines the interac- 
tions between the actors is inspired by potential theory 
(see [8] for further details). The model used in [8] does 
not involve differential games or optimal control prob- 
lems. 

The prey predator video games based on differential 
games (or on optimal control problems) are a class of 
sophisticated games where teams of (human and auto- 
mated) players interact pursuing conflicting goals using 
natural intelligence and AI. In fact in these video games 
teams of human players, teams of automatic characters 
and mixed teams made of human and automatic charac- 
ters can interact with their opponent teams. The behav- 
iour of the players originating from these interactions is 
implicitly defined choosing the cost functionals, the con- 
straints and the parameter values of the mathematical 
models employed. Note that when differential games and 
optimal control models are used it is easy to fit into the 
video game the relevant physics laws. In fact the physics 
laws can be considered as constraints of the models. 

The closed loop solution of optimal control problems 
or of differential games is usually difficult. In fact it re- 
quires finding the solution of a system of nonlinear par- 
tial differential equations known as Hamilton Jacobi equ- 
ations (see [4]). The numerical solution of the Hamilton 
Jacobi equations can be very challenging. Very few ex- 
amples of models where the Hamilton Jacobi equations 
can be solved explicitly using elementary formulae are 
known. Recently some research has been devoted to the 
objective of finding explicit formulae or numerical algo- 
rithms to solve (not necessarily in closed loop form) dif- 
ferential games that model problems in the applied sci- 
ences (see for example [10] and the reference therein). 

However, for the purposes of the video game pre- 
sented here it is not necessary to solve these models in a 

mathematically rigorous or numerically accurate way, it 
is sufficient to find approximate (suboptimal) solutions 
of the models that give satisfactory results from the prac- 
tical point of view. That is, the suboptimal solutions con- 
sidered must generate a credible form of AI for the auto- 
matic characters, which means that the behaviour of the 
automatic characters on the game scene must be coherent 
with their goals. Moreover, these (suboptimal) solutions 
must be easy to compute in comparison with the numeri- 
cal solution of the Hamilton Jacobi equations associated 
with the mathematical models used. Note that the subop- 
timal solutions employed in the video game presented 
here do not maximize the utility functions of the players, 
in this sense they are suboptimal. However they satisfy 
exactly the constraints, that is, they satisfy exactly New- 
ton’s dynamical principle. The differential equations that 
define the dynamics of the prey and of the predators are 
inspired by classical mechanics. In the case of the prey 
the equations represent the dynamics of a point mass 
subject to an external force (chosen by the human player 
using the joypad) and to a friction force, in the case of 
the (two) predators the equations model the dynamics of 
two point masses subject to elastic forces and to friction 
forces. The elastic forces acting on the predators depend 
on the prey position. The point masses representing the 
prey and the predators move in the Euclidean plane 
obeying Newton’s dynamical principle. 

The solution of the differential equations that describe 
the predators can be written with explicit formulae. This 
solution together with the prey trajectory determined by 
the human player using the joypad can be thought of as a 
suboptimal solution of the differential game used as a 
mathematical model of the rendez vous problem. In fact 
these trajectories satisfy the constraints of the differential 
game, that is they are solutions of the differential equa- 
tions that express Newton’s dynamical principle, but do 
not define a minimax point of the objective function of 
the differential game (in this sense they are suboptimal). 
The suboptimal solution considered is a reasonable com- 
promise between the desire of having a simple formula to 
compute the trajectories that can be easily implemented 
in the game program and the desire of having an accurate 
solution of the mathematical problem that models the 
physical system implemented in the video game. In fact 
the suboptimal solution considered is easy to compute 
and the resulting behaviour of the automatic characters is 
coherent with their goal in the game (i.e. the automatic 
characters try to have a rendez vous with the prey). Al- 
ternatively the solution of the differential equations that 
determine the automatic characters behaviour can be 
thought of as a suboptimal solution of an optimal control 
problem that defines the behaviour of the automatic 
characters in the video game. 

Moreover, the suboptimal solution chosen has a phy-  
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sical meaning related to the action of simple elastic and 
friction forces between the game actors. This makes in- 
tuitive the choice of the values of the parameters (elastic 
constants, masses, friction coefficients, ...) appearing in 
the suboptimal solution and makes easy to understand 
what to do to change the effectiveness of the automatic 
characters in pursuing the rendez vous. This suboptimal 
solution has an educational value for the player, as it 
makes him aware of the elementary properties of elastic 
and friction forces (i.e. viscous damping). In fact, the 
player acting on the joypad must consider that because of 
the mass and velocity of the prey and of the bounds on 
the magnitude of the active forces available, the prey will 
be unable to do some movements such as, for example, 
changing direction of motion too quickly. On the other 
hand also the predators have their own masses and fric- 
tion coefficients and move according to Newton’s dy- 
namical principle. This implies that also their rendez 
vous strategies must be chosen under some physical con- 
straints. That is, the automatic characters neither can 
change direction of motion too quickly. In fact, they can 
change direction of motion in a way that depends on their 
masses, velocities, friction coefficients and on the active 
forces acting on them. These physical constraints are 
implicitly written in the equations of motion satisfied by 
the game actors and are implemented in the game engine 
through the solution of these equations. 

Concluding, the idea of developing games respectful 
of physical laws is an interesting idea that is widely ex- 
ploited (see, for example [6,7]), in particular in state of 
the art commercial video games. However the realization, 
using elementary mathematics, of a video game based on 
differential games to model systems where the actors 
simulate an intelligent behaviour is new. We stress that 
the video game presented here is a prototype and is not 
intended to be a commercial video game. 

The video game is implemented in C++ and Delphi. It 
can be downloaded from the website: 
http://www.ceri.uniroma1.it/ceri/zirilli/w9/. 

In Section 2, we describe the “rendez vous” problem 
and its formulation as an optimal control problem or as a 
differential game. In Section 3 we give a suboptimal so- 
lution of the mathematical models introduced in Section 
2. The software implementation of this suboptimal solu- 
tion is the video game engine. In Section 4 we describe 
some technical and practical details of the implementa- 
tion of the video game. Finally in Section 5 we draw 
some conclusions. 

2. The Mathematical Model of the “Rendez 
Vous” Problem 

Let us formulate an optimal control problem and a diffe- 
rential game problem that will be used as mathematical 
models in the development of the video game. These pro- 

blems are sufficiently general to describe several situ- 
ations where rendez vous between Set 1 actors and Set 2 
actors take place. In these problems the dynamics of each 
actor is described by a system of linear ordinary diffe- 
rential equations. Let  be a real variable that denotes 
time. We assume that the state of the Set 1 actors and the 
state of the Set 2 actors at time t  are described by 
vectors belonging to suitable real Euclidean spaces and 
that a similar statement holds for the control variables 
used to govern these state vectors. The dynamics of the 
state vectors is defined through differential equations 
whose independent variable is time and whose right hand 
side is given by the action of appropriate time dependent 
real matrices on the state vectors and/or on the control 
vectors. 

t

p m n pR
t

n
m

Let , ,  be positive integers,  be the p- 
dimensional real Euclidean space, 0  be a real number 
and let set 1 be made of  actors and Set 2 be made of 

 actors. 
Let us first formulate the rendez vous of the Set 2 

actors with the Set 1 actors as an optimal control problem. 
The dynamics of the Set 1 actors is given by the follow- 
ing system of ordinary differential equations: 

    0

d
, > ,

d
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i
ii

z
G t z t t t

t
i n



 
            (1) 

with the initial condition: 

  0,0 ,  1, 2, , ,i iz t z i n            (2) 

where  4z t R ii  is the state vector of actor  of Set 1 
at time t,  iG t 44 is a   matrix that acts on the state 
vector  z t

t >t t
i  and defines the dynamics of actor i  of 

Set 1 at time , 0 , finally 0,i  is the initial state of 
actor  of Set 1, that is the state of actor  of Set 1 at 
time 

z
i i
t t 1, 2, ,i n0 ,  . 

The choice  4z t R >t t 1, 2, ,i n 

2R

i , 0 , , is moti- 
vated by the fact that in Section 3 a Set 1 actor will be a 
point mass moving in  following Newton’s dy- 
namical principle. In this case we have   4z t R

>t t i t

2R 0>t t 1,2, ,i n  4R
i 1,2, ,i n 

pR 4p

i , 

0 , in fact the state vector of actor  at time  con- 
sists of two bi-dimensional vectors that represent re- 
spectively position and velocity at time t of the point 
mass moving in , , . That is  
is the state space of actor  of set 1, . The 
choice of  with   as state space is necessary to 
describe different situations, such as a point mass moving 
in  or an actor represented by a dipole. The choice of 3R

pR 4p with   as state space can be done without 
changing substantially the analysis that follows. 

Note that the trajectories of the Set 1 actors are im- 
plicitly defined by the system of differential Equations 
(1), with the initial condition (2) and that this initial value 
problem does not involve control variables. That is with 
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the previous choices the Set 1 actors are not pursuing a 
goal conflicting with the goals of Set 2 actors, they are 
moving according to a preassigned dynamics expressed 
by Equations (1). The choice of Equations (1), (2) to 
express the dynamics of the Set 1 actors is only an ex- 
ample and can be changed in many ways leaving un- 
changed the substance of the mathematical model pro- 
posed. 

The dynamics of the Set 2 actors is described by the 
following system of ordinary differential equations: 

       ,

, ,

jj j

0

d

d
> , = 1,2,

j
j

x
A t x t

t
t t j 

B t u t

m

 
        (3) 

with the initial condition:  

 0 0, ,j j  1, 2, , ,x t x j m            (4) 

where   4
jx t R j

t
 is the state vector of actor  of Set 

2 at time ,   2u t Rj  is the control vector used to 
govern the state vector  jx t  at time t, j  A t ,  B tj  
are matrices of the appropriate dimensions acting respec- 
tively on the state and on the control vectors  jx t  and 

ju t t >t t
j

 that define the dynamics at time , 0 , of 
actor  of Set 2 and 0, jx  is the initial state of actor  
of Set 2, . Note that the control vector 

j
1, 2, ,j   m

 ju t , 0 , , must be chosen in a class 
of admissible controls, this choice is made in order to 
achieve a preassigned goal, that in our case will be the 
“rendez vous” with the preys. The assumptions  

>t t 1,2 ,j   m

  4
jx t R  ,   2Rj , 0 , , are 

motivated by the fact that in Section 3 a Set 2 actor will 
be a point mass moving in  following Newton’s dy- 
namical principle with state vector belonging to , and 
that the control vector acting on it will be interpreted as a 
force acting on the point mass, that is as a vector belong- 
ing to . More general situations can be considered 
without changing substantially the content of this sec- 
tion. 

u t  2, ,j m

4R

>t

2R

t 1,

2R

In this section, for the sake of simplicity, we have 
assumed that the state vectors jx , , and 1,2, ,j m 

iz , , have the same dimension and that for 
,  the rendez vous of actor  

of Set 1 with actor  of Set 2 consists in having at a 
certain time during the game the two actors (appro- 
ximately) in the “same state”. 
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In Section 3, the actors are point masses subject to 
Newton’s dynamical principle and for , 

, the rendez vous of actor  of Set 1 with 
actor  of Set 2 consists in having at a certain time 
during the game the two actors (approximately) in the 
“same position”. Note that in Section 3 there is no 
condition on the velocities of the actors at the time of the 
rendez vous. That is the rendez vous of Section 3 can be 
seen as a clash between a set 1 actor and a Set 2 actor. It 

is easy to see that the two rendez vous definitions used in 
this section and in the Section 3 define two different 
video games. There are many other different ways of 
defining a rendez vous and as a consequence of defining 
video games. 

i

Let 0  be given, T  is the time horizon of the 
rendez vous problem. That is, the rendez vous must take 
place (or not take place) in the time interval 0 . This 
means that the game starts at time t  and ends at 
time 

,t T

0t
t T . 

We consider the following cost functional: 
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where  denotes the Euclidean norm of vector  , 
 ,U1  ,U2  and   

4 4R R
 are suitable nonnegative real 

functions defined in   (i.e. utility functions) 
whose minimization guarantees the rendez vous of   
with , and , ,i j j i j , , , 1,2, , , 1, 2, ,i n j m     

1U 2U

, 
are nonnegative constants. A simple way of choosing 

 and  that guarantees the rendez vous is:  
    2, ,U U1 2       . 

The control problem that models the rendez vous of 
the Set 2 actors with the Set 1 actors when the latter do 
not pursue a goal conflicting with the goals of Set 2 
actors can be stated as follows:  

 1 2minimize , , , ,

, 1, 2, ,
m

j

J u u u

u V j m 




V

1,2, ,i n

          (6) 

subject to the constraints (1), (2), (3), (4), where  is a 
suitable set of admissible controls. 

Note that for   1,2, ,j m , , the choice 
of the constants ,i j , ,i j  determines the assignment of 
the predators to the preys for the capture. In fact when 
 ,, ,i j i j   is different from  the predator  is 
assigned to the capture of the prey  and when 

(0,0) j
i

 ,, ,i j i j   is equal to  the predator  does not 
consider the prey  as one of his targets. For 

(0,0) j
i

1, 2, ,j m  the constant j   measures how many 
“resources” available to the predator  (i.e. the control 
vector 

j
 u t

, , , 1, 2, , ,j i n

j ) can be spent to chase the prey or the preys 
assigned to it. 

The choice of the constants , ,i j i j    
1, 2, ,j m

 
  U

1U 2U
stants ,i j

, of the functions 1U , 2 , of the cost 
functional (5) and of the constraints (1), (2), (3), (4) 
determines the behaviour of the predators, that is, defines 
the “artificial intelligence” (AI) of the predators. 

Moreover, when the functions ,  and the con- 
, 1, 2, ,i n , 1, 2, ,j m  , are , ,i j  
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chosen op ly l t  third 
set of addenda of (5) corresponds to trying to realize the 
rendez vous, in fact this implies that the distance (in state 
space) between the actors of Set 1 and the actors of Set 2 
measured by the functions 1U  and 2U  is small. 

Note that when we choo    

 appr riate  making smal he first and the

se 
2

1 2, ,U U         
th he squares ofe first set of addenda of (5) is  
the distances in state space at time t T  between the 
couples of Set 1 and Set 2 actors times e nonnegative 
constants while the third set of addenda of (5) is the sum 
of the mean values in the time interval 

 the sum of t

 som

0 ,t T  of the 
square of the distances in state space betwee  couples 
of Set 1 and Set 2 actors times some nonnegative con- 
stants. The cost of the rendez vous operations is repre- 
sented by the second set of addenda of (5), that, up to 
nonnegative multiplicative constants, is the sum of the 
mean value in the time interval 

n the

0 ,t T  of the squared 
norm of the control vectors. Makin ll the second set 
of addenda of (5) during the rendez vous operation 
means that the goal of achieving the rendez vous is pur- 
sued keeping the “consumption” of the control vectors 
small. Finally the values chosen for the nonnegative con- 
stants ,i j

g sma

 , j , ,i j , 1,2, ,i n  , 1,2, ,j m  , 
that ap  in ) m e e 
weights of the three sets of addenda of (5). This corre- 
sponds to the choice of the relative weights given to the 
goals represented by these three sets of addenda of the 
cost functional. 

Given the fac

pear f the relativ

t that t e Set 1 actors follow the tra- 
je

on where a differential game 
is

 (5

d

de ine the choic oter

h

er the situati

ctory implicitly defined by the initial value problem (1), 
(2), Problems (6), (1), (2), (3), (4), is a formulation of a 
“rendez vous” problem as an optimal control problem. In 
this rendez vous problem the Set 1 actors follow their 
trajectories defined by (1), (2) ignoring the presence and 
the action of Set 2 actors. Set 2 actors pursue both the 
goals of having a rendez vous with the Set 1 actors and 
of keeping the values of the control vectors low (they 
indicate the consumption of resources employed for the 
rendez-vous). 

Let us consi
 used as model of the rendez vous problem. We gene- 

ralize the optimal control Problems (6), (1), (2), (3), (4) 
in a differential game problem. First we change the de- 
finition of the dynamics of Set 1 actors and we define the 
new dynamics of Set 1 actors as follows:  

       

0

,
d
> , 1, 2, , ,

ii i iG t z t D t v t
t

t t i n

 

 
        (7) 

d iz

  0,0i iz t z , 1, 2, , ,i n               (8) 

e wher   2
iv t R  is the control vect

ctor 
or relative to the 

state ve  iz t
riate dim ing on

4R  at time t and  iD t  is a matrix 
of the approp ensions that act  the control 

vector  iv t  contributes to the definition of the dy- 
namics of the state vector  iz t  at time t , 0>t t , 

1, 2, ,i n  . The choice  2
iv t , 0>t t ,   R

1,2, ,i n  me motiv on than the ana- 
logous choic

ains unchanged 
an

1, 2, ,j m

, has the sa ati
e made for the Set 2 actors. 

The dynamics of the Set 2 actors rem
d is described by Equations (3), (4). 
Let 0 , ,, , , , , 1, 2 , ,i j j i jt T i n      , be 

as above and *
i


, 1, 2, ,i n  , be nonnegative 

e following 
 con- 

stants, we consider th cost functional: 
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1
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*
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2
0 01 1 1

, d
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d d ,
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 (9) 

The differential game considered is the following: 

, , , , , , ,J u u u v v v 

 1 1 2 1 2m

, ,

1,2, , , 1, 2, , ,

m n

j i

inimize maximize , , , , , , ,J u u u v v  v

u V v W

i n j m

 

  
 

(10) 

subject to the constraints (3), (4), (7), (8), where W

t 1 actors maximize the functional 1

 is a 
suitable set of admissible controls and V has been intro- 
duced previously. 

Note that the Se J  
with respect to the control variables iv , 1, 2, ,i   , 
while the Set 2 actors minimize the functional 

n

1J  with 
respect to the control variables ju , 1, 2 ,j m . 
When the constants *

, ,

,
, , , 1, 2, , ,j n   ,i j i j i i    j  

1, 2, , m  , and the  
ditions this implies tha  1 actors try to 

make large their distance (in state space) from the Set 2 
actors making large the set of addenda of (9) containing 
the expressions 

functions 1U , 2U  satisfy some
obvious con t the Set

    1 , ijU x T z T  and the set of ad- 
denda containing the expressions 

    2d ,
T

ijtU x t z t , 1, 2,i
0t

, , 1, 2, ,n j m   , that  

is the Set 1 actors try  avoid the rendez vous w



 to ith the 
Set 2 actors. Moreover, the Set 1 actors pursue the goal 
of avoiding the rendez vous with the Set 2 actors using a 
“small quantity” of the control variables  iv t , 

1, 2, ,i n  , and this last objective is expressed b e 
aximizing the set of addenda of (9) con-  

taining the expressions 

y th
attempt of m

*
2

d ( )
Ti t v t


 , 1,2, ,i n  .  

02 it
of 1J  given in ) the strateg(9 y That is with the choice 

pursued by the Set 1 actors that maximize 1J  is an 
“escape” strategy (i.e. the attempt of avoiding th  rendez 
vous) that takes into account the need of keeping the 
“consumption” of the 

e

iv , 1,2, ,i n  , control vari- 
ables small. On the other an actors minimize  h d, the Set 2 
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the functional 1J  with respect to the control variables 

ju , 1, 2,j m  , which implies that the Set 2 actors 
ndez vous keeping small, with respect 

to the variables 

,
try to realize the re

ju , 1, 2, ,j m  , the sets of addenda 
of (9) that conta  th s in e expression     1 , ijU x T z T   

and the expressions     2d ,
T

ijtU x t z
0t

t ,  

2, , . Finally, keeping small the  1,2, ,i n  , 1,j m

term   2

0
d

T

jj t
t u t

   

e the goal of having a 

1 2
m j of (9) the Set 2 actors try to  

achiev rendez vous with the Set 1 
actors using a “small quantity” of the control variables 

 ju t , 1, 2, ,j m  . Problems (10), (3), (4), (7), (8) is 
ulation of a “rendez vous” problem as a diffe- 

rential game. 
Note that w

a

hen the Set 1 actors pursue not only the 

 for

go

m

al of avoiding the rendez vous (escape strategy) using 
a “small” quantity of the control vectors, but also the 
goal of reaching a location 

0
  in the state space we  

must add to (9) the terms  
21, d

Tn i z t t


   
1 002 ii t 

and/or  
2

0

2,

1 2
n i

ii
z T





  ere 1,i, wh  , 2,i ,  

, , are positive co more g eral 
t hat is

1,2,i n nstants or en
erms (t , for example, terms involving the functions 

1U  and 2U ) able to measure the “distance” between iz  
 and

0
 , 1,2, , n . Note that, using the terms d - 

fined n, 
i  e

 in th oductioe Intr
0

  represents the home of the 
preys. The i -th actor reac s the location he

0
  when the 

distance bet een the state vector of actor and w i  
0

  is 
smaller than a given tolerance, 1,2, ,i n  . 

In this last case, the cost fu ) nctional (9 can be re- 
written as: 
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2, ,, ,i j

J u









where the constants *, ,i j j i, 1,, ,i i       1,i   
ns stated pre-

sly. The different
2, , , 1, 2, ,n j m  , s  

ial game considered is: 
atisfy the conditio

viou

 1 1 2 1minimize maximize , , , , ,m n2 , ,

, ,

1,2, , , 1, 2, , ,

j i

J u u u v v v

u V v W

i n j m

 

 



 
 

(12) 

subject to the constraints (3), (4), (7), (8), where W

 the constraints of the 
op

t functionals 

 and 
V  have been defined previously. 

Note that Equations (3), (4) are
timization problem (6) and that similarly Equations (3), 

(4), (7), (8) are the constraints of the optimization pro- 
blems (10) and (12). 

Sometimes the cos J , 1J , 2J  given re- 
sp j tiv

hoices of the functionals J , 1J  and 2J  
ob e nc 1

j nd of the 
constants i1,

ectively by (5), (9), (11) are called ob ec e or utility 
functionals. 

Different c
tained, for example, by changing th fu tions U  

and 2U , changing the values of the constants  
*

, ,, , , , 1,2, , , 1, 2, ,i j i i j i n j m       , a
, 1,2, ,i n, i2,    , or a diff

am  uations obtai
erent choice 

of the dyn ical eq ned by changing the 
matrices  jA t ,  jB t , 1, 2, ,j m  ,  iG t ,  iD t , 

1,2,i , n   diffe es. In pa r 
e values of the constants *

, ,, , , ,i j j i i j

, result in rent gam  rticula
changing th      

1, 2,, , 1,2, , , 1,2, ,i i i n j m     , as t 
e actors of the game 

and, as a consequence, results in different behaviours of 
the actors during the game. Recall that the strategies 
adopted by the game actors are (approximate) solutions 
of the mathematical models adopted for the “rendez 
vous” problem. That is, they are the (approximate) solu- 
tions of the optimal control problems or of the differ- 
ential games presented previously. 

We can conclude that the differe

signs differen
weights to the goals pursued by th

nt mathematical pro- 
bl

 the functions 1U  and 2U , we dis- 
cu  th et

r to be able to play with the video 
ga

ems obtained by changing the cost functionals and/or 
the dynamical equations and/or the rendez vous defi- 
nition lead to different video games, that have the same 
goals/rules, but are characterized by a different mixtures 
of parameters. From the point of view of the player, 
some of these video games are easy and some of them 
are difficult to play. 

In Section 5, given
ss in a special case how to change e param er values 

that appear in the cost functional and in the dynamic 
equations to change the effectiveness of the actors in 
pursuing their goals. 

Recall that, in orde
mes derived from these mathematical models, it is 

necessary to be able to compute their solution (or their 
approximate solution) in closed loop form. In fact, “real 
time” reaction is needed when playing a video game. 

It is important to notice that when we choose  
    2

1 2, ,UU         the optimal control pr
the differential games (10), (3), 

(4), (7), (8) or (12), (3), (4), (7), (8) due to their special 

oblems 
(6), (1), (2), (3), (4) and 
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form (i.e.: linear constraints and quadratic cost functional) 
can be approached analytically and numerically with ele- 
mentary tools. A closed loop solution of these problems 
can be easily computed. That is, the Hamilton Jacobi 
equations satisfied by the value function associated to 
these models can be reduced to a matrix Riccati equation 
and this last equation can be solved numerically at an 
affordable computational cost. However the video game 
presented in Section 3 and Section 4 does not contain the 
solution of this matrix Riccati equation. In fact, for sim- 
plicity, we prefer finding easy-to-compute suboptimal 
solutions of the mathematical problems mentioned above, 
that “define” video game actors acting according to the 
goals stated in the game declaration. 

3. A Heuristic Solution of the “Rendez Vous” 

Le  the mathematical models presented i

da

ur

y 

tation: 
 

f the rendez vous problem;  

ator, 1, 2j  ; 

Problem 

t us specify n 
Section 2 to the case of the video game that will be pre- 
sented in detail in Section 4 and let us explain the heuri- 
stic meaning of the suboptimal solution of the models 
implemented in the software. The case presented in the 
video game of Section 4 can be summarized as follows: 
in a region   of the Euclidean plane there are two pre- 
dators and one prey. The physical boundaries of the re- 
gion   limit the space where the action of the game 
takes place. In order to simplify the exposition we choose 
the region   equal to the Euclidean plane, so that there 
are no boun ries to consider. At the end of this Section, 
we discuss briefly what to do when   has nonempty 
boundaries. The predators want to capt e (i.e. to have a 
rendez vous with) the prey. The prey wants to escape the 
capture and wants to reach (with velocity not necessarily 
zero) its home. The prey home is a point belonging to the 
region   marked on the computer screen with a cross. 
The pre and the predators are the actors of the game. 
Each actor (prey or predator) is represented as a point 
mass that moves in the region   to pursue its goals. 
The movement of the point masses satisfies suitable equ- 
ations of motion expressed by ordinary differential equ- 
ations. The equations of motion express Newton’s dy- 
namical principle for the point masses (actors) con- 
sidered. The control variables are forces acting on the 
appropriate point masses. 

Let us introduce some no

0 0t   initial time;  
 0>T t  time horizon o
 > 0xm  mass of the prey;  
 > 0jm  mass of the j -th pred

       T 2,h h h
1 2x t x t x t R   prey position (i.e.: po-  

sition of the point ma

ansposed and should not b nfused with 

on of th e

 

ss animated by the human player) 
at time t , 0t t T  . Note that the superscript T  

the time horiz e rendez vous problem also d - 
noted with T and that the superscript h denotes the 
actor animated by the “human” player; 

means tr e co

       2
1, 2,,

T

j jj
y t y t y t R  , position of the j -th 

predator at time t , 0t t T  , 1, 2j  ;  

  1,0 2,00 , 2Th h hx x x R   initial position of the prey;  

 0 0 0
1, ,j jj

y y   

predator, j

 2
2,

T
y R  initial position of the j -th

1, 2 ; 

  1,00 , 2T

2,0
h h hx x R  x   initial velocity of the prey; 

 0 0 0
1, ,j jj

y y  re-  

dator, 1,j

 2
2,

T
y R  initial velocity of the j-th p

2 ; 
 0x   friction 
 

coefficient of the prey;  
0j   friction coefficient of the j -th predator, 

ator to the prey, 1,2=j ;  

 by the follow- 
in

1,2=j ; 
 0jK   elastic constant of the force attracting the 

j -th pred
The dynamics of the game actors (7), (8), (3), (4) in 

the special case considered here is defined
g system of ordinary differential equations (i.e.: equ- 

ations of motion) and initial conditions: 

 
2

02

d d
, <

dd

h h

x x < ,
x x

t T      (13) m v t t
tt

 

 0 0 ,h hx t x                         (14) 

 0 0

d

d

hx
t x

t
  ,h                        (15) 

 
2

2

0

d
,

dd
< < , 1,2,

j j
j j j

y
m u t

tt
t t T j

 



            (16) 

d y

  0
0 , 1, 2,

j j
y t y j                   (17) 

  0
0

d
, 1, 2

d
j

j

y
t y j

t
 

where the control 

,                 (18) 

 v t , 0 <t t
human player using the joypad, and the control functions 

< T , is chosen by the 

 ju t , 0 < <t t T , 1,2j  , are ch

using ple idea based 

osen by the game 
engine. These last control functions will be chosen later 

a sim on elastic forces. Note that 
rewriting Equations (13) and (16) as systems of first 
order equations transforms them in the forms (7), (3). 
These equations are simple expressions of Newton’s dy- 
namical principle of classical mechanics. In fact they are 
simple examples of the physical law ma F  where m  
is the mass, a  is the acceleration of the point mass con- 
sidered and F  is the force acting on it. That is, for 
example, Equation (13) can be interpreted as follows: 
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given the fact that the prey is a point mass of mass xm  
and that  hx t  is the prey position at time t , the term  

2

2

d

d

h

x

x
m

t
 sents the mass of the prey multiplied by  repre

its acceleration and the force acting on the prey is given  

by the vector 
d

dx

hx
F v

t
  , where 

d

dx

hx

t
  is a  

friction force an  variable d the control v  is a 
uman player usi  joypad

force 
chosen by the h ng the . For 

1,2j  , the predator j  is a point mass of mass jm  
and Equation (16) is the equation of motion of predator 

 easy to see that Equation (16) can be interpre  
as Equation (13). 

The control function 

j . It is ted

 v t , 0 < <t t T , is chosen by 
the human player having in mind the prey goals. Looking 
at ere  game sc the computer screen wh the ene is displayed 
in real time the human player chooses this control func- 
tion acting on a joypad. 

The control functions  ju t , 0t t T  , 1, 2j  , 
appearing in (16) are chosen “solvi e mathematical 
m oblem nd this choice define

ng” th
odel of the rendez vous pr  a s 

the behaviour of the predators, that is defines the ar- 
tificial intelligence of the predators. For example let us 
consider the functional: 

   

    
01

2

3
01

d
2

, d ,
2

jt
j

Tj h

jt
j

u t t

U y t x t t










 
    (19) 

2 2

3 1 2,
TjJ u u


 

where j , j , 1,2j  , are positive constants. The 

3functional J  defined in (19) can be seen as a variation 
onof the ct al fun i J  defined in (5). The constants j , 

j , 1,j   play the same role as the constants 2 , j , 
1, 2, ,j m  , and ,i j  , 1, 2, ,i n  , 1, 2, ,j   , 

 (5) and the function 3U  depends on e 
een the  rs and - 

mum value is reached when this distance is zero. The 
simplest choice of 3U  is  

m
appea th

t  its mini
ring in

ance betdis w two position vecto

2

3 ,U      . The fact that 

3U  is chosen as a function of the position vectors of the 
actors and not of the state ve osition and 
velocity) is a consequence of the interpretation of the 
rendez vous as “approximately in the same position” 
adopted in this section, instead of the interpretation of the 
rendez vous as “approximately in the same state” adopt- 
ed in Section 2. 

The control problem that we consider in the video 
game as mathematical model of the

ctors (ma f p

 rendez vous problem 
ca

de o

n be written as follows: 

 1 2minimize 3

1 2

, ,

,

J u u

u u S
           (20) 

subject to the constraints (13), (14), (15), (16), (17), (18), 
where S  is a suitable set of admissi
that, as already said, for the purposes of the video game 

ble controls. Note 

we need a closed loop solution of the control problems 
(20), (13), (14), (15), (16), (17), (18), in fact for 

Ttt 0  when at time t  we must choose the control 
variables  ju t , 1, 2j  , the control variable  v   
has been chosen (by the human player) only for 

0t t  , and the corresponding vector  x   is known 
(to the game engine) only for 0 < < t . 

A suboptimal solution of the control problems (20), 
(13), (14), (15), (16), (17), (18) can be found solving the 
following system of differential equations and initial con- 
ditions: 

2

0

d d
, < < ,

d d

h h

x x

x x
m v t t T

t t
        (21) 

 0 0 ,h hx t x                        (22) 

 0 0

d
,

d

h
hx

t x
t

                        (23) 

 
2

2

0

d d

d
< < , 1,2,

j j h
j ,

dj j j

y y
m K

t
t t T j

   



y x
t     (24) 

  0
0 , 1,2,

j j
y t y j                 (25) 

  0
0

d
, 1,2,

d
j

j

y
t y j

t
                (26) 

where jK , 1, 2j   are positive constants. Note that 
Equations (21), (22), (23) are simply
These equations are repeated here 

his corresponds

 Equations (13)-(15). 
to simplify the expo- 

sition. T  to choose  

   h
jj j

u t K y x   , 1, 2j  , as suboptimal solution  

of (20), (13), (14), (15), (16), (17), (18). The force  

   jj j
 force generated by a  

string of elastic constant K  t

hu t K y x    is the elastic

j hat pushes 
j

y  toward 
hx , 1, 2j  . The previous choice of the control 

functions ju t , 0t <t T , 1, 2j  , defines predators 
that behave coherently with their goal, that is predators 
that try to have a rendez vous with the prey. The solution  

      1
, ,h

2
,x t y y t  t t Tt 0   , of problems (21),(22),  

(23), (24), (25), (26) is determined once chosen the 
control function  v t , 0t t T  . This solution des- 
cribes a scene wher  1,j e for 2 , and 0t t T   the 
predator j  located at time t  in  

j
y t  tries to make 

small its distance from the prey while the prey located at 
time t  in  hx t  tries usin orce g the f v  chosen by the 
human player, to make small  the home 
represented as a cross on the screen a  make large its 

 its distance from
nd to
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distance from the predators. The human player pursues 
the prey goals looking on the computer screen the game 
scene displayed in real time and choosing consequently 
the control function  v t , 0 < <t t T , acting on the 
joypad. In fact the trajectory implicitly defined by (21), 
(22), (23) is determined by the human player choosing 
v . The trajectories implicitly defined by (24), (25), (26)  

are determined by the choice  h
jj j

u K y x   ,  

1, 2j  , made in (24) of the control variable ju  a - 
pearing in (16). This choice of the control variables 

p

ju , 
1, 2j  , guarantees that the he 

dators try to reduce the dista redators
forc pre- 
nce between the p  

and the co
0)

(13), (1

es acting on t

 prey. That is the choice made of the ntrol 
variables defines a suboptimal solution of problems (2 , 

4), (15), (16), (17), (18) such that the behaviour 
of the game actors is coherent with their goals in the 
game. Moreover this suboptimal solution of problems 
(20), (13), (14), (15), (16), (17), (18) can be computed as 
a closed loop suboptimal solution through explicit for- 
mulae. In particular for the prey position, solution of (21), 
(22), (23), the following formula holds:  

   

     0

0 0
0

1
d

1
e e

th h hx

t
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tt t m hxx x

m
x t x x v

m
x v

 
 

0
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.

t mx x

t
x x
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(27) 

Similar formulae hold for the predator positions, solu  
tion of (24), (25), (26). 

at for 1,2j  , increasing the value of the e

 

  


 









-

Note th
stic constant 

la- 

jK , or decreasing the value of the mass 

jm  correspond to increasing the effectiveness of the 
predator j  in chasing the prey. 

Finally let us note that the force  v t , 0 < <t t T , 
chosen by the uman player using the joypad and the  

forces 

 h

 h
jj j

u K y x   , Ttt <<0 , 1,2j  , can be  

se iffe ntial gamen as a suboptimal solution of the d re e 
defined by: 

 1im , 2
4minimize max ize , ,

1 2,

J u u v

subject to the constraints (13), (14), (15), (16), (17), (18) 
where: 

u u U v W 
    (28) 
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d d ,
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T Th
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where 0 1,0 2,0,
T

     is the location of the prey 
home in the Euclidean plane and , 1,2j, , 1 , 

2 22

3
1

d , d
2

T Tj j h
j

j

u t t U y t x t t
 



     (29) 

j j 
  are positive constants. Moreover this subop
solution of problems (28), (13), (14), (15), (16), (17), (18) 
can be computed using elementary formulae in closed 
loop form. This means that for 00 < <t t T  the sub- 

 solution of time 

timal 

optimal t  can be computed using only 
information available at time t . 

In a future work instead of building a video game 
starting from a suboptimal solutions of a mathematical 
model such as (20), (13), (14), (15), (16), (17), (18) or 
(28), (13), (14), (15), (16), (17), (18) as we have done 
here, we will consider a video game based on the closed 
loop solution of the mathematical model going through 
the reduction of the corresponding Hamilton Jacobi equ- 
ations to a matrix Riccati equation and the numerical 
solution of this last equation. 

We conclude this Section discussing briefly the case 
when  , instead of being the two dimensional Eucli- 
dean plane, is a proper subset of the Euclidean plane. 
When   is a subset of the plane with non empty boun- 
dary in order to keep the trajectories of the game actors 
inside   we add, to the already considered forces, also 
a force generated by a strong short range repulsive poten- 
tial infinite on the boundary of  . In this case it is 
necessary to integrate numerically the resulting equations 
of motion of the game actors. In fact, the presence of the 
force generated by the repulsive potential inhibits the 
possibility of writing explicit formulae for the solutions 
of the equations of motions. 

4. The Video Game 

4.1. Game Description 

The video game presented here consists of two predators 
chasing a prey animated by a player using a joypad. The 
prey to save his life and to increase his point score must 

presented with a cross 
and must avoid the predators. 

reach its home, that is a target re
on the computer screen 
The game field   is the entire plane and the prey is 
always on the computer screen, since the screen window 
automatically scrolls up, down, left, right according with 
the movement of the prey. The video game can be down- 
loaded from the website:  
http://www.ceri.uniroma1.it/ceri/zirilli/w9. 

The prey is a point mass represented as a black disk on 
the computer screen and its movement is implicitly de- 
fined by the equations of motion and initial conditions 
(21), (22), (23). The equation of motion (21) depends on 
the force v  chosen by the human player acting on the 
joypad. The predators are point masses repre
dis

sented as red 
ks on the computer screen and their dynamics is des- 

cribed by the equations of motion and initial conditions 
(24), (25), (26). Figure 1 shows the game window, with  
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Figure 1. A scene taken from the video game. 
 
the prey, the predators (black and red disks) and the prey 
home (a red cross). 

The human player to move the prey uses the washer on 
the left of the joypad choosing the force that will deter- 
mine the movement of prey (i.e. this corresponds to 
choose the control function v  of Section 3). The move- 

ent of the (le washer to the right provides a force that 

ovides a force that pushes the prey 
up

t

 without being 
pe

e

nstants change at each level of 
th

ors in chasing the prey (i.e, for example, the 
el

has reached the target. When the player reaches 
th

prey and of the predators; 3) 
les the 
 com- 

ypad via a USB port and converts the 
he

, “end” 
(g op left wa- 
sh

m ft) 
pushes the prey to the right on the screen, the movement 
of the washer up pr

wards on the screen and so on. The force magnitude is 
directly proportional to the washer slope. 

For all practical purposes the time horizon of the game 
is infinite, that is in the ac ual implementation of the 
video game T  has been chosen as a large positive con- 
stant. The game stops when the prey reaches its home 
(victory of the prey) or when the predators reach the prey 
(victory of the predators). The human player (the prey) 
can escape from the predators indefinitely

nalized, for example, he can escape until he presses the 
“back” button stopping the game execution. The game is 
made of thre  levels of increasing difficulty. The pre- 
dators of the three levels feature an increasing effective- 
ness in chasing the prey. 

The effectiveness of the predators is controlled by 
changing the values of some of the constants in the mo- 
tion equations presented in Section 3. In particular, de- 
creasing the value of the mass parameter increases the 
effectiveness of the corresponding predator in chasing 
the prey. 

The values of these co
e game. The choice of the value of the time step used in 

the computation of the trajectories is done through a 
calibration procedure that takes into account the hard- 
ware where the video game is running. The values of the 
constants that increase or decrease the effectiveness of 
the predat

astic constant, or the mass and the friction coefficient 
of the predators) have been chosen calibrating the diffi- 
culty of each level of the game on the ability of a sample 
of five experienced players aged between six and thirteen 
years. 

To move to the next level the human player must reach 
the target (i.e. its home) ten consecutive times without 

being intercepted by the predators. Each time the human 
player reaches the target, his point score increases by an 
amount (1-2-3 points) equal to the level where he is and a 
counter computes the number of consecutive times the 
player 

e target, a graphical window appears on the screen 
stating that the target has been reached. When the player 
closes the message window, a new target appears on the 
screen, prey and predators are repositioned, and the game 
starts again. The repositioning of the prey and of the 
predators on the screen is random and is obtained using a 
random number generator. If the predators reach the prey 
three consecutive times the game ends with the message 
“game over” and player’s final score is displayed. When 
the player moves to the next level of the game receives a 
bonus of 1000 points. In the third level of the game the 
player can play indefinitely. 

4.2. Software Implementation of the Game 

The software implementation of the video-game consists 
of three parts: 1) the joypad interface (XboxGamepads.dll) 
that handles the communications between the joypad and 
the game engine; 2) the game logic software that com- 
putes the displacement of the 
the graphical interface (XboxGame.dll) that hand
communications between the game engine and the
puter screen. 

The two interfaces are implemented as dll codes and 
are written in Delphi. Delphi is a programming language 
that can be seen as an evolution of the Pascal language. 
The game software is implemented in C++ code. 

1) Joypad interface: XboxGamepads.dll 
This interface interprets commands coming from the 

Xbox 360 jo
xadecimal data transmitted by the joypad into suitable 

records containing computer logical variables (true/false) 
or double precision numbers. 

The used joypad buttons are “start” (game start)
ame end), “green” (game pause) and the t
er. 
The signal transmitted by the top left washer key is 

interpreted as an ordered couple of real numbers 1 , 

2  belonging to the interval  1,1 . The vector 
 1 2,

T   coming from this w
 

asher is the force that the 
hu

 his action on the washer and the force provided to 
th

scr
screen” w

man player provides to the prey. To make it easy for 
the human player to understand the correspondence be- 
tween

e prey, the vector  1 2,
T   points in the direction of 

the tilted washer projected on the plane of the computer 
een when the joypad is kept “parallel to the computer 

ith the washer on the side of the human player 
sitting in front of the computer screen and the norm of 
the vector  1 2,

T   is proportional to the slope of the  
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tilted washer. 
In Section 3 this f enoted with orce is d  1 2, ,

T
v v v  

where 1v , and 2v  are the Cartesian components of the 
two dimensional vector representing the force. By appro- 
priately choosing the reference frames we have: 

   1 2 1 2, ,
T T

v v v    . 
2) Game oftware—C++ code game_body_  logic s

rposes in the

e engine 
and the joypad and cali g some parameters depend- 
in

pose is to check the input of the buttons, in 
pa

osts the video game. This calibration is done 
w

en presented 
th

 fact, the mathematical 
and the methods used to solve the 

to simulate the intelligent 

different ways. For example, it is possible to use adaptive

def.cpp  
The game logic software serves two pu  

game. The first purpose is the initialization of the game, 
which consists in assigning the values of the game para- 
meters, opening the communications between th

bratin
g on the CPU of the computer that runs the game. The 

second pur
rticular of the end game button, to handle the data 

acquisition from the joypad washer in order to compute 
the new positions of the prey and of the predators and to 
compute the new positions of the prey and of the pre- 
dators. 

The computation of these positions is done for the prey 
using the data relative to the force transmitted by the 
joypad and Formula (27), and for the predators using for- 
mulae analogous to Formula (27) derived from Equations 
(24), (25), (26). As already said, the time interval used in 
the computation of the solution is calibrated on the hard- 
ware that h

hen the video game starts. Indeed, on the hardware 
commonly available today, the time required to compute 
the new positions from the data available is negligible in 
comparison to the reaction time of the player and the 
calibration chooses a time interval such that the move- 
ments on the computer screen of the game actors are 
compatible with an effective human intervention in the 
game. 

3) Graphical interface: XboxGame.dll 
The dll XboxGame graphic interface allows displaying 

the scene of the game on the screen every time that the 
engine communicates new data. 

5. Conclusions 

In this work, a class of video games has be
at relies on the solution of optimal control problems 

and differential games. We have shown how ideas taken 
from classical mechanics and elementary calculus can be 
used to build a video game. In
models employed 
resulting problems are able 
behaviour of the predators, thus can be used to imple- 
ment a simple AI form. 

The AI form implemented in the game presented 
Section 4 is very simple and can be enhanced in many 

choices of the masses 

 

jm  and of the elastic constants 

jK , 1, 2j  , appearing in the suboptimal solution pre- 
sented in Section 3. That is, the elastic constants and the 
masses of the predators can be adapted to the ability of 
the human player. This kind of adaptivity is motivated by 
th

of 
This experim

 develop an intuitive com- 
pr

the automatic characters can be ca- 
lib

[1]

Primavera, 
“Adaptive Experience Engine for Serious Games,” IEEE 
Transactions ligence and AI in 
Games, Vol. 1 0. 

e need of making the game enjoyable for players hav- 
ing different skill levels. 

As mentioned in the Introduction, we have done an 
experiment on a sample a few dozens of young players. 

ent shows that, after some matches, children 
aged between five and eight years do understand the 
presence of restrictions to their movements and to the 
movements of their opponents due to Newton dynamical 
principle. An interesting finding is that even the youngest 
players after few attempts do

ehension of the physical laws and consequently are 
able to improve their movements and their ability to 
escape from the predators. The same experiment shows 
that teenager players get easily bored by the video game. 
That is the video game is too simple for teenagers players. 
For example the graphic and the environment of the 
game is too simple for players already acquinted with 
commercial videogames. These players may be interested 
in the game as a virtual laboratory where to do experi- 
ments about Newton’s dynamical principle in a recrea- 
tional environment. 

The previously considered differential game models 
allow to develop many different video games. For ex- 
ample teams of actors moving in three dimensional space 
can be considered. Moreover, the rendez vous definition 
can be changed taking into account both positions and 
velocities instead of only positions and other forces (e.g. 
gravity) could be added to the physical constraints. Fi- 
nally the ability of 

rated on the ability of the human players. 
In conclusion the idea of simulating intelligent behav- 

iour using models taken from mathematical analysis and 
elementary physics that has been exploited in this paper 
is a rather general idea that can be used in many circum- 
stances and that deserves further investigation. 
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