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Abstract 
Analysis of the entrance and wall dynamics of a high-flux gas-solid riser was 
conducted using embedded solid concentration time series collected from a 
76 mm internal diameter and 10 m high riser of a circulating fluidized bed 
(CFB) system. The riser was operated at 4.0 to 10.0 m/s air velocity and 50 to 
550 kg/m2s solids flux of spent fluid catalytic cracking (FCC) catalyst particles 
with 67 μm mean diameter and density of 1500 kg/m3. Data were analyzed 
using prepared FORTRAN 2008 code to get correlation integral followed by 
determination of correlation dimensions with respect to the hyperspherical 
radius and their profiles, plots of which were studied. It was found that cor-
relation dimension profiles at the centre have single peak with higher values 
than the wall region profiles. Towards the wall, these profiles have double or 
multiple peaks showing bifractal or multifractal flow behaviors. As the veloc-
ity increases the wall region profiles become random and irregular. Further it 
was found that, as the height increases the correlation dimension profiles shift 
towards higher hyperspherical radius at the centre and towards lower hyper-
spherical radius in the wall region at r/R = 0.81. The established method of 
mapping correlation dimension profiles in this study forms a suitable tool for 
analysis of high-flux riser dynamics compared to other analyses approaches. 
However, further analysis is recommended to other gas-solid CFB riser of 
different dimensions operated at high-flux conditions using the established 
method. 
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1. Introduction 

The gas-solid circulating fluidized bed (CFB) systems have been shown to be 
complex and largely governed by the non-linear relationships. The solid concen-
tration or voidage and pressure time series from these fluidized beds systems ex-
hibit the characteristics of low dimensional deterministic chaos [1]. Studying the 
dynamics of such fluidized bed systems requires non-linear techniques like chaos 
analysis which involves a multi-dimensional study approach in systems exhibit-
ing complex and non-linear dynamics [2] [3] [4]. Chaos analysis of solid con-
centrations and pressure fluctuation signals from circulating fluidized bed riser 
are widely applied in studying systems dynamics due to their ability to account 
for the complex and non-linear nature of the gas-solid flow in fluidized beds [3] 
[5].  

Correlation dimension is one of the chaos analysis parameters which is widely 
used to account for the complexity of the gas-solid flow systems in riser reactors 
[3]. It is determined as the slope of the linear part of the correlation integral 
versus hyperspherical radius curve using the Grassberger and Procaccia algo-
rithm [3]. Once determined, it is related to the gas-solid flow characteristics in 
order to establish the system flow dynamic behaviours. Several studies have 
shown the presence of more than one correlation dimension at the correlation 
integral versus hyperspherical radius curve [3]. However, only one correlation 
dimension is mostly used to characterize the gas-solid flow behaviours in the 
riser [3]. The presence of multiple correlation dimensions along the correlation 
integral versus hyperspherical radius curve and their use in characterizing the 
complexity of gas-solid flow in the entrance section and wall region as a result of 
change in the operating conditions and locations within the high-flux gas-solid 
riser has not been studied.  

This study investigated the flow dynamics behaviors of the gas-solids suspen-
sions flow in the riser reactor using the measured solid concentration time series 
signals. In particular, this paper presents chaos analysis of the temporal varia-
tions of solid concentration in the entrance section, flow development section, 
developed flow sections and in the wall region of a high flux gas-solid riser using 
correlation dimension parameter.  

This paper makes the use of the fact that the correlation dimension varies 
along the correlation function as the hyperspherical radius (r) is changed across 
the attractor. While only the maximum value is normally reported by different 
researchers [3] [6] [7] [8], in this paper, a mapping technique is used by compu-
ting the correlation dimension along the correlation integral. The maximum 
value which appears as a peak on the profile of correlation dimension versus 
ln(r), defined in this study as correlation dimension profiles, is not only reported 
but also plotting the profiles of correlation dimension (that is, mapping of the 
correlation dimension) along the ln(r) axis across the reconstructed attractor is 
used to study the chaotic behavior of the gas-solid high-flux riser. The signals 
from the wall region along different riser sections (entrance, flow development 
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and fully developed flow sections) were used to accomplish the study.  

2. Literature Review 
2.1. Chaos Analysis of Non-Linear System  

Chaos analysis applies to non-linear and deterministic systems whose behavior 
can in principle be predicted for a while and then appears to become random. 
Studies show that, dilute gas-solid suspension flow is predictable, until when 
clusters form and pass across a specific point, events which appear at short in-
tervals as depicted by cluster frequency [9]. The time for which prediction of the 
chaotic behaviour can be made depends on the tolerated uncertainty, the accu-
racy of measurements and the time scale referred to as the Lyapunov time, for 
instance, the sampling frequency, depending on the dynamics of the system [9]. 
Further, it is shown that in chaotic systems, the uncertainty in a forecast in-
creases exponentially with elapsed time measured closely by a chaotic parameter 
called Kolmogorov entropy. Therefore, if the time of forecast is doubled, this 
result to the squares of the uncertainties predicted which further implies that the 
significant prediction can be made in two or three times the Lyapunov time not 
more. The system is said to be random at the point when the meaningful and 
significant predictions cannot be made [9] [10].  

Literatures show that non-linear time series analyses techniques are founded 
on various theories of dynamical system of which its time of evolution is ex-
pressed in some phase space [11]. Thus, analysis of such system can be achieved 
through representation of the phase space. If the current state of the dynamical 
system can be accurately identified and fixed then the future states can be identi-
fied through systematic studies of the phase space where all states of such system 
are presented [11].  

Thus, being one of the non-linear techniques, chaos analysis is achieved by 
first reconstructing the attractor in the phase space or state space [3]. A state 
space is a space spanned by dependent variables of a given dynamical system in 
which all possible states of a system are represented, with each possible state of 
the system corresponding to one unique point in the phase space [5] [11]. In or-
der to accomplish the analysis, an attractor is reconstructed in a phase space 
from which invariant parameters are determined and used to study the system 
dynamics [3] [6]. An attractor is defined as a geometrical structure which is set 
in a phase space where trajectories finally settles down [2] [3] [4]. Chaos analysis 
uses parameters such as Correlation dimension, Kolmogorov entropy, fractal 
dimension, Lyapunov exponent; Hurst rescaled range, Hilbbert-Huang trans-
form, etc. However, of these parameters, the most commonly parameters used to 
characterize the attractor are the correlation dimension and the Kolmogorov en-
tropy [1] [3] [6] [7].  

The state of the gas-solid dynamical system in a CFB riser can be defined by a 
time series of one of the system’s operating conditions or parameters such as the 
voidage or solid concentrations and pressure fluctuations. This is referred to as 
time series of single variable. It is from such a time series of a single measured 
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parameter where reconstruction of a phase space or state-space is done through 
embedding method which utilizes time delay and embedding dimension [1]. The 
system’s dynamics is then described from the reconstructed phase space from 
which chaotic parameters are computed and then used as a quantitative meas-
ures of a chaotic behavior of a particular system [5] [11]. 

The reconstructed phase space by using a single variable signal to represent 
other true variables, through time lag which is applied to the single variable sig-
nal, mimics the true phase space which is created from the true process variables. 
The CFB riser, for instance, is operated under various true variables such as gas 
velocity and solids flux; the measured solid concentrations, εs(t), can be used to 
reconstruct the true attractor by using the time delay. The number of variables 
that affect the system can be estimated from the reconstructed phase space and 
the determined system invariants such as correlation dimensions. However, in 
most studies once the correlation dimension is established, and the variation of 
such a dimension with operating conditions and spatial location is known, the 
outcome is taken to be a sufficient description of the complex system.  

2.2. Determination of Correlation Dimension  

Correlation dimension is a measure of the fractal dimension of the time series, 
which express the complexity that quantifies or gives the characteristics of the 
geometry and shape of the attractor. It measures the scaling of the points along 
trajectories on the attractor, and tells to which exponential law these points fol-
low. The higher the correlation dimension, the more the complex microscopic 
flow dynamics and vice versa in relation to the time scale. Microscopic level is 
depicted by smaller volume of measurement point used, especially when optic 
fibers are used, as compared to pressure drops across a riser section which can 
be referred to as macro scale. The values of the correlation dimension are com-
monly obtained by first plotting the graph of log(Cr) versus log(r) which shows 
the linear dependence in some ranges of r values. Correlation dimension esti-
mator of the attractor is the slope of the scaling region of the correlation integral, 
C(r), versus hypersphere radius, r, [6] [12] [13]. However, in this study the graph 
of correlation dimension versus hyperspherical radius, defined in this study as 
the correlation dimension profiles, has been utilized to compare the flow dy-
namics of a high flux CFB riser, The shape of the correlation dimension profile, 
its location and the magnitude of the peak value or values in case of multiple 
peaks, forms an investigation tool which has been used in this study. 

The process of determining correlation dimension involves first computing 
the correlation sum which counts the vector pairs (Xi, Xj) whose distance is 
smaller than the selected hyperspherical radius, r, as given in Equation (1). The 
counting is started by letting the count i constant, and then traversing all counts 
j to the total number of data points, N-1, in the time series before i is also 
changed up to N in this case. When the total data points approaches to infinity, 
i.e., N →∞ , then the value of N(N-1) approaches to N2. The correlation sum, 
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C(r), is determined as shown in Equation (1) [6]. 
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where ( ),s i kε  and ( ),s j kε  represents the vector points of the solid concen-
tration data signals and ( )uΘ  is the Heaviside step function, for which:  
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Thus, the correlation sum, C(r), is a cumulative distribution function (CDF) 
which reflects the distribution probability of the vector distances which are less 
than r between pairs of points on the chaotic attractor [14]. Studies show that in 
the limit of an infinite amount of data points ( N →∞ ) and for small radius, r, 
such that rmin < r < rmax, then C(r) scale like a power law. Further, if the attractor 
characterises the time series of a single dynamical variable, in the positive ranges 
of the hyperspherical radius, r, the correlation sum, C(r), is related to the hyper-
spherical radius, r, by the power law as per Equation (2) [15]: 

( ) DC r r∝                           (2) 

where D is the characteristic parameter of an attractor referred as correlation 
dimension which is the. Thus, when there is an attractor in the phase space, the 
relationships can be presented as C(r) ~ rD', where D' is the topological dimen-
sion of the attractor. The topological dimension can be regarded as local correla-
tion dimension determined at every short distances, r. The dimension, D, is also 
equal to the topological dimension D' of the attractor if the system dynamics is 
classified as periodic or quasi-periodic. Consequently, the fractal dimension D is 
not an integer if the system is chaotic and the attractor is a strange attractor. 
Thus according to the power law property, basing on the behavior of a correla-
tion sum, a dimension value D can be defined as [14] [15]: 
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Since the number of points is fixed during computations of correlation sum, 
C(r), then Equation (4) simplifies to Equation (5): 
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Using the scaling region, D is the slope of ln(Cr) versus ln(r) plot. The slope D 
of the linear part of the log-log curve provides all necessary information for cha-
racterizing the attractor [16]. The slope is generally estimated by a least square 
fit of a straight line over a certain range of r called the scaling region, which is a 
radius interval of sufficient length at small r where D(r) remains approximately 
constant and regards this value as an estimate of D(r) [17]. There are various 
methods established to identify the scaling region. However, the region is gener-
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ally identified by visual inspection though its scale or its upper and lower limit 
may differ which may result in variation in the calculated correlation dimension 
[14]. If the resulting estimate is non-integer then this shows that the attractor is 
a fractal [18]. The length of the point interval within r which should be used to 
determine the correlation dimension, has been deal in this paper, by computing 
the values of D for a varying number of points along the correlation integral 
based on which a three-point interval was selected. 

2.3. Determination of Minimum Embedding Dimension and Time  
Delay 

Chaos analysis begins by reconstruction of the phase space through embedding 
techniques [3]. This achieved by first establishing the embedding parameters, the 
minimum embedding dimension and the time delay. The minimum embedding 
dimension is the dimension where a time delay reconstruction of the system’s phase 
space provides a necessary number of coordinates to unfold the dynamics from 
overlaps on itself caused by projection [19]. According to Taken’s theorem, to cha-
racterize a dynamic system with an attractor dimension D, an m-dimensional phase 
space for which 2 1m D≥ +  is required. There are methods which are used to 
determine the embedding dimension, m [15] [18] [19] [20] [21] [22]. In this study, 
the minimum embedding dimensions was determined by saturation of correla-
tion dimension as the embedding dimensions increases. Also there are methods 
used to determine the time delay [15]. In this study the time delay, τ, for embed-
ding the solids concentration was estimated by use of correlation dimension 
versus time delay curve, determined by embedding solid concentration data from 
high-flux gas-solid riser at different time delay. 

3. Methodology 
3.1. Data Collection 

Data were collected from a CFB system shown in Figure 1 with a twin-riser 
having 76 and 203 mm internal diameters and 10 m high operated at 50 to 550 
kg/m2s solids flux and 4.0 to 10.0 m/s gas velocity. In particular Ug = 5.5 m/s, 8.0 
m/s and 10 m/s were used in this study. Fluid catalytic cracking catalyst particles 
with 67 μm mean diameter and density of 1500 kg/m3 were used. A 70% to 80% 
humid air was used for transporting the solid particles. Signals were sampled 
from eight (8) axial levels (i.e., Z = 0.98, 1.52, 2.73, 3.96, 5.13, 6.34, 8.74, and 9.42 
m) and 11 radial points (i.e., r/R = 0.00, 0.16, 0.38, 0.50, 0.59, 0.67, 0.74, 0.81, 
0.87, 0.92, and 0.98) at each level where r/R is the normalized radial distances 
from the center to the wall of the riser. To each point, 29,100 data points of solid 
concentration were sampled in 30 seconds using optical fiber probe at 970 Hz.  

3.2. Determination of Minimum Embedding Dimension and Time  
Delay  

The embedding dimension was determined by the method of saturation of cor-
relation dimension. The maximum correlation dimension was determined at  
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Figure 1. The circulating fluidized bed with two riser system. 

 
different embedding dimensions and the profile drawn. The minimum embed-
ding dimension was determined at the point where maximum correlation di-
mension saturate. The time delay was determined from the maximum correla-
tion dimension versus time delay profile. The time delay (τ) can be any value as 
it is not going to change the attractor of the system. But it decides the indepen-
dency of the coordinates. The time delay that keeps the coordinates more time 
independent is desirable. Too large values cause loss of information contained in 
the data and too temporally close vectors become rather remote, giving rise to 
uncertainties i.e. large delays lead to vectors whose components are (almost) 
uncorrelated and the data are thus randomly distributed in the embedding 
space. On the other hand, small time delay yields correlated vector (crossing 
among the trajectories) elements. Figure 2 shows the plot of the maximum cor-
relation dimension, max. D3, against the embedding dimension, m, and the time 
delay, τ, at Z = 1.52 m for Ug = 5.5 m/s and Gs = 300 kg/m2s. From Figure 2 the 
saturation of the maximum correlation dimension starts at m = 15, for r/R = 
0.98 which was determined as the sufficient number of embedding dimension 
for this study.  

The delay time, τ, was estimated from point where the curve gives the higher 
correlation dimension after the first minimum value. From Figure 2 the first 
minimum give the delay time, τ = 5 and the higher value after the first minimum 
gives delay time, τ = 6 for r/R = 0.98. Thus, the delay time, τ = 6 was found suffi-
cient and chosen to study the dynamics in the entrance and the wall region of 
the high flux gas-solid riser. 
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Figure 2. Variation of correlation dimension with number of embedding dimensions and 
delay time at Z = 1.52 m for Ug = 5.5 m/s and Gs = 300 kg/m2s. 

3.3. Determination of Correlation Dimension 

Determination of correlation dimensions (D’s) were achieved by first computing 
correlation integrals, C(r), at various hyperspherical radius, r, by applying Equa-
tion (1) incodes prepared in FORTRAN 2008. Correlation dimensions were then 
determined as the slope of the correlation integral, ln(Cr), versus hypersphere 
radius, ln(r), which were estimated between point intervals of three to nine steps. 
Slope was determined as the ratio of change in ln(Cr) to the change in ln(r), to 
get D3, D4, …, D9 using Equation (4). Determined correlation dimensions were 
plotted to get D’s versus ln(r) plots which were assessed. The D3 versus ln(r) 
plots gave the maximum value at each signal and hence these plots were used for 
further analysis, Maximum values were also determined, plotted and analysed. 
This method is established in this study to analyse the high-flux gas-solid CFB 
riser. 

3.4. Determination of Correlation Dimension (D3) Profiles 

Given the correlation function, C(r), in discrete form, values of which were es-
tablished at several values of hyperspherical distance, r, the first derivative of the 
ln(Cr) function with respect to ln(r) yields the correlation dimension function of 
ln(r). Thus, the D3 values were obtained as per equation: 

( )( )
( )( )
( )( )

2

3

ln
ln

ln

n

n

d C r
D r

d r

+
 
 =
 
 

                   (5) 

This is the slope determined at intervals of consecutive three (3) points. The 
values of D3 corresponding to the nth value of ln(r), a plot of which is defined in 
this study as D3 profile. Profile of D from different intervals, 4 to 9, along ln(r) 
did not yield the desired maximum values, hence the study focused on D3 values 
or D3 profiles. The use of these profiles to study the flow dynamics in the 
high-flux gas-solid riser is also established in this study.  

4. Results and Discussion 
4.1. Maximum Correlation Dimension for High Flux Data 

Figure 3 presents the correlation dimension plots at the centre and the wall in 
the entrance, flow development and the top sections of the riser operated at Ug = 
8 m/s and Gs = 300 kg/m2s. Correlation dimension can be determined from the  
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Figure 3. Maximum correlation dimension plots for high flux data at different axial loca-
tions. 
 
slope of ln(Cr) and ln(r) plot as per Equation (5). The question of how many 
steps to use in the determination of slope is answered in Figure 3. Depending on 
the number of steps for slope determination, different values of D were obtained. 
According to Grassberger and Procaccia [8], the maximum value is taken as D. 
The value of D for any number of steps shows a maximum value or peak, that is, 
the profile has a peak or peaks where the maximum value is taken as a correla-
tion dimension. This maximum varies with the number of steps as well. Figure 3 
presents six plots of a series of correlation dimensions profiles from D3 to D9 
(i.e., slopes obtained from three to nine steps) at the upper part and below there 
is a correlation integral profile from which the values of D3 to D9 were estimated. 
From D3 to D9, i.e., increasing the number of steps for determination of slope 
implies determination of the optimum distance, r, which brings the highest value 
of topological dimension, referred to as correlation dimension. Higher number 
of steps implies larger local r, r → ∞. Comparing the values of D3 to D9, a three 
(3) steps correlation dimension (i.e., D3) profile was found to give a maximum 
correlation dimension and thus used for further analysis of the correlation di-
mension. Since the single step of r, the smallest unit of r is known setting D3 im-
plies 3Δr, which is well known. Thus, this study used D3 values to estimate the 
correlation dimension for the given signals. It is noted also that across the whole 
correlation sum function, denoted as ln(Cr) in Figure 3, there exists values of D 
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or D3 ranging from zero to D3, as ln(r) changes. Plots of D3 versus ln(r) form 
different profiles of which characteristics are extensively studied in this work. 

The correlation dimension profiles, i.e., D3 at the centre region (r/R = 0.0) 
have only one peak value on the D3 profile in all axial levels as shown in the bot-
tom (Z = 1.52 m), middle (Z = 5.9 m) and top (Z = 9.42 m) sections. However, 
correlation dimension profiles for signals near the wall (r/R = 0.98) in all axial 
levels have multiple peaks for D3 for the entrance (Z = 1.52 m), flow develop-
ment (Z = 5.9 m) and fully developed flow (Z = 9.42 m) sections.  

According to Equation (4), the correlation dimension value is defined when r 
→ 0 and N → ∞. That is, at small values of r obtained from correlation sum using 
large number of data points in the original time series.  

The single peak values of the correlation dimension profiles at the centre in all 
axial levels indicate the uniform flow structure or low tendency to the formation 
of segregated flow or solid distribution fluctuations compared to the wall region, 
where the flow is characterized by the formation of dense phase such as particle 
aggregates or clusters in the dilute phase. The multiple peak values of correlation 
dimensions with varying magnitudes towards the wall as shown at r/R = 0.98 in 
the entrance section (Z = 1.52 m), flow development (Z = 5.9 m) and top or fully 
developed (Z = 9.42 m) sections indicates the formation of multifractal flow 
structures which is attributed to the segregated flows, i.e., particle aggregates 
with varying solid concentrations. From Figure 3 it can be further observed 
that the peak or maximum values of the correlation dimension at the centre are 
relatively higher than those close to the wall. This indicates that the flow beha-
vior at the centre (r/R = 0.0) is characterized by faster changing particle-gas in-
teractions due to high interactions between particles in the dilute gas-solid sus-
pension as compared to low interactions in the wall region due to high solid 
concentration and dense aggregates of high momentum which limits particle’s 
motions. 

Further observation of Figure 3 shows a maximum correlation dimension 
values on D3 profile. A maximum correlation dimension is a good indicator that 
can reveal the dynamical differences between various points or states of the sys-
tem. Thus, since D3 profile gives a maximum correlation dimension it is there-
fore, a good and strong indicator of the flow complexity, variations of which can 
provide details of the micro-flow structure of the gas-solid flow suspensions 
compared to the rest of D values, that is, D4 to D9. Moreover, a three-step slope 
show good linear correlation compared to D4 to D9 due to small range/width of 
the scaling region observed when using solid concentration signals. It should al-
so be noted that chaos analysis is about effect of small changes in the gas-solid 
flow on the dynamics of the system such as noted in instantaneous solid concen-
trations, ( )s tε , thus D3 being dependent on small changes in distances across 
the attractor, forms a good estimator of the dynamics of the riser. In this case, 
the correlation dimension, D3, was selected to be used as a measure of the 
gas-solid flow behaviors in this study. 
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4.2. Correlation Dimension Profiles in the Wall-Region of the High  
Flux Riser 

Based on discussion above, and also from literature, correlation dimension is a 
strong tool which can be used to indicate the complexity of the gas-solid flow 
behavior in the CFB riser reactors. A higher correlation dimension is related to a 
more complex microscopic flow dynamics while a lower value (flatter peak) 
shows a less complex flow dynamics with low particle-particle, gas-particle and 
particle-wall interactions based on shorter time scales depicted by sampling fre-
quency. Figures 4-6 show the plots of the correlation dimension, D3, (referred to 
D in figures) versus ln(r), at Ug = 5.5 m/s, 8.0 m/s and 10 m/s respectively at Gs = 
300 kg/m2s. 

 

 
Figure 4. Mapping of correlation dimension along ln(r) axis for solid concentration signals from the 
wall-region of the high-flux riser at Ug = 5.5 m/s, Gs = 300 kg/m2s. 
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Figure 5. Mapping of correlation dimension along ln(r) axis for solid concentration signals from the wall-region of 
the high-flux riser at Ug = 8 m/s, Gs = 300 kg/m2s. 

 
The D3 plots show a peaked shape at the centre (r/R = 0.0) with highest values 

compared to the profiles in the wall region (0.74 ≤ r/R ≤ 0.98). The Correlation 
dimension decreases from the centre of the riser towards the wall for all operat-
ing conditions investigated, i.e., Ug = 5.5, 8 and 10 m/s and Gs = 300 kg/m2s. 
Similar observation have been reported in the literature [3] where values of cor-
relation dimension were higher at the centre and lowest values were observed 
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near the wall (r/R = 0.87) where the solids concentration is high. The relatively 
higher values of the correlation dimensions at the center (r/R =0.0) indicates more 
complex flow behaviors due to dilute flow which leads to high and faster interac-
tions between particle-particle and particle-gas in the dilute solid-gas suspension 
compared to the wall region. The high degree of freedom leads to faster tempor-
al variations of solid concentration in the centre of the riser.  

 

 
Figure 6. Mapping of correlation dimension along ln(r) axis for solid concentration signals from the wall-region of 
the high-flux riser at Ug = 10 m/s, Gs = 300 kg/m2s. 
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Contrary to the wall region where there is low degree of freedom for particles, 
there is less interactions due to high solid concentration , presence of solid clus-
ters and the boundary layer or wall effects, all of which limits particle’s motions 
in the gas-solid suspensions leading to low values of the correlation dimension. 
Studies show that the dilute phase and the dense or cluster phase have different 
dynamical properties and therefore shows different dynamic behaviors [3] which 
are described by the differences shown by correlation dimension profiles. The 
dilute phase shows more complex time variations of solid concentrations while 
the dense or cluster phase with high solid concentrations is less complex and 
hence lower peak for correlation dimension profiles. Further it is shown that 
both dilute and cluster phases are strongly coupled system at the wall of the riser 
with the dilute phase dominating [3].  

Lower peak values correlation dimension are generally found for conditions 
with high solids concentration, due to the fact that the presence of high solids 
concentration in the gas phase near the wall reduces the amount of turbulence 
and complexity of flow [4] [6]. 

Towards the wall both phases are partially coupled system with cluster or 
dense phase dominating leading to low correlation dimension [3]. At high solid 
concentration there is an increased formation of uniform or homogenized clus-
ters which increase in size with time leading to the decreased solid concentration 
fluctuations and clusters mobility. This in turn leads to the lowered degree of 
freedom of particles between the clusters and in the dilute phase. 

Results show a tendency of change in location of the peak value, i.e., the 
maximum value of D3 along the ln(r) axis (horizontal position). The maximum 
D3 shifts from left to right along the ln(r) axis towards the origin of the D3 versus 
ln(r) plane as one move towards the wall. Also for all elevations, towards the wall 
of the riser reactor (i.e., 0.74 ≤ r/R ≤ 0.98) correlation dimension plots show the 
presence of the multi-fractal behavior which manifests by the presence of more 
than one local maximum value indicating two or more peak values of D3. Pres-
ence of two local maximum values indicates the bifractal behavior of the 
gas-solid flow. Such behaviors were observed and become more dominant to-
wards the wall when the gas velocity, Ug= 10 m/s and solid flux, Gs, =300 kg/m2s, 
as shown in Figure 6. This observation is found in high density gas-solids flow 
behavior, where dilute-phase and dense-phases co-exist. As shown in Figure 4 at 
Ug = 8 m/s and solid flux, Gs = 300 kg/m2s this behavior is found in the bottom 
section at Z = 1.52 m and r/R = 0.0, Z = 2.73 m and 0.74 ≤ r/R ≤ 0.87; in the flow 
developing section at Z = 3.96 m and 0.81 ≤ r/R ≤ 0.98 and also in the top sec-
tion of the riser at Z = 9.42 m, 0.74 ≤ r/R ≤ 0.98.  

According to Figure 5, this behavior is also found in the bottom section of the 
riser Z = 1.52 m and r/R = 0.81, Z = 2.73 and 0.87 ≤ r/R ≤ 0.92. But also in the 
developed-flow section at Z = 6. 34 m very close to the wall (0.92 ≤ r/R ≤ 0.98). 
When the operating conditions are changed to Ug = 10 m/s, Gs = 300 kg/m2s 
(which is presented by Figure 6) this multifractal behaviour emerges in the bot-
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tom section at Z = 1.52 m with r/R = 0.81 and 0.98, Z = 3.96 m and 0.92 ≤ r/R ≤ 
0.98, and in the mid-height of the riser at Z = 5.90 m between0.81 ≤ r/R ≤ 0.98.  

The single peak values of the correlation dimension profiles at the centre in all 
axial levels indicates the uniform flow structure or low tendency to the formation 
of segregated flow. The multiple peaks of correlation dimension profiles with 
varying magnitudes towards the wall indicates the presence of multifractal flow 
structures which can be attributed to the presence of dense phases dominated by 
particle aggregates with varying solid concentrations leading to the mixed flow 
behaviors, as stated above.  

4.3. Analysis of the Shapes of Correlation Dimension Profiles from  
the Wall Region 

The analysis of the shapes of correlation dimension profiles reveals three differ-
ent types, i.e., A, B and C as shown in Figure 7. Type A correlation dimension 
profiles have a single tall peak which are mostly found at the centre (r/R = 0.0) for 
all operating conditions especially in the fully developed section (Z = 9.42 m). 
They are also observed in some parts of the wall region in the flow-development 
section, Z = 3.96 m. This type of profiles indicates a uniform and low solid con-
centration flow structure. 

Type B profiles are double peaked profiles, which emerge for all operating 
conditions in various spatial locations of the riser. They are mostly found in the 
wall region, for instance, in the entrance section, Z = 1.52 m, close to the wall for 
which r/R = 0.92 and at r/R = 0.74, Z = 2.73 m. They are also found in the flow 
development section at r/R = 0.81 and 0.98 for Z = 3.96 m and Z = 3.16 m for Ug 
= 5.5 m/s and Gs = 300 kg/m2s. At Ug = 8 m/s and Gs = 300 kg/m2s such profiles 
are observed in the flow development section at r/R = 0.87 and Z = 3.16 m. 
When Ug was increased to 10 m/s at Gs = 300 kg/m2s, the double peaked correla-
tion dimension profiles appeared, for instance, in the entrance section at r/R = 
0.81 for Z = 1.52 and 2.73 m, in the developed flow section at r/R = 0.81 and 0.87 
for Z = 5.90 m and in the fully developed flow section r/R = 0.87 and Z = 8.74 m. 
Type B correlation dimension profiles indicate two dominant flow types in the 
wall region of the riser, attributable to relatively dilute phase and dense or cluster 
phase. 

Type C correlation dimension profiles are multiple peaked profiles. They are 
found in some locations of the wall region for all operating conditions and in all 
sections of the riser. For instance, they are found in the entrance section at r/R = 
0.87 and Z = 2.73 m; in the flow developing section at r/R = 0.87 and Z = 3.96 m; 
and in the fully developed flow section towards the riser exit at r/R = 0.87 and Z 
= 8.74 m and r/R = 0.74 and 0.87 for Z = 9.42 m for Ug = 5.5 m/s and Gs = 300 
kg/m2s. For Ug = 8 m/s and Gs = 300 kg/m2s these profiles were observed in the 
entrance section at r/R = 0.87 and 0.92 for Z = 2.73 m. When Ug was increased to 
10 m/s at Gs = 300 kg/m2s these profiles were observed in the entrance section 
for instance at r/R = 0.81 and Z = 1.52 m; in the developing flow section at r/R = 
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0.74 and Z = 3.96 m; in the transition at r/R = 0.87 and Z = 6.34 m and in the 
fully developed section towards the exit section they are found at r/R = 0.81 and 
Z = 9.42 m. Multiple peak correlation dimension profiles indicate more than two 
dominant flow patterns, attributable to dilute phase, clusters and intensive inte-
ractions between these two phases with the wall. 

4.4. Mapping of Correlation Dimension, D3, on the D3 − ln(r) Plane 

Analysis of mapped correlation dimension profiles was used to investigate the 
change of gas-solid flow dynamics in the riser by observing shapes of the pro-
files, their positions on the ln(r) axis and the maximum value of D3. Mapping of 
correlation dimension, D3, on the D3 − ln(r) plane is shown in Figure 8 for dif-
ferent Ug at three axial elevations. This approach provides a new method of 
studying the flow dynamics in a high-flux riser.  

Figure 8 shows also the mapping of the D3 profiles along the ln(r) axis at Ug = 
5.5, 8 and 10 m/s for Gs= 300 kg/m2s in the entrance, developing flow and de-
veloped flow sections, that is, Z = 1.52, 3.96 and 9.42 m respectively. It was fur-
ther observed that the D3 profiles at the center (r/R = 0.0) forms a higher peak 
which relatively increases towards the top of the riser in the fully developed flow 
section. The rest of the profiles in the wall regions are flatter at the top of the 
riser, compared to those in the flow developing and entrance sections. That is, in 
the entrance section the profiles close to the wall (r/R = 0.98) have higher peaks 
or higher correlation dimension than the profiles at the top of the riser. This is 
attributable to intensive mixing in the entrance section after the gas passes the 
distributor plate. 

 

 
Figure 7. Characterizing correlation dimension profiles obtained at different 
operating conditions. 
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Figure 8. Mapping of D3 on D3 − ln(r) plane in the wall region and different flow devel-
opment sections for different Ug at Gs = 300 kg/m2s. 

 
The position of the correlation dimension profiles at r/R = 0.0 along the ln(r) 

axis is relatively the same for all sections. However, the profiles in the wall region 
have the tendency to shift their positions along the ln(r) axis depending on gas 
velocity, Ug, and axial elevation, Z. This indicates that the scaling regions of the 
reconstructed attractors change their position and size. When the profiles shift 
to the right, it implies that attractors expand in size and the distances between 
trajectories also increases. It can be observed that the profile at r/R = 0.81 
changes position towards the negative direction along the ln(r) axis from the en-
trance (0.5 to −2.5), developing (−0.5 to −3.2) and the developed (−2.5 to −5.2) 
sections at the top of the riser. The profiles also show a clear double peak in the 
flow development section (Z = 3.96 m). The profile close to the wall (r/R = 0.98) 
in the entrance section (Z = 1.52 m) is located in the same position (around −2.5 
to −5.5) with the centre profile with its peak being the highest. This suggests re-
semblance in the gas-solid flow behavior. The peak of this profiles decrease 
along the high flux riser from the entrance section through the developing up to 
the developed section. This behavior is also shown by the profiles at r/R = 0.92.  

At Ug = 8 m/s, the centre profile (at r/R = 0.0) shows a small shift towards the 
right side or positive direction along the ln(r) axis from the entrance section 
where it is located around −3.7 to −6.5 towards the fully developed flow section 
around −2.5 to −4.9. The correlation dimension profiles at the wall show the 
tendency to shift towards the negative direction along the ln(r) axis as Z increas-
es as observed also at Ug = 8 m/s. In the entrance section, the profile at r/R = 
0.81 is located from 0 to −3 and shifts to a location between −1 and −4 in the 
developing flow section and then from −3.4 to −6 in the fully developed flow 
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section. The profiles close to the wall, at r/R = 0.92 and 0.98, are located in the 
same span in the flow developing section (1 to −1.5) and fully-developed flow 
section (−2.4 to −5.1) while in the entrance section the profile at r/R = 0.98 is 
located on the left (−1 to −4) of the profile at r/R = 0.92 (that is from 0.2 to 
−2.8). Also these profiles have low peaks compared to the other profiles. 

Further Figure 8 shows also mapping of the D3 profiles at Ug = 10 m/s and 
300 kg/m2s in the three flow development sections, that is, entrance (Z = 1.52 
m), flow development (Z = 3.96 m) and fully developed (Z = 9.42 m) sections. 
Figure 8 shows that at this operating condition again the centre profile lies in a 
relatively same location spanning from around −2.6 to −5.8 in all sections. How-
ever, the profile at r/R = 0.81 shows to shift towards the left from the entrance 
(around 0.2 to −2.7), developing (−1 to −4) to the developed (−2.5 to −5.2) sec-
tions along the ln(r) axis.  

The tendency of D3 profiles to form multiple peaks closer to the wall at r/R = 
0.92 and 0.98, increases especially in the entrance section at Ug = 10 m/s com-
pared to the center profiles. These observations can be associated to the increas-
ing solid concentration and formation of dense phases which reduces the degree 
of freedom of particles. Also the influence of the wall on the gas phase and solid 
particles becomes significant. All these reduce particles momentum and interac-
tions with gas phase and the wall resulting into less complex flow behavior and 
hence low values of correlation dimensions towards the wall. Multiple peaks 
with lower varying magnitudes of correlation dimensions towards the wall are 
attributed to the presence of low dimensional multifractal flow behavior which 
results from the presence of dense phases which are dominated by clusters or 
particle aggregates with varying solid concentrations which leads to the mixed 
phases flow behaviors. 

The span of the D3 profiles from left to right indicate changes in the size of the 
reconstructed attractor in phase space. For example, in Figure 8, for Ug = 5.5 
m/s, at r/R = 0.92 and Z = 9.42 m, the profile spans within −1 and 0, while at Z = 
1.52 m, the profile span from −2 to 1 along the ln(r) axis. A profile of D3 on the 
right hand side indicates that the scaling region(s) of the attractor is within 
longer trajectory distances, implying expanded attractor. The radial position r/R 
= 0.81 exhibits a wide range of the changes in the flow dynamics in the gas-solids 
flow along the axial elevations of the riser. This has been explained in literature 
using core-annulus model, which was based on changes in radial solids concen-
tration and particle velocities [23]. It is found that the maximum values of D3 
vary for the profiles from different locations and at different operating condi-
tions. Also there are wide variations in the location of the profiles along ln(r) 
axis from 0 to −5.5 which forms on other property of gas-solid flow dynamics 
developed in this study. This indicates that the microscopic flow scales (origi-
nally captured by single solids concentration signal) diminishes from largest at 
the entrance to the smallest at the top of the riser. That is, at r/R = 0.81, changes 
occur from densest to the most dilute flow behavior along the riser. 
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4.5. Maximum Correlation Dimension Profiles in the Wall Region  
of the High Flux Riser 

Variation of the maximum correlation dimension, Dmax, determined from the 
correlation dimension profiles of D3, along the radial position at a given axial 
elevations and operating conditions are shown in Figure 9. Closer to the wall, at 
r/R = 0.98 the values of Dmax along the axial direction are relatively higher at Ug 
= 5.5 m/s and Gs = 300 kg/m2s except at at Z = 2.73 m and 8.74 m. Lower values 
were observed in the bottom section (Z = 1.52 m), transition (Z = 3.96 m) and 
top (Z = 9.42) sections. Also away from the wall towards the centre, Dmax profiles 
are irregular revealing the non-uniform time-variations in the flow behavior of 
the gas-solid flow depicted by solids concentrations signals in the riser reactor. 
For r/R = 0.81, again, using normal radial profiles of Dmax, one cannot notice the 
inherent dynamical changes along the riser in this radial position. Thus, the 
current study used D3 profiles to show that this radial position exhibit strongest 
variations in the gas-solids flow dynamics. Using the values of Dmax could not 
reveal this phenomenon (Figure 9) compared to details revealed using profiles 
in Figure 8. 

4.6. Effects of Gas Velocity on Correlation Dimension (D3)  

The effects of changing gas velocity on the correlation dimension and its profiles 
were studied. Figure 10 shows the effects of gas velocity (Ug) on the Correlation 
Dimension (D3) at different radial position (r/R) in selected sections of the riser, 
using profiles generated from local solid concentration. 
 

 
Figure 9. Radial profiles of maximum correlation dimension versus radial positions plots at Gs = 300 
kg/m2s. 
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Figure 10. Effects of gas velocity (Ug) on correlation dimension (D3) at different radial position (r/R) along 
the risers’ flow development sections at Gs = 300 kg/m2s. 

 
Figure 10 shows the correlation dimension profiles in the developed flow sec-

tion of the riser (Z = 9.42 m). For all gas velocities, the profiles at centre (r/R = 
0.0) have higher peak compared to those from other locations. Also the profiles 
show a shift towards lower hyperspherical radius as the velocity increases. In the 
wall region profiles are flatter with multiple peaks and have no clear trend or 
pattern. However, at high velocity, Ug = 8 and 10 m/s, the correlation dimension 
profiles are located within a higher hyperspherical radius of the phase space es-
pecially at r/R = 0.92 and 0.98.  

In the flow development section, Z = 3.96 m, (as per Figure 10), the profile at 
the centre (r/R = 0.0) and at lower velocity (5.5 m/s) have higher peak compared 
to other profiles. A closer look of the profiles at various radial positions (r/R = 
0.81, 0.92 and 0.98) shows a clear shift of the profiles towards the origin of the 
plane, i.e. all profiles at all velocities investigated, i.e., Ug = 5.5, 8 and 10 m/s are 
located in the higher hyperspherical radius along ln(r) axis, which signifies ex-
panded attractors with longer trajectory distances near the wall.  

As shown in Figure 10 the profiles in the entrance section (Z = 1.52 m) at the 
centre and in the wall region does not show a clear trend or pattern. However, at 
high velocity, i.e., Ug = 10 m/s, the correlation dimension (D3) profiles are lo-
cated within a higher hyperspherical radius of the phase space especially at r/R = 
0.81, 0.92 and 0.98. Such observation of changes in the dynamics have not been 
reported using average values of solids concentration signals or single value chaos 
invariants in the past, when r/R, Ug and Z were changed. This study focused on 
the dynamics of gas-solid flow in the wall region of the high-flux gas-solid riser 
while other studies considered the whole cross-section of the risers. The shift of 
maximum correlation dimension or scaling region along the ln(r) axis is being 
reported in this study for the first time. 

https://doi.org/10.4236/eng.2018.1010048


J. M. Jeremiah et al. 
 

 

DOI: 10.4236/eng.2018.1010048 675 Engineering 
 

The shifting tendency of the correlation dimension profiles is further summa-
rized in Table 1 which presents how the change in velocities affects the position 
at which the maximum D3 is located along the ln(r) axis. The analysis is pre-
sented for different radial positions (the centre and the wall region) along the 
riser height from the entrance section (Z = 1.52 m), flow development section (Z 
= 3.96 m) and in the fully developed flow section (Z = 9.42 m). For instance, in 
the entrance section (Z = 1.52 m) close to the wall (r/R = 0.98), when Ug = 5.5 
m/s the maximum D3 is located at ln(r) = −4.05, while for Ug= 8.0 m/s it is lo-
cated at ln(r) = −3.38 and for Ug = 10 m/s it is located at ln(r) = −0.26.  

4.7. Effects of Riser Height (Z) on Correlation Dimension (D3)  

The effect of the axial elevations was investigated in three sections of the riser, 
i.e., the entrance, developing and the fully developed sections. Figure 11 shows 
the effects of riser height (Z) on correlation dimension (D3) at different radial 
position (r/R) for the selected operating conditions. 

In Figure 11 correlation dimension (D3) profiles at different axial elevation 
(Z)at Ug = 5.5 m/s and Gs = 300 kg/m2s are shown. The peak values of the cor-
relation dimension in the fully developed section (Z = 9.42 m) are lower com-
pared to other elevations at the wall. Also at r/R = 0.81 as the height increases 
from Z = 1.52 m to 9.42 m the profiles shifts along the horizontal axis towards 
the lower hyperspherical radius. Close to the wall at r/R = 0.98 the correlation 
dimension profiles in the entrance section (Z = 1.52 m) has higher peak values 
at Ug = 5.5 and 8 m/s but are located at the lowest value of the hyperspherical 
radius which indicates contraction of attractor which implies higher solid con-
centration. 

Correlation dimension profiles at different axial elevation (Z) for Ug = 8 m/s 
and Gs = 300 kg/m2s are also shown in Figure 11. At the centre of the riser (r/R 
= 0.0) the correlation dimension profiles are similar for different elevations 
along the riser, that is, in the entrance sections (Z = 1.52 m), flow developing 
section (Z = 3.96 m) and in the fully developed section (Z = 9.42 m). This indi-
cates high uniformity of the flow structure at the centre. However, as the height 
increases, the location of the correlation dimension profiles shifts to a higher 
hyperspherical radius. In the wall region at r/R = 0.81 the trend is vice versa. The 
profile at Z = 1.52 m is located at higher hyperspherical radius and as the height 
increases the location of the profiles shifts to the lower hyperspherical radius. 
Close to the wall at r/R = 0.92 and 0.98, profiles have similar trend where the 
profiles at Z = 3.96 m are located at the higher hyperspherical radius and the 
profile at Z = 9.42 m locating at the lowest value.  

Further, the correlation dimension profiles at different axial elevation (Z) for 
Ug = 10 m/s and Gs = 300 kg/m2s is also shown in Figure 11. The trend of the 
profile at this operating condition is similar to the trend at Ug = 8 m/s and Gs = 
300 kg/m2s except at r/R = 0.92 and 0.98. The correlation dimension profiles at 
the centre of the riser (r/R = 0.0) in the entrance sections (Z = 1.52 m), flow  
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Table 1. Location of the maximum D3 along ln(r) axis at the centre and wall region at Ug 
= 5.5, 8 and 10 m/s in the entrance, flow-development and developed-flow sections of the 
riser. 

Z (m) r/R Ug (m/s) Value of maximum 
D3 

Location of  
maximum D3 along ln(r) 

9.42 

0.0 

5.5 7.36 −3.31 

8 5.50 −3.47 

10 5.60 −4.04 

0.81 

5.5 3.35 −4.64 

8 3.73 −5.56 

10 3.90 −4.46 

0.92 

5.5 1.11 −0.77 

8 2.15 −3.86 

10 3.13 −0.35 

0.98 

5.5 1.77 −0.30 

8 1.36 −3.55 

10 1.00 −1.38 

3.96 

0.0 

5.5 7.09 −3.26 

8 5.50 −4.14 

10 4.93 −4.61 

0.81 

5.5 3.25 −1.46 

8 3.97 −3.08 

10 5.00 −2.28 

0.92 

5.5 2.79 −1.58 

8 0.97 0.36 

10 3.43 0.14 

0.98 

5.5 4.26 −0.56 

8 2.14 −0.11 

10 1.07 −0.26 

1.52 

0.0 

5.5 5.05 −3.98 

8 5.68 −5.24 

10 4.94 −4.31 

0.81 

5.5 4.35 −1.21 

8 4.13 −2.46 

10 3.72 −0.93 

0.92 

5.5 4.58 −0.08 

8 6.16 −2.83 

10 2.31 −0.05 

0.98 

5.5 6.80 −4.05 

8 4.20 −3.38 

10 1.35 −0.26 
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Figure 11. Effects of riser height (Z) on correlation dimension (D3) at different radial po-
sitions (r/R) and gas velocities (Ug) at Gs = 300 kg/m2s. 
 
developing section (Z = 3.96 m) and in the fully developed section (Z = 9.42 m) 
shifts towards the higher hyperspherical radius as the height increases. Also in 
the wall region at r/R = 0.81 the trend is vice versa. The profile at Z = 1.52 m is 
located at higher hyperspherical radius and as the height increases the location 
of the profiles shifts to the lower hyperspherical radius. Profiles at r/R = 0.92 and 
0.98 for all axial elevations studied are located in the same locations of the 
hyperspherical radius with higher peak value at r/R = 0.92 than at r/R = 0.98. 

The effect of riser height can be observed further through the shifting tenden-
cy of the correlation dimension profiles as shown also in Table 1. The change in 
riser height affects the positions at which the maximum D3 is located along the 
ln(r) axis in the centre and the wall region for all axial elevations of the riser. For 
instance, close to the wall (r/R = 0.98) when Ug = 5.5 m/s, in the entrance sec-
tion, Z = 1.52 m, the maximum D3 is located at ln(r) = −4.05, while in the flow 
developing section, Z = 3.96 m, it is located at ln(r) = −0.56 and in the fully de-
veloped section, Z = 9.42 m, it is located at ln(r) = −0.30. 

5. Conclusion 

Gas-solid flow dynamics in the high-flux CFB riser was studied by mapping the 
correlation dimension, D3, at different spatial locations for different operating 
conditions (Ug) and locations along the ln(r) axis. The number of peaks for each 
profile was also assessed. Based on the discussion, it can be concluded that the 
three-step correlation dimension (D3) profiles are good indicator of the differ-
ences in the flow dynamics over various states of the gas-solid flow in the riser. 
These correlation dimension profiles at the centre are mostly single peaked with 
higher peak values than the wall region showing uniform flow dynamics. These 
peak values decrease towards the wall. Towards the wall these profiles exhibit 
double or multiple peaks profiles showing bifractal or multifractal flow behavior. 
As the velocity increases the correlation dimension profiles close to the wall be-
come more random and irregular affirming chaotic nature in these locations. 
Further, towards the wall these profiles change location towards higher hyper-
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spherical radius of the attractor at Z = 9.42 m. As the height increases the corre-
lation dimension plot shifts towards higher hyperspherical radius at the centre 
and towards lower hyperspherical radius in the wall at r/R = 0.81. Mapping of 
the established correlation dimension (D3) profiles forms a good tool of analysis 
of the flow dynamics in the high-flux gas-solid riser compared to other tools of 
analysis. The study recommends further analysis to other risers of different di-
mensions operated at high-flux conditions using the established method. 
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