
Engineering, 2013, 5, 407-448 
http://dx.doi.org/10.4236/eng.2013.54053 Published Online April 2013 (http://www.scirp.org/journal/eng) 

Mathematical Theory and Methods of Mechanics of  
Quasicrystalline Materials 

Tian You Fan 
School of Physics, Beijing Institute of Technology, Beijing, China 

Email: tyfan2006@yahoo.com.cn 
 

Received January 23, 2013; revised February 23, 2013; accepted March 1, 2013 
 

Copyright © 2013 Tian You Fan. This is an open access article distributed under the Creative Commons Attribution License, which 
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

ABSTRACT 

The review is devoted to introduce the recent development of the study in mathematical theory and methods of me-
chanics of quasicrystals, respectively. The mechanics of quasicrystalline materials includes elasticity, plasticity, defects, 
dynamics, fracture etc. In the article some relevant measured data are collected for some important quasicrystal systems, 
which are necessary for understanding physics and applications of the materials. It is very interesting that the mathe- 
matical theory and solving methods of the mechanics of quasicrystals have developed rapidly in recent years, which is 
strongly supported by the experiments and applications. The theoretical development strongly enhances the under- 
standing in-depth the physics including mechanics of the materials. The mathematical theory and computational meth- 
ods provide a basis to the applications of quasicrystals as functional and structural materials in practice as well. More 
recently the quasicrystals in soft matter are observed, which challenge the study of based on the quasicrystals of binary 
and ternary alloys and greatly enlarge the scope of the materials and have aroused a great deal attention of researchers, 
an introduction about this new phase and its mathematical theory is also given in the review. 
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1. Introduction 

An icosahedral structure in Al-Mn alloy with five-fold 
rotation symmetry was first discovered in April 1982, 
and reported in November 1984, refer to [1] and Figure 
1. Immediately after the work, reference [2] claimed that 
the structure is a quasicrystal, which presents quasiperi- 
odic translational symmetry and orientational symmetry 
that is not allowed by the well-known crystal symmetry 
law. This has aroused a great attention of scientists in 
chemistry, crystallography, physics, mathematics, mate- 
rials science etc. Soon after, Chinese materials scien- 
tists [3,4] observed the five-fold symmetry and icosahe- 
dral quasicrystals in Ni-V and Ni-Ti alloys, and others 
found the quasicrystals with eight-, ten- and twelve-fold 
symmetries.  

The above quasicrystals are observed in binary and 
ternary metallic alloys, which can be called solid quasi- 
crystals. Recently in polymers, nanoparticle mixture and 
colloids the quasicrystals with twelve-fold and eighteen- 
fold symmetries are found too, which can be named soft 
matter quasicrystals. 

In various metallic alloys, many of the quasicrystals 
observed so far present thermodynamically stability, they 

become a new class of functional and structural materials, 
and present current and potential applications. For the 
purpose of application, the chemical, physical and me- 
chanical properties of the material have been extensively 
studied. In the mechanical behaviour of quasicrystals, 
elasticity and defects belong to the fundamentals, this 
review paper is focused on the subject, but some relevant 
topics are also discussed. 
 

   
(a)                           (b) 

Figure 1. The patterns of diffraction of icosahedral quasi-
crystal. (a) The five-fold symmetry, (b) The stereographic 
structure of the quasicrystal, in which there are five-, two- 
and three-fold symmetry axes. 
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Quasicrystals include three classes, i.e., one-, two- and 
three-dimensional ones. For one-dimensional quasicrys- 
tals, the atom arrangement is quasiperiodic along one 
direction, while periodic along the plane perpendicular to 
it. For two-dimensional quasicrystals, the atom arrange- 
ment is periodic along one direction, while quasiperiodic 
along the plane perpendicular to it. For three-dimensional 
quasicrystals, along all three directions the atom arrange- 
ment is quasiperiodic. Within each class, there are some 
subclasses, which present different mechanical behaviour 
each other. In this paper some common features of the 
material and general principles of physical and mathe- 
matical theories will be introduced first, and the mathe- 
matical solutions have to be discussed only for individual 
classes.  

The unusual structures of quasicrystals lead to some 
novel phenomena different from those of crystals and 
conventional structural materials, we have to provide 
some additional knowledge before the subsequent pres- 
entation. 

2. Introducing Higher Dimensional Space 

The discovery of quasicrystals is obtained through the 
diffraction patterns of electronic microscopy. Due to the 
special atom arrangement of quasicrystals, their diffract- 
tion patterns cannot be described in terms of the tradi- 
tional Miller index  , ,h k l  used in crystallography, 
instead people must take six index (n1, n2, n3, n4, n5, 
n6).The fact indicates that we must introduce higher (six) 
dimensional space . This is just identical to group the- 
ory. According to the group theory, a three-dimensional 
quasicrystal is a projection of a “periodic crystals” at six- 
dimensional space into three-dimensional space. Simi- 
larly, a two-dimensional quasicrystal is a projection of a 
“periodic crystals” at five-dimensional space into three- 
dimensional space, a one-dimensional quasicrystal is a 
projection of a “periodic crystals” at four-dimensional 
space into three-dimensional space. So that the three- 
dimensional physical space is a subspace of the six-di- 
mensional space, named parallel space, denoted by

6E

3EΠ . 
Another subspace is the complement space, or perpen-
dicular space, marked by .Such that 3E

6 3 E E E Π
3               (2-1) 

in which notation represents direct sum. 
 Conventional crystals are studied in physical space 3EΠ , 

people commonly use two classes of lattice, one is taken 
the frame of crystal base vector , the other is 
so-called reciprocal vector 

 1 2 3, ,a a a

3. Principle of Symmetry Breaking of  
Landau-Anderson, Elementary  
Excitations (Quasiparticles),  
Phonons and Phasons 

Immediately after the discovery of quasicrystals, the 
study on the mechanical behaviour of the material has 
been put forward. This is the one of advanced areas of 
quasicrystal study so far. Among the mechanical proper- 
ties, elasticity and defects play basic and central roles. 

Applying the symmetry breaking principle [5] to crys- 
tals, the symmetry is broken relative to fluid. According 
to the theory, the symmetry breaking leads to appearance 
of new elementary excitations (or quasiparticles). For 
crystals, the elementary excitation is phonon. An appli- 
cation of the symmetry breaking principle to crystal [6] 
gave a profound explanation to the phonon, that is the 
order parameter of the Landau theory on the second 
phase transition to be taken the density  for the 
present case, and it can be expanded by the Fourier series 
in reciprocal space 

  r

 1 2 3: , ,b b bG  

   

 

exp i

exp i i
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 


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 

    





G
G

G G
G

r G r

G r
     (3-1) 

where RL is the reciprocal lattice, G  the wave am-
plitude, G  the phase angle. Because  is real,   r


 1 2 3, ,b b b . Between base 

vector and reciprocal vector there is simple algebraic 
relationship, which will not be concerned here. Quasi- 
crystals are studied in space , the relevant base vector 
and reciprocal space are six-dimensional. 

6E

 GG  and   G G , further putting 

  G G u                (3-2)  

in which  is just the phonon vector. u
Under the longwave length approximation,  may be 

understood as displacements of particles (atoms, mole- 
cules and irons at lattices), this is identical to that of 
macroscopic continuum mechanic. However the Equa- 
tion (3-2) has more profound sense, which holds beyond 
the longwave length regime. We can understand that the 
phonon is as the quanta of lattice wave. The phonon is a 
concept that introduced in the study on lattice specific 
heat at low temperature by [7-9], that considered that the 
energy of lattice wave is quantized, the quanta is the 
phonon. (This is similar to the concept of photon which 
was introduced by Planck in study on radiation phenom- 
ena). We realize that phonon and other quasiparticles be- 
long to a concept in the quantum methodology of con- 
densed matter physics for describing the collective exci- 
tation of massive particles, the quasiparticles cannot be 
equal to the single atom or single molecule.  

u

The physical and mathematical theories for studying 
quasicrystals have been existed in 1980s. At first the the- 
ory of Landau symmetry breaking is matured. The theory 
of incommensurate phase was developed since 1960s 
[10], the phason concept in quasicrystals is drawn from 
the theory. In the area of discrete geometry the Penrose  
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tiling [11] created in 1974, which is one of the geometri- 
cal tools of quasicrystals. The most important algebraic 
tool for quasicrystals-group theory and group represen- 
tation theory are matured too in that time.  

By using the above theories, studies [12-18] promptly 
put forward the theory of elasticity of quasicrystals. Ex- 
tending the point of view of on crystals, researchers gave 
the expression of the density of quasicrystals as 

   



exp i

exp i i
R

R

L

L

 






 

   





G
G

G G
G

r G r

G r
     (3-3) 

The form of (3.3) is similar to that of (3.1), but G here 
is the reciprocal vector in six-dimensional space, RL  
the reciprocal lattice in six-dimensional space, and G  
a complex number 

ie    G
G G          (3-4) 

with amplitude G  and phase angle  . Because 

 is real, 

G

  r  G G G and   . It seems  G

that the formulas are similar to those of crystals given by 
Anderson, but the objective now studied is quasicrystals,  
there exist reciprocal vectors   with number . 

Each 

nG N

RLG , can be written as , in which   n nGm nm

is integer. Further , here  represents number of 
vectors of the mutual incommensurate -dimensional 
quasicrystal, in general . In the case the Anderson 
formula (3-2) is extended as 

N kd

k

k
d

2

n n n
    G u G wΠ          (3-5) 

in which  is understood as that (the phonon degree of 
freedom) in conventional crystals, while  can be un- 
derstood the phason degree of freedom, a newly physical 
quantity, which describe the local rearrangement of Pen-  

u
w

rose tiling. In (3-5), nGΠ  is the reciprocal vector in 3EΠ , 

whereas  is the conjugated vector of n
G nGΠ  in 3E .  

The hypothesis of Bak and Lubensky et al are supported 
by other researchers [19-24] etc, and examined by ex- 
periments, so it becomes a theory widely acknowledged. 

4. Physical Basis of Elasticity of  
Quasicrystals 

After the discovery of quasicrystals, their mechanical be- 
haviour has been well studied. Among the field, elasticity 
and defects present fundamental importance, which are 
basic and play a core role.  

Under longwave length approximation, the total dis- 
placement field u  can be expressed as follows 

   u u u u wΠ             (4-1) 

For both phonons and phasons, they are only the func- 
tions of radius vector rΠ in parallel space, i.e. 

  ,u u r w w r  Π Π  

About this there is a theorem, but the detail is omitted 
here. For simplicity, the superscript in  is removed in 
the subsequent discussion. 

rΠ

From (4-1) it follows two strain tensors as following: 

1
,

2
ji

ij ij
i

j i j

uu
w

w

x x x


  
       

         (4-2) 

where the first one is the phonon strain tensor, symmetric, 
the second one represents the phason strain tensor, 
asymmetric (Here we mention that (4-2) doesn’t hold for 
a class of quasicrystals-the three-dimensional cubic qua- 
sicrystals, see for detail in [43,44]). The stress tensor 
associated to the phonon strain tensor is denoted by ij , 
and one associated to the phason strain tensor is denoted 
by ijH . The momentum conservation law yields 
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, ,

0

ij
i

j

ij
i

j

f
x

x y z
H

g
x

 
        

       (4-3) 

where if  represents body force (per unit volume), ig  
the generalized body force. One has the stress boundary 
conditions: 

 , ,
ij j i

t
ij j i

n T
x y z

H n h

    
        (4-4-1) 

i  denotes traction, i  the generalized traction, re- 
spectively. At the boundary part given displacements 
there are the displacement boundary conditions: 

T h

 , ,i i
u

i i

u u
x y z

w w

 
 

          (4-4-2) 

where t  represents the boundary part at which the 
tractions are given, u  the boundary part at which the 
displacements are prescribed. 

Employing the angular momentum conservation law to 
the phonon field we have 

d
d d

dt


  

d        r r f rΠ Π Π& T  

It follows that 

ij ji                   (4-5) 

Since rΠ  and  ,w g h

ij

 belong to different irreduci- 
ble representation of point groups, from the angular mo- 
mentum conservation law one cannot obtain a similar 
results to (4-5) for H . So that 
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ij jiH H                 (4-6) 

This means the phason stress tensor is asymmetry 
(This is not valid for three-dimensional cubic quasicrys- 
tals, refer to [43,44]). 

Apart from two-dimensional dodecagonal quasicrys- 
tals, phonon field  and phason field  are in cou- 
pled, this leads to the complex stress-strain relations, the 
generalized Hooke’s law is: 

u w

ij ijkl kl ijkl kl
ij

ij ijkl kl ijkl kl
ij

F
C R w

F
H K w R

w

 




     
   
 

     (4-7)  

in which F denotes the strain energy density (according 
to the physical terminology, it is called free energy), 

ijkl  the phonon elastic constant tensor, ijklC K the phason 
elastic constant tensor, ijkl  the phonon-phason cou- 
pling elastic constant tensor, respectively. The one-di- 
mensional quasicrystals, due to their low symmetry, the 
number of elastic constants is greater. The two-dimen- 
sional quasicrystals have less elastic constants than those 
of one-dimensional quasicrystals. The three-dimensional 
icosahedral quasicrystals present higher symmetry, the 
number of their elastic constants is only five. 

R

The Hooke’s law can be expressed by matrix, i.e., put  

 9 9
C


                (4-8) 

to represent the matrix of phonon elastic constants, 
whereas  

ijklC

 9 9
K


                (4-9) 

represents the matrix of phason elastic constants ijklK , 
and 

   9 9 9 9
,R R





          (4-10) 

represents the matrix of phonon-phason coupling elastic 
constants , and ijklR

   T
R R                (4-11) 

Furthermore 
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So that the strain energy density is  

   
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T

T

1
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,    (4-13) 

The matrix of generalized Hooke’s law has its matrix 
expression 

   
   T

ij ij
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       (4-14) 

in which the vector with 18 components denoting the 
strain elements is as follows 





11 22 33 23 31 12

32 13 21 11 22 33 23

31 12 32 13 21

,ij ijw

w w w w

w w w w w
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   (4-15) 

The vector expression of stress elements is similar to 
(4-15), and  

T T
, , ,ij ij

ij ij ij ij
ij ij

H w
H w

 


   
         

   




   (4-16) 

The above physical framework is summarized by work 
[25] first. 

The generalized Hooke’s law (4-7) or (4-14) is a base 
of elastic analysis of quasicrystals, in which the determi- 
nation of all independent nonzero elastic constants is a 
key. The application of point group theory [26] gave a 
important result on this problem, furthermore it is solved 
thoroughly in some extent for the quasicrystal systems 
observed to date in binary and ternary alloys in terms of 
group representation theory [27,28]. 

5. Measurements of Elastic Constants  
and Results 

We just mentioned that one of key is the determination of 
all independent nonzero elastic constants, but the meas- 
urement of these constants is also important. 

Among over 200 individual quasicrystals there are al- 
most 100 icosahedral ones. No doubt that icosahedral 
quasicrystals belong to the most important one in the 
material. The nonzero independent phonon elastic con- 
stants are only two, i.e., , the nonzero inde- 
pendent phason elastic constants are also two, i.e., 

1 2

, G  

,K K , and the phonon-phason coupling elastic constant 
only one, denoted by .Through neutron scattering, 
X-ray diffraction, nuclear-magnetic resonant, etc, one 
measured some elastic constants of icosahedral quasi- 
crystals, the results are listed in Tables 1-3. 

R

Apart from icosahedral quasicrystals, there are over 70 
decagonal quasicrystals have been observed, they are 
also important for which there are five independent non- 
zero phonon elastic constants ij  (simplified from the 
tensor  of fourth rank), which are listed by Table 4. 
where denotes the bulk elastic modulus, the shear 
modulus, they and have unit of GPa, and  the 
Poisson ratio. 

C

ijklC
B G

ijC v

For two-dimensional quasicrystals with ten-fold sym-   
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Table 1. Phonon elastic constants of various icosahedral quasicrystals. 

Alloys  GPa    GPaG    GPaB  v References 

Al-Li-Cu 30 35 53 0.23 [29] 

Al-Li-Cu 30.4 40.9 57.7 0.213 [30] 

Al-Cu-Fe 59.1 68.1 104 0.213 [31] 

Al-Cu-Fe-Ru 48.4 57.9 87.0 0.228 [31] 

Al-Pd-Mn 74.9 72.4 123 0.254 [31] 

Al-Pd-Mn 74.2 70.4 121 0.256 [32] 

Ti-Zr-Ni 85.5 38.3 111 0.345 [33] 

Cu-Yh 35.28 25.28 52.13 0.2913 [34] 

Zn-Mg-Y 33.0 46.5 64.0 0.208 [35] 

 
Table 2. Phason elastic constants of various icosahedral quasicrystals. 

Alloys Methods 
Temperature during the 

measuring 
 1 MPaK   2 MPaK  References 

Al-Pd-Mn X-ray R.T. 43 −22 [36] 

Al-Pd-Mn Neutron R.T. 72 −37 [36] 

Al-Pd-Mn Neutron 1043K 125 −50 [36] 

Zn-Mg-Sc X-ray R.T. 300 −45 [37] 

 
Table 3. Phonon-phason coupling elastic constants of few of icosahedral quasicrystals. 

Alloys Methods R  References 

Mg-Ga-Al-Zn X-ray 0.04  [38] 

Al-Cu-Fe X-ray 0.004  [38] 

 
Table 4. Values of nonzero independent phonon elastic constants of two-dimensional quasicrystals with ten-fold symmetry 
[39]. 

Alloys 11C  33C  44C  12C  13C  B  G  v  

Al-Ni-Co 234.33 232.22 70.19 57.41 66.63 120.25 79.98 0.228 

 
6. Simplification of Elasticity Equations of 

Quasicrystals, Displacement Potentials 
and Stress Potentials 

metry there are two nonzero independent phason elastic 
constants iK  (simplified from the tensor of fourth rank

 
ijklK ), their experimental measured values are listed by 

Table 5.  
Through the introducing in Section 4, one can find that: 
there are 22 field variables and 22 field Equations for 
one-dimensional quasicrystals, there are 29 field vari- 
ables and 29 field Equations for two-dimensional quasi- 
crystals, there are 36 field variables and 36 field Equa- 
tions for three-dimensional icosahedral quasicrystals. 
The difficulty for solving is not only the huge number of 
field Equations, but also the asymmetry and the com- 
plexity of boundary conditions. 

For two-dimensional quasicrystals with ten-fold sym- 
metry there are two nonzero independent phonon-phason 
coupling elastic constants i  (simplified from the ten- 
sor of fourth rank

 ijkl ), their experimental measured 
values are listed by Table 6. 

R
R

Recent years, the measurement technique has made a 
great progress. Due to the great difficulty, the measured 
results are still less. This is a field needed to be im- 
proved. 
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Table 5. Values of nonzero independent phason elastic con-
stants of two-dimensional quasicrystals with ten-fold sym-
metry [40]. 

Alloy  12 2

1 10 dyn cmK   12 2

2 10 dyn cmK  

Al-Ni-Co 1.22 0.24 

 
Table 6. Values of nonzero independent phonon-phason 
coupling elastic constants of two-dimensional quasicrystals 
with ten-fold symmetry [40]. 

Alloy  1 GPaR   2 GPaR  

Al-Ni-Co 1.1  <0.2 

 
People are interested in the exact solutions indeed. The 

group of ours focus on the exact analytic solutions for 
different quasicrystal systems, especially for the most 
important icosahedral and decagonal quasicrystals. In 
these respects we carry out systematic study and obtain 
quite rich results.  

The hints of the theory of classical elasticity and 
mathematical physics [41,42], the eliminating element 
method can help one to reduce the number of unknown 
functions, and arrive in simplification of the problems. 
For this purpose we need to introduce some displacement 
potentials or stress potentials. This procedure will be 
introduced according to the order from one- to three- 
dimensional quasicrystals.  

6.1. The Space Elasticity of One-Dimensional 
Hexagonal Quasicrystals 

For this quasicrystal system, phonon displacements are 
, ,x y zu u u , phason displacement is zw  (because of 

), the corresponding strain components  0x yw w
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   (6.1-1) 

, ,z z
zx zy zz

w w
w w w zw

x y z

 
  

  


    (6.1-2) 

and other . The strain components are nine at all. 
Equations (6.1-1) and (6.1-2) are valid for all one-di- 
mensional quasicrystals. 

0ijw 

If we write (6.1-1) and (6.1-2) as a vector with 9 
components, i.e., 

 11 22 33 23 31 12 33 31 32, , , 2 , 2 , 2 , , ,w w w        (6.1-3) 

or 

, , , 2 ,2 ,2 , , ,xx yy zz yz zx xy zz zx zyw w w          (6.1-4) 

the corresponding vector consists of stresses  

, , , , , , , ,xx yy zz yz zx xy zz zx zyH H H          (6.1-5) 

then the elastic constant matrix is as follows 

 
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in which the four indexes of phonon elastic constants are 
simplified to two indices, i.e., indices 

11 1, 22 2,33 3,23 4,31 5,12 6,       

so that  can be denoted by ijklC pqC : 

   

11 1111 2222 12 1122 33 3333

44 2323 3131 13 1133 2233

66 11 12 1111 1122

, ,

, ,
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This indicates that the number of independent phonon 
elastic constants is five. Second, the phason elastic con- 
stants 1 3333 2 3131 3232,K K K K K   , i.e., the independ- 
ent phason elastic constants are only two. The pho- 
non-phason coupling elastic constants  

1 1133 2233 2 3333 3 2332 3131, ,R R R R R R R R     ,  

this shows the number of independent phonon-phason 
coupling elastic constants is three, from the elastic con- 
stant matrix, the expression of the generalized Hooke’s 
law is 
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   (6.1-6) 
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and other . 0ijH 
The stress components are satisfied the following 

equilibrium Equations: 

0

0

0

0

xyxx xz
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      (6.1-7) 

Eliminating the stress and strain components from 
(6.1-1), (6.1-6) and (6.1-7) yields the equilibrium Equa- 
tions expressed by the displacement components: 
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   (6.1-8) 

The Equation set (6.1-8) is simpler than those consist 
of 22 Equations (6.1-1), (6.1-6) and (6.1-7), but we can 
further simplify (6.1-8).For the purpose one can intro- 
duce 4displacement potentials 
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(6.1-9) 

if 

 2 0 1,2,3,4i iF i            (6.1-10) 

2 2 2
2 2

2 2 2
, 1, 2,3, 4i i i

x y z
  

    
  

   (6.1-11) 

then Equations (6.1-8) are satisfied, in which  and ,i im l

i  are defined by:  

   44 13 44 1 3
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33 2

13 44 44 3

2 1

1 2 3 2

2 2
44 66 4, 1,2,3,

i i

i i

i i

i i

i i

i

C C C m R R

C

C m R l

C C C m R l

R m K l

R R R m K l

i C C 

   




  



  

  

l

   (6.1-12) 

The Equations (6.1-10) are final governing Equations, 
whose solving is much simpler than that of the 22 Equa- 
tions given by (6.1-1), (6.1-6) and (6.1-7).Some detail 
can be found in [43-45]. The classical transverse iso- 
tropic elasticity is as one of special example of the pre- 
sent problem, i.e., the case without phason field and 
phonon-phason coupling field. 

6.2. Other Elasticity Problems of 
One-Dimensional Quasicrystals 

Due to the space limitation, there is no possibility to dis- 
cuss every system of one-dimensional quasicrystals. For 
more complicated systems of one-dimensional quasi- 
crystals, by using a decomposition and superposition 
procedure, problems can be simplified in some extent. 
Assume that  axis represents the quasiperiodic ar- 
rangement direction, if put  

z

0
z





                (6.2-1) 

the problem is decomposed a plane elasticity and an 
anti-plane elasticity problems to treat, the solving is 
greatly simplified. After the solving, superposing the 
solutions of plane elasticity and anti-plane elasticity 
gives an approximate description of space elasticity. The 
detail is not discussed any more, one can refer to [44,46]  
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for the detail. 
, ,
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2
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2
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, , ,

yx z
xx yy zz
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zx xz
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xy yx

y yx x
xx yy xy yx

uu u

x y z
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x z
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y x

w ww w
w w w w

x y y

  

 

 

 

  
  The work of one-dimensional quasicrystals given in 

work [47-49].The decomposition and superposition pro- 
cedure developed here is useful to treat elasticity of tow- 
and three-dimensional quasicrystals, some of them will 
be discussed in the following sections. 

x

   
        
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        


           

 (6.3-2) 
6.3. Two-Dimensional Quasicrystals with  

Five- and Ten-Fold Symmetries 

The elasticity of two-diemsional quasicrystals has 29 
filed variables and 29 field Equations, is more compli- 
cated than that of one-diemsional ones. Decomposition 
and superposition procedure make the problems to be 
greatly simplified, and many results are achieved, refer to 
[50-55]. 
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   

 (6.3-3) 

The five-fold symmetry quasicrystals of point group 5 
m, and ten-fold symmetry quasicrystals of point group 10 
mm are kinds of one with important sense in theoreti- cal 
and experimental study (Their diffraction pattern and 
Penrose tiling are shown in Figure 2), their plane elastic- 
ity has the same characters. However the quasicrystals of 
point groups 5, 5  and 10,10 are different from those of 
point groups 5 m and 10 mm. In the following we discuss 
the elasticity only for point groups 5 m and 10 mm quasi- 
crystals and the simplification of their elasticity Equa- 
tions. 

and the equilibrium Equations 

0, 0

0, 0

xy yx yyxx

xy yx yyxx

x y x y

H H HH

x y x y

      
        

           

   (6.3-4) 
Assume that the  axis to be the direction along 

which the atom arrangement is periodic. Put  
z

0
z





               (6.3-1) 

The plane elasticity consists of 21 Equations, which 
can be reduced into 4 Equations by eliminating strain and 
stress components 

then the plane elasticity has the following Equations, i.e., 
the Equations of deformation geometry 
 

     
(a)                                            (b) 

Figure 2. The point group 10 mm quasicrystals: (a) Diffraction pattern, and (b) The Penrose tiling. 
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The Equations (6.3-5) can be simplified further. By in-
troducing new unknown functions  , x y  and Ψ(x,y) 
such as  
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                    (6.3-6) 

where  12 11 12 66,L C M C C C   2 , then (6.3-5) are reduced to 

 

 

2 2 2

1 2 1 22 2

2 2 2

2 1 2 12 2

0

0

x y y x

x yx y

    

    

   
            


   

 

             

                  (6.3-7) 
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  (6.3-9) 

Furthermore the functions  ,x y and  , x y  are 
expressed by  ,F x y  

 

2 2

2 12 2

2

1 2

F
x y

F

x y

  

  

  
      


   

 




    (6.3-10) 

in which 1RM K   , and  ,

2 2 2 2 0F                (6.3-11) 

then (6.3-7) are satisfied. The Equation (6.3-11) is the 
final governing Equation of plane elasticity of quasicrys- 
tals of point groups 5 m and 10 mm. Although point 
groups 5, 5 and 10,10  quasicrystals are different from 
those of point groups 5 m and 10 mm, the former is more 
complex, the derivation shows that the final governing 
Equation of the latter has the same form as that of 
(6.3-11). In the subsequent presentation, Equation (6.3- 
11) will appear more times shows the Equation presents 
universal sense. 

Under the assumption (6.3-1), the anti-plane elasticity 
is described by the final governing Equation 

2 0zu                 (6.3-12) 

F x y may be any func-
tion, we call it be the displacement potential, if  

If we didn’t use displacement potential, while use the 
stress potential  ,G x y , then the plane elasticity of  
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above certain quasicrystals can be reduced to 
2 2 2 2 0G               (6.3-13) 

This shows again the importance and universality of 
the quadruple harmonic Equation, these work has been 
done by the Ref [50], in which a systematical solving for 
some boundary value problems of the Equation is also 
discussed. 

6.4. Quasicrystals of Eight-Fold Symmetry of 
Two-Dimension 

We here consider only the point group 8 mm octagonal 
quasicrystals(whose Penrose tiling is shown in Figure 3), 
and the assumption (6.3-1) is still taken. After a long 
derivation we find the final governing Equation of the 
plane elasticity 

 2 2 2 2 2 2 2 2 2 2 2 24 4

0

F              


 (6.4-1) 

where 

   
   

2 2
2

2 2

2 2
2

2 2

2
2 3

2
1 2 3 1

,

2

x y

x y

R L M K K
2M K K K R L M K R



 
  

 

 
  

 


 

         

 (6.4-2) 

 12 11 12 66,L C M C C C   2      (6.4-3) 

1111 2222 1

1122 2211 2

1221 2112 3

2121 1212 1 2 3

K K K

K K K

K K K

K K K K K

  
  
  
    

     (6.4-4) 

 

 

Figure 3. The Penrose tiling of octagonal quasicrystal. 

R  is the phonon-phason coupling elastic constant, 
refer to [50]. 

6.5. Two-Dimensional Quasicrystals of 
Twelve-Fold Symmetry (Dodecagonal  
Quasicrystals) 

The electronic microscopic diffraction pattern and the 
Penrose tiling are depicted by Figure 4. It elasticity is 
relatively simpler, but the structure is very important, 
because it is observed not only in solids, but also in soft 
matter (polymers, nanoparticle mixtures and colloids), 
the latter will be discussed in Section 14. 

For this kind of quasicrystals, the phonon and phason 
do not couple, so the coupling constant is vanish, i.e., 

0R               (6.5-1) 

Under the assumption (6.3-1), the final governing Equa- 
tions are reduced to  

2 2 2 20, 0F G        (6.5-2) 

the first one is the Equation of phonon elasticity, the 
second one is the Equation of phason elasticity. The de- 
tail can be found in [43,44,50]. 

6.6. Three-Dimensional Icosahedral  
Quasicrystals 

Icosahedral quasicrystals belong to the most important 
class of the material, which are three-dimensional ones. 
The Figure 5 shows an outlook of the structure, whose 
patterns of diffraction and stereographic configuration 
are depicted in Figure 1, in which there are five-, two- 
and three-fold symmetry axes.  

The elasticity consists of 36 field variables and 36 
field Equations, the solving is most difficult compared 
with those of other quasicrystal systems. 

The general Equations (4-2), (4-3) and (4-7) hold for 
icosahedral quasicrystals, the difference lies in the 
stress-stain relation, in which instead 

 ijkl ij kl ik jl il jkC           (6.6-1)  

 

   
(a)                           (b) 

Figure 4. The twelve-fold symmetry quasicrystals: (a) Dif-
raction pattern, (b) Penrose tiling. f 
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where and  are the Lamé constants. The strain and stress components with 18 components can be ordered as 
a vector such as, respectively 

 G  

 

 11 22 33 23 31 12 11 22 33 23 32 12 32 13 21,ij ijw w w w w w w          w w w                (6.6-2) 

 11 22 33 23 31 12 11 22 33 23 32 12 32 13 21,ij ijH H H H H H H          H H H

2

2

1

0

0

K

K

         (6.6-3) 

 
then the phason elastic constant matrix and phonon- phason coupling elastic constant matrix are as follows 
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(6.6-4) 

Further the explicit expression of the constitutive 
Equation is given below  
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(6.6-4) 

Figure 5. Outlook of icosaedral quasicrystal. 

where xx yy zz      .  
Substituting (4-2) into (6.6-4) then into (4-7), the equi-

librium Equations expressed by the displacements 
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where  
2 2 2

2
2 2 2

, .yx z
uu u

x y zx y z

   
       

    
u  

The direct analytically solving Equation set (6.6-5) is 
difficult very much. In the following we give some sim- 
plifications. 

Assume that the axis represents the direction of  z

five-fold direction and put 

0
z





              (6.5-6) 

then the 36 Equations are reduced to 32 Equations, the 
corresponding final equilibrium Equations (6.6-5) are 
simplified as 
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     (6.6-5) 
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In this case the Equation set (6.6-7) is considerable 
simplified compared to that of (6.6-5), but which is need- 
ed to be simplified further. For this purpose we introduce 
a displacement potential function  ,F x y  such as 

 Then Equation set (6.6-7) is reduced to the sextuple 
harmonic Equation with 12 order as below 

 2 2 2 2 2 2 ,F x y       0



0

    (6.6-9) 

The Equation was first observed by paper [56] in 
2005. 

If we didn’t use the displacement potential while use 
the stress potential , then the final governing 
Equation is also a sextuple harmonic Equation with 12 
order [57]  

 ,G x y

 2 2 2 2 2 2 ,G x y           (6.6-10) 

i.e., the sextuple harmonic Equation is discovered again. 
This shows the Equation presents its universality and 
importance in science and engineering  .

In the work studying elasticity of three-dimensional 
qusicrystals we find other partial differential Equations 
of higher order, which are unable to list due the space 
limitation. 

7. Analytic Solutions of Boundary Value 
Problems of Quasicrystals-Fourier  
Analysis 

Historically the first solution of elasticity of quasiscrystal 
was given by paper [58] in 1987, in an alternative 
method was used for getting the solution. However one 
cannot find the development of the method. Afterward 
papers [59-61] developed the Fourier transform and 
Green function method, the researchers obtained some 
dislocation solutions by directly solving the Equations 
(6.3-5). These works are meaningful, of course. However 
we need to develop more systematical and direct meth- 
ods, certain constructive methods. The simplification of 
governing Equations, reducing Equations with huge 
number to a single or few of partial differential Equations 
of higher order, provides a possibility to develop the 
constructive methods. In this respect, the Chinese scien- 
tists pay a great effort and obtain some systematical ana- 
lytic solutions for complicated boundary value problems. 
In the following we will give some examples of solving, 
the practice shows that the Fourier analysis is a funda- 
mental method, at meantime, complex analysis is very 
effective too. 

7.1. Dislocations in Two-Dimensional  
Quasicrystals 

The Burgers vector for dislocations in quasicrystals is 
 1 2 3 1 2 3, , , , ,b b b b b b  Π Π Π , but for two- dimensional quasi-
crystals which is  1 2 3 1 2, , , , ,0b b b b b Π Π Π  due to 3 0w  .In 
the previous section, the plane elasticity and anti-plane 

 

 

     

 

   

 

2
2 2

1 2

2 4 4 4

0 4 2 2 4

2 2
2 2

1 22 2

6 6 6
2

0 6 4 2 2 4

2 2
2

1 1 2

2

3 10 5 9

2

2 5 2 3 5

x

y

z

u R F
x y

c R F
x y x x y y

u R F
y x

c R F
x x y x y

u c
x y

   

     

   

     

  


         

    
             

  
         

   
             

 
     

  

6

6y



 

 

2
2 2
1 22 2

2
2 2 2

0 1 2

2 2
2 2 2 2 2 2

0 1 22 2

2 2 2
2 2 2

2 1 2 1 22 2

2x

y

z

F
y x

w c F
x y

w c F
y x

w c F
x y y x



  

  

   
















        
              
                


                   

          (6.6-8) 
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elasticity has been separated. If we consider only the 
plane elasticity, then the Burgers vector is  

.Since there are four components of the 
Burgers vector, the problem is quite complicated. By 
employing superposition principle, one can solve the 
single component problem separately, then obtain the 
total solution by superposing individual component solu- 
tions. 

 1 2 1 2, ,0, ,b b b b Π Π 

d

At first we solve the problem corresponding to com- 
ponent . Performing the Fourier transform  ||

1b

    iˆ , , e xF y F x y  
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       (7.1-1) 

to Equation (6.3-11) yields 
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which is an ordinary differential Equation with the solu-
tion 

  2 3ˆ , e yF y A By Cy Dy           (7.1-2) 

in which there are four functions to be determined. By 
the boundary conditions (including dislocation condition 
and conditions at the infinity), we determine the un- 
known functions as below 
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In terms of the Fourier inversion calculation, the prob- 
lem is solved and we have 
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where 2 2r x y  , a represents the size of dislocation 
core, and  
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These are the displacement field and stress field in- 
duced by the Burgers component . Similarly the solu- 
tion induced by component 1 corresponding to phason 
field can also be found and listed as follows 
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The above results show the phonon and phason are 
coupled each other, the solution is more complicated than 
that of crystals.  

It is evident, the method developed here is systematic- 
cal and direct, belong to a constructive approach, ac- 
cording to a straight forward step, the solution must be 
constructed. The correctness of the solutions can be ex- 
amined by direct substituting. The method is effective 
not only for quasicrystals of five- and ten-fold symme- 
tries, but also for eight- and twelve-fold symmetries. The 
detail can be found in [43,44]. 

7.2. Cracks in Two-Dimensional Quasicrystals 

The above developed methods are successful not only for 
solving a series of dislocation problems, but also for 
crack problems. Due to the brittleness of the material 
under low and intermediate temperature, study on crack 
and fracture of quasicrystals is significant. Since cracks 
are a kind of two- or three-dimensional defects, which is 
more complex than dislocations which are one-dimen- 
sional defect. The complexity lies in the boundary condi- 
tions, the problem is concluded for solving some of dual 
integral Equations. This is a mathematiccally difficult 
problem. For example, for a Griffith crack in a decagonal 
(including pentagonal) quasicrystal, after the Fourier 
transform, the unknown functions do not reduced to al- 
gebraic Equations while the dual integral Equations, e.g.  
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(7.2-1) 

It is fortune the integral Equations can be exactly 
solved, i.e.,  
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where  1J a  is the first kind Bessel function of first 
order, the problem is solved. Through the Fourier inver-
sion, we obtain the solution in physical space [51], the 
stresses and displacements induced by the crack are 
ompletely determined, the results are as follows c 
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in which the meaning of the polar coordinates are shown 
in Figure 6. 

Performing the Fourier transform (7.1-1) to Equation 
(6.6-9), then we obtain an ordinary differential Equation 
of six order, whose solution contain 6 unknown functions, 
which can be determined by boundary conditions, then 
takingthe Fourier inversion completes the solution. At 
last the displacement field is determined as follows 

The most important physical parameters in fracture 
theory are the stress intensity factor and energy release 
rate for the crack in decagonal and pentagonal quasicrys-
tal are gained[51]:  
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The energy release rate indicates the all of phonon, 
phason and phonon-phason coupling make the contribu-
tion to the initiation of crack growth. Because this is an 
exact solution, provides useful information for brittle 
fracture quantitative study of brittle fracture of the novel 
material. The solutions for octagonal and dodecagonal 
quasicrystals have also been found following the similar 
procedure [43,44]. 

7.3. Dislocations in Three-Dimensional  
Quasicrystals 

where 2 2r x y2  , 0  the radios of dislocation core, 
 constants defined as below: 

r

ijc
 

We pointed out again and again the importance of icosa- 
hedral quasicrystals in theory and practice, whose dislo- 
cation problem is also significant very much. 

 

Yang et al [62] gave an approximate solution on dis- 
location in icosahedral quasicrystal under the condition 

,i.e., the phonon and phason do not couple.  0R 
We consider the assumption is incorrect, and must 

give the complete solution based on the strict Equation 
(6.6-9). 

We study the problem caused by components  and 
 of the Burgers vector  
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1b

 1 2 3 1 2 3, , , , ,b b b b b b  Π Π Π . Figure 6. Coordinate system around the crack tip.  
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where 

  2e R    , 

 
 

2 2
2 1 2

0 2
1 2

3
,

K K K R
c

K K R





 


 

 

 2      

Though(7.3-1)is given the results induced by compo- 
nents 1 1 , the other solutions can be similarly ob- 
tained. These results show the phonon-phason coupling 
is extremely important, this effect cannot be ignored. If 
phason and phonon-phason coupling are absence, the 
present solution reduced to the well-known dislocation 
solution of crystal: 

,b bΠ

Figures 7 and 8 draw the variations of displacements 
versus coordinates, and give a comparison with those of 
dislocation solution of crystals, in which the material 
constants are  

 
 1 2

74.9, 72.4 GPa ,

72, 73 MPaK K

  

  
, 

0, 0.004R R   and 0.006R   , in the computa- 
tion, the case 0R   corresponding to the crystal. This 
work is given by work[63]. 

7.4. Cracks in Three-Dimensional Quasicrystals 

The crack problem is more complicated than that of dis- 
location, the calculation is more complicated too. Paper 
[64] developed the Fourier transform and dual integral 
Equations method and gained the solution of a Griffith 
crack in icosahedral quasicrystal. Here only the dis- 
placement field is listed as below 

 

Figure 7. The displacement (variation along x direction) 
and comparison with the dislocation solution of crystal. 
 

 

Figure 8. The displacement (variation along y direction) and 
comparison with the dislocation solution of crystal. 
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 (7.4-1)  
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where 
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 (7.4-2) 

the constants are as follows ijc

6 5

1 1 2 1 1
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 (7.4-3) 

 1 2 2    , ij  are composed from elastic con- 
stants and given as follows 
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     (7.4-4) 

and jb  are defined as below 
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in which the elements  are ijb
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 (7.4-7) 

 
The crack energy release rate and crack opening dis- 

placement are depicted by Figures 9 and 10, respec- 
tively. 

The above Fourier analysis extended the work of I N 
Sneddon [65] developed in the classical elasticity and 
fracture. 

8. Analytic Solutions of Boundary Value 
Problems of Quasicrystals-Complex 
Analysis 

The Fourier analysis developed above is fundamental and 
very important. However the calculation is often very 
complicated and lengthy. For the crack problems it is 
needed to solve some dual integral Equations, some 
among them will not be solved analytically and will not 
be in closed form always. For the notch problems, the 
Fourier analysis doesn’t work. So we must seek other 
analysis tools, among them the complex analysis is ef- 

fective, powerful and beautiful method.  
Since [43] the complex analysis on elasticity and frac- 

ture of quasicrystals has begun the probe. Succeeded 
work are papers [66-69], in which a systematical work 
have been carried out. We here discuss only the complex 
analysis on the boundary value problems of quadruple 
and sextuple harmonic Equations. 

8.1. The Complex Analysis of Notch and Crack 
Problems in Two-Dimensional  
Quasicrystals-Solutions of Quadruple  
Harmonic Equation 

The plane elasticity of quasicrystals of five- and ten-fold 
symmetries can be concluded to solve the quadruple har- 
monic Equation: 

2 2 2 2 0G                 (8.1-1) 

The potential function, i.e., the solution of (8.1-1) has  
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Figure 9. Variation of energy release rate versus applied 
stress, and the comparison with that of crystals. 
 

 

Figure 10. Crack opening displacement (variation along x 
coordination) and comparison with the solution of crack of 
crystals. 

the complex representation: 
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     (8.1-2) 

in which Re denotes the real part of a complex number, 
iz x y   the complex variable, iz x y   the conju- 

gate,  ig z  arbitrary analytic solution   . 
Based on the relation between stress tensor and potential 
function, the stresses have the complex representation: 

1, 2,3, 4i 

where 

             

         

2
2 3 4

3 4

1

2
z g z zg z z g z

z g z zg z

  

 

    

   

V V V

V V

 (8.1-4) 

To determine the analytic solutions, it is needed to 
consider the boundary conditions.We study a notch 
problem shown in Figure 11, this problem cannot be 
solved by the Fourier transform method.

 
For simplicity, the tensile stress at infinity can be 

equivalent subjected onto surface of the notch, so we 
have the boundary conditions: 
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 (8.1-5) 

The boundary value problem (8.1-1), (8.1-4) and 
(8.1-5) cannot be solved directly at -plane, 
instead one can use the conformal mapping 

iz x y 

  0

1
z R m  


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                   (8.1-3) 
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Figure 11. Elliptic notch under tension in decagonal quasi-
crystal. 
 
to transform the problem for solving onto i     
-plane. In this a way, the ellipse is mapped onto the unit 
circle   (refer to Figure 12) at the mapping plane in 
which  

     0 2,R a b m a b a b     . 

The problem at last is reduced to solve the function 
Equation set, for the case the notch surface under the 
action of inner pressure, the function Equation set is 
where  ie , 1    represents the value of   at the 
unit circle, and 
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In addition 
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    (8.1-9) 

In terms of Cauchy integral and analytic extension 
principles, the solution of Equations set (8.1-7) as below: 

In the above formulas if 01, 2m R a  , the elliptic 
notch reduces to the Griffith crack, in the case the inver-
sion of conformal mapping(8.1-6) is 
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Figure 12. Conformal mapping and boundary correspond-
ing. 
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Substituting the inversion into (8.1-10) one can obtain 
the solution at -plane such as  iz x y 
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The solution in this version is quite simple and pretty, 
from which it is easy to determine the stress intensity 
factor and energy release rate: 

The calculation is much simpler than that by using the 
Fourier transform. 

8.2. The Complex Analysis of Notch and Crack 
Problems in Three-Dimensional  
Quasicrystals-Solutions of Sextuple  
Harmonic Equation 

The power for solving notch/crack problems of icosahe- 
dral quasicrystals is more evident, the method is not only 
able solving the complicated defects problems those 
cannot be solved by other methods, but also quite sim- 
pler. 

The plane elasticity of icosahedral quasicrystals is con- 
cluded to solve the sextuple harmonic Equation: 
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The complex representation of solution of the Equa- 
tion is 
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where  ig z denotes any analytic functions (I = 
1,2,···,6). 

Taking similar manner to that in Subsection 8.1, the 
solution of an elliptic notch under tension or inner pres- 
sure at the mapping plane 
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As the notch reduces to a Griffith crack, by using the inversion (8.1-11) of conformal mapping (8.1-6), the so- lution 
at the physical plane is obtained, so the stress and displacement as follows, respectively 
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(8.2-7) 

Furthermore we get the stress intensity factor and energy release rate of the crack: 
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We can do a comparison between the present results 

and those given in Subsection 7.4, and it is easy found 
that, the complex analysis is simpler very much than the 
Fourier analysis. Of course, this require us to learn and 
be familiar the complex function theory. 

The above work is not only gained important informa- 
tion of elasticity and defects of quasicrystals, but also 
greatly extend and develop the complex analysis in the  

classical elasticity created by Muskhelishvili and his 
school [70]. 

9. Weak Solutions of Boundary Value  
Problems of Elasticity of Quasicrystal, 
Variational Principle and  
Finite Element  

By using the analytic methods to treat elasticity and de-  
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fects for various classes of quasicrystals mentioned 
above, we obtained a series of exact solutions, which 
satisfy all Equations and boundary conditions, and are 
called the classical solutions as well according to the 
terminology of mathematical physics. If people relax 
some requirements for determining solutions, one can 
obtain the so-called weak solutions, which are also 
named generalized solutions. The computer implementa- 
tion of weak solutions needs some discretization. This is 
a modernized and systematical approach, which is im- 
portant as the same as the analytic method. Due to the 
space limitation, we here give a discussion for the aspect 
in brief only.  

9.1. The Uniqueness of Weak (Generalized)  
Solutions of Boundary Value Problems on 
Elasticity of Quasicrystals 

Through some matrix representation [44,71], the Equa- 
tion system of elasticity of quasicrystals can be written 
by an operator Equation 

   T D U F     x x

w

        (9.1-1) 

where  is just the elastic matrix (4-12),  D

  T
1 2 3 1 2 3, , , , ,U u u u w w x

 TU x 
  U x, is transpose of 

, F x  represents the traction and generalized  

traction. 
The boundary conditions are: 

  0U   x            (9.1-2) 

The uniqueness of the weak solutions can be proved, 
in the proof the Korn inequality will be used [44,71]. 
Because of the lengthy derivation, the detail is omitted 
here. 

9.2. Variational Principle of Elasticity of  
Quasicrystals 

Numerical methods, e.g. finite element method is one of 
methods to realizing weak solutions. The variational 
principle is a base of the finite element method. For the 
purpose, it is needed to introduce the variational principle 
of elasticity of quasicrystals. 

9.2.1. Variational Principle of Elasticity of  
Quasicrystals  

For a sufficient smooth boundary, if i  and i  satisfy 
the Equations of deformation geometry and displacement 
boundary conditions, the energy functional of quasicrys- 
tals 

u w
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     (9.2-1) 

takes minimum, i.e., 

0                   (9.2-2) 

then they will be the solution satisfying the equilibrium 
Equations and the stress boundary conditions, in which 
F  is defined by 

0 0

d d
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 (9.2-2) 

  represents the region occupied by the quasicrystal, 
and   the boundary of  . The proof is omitted, the 
detail refer to [43,44]. 

9.3. Finite Element of Elasticity of Quasicystals 
and Numerical Example 

A discretization of variational Equation (9.2-2) and re- 
gion   leads to the finite Element scheme of elasticity 
of quasicrystals, the detailed formulas can be found in 
[43,44]. 

Example Cylindrical tube of octagonal quasicrystal 
subjected to a inner pressure (Figure 13).  

The boundary conditions are: 

0

1

: , 0, 0, 0

: 0, 0, 0, 0
rr r rr r

rr r rr r

r r p H H

r r H H


 

 
 

     

    
   (9.3-1) 

 

 

Figure 13. Cylindrical tube of octagonal quasicrystal sub-
jected to an inner pressure. 
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The Figure 14 illustrates the numerical solution of fi- 
nite element computation. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 14. The numerical results of the finite element com-
putation; (a) Phonon stress versus radial distance; (b) 
Phason stress versus radial distance; (c) Phonon ra- dial 
displacement versus radial distance 

10. Elasto-/Hydro-Dynamics and Defect  
Dynamics of Quasicrystals and Finite 
Difference Method and Solutions 

10.1. Simple Elasto-/Hydro-Dynamics and Defect 
Dynamics of Quasicrystals 

In the dynamic regime, the essential differences between 
phonons and phasons just can be profoundly revealed. 
Following argument given by [12,13], both phonons and 
phasons describe wave propagation in dynamic case. 
According to another argument suggested in [14-18], 
phonons describe wave propagation, while phasons de- 
scribe diffusion. Corresponding to the first argument, the 
mathematical formulation is simpler. At the early time of 
quasicrystal study many researchers did dynamic analy- 
sis by taking this mode, e.g. [25,29,43,72-76]. Up to now 
there is no evident experimental results to verify wrong- 
ness of the argument. However much researchers turn to 
follow the argument of [14-18], e.g. work [77-81]. Con- 
sidering the space limitation, we here discuss only for the 
study based on the mode proposed in [14-18]. 

In reference [78], the dynamic Equation set is 
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          (10.1-1) 

This is the simplest dynamic Equation set of quasi-
crystals, more complete one will be discussed in Section 
14. In (10.1-1)   denote the mass density, 1 w    
the diffusive coefficient, w the kinetic coefficient of 
phason field, describing the relaxation of the motion, see 
[15]. The others are  

1
,
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    (10.1-2) 

and 
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 
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  

       (10.1-3) 

This is a simplest Equation set of hydrodynamics of 
quasicrystals, which is simplified from the Equations of 
[14]. 

10.2. Application to the Elasticity and  
Fracture of Two-Dimensional Quasicrystals 

Consider a quasicrystal of five- or ten-fold symmetry, 
and direction is the direction of five- or ten-fold axis. 
Under assumption(6.3-1), Equation set (10.1-1)-(10.1-3) 
re reduced to  

z

a 
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             (10.2-1) 

 
where the second terms in left-hand side of the Equations 
are the manmade damping terms, pure numerical com- 
putational treatment, aimed to transfer to static case when 
the manmade damping constant   to be taken a suitable 
value, so that the left-hand side tends to zero, and 
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  (10.2-2) for quasicrystal, 0R M   for crystal. 

 

 

Note that 1 2  
and 3  behave the sense of the elas- 

tic waves, while 1 2  
 

and  
 

do not represent 
wave speeds, which are diffusive coefficients of phason 
field. 

,c c c
2 2d,d 2

3d

For the dynamic crack problem shown by Figure 15, 
we use finite difference method to solve crack of two- 
dimensional quasicrystals 

In the case, when applied stress is varying with time, 
or the crack propagates with high speed, the problem 
must be doing a complete dynamic analysis. For the 
crack fast propagation, due to the moving of crack sur-
face, this is a moving boundary problem, presents highly 
nonlinearity, which can be solved in approximate manner 
by numerical method only. Here we employ finite dif-
ference method for solving. Under corresponding bound-
ary and initial conditions, Equation set (10.2-2) are sol- 
ved by the finite difference approach, one finds the dy- 
namic stress intensity factor given by Figure 16 (see e.g. 
[78], or [44] for the detail)  

The figure shows that the difference between results of 
quasicrystal and crystal is quite evident. The computation 
is carried out for decagonal Al-Ni-Co quasicrystal with 
material constant 

Figure 15. Sample containing a dynamic crack of two-di- 
mensional quasicrystals. 
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10.3. Application to Elastodynamics and  
Fracture Dynamics of Three-Dimensional 
Quasicrystals 

Of course the dynamic study for three-dimensional qua-  

sicrystals is more important. Here consider icosahedral 
quasicrystals. Assume the  axis to be the direction of 
Five-fold axis. Under assumption (6.5-6), the dynamic 
Equations (10.1-1)-(10.1-3) are reduced to  

z
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  (10.3-1)  

 

 

Figure 16. Variation of the dynamic stress intensity factor versus time and comparison of results between quasicrystal and 
rystal. c
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1 2 3
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R
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K K R
d d d

  
  

  


 

  


    (10.3-2) 

Note that and  represent speeds of elastic 
w

made of icosahedral quasicrystal. After finite difference 

1 2,c c

1,d d
coeff

3c
 d

s 
aves, while 2 and 3 are not wave speeds, which 

are diffusive icient of phasons. The numerical 
analysis is given for the specimen shown in Figure 17 

treatment on Equation set (10.3-1) and corresponding 
boundary and initial conditions, the dynamic stress inten- 
sity factor for initiation of crack growth is obtained and 
shown in Figure 18. In the computation the material is 
icosahedral Al-Pd-Mn quasicrystal with material con-
stants: 35.1g cm  ,  

   1 2

19 3 10 3

74 Pa.2, 70.4 G , 72, 37 GPa

1 4.8 10 m s kg 4.8 10 cm μsw

K K

g

 

 



  

   

       
, 

 

Figure 17. Dynamic stress intensity factor versus time of fast propagating crack in rectangular specimen with a central crack 
of icosahedral Al-Pd- Mn quasicrystal. 
 

 

Figure 18. The dynamic stress intensity factor of rectangular specimen with a central crack of icosa edral Al-Pd-Mn quasi-
crystal under impact loading (for stationary crack).   

h
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0.01R    for quasicrystal, and 0R    for crystal. 

t is evident that the results between quasicrys
further study.  

I tal and 
crystal are q

specimen is illustrated in Figure 
17

here are reasons 
co

fference Scheme 

e employed in the 
n the case we take 

uite large. 
The dynamic stress intensity factor for fast crack pro- 

pagation of the central 
, which comes from monograph [44]. 
The oscillation of the curve comes from the interfere- 

ence and reflection of waves, in which t
me from numerical computation, it is needed doing  

10.4. Finite Di

The detail on the difference schem
above is described as Figure 19 (i

0   for simplicity). 
Taking time step  and the central difference, then 

ic Equation set (1dynam 0.2-2) has the difference scheme 
within network 
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(10.4-1) 

at boundary 2x h   and 2x L h  . 
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    (10.4-9) 

 

 

Figure 19. Finite difference scheme of specimen of plane 
crack. 

Similarly, the differences of displacements at  
   2, 2 , 2, 2h H h L h L h     and  2, 2L h h   
refer to Fan [44]. 

11. Plasticity and Nonlinear Fracture of 
Quasicrystals 

Quasicrystals present brittle at conventional and low tem- 
perature, but dramatically present plasticity at high tem- 
perature. This aroused the interest of researchers. 

11.1. Measurement of Plastic Deformation of 
Quasicrystals 

Through experiments, researchers measured the plastic 
deformation process of some quasicrystals. Figure 20 is 
the stress-strain curve of icosahedral Al-Pd-Mn quasi- 
crystals, which gives a good description on plastic de-
formation. Among the influence factors to the plastic  
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Figure 20. Plastic deformation curve of icosahedral Al-Pd- 
Mn quasicrystala [82]. 
 

ficant. Here the measurement is carried out un- 
de

deformation, temperature is important, the strain rate is 
also signi

r rate 510 s . The ductile-brittle transition te
high 

le. 

mpera- 
ture is very high, 690˚C, and 730˚C - 800˚C is the 
temperature sca

Different from icosahedral quasicrystals, the two-di- 
odic 

sym  plastic deformation of which is 
 

diagram of the plastic deformation of decagonal Al-Ni-Co 

ries, the plastic deformation pre- 
ents anisotropic Figure 21 (b) depicted the orientation 

mensional quasicrystals have a direction of peri
metry, so that the

different from that of the former. Figure 21(a) gives the 

quasicrystal [82]. Due to the coexistence of periodic and 
quasiperiodic symmet
s
of the specimens: vertical, parallel and to 45ο the peri-
odic symmetry direction. 

The Ge  scientists carried out a series of experi- 
mental studies on plasticity of quasicrystals[82-91]. The 
results show that, t

rmany

he mechanism of plastic deformation 
of 

What is the effect of phason field to the plastic deforma- 
tion of the new phase? However the mechanism about 
this is not clear. Though there are people try to give some 
explanations on plastic deformation by using dislocation 
model and so on, the problem is substantively unsolved 
so far. Due to lack of enough experimental data in mac-
roscopy, the constitutive Equation of plasticity of quasi-
crystals has not been set up.  

This leads to difficulty doing stress analysis of the 
material. One can say that the study is in an infant stage.  

In spite of these difficulties, people pay effort to do 
some work as pointed out above, the experiments re- 
ported in Refs [82-91] provide some hints, which are 
beneficial for the stress analysis for plasticity and defects 

quasicrystals is movement of dislocations. The mecha- 
nism is the same as in crystals. But there are quite dif- 
ferent points to that in crystals at meantime. One of the 
most different points is the existence of phason variables. 

 

 
510 s  Figure 21. (a) The stress-strain curves of decagonal Al-Ni-Co quasicrystal under strain rate corresponding to three 

different orientations, (b) Definitions of orientation ,A A Π  and  [82].  45A
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of the material. In the following some semi-phenome- 
nological and semi-theoretical results are listed, they may 
provide a reference for the researchers in the communi- 
cate.  

11.2. Generalized Cohesive Force Model [92-95] 

generalized Dugdale-Barenblatt model, the classical 
work has been done by [93] and [94]. In terms of the 
model, we determined the size of plastic zone around the 
crack tip of anti-plane problem of one-dimensional hex- 
agonal quasicrystals 

Due to lack of constitutive Equation of plasticity of qua-
sicrystals up to now, it may be a possible way that we 
draw the results of classical plasticity, classical disloca- 
tion theory and classical nonlinear fracture theory to 
study some relevant problems in quasicrystals. A useful 
model in classical elasto-plastic fracture theory is so- 
called Dugdale-Barenblatt model, the paper [92] ex- 

nded it to plastic analysis of quasicrystals, and named it te
be 

1π
sec 1

2 c

d a



  
   

   
        (11.2-1) 

and the crack tip opening displacement  

 
2 1

2
44 2 3

4 π
δ ln sec

2π
c

III
c

K a

C K R

 


  
   

    
  (11.2-2) 

and the plastic solution of plane problem of two-dimen- 
sional quasicrystals by [92] 

π
sec 1

2 c

p
d a

  
      

        (11.2-3) 
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            

 (11.2-4) 

and solution of three-dimensional icosahedral quasicrys- 
tals by  
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  (11.2-5) 
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The curve drawn from (11.2-5) refer to Figure 22, 
which shows the effect of phason and phonon-phason 
coupling is significant. 

11.3. Generalized Continuum Dislocations  
Model [96] 

We developed the continuous dislocation model, Fan et 
al. [96] which is originated from the classical BCS model 
[97,98] for crystals. For the instance, the boundary value 
problem of partial differential Equations is reduced into 
for solving the following equivalent singular integral 
Equation of Cauchy kernel 

   d
L

f x

x A

  



          (11.3-1) 

in which  f   
ral Eq

represents dislocation density. The sin- 
gular integ uation of Cauchy kernel (11.3-1) has 
been systematically studied by monograph [99]. At pre- 
sent case the Equation can be solved exactly, it follows 
the size of plastic zone at the crack tip and the crack tip 
opening displacement, etc. The results are exactly iden- 
tical to those given in Subsection 11.2. The correctness 
of the solutions are examined each other by different 
physical models and different mathematical tolls. 

11.4. Model Based on Generalized Eshelby  
Energy-Momentum Tensor [100] 

The generalized Dugdale-Barenblatt model and general- 
ized continuum dislocation model, are quite different 
physically and mathematically, yield amazingly the com- 
plete identical solutions, we realized that there exist some 
inherent connection between the two models. Paper [100] 
gave a probe for the question. They proposed gener- 

nsor of qu
by [1

 the 
alized energy-momentum te asicrystals (for 
crystal the tensor was given 01]) 

1
1 1

ji
ij j ij j

wu
G Fn n H n

x x


  

 
σ     (11.4-1) 

and generalized integral of path independency  

dE G Γ Γ             (11.4-2) 

and found that they are the uniformly theoretical base of 
generalized Dugdale-Barenblatt model and generalized 
continuum dislocations model. 

12. Phenomenological Theory of Lattice  

Due to existence of quasiperiodic translational symmetry,   



 
    

  (11.2-6) 

and 

Dynamics of Quasicrystals 
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Figure 22. Crack tip opening displacement versus applied stress for icosahedral quasicrystal [95]. 

the quasicrystals behave lattice, even if which is not pe- 
riodic lattice. The lattice dynamics is very co licated, 
which is related not only to phonons, but also phasons 
an

gonal quasicrystals. Then [102] 
. Re- 

 for 
icosahedral ey found the lattice specific 

13. Mathematical Theory of Energy  
Spectrum of Electronic Structure  
of Quasicrystals  

After the discovery of quasicrystals, scholars use the 
Schroedinger Equation 

 

mp

d phonon-phason coupling. A simple treatment is 
based on the dynamic model of [12,13]. Starting from the 
point of view, the author [73] discussed lattice dynamics 
of one-dimensional hexa
studied the problem for dodecagonal quasicrystals
cently [103] gave a simple treatment for the problem

 quasicrystals. Th
heat and thermodynamic functions. The work [74,75] 
made a more comprehensive study decagonal and icosa- 
hedral Al-Pd-Mn quasicrystals. But the study in this re- 
spect there are much difficulties.  

H E 
)

 
2h 2

2
H V

m
   


r           (13-2) 

denotes the Schroedinger operator, h the Planck constant, 
V(r) the potential energy, E the energy eigenvalue,  the 
wave function. For crystals, there is periodicity 

     f f l m n f     r r a b c r     (1

Bloch assume that 

3-3) 

   V V r r R           (13-4) 

where  represents the period of lattice. The wave 
function can be expressed by 

R

       exp i2π ,u u u   r k r r r  R   (13-5) 

Expression (13-5) is named Bloch theorem which 
leads to the great progress of energy spectrum analysis of 
crystals, forms the energy band theory etc, constitutes 
one of basis of solid physics. The quasicrystals do not 
satisfy the periodic translational symmetry (13-3), they 
have no the Bloch theory, the solving Schroedinger 
Equation faces a great difficulty. 

In terms of Fibonacci model, solving discrete Schroe- 
dinger Equation, one found many meaningful results 
[104-118]. The detail can be found the references. 

             (13-1) 

to study the energy spectrum of electronic structure of 
quasicrystals, where  
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14. Elasto-/Hydro-Dynamics of  
Quasicrystals in Soft Matter 

The above description told that the quasicrystals were 
observed in binary and ternary metallic alloys first for 
three-dimensional icosahedral quasicrystals and two- 
dimensional 5-, 10-, 8- and 12-fold symmetry quasicrys- 
tals then. Recently the structure was discovered in col- 
loidal solutions [119,120], polymers [121-123] and nano- 
particle mixture [124]. Especially the work reported by 
Ref [119] has aroused the great interest of researchers, 
because the 18-fold quasicrystal was the first observed. 
From the view point of symmetry, the possible 7-, 14-, 9- 
and 18-fold quasicrystals in solid phase have been predi- 
cated by reference [125] at an earlier time. For 7-, 14-, 9- 
and 18-fold quasicrystals, by using group representation 
theory, a “six-dimensional embedding space” concept 
was proposed in Ref [125]. According to the concept, 
there are two phason fields apart from phonon field, i.e., 
the phase angle of order parameter of the density of qua- 
sicrystals 

     (14-1) 

in which 

1 2
n n n n

       G u G v G wΠ  

 ,x yu uu r
 as previous a

epresents phonon field which is 
the same nd  ,x yv vv the first phason 
field,  ,x yw w

 in the previous
w
ed

the sec  field which was 
discuss  sect  

ond phason
ions. So that 

i
ij

j

v
v

x





                (14-2) 

enotes the sd train tensor associated with the first phason 
field. If we define the relevant stress tensor and elastic 
constant tensors then the generalized Hooke’s law is  

ij ijkl kl ijkl kl ijkl kl
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ij ijkl kl klij kl ijkl kl
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
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 

     
 

    
 

   (14-3) 

in which , , , ,ij ij ijkl ijkl ijklH C K R  have the same meaning 
to those defined previously, while ij  is the stress tensor 
associated with strain tensor ijv , ijklr the coupling elastic 
constant tensor between phonon-first phason fields (the 

constant 

cou -phason 
cou n coupling. In addition the 

en existed beforehand yet. The 
references [126-129] report a pre
respect.  

The work reported in Refs [119-124] opens a fascinat- 
ing area, concerning quasicrystals in soft matter. To de- 
velop the theory, we suggest a novel intermediate solid- 
liquid phase quasicrystals. This new structure may be a 
description of quasicrystals observed in soft matter to 
date, advances widely the theoretical understanding of 
quasicrystals, and presents importance to engineering ap- 
plication of quasicrystals as a novel functional and struc- 
tural material.  

From the application angle, the mechanical behaviour 
of the possible solid-liquid phase quasicrystals is one of 
basic problems. It is fortunate the theoretical framework 
on the new quasicrystalline phase can be drawn from the 
elasto-/hydro-dynamics of Lubensky et al. [14-18] though 
the theory of Lubensky et al. is not directed to the soft 
matter in that time. However for 18-fold symmetry we 
must combine the theory of Lubensky et al with the use 
of the so-called “six-dimensional embedded space” con- 
cept proposed in [125].This combination may allow us to 
set up a new theory in studying the novel quasicrystalline 
phase, at least for its continuum mechanics. But the 
problem is tremendous complex. To overcome the diffi- 
culty, we develop a theory in [126-129], and some solu- 
tions may be found. 

Considering the fact that the 12-fold quasicrystals in 
different soft matters were discovered frequently and the 
18-fold quasicrystal in colloids first observed, one can 
focus on the discussion on these two kinds of quasicrys-
tals and their mechanical behaviour. The hint of me- 

between hy-
drodynamics suggested by Lubensky et al. and 

9]. 

15. Conclusions and Discussio

c
 br

experimental study and observation technique
be icrystals discovered, and more ma- 
terial constants measured. The curren
plications exhibit the importance of th

xp
 of elasticity and defects of 

solid quasicrystals present significance, which 
well developed. However the research of muc
po

stress analysis, fracture mechanics, etc, these are mean- 

-u v  coupling field), ijklG  coupling elastic 
tensor between first and second phason fields (the 

pling field). This means there are pnonon
pling and phason-phaso

-v w  

effects due to fluid must be considered, i.e., we must 
study the hydrodynamics of quasicrystals in soft matter. 
This theory has not be

liminary probe in this 

chanics of liquid crystals, the combination 

six-dimensional embedding space help us to make some 
achi- evements [126-12

n 

The review is mainly on the mechanics of solid quasi-
crystals, and the soft matter quasicrystals are just tou hed 
preliminarily. The areas belong to the well studied an- 
ches in quasicrystals science. In due of the progress of 

, there may 
 more kinds of quas

t and potential ap- 
e materials.  

To e lore some essentials and to serve the applica- 
tions, the mathematical theory

has been 
h of im- 

rtant subjects, e.g. the plasticity, dynamics etc is still in 
infant situation. 

The mathematical theory of elasticity of solid quasi- 
crystals presents fundamental importance, not only in 
theoretical sense but also in practice. The theory has 
given many applications, for example, in dislocation 
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ingful to materials science and technology as well as in 
m

 mate- 
rial.  

of elasticity of 
soli ment of some 
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