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Abstract 
Analysis of fatigue strain, fatigue modulus and fatigue damage for the mod-
eling of concrete plays a vital role in the evolution material behaviour which 
is heterogeneous and anisotropic in nature. The Level-S nonlinear fatigue 
strain curve, fatigue modulus curve, residual strain curve of concrete in com-
pression, tension, flexure and torsional fatigue loading were proposed using 
strain life approach. The parameters such as physical meaning, the ranges, 
and the impact on the shape of the curve were discussed. Then, the evolution 
model of fatigue modulus was established based on the fatigue strain, fatigue 
modulus, residual strain and secondary strain evolution model. The hypothe-
sis of fatigue modulus is inversely related with the fatigue strain amplitude. 
The fatigue evolution of concrete damages the bond between material grains, 
changed the orientation of structure of molecules and affects the elastic prop-
erties resulting in the reduction of material stiffness and modulus by forma-
tion of microcracking, macro cracking, cracking and finally damage. This 
paper presents the fatigue strain life model and analysis of fatigue strain, fa-
tigue modulus and damage parameters of concrete which is capable of pre-
dicting stiffness degradation, inelastic deformation, and strength reduction 
under fatigue loading and experimental results were employed for the valida-
tion of the theoretical model. 
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1. Introduction 
In recent years, concrete has been widely used in every civil engineering works 
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directly or indirectly which includes: construction of residential houses, indus-
trial warehouses, road pavements construction, shore protection works, piles, 
domes, bridges, culverts, drainages, canals, dams etc. [1] [2] [3] [4] and [5]. In 
most civil engineering works, the cases of failure of structures and roads (con-
crete related failures) occur every year. 

The fatigue loading of a concrete element is well-known progressive deteri-
oration of concrete. Once cracks develop in the concrete, the reinforcement 
crack propagation at the intersection of the cracked concrete planes may occur 
depending on the magnitude of the induced stress in the steel reinforcement. 
However, robust models required for the prediction of the fatigue life of these 
elements are not readily available. This is attributed to the complex degradation 
mechanisms for steel and concrete composites inherent in any fatigue damage 
process [6]. To fully account for fatigue damage mechanisms, concrete integrity 
deterioration, irreversible strain accumulation, and reinforcement crack growth 
should be considered. Herein, the mechanism is incorporated into the constitu-
tive, compatibility and equilibrium equations of the Disturbed Stress Field Mod-
el (DSFM) analysis algorithm to predict the fatigue residual capacity of the 
structural element. The fatigue life of the structural element corresponds to the 
instance when the fatigue residual capacity becomes equal to the applied fatigue 
load [7]. 

Concrete fatigue strain can be a true reflection of the variation of material de-
formation under fatigue loading. If the relationship between the curve and the 
cycles is known, a qualitative and quantitative description of the material fatigue 
strain evolution can be provided, hence providing the basis for the evaluation of 
material behavior. Most of the amplitude fatigue test showed that, whether or-
dinary concrete, lightweight aggregate concrete, high strength concrete, or fiber 
reinforced concrete, and whether compression fatigue, tension fatigue, bending 
fatigue, uniaxial fatigue, or multi-axial fatigue, the longitudinal total deformation 
and the residual deformation of the concrete exhibit a very stable three-stage de-
velopment law. 

Under fatigue loads, the rate of change of deformation is truly illustrated by 
the fatigue strain. By understanding the nature and behaviour of the curve, one 
can qualify relationship between curve and cycles in the strain based evolution 
which will provide base for the fatigue behaviour of the material evaluation. By 
conducting fatigue tests in various constant amplitude, the total longitude de-
formation and the residual deformation of the concrete will display the universal 
and the stable three-stage law, which presents rapid growth stage, the stable 
growth stage, and finally, ultimately the rapid growth stage respectively. The 
model is valid not only for the ordinary concrete, the lightweight aggregate con-
crete, the high strength concrete, or the fiber reinforced concrete, but also the 
compression fatigue, the tension fatigue, the bending fatigue, the uniaxial fatigue, 
or the multiracial fatigue. [8] described the cubic polynomial curve fitting to 
highlight the correlation coefficients above 0.937 but different levels of stress had 
their own different coefficients of magnitudes. [9] proposed the logarithmic 
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form between maximum strain rates with respect to number of load cycle for the 
second phase of the concrete. Under the compression fatigue loads, the form was 
a linear relationship. [10] also found out the index formula for fitting of second 
phase of concrete regarding fatigue strain. [11] conducted the compressive fati-
gue strain experiment for the achievement of two-staged nonlinear formula. On 
the base of fatigue strain revolution different methods of analysis showed much 
more deficiencies. Till date, the linear three-stage fatigue equations are described 
in good order of low. The three stage nonlinear equation is of high precision 
showed the complicated form. Due to lack of whole fatigue strain curve with 
cycle relationship, the fitting of fatigue strain curve with cyclic load relationship 
is advanced in recent researches. There have been few researches carried out in 
fatigue strain for conditions in which the fatigue stress is smaller than limited 
stress but greater than the threshold value n. A discussion has reached the varia-
tion law of the three-stage fatigue strain, and some different experienced curve 
fitting equations have been obtained, but the initial strain is not taken into con-
sideration. The significance of factor related to fatigue strain is not clear enough 
which results the unstable fittings of coefficients. 

The concrete is a complex hybrid composite material. During cyclic loading 
fracture may be occurred by fracturing of the cement paste, fracturing of the ag-
gregate, failure of bond between the cement pastes aggregate or any combination 
of these mechanisms. It contains voids and microcracks at the initial phase of 
preparation due to workability of concrete in presence of water before applying 
load. The fracture arised during cyclic loading due to increase in the stress con-
centration at the points of voids and microcracks. Forces that are required to 
obtain the fracture are usually much less than forces that would have been re-
quired in the case of monotonic loading. Fatigue is a process of damaging mate-
rials due to progressive permanent internal changes in the materials that occur 
under the actions of cyclic loadings. These phenomena can cause progressive 
growth of cracks present in the concrete molecular system and eventually fail 
structures when high levels of cyclic loads applied for shorter period of time or 
lower levels of loads are applied for longer period’s times. This causes the failure 
of structure made of concrete with value lesser than the ultimate strength of the 
concrete. The Concrete, a heterogeneous material comprised of the mixture of 
cement, sand and aggregates, exhibits several mutually interacting inelastic me-
chanisms such as micro crack growth and inelastic flow even under small mag-
nitude of cyclic load applied in large number of cycles. As a result, the concrete 
material does not guarantee endurance fatigue limit like metal as described by 
Miner’s hypothesis. 

The reinforced concrete structures such as bridges, hydraulic foundations, 
pressure vessels, crane beams are generally subjected to long term cyclic loading. 
The fatigue in concrete was experienced rather late, with comparison to steel. 
The fatigue resistance of the concrete is influenced by many different factors e.g. 
proportions in mixing ratios of manufacturing concrete, original moisture con-
tent, aggregate size, quality of sand, and load effects such as load frequency, na-
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ture of loading, axis of loading and maximum load level. During the hardening 
period setting period, air bubbles and micro-cracks are formed. The formation 
of micro-cracks is due to thermal strain, which is caused by temperature varia-
tion. When the micro-cracks propagate the fatigue process starts. At the begin-
ning of the loading the propagation of the micro-cracks drives slowly. As loading 
continues the micro-cracks will proceed propagation and lead to macro-cracks, 
which may grow further. The macro-cracks in failure nature determine the re-
maining fatigue life caused by stress until failure occurs. 

Depending on the range of the number of cycles to which a structure is sub-
jected during service life, fatigue-prone structures may be grouped into three 
main classes, namely, low-cycle, high-cycle, and super-high cycle fatigue struc-
tures. The characteristic cyclic loads to which these structures are subjected to 
include vibrations, traffic loads, wind, and water waves. A low cycle fatigue is 
important for analysis point of view for structures subjected to earthquake loads.  
Three types of fatigue cycles are available in the literature i.e. 1) Low Cycle Fati-
gue having failure cycle 0 To 103 and generally occurs in structures subjected to 
earthquake and storm 2) High Cycle Fatigue having failure cycle 103 To 107 and 
generally occurs in the structures like Bridges, Airport Pavements, Wind Power 
Plants, Highway Pavements, Concrete Rail Road 3) Super high cycle fatigue having 
failure cycle 107 To 5 × 108 and generally occurs in the structures like Mass Rap-
id Structures, Sea Structures, and Machine Foundations. Since microcracks 
growth and inelastic flow would occur under small amplitude of cyclic load 
when applies for large number of cycles, the concrete does not guarantee en-
durance fatigue limit like metal as described in [12]. 

The presence of permanent damage at fatigue failure has been documented by 
a number of investigations. [13] developed fatigue damage model for ordinary 
concrete subjected to cyclic compression based on mechanics of composite ma-
terials utilizing the concept of dual nature of fatigue damage, which are cycle 
dependent and time dependent damage. The formulated model is capable of 
capturing the cyclic behavior of plain concrete due to progressive fatigue strain 
with the increase in number of loading cycles. [14] used accelerated pavement 
testing results to carry out cumulative fatigue damage analysis of concrete pave-
ment. He reported that the Miner hypothesis does not accurately predict cumu-
lative fatigue damage in concrete. The experimental work of [15] clearly showed 
that the increase of damage in the material takes place about last 20% of its fati-
gue life. [16] presented a theoretical model to predict the fatigue process of con-
crete in alternate tension-compression fatigue loading using double bounding 
surface approach described in strain-energy release rate by constructing the 
damage-effective tensor. 

In the past few years, a number of damage constitutive models have been pub-
lished to model the observed mechanical behavior of concrete under monotonic 
and cyclic loading [16]-[22]. The constitutive models well describe the design of 
structural life arose from the physical observation of two dominant microstruc-
tural patterns of deformation in concrete having inelastic flow and microcrack-
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ing natures. The inelastic flow factor of deformations is modeled by utilizing 
plasticity theories while the nucleation and propagation of microcracks and mi-
crovoids are incorporated in the constitutive models with the use of damage 
mechanics theories. The progressive development of cracks and microcracks al-
ters the elastic properties (degradation of elastic moduli) due to energy dissipa-
tion and concrete material becomes more compliant. 

This paper discusses the physical meanings, the ranges, and the impact on the 
shape of the curve of parameters by analyzing fatigue strain, fatigue modulus 
and damage in the nonlinear strain evolution model, fatigue modulus evolution 
model, damage evolution model, residual strain evolution model, strain linear 
model and the model regarding the hypothesis of thermodynamics. The evolu-
tion model of fatigue modulus was established under constant amplitude with 
the help of bending fatigue loading which is based on the fatigue strain evolution 
model and the relevant hypothesis of fatigue modulus which is inversely related 
to fatigue strain amplitude. A class of damage mechanics theory describes to 
model the fatigue damage and failure of concrete caused by multitude of num-
bers of micro cracks, macro cracks through anisotropic damaging behavior 
which is captured through the use of proper response function involving damage 
parameter in material stiffness tensor. The increment of damage parameter in 
strain space is obtained from consistency equation proposed with respect to 
cycle dependent damage surface. The model is also capable of capturing the in-
elastic deformations that may arise due to misfits of crack surfaces and devel-
opment of sizable crack tip process zone. Moreover, the whole process is vali-
dated by the experimental data also. 

2. Methods 
2.1. Fatigue Strain Evolution Model 

Depending upon the different stress types, three-stage variation law of fatigue 
evolution model was proposed. Moreover, some valuable physical parameters 
like initial strain, instability speed of the third stage as a form of acceleration 
which is directly proportional to the total fatigue life of concrete. Mathematically, 
the model could be obtained as below 

1

0 1

p

n

f

n
N

βε ε α
β

 
 
 = + −
 − 
 

                     (1) 

In formula (1), 0ε  = initial strain and nε  = fatigue strain, n = cycle times 
of fatigue loads, fN  = the fatigue life. ,α β  and p were damage parameters 
due to materials defects in the equation. 

If max
nε  or res

nε  was interpreted in the form of nε , formula (1) can be mod-
ified. If the initial maximum strain 0

maxε  or initial residual strain 0
resε  is re-

garded as the value of 0ε , formula (2) and (3) would be obtained 
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                    (3) 

Equation (2) represents a formula for maximum strain and Equation (3) 
represents the formula for the residual strain. 

On the basis of the elastic proportional limit, if the upper limit of fatigue stress 
is larger then fatigue strain increases quickly. The slope of the curve regarding 
this increment will be larger and become vertical that causes the degeneration of 
the three-stage curve. When the upper limit of fatigue does not exceed the thre-
shold value, the elastic strain should be added to the initial strain and value be-
came unchanged, which shows similarity in the curve formulation. With the ex-
perimentation, it can be shown that the value of most stresses falls in between 
the value of threshold and upper limit. 

Being the maximum and minimum value of stress and strain in fatigue test, 
two types of the curve regarding maximum strain i.e. 0

maxε  and residual strain 
i.e. 0

resε  with respect to the cyclic number are obtained. The main causes for 
obtaining these two types of curve are due to defects in materials and preloading 
conditions. It is very much difficult to differentiate these two maximum and re-
sidual value, so experimentation of fatigue test has become essential. 

Therefore, when the fatigue loading reaches to the upper limit then, the cor-
responding maximum strain 1

maxε  and residual strain 1
resε  are obtained which 

is adopted in this paper. For comparison, the obtained strain 1
maxε  and 1

resε  
compared to the actual experimental data i.e. ( )1 1

res ma

2

unstablex0.25ε ε ε= . In this 
formula, unstableε  is a total strain of concrete in an unstable state. 

For the study of fatigue strain parameters ,α β  and p, on the basis of evolu-
tion law of fatigue strain curves, divided by fatigue strain in both side of formu-
las (4) and (5), we get 
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Equations (4) and (5) are the normalized fatigue strain evolution model. 
Where, max

fε  = limited maximum fatigue strain and res
fε  = limited fatigue re-
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sidual strain. 
β  = destabilizing factor the value of which depends on p and α . If n/Nf 

(Circulation ratio) is equal to 1, the coordinate point (1, 1) will be adopted in 
formulas (4) and (5), thus obtained the values of β  as formula (6) and (7), 
which is the maximum fatigue strain and the residual fatigue strain. 
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                        (7) 

From Equation (4) impacts of p and α  on the fatigue, the strain evolution 
curve can be calculated. At first, the impact of p was analyzed i.e. 0

max max
fε ε  

and max
fα ε . After that, combined with p and 0

max max
fε ε , the impact of α  was 

further calculated. The curve regarding the impact of p and α  were shown in 
Figure 1 and Figure 2. 

It is obviously shown that the rate of convergence speed of p influences the 
convergence speed of curve in S nonlinear model. The instability speed factor 
increased at the faster increment of p when the third stage of the curve will grow 
faster. Therefore, the factor p should be located in the curve. 

The parameter α  values on the curve shall also affect the curve in the sense 
of total fatigue life of the material which shall be shown in the third stage of the 
nonlinear curve. After increasing of α , the part of acceleration shall become 
shorter. max

fα ε  is located corresponding to ( )0
max max0,1 fε ε− , whereas, α  

was placed in the comparison of ( )0
max max0, fε ε− . The obtained value of the pa-

rameters ,α β  and p are mainly aimed which is found in b-type curves having 
three stages of evolutions. Therefore, it can be imagined that the values for both 
type curve are not limited by the literature. By modeling, S-shaped curves con-
tents various parameters including different kinds of fatigue strain evolutions at 
the different stages for the concrete material (Figure 3). 

2.2. Fatigue Modulus Evolution Model 

Mathematically Fatigue Modulus i.e. “E” is defined as, 

max min

max min

E
σ σ
ε ε

 −
=  − 

                        (8) 

where, maxσ  = Maximum Stress and minσ  = minimum fatigue stresses. At 
constant amplitude fatigue loads, stress amplitude max minσ σ−  remains un-
changed. Therefore, the fatigue modulus and fatigue strain amplitude are an in-
versely proportional; that is, the fatigue modulus increases when the fatigue  
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Figure 1. Concrete fatigue strain evolution, influence of fatigue strain parameter “p” on 
fatigue strain curve by putting the value of (i) 2.00p = , 1.25β =  (ii) 3.00p = , 

1.125β =  (iii) 4.00p = , 1.0625β =  (iv) 5.00p = , 1.0315β =  (v) 6.00p = , 
1.015625β =  (vi) 7.00p = , 1.003906β =  (vii) 8.00p = , 1.001953β =  (viii) 
9.00p = , 1.000976β =  (ix) 10.00p = , 1.000488β =  (x) 11.00p = , 
1.000244β =  (xi) 12.00p = , 1.000122β =  (xii) 13.00p = , 1.000061β =  (xiii) 
14.00p = , 1.0000305β =  (xiv) 15.00p = , 1.0000152β =  (xv) 16.00p = , 
1.0000075β =  (xvi) 17.00p = , 1.0000037β =  (xvii) 18.00p = , 1.00000185β =  

(xviii) 19.00p = , 1.00000092β =  (xix) 20.00p = , 1.00000046β =  (xx) 
21.00p = , 1.00000023β =  and 0

max max 0.60fε ε =  and max 0.20fεα = . 

 

 
Figure 2. Concrete fatigue strain evolution, influence of fatigue strain parameter “α ” on 
fatigue strain curve, putting the value of (i) max 0.10fεα =  to 1.05, 1.05β =  to 

7.890625 and 0
max max 0.60fε ε = , p = 2 constant in all cases. 
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Figure 3. Concrete fatigue strain evolution, family strain curve (i) 0

max max 0.70fε ε = , 

2.00p = , max 0.25fεα = , 1.694444β =  (ii) 0
max max 0.65fε ε = , 3.00p = ,  

max 0.23fεα = , 1.283778β =  (iii) 0
max max 0.60fε ε = , 4.00p = , max 0.19fεα = , 

1.050907β =  (iv) 0
max max 0.55fε ε = , 5.00p = , max 0.17fεα = , 1.007695β =  (v) 

0
max max 0.50fε ε = , 6.00p = , max 0.15fεα = , 1.000729β =  (vi) 0

max max 0.45fε ε = , 

7.00p = , max 0.13fεα = , 1.000041β =  (vii) 0
max max 0.40fε ε = , 8.00p = , 

max 0.11fεα = , 1.000001β = . 

 
strain decreases. The strain evolution curve is the level-S-shaped curve reversed 
as the curve of fatigue modulus shown in Figure 4. Suppose two curves are 
symmetrical about the straight line, parallel to X-axis, y = D, and the point in the 
fatigue strain curve is (x, y). Therefore, corresponding point on the curve of the 
fatigue modulus is (x, 2D − y). Figure 4 illustrates the best Model regarding 
Damage Modulus evolution Model. Therefore, the normalized fatigue modulus 
can be expressed as: 

1

0

0

    1 2

p

n

f f

f

EE D
nE E

N

α β
ε β

′ 
 ′ ′ = + − +
 ′ − 
 

                  (9) 

The mathematical formula for fatigue modulus evaluation model is 

1

0
0       1 2

p

n
f f

f

E
E E D

nE
N

α β
ε β

′
 

  
  ′ ′ = + − + 
  ′ −    

 

               (10) 
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Figure 4. Concrete fatigue strain evolution, strain modulus, value inserted to obtain the 
curve, 0

max max 0.60fε ε = , 2.00p = , max 0.20fεα = ,   1.25β =  (relative strain is in-
versely related to fatigue modulus). 

2.3. Fatigue Damage Evolution Model 

Before performing the fatigue test experiment, preloading test should be done to 
realize the upper limit of fatigue load which creates the damage. Initial damage is 
categorized in two parts, i.e. damage caused by the material defects and the 
damage caused by application of load. After achievement of clear concept of 
above said mechanism, damage regarding maximum fatigue strain during shock 
and vibration can be written as; 

0
max

0
max

0
max max

0
max

f

n

f

D
D

D

ε
ε

ε ε
ε


=

= 
− +

                      (11) 

where, 𝐷𝐷0 = initial damage. Adopting the fatigue strain evolution formula from 
Equation (2) into Equation (11), the damage evolution equation based on the 
maximum fatigue strain is developed. The damage evolution formula is as un-
der: 
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. 1

f
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f
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D
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α β
ε β

′


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

  =    ′ ′ + −   ′ −   

                 (12) 
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if max
f mα ε′ = , then the above equation changes 
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  =    ′ + ⋅ −   ′ −   

                    (13) 

Similarly, by definition, damage based on fatigue residual strain can be ex-
pressed as under: 
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                         (14) 

Putting the value of fatigue residual strain evolution formula from Equation (3) 
into Equation (14), the damage evolution equation based on the fatigue residual 
strain is generated. The expression is as follows: 
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                 (15) 

For data fittings, if res
f nα ε′ = , then the above equation becomes, 

0
res

0
res

1

0 1

f

p

f

D

D

D n
n

N

ε
ε

β

β

′


=



  =    ′ + ⋅ −   ′ −   

                 (16) 

It is clearly shown that at the increment of concrete damage circulation ratio, 
the concrete damage grows rapidly to the middle stage linearly which is similar 
to strain evolution, it has at wastage variation as shown in Figure 5. 

2.4. Fatigue Damage Model in Strain Space by Using the General 
Framework of Internal Variable Theory of Continuum  
Thermodynamics 

For isothermal process, rate independent behavior and small deformations, the 
Helmholtz Free Energy (HFE) per unit volume can be deduced as follows: 

( ) ( ) ( )1: : : :
2

i iA k E k A kε ε ε σ ε= − +              (17) 
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Figure 5. Concrete fatigue strain evolution, relative fatigue damage (i)  

0
max max 0.60fε ε = , 2.00p = , max 0.10fεα = , 1.05β =  (ii) 0

max max 0.60fε ε = , 2.00p = , 

max 0.15fεα = , 1.140625β =  (iii) 0
max max 0.60fε ε = , 2.00p = , max 0.20fεα = ,  

1.25β =  (iv) 0
max max 0.60fε ε = , 2.00p = , max 0.25fεα = , 1.390625β =  (v) 

0
max max 0.60fε ε = , 2.00p = , max 0.30fεα = , 1.5625β = . 

 

where E(k) represents fourth order elastic stiffness tensor which depends on the 
state of microcracking (damage), ε  is the strain tensor, iσ  denotes the stress 
tensor corresponding to inelastic damage. The term ( )iA k  represents surface 
energy of microcracks, and k is the cumulative fatigue damage parameter. The 
colon (:) represents the tensor contraction operation. 

Utilizing fourth order material’s stiffness tensors, the stress regarding damage 
process is given by mathematical relations: 

( ) ( ): iA E k kσ ε σ
ε
∂

= = +
∂

                    (18) 

The first derivative form of Equationn (18) with respect to cyclic number N is 
given by 

( ) ( ) ( ) ( ) ( )   : : i e D iE k E k k k kσ ε ε σ σ σ σ= + − = + +    



        (19) 

where eσ  is the stress increment in the absence of further damage in the ma-
terial,  Dσ  is the rate of stress-relaxation due to further microcracking (elastic 
damage), and ( ) i kσ  designates the rate of stress tensor to the solid body 
which is irrecoverable or permanent deformation due to microcracking. 

The assumption is made such that damage during fatigue loading alters elastic 
properties and affects the stiffness tensor. For small deformation, the following 
decomposition of the fourth-order stiffness tensor, E, is adopted. 
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( ) ( )
2

  DA E k E E k
ε ε
∂

= = +
∂ ⋅∂

                   (20) 

where 0E  is stiffness of the undamaged or virgin material and ( )DE k  de-
notes the overall stiffness degradation caused by damage during fatigue loadings. 
Further, ( )E k  and ( ) i kσ  are expressed as fluxes in the thermodynamic 
state sense and are expressed in terms of evolutionary equations as 

andD iE kL kMσ= − = 


                     (21) 

where L and M are fourth and second order response tensors that determine the 
directions of the elastic and inelastic damage processes. Following the Clau-
sius-Duhem inequality, utilizing the standard thermodynamic arguments and 
assuming that the unloading is an elastic process, a potential function 

( ) ( )21 1, : : : , 0
2 2

k L M p kε ε ε ε εΨ = − − =               (22) 

Equation (6) is obtained in damage surface which establishes the onset of ma-
terial inelasticity and stiffness reduction. In Equation (22), ( ),p kε  is inter-
preted as the damage function given below as 

( ) ( )2 2, 2 ,
iAp k h k

k
ε ε

 ∂
= + ∂ 

                     (23) 

for some scalar valued function ( )2 ,h kε . It should be noted that as long as the 
function ( )2 ,p kε  is defined, the individual terms on the R.H.S of Equation (23) 
need not to be identified. 

To establish the specific forms of response tensors L and M, it is necessary to 
determine a proper relation for the response tensor, is decomposed as positive 
and negative cones. The positive and negative nature of the strain tensor hold 
the corresponding positive and negative eigenvalue of the whole entire structural 
system, that is, ε ε ε+ −= + . Here, ε +  and ε −  represent the positive and 
negative cones of the strain tensor, respectively. Based on the experimental ob-
servations and results for concrete materials, damage is assumed to occur in the 
cleavage mode of cracking as shown schematically in Figure 6.  

For cleavage cracking mode, the response tensors are postulated for L and M 

:
L ε ε

ε ε

+ +

+ +

⊗
=                         (24) 

M βε +=                          (25) 

The substitution of response tensors L and M from Equations (24) and (25) 
into Equation (26) leads to the final form of the damage surface 

( ) ( )21 1, : : : , 0
2 2:

k p kε εε ε ε βε ε ε
ε ε

+ +
+

+ +Ψ − −
⊗

= =         (26) 

For fatigue tensile loading the damage surface of Equations (26) is rewritten as 

( ) ( )

( ) ( )

2

2

1 1, : : , 0
2 2
1 1: 1 2 ,
2 2

k p k

p k

ε ε ε βε ε ε

ε ε β ε

+ + + +

+ +

Ψ = − − =

= − −
          (27) 
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Figure 6. Schematic representation of mode I 
damage (crack opening in tensile mode) under 
cyclic tension. 

 
The damage function p(k) obtained from uniaxial tensile test for concrete 

materials based on the experimental results of (24) is given in (24) as 

( )
0

0lnu
Ep k

E k
ε

 
=  − 

                     (28) 

And for elastic damaging process, ( 0β = ), the limit damage surface reduces 
to 

( ) up k ε=                           (29) 

where uε  represents the strain corresponding to uniaxial tensile strength of 
concrete, which is used as the reference strain and hence the result of a conven-
tional uniaxial tensile test is needed to establish uε . 

The behaviour of concrete material due to fatigue strain applying goes pro-
gressive permanent structural change and the material fails at stresses having a 
maximum value less than the tensile strength of the material. In this paper, it is 
assumed that within the damage surface of the given strain state, the unload-
ing-reloading cycles (Fatigue loadings), increase amount of damage of concrete 
due to the growth of microcracks leading to inelastic deformations and stiffness 
degradation, which eventually reduces the ultimate molecular strength of the 
concrete. To achieve this, the damage surface ( ), kεΨ  is modified to predict 
the increase in damage in the material with increasing number of cycles of load-
ing as 

( ) ( ) ( )21 1: 1 2 , 0
2 2

X N p kε ε β ε+ + − − =               (30) 

where X(N) is a function that depends on the number of loading cycles and 
adopted to increase of damage with increasing number of cycles. We propose a 
power function for X(N) as 

( ) AX N N=                            (31) 

Here, N represents the number of loading cycles, and A is a material parame-
ter. Utilizing Equations (28) 

( )
0 1

1 2 :
exp

A

u

k E
Nβ ε ε
ε

+ +

 
 
 
 =
  −  
    

                 (32) 
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through (32), we obtain the cumulative fatigue parameter k as 
By differentiating equation (32) with respect to N, the increment of damage in 

one cycle is obtained as 

( )
( )( )

0
1

2
2

  : 1 2d
d 2 exp : 1 2

A

A
u u

Ekk AN
N N

ε ε β

ε ε ε β ε

+ +
−

+ +

−
= =

− −
            (33) 

Finally, the rate of damage parameter, k , must be used in the simple consti-
tutive relation of the form given by Equation (33) in uniaxial tensile stress path 
for representing inelastic deformation, stiffness degradation and strength reduc-
tion due to fatigue strain. The corresponding equations be 

( ) : :
:

E k k ε εσ ε ε βε
ε ε

+ +
+

+ +

⊗
= − −

                  (34) 

Equations (34) is the rate of change of stress tensor for uniaxial tension-tension 
fatigue loading, by keeping in assumptions that unloading is elastic. When, 

0β = , the process is termed as elastic-damaging, in which stress-strain curve 
returns to origin upon unloading of the material. In fact, damage incurred in 
concrete cannot be considered perfectly elastic, i.e. the value of beta cannot be 
zero. The unloaded material shows some residual strains due to the development 
of sizable crack tip process zone and misfits of the crack surfaces. 

For uniaxial tension, Equation (34) becomes 

( )

( )
0

2

1
2   : 1

:
2 exp :

A

A
u u

AN E
E

N

ε ε η β
σ ε ε

ε ε ε η ε

− + +
+

+ +

 
+ 

= −  
− 

 

                (35) 

where, 1 2η β= − . 
Parameters could be obtained via the model, such as the initial strain, instabil-

ity speed of the third stage (acceleration of fatigue strain), and the proportion 
that in the total fatigue life on the basis of repeated load. 

Figure 7 and Figure 8 show the increase in damage with increase in loading 
cycles can be shown clearly from Table 1 and Table 2. Figures 9-11 illustrates 
the stiffness degradation. Figures 12-15 illustrates the Damage parameter and 
maximum stress level. The experimental work of Figures 16-17 is also shown 
for comparison. The theoretical model also captures the similar trend of in-
creasing damage with the cyclic loading as observed in the experiment [Figure 
17]. For numerical simulation, the following constant were used, A = 0.10 and β 
= 0.15 and 0.00 in two cases, parameter A is estimated by comparing predicted 
results and experimental results over a range of applied strains from Table 2 and 
Table 3. 

2.5. Damage Linear Model to Estimate the Life of Plain Concrete in 
Compression, Tension and Flexure 

It is widely accepted that the [23] and [24] can be used to estimate the fatigue life 
of plain concrete in tension, compression, and flexure. The model shows the  
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Figure 7. Model prediction of damage factor with number of cyclic loading. Adopting the 
value of fatigue damage parameter, A = 0.10 and β = 0.15. 
 

 
Figure 8. Theoretical cyclic stress-strain behaviour of concrete during elastic damaging 
process under uniaxial fatigue loading. Adopting the value of fatigue damage parameter, 
A = 0.10 and β = 0.00. 

 

 
Figure 9. Model prediction of stiffness reduction with number of cyclic loading. Adopt-
ing the value of fatigue damage parameter, A = 0.10 and β = 0.00. 
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Figure 10. Model prediction of stiffness reduction with number of cyclic loading. 
Adopting the value of fatigue damage parameter, A = 0.10 and β = 0.15. 
 

 
Figure 11. Model prediction of damage factor with number of cyclic loading. Adopting 
the value of fatigue damage parameter, A = 0.10 and β = 0.00. 
 

 
Figure 12. Theoretical cyclic stress-strain behavour of concrete during elastic damaging 
process under uniaxial fatigue loading. Adopting the value of fatigue damage parameter, 
A = 0.10 and β = 0.15. 
 

 
Figure 13. Model prediction of maximum stress level verses number of cycle under un-
iaxial fatigue loading. Adopting the value of fatigue damage parameter, A = 0.10 and β = 
0.00 
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Figure 14. Model prediction of maximum stress level verses number of cycle under un-
iaxial fatigue loading. Adopting the value of fatigue damage parameter, A = 0.10 and β = 
0.15. 

 

 
Figure 15. Reduction in maximum stress level during cyclic tension. Prediction of the 
theory, Figure 8 and Figure 9 by Peiyin Lu. et al. 2004. 

 
relationship between the fatigue strength of concrete after a given number of 
cycles and the ratio of the minimum to maximum stress level. The material pa-
rameter (β) required in the model proposed by [23] and [24] was 0.064. [25] and 
[26] proposed a material parameter of 0.069, after conducted flexural tests on 
plain concrete. To account for other plain lightweight concrete, [26] and [27] 
proposed a material parameter of 0.0685. 

( )max 1 1 log fS R Nβ= − −                     (36) 

In Equation (35), Smax = ratio of the maximum stress level to the concrete 
compressive strength, Nf = number of cycles to failure, And R = stress ratio 
[minimum stress level (σmin) to maximum stress level (σmax)]. As a means of pre-
dicting the fatigue life of steel fiber concrete using the [23] and [24] stress-life 
model, [23] and [24] developed material parameters for steel fiber concrete 
with fiber volume contents of 0.5%, 1%, and 1.5% using flexural fatigue tests, 
obtained the values of 0.0536, 0.0425, and 0.0615, respectively. Although the  
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Figure 16. Variation of damage with the number of cyclic loading. Prediction of the 
theory, Figure 4 and Figure 5. Experimental Figure 8, by Peiyin Lu et al. 2004. 

 

 

Figure 17. Secondary strain modeling curve regarding “ ( )maxlog 1 S− ” verses “ seclogε ” of 

plain concrete and plain concrete with steel fibres. 
 
attempt seems to be reasonable, the material parameters obtained indicated a 
lower fatigue life as the steel fiber volume increases from 1.0% to 1.5%. The 
proposed material parameters also exhibited higher fatigue life for steel fiber 
concrete with volume content of 0.5% compared with steel fiber concrete with a 
volume content of 1.5%. 
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Table 1. Maximum stress observed by Peiyin Lu et al. 2004 through experiment. 

Smax No. of Cycle Factor Max. Stress 

0.85 1,479,000 2.2 158.4893192 

0.84 1,461,600 2.3 199.5262315 

0.75 1,305,000 4.1 12589.25412 

0.74 1,287,600 4.4 25118.86432 

0.69 1,200,600 5.05 112201.8454 

0.685 1,191,900 5.2 158489.3192 

0.68 1,183,200 5.75 562341.3252 

0.65 1,131,000 6.2 1584893.192 

0.63 1,096,200 6.3 1995262.315 

 
Table 2. Damage predicted by Peiyin Lu et al. 2004 through experiment. 

Damage Cyclic Ratio Damage Cyclic Ratio 

0.16 0 0.25 0.28 

0.17 0.02 0.26 0.32 

0.172 0.04 0.28 0.37 

0.18 0.05 0.3 0.395 

0.19 0.08 0.31 0.43 

0.195 0.1 0.36 0.52 

0.2 0.12 0.4 0.585 

0.21 0.145 0.48 0.68 

0.22 0.198 0.55 0.72 

0.23 0.24 0.7 0.88 

0.24 0.255 0.88 1 

 
Table 3. Value of coefficients and material parameter. 

Material Parameter for Plain and Steel Fiber Reinforcement Concrete 

Fibre Volume 
Content % Vf 

Coefficient A Coefficient B Coefficient C Coefficient D 
Material  

parameter B 

0 −0.0996 −0.2979 −1.1843 −0.0637 0.0687 

0.75 −0.759 −0.1559 −1.8997 −0.1374 0.0588 

1.5 −0.7045 −0.1479 −2.0726 −0.1564 0.047 

 
From different literature, the fatigue life of a concrete element can be pre-

dicted from its strain evolution, because a correlation was found to exist between 
the secondary strain rate and the number of cycles to failure. From experimental 
investigations reported in the literature, this approach is not significantly af-
fected by the stochastic influence of concrete. However, the use of such models 
still requires the fatigue stress levels. Equation (36) can be expressed as: 
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( ) ( )maxlog 1 log log log fS V Nβ− = +                 (37) 

where, ( )1V R k= −  and k = constant. From the correlation between the sec-
ondary strain rate and the number of cycles to failure 

( ) seclog log logfN A B ε= +                   (38) 

where, εsec = secondary strain rate, and “A” and “B” are constants to be obtained 
from experiments. A power equations correlation (nonlinear) was initially pro-
posed by [26] and [27]; however, the correlation between the number of cycles 
resulting to fatigue failure and the secondary strain rate is expressed in a linear 
form Equation (38) to simplify the analysis required for deriving material para-
meter “β” for plain concrete and steel fiber also. 

A relationship between log(1 − Smax) the secondary strain rate (εsec) can be 
given thus: 

( )max seclog 1 logS C D ε− = +                   (39) 

“C” and “D” are constants obtained from experiments as given in Table 4. 
From Equations. (37) and (38) 

( )
sec

log log
log fN A

B
ε

−
=                    (40) 

( )max
sec

log 1
log

S C
D

ε
− −

=                    (41) 

From Equations. (39) and (40) 

( ) ( ) ( ) ( )maxlog 1 log log f

CB AD
S N

B
−

− = +              (42) 

( ) ( )
0

CB AD
T

B
−

=                        (43) 

By comparing Equations (37) and (41) the material parameter required in the 
S-N model can be obtained thus: 

010Tβ =                          (44) 

2.6. Degradation in Residual Strength and Secant Modulus 

Modified damage evolution models has been proposed for concrete residual 
strength and fatigue secant modulus [Equation (44)] [7]. The models are func-
tions of the maximum stress level, critical damage value, loading frequency, 
damage parameter “s” and material parameter β. The critical damage is the per-
centage reduction in concrete strength or fatigue secant modulus at failure. The 
mathematical Model is  

expcr f
c

fD D s C N
f

υ  ∆
= −  ′   

                   (45) 

( )0.434 1fsC Rυ β= −                         (46) 

From Zhang et al. (1996), on influence of loading frequency 
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Table 4. Average compressive strength and corresponding strain. 

Specimen Sample 
No. 

Average Compressive  
Strength (Mpa) 

Average Corresponding 
Strain (×0.001) 

Mix Ratio 

1 52.8 2.01 1:02:02 

2 55.8 2 1:02:02 

3 46.2 1.95 1:02:03 

4 23.1 1.52 1:02:04 

 
log f

fC ab C−= +                       (47) 

where, N = number of cycles; s = damage parameter; Dcr = critical damage value; 
and Cf accounts for fatigue frequency. 

From different investigation reports in the literatures have shown that the 
concrete strength and the stiffness reduce progressively after fatigue loading 
cycles have been applied [28]-[34]. To account for this, concrete strength may be 
modified by using a damage factor Dfc. Similarly, the stiffness or secant modulus 
of concrete may be modified using a corresponding damage factor Dce. Models 
used for these cases are given thus 

expcr
c

fD D s u N
f

υ  ∆
= −  ′   

                    (48) 

where, 

( )0.434 1fsC Rυ β= −                       (49) 

log f
fC ab C−= +                         (50) 

( )( )21 logf f Tu C Nγ ζ= −                     (51) 

0.0661 0.0226Rβ = −  
2

2 2.47 10γ −= ×  

ζ  is a dimensionless coefficient which is taken as 0.15 for a sinusoidal cycle 
[35] and [36], Cf accounts for the loading frequency, and 2γ  is a constant 
which accounts for high stress level. From [36] on influence of loading frequen-
cy, 

log f
fC ab C−= +                        (52) 

where, a, b and c are 0.249, 0.920 and 0.796 respectively, and f is the frequency of 
the fatigue loading. Depending on the value of “s” estimated from Equation (48), 
D may be taken as Dfc or Dce. 

Dcr is a critical damage value taken as 0.35 for concrete strength and 0.4 for fa-
tigue secant modulus (Isojeh et al., 2017). 

2.7. Irreversible Strain Accumulation Model 

Compressive and tensile plastic strains accumulate in concrete under fatigue 
loading [28]-[34]. However, the magnitude in tension is usually small, and it is 
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reasonable to assume it to be null. The irreversible compressive strain may be 
considered as a prestrain and incorporated into the strain compatibility equation. 
Based on an experimental investigation conducted on the strain evolution of 
concrete in compression [33] and [34] models were proposed for the irreversible 
fatigue strain (d) as follows: 

For 0.3 f fN N N≤ ≤  (Nf is the number of cycles to failure and N is the fati-
gue loading cycles) 

0 1 2d d d dε ε ε ε= + +                            (53) 

where, 
0dε  is the strain due to loops centerlines convergence, 

1dε  is the strain 
due to the hysteresis loop inclination, and 

2dε  is the strain due to the mini-
mum stress at the turning point of fatigue loading. The parameters equations 
are: 

( )
0

1

2

max

2

max

sec

0.30d

fc
d

ce

c

d

cf R
E

D
k q

D

R

σ
ε ε

ε

σ
ε

ε

′ +
′= − −  

 
 

=   
 

=

                       (54) 

E is the fatigue secant modulus, k2 is 1.0 for high strength concrete and 2.0 for 
normal strength concrete, q is equal to 0.3 cε ′− , R is the stress ratio, maxσ  is the 
maximum stress level, and Esec is the static secant modulus at an instance after 
fatigue loading. The fatigue secant modulus can be taken as 1.5Esec. 

The first stage of deformation under fatigue loading is characterized by cyclic 
creep. As such, the irreversible strain for any number of cycles less than 30% of 
the cycles leading to failure (Nf) is estimated as a function of the irreversible 
strain at 0.3, where the irreversible strain at 0.3 is estimated using equations 1.5 
to 1.8 respectively. Hence, for N < 0.3Nf, 

3 0.30d d
f

N
N

δ

ε ε
 

=   
 

                          (55) 

where, 
3dε  is the irreversible strain dε  value at 0.3Nf. The value of “δ ” (fati-

gue creep constant) can be taken as 0.3. The implementation of the irreversible 
strain model into constitutive models for normal and high strength concrete is 
easy to describe. 

However, due to limited data available for very high cycles to failure in the li-
terature, the fatigue strain evolution tests involving very high fatigue life are also 
required for corroboration. 

( ) 0.972
sec0.0009fN ε −=                        (56) 

3. Results and Discussion 

Experimental Study: 
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Tests were conducted in order to verify the three basic assumptions used for 
simplifying the behaviour of concrete under fatigue loading. Monotonic tests 
were initially conducted on concrete cylindrical specimens in order to obtain the 
average compressive strength. Thereafter, percentages of the average strength 
were used as fatigue loads. 

In the first group of fatigue tests, 22 specimens were tested at different num-
bers of cycles at a constant stress level and subsequently subjected to monotonic 
loading. The obtained stress-strain curves from monotonic loading were plotted 
alongside the stress-strain envelope to observe the intersection of the peak stress 
of the stress-strain curves with the softening portion of the stress-strain envelope. 
In the second group of fatigue tests, 16 specimens were tested to failure under 
constant fatigue loading, and the hysteresis loops were plotted. The centerline of 
each loop was extended in order to observe a convergence point. The intersec-
tion of the hysteresis loop at failure with the stress-strain envelope was also veri-
fied. The test procedures, the specimen tested, and the test observations are dis-
cussed subsequently. 

Servo hydraulic testing equipment with a loading capacity of 1000 KN was 
used to conduct fatigue tests on concrete cylinders (100 mm diameter × 200 mm 
height). In all tests, the waveform of the applied fatigue loading was sinusoidal in 
nature. In order to measure the progressive average strains throughout the tests, 
LVDTs were mounted on opposite sides of each specimen. 

Preparation of Test Specimen: 
The concrete specimens were made from Portland cement, sand, and limes-

tone aggregates (10 mm maximum size) with three different mix ratios. The 
concrete from the first two batches (Table 4) was cast using a mix proportion of 
1:2:2 with a water/cement ratio of 0.5, indicating cement, sand, and coarse ag-
gregate by weight respectively. Mix proportion ratios of 1:2:3 with a water/cement 
ratio of 0.5 and 1:2:4 with a water/cement ratio of 0.6 were used for the third and 
fourth batches respectively. The static strengths of concrete after curing for 28 
days were obtained for each batch (Table 4), while the fatigue tests were con-
ducted 30 to 40 days after casting. 

Percentages of the average compressive strengths of the four batches (69% to 
80%) were used as maximum stress levels for the fatigue tests conducted on 16 
specimens to failure (Table 5). The 22 specimens loaded to different numbers of 
cycles less than the number of cycles leading to failure at a constant maximum 
stress level of 0.74 (Table 5) and a frequency of 5 Hz are given in Table 5. A 
constant minimum load of 5 kN was used for all the tests conducted. The ap-
proach for estimating the fatigue secant modulus will be discussed in a subse-
quent section. 

The progressive strain readings of the concrete cylinders (100 mm diameter x 
200 mm height) tested under uniaxial constant fatigue loading in compression 
were obtained using a data acquisition system. The specimens tested to failure 
were used to verify [24] [25] [26] and [27] assumption and that of the intersec-
tion of the hysteresis loop with the stress-strain envelope at failure. The 22  
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Table 5. Percentage of average compressive strength for fatigue loading. 

Specimen Sample No. 
% of Average Comp. 

Strength (Mpa) 
Average Compressive 

Strength (Mpa) 
Freq. (Hz) 

1 74 52.8 5 

1 69 52.8 5 

2 80 55.8 5 

3 74 46.2 5 

4 75 23.1 5 

4 75 23.1 1 

 
specimens tested to different numbers of cycles before failure were used to verify 
the assumption of the intersection of the peak stress with the softening portions 
of the stress-strain envelope. 

The servo hydraulic testing equipment used was unable to properly capture 
the softening of concrete after attaining peak strength due to the insufficient 
stiffness of the MTS (Material Testing Systems) set-up used; hence, the average 
compressive strength and the corresponding average peak strain values obtained 
from monotonic tests were substituted into [24] [25] [26] and [27] stress-strain 
equations for high and normal strength concrete, respectively. The stress-strain 
curves generated were used as the stress-strain envelopes required to verify the 
intersection of the peak stresses for the statically loaded fatigue-damaged speci-
mens. However, the stress-strain curves obtained from the experiments were al-
so included in the plots. 

Failure Modes: 
Figure 18 shows specimens in various damaged states. The hairline cracks 

parallel to the applied loading direction were initially observed in the entire spe-
cimen. Thereafter, the cracks widened and finally failed in the form of faults as 
per Figure 18 and Table 6. 

4. Conclusions 
4.1. Fatigue Damage Model by Utilizing Continuum  

Thermodynamics Approach 

Strain Based Model of Concreet Material during low frequency is presented in 
this paper by utilizing the framework of continuum thermodynamics of Conti-
nuum Mechanics by taking two material fatigue damage parameter i.e. mathe-
matical symbol, A and β (where, A = fatigue damage parameter regarding energy 
microcracks of the material particle and another is β = kinematic damage para-
meter i.e. phenomena of material crack surface close perfectly after unloading). 
Fatigue damage evolution law together with the damage response functions was 
used in the constitutive relation to demonstrating the capability of the model in 
capturing the essential features of concrete material, such as stiffness reductions, 
increase in damage parameters, behaviour of fatigue modulus and the inelastic 
deformations, under fatigue loading environment by finding out the cumulative  
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Table 6. Experimental results. 

Specimen 
Initial  

compressive 
strength 

Number of 
cycles before 

static  
loading 

Residual 
strength 

after  
loading 

Residual 
fatigue 

modulus 

Corresponding 
static secant 

modulus 

Primary 
strain 

   
(Mpa) (Mpa) (Mpa) 

 
S1 52.8 430 54.9 68,900 41,900 0.000797 

S2 52.8 430 54.4 58,100 38,500 0.000936 

S3 52.8 860 55.1 65,100 40,200 0.000846 

S4 52.8 860 53 58,800 37,100 0.000901 

S5 52.8 5150 55.3 62,000 39,000 0.000892 

S6 52.8 7730 52.3 55,200 35,000 0.000947 

S7 52.8 8160 53.4 53,300 35,500 0.001002 

S8 52.8 3480 46.5 44200 30,500 0.001052 

S9 46.2 5550 41.7 33400 23,500 0.001249 

S10 46.2 5880 38.6 30,100 21,600 0.001282 

S11 46.2 18,100 36.3 31,400 21,900 0.001156 

S12 46.2 6180 32.9 25,800 17,600 0.001275 

S13 55.8 5000 51.4 50200 31,800 0.001024 

S14 55.8 1200 58.1 61,800 39,700 0.00094 

S15 55.8 3000 56.2 57,600 36,800 0.000976 

S16 55.8 6120 45.6 45,100 29,200 0.001011 

S17 55.8 5840 49.2 43,900 28,800 0.001121 

S18 55.8 7900 44.7 42800 28,300 0.001044 

S19 55.8 4680 36.1 37200 a 0.00097 

S20 55.8 6710 52.5 54300 34,600 0.000967 

S21 55.8 9870 46.8 38800 26,700 0.001206 

S22 55.8 8660 37.9 33300 a 0.001138 

aFailed before reaching maximum fatigue load applied. 

 
fatigue damage parameter i.e. symbolically, K. The fatigue curve relavant to A = 
0.10 and β = 0.15 and 0.00 is generated by the modeling and after that this gen-
erated model curve is compared to the curve obtained by [16] which shows sim-
ilar tread of generation of fatigue curve. This also shows the good relation be-
tween results obtained from modeling and experiments. Lower value in the ex-
perimental curve is due to 0.85 times maximum stress level whereas, modeling 
takes 100% value. 

4.2. Concrete Fatigue Strain Evolution Analysis 

1) By analyzing the short comings and limitations of existing fatigue strain evo-
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lution equations, the level-S nonlinear evolution model of fatigue strain, which 
contains the initial strain, was constructed. Then, the physical meaning of the 
parameters and the range and the impact on the shape of the curve were all dis-
cussed. 2) The results show that the level-S model covered all types of fatigue 
strain evolution and has strong adaptability and high accuracy. The model could 
be tested for applicability to steel fiber reinforced concrete, glass fiber reinforced 
concrete, and a variety of characteristics of concrete. 3) The fatigue modulus 
evolution model was established under constant amplitude bending fatigue 
loading based on fatigue strain evolution model and the hypothesis of fatigue 
modulus inversely related to fatigue strain amplitude as shown in Figures 1-4 
The evolution curve of the fatigue strain and the fatigue modulus both have 
three stages of variation, and the middle stage is nearly linear. When the recycle 
ratio is 0.9, two curves converge quickly representing the difference of the fati-
gue strain evolution curve from the lower left corner to the upper right corner, 
but the fatigue modulus evolution curve is from the upper left corner to the right 
lower corner. 

4.3. Concrete Fatigue Modulus Evolution Analysis 

The fitting results of the maximum fatigue strain and fatigue residual strain un-
der different stress levels using the model Equations (2) to (3) are shown in fig-
ures. Coefficients of the evolutionary model are shown in Table 4. The data in 
the figures are the average of each group i.e. group A, B, C. From figures and 
tables of evolutionary model, fatigue strain evolution Equations (4) and (5) can 
be a good correlation with the experimental data above 0.98 of correlation of 
coefficients. The evolution of the maximum fatigue strain and the fatigue resi-
dual strain has similar three-phase variation and the intermediate stage close to 
the linear change. The curve converged rapidly when the cycle ratio exceeded 
approximately 0.9. The strain evolution curve is the level-S-shaped curve from 
the lower left corner to the upper right corner. Because the experiment measured 
only the initial maximum strain and has not measured initial residual strain, the 
evolution curve of the maximum strain starts from the initial value, but the evo-
lution curve of fatigue residual strain starts from zero. According to  

( )0
max max0, fε ε−  fitting results of α  fall in these ranges, in line with the boun-

dary conditions. The Fatigue Strain Parameter, changes in elastic modulii estab-
lished inversely with the fatigue strain. 

4.4. Fatigue Damage Evolution Model 

Damage parameter at any number of fatigue loading to number of cycle at fail-
ure is well establiseh by adopting 1) 0

max max 0.60fε ε = , 2.00p = ,  
max 0.10fεα = , 1.05β =  2) 0

max max 0.60fε ε = , 2.00p = , max 0.15fεα = ,  
1.140625β =  3) 0

max max 0.60fε ε = , 2.00p = , max 0.20fεα = , 1.25β =  4)  
0
max max 0.60fε ε = , 2.00p = , max 0.25fεα = , 1.390625β =  5)  
0
max max 0.60fε ε = , 2.00p = , max 0.30fεα = , 1.5625β = . 
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Figure 18. Specimens in damaged states. 

 

 
Figure 19. Behavior of Plain Concrete with steel fibre Modeling Curve regarding “Nf” 
Verses “ seclogε ” of plain concrete and plain concrete with steel fibres. 
 

 
Figure 20. Estimation of damage parameter from curve regarding “R” verses “Damage 
Parameter i.e. S” of plain concrete. 
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Figure 21. Estimation of residual strength damage from curve regarding “Nf” 
verses “D” of plain concrete. 
 

 
Figure 22. Estimation of secant modulus damage from curve regarding “Nf” 
verses “Secant Modulus Damage” of plain concrete. 

 

 
Figure 23. Irreversible Strain accumulation verses number of fatigue cycle. 
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Figure 24. Fatigue loading set-up. 

 

 
Figure 25. Secondary strain rate vs number of cycle failure (by model). 

 

 
Figure 26. Secondary strain rate by number of Cycle to failure by model. 

4.5. Fatigue Damage Linear Model in Compression, Tension and 
Flexute of Concrete 

Estimation of fatigue life of concrete in compression, tension and flexure are 
well established by finding out the relative values of Smax , εsec, their affecting pa-
rameters such as a, b, c, A, B, C, D, degradation in secant strength, elastic mod-
ulli and secant modulus. Figures 19-24 illustrate the degardation in residual 
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strength and secant moludus. 

4.6. Fatigue Irreversible Strain Accumulation Model 

1 2
, , ,d d dε ε ε ε  is established by modeling. Relation of secondary strain regarding 

0.3 f fN N N≤ ≤  (Nf is the number of cycles to failure and N is the fatigue 
loading cycles) is established. Figure 25 and Figure 26 is the corresponding results. 
Corroboration of model is established from equation, ( ) 0.972

sec0.0009fN ε −= . 
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