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Abstract 
 
This paper presents a simple damage-gradient based elastoplastic model with non linear isotropic hardening 
in order to regularize the associated initial and boundary value problem (IBVP). Using the total energy 
equivalence hypothesis, fully coupled constitutive equations are used to describe the non local damage in-
duced softening leading to a mesh independent solution. An additional partial differential equation governing 
the evolution of the non local isotropic damage is added to the classical equilibrium equations and associated 
weak forms derived. This leads to discretized IBVP governed by two algebric systems. The first one, associ-
ated with equilibrium equations, is highly non linear and can be solved by an iterative Newton Raphson 
method. The second one, related to the non local damage, is a linear algebric system and can be solved di-
rectly to compute the non local damage variable at each load increment. Two fields, linear interpolation tri-
angular element with additional degree of freedom is terms of the non local damage variable D  is con-
structed. The non local damage variable D  is then transferred from mesh nodes to the quadrature (or Gauss) 
points to affect strongly the elastoplastic behavior. Two simple 2D examples are worked out in order to in-
vestigate the ability of proposed approach to deliver a mesh independent solution in the softening stage. 
 
Keywords: Elastoplastic, Damage Behaviour Coupling, Isotropic Hardening, Damage Gradient, Finis  

Elements 
 
1. Introduction 
 
It is well known that the local constitutive equation ex-
hibiting an induced strain softening which succeeds to 
the positive strain hardening, leads inevitably to more or 
less strain localization. Strain localization refers to the 
emergence of finite narrow bands inside which the plas-
tic flow localizes while the remaining part of the de-
forming body is elastically unloaded. However, it has 
been shown in several published works, that the numeri-
cal solution (using FEM) of this class of dissipation 
problems exhibits a high sensitivity to the space and time 
discretization [1-7]. Among these problems, the fully 
coupled constitutive equations accounting for positive 
hardening and damage induced softening (or negative 
hardening) are extensively studied during the last decade 
[8]. 

To regularize the solution of these problems, leads to 
incorporate some effects of characteristic lengths of the 
materials microstructure into constitutive models via the 

mechanics of generalized continue as the higher grade 
continues [9-12] or higher order continua [13-15]. In 
these approaches, the stress at a given material point de-
pends on additional degrees of freedom as well their 
higher order spatial derivatives or gradients. The must 
recent and comprehensive presentation of the mechanics 
of generalized continua can be found in [13-15]. In this 
work a simple damage-gradient based elastoplastic con-
stitutive equations accounting for the non linear isotropic 
hardening fully coupled with non local ductile damage 
variable is presented. Inspired by the works of [6,16] an 
implicit damage non locality equation is added to the 
classical equilibrium equations in order to derive a two 
functional variational formulation with additional degree 
of freedom which is the non local damage variable. The 
non local damage variable is introduced on the state and 
dissipation potentials thanks to the effective state vari-
ables based on the assumption of total energy equivalence 
[17]. A new finite element is then formulated with the 
non local damage as an additional degree of freedom. 
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This leads to two algebric systems, one highly non linear 
and the other is quite linear giving a non local damage at 
each load increment. Some simple examples are per-
formed in order to show the ability of the proposed ap-
proach to avoid the mesh dependency of the solution of 
the IBVP.  
 
2. On Isotropic Elasto-Plasticity with  

Damage-Gradient 
 

In previous works [8,18] the authors have proposed ad-
vanced constitutive equations for sheet or balk metal 
forming accounting for thermal effect, elasto (visco) pla- 
sticity, mixed non linear hardening, isotropic ductile 
damage and contact with friction. These fully coupled 
multiphysics models has been formulating, in the frame- 
work of the thermodynamics of irreversible processes 
assuming a fully local theory in which only the first gra-
dient of the displacement is required. In this work, a non 
local damage variable ( )D  is introduced in these con-

stitutive equations replacing the classical local damage 
variable (D) by the non local damage variable ( )D  

solution of the following partial differential equation [6]: 

 
 

 0     in       (a)

grad . 0              in       (b)

D

D

D div D

D n

    


 
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The Equation (1(b)) represents the Neumann type 
boundary condition prescribed on the boundary D  of 

the damaged volume D  and ω is homogeneous to a 

length squared and plays the role of an internal character-
istic length of material, governing the non-locality of the 
damage field. This leads to introduce the damage gradient 
in the classical local constitutive equations in order to 
regularize the initial boundary value problem (IBVP) with 
respect to the space and time discretization. For the sake 
of simplicity we limit resolves to the fully isotropic and 
isothermal elastoplasticity assuming the von Mises yield 
function and non linear isotropic hardening assuming the 
small strain hypothesis. 
 
2.1. Constitutive Model for Plasticity with  

Isotropic Hardening and Non Local  
Damage  

 
Following the idea by [19], the non local damage vari-
able is computed from Equation (1) and introduced into 
the local constitutive equations simply by replacing the 

local damage variable (D) by ( )D . The complete set of 

these constitutive equations fully coupled with non local 
damage variable is then given by:  
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where “ ” is the Cauchy’s stress tensor,   is the 

stiffness tensor, “ e ” the elastic strain tensor, “ p ” is 

the plastic strain, R and r are respectively the isotropic 
stress and its isotropic strain, “Q” is the isotropic hard-
ening modulus and “b” is non-linearity  parameter of 
the isotropic hardening. “Y” the thermodynamic force 
associated to the local damage “D” which resolves ac-
cording to Equation (4(b)), in which S, s,   and Y0 are 

the ductile damage parameters. The deviatoric tensors n  

and n  define the outward unit normal to the yield func-

tion f = 0 in the stress and effective stress spaces respec-
tively. They are defined by:  

3 1 1

2 1 1 1

f S f
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n
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   (5) 

In these equations “ ” is the classical plastic multi-
plier derived from the consistency condition applied to 
the yield function: 

1
y

R
f

D





 


              (6) 

in which “ y ” is the flow stress in simple tension  

and 
3

:
2

S S   is the von Mises equivalent stress: 
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 if  

 is de-

duced from the consistency condition ,   0 0f f 

one can obtain  D D  : 
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where   ˆ3 1 1
21
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is the elastoplastic hardening modulus. With Ŷ   
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
. From numerical point of view, Equ- 

ation (7) is not needed since  is taken as the  t   
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principal unknown to be computed from 0t tf  
t

 at the 

end of each time increment .  1n nt t   

3. Numerical Aspects   

As discussed above the initial and boundary value prob-
lem is driven by the partial differential equations (PDEs) 
describing both the equilibrium problem (the inertia be-
ing neglected) and the damage non locality equation 
(Equation (1  )):

 
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where 
vf


 is the body forces vector.  is the outward 

normal to the boundary 

n


F  where the forces vectors 

F


 is prescribed ; while  is the boundary of the u   

where the displacement u


 vector is prescribed 

 u F    ¨the boundary of  and u F    .
 

Both Equation (1) and Equation (8) will be solved us-
ing the “displacement” based Galerkin finite element 
method is discussed here after. 

3.1. Variation Formulation and Global  
Resolution Scheme 

Let u   the virtual displacement vector and D  the 
virtual non local damage both compatible with the boun- 
dary conditions (i.e. kinematically admissible (K.A)). 
The weak forms associated with Equation (1) and Equa- 
tion (8) are easily deduced: 
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Since the domain  is discretized into many sub-do-
mains (or finites elements) e, then the elementary weak 
forms written on each element (e) lead to: 
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Consequently, the system (9) can be written under the 
following discretized when the do main  is discretized 
into “Nele” elements from: 
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           (11) 

By using the Bubnov-Galerkin method, the real and 
virtual quantities are approximated over each finite ele-
ment (e) according to (the matrix notations will he used): 
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where e
uN    and e

DN    are the matrices of the shape 

functions relative to the nodal unknown  eu  and 

 eD . Their first gradients are then deduced: 
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Introducing Equation (12) and Equation (13) in Equa- 
tion (10) leads to: 
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In Equation (14(b)) [] is the diagonal matrix of in-
ternal lengths. 
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vectors ,  and  
int

eF  
t

e

ex
F  e

DF  can be written 

with the help of Newton integration method, as follows: 
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From Equation (16) it is worth  noting  that if the 
first Equation (16(a)) is highly non linear and should be 
solved iteratively, the second one Equation (16(b)) is 
perfectly linear an can be solved directly without any 
iterative procedure [20]. For this end, a 2D plane strain 
simple linear (triangle) element is constructed with three 
degrees of freedom (dof) per node namely two displace-
ment components (u, v) and the non local damage ( D ). 
Since the dof’s (u, v) are independent from dof ( D ), 
similar linear approximation is assumed for both (u,v) 
and ( D ). Accordingly a very classical triangular isopa- 
rametric element with a single integration point is used. 
The Figure 1 summarizes the resolution scheme used 
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Figure 1. Flow chart of the global resolution scheme. 
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in this work to solve Equation (16). 
 
3.2. Local Integration Scheme 
 
At each time , the calculation of the internal forces 

 in Equation (17(a)) and 

1nt 

 
int

eF  
D

eF  in Equation 

(18(b)) needs the computation of the stress   1n



 and 

local damage  . This is done through the numerical 

integration of the fully coupled constitutive equations 
presented above Equation (2) to Equation (4). The stan-
dard elastic prediction and plastic correction algorithm 
[8,21,22] is used for computation of the stress tensor 
together with the other state variables of the model.  

1n
D

 
3.2.1. Elastic Prediction 
Elastic prediction stage consists to assume that the given 
total strain increment is elastic without any dissipation 
(i.e. 0.  ). This leads to define the “trial” stress as: 
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The non local damage “ D ” at each integration point 
is obtained by linear interpolation from the nodes and is 
kept contort equal to “ nD ” during the iterative resolution 

of the equilibrium equations: 
If  the solution is effectively elastic and the 

solution is: 
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which nD  is known at each integration point by inter-

polation of nodal values.  
The problem is then to calculate 1n  , 1nR  , 1

p
n  , 

 which are plastically admissible, i.e., verifying at 

:  
1nD 

1nt 

1 1

1 0
1

n n

n

n

R
f

D




 




 


y          (22) 

By using the time discretisation scheme of the consti-
tutive equations one can obtain:  

*
1 1 2 1n n n nD n    1              (23) 

 
1

1

1
      

1

with     1  

n n
n

n n

R Q D
R

b

R Q D r






  


 
  n

       (24) 

By locking the deviatoric part of 1n   from Equation 

(23) it comes: 
*

1 1 2 1n n n nS S D n  1             (25) 

On the other the normal’s to the yield surface 1nf   

and “trial” yield surface *f  are given by: 

*
*1 1

1 1 *
1 1

3 3
  and  

2 2
n n

n n
n n

S S
n n

 
 

 
 

       (26) 

Combining Equation (25) and Equation (26) leads to: 

1

* *
1 1 1 3 1

nn n n n nn n D  
 1n            (27) 

This equation leads to: 

1

*
1  . . return mapping

nnn n i e
           (28) 

And:  
*

1 1 3 1n n nD                (29) 

Using Equation (29) together with Equation (22) leads 
to a single scalar equation with   as a single un-
known:  

1
1

1

p p n
n n

n

n

D


  




 




             (30) 

 
1 0

1

11

s

n
n n

n

Y Y
D D

SD


 





 


        (31) 

where: 

 

* *
1 1 1

2

2

1
: :

2 1 1

1
         

2 1 1
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n n

n

n

Y n
D D
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b D

  




  

       n   
       

  
    



(32) 

 
3.3. Tangent Modulus Operator 
 
The linearization of Equation (17(a)) using the iterative 
Newton-Raphson method, requires the computation of 
the tangent stiffness matrix with a manner consistent 
with time discritization of the stress 1n   as discussed 

above. 
From Equation (23) the stress at  can be rewritten: 1nt 

*
1 12 1 1n nD De n    1n

      
     (33) 

The tangent matrix is then given by: 
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*
1 1 1 1 1

* *
1 1 11 1

: :n n n n n

n n nn n

d e
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(34) 
In which all the derivatives can be easy analytically 

calculated except the terms 
1n


 




 and 
*

1

1

n

n

n










 which 

be obtained from the derivation of 1nf   Equation (30) 

performed the local Newton-Raphson procedure applied 

to 1nf  . 

The general organization chart of the program is 
shown to the Figure 1. 

The theoretical model presented above, has been im-
plemented in a finite elements program. The program 
was written using FORTRAN code. It has been written 
using the same format of the program developed by the 
international centre for numerical methods in engineer-
ing (CIMNE, Barcelona). This software is an adaptation 
of PLAST2 program developed by Owen and Hinton in 
their classical texts on finite element modelling [23]. 
Also, this program has been adapted for structural dam-
age analysis. The finite element T3 is implemented with 
three degrees of freedom per node (u, v, D ) to solve the 
problem. The nodal variable D  is systematically trans-
ferred to Gauss points to achieve the coupling with elas-
toplastic-damage. Once a Gauss point is completely da- 
maged ( D  = 1), the corresponding element is removed 
from the calculation loop. The preparations of data as 
well the visualization of results are achieved with the 
help of the GID (graphical user interface for geometric 
modelling, data input, and visualization of results for all 
types of numerical simulation by CIMNE).  

4. Application 

The proposed damage-gradient based non local elastoplas-
tic model is now used to predict the damage-plastic flow 
localization under simple plan strain tension. First an ini-
tially homogeneous plane strain tension test is performed, 
then a notched plane strain specimens is investigated with 
respect to the localization of plastic strain, damage and its 
dependence to the length scale parameter (). 

4.1. Initially Homogeneous Plane Strain Tension 
Test 

The tensile specimen is presented in Figure 2 with the 
initial homogenous mesh size h = 0.16 mm. The bound-
ary conditions which consist to apply a displacement 
along the “y” axis with u = 0. The upper side of the 
specimen while the down side still completely clamped. 
The material constants are given in Table 1. 

The first effect to be investigated is the effect of the 
internal length scale lying from 0.0; 0.3; 0.8, 1.5 and 3.0  

Table 1. Board mechanical features. 

E 
(MPa)  y  

(MPa)

Q 
(MPa) 

b  S s Y0

21.104 0.3 500 1000 40 1 10 0.8 0

 

 
Figure 2. Mesh and boundary conditions applied to a part 
on a tensile test. 
 
in the plastic damage flow localization using a fixed 
mesh with h = 0.16 mm. 

In Figure 3 are summarized the global Force-dis- 
placement curves obtained with the five different values of 
. Clearly and as expected, higher are the  values, later is 
the fracture occurrence. The displacement at fracture var-
ies from ufr = 0.39 mm for  = 0.0 (local model) to ufr = 
0.71 mm for  = 3.0. The spatial distribution of the  
 

 
Figure 3. Force-displacement figure for different values of 
.  
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accumulated plastic strain and the ductile damage are 
shown in Figure 4 for  = 0.0,  = 0.3 and  = 1.5 at three 
different values of the applied displacement u = 0.2 mm, 
u = 0.3 mm and u = 0.39 mm corresponding to the fracture 

predicted by the local model with  = 0.0. For  = 0.0 
(i.e. fully local model) the plastic strain and the damage 
localize more rapidly leading to the final fracture at ufr = 
0.39 mm (see Figures 4(a, d, g)). Clearly the damage  

 

        
(a)                                     (b)                                     (c) 

 
                                                                                          u = 0.2 
 

=1 = 0.33  = 0 

      
(d)                                       (e)                                    (f) 

 

u=0.3 
 

 = 0  = 0.3  = 1.5 

         
(g)                                    (h)                                      (j) 

 
u = 0.4 

 = 0.3  = 0  = 1.5 

Figure 4. Distribution of plastic strain and damage at different displacement for different e for different values of . 
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d

zone localizes inside a single row of elements as indi-
cated in Figure 4(g). For the some displacements the 
localization of the plastic strain and the damage taken 
place inside a more wide zones as can be seen in Figures 
4(b, e, h) for  = 0.3 and Figures 4(c, f, j) for  = 1.5. 
Note that when u = 0.39 corresponding to the finale frac-
ture of the specimens for  = 0.0 (local model), the 
maximum damage values are assure  max 0.36  for 

 = 0.3 and

D 

 max 0.17  for  = 1.5 for from the final 

fracture condition

D 

max 0.999D  . The final fracture ob-

tained with the three values of “” can be taken from 
Figure 3 and the corresponding distribution of the me-
chanical fields are given in Figure 5. Clearly, the fully 
damaged zone (i.e. macroscopic crack) covers a large 
number of element when  = 0.3 and  = 1.5 (non local 
model) while for  = 0.0 (local model) the crack width is 
limited to one element row. 

These results indicate clearly the effect of the internal 
length scale in the elastoplastic solution with damage-  

 
 

induced softening. It is worth noting test one the  is  
different from zero, the localization becomes mesh inde-
pendent. Also, from Figure 5 the equivalent strain values 
approach zero inside the fully damaged zone. Clearly the 
crack paths seems more realistic for the fully local model 
(i.e.  = 0.0) that with the non local model when  > 0. 
In fact the macroscopic crack width follows the shear 
band for  = 0.0, while it covers the wide zone located at 
the specimen center for  > 0.0 (non local model). This 
is highly questionable from the fracture point of view. 
Finally, the local stress-plastic strain curves for three 
different gauss points defined in Figure 2, are given in 
Figure 6. For the local model (i.e.  = 0.0) the evolution 
of the stress various the plastic strain is the some for the 
three points as long as the stress state is homogeneous 
inside the specimens. When the diffuse necking takes 
place first the point N°3 becomes elastically unloads, 
while the point N°2 and N°1 continue to be plastically 
loaded (See Figure 6(a)). Finally, the point N°2 trans-
forms into elastic unloading while the point N°1 contin-

 
(a)                                      (b)                                        (c) 

 
 = 0.3  ufr = 0.47 mm  = 1.5  ufr = 0.63 mm   = 0  ufr = 0.39 mm 

 
Figure 5. Respective distribution of, the plastic strain and at failure for different values of . 

 

  
(a) 
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(b) 

 

 
(c) 

 

 
(d) 

Figure 6. The evolution of the von Mises stress and the damage depending on the equivalent plastic strain for  = 0.0 and  = 
1.5. 
 
ues to be plastically loaded until elastic unloading while 
the point N°1 continues to be plastically loaded until the 
final fracture. The corresponding damage evolves until D 
= 1 for point N°1 while it saturates at D = 0.35 for point 
N°2 and D = 0.24 for point N°3, where are never damage 

evolution is observed since they are elastically unloaded. 
For the non local (i.e.  = 1.5) the stress-plastic strain 
curves for three points behave similar to the local model 
according to the needing effect (Figure 6(c)). However, 
the damage evolves differently without reaching the final 
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fracture for point N°3 (Dmax = 0.77) and the point N°2 
Dmax = 0.54) while the finale fracture occurs for the point 
N°1 as can be seen in Figure 6(d). Note that a constant 
value of  with different values of the mesh size, the 
stress-plastic strain curves have been shown independent 
from the mesh size as can be fixed in [24]. This aspect is 
user investigated using double notched specimen. 
 
4.2. Notched Specimen 

 
Consider the saves notched specimen as investigated by 
Peerlings [3] and Nedjar [25] and shown in Figure 7. 
Three meshes are considered account the notched zone 
with h = 0.8, h = 0.4 mm and h = 0.2 mm. The some ma-
terial constants of table & are used and two values of  
are investigated:  = 0.0 (local model) and  = 1.0.  

In Figure 8 are shown the distribution of the plastic, 
the damage and the stress at the finale fracture for the 
three mesh sizes with  = 0.0 (local model). Clearly the 
fully damaged zone is limited to one row of elements for 
this fully local. However, for the non local model ( = 

 
       h = 0.8    h = 0.4    h = 0.2 

Figure 7. The notched plate, the Boundary conditions, the 
load type and size of the mesh studies at Neighbourhood 
notch. 

 

h = 0.8 h = 0.4 
 
 (b)  = 0 ufr = 0.9 mm (a)  = 0  ufr = 0.8 mm  
 
 

  h = 0.2 
 (c)  = 0  ufr = 1.05 mm

Figure 8. Respective distribution of the damage, the plastic deformation and the stress of von Mises at failure for  = 0. 
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h = 0.8 h = 0.4 

 
 

 

h = 0.2 
 
 

 
Figure 9. Respective distribution of the damage, the plastic deformation and the stress of von Mises at failure for  = 1. 

 

 

Figure 10. Global response for (a) case  = 0 and (b) case  = 1. 
 
1.0), we observe, that the fully damaged zone is limited 
to use row of element for the coarse mesh h = 0.8 (Fig- 
ure 9(a)) while it develops over many rows of elements 
for the first mesh as indicated in Figures 9(b) and 9(c). 
The global force-displacement curves obtained with the 
three meshes indicated clearly strong dependency to the 
mesh size for the local model (Figure 10(a)) and are in- 
dependent from the mesh size for the non local model 

(Figure 10(b)). 

5. Conclusions 
 
A simple damage-gradient elastoplastic model with non 
linear isotropic hardening has been developed and im-
plemented into an in-horse finite element program. When 
applied to a simple plane strain tensile test of initially 

(a)  = 1 ufr= 1.275 mm (b)  = 1 ufr = 1.27 

(c)  = 1 u = 1.27 mmfr
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homogeneous and initially notched specimen, the model 
show a clear independence of the results on the mesh 
size when the internal length scale is non zero. This 
model will be implanted into a general propose Finite 
elements program in order to show its ability to give a 
mesh independent solution for more complex structures 
as in metal forming. Also the extension to the 3D struc-
tures is under program. 
 
6
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