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ABSTRACT

The review is devoted to introduce the recent development of the study in mathematical theory and methods of me-
chanics of quasicrystals, respectively. The mechanics of quasicrystalline materials includes elasticity, plasticity, defects,
dynamics, fracture etc. In the article some relevant measured data are collected for some important quasicrystal systems,
which are necessary for understanding physics and applications of the materials. It is very interesting that the mathe-
matical theory and solving methods of the mechanics of quasicrystals have developed rapidly in recent years, which is
strongly supported by the experiments and applications. The theoretical development strongly enhances the under-
standing in-depth the physics including mechanics of the materials. The mathematical theory and computational meth-
ods provide a basis to the applications of quasicrystals as functional and structural materials in practice as well. More
recently the quasicrystals in soft matter are observed, which challenge the study of based on the quasicrystals of binary
and ternary alloys and greatly enlarge the scope of the materials and have aroused a great deal attention of researchers,
an introduction about this new phase and its mathematical theory is also given in the review.
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become a new class of functional and structural materials,
and present current and potential applications. For the
purpose of application, the chemical, physical and me-
chanical properties of the material have been extensively
studied. In the mechanical behaviour of quasicrystals,
elasticity and defects belong to the fundamentals, this
review paper is focused on the subject, but some relevant
topics are also discussed.

1. Introduction

An icosahedral structure in Al-Mn alloy with five-fold
rotation symmetry was first discovered in April 1982,
and reported in November 1984, refer to [1] and Figure
1. Immediately after the work, reference [2] claimed that
the structure is a quasicrystal, which presents quasiperi-
odic translational symmetry and orientational symmetry
that is not allowed by the well-known crystal symmetry
law. This has aroused a great attention of scientists in

chemistry, crystallography, physics, mathematics, mate- [ @] S; o og;’ &)
rials science etc. Soon after, Chinese materials scien- ‘ O?__(: E O 5 O o°
tists [3,4] observed the five-fold symmetry and icosahe- IO'_‘°.-O‘:‘ ‘09, {Q'_é
dral quasicrystals in Ni-V and Ni-Ti alloys, and others lpe-0-05° %00, 4
found the quasicrystals with eight-, ten- and twelve-fold '95_;‘?- é,"czz"". O m?'é‘f_r;?’
symmetries. IO ;-b-,"_'_o‘f-{;j,o'* o°

The above quasicrystals are observed in binary and i %50 o O° O 5%
ternary metallic alloys, which can be called solid quasi- , 'O"_::C;';‘ '_'_oog_' o
crystals. Recently in polymers, nanoparticle mixture and e . "Sne "
colloids the quasicrystals with twelve-fold and eighteen- (a)

fold symmetries are found too, which can be named soft
matter quasicrystals.

In various metallic alloys, many of the quasicrystals
observed so far present thermodynamically stability, they

Copyright © 2013 SciRes.

Figure 1. The patterns of diffraction of icosahedral quasi-
crystal. (a) The five-fold symmetry, (b) The stereographic
structure of the quasicrystal, in which there are five-, two-
and three-fold symmetry axes.
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Quasicrystals include three classes, i.e., one-, two- and
three-dimensional ones. For one-dimensional quasicrys-
tals, the atom arrangement is quasiperiodic along one
direction, while periodic along the plane perpendicular to
it. For two-dimensional quasicrystals, the atom arrange-
ment is periodic along one direction, while quasiperiodic
along the plane perpendicular to it. For three-dimensional
quasicrystals, along all three directions the atom arrange-
ment is quasiperiodic. Within each class, there are some
subclasses, which present different mechanical behaviour
each other. In this paper some common features of the
material and general principles of physical and mathe-
matical theories will be introduced first, and the mathe-
matical solutions have to be discussed only for individual
classes.

The unusual structures of quasicrystals lead to some
novel phenomena different from those of crystals and
conventional structural materials, we have to provide
some additional knowledge before the subsequent pres-
entation.

2. Introducing Higher Dimensional Space

The discovery of quasicrystals is obtained through the
diffraction patterns of electronic microscopy. Due to the
special atom arrangement of quasicrystals, their diffract-
tion patterns cannot be described in terms of the tradi-
tional Miller index (h,k,l ) used in crystallography,
instead people must take six index (n, m,, n3, na4, ns,
ng).The fact indicates that we must introduce higher (six)
dimensional space E°®. This is just identical to group the-
ory. According to the group theory, a three-dimensional
quasicrystal is a projection of a “periodic crystals” at six-
dimensional space into three-dimensional space. Simi-
larly, a two-dimensional quasicrystal is a projection of a
“periodic crystals” at five-dimensional space into three-
dimensional space, a one-dimensional quasicrystal is a
projection of a “periodic crystals” at four-dimensional
space into three-dimensional space. So that the three-
dimensional physical space is a subspace of the six-di-
mensional space, named parallel space, denoted by E”3
Another subspace is the complement space, or perpen-
dicular space, marked by E° .Such that

E°=E ®E; (2-1)

in which notation @ represents direct sum.

Conventional crystals are studied in physical space EH3 ,
people commonly use two classes of lattice, one is taken
the frame of crystal base vector {a,,a,,a;}, the other is
so-called reciprocal vector {b,b,,b,} . Between base
vector and reciprocal vector there is simple algebraic
relationship, which will not be concerned here. Quasi-
crystals are studied in space E°, the relevant base vector
and reciprocal space are six-dimensional.

Copyright © 2013 SciRes.

3. Principle of Symmetry Breaking of
Landau-Anderson, Elementary
Excitations (Quasiparticles),
Phonons and Phasons

Immediately after the discovery of quasicrystals, the
study on the mechanical behaviour of the material has
been put forward. This is the one of advanced areas of
quasicrystal study so far. Among the mechanical proper-
ties, elasticity and defects play basic and central roles.

Applying the symmetry breaking principle [5] to crys-
tals, the symmetry is broken relative to fluid. According
to the theory, the symmetry breaking leads to appearance
of new elementary excitations (or quasiparticles). For
crystals, the elementary excitation is phonon. An appli-
cation of the symmetry breaking principle to crystal [6]
gave a profound explanation to the phonon, that is the
order parameter of the Landau theory on the second
phase transition to be taken the density p(r) for the
present case, and it can be expanded by the Fourier series
in reciprocal space G :{b;,b,,b,}

p(r)= > psexp{iG-r}

Gely

= |ps|exp{-i®g +iG -1}

Gely

G-

where L, is the reciprocal lattice, | pG| the wave am-
plitude, @, the phase angle. Because p(r) is real,
| pG| = | Pfe| and @y =-®_g, further putting

®y =G-u (3-2)

in which U is just the phonon vector.

Under the longwave length approximation, U may be
understood as displacements of particles (atoms, mole-
cules and irons at lattices), this is identical to that of
macroscopic continuum mechanic. However the Equa-
tion (3-2) has more profound sense, which holds beyond
the longwave length regime. We can understand that the
phonon is as the quanta of lattice wave. The phonon is a
concept that introduced in the study on lattice specific
heat at low temperature by [7-9], that considered that the
energy of lattice wave is quantized, the quanta is the
phonon. (This is similar to the concept of photon which
was introduced by Planck in study on radiation phenom-
ena). We realize that phonon and other quasiparticles be-
long to a concept in the quantum methodology of con-
densed matter physics for describing the collective exci-
tation of massive particles, the quasiparticles cannot be
equal to the single atom or single molecule.

The physical and mathematical theories for studying
quasicrystals have been existed in 1980s. At first the the-
ory of Landau symmetry breaking is matured. The theory
of incommensurate phase was developed since 1960s
[10], the phason concept in quasicrystals is drawn from
the theory. In the area of discrete geometry the Penrose
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tiling [11] created in 1974, which is one of the geometri-
cal tools of quasicrystals. The most important algebraic
tool for quasicrystals-group theory and group represen-
tation theory are matured too in that time.

By using the above theories, studies [12-18] promptly
put forward the theory of elasticity of quasicrystals. Ex-
tending the point of view of on crystals, researchers gave
the expression of the density of quasicrystals as

p(r) = z Ps exp{iG . r}

Gely

= |ps|exp{-i®g +iG -1}

Gely

(3-3)

The form of (3.3) is similar to that of (3.1), but G here
is the reciprocal vector in six-dimensional space, L,
the reciprocal lattice in six-dimensional space, and pg
a complex number

Ps = |,Dc;|eiiq)G (3-4)
with amplitude |pG| and phase angle @,. Because
p(r) is real, |ps|=|ps| and @ =-® ;. It scems
that the formulas are similar to those of crystals given by

Anderson, but the objective now studied is quasicrystals,
there exist reciprocal vectors {G,} with number N .

Each G e L,, can be written as » m,G, , in which m,

is integer. Further N = kd , here k represents number of
vectors of the mutual incommensurate d -dimensional
quasicrystal, in general k=2 . In the case the Anderson
formula (3-2) is extended as

®, =G'u+G-w (3-5)

in which u is understood as that (the phonon degree of
freedom) in conventional crystals, while w can be un-
derstood the phason degree of freedom, a newly physical
quantity, which describe the local rearrangement of Pen-

rose tiling. In (3-5), G) is the reciprocal vector in £ ,

whereas G is the conjugated vector of G! in E;.

The hypothesis of Bak and Lubensky et al are supported
by other researchers [19-24] etc, and examined by ex-
periments, so it becomes a theory widely acknowledged.

4. Physical Basis of Elasticity of
Quasicrystals

After the discovery of quasicrystals, their mechanical be-
haviour has been well studied. Among the field, elasticity
and defects present fundamental importance, which are
basic and play a core role.

Under longwave length approximation, the total dis-
placement field U can be expressed as follows

g=Uuo®ut-=uow

(4-1)

Copyright © 2013 SciRes.

For both phonons and phasons, they are only the func-
tions of radius vector 7! in parallel space, i.e.

u =u(r”),w: w(r”)

About this there is a theorem, but the detail is omitted
here. For simplicity, the superscript in 7' is removed in
the subsequent discussion.

From (4-1) it follows two strain tensors as following:

1| oy, 5“,- ow,
&, =—| —+—L|,w, =—L
To2\ox; oy 7 Ox,

1 J

(4-2)

where the first one is the phonon strain tensor, symmetric,
the second one represents the phason strain tensor,
asymmetric (Here we mention that (4-2) doesn’t hold for
a class of quasicrystals-the three-dimensional cubic qua-
sicrystals, see for detail in [43,44]). The stress tensor
associated to the phonon strain tensor is denoted by o,
and one associated to the phason strain tensor is denoted
by H, . The momentum conservation law yields

oo

a”+]”i:0
X
J
, Vs Q 4-3
[ @3)
+ o =
o 8i

J

where f, represents body force (per unit volume), g,
the generalized body force. One has the stress boundary
conditions:

o.n. =T

e l}(x,y,z)el"t

(4-4-1)
Hyn, =h,

T, denotes traction, A the generalized traction, re-
spectively. At the boundary part given displacements
there are the displacement boundary conditions:

=1

N }(x,y,z)el“u

ui
W, =W,

i

(4-4-2)

where I', represents the boundary part at which the
tractions are given, I, the boundary part at which the
displacements are prescribed.

Employing the angular momentum conservation law to
the phonon field we have

ijr” x 0 &dQ :Ir” X fdQ+_[r” xTdQ
dt Q Q Q

It follows that

(4-5)

Gy =0

Since ' and w(g,h) belong to different irreduci-
ble representation of point groups, from the angular mo-
mentum conservation law one cannot obtain a similar
results to (4-5) for H; . So that
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H,#H, (4-6)

This means the phason stress tensor is asymmetry
(This is not valid for three-dimensional cubic quasicrys-
tals, refer to [43,44]).

Apart from two-dimensional dodecagonal quasicrys-
tals, phonon field u and phason field w are in cou-
pled, this leads to the complex stress-strain relations, the
generalized Hooke’s law is:

oF

0y = P =Cyuén + Ryywy

&y

oF @7
Hy = ow =KWy + Ryyéy

i

in which F denotes the strain energy density (according
to the physical terminology, it is called free energy),
C,u the phonon elastic constant tensor, K, the phason

elajlstic constant tensor, R, the phonon-phason cou-
pling elastic constant tensor, respectively. The one-di-
mensional quasicrystals, due to their low symmetry, the
number of elastic constants is greater. The two-dimen-
sional quasicrystals have less elastic constants than those
of one-dimensional quasicrystals. The three-dimensional
icosahedral quasicrystals present higher symmetry, the
number of their elastic constants is only five.
The Hooke’s law can be expressed by matrix, i.e., put

[C]9x9 (4-8)

to represent C,, the matrix of phonon elastic constants,
whereas

[K :|9><9 (4-9)

represents the matrix of phason elastic constants K,
and

[R]9><9 ’[RI]9x9 (4-10)

represents the matrix of phonon-phason coupling elastic
constants Ry, , and

[R]' =[R'] (4-11)
Furthermore
[D]=[C.K.R]
_{[C] [R]}{[C] [R]} (4-12)
[R] [K]

So that the strain energy density is

PERIGCRCITE
Fo3lanl pofernd @

The matrix of generalized Hooke’s law has its matrix
expression

) A (K]

Copyright © 2013 SciRes.

Gy | _ [C] [R] &y
= T (4-14)
i, xw
in which the vector with 18 components denoting the
strain elements is as follows

[gij > Wi J

:[511 &y &3 &y &3 & (4-15)

3 &3 &y Wi Wy Wiz Wy

Wi Wi Wi Wi WZI]

The vector expression of stress elements is similar to
(4-15), and

{;j } - [GU’HI‘/']T ’{iﬂ = |:€i/"WU':|T (4-16)

i

The above physical framework is summarized by work
[25] first.

The generalized Hooke’s law (4-7) or (4-14) is a base
of elastic analysis of quasicrystals, in which the determi-
nation of all independent nonzero elastic constants is a
key. The application of point group theory [26] gave a
important result on this problem, furthermore it is solved
thoroughly in some extent for the quasicrystal systems
observed to date in binary and ternary alloys in terms of
group representation theory [27,28].

5. Measurements of Elastic Constants
and Results

We just mentioned that one of key is the determination of
all independent nonzero elastic constants, but the meas-
urement of these constants is also important.

Among over 200 individual quasicrystals there are al-
most 100 icosahedral ones. No doubt that icosahedral
quasicrystals belong to the most important one in the
material. The nonzero independent phonon elastic con-
stants are only two, i.e., /I,y(z G), the nonzero inde-
pendent phason elastic constants are also two, i.e.,
K,,K, , and the phonon-phason coupling elastic constant
only one, denoted by R .Through neutron scattering,
X-ray diffraction, nuclear-magnetic resonant, etc, one
measured some elastic constants of icosahedral quasi-
crystals, the results are listed in Tables 1-3.

Apart from icosahedral quasicrystals, there are over 70
decagonal quasicrystals have been observed, they are
also important for which there are five independent non-
zero phonon elastic constants C; (simplified from the
tensor C,,, of fourth rank), which are listed by Table 4.
where B denotes the bulk elastic modulus, G the shear
modulus, they and C; have unit of GPa, and v the
Poisson ratio.

For two-dimensional quasicrystals with ten-fold sym-
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Table 1. Phonon elastic constants of various icosahedral quasicrystals.

Alloys A(GPa) 1#(=G)(GPa) B(GPa) v References
Al-Li-Cu 30 35 53 0.23 [29]
Al-Li-Cu 30.4 409 57.7 0.213 [30]
Al-Cu-Fe 59.1 68.1 104 0.213 [31]

Al-Cu-Fe-Ru 48.4 57.9 87.0 0.228 [31]
Al-Pd-Mn 74.9 72.4 123 0.254 [31]
Al-Pd-Mn 74.2 70.4 121 0.256 [32]

Ti-Zr-Ni 85.5 38.3 111 0.345 [33]
Cu-Yh 35.28 25.28 52.13 0.2913 [34]
Zn-Mg-Y 33.0 46.5 64.0 0.208 [35]
Table 2. Phason elastic constants of various icosahedral quasicrystals.
Alloys Methods Temperature Quring the K, (MPa) K, (MPa) References
measuring

Al-Pd-Mn X-ray R.T. 43 -22 [36]

Al-Pd-Mn Neutron R.T. 72 =37 [36]

Al-Pd-Mn Neutron 1043K 125 =50 [36]

Zn-Mg-Sc X-ray R.T. 300 —45 [37]

Table 3. Phonon-phason coupling elastic constants of few of icosahedral quasicrystals.
Alloys Methods R References
Mg-Ga-Al-Zn X-ray —0.04 1 [38]
Al-Cu-Fe X-ray 0.004 [38]

Table 4. Values of nonzero independent phonon elastic constants of two-dimensional quasicrystals with ten-fold symmetry

[39].

AllOyS CI 1 sz C44

ClZ C\z B G v

Al-Ni-Co 234.33 232.22 70.19

57.41 66.63

120.25 79.98 0.228

metry there are two nonzero independent phason elastic
constants K, (simplified from the tensor of fourth rank
K,), their experimental measured values are listed by
Table 5.

For two-dimensional quasicrystals with ten-fold sym-
metry there are two nonzero independent phonon-phason
coupling elastic constants R, (simplified from the ten-
sor of fourth rank R, ), their experimental measured
values are listed by Table 6.

Recent years, the measurement technique has made a
great progress. Due to the great difficulty, the measured
results are still less. This is a field needed to be im-
proved.

Copyright © 2013 SciRes.

6. Simplification of Elasticity Equations of
Quasicrystals, Displacement Potentials
and Stress Potentials

Through the introducing in Section 4, one can find that:
there are 22 field variables and 22 field Equations for
one-dimensional quasicrystals, there are 29 field vari-
ables and 29 field Equations for two-dimensional quasi-
crystals, there are 36 field variables and 36 field Equa-
tions for three-dimensional icosahedral quasicrystals.
The difficulty for solving is not only the huge number of
field Equations, but also the asymmetry and the com-
plexity of boundary conditions.
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Table 5. Values of nonzero independent phason elastic con-
stants of two-dimensional quasicrystals with ten-fold sym-
metry [40].

Alloy K, (10" dyn/cm’) K, (10" dyn/cm®)

Al-Ni-Co 1.22 0.24

Table 6. Values of nonzero independent phonon-phason
coupling elastic constants of two-dimensional quasicrystals
with ten-fold symmetry [40].

Alloy R (GPa) |R,|(GPa)

Al-Ni-Co -1.1 <0.2

People are interested in the exact solutions indeed. The
group of ours focus on the exact analytic solutions for
different quasicrystal systems, especially for the most
important icosahedral and decagonal quasicrystals. In
these respects we carry out systematic study and obtain
quite rich results.

The hints of the theory of classical elasticity and
mathematical physics [41,42], the eliminating element
method can help one to reduce the number of unknown
functions, and arrive in simplification of the problems.
For this purpose we need to introduce some displacement
potentials or stress potentials. This procedure will be
introduced according to the order from one- to three-
dimensional quasicrystals.

6.1. The Space Elasticity of One-Dimensional
Hexagonal Quasicrystals

For this quasicrystal system, phonon displacements are
ug,u,,u_ , phason displacement is w, (because of
w, =w, =0), the corresponding strain components

Ou, ou, Ou,
E =—, ——,gzz:_
oY 0 Oz
1{ Ou, auy
& =& =—| —=+
= 2ley oz
(6.1-1)
1(0u, Ou,
& =& _=—|—+%
= % 2lox oz
1(0Ou, Ou,
grv = gvx =7 +—
2\ 0y Ox
zx :%’Wzy :%’sz = awz (61_2)
ox oy 0z

and other w;, =0. The strain components are nine at all.
Equations (6.1-1) and (6.1-2) are valid for all one-di-
mensional quasicrystals.

If we write (6.1-1) and (6.1-2) as a vector with 9
components, i.e.,

Copyright © 2013 SciRes.

['911 1E05 335 2603, 265,28, Wiy, Wy, Wi, ] (6.1-3)
or
[6028,.6..26,.26.,. 26 owoww, | (6.1-4)
the corresponding vector consists of stresses
[O'XX,GW,GZZ,Gyz,azx,O'X_V,HZZ,HZX,HZ},] (6.1-5)
then the elastic constant matrix is as follows
[CKR]
¢, ¢, C, 0 0 0 R 0 0]
¢, ¢, C; 0 0 0 R 0 O
C, C; C; O 0 0 R 0 O
o o o0 ¢, O 0 0 0 R
=0 0 0 0o ¢, 0 0 R O
0o 0 0 0 0 C, 0 0 O
R R R O 0 0 K, 0 O
0o 0 0 0 R 0 O K, O
L0 0 0 R O 0 0 0 K]

in which the four indexes of phonon elastic constants are
simplified to two indices, i.e., indices
111,22 >2,33 53,23 54,31 > 5,12 > 6,
sothat C,, canbe denotedby C,,:
Ci=Ci =Cy, Gy =Gy, Gy = Gy,
Ciy = Crppy = G515, G5 = G35 = Gy,

C66 = (Cn _C12 )/2 = (C1111 _C1122 )/2

This indicates that the number of independent phonon
elastic constants is five. Second, the phason elastic con-
stants K, = K;;,,K, = K;,;, = K, , i.e., the independ-
ent phason elastic constants are only two. The pho-
non-phason coupling elastic constants

R = Ri;3;3 = Rypy3, Ry = Ryyy, Ry = Ryyyy = Ry,

this shows the number of independent phonon-phason
coupling elastic constants is three, from the elastic con-
stant matrix, the expression of the generalized Hooke’s
law is

Uxx = Cllgxx + CIZEyy + C13gzz + Rl sz
U}y = CIngx + Cllgyy + Cl3gzz +R1wzz
Uzz = Cl3gxx + Cl}‘g)y + C33gzz + RZ sz

0,=0,=2C,¢, +Rw,

o,=0_=2C,¢e. +Rw,_ (6.1-6)
0,=0,= 2C666‘xy
H_=R (gxx te, ) +Re_ +Kw,
H_ =2Re¢e, +K,w,_
H, =2Re, +K,w,
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and other H; =0.
The stress components are satisfied the following
equilibrium Equations:

0
oo, . o, . oo, _0
Ox oy oz
5; . 6; . 62” 0o
9= (6.1-7)
0o, 0o, oo,
=+ ——+—==0
Ox oy 0z
OH
aHzx+ Zy+asz :O
Ox oy 0z

Eliminating the stress and strain components from
(6.1-1), (6.1-6) and (6.1-7) yields the equilibrium Equa-
tions expressed by the displacement components:

2 2 2
[C a—+C a—+C44 6—qu

Mo % o? oz*
azu
(Cu C66)a oy
o*u 0w
+(C,+C +(R +R =0
( " 44)6x62 ( )Gxﬁz
o’u,
(Cn _Cés)r
X0y
0? 0? 0?
+(C66 a 2 +C11 a 2 C44 g}”y
o*u *w
+(Cy+Cy)—=+(R +R,)—==0
0y0z )0z

(6.1-8)

2 52
(Cps +C44)[a lt +lj

Ox0z 0Oyoz
o ol o
+(C4462+C446 —5+G 35,2 ]
2 2
+ R — 8 62
o’ y 6
(R +R,)
6x62 8y62
2
+| R, 8_2+(’5_2 +R2—2 u,
ox°~ oy oz
2 2 2
+| K, (’52+é’_2 +K16—2 w, =0
ox~ oy oz

The Equation set (6.1-8) is simpler than those consist
of 22 Equations (6.1-1), (6.1-6) and (6.1-7), but we can
further simplify (6.1-8).For the purpose one can intro-
duce 4displacement potentials

Copyright © 2013 SciRes.

) oF,
u =—(F+F+F)-—*
x ax( 1 2 3)
, 9 —(R+F+F)+
i o (6.1-9)
d
u, =§(m1Fl+sz2+m3F3)
)
w, :_(11F1+12F2+I3F3)
0z
if
VIF, =0(i=1,2,3,4) (6.1-10)
2 2 2
v % 20 1254 (6101
ox’ oy oz

then Equations (6.1-8) are satisfied, in which m,,/; and
7, are defined by:
Cu +(C3+Cpy)m, +(R +R,)1,
Cll
_ Cym; + Ry,
Ciy +Chy +Cyym; + Ry,
B R,m, + K[,
R +R, +Rym, +K,I.
= 7;23i = 152’3’C44/C66 = 7/5

(6.1-12)

The Equations (6.1-10) are final governing Equations,
whose solving is much simpler than that of the 22 Equa-
tions given by (6.1-1), (6.1-6) and (6.1-7).Some detail
can be found in [43-45]. The classical transverse iso-
tropic elasticity is as one of special example of the pre-
sent problem, i.e., the case without phason field and
phonon-phason coupling field.

6.2. Other Elasticity Problems of
One-Dimensional Quasicrystals

Due to the space limitation, there is no possibility to dis-
cuss every system of one-dimensional quasicrystals. For
more complicated systems of one-dimensional quasi-
crystals, by using a decomposition and superposition
procedure, problems can be simplified in some extent.
Assume that z axis represents the quasiperiodic ar-
rangement direction, if put

0

oz
the problem is decomposed a plane elasticity and an
anti-plane elasticity problems to treat, the solving is
greatly simplified. After the solving, superposing the
solutions of plane elasticity and anti-plane elasticity
gives an approximate description of space elasticity. The
detail is not discussed any more, one can refer to [44,46]

=0 (6.2-1)
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for the detail.

The work of one-dimensional quasicrystals given in
work [47-49].The decomposition and superposition pro-
cedure developed here is useful to treat elasticity of tow-
and three-dimensional quasicrystals, some of them will
be discussed in the following sections.

6.3. Two-Dimensional Quasicrystals with
Five- and Ten-Fold Symmetries

The elasticity of two-diemsional quasicrystals has 29
filed variables and 29 field Equations, is more compli-
cated than that of one-diemsional ones. Decomposition
and superposition procedure make the problems to be
greatly simplified, and many results are achieved, refer to
[50-55].

The five-fold symmetry quasicrystals of point group 5
m, and ten-fold symmetry quasicrystals of point group 10
mm are kinds of one with important sense in theoreti- cal
and experimental study (Their diffraction pattern and
Penrose tiling are shown in Figure 2), their plane elastic-
ity has the same characters. However the quasicrystals of
point groups 5,5 and 10,10are different from those of
point groups 5 m and 10 mm. In the following we discuss
the elasticity only for point groups 5 m and 10 mm quasi-
crystals and the simplification of their elasticity Equa-
tions.

Assume that the z axis to be the direction along
which the atom arrangement is periodic. Put

0

—=0 6.3-1

oz ( )
then the plane elasticity has the following Equations, i.e.,
the Equations of deformation geometry

ou, u, ou,
gxx = , &, =—, . =
ox " oy Oz
1{0u, Ou,
e =&, =—| —=+—
” Y20y oz
o
g =g, = O Ote (6.3-2)
2\ ox Oz
1(ou, Ou,
£, =6, =—| —+——
oo o2loy ox
awx aw}’ an aw}’
)OC= ’W :—’Wx :—’Wx:—
ax Yy ay Y ay ) ax
o, =L(gxx +5yy)+2M€xx +R(Wxx +wyy)
o, =L(e,+e,)+2Me, —R(w, +w,)
o,=0,=2M¢ + R(wyx _ny)
H, =Kw, +Kw, +R(e,-¢,) (6.3-3)
H, =Kw,+Kw, +R(z,-¢,)
H =Kw,-K,w, —-2Re,
H, =Kw,-K,w, +2Re
and the equilibrium Equations
6(;J'xx . 8;' _ yég'yx +80'yy 0
9 xoo (6.3-4)
OH, OH OH, ©0H,
+ =0, + =
Ox Oy Ox oy

The plane elasticity consists of 21 Equations, which
can be reduced into 4 Equations by eliminating strain and
stress components

Figure 2. The point group 10 mm quasicrystals: (a) Diffraction pattern, and (b) The Penrose tiling.

Copyright © 2013 SciRes.
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2 0 62w 82wy ow
MVu, +(L+M)—V-u+R| —~+2 -——= |=
Ox Ox ox0y Oy
o’ 2 o
MVzuy+(L+M)aiV-u+R( avzv" - Z gx - af”]:o
4 * o (6.3-5)
2 o? 2
K\V’w, +R 0 L il 9 2 l=0
Ox oxoy Oy
o’ 2 o’u,
KViw, +R| S g Ot Ol |
! ox oxoy oy
where The Equations (6.3-5) can be simplified further. By in-
, o & ou. Ou, troducing new unknown functions ¢(x,y) and ¥(x,y)
Vis s+ Viu=s—"+— such as
ox~ Oy ox Oy
2 2 2
u, :(L+M)a—¢+Ma—l/2/+(L+2M)a—y2/
Oxoy Ox oy
2 2 2
u, =-— (L+2M)a—‘f+Ma—‘f+(L+M)a—‘/’
’ Ox oy Ox0y
, , ) (6.3-6)
, _ M(L+2M) , ¢ Oy Oy
' R oxdy  oxt oy’
M(L+2M)| 0’ ¢ , v
W= NN Y
Y R ox*  oy*  Oxdy
where L=C,,,M =(C,,—C,,)/2=C, then (6.3-5) are reduced to
ol o o
(O‘H1+ﬂ1—[2) (ﬂ+ aHI_Q_ﬁHZ_Z v=0
Ox0Oy Oy Ox
(6.3-7)
all 6_2_’31—[ i (p+(a]‘[ +B811 )62'// =
? o ! oy’ : " oxdy
here VAVAVAVAF =0 (6.3-11)
I = i_i m :3i_i (6.3-8) then (6.3-7) are satisfied. The Equation (6.3-11) is the
a9t T ot o ' final governing Equation of plane elasticity of quasicrys-
tals of point groups 5 m and 10 mm. Although point
a= —WK, p= — 0L 6.3-9 groups 5,5 an , quasicrystals are different from
R(L+2M)-wK,,p=RM - 0K 5,5and 10,10 i 1 diff fi
= M(L i ZM)/R (6.3-9) those of point groups 5 m and 10 mm, the former is more

Furthermore the functions ¢(x,y)and y(x,y) are
expressed by F(x,y)
2
=
(6.3-10)
v =(all, +5H2)52_F
oxoy

in which 6 =RM —wK,,and F(x,y)may be any func-
tion, we call it be the displacement potential, if

82
ol

Wz(ﬂnza

Copyright © 2013 SciRes.

complex, the derivation shows that the final governing
Equation of the latter has the same form as that of
(6.3-11). In the subsequent presentation, Equation (6.3-
11) will appear more times shows the Equation presents
universal sense.

Under the assumption (6.3-1), the anti-plane elasticity

is described by the final governing Equation
Viu, =0 (6.3-12)

If we didn’t use displacement potential, while use the
stress potential G(x,y), then the plane elasticity of
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above certain quasicrystals can be reduced to
VVIVIVIG =0 (6.3-13)

This shows again the importance and universality of
the quadruple harmonic Equation, these work has been
done by the Ref [50], in which a systematical solving for
some boundary value problems of the Equation is also
discussed.

6.4. Quasicrystals of Eight-Fold Symmetry of
Two-Dimension

We here consider only the point group 8 mm octagonal
quasicrystals(whose Penrose tiling is shown in Figure 3),
and the assumption (6.3-1) is still taken. After a long
derivation we find the final governing Equation of the
plane elasticity

(v2v2v2v2 —4eVAVEAR A 14N AP ACA? )F

(6.4-1)
=0
where
2 2
v? :a—2+6—2,
ox"~ oy
. 0O
o’ oy’ (6.4-2)
E =
R*(L+M)(K,+K;)
[ M (K, +K,+K,)-R*][(L+2M)K, - R* |
L=C,,M=(C,-C,)/2=Cy (6.4-3)
K1111 = Kzzzz = Kl
K1122 = K2211 = Kz (6.4-4)

Ky =Ky, =K,
Ky =Ky, =K +K, +K;

Figure 3. The Penrose tiling of octagonal quasicrystal.

Copyright © 2013 SciRes.

R is the phonon-phason coupling elastic constant,
refer to [50].

6.5. Two-Dimensional Quasicrystals of
Twelve-Fold Symmetry (Dodecagonal
Quasicrystals)

The electronic microscopic diffraction pattern and the
Penrose tiling are depicted by Figure 4. It elasticity is
relatively simpler, but the structure is very important,
because it is observed not only in solids, but also in soft
matter (polymers, nanoparticle mixtures and colloids),
the latter will be discussed in Section 14.

For this kind of quasicrystals, the phonon and phason
do not couple, so the coupling constant is vanish, i.e.,

R=0 (6.5-1)

Under the assumption (6.3-1), the final governing Equa-
tions are reduced to

V*V?F =0,V’V’G=0 (6.5-2)

the first one is the Equation of phonon elasticity, the
second one is the Equation of phason elasticity. The de-
tail can be found in [43,44,50].

6.6. Three-Dimensional Icosahedral
Quasicrystals

Icosahedral quasicrystals belong to the most important
class of the material, which are three-dimensional ones.
The Figure 5 shows an outlook of the structure, whose
patterns of diffraction and stereographic configuration
are depicted in Figure 1, in which there are five-, two-
and three-fold symmetry axes.

The elasticity consists of 36 field variables and 36
field Equations, the solving is most difficult compared
with those of other quasicrystal systems.

The general Equations (4-2), (4-3) and (4-7) hold for
icosahedral quasicrystals, the difference lies in the
stress-stain relation, in which instead

Ciu = 26,6, +/‘(5ik5ﬂ +5115jk) (6.6-1)

W

\aTar:

\

N\
%N

%%

.‘4"
A

BN
(@) (b)

Figure 4. The twelve-fold symmetry quasicrystals: (a) Dif-
fraction pattern, (b) Penrose tiling.
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where 4 and y(: G) are the Lamé constants. The strain and stress components with 18 components can be ordered as
a vector such as, respectively

|:8y"wg}:[511 €y &3 &y &y Ep Wi Wy Wy Wy Wiy W, Wiy Wi WZI] (6.6-2)
|:Gij’Hij:'=[o-11 0, Oy Oy Oy O, H, H,, Hy; Hy Hy,, H, H; Hj; H21] (6.6-3)

then the phason elastic constant matrix and phonon- phason coupling elastic constant matrix are as follows

K 0 0 0 K, 0 0 K, 0
0 K, 0 0 -K, 0 0 K, 0
0 0 K,+K, 0 0 0 0 0 0
0 0 0 K -K, 0 K, 0 0 -k,
[K]=|K, -K, 0 0 K -K, 0 0 0 0
0 0 0 K, 0 K, -K, 0 0
0 0 0 0 0 -k, K,-K, 0 -K,
K, K, 0 0 0 0 0 K -K, 0
0 0 0 -K, 0 0 -k, 0 K, |
(11 1 0 0 0 0 1 O] Further the explicit expression of the constitutive
1 -1 1 0 0 0 0 -1 0 Equation is given below
6 0 2000 0 0 O O'xx:/w+2ﬂ5n+R(Wxx+Wyy+sz+sz)
0 0 0 00 -1 10 - O'yy:/16+2/15W—R(wxx+ww—wzz+wxz)
[R]I=R|1 -1 0 0 1 0 0 0 0/(6.64) o =10+ 2u5. —2Rw
0 0 0 -1 0 -1 0 0 = » =
0 0 0 0 0 -11 0 -1 o, =2us, +R(w, —w,-w,)=0,
1 -1 06 0 1 0 0 0 O O-zx:zﬂgzx_'_R(Wxx_wyy—‘rwzx)zo-xz
00 0 =10 -0 0 - o-xy:2ygxy+R(wa—wyZ—wa)=O'yx

H_ = R(gn -&, +Zgzx)+Klwxx +K, (w, +w,.)

Xz

H, =R(£xx —£,

—25u)+K1wyy +K, (sz -w )

sz :R(gxx +gyy _Zgzz)+(K1 +K2)WZZ
H,_=-2Re, +(K,—K,)w, +K,(w, -w,)

»x

Hzx = 2Rgzx +(K1 _KZ)WZX +K2 (wx"‘ W )

Yy

Xy

H, =-2R(e, +&,)+Kw, +K,(w, -w,)
H,, =2Re, +(K, - K,)w, — K, (w, +w,)

H_= R<gxx _5)»)»)+K2 (Wxx +Wyy)+(K1 _KZ)sz

H, =2R(e,~&,)+Kw, —K,(w,_+w,)
(6.6-4)
where O=¢ +¢&, +¢,.
Substituting (4-2) into (6.6-4) then into (4-7), the equi-
Figure 5. Outlook of icosaedral quasicrystal. librium Equations expressed by the displacements

Copyright © 2013 SciRes. ENG
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where

auy

0* ou

, 0 o U, :
ox~ oy 0Oz ox 0y Oz
The direct analytically solving Equation set (6.6-5) is
difficult very much. In the following we give some sim-
plifications.
Assume that the z axis represents the direction of

62
V-u+R i

2
o'w,

T.Y.FAN

five-fold direction and put

Z =0 6.5-6
. (6.5-6)

then the 36 Equations are reduced to 32 Equations, the
corresponding final equilibrium Equations (6.6-5) are
simplified as

o*w azwy

X

0
"% A —
Y+ (24 ) Ox ox?

2
6wy_

+ —
Ox0z

2
0w,

+2
8y2

2
6wy_

Ox0y 6y62 axaz

*w

X

,quuy +(/1+,u)§V~u+R
i

ox?

V-u+R

oxdy

oy’ 626y 6x62 6y82 ]

O’w,  O’w, o*w, B

0
V? A+ u)—
1Vu +( +,u)az

*w o’ w,

X

2
0w,

B o’w N 2
oxdy oy o 622
62wz o*w

- +
oxoz 87

KViw, +K,|2
’ ayﬁz

2
o’u, 262ux o’u, Ou,

+ Z
o’
ot oy

3

o u, 62u2

6y2

2
6wy_

ox? Ox0z -

”{

oxdy
62

2
0w,

Gyaz ox’ (6.6-5)

2
0w,

K \Viw, +K,
0x0z

8)/82
o*u

2 2
a u)’ Y a ux

Ox0y -

0z*

|

0’u

z

0u

Yy

) o’u,

> +
ox 0y0z

+R(

o Ox0y

0w

2
: _28 w,

oxoz  oxoy |

o’w, ’w

(K,—K,)V’w, +K, [2

+R(

oz*
a 2
ox?

o*u

z

0z°

o*u

Z_

6y2

w2 o’u,
Ox0z

J-o

62w

+
Oyox

42

n oy’ ]

2 2
o'w, 0w,

,uVlzux+(/l+,u)aa V., -y +R[ P

0w

8y2 J

Ox0y -

2
o°w,

yvfuy -i—(/1+,u)%v1 U, +R[

82w

ox?

V u, +R -
a ( oxoy

o’w, _62w

ox? -

(6.6-7)

&W%+&[&2 @z

2
ow,

at
ou,

K\Viw, —2K, o

: jR[
+R[

2
8uy
2

ox?
a M}x a ’ Wy

Ox0y - o

2
0 w,

(K, —K,)Viw, +K2( P
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where
V2 :%+§y—z,ul =(u,.u,),
V, -y, =%+%

In this case the Equation set (6.6-7) is considerable
simplified compared to that of (6.6-5), but which is need-
ed to be simplified further. For this purpose we introduce
a displacement potential function F (x, y) such as

Then Equation set (6.6-7) is reduced to the sextuple
harmonic Equation with 12 order as below
VVAVAVAVAVAF (x,y)=0 (6.6-9)

The Equation was first observed by paper [56] in
2005.

If we didn’t use the displacement potential while use
the stress potential G(x,y), then the final governing
Equation is also a sextuple harmonic Equation with 12
order [57]

VVAVAVIVEVAG(x,y) =0 (6.6-10)
i.e., the sextuple harmonic Equation is discovered again.
This shows the Equation presents its universality and
importance in science and engineering

In the work studying elasticity of three-dimensional
qusicrystals we find other partial differential Equations
of higher order, which are unable to list due the space
limitation.

. Y. FAN
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7. Analytic Solutions of Boundary Value
Problems of Quasicrystals-Fourier
Analysis

Historically the first solution of elasticity of quasiscrystal
was given by paper [58] in 1987, in an alternative
method was used for getting the solution. However one
cannot find the development of the method. Afterward
papers [59-61] developed the Fourier transform and
Green function method, the researchers obtained some
dislocation solutions by directly solving the Equations
(6.3-5). These works are meaningful, of course. However
we need to develop more systematical and direct meth-
ods, certain constructive methods. The simplification of
governing Equations, reducing Equations with huge
number to a single or few of partial differential Equations
of higher order, provides a possibility to develop the
constructive methods. In this respect, the Chinese scien-
tists pay a great effort and obtain some systematical ana-
Iytic solutions for complicated boundary value problems.
In the following we will give some examples of solving,
the practice shows that the Fourier analysis is a funda-
mental method, at meantime, complex analysis is very
effective too.

7.1. Dislocations in Two-Dimensional
Quasicrystals

The Burgers vector for dislocations in quasicrystals is
(B,85,6),b",by by ), but for two- dimensional quasi-
crystals which is (B],5],5!,5",5,",0) due to w, =0.In
the previous section, the plane elasticity and anti-plane

82 2v72
=R \YaY all, + B(A+2u)]1, |F
w=R=5 [ ol + B(A+2u)T1, |
R 2 A =) L1002+ 1)L —(s2+94) L |F
" oxoy . o a ox*oy’ a oy
ye 62 62
Lly = RV-V ,uaay—zl_[l —ﬂ(/1+2,u)yl_[2 F
, a() 6 66 66
+c, RA°| (A+2u)——5(24+3 +54 +u—-=|F
0 |:( ‘Ll)axﬁ ( ’u) ax4ay2 ax26y4 #6326:|
(6.6-8)
_ 62 2 82 2 82 2
le —C1 axéy (a—ﬂ)A Hll_[z +0!§H1 "rﬂax—znz F
W, =2 V[ 2¢,A°V? = (e - p)TITL, | F
* 0Ox0y
w, =-wV’ cOA2A2V2+a—2Hf+ﬂiH§ F
y ayZ axZ
w. =c a—-P)NTILI, +a—T11; + f—1I1; |F
z 2 axay |:( ﬁ) 12 ayz 1 ﬂaxz 2
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elasticity has been separated. If we consider only the
plane elasticity, then the Burgers vector is
(bl”,bE,O,bli,bj) .Since there are four components of the
Burgers vector, the problem is quite complicated. By
employing superposition principle, one can solve the
single component problem separately, then obtain the
total solution by superposing individual component solu-
tions.

At first we solve the problem corresponding to com-
ponent 5| . Performing the Fourier transform

F(éy)=["F(xy)e¥ds  (7.1-1)
to Equation (6.3-11) yields
(%— 2) F(&y)=0 (7.1-2)
ly

which is an ordinary differential Equation with the solu-
tion

1':“(5,)/):[,44—By+Cy2 +Dy3Jef‘5‘y (7.1-2)

in which there are four functions to be determined. By
the boundary conditions (including dislocation condition
and conditions at the infinity), we determine the un-
known functions as below

A=(9Tsgn&)/4& ,B=2J&

7.1-3
C=(Jsgné)/28*,D=0 713
where
B
J—m (7.1-4)
m=Ma+(L+2M)/3} (.15)
n=Ma—(L+2M)p
a=R(L+2M)-wk,
B =RM - oK, (7.1-6)

w=M(L+2M)/R
In terms of the Fourier inversion calculation, the prob-
lem is solved and we have

u

X

Sl (]

(MK, -R*)

[_(L+M)K1 + (MK, —Rz)(lngj
(L+M)K, [y_ZH
(L+M)K, +(MK, -R*)\ 7’

Copyright © 2013 SciRes.
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(7.1-7b)
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w oo (L+M)K, (2x3yj (7.1-8a)
Yo\ (L+ MK, + (MK, -R*)(
Il 2.2
(8 (L+M)K, (ny J (7.1-8b)
bo\2m)(L+ MK+ (MK, -R?)
3 2+ 2
B Gt R
r
2.2
o, = S i ) (7.1-9b)
o r
2.2
Oy :o-yx = x(x 4 d ) (71_90)
. r
R(K, - K,)| ¥*¥(3x* =) ]
= AE[KI—RZ) (r6 ) (7.1-10a)
1
RIK —K .2 32 — 2 ]
=" AEIKl—Ri) il ; ?) (7.1-10b)
1
R(K -k x 2(3,2 _ 2 ]
w=A A(4K1 Ri)[y( - ) (7.1-10c)
1~ r
R(K —-K 3 3 22
=4 ]\E[Kl Rj){x ( yﬁ * )} (7.1-10d)
1 r

where 7 =+/x”+)” , a represents the size of dislocation
core, and

(B (L-M)(MK, -R)
A _[;](HM)KI +(MK, - R?)

(7.1-11).

These are the displacement field and stress field in-
duced by the Burgers componentb| . Similarly the solu-
tion induced by component & corresponding to phason
field can also be found and listed as follows

L _ 3
u =Dk (6761297 | gy g,
2me, | ¥ 2¢, r

N B 2(,2_ 2
u, =2k {—ﬂ{q czjy( . )] (7.1-12b)
: r

2
2mc, 2¢,

r
1
w, = b# arctan [Z)
2n x

+ coky xy(3x2 _y2)(3y2 B
2¢,c, 3r°

xz)] (7.1-12¢)

ENG



b L+2M M) r
w =—»/[|1- In—
Y 2m 2¢, 262 a

+[ Coky ]yz (3x2 _y2)2

6
2¢,c, 3r

2 2 2
cobik, | X y(3x -y’)
Ouw =~ 6
e R r
3 2 2
cobiky |V (3x* -y )
O-vv == 6
. e, R r

(coblk j2xy -x*)
6

e, R
kbt y
(e
2x2y(3x2 —yz)(?ay2 —xz)]
- 8
r

where
_ 2¢,c,

1 Coky
cc, [ ¢
ez=#[—‘+—2]
Gk \ey ¢

o =(L+2M)K,-R*,c; = MK, - R®

B

and ¢y, ¢;, ¢; and k, are
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(7.1-12d)

(7.1-13a)

(7.1-13b)

(7.1-13¢)

(7.1-14a)

(7.1-14b)

(7.1-14c)

(7.1-14d)
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co=(L+2M)R,
¢ =(L+2M)K, -R*,c, = MK, — R’
k,=R(K,-K,)

The above results show the phonon and phason are
coupled each other, the solution is more complicated than
that of crystals.

It is evident, the method developed here is systematic-
cal and direct, belong to a constructive approach, ac-
cording to a straight forward step, the solution must be
constructed. The correctness of the solutions can be ex-
amined by direct substituting. The method is effective
not only for quasicrystals of five- and ten-fold symme-
tries, but also for eight- and twelve-fold symmetries. The
detail can be found in [43,44].

7.2. Cracks in Two-Dimensional Quasicrystals

The above developed methods are successful not only for
solving a series of dislocation problems, but also for
crack problems. Due to the brittleness of the material
under low and intermediate temperature, study on crack
and fracture of quasicrystals is significant. Since cracks
are a kind of two- or three-dimensional defects, which is
more complex than dislocations which are one-dimen-
sional defect. The complexity lies in the boundary condi-
tions, the problem is concluded for solving some of dual
integral Equations. This is a mathematiccally difficult
problem. For example, for a Griffith crack in a decagonal
(including pentagonal) quasicrystal, after the Fourier
transform, the unknown functions do not reduced to al-
gebraic Equations while the dual integral Equations, e.g.

dij:[c(g)g—6D(§)]cos(§x)d§ —-p0<x<a
[ [c £)¢-
—f

Ioé’Df

D(&)]cos(£x)dE=0,x>a

cos §x dé=0,0<x<a

cos(éx)dE=0,x>a
(7.2-1)

It is fortune the integral Equations can be exactly
solved, i.e.,

C(§)§ =d, paJ, (af),
D(£)=0

where J,(a&) is the first kind Bessel function of first
order, the problem is solved. Through the Fourier inver-
sion, we obtain the solution in physical space [51], the
stresses and displacements induced by the crack are
completely determined, the results are as follows

(7.2-2)
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-32

in which the meaning of the polar coordinates are shown
in Figure 6.

The most important physical parameters in fracture
theory are the stress intensity factor and energy release
rate for the crack in decagonal and pentagonal quasicrys-
tal are gained[51]:

K;
7.2-4
= tim a(v=a)or, (x.0)=rap = HY
G, -Lom
2 Oa

(7.2-5)

1 1 K 2
=7 + 3 (K"l)
4\ L+M MK, -R

The energy release rate indicates the all of phonon,
phason and phonon-phason coupling make the contribu-
tion to the initiation of crack growth. Because this is an
exact solution, provides useful information for brittle
fracture quantitative study of brittle fracture of the novel
material. The solutions for octagonal and dodecagonal
quasicrystals have also been found following the similar
procedure [43,44].

7.3. Dislocations in Three-Dimensional
Quasicrystals

We pointed out again and again the importance of icosa-
hedral quasicrystals in theory and practice, whose dislo-
cation problem is also significant very much.

Yang et al [62] gave an approximate solution on dis-
location in icosahedral quasicrystal under the condition
R =0 ,i.e., the phonon and phason do not couple.

We consider the assumption is incorrect, and must
give the complete solution based on the strict Equation
(6.6-9).

We study the problem caused by components 4 and
b of the Burgers vector

(Bl.B).B).b" by by ).

Copyright © 2013 SciRes.

sin@cos 30

cos<¢9 - _)] - pr (7 )73/2 sin @sin 36

)
77) " cos(0-8) |+ p7 (77) V" sin0sin30
)

(7.2-3)

H, =4d, pr (77, )73/2 sin@cos30 +6d,, pr’ (77, )75/2 sin’ Hsin(é - 55)

Performing the Fourier transform (7.1-1) to Equation
(6.6-9), then we obtain an ordinary differential Equation
of six order, whose solution contain 6 unknown functions,
which can be determined by boundary conditions, then
takingthe Fourier inversion completes the solution. At
last the displacement field is determined as follows

1 X xp’
u,=—| b arctanZ+¢:12—J;+cl3L4

2n X r r

2 2 2
r ¥y’ y (y —x )

u,=—| - In—+c,, 5+ ———F—=

2n 7 r 2r

1 v, w, v
U, =—| —Cy arctan —+c;, —-+Cy3 ——

2n X r r

(7.3-1)

1 X X
w, =—| b alrctanz+c42—)2}+c43L4

2n x r r

2 2 2
oy V(R -Y)

w, =—| ¢ In—+cy, ey ——F——

2n Ty r 2r

1 v, w,
W, = ——| —Cq arctan-—+c¢g, —-+Ce ——

2n X r r

where 7* =x’+)”, 1, the radios of dislocation core,
¢, constants defined as below:

B2 A z =x+iy

Figure 6. Coordinate system around the crack tip.
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2, (/1(2R2 by (2 430+ 2407 )bl + R(~e( A+ 1) + 2, (/1+2y)2)bﬁ)

= —e(2e+ He, (/1+ 2,u))+,uco (/1+2/1)(e+ 2uc, (/1 + 2,u))
2cOR(/1+,u)(2R,u(/1+,u)b1” +2uc, (/1+2,u)bf)
a —e(2e+,uc0 (/1+2y))+yco (/1+2,u)(e+2,uco (/1+2/1))
(2654 (A+2) =26 )b +2¢,R (A +3 1) e}
o= —e(2€+,uco (/l+2,u))+,uco (/1+2y)(e+2yco (/1+2,u))
2¢, (—yz (/1+y)(—2R2 +c, (/1+2y))b1“ +R(—(/1+y)e+2co/ﬂ)bf)
Cn =

—e(Ze+ He, (/1 + 2/1))+ Hc, (/1+ 2,u)(e+ 2uc, (/1-1-2/1))
2¢,R(A+ p)(2Ru(A+ )b +2c, 17" )
—e(2e+yc0 (A+ 2y))+yco (A+ 2,u)(e+2,uc(, (2+ 2,u))

Cp =

—3»cle{2(c0,u+7e),uc0 (/1+2,u)b1” +R(54c§ (42 +3}»,u+,uz)—2(61—/%’)(e+,uc0 (/1+2,u)))bf}
4cOR(—e(2e+ Hc, (/1 + 2y)))+,uco (/1 +2,u)(e+ 2uc, (ﬂ + 2,u))

G =

3cle(2ﬂ(—e+,uco (l + 2,u))b1” + R(—Ze+ 2uc, (/1+ Zy))bll)
—e(2€+,uc0 (/1+2,u))+,uco (/1+2,u)(e+2,uco (/1+2,u))
—3ec, (2Ru(A+u)b +2uc, (A+2u)b}")
(2e+ ucy (A +2,u))+ He, (/I+2,u)(e+ 2uc, (/I+ Z,u))

Cp =

Gy =

(
—2e(2Rpt(A+ )bl +2p1c, (A+2u)b}")
(2e-i—,uc0 (/1+2,u))+,uc0 (/1+2,u)(e—i—2,uc0 (/‘L+2,u))

(

Cp =

~2e(2Ru(A+ )bl +2p1c, (A+2p)b" )
(Ze+,uco ﬂ+2,u))+,uco(ﬂ+2,u)(e+2,uco(/1+2,u))

Cs; =

{—46/12(:0 (A+2u)b] + R(2(A+20)(e+ 0.5, )+ (2% 1+ 265 (A+20) + ¢ (A +2p) (~pu+ R (,1+y)))b§}
R(—e(2e+,uc0 (A+ 2,u))+,uc0 (4 +2y)(e+2yco (4 +2y)))

cs3 =0

Cop = —3cze{(2(co,u+7e),uco (A+2u)b] -irR(54cO2 (/12 +3Au+ /12)—2(0( - B)(e+ ey (A+ 2;1)))b1L )}

-1

><|:4COR<—€(2€+/JCO (4 +2y)))+yc0 (4 +2;z)(e+2yco (4 +2y))]
3ec, <2y(—e+ pey (A+2u)) b + R(—2e+2uc, (2 +2,u))bﬁ)
—e(2e+,uc0 (/?.+2,u))+,uco (/1+2,u)(e+2,uco (/1+2,u))

—3ec, (2Ru(A+ )b +2uc, (A+2u)b)
—e(2e+,uco (/1 + 2y))+,uco (/1 +2,u)(e+2,uco (/1 +2,u))

Cor =

Ces =
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where
= —(ﬂ, + ,u)Rz

uKk; +(K, -3K,)R?
u(K, -K,)-R’

=0

>

w=pu(A+2u)

Though(7.3-1)is given the results induced by compo-
nents b!,b", the other solutions can be similarly ob-
tained. These results show the phonon-phason coupling
is extremely important, this effect cannot be ignored. If
phason and phonon-phason coupling are absence, the
present solution reduced to the well-known dislocation
solution of crystal:

Figures 7 and 8 draw the variations of displacements
versus coordinates, and give a comparison with those of
dislocation solution of crystals, in which the material
constants are

A =749, 11=724(GPa),
K, =72,K, =-73(MPa) ’

R/11=0,R/1=0.004 and R/ 2 = 0.006 , in the computa-
tion, the case R/u = 0 corresponding to the crystal. This
work is given by work[63].

7.4. Cracks in Three-Dimensional Quasicrystals

The crack problem is more complicated than that of dis-
location, the calculation is more complicated too. Paper
[64] developed the Fourier transform and dual integral
Equations method and gained the solution of a Griffith
crack in icosahedral quasicrystal. Here only the dis-
placement field is listed as below

0.09 “R/u=

\ ~e~R/p = 0.004
0.08) | R/p = 0.006
0.07
0.06
0.05 \ .
0.04
0.03

0.02} it ]

s Sy

L

Normalized displacement

LSS
S
0.01 T""'"'Y'ttfrv";

|
0 - : : ; " : J
0.05 0.1 0.15 02 025 03 035 04

X (cm)

Figure 7. The displacement (variation along x direction)
and comparison with the dislocation solution of crystal.
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| < R/pu=0
0.225 | f —*R/pn=0.004
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Figure 8. The displacement (variation along y direction) and
comparison with the dislocation solution of crystal.

ux/p:cn[(rlrz)mcosé? rcosﬁ}rc12 (rr, 1ﬂsm&sm(ﬁ (9)+1/2c13 (rr5) " a*sin Bcos 30

1/2

)
—1/2¢,7* (r15) " @ sin 6’s1n< ) 1/8¢,,r*
uz/p:cn[(rlrz)/ cos:9—rcos:9}—i—c32 (rlrz)

=1/2¢;,r* (1) P 4% sin 0s1n(

—1/8cyr

=1/2¢,,r* (5r) 7 4% sin Hsm( ) 1/8¢,,r*
(

”1"2)

w,/p=c, [(r]r2 )1/2 cosé’_—rcose}rq‘zr (1, )71 sianin(€—§)+1/Zc43r2 (i, )73/2 a’ sin” Ocos360

(nn) "2 &% sin* Ohy, +1/8¢,,r° (rrn, )_9/2 a’sin’ Oh,,

sm&sm(ﬁ (9)+1/2033 (rlr2)73/2 a’sin” @ cos 30

" g% sin* Oh,, +1/8 ¢, r® (rr, )79/2 a’ sin’ Oh,,

(7.4-1)

(rr) 72 g% sin* Ohy, +1/8 ¢, (rr, )79/2 a’ sin’ Oh,,

wy/p:cﬂ[(rlrz)l/zsinﬁ rsm9]+c52[ —r(nr )l/zcos(ﬂ 9)]sin9+l/2c53r2(1”,15)_3/2azsinz95in3§

+1/2054r4(r,r2)75/2a2sin3Hcos(é 50 )+1/8csr” r1r2)7/ azsin“ﬁhﬂ—1/8(:56;”(11;”2)79/2azsin5 Oh,,

wz/p:cM[(rlrz)/ cosﬁ—rcosﬁ]+c62 (rlrz)l/zsmé’sm(ﬁ 6’)+1/2063 (4r2)_3/2a2sin290053§

—1/2¢g,r* (nr) 7 &% sin 9s1n( —1/8¢4r"

Copyright © 2013 SciRes.

rlrz) 72 4% sin® Ohy, +1/8 ¢’ (rlrz )_9/2 a’ sin® 6h,,
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where 6 5
_ _ Ci :Zajlbj’cz? :Zajlbjﬂ’
h,=a’sin70 —4r° sin(26’—76’), =l J=1
4 3
h, =3a’ cos(t9—9§)+4r2 cos(36’—9§), Ca=Daub .= aub, s, (7.4-3)
- B (7.4-2) = =
hy, =a’ cos70 +4r° cos(29—79), 2 1
5 — 5 _ ciS:Zajlbj+4’ci6:Zajlbj+5’i:1’2""’6
hy, =3a’ sin (0 - 90 )+ 4r” sin (30~ 90 ). = =
6=(6,+6,)/2, a; are composed from elastic con-
the constants ¢; are as follows stants and given as follows

a”:R(ZcO(S/1+9,u)—a,u) 4 =0
4 =

ay, = R(ap—2¢,(394+67au)) 4 = 16w,
a; =2R(~6au+8B(A+2u)+c,(111A+1794)) 4, =—16wc,

a, =-2R(157¢yA+28BA +249¢c) 1t —16au+56fu)  a,, = —240(2¢c,—a + f)
a5 =SR(~Tau+16B(A+2u)+c, (504 +82u))  ay =600(c,—a+p)

ay, = R(21ap—58B(A+2u)—8¢, (154+26)) a4 =—20(20c, —27(a - B))

ay, =, R(324+2711) a, =0
ay, = —14¢,R(82+54) ag, =320(a-p)

ayy = R(co (176 +5941)+16( B2 — ar+2 1) asy =~160(c, +7a~15)
=8 (cy (204 —241)~Tap+ 5 B(A+2u1)) a5, =240 (2¢, +Ta = 7p)

ays = IOR(c0 (9/1—7y)+4(_2a#+15(/1+2ﬂ))) ass = —4w(17¢, +37a—33f3)
=2w(28¢, + 43027
g~ R(620u—188 (14 20) ey (S0asc2p)) 0T 2B Ba2TA)
ag =2¢,(24a-5p)
a,, =2¢ (240{—5,3)
ag =, (-192a +788)
ay, =¢,(-192a+78p)
(3400 —2268) ag, =c, (340a —2263)
a,, =C —
3 -0 dg =0, (—3520( + 306ﬁ) (7.4-4)
ay = (—3520! +306,8)
ags =S¢, (470{ —43,5)
ays =5¢,(47a—43p)
ag =, (—103a +850)
36 =€ (—1030( +85ﬁ)

and b , are defined as below

A
b, :(_l)jf’j =1,--,6 (7.4-5)
bl 1 b12 b13 bl4 bl 5 blﬁ b b b . b
21 2, /-1 2, j+1 26
bZ 1 b22 b23 b24 b25 b26 b b ’ b ! b
b, b, b, b, b, b o oL *
A=|P0 S s e A= by, by by by (7.4-6)
b4 1 b42 b43 b44 b45 b46 b . b b b
51 5, /1 5, j+1 56
b5 1 b52 b53 b54 b55 b56 b . b ! b ! b
61 6,j-1 6,j+1 66
b6 1 b62 b63 b64 b65 b66 ’ ’
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in which the elements b, are

by =—R(@du+c, (2227 + T304+ 54477 )
b, = R(32a)(a — B)+adp+ ¢, (6627 +2150u+194,7 ))

b, = —R(c0 (3200+ 664 +347 4+ 25842 )+ 4(360(cr — ) + 1 (88 (A + 204) ~ (4 +8ﬂ))))

R(c, (1120+2247 +2174u +8647 ) +8(320(a ﬂ)+ﬂ(14ﬂ(/1+2y)—a(5/1+18y))))

(&
s = R(~4c, (440+(A—43p) 1) +160(16 8 —15a) + p(-1608(A+24) + (1014 +272 1) )
o = R(4c, (10— (252 +664) 1) ~120(118-15a) + (116 8 (2 +211) — (1212 + 284 1) )
by, =2(c,K, +¢,R)(24a =5B)+ R* (—c, (212 +8u) + B(A+2u) —2au)
by, =(c,K, —¢,R)(-288ct +983) + R* (c, (1094 —104) — B(A+2u) +14au)
by, =4(c,K, +¢,R)(193a —988) - 54auR’
¢, (16K 0+ R* (2204 -239 1))
by, =2(~=(c,K, —¢,R)(612c — 418 ) ~12K,0(ct — B) + 59auR’ )
+5¢, (16K 0+ R* (444 -157 1))
bys =(c,K, —¢,R)(1279a 1053 8) +108K, 0 (a — B) —145uR’
+¢, (~172K,0—5R* (224 -216,))
by =—(c,K, —,R)(925a —82158) 198K, w(cx — )+ 99auR’
+¢, (208K 0+ R* (224-132511)
by, =-2(c, (K, =K, )+¢,R)(24a = 58)+ RK, (c, (424 +45 1) - apt)
by, =2(c, (K, — K, )+¢,R)(144a —498) - RK, (c, (2424 + 267 1) - 3ot )
by, =—4(c, (K, —K,)+¢,R) (193 =98 8)+ RK, (c, (676 A+ 773 1)~ 3lapu + 32 B (A +2u) )
by, =4(c, (K, —K,)+¢R)(306a —20983) - RK, (c, (11724 +13914) - 129au + 144 8 (A +2 1))
by =—(c, (K, = K,)+¢,R)(1279a 1053 8) + RK, (2¢, (6754 +839 ) — 24Ty + 288 8 (A +21))

by, =(c, (K, =K, )+¢,R)(925a —821/3) + RK, (34c, (314 +411) — 2650+ 332 8 (A +2 1))

Copyright © 2013 SciRes. ENG
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by =-2(c,R+c,u)(24a—5p)

by =—4(19(c,R+c,u)(Ta —4B)+ 28Rw(a - B))

by, = 4((c,R+c u)(61a —498) - Ro(64a —36 8 —24c, ) )
bys = (c,R+c,1)(587ac —521) — R (232 — 216 8 — 40c, )
(c )

(¢
by, =—4((c,R+c,p)(96a =398)+ Rw(20a —16 8 +2c, )

by =(c,R+c,1)(338a —3008)+ R (200 —168 5 — 44c, )
by, = ( co (422 +45u) +a,u)
b, =

by, = R(1120(a

“2R(~40(Ta=5p)+ u(Vau—4B(A+2u))+c, (4o+u(764+934)))
= B)+u(29au—328(A+2u))+c, (320 - (4761 +551,u)))

by, = 4R(—a)(92a —1208)+ u(3lap — 56 (A +2)) +2¢, (280 + (174 —7;1)))

bys = R(160(4a=3) + u(147au 176 f(A+2u))+2¢, (880 - (3274 +419)))

by = 2R (20(Ta—158) -
by ==2(c,K, +¢,R)(24a—50) -

1(59au—78B(A+2u))—c, (780— (2002 +27811)))

(7.4-7)

w(a+c,)(K,+R)+Rc, (424 +46u)

by = 6(,K, +¢,R)(32a —138)+ ©(9Rar — 23K, + 32K, ) -8R gt + 3¢, (3K, 0+ R (30— T4RA—80R 1))
by =-2(c,K, +¢,R)(170a —1138) + o(-36Ra + 108K, + 144K, 8) + 8R* (ap + 1)

+¢, (—20K,0+ R(-360+510RA+523Ru))

by =2(6,K, +¢,R)(176a ~153 ) + 20 (42Ra — 98K, @ + 140K, ) + 4R* (Sap — 56 fA ~ 112 fu)

+¢, (20K,0+ R(84w—650RA — 625R 1) )

bes =—5(¢, K, +¢,R)(47a—438) + 20(~63Ra + 95K, + 150K, B) + SR* (~9aut + 32 A + 64 fu1)

~2¢,(5K,0+ R(630-25R(104+9u1)))

bes = (,K, +¢,R)(103a ~858)+ 6w (21Ra 18K, + 31K, )+ R* (37ap ~116 2 — 232 fu)

+2¢, (K,@+R(63w—120RA—-101Ru))

The crack energy release rate and crack opening dis-
placement are depicted by Figures 9 and 10, respec-
tively.

The above Fourier analysis extended the work of I N
Sneddon [65] developed in the classical elasticity and
fracture.

8. Analytic Solutions of Boundary Value
Problems of Quasicrystals-Complex
Analysis

The Fourier analysis developed above is fundamental and
very important. However the calculation is often very
complicated and lengthy. For the crack problems it is
needed to solve some dual integral Equations, some
among them will not be solved analytically and will not
be in closed form always. For the notch problems, the
Fourier analysis doesn’t work. So we must seek other
analysis tools, among them the complex analysis is ef-

Copyright © 2013 SciRes.

fective, powerful and beautiful method.

Since [43] the complex analysis on elasticity and frac-
ture of quasicrystals has begun the probe. Succeeded
work are papers [66-69], in which a systematical work
have been carried out. We here discuss only the complex
analysis on the boundary value problems of quadruple
and sextuple harmonic Equations.

8.1. The Complex Analysis of Notch and Crack
Problems in Two-Dimensional
Quasicrystals-Solutions of Quadruple
Harmonic Equation

The plane elasticity of quasicrystals of five- and ten-fold
symmetries can be concluded to solve the quadruple har-
monic Equation:

VVAVIVAG =0 (8.1-1)
The potential function, i.e., the solution of (8.1-1) has
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Figure 9. Variation of energy release rate versus applied
stress, and the comparison with that of crystals.
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Figure 10. Crack opening displacement (variation along x
coordination) and comparison with the solution of crack of
crystals.

o, =-32¢,Re[Q(z)-2g]

o, =32¢,Re[Q(z)+2g](z)]

o, =0, =32¢ImQ(z)

xy

the complex representation:

G- 2Re[g1 (2)+72.(2)

| | (8.1-2)

—2 —3

+—z Z)+—z z

170 ()16 ()|
in which Re denotes the real part of a complex number,
z=x+1y the complex variable, z =x—iy the conju-
gate, g, (z) arbitrary analytic solution (i=1,2,3,4).
Based on the relation between stress tensor and potential
function, the stresses have the complex representation:
where

_ 1_
@(z) = ggw) (z)—i—zggw) (z)+—zzg£1v) (z)

2
Q(z) = ggw) (z)+7g§lv) (Z)

To determine the analytic solutions, it is needed to
consider the boundary conditions.We study a notch
problem shown in Figure 11, this problem cannot be
solved by the Fourier transform method.

For simplicity, the tensile stress at infinity can be
equivalent subjected onto surface of the notch, so we
have the boundary conditions:

(8.1-4)

o cos(n,x)+axy cos(n,y) =T,

o, cos(n,x)+o,, cos(n,y)=T,(x,y)eL
H, cos(n,x)+H, cos(n,y)=h, (8.1-5)
H, cos(n,x)+H  cos(n,y)=h,(x,y)eL

T, =—-pcos(n,x),T, =—pcos(n,y)

The boundary value problem (8.1-1), (8.1-4) and
(8.1-5) cannot be solved directly at z = x+iy -plane,
instead one can use the conformal mapping

z=w(¢)=R, Gmgj (8.1-6)

H, =32R Re[®'(z)-Q(z))-32R, Im(0'(z)-Q(z) ] (8.1-3)

v

H,, =-32R Im[©'(z)+Q(z))-32R, Re(0'(z) +Q(z) ]

Copyright © 2013 SciRes.

H,, =-32R Im[©'(z)-Q(z))-32R,Re(0'(z)-Q(z)]

H,, =-32R Re[®'(z)+Q(z))+32R, Im(©'(z)+Q(z)]
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Figure 11. Elliptic notch under tension in decagonal quasi-
crystal.

to transform the problem for solving onto ' =¢&+i7
-plane. In this a way, the ellipse is mapped onto the unit
circley (refer to Figure 12) at the mapping plane in
which

. Y. FAN 429

R, :(a+b)/2,m :(a+b)/(a—b).

The problem at last is reduced to solve the function
Equation set, for the case the notch surface under the
action of inner pressure, the function Equation set is
where o =¢',(p=1) represents the value of ¢ at the
unit circle, and

& (2)=F (2).80(z) = (=), .
gX(Z):ﬂ(z),gl (Z)ZO
In addition
F(2)=F (@(£) =, (),
Fi(z)= CZZ((E))(]=14) (8.1-9)

In terms of Cauchy integral and analytic extension
principles, the solution of Equations set (8.1-7) as below:

In the above formulas if m=1,R, =a/2, the elliptic
notch reduces to the Griffith crack, in the case the inver-
sion of conformal mapping(8.1-6) is

i o-¢  2mi o-¢ 2nive(oc) o-¢
— 8.1-7
P Lj w(o)o ( )
32¢, 2mi7 o—-¢
1 ®,(o)do 1 MCD; o)do
2ni’7  o— 2niY7 w'(o) o-¢
(L[ ele)_oi(e)e_ole) () @ia)do|
2mi| [ '(U)T o-¢ v [a,'(a)f o-¢
@ (;):p—&w-[(nmz)(nm;?)—(;z+m)]
2 3201 (m§2_1)3
_&<1+m2)§ )
%) (8.1-10)
__PR
i) =55
Copyright © 2013 SciRes. ENG
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Figure 12. Conformal mapping and boundary correspond-
ing.
(8.1-11)

¢ =t{z7=a)

Substituting the inversion into (8.1-10) one can obtain
the solution at z = x +1y -plane such as

2 2
(v) _ pa z
g (z)=-
128c, \/(zz—a2)3
p _a
"z)=— —_, 8.1-12
&3 (Z) 64c, m ( )
gZ(Z)= 65(31 ( 2 -a’ —z)

Kj = lim \2n(x-a)o,, (x,0) = Jrap

x—a

T.Y.FAN

The solution in this version is quite simple and pretty,
from which it is easy to determine the stress intensity
factor and energy release rate:

The calculation is much simpler than that by using the
Fourier transform.

8.2. The Complex Analysis of Notch and Crack
Problems in Three-Dimensional
Quasicrystals-Solutions of Sextuple
Harmonic Equation

The power for solving notch/crack problems of icosahe-
dral quasicrystals is more evident, the method is not only
able solving the complicated defects problems those
cannot be solved by other methods, but also quite sim-
pler.

The plane elasticity of icosahedral quasicrystals is con-
cluded to solve the sextuple harmonic Equation:

VVAVAVIVAVAG (X, y)
=0

(8.2-1)
The complex representation of solution of the Equa-
tion is
G (x, y)
= Re[g1 (z)+2g,(z)+2%g;(2)

+2°g,(2)+2'gs (2)+2g, (z)]

(8.2-2)

where g, (z) denotes any analytic functions (/
1,2,--,6)

Taking similar manner to that in Subsection 8.1, the
solution of an elliptic notch under tension or inner pres-
sure at the mapping plane

10 (. L(K +K,)+2(R +R; , (81-13)
G, :Ea{zfo [(U}y(x,O)@Hyy(x,O)))((uy(x,O)@wy(x,O))]dx} - 8(L+M()C )( Kl) .
q)l (é’):():
)~k PC(CZ+m)(m3§2+1)+(2K2—K1)R0.pm53(§2+m)
? 2¢,¢,R (m? _1)3 2¢,¢,C (me” _1)5
><|:m24'6 —(m* +4m) ¢+ (2m* +4m? +5) ¢ +m] (8.2-3)
R, pg“(mz +1) (2K, - K)) R, pme” (52 +m)(m§2 -m _2)
q)3 (5)2_4 2 - x 3
¢, R (mé’ —1) 12¢,¢,C (mé’z—l)
R (2K, —K,)R, (&7 +m) (2K, -K))R, B
)= ek ™™ 2ec, ) ()= "sec, P Pel)=0
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As the notch reduces to a Griffith crack, by using the inversion (8.1-11) of conformal mapping (8.1-6), the so- lution
at the physical plane is obtained, so the stress and displacement as follows, respectively

o =Im ip z N iazy : 1 +3(2K2—KI)R ipazy +(2K2—K1)R ipy(2a4—322)
. 22 _q? ( [2_ 2 ) 2¢), [(Zz — )3 2¢y, [(Zz _ 2 )5
(8.2-5)
(2K, -K,)R asz(ZE_az) +(2K2 -K)R _a’pz
4c,, [(Zz _g )5 4c, [(Zz _ )3
. B —— _ — 2
u, =—6¢,R 26; +c, |xRe P -ewsx(z— z* —a2)+ 2K, ~ K, ple—m—— 2L P-4
A 24c,c,R 24c,c5¢y, \/22 —-a \/ZZ —-a?
. _ 2 _ _ a’|(zz—a*)+2iyz
_2c,c, Re| ( z __d —EJ— 2K, =Ky 2K [(=-a)+27] (8.2-6)
8c,c;R (22— 22— 4e,cq0,, 16¢,c5¢, \/(zz 2 )3
2K, - K, & 277 . ZJ
+ p - +2Vz" —a
16¢,c4¢, [\/zz i NP -d
where
R(2K, ~K,)(uK, + uK,~3R*) | i . (uk,~-R)
¢ = 2k, —28) ,CZ:EKZ(,uKZ—R )-R(2K,-K,),¢; = u(K, -K,)-R RTATTIE
1 K, - 2R’ K,-R? oK, +2¢,R
¢y =eR+ e, (Kl +“/{T],CS =2¢, — R, ¢ = (2K, —K,) R* — 4c, ;’Klz_sz ¢y = ;K‘l TR
(k)
2
G = clczR(/J(K1 —KQ)—RZ), ¢y =5 +2¢,0,| ¢ _W
4c, (uK, —R*
¢ =06, R* —c, (czR -6k, ), a, =(2K, - K, )R—ﬁ
(8.2-7)
Furthermore we get the stress intensity factor and energy release rate of the crack:
K =+nap
10 a
G, = 55[2 [ (o, (x.0)® H (x,0))-(u, (x.0)®w, (x,O))dx} (8.2-8)

1 1
:E(Mﬂi_j(&)z

We can do a comparison between the present results
and those given in Subsection 7.4, and it is easy found
that, the complex analysis is simpler very much than the
Fourier analysis. Of course, this require us to learn and
be familiar the complex function theory.

The above work is not only gained important informa-
tion of elasticity and defects of quasicrystals, but also
greatly extend and develop the complex analysis in the

Copyright © 2013 SciRes.

classical elasticity created by Muskhelishvili and his
school [70].

9. Weak Solutions of Boundary Value
Problems of Elasticity of Quasicrystal,
Variational Principle and
Finite Element

By using the analytic methods to treat elasticity and de-
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fects for various classes of quasicrystals mentioned
above, we obtained a series of exact solutions, which
satisfy all Equations and boundary conditions, and are
called the classical solutions as well according to the
terminology of mathematical physics. If people relax
some requirements for determining solutions, one can
obtain the so-called weak solutions, which are also
named generalized solutions. The computer implementa-
tion of weak solutions needs some discretization. This is
a modernized and systematical approach, which is im-
portant as the same as the analytic method. Due to the
space limitation, we here give a discussion for the aspect
in brief only.

9.1. The Uniqueness of Weak (Generalized)
Solutions of Boundary Value Problems on
Elasticity of Quasicrystals

Through some matrix representation [44,71], the Equa-
tion system of elasticity of quasicrystals can be written
by an operator Equation

~0"DoU (x) = F(x) (9.1-1)
where D is just the elastic matrix (4-12),

U" (%) = (uy,uy,u;,w,w,,wy), U(X)is transpose of

U"(x), F(x) represents the traction and generalized

traction.
The boundary conditions are:

X)| oo =0

The uniqueness of the weak solutions can be proved,
in the proof the Korn inequality will be used [44,71].
Because of the lengthy derivation, the detail is omitted
here.

(9.1-2)

9.2. Variational Principle of Elasticity of
Quasicrystals

Numerical methods, e.g. finite element method is one of
methods to realizing weak solutions. The variational
principle is a base of the finite element method. For the
purpose, it is needed to introduce the variational principle
of elasticity of quasicrystals.

9.2.1. Variational Principle of Elasticity of
Quasicrystals

For a sufficient smooth boundary, if u, and w, satisfy

the Equations of deformation geometry and displacement

boundary conditions, the energy functional of quasicrys-

tals

= deQ+j fu, +gw,)dQ

9.2-1
f Tu +hw ( )

Copyright © 2013 SciRes.

takes minimum, i.e.,

S1=0 (9.2-2)

then they will be the solution satisfying the equilibrium
Equations and the stress boundary conditions, in which
F is defined by

& Wi
F= jadg +dew =F +F,+F,
1
F, _Ecijklgkl 9.2-2)
1
F, = EKijkl Wi
F,,, = Ryy&;wy

Q represents the region occupied by the quasicrystal,
and I' the boundary of Q. The proof is omitted, the
detail refer to [43,44].

9.3. Finite Element of Elasticity of Quasicystals
and Numerical Example

A discretization of variational Equation (9.2-2) and re-
gion Q leads to the finite Element scheme of elasticity
of quasicrystals, the detailed formulas can be found in
[43,44].

Example Cylindrical tube of octagonal quasicrystal
subjected to a inner pressure (Figure 13).

The boundary conditions are:

r=v:0,=-p,0,=0H, =0H,=0

9.3-1)
r= r] : Urr = O’Grﬁ = O’Hrr = O’Hrﬁ = O
y 4
~— | N
/ h
"
/ \

/ / 1 \\

AN . V\
[ p
4 [ | X0

Figure 13. Cylindrical tube of octagonal quasicrystal sub-
jected to an inner pressure.
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The Figure 14 illustrates the numerical solution of fi-
nite element computation.

1.8 x 102 \4
I K/M=0.8, K/M=0.6, K/M=04, R/M=0.0
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L6x10%(\\23 Kk /M=08, K/M=0.7,K/M=0.4, R/M=0.1

1
1
1
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1/,
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|/ 3K/M=08,K/M=0.7,K/M=04,R/M=0.1
s 10 L HK/M =08, KM =06, K/M=04, R/M=0.2
1.5 x 10 L f . e
1.0 12 1.4 1.6 1.8 20
/T,
(b)
1 K/M=0.8, K/M=0.6, K/M=0.4, R/M=0.0
8.0x 107 L\ 42 K/M=08, K /M=0.6,K/M=04, R/M=0.1
' 3K/M=08,K/M=0.7,K/M=0.4,R/M=0.1
, K/M=0.8,K/M=0.6, K/M=0.4,R/M=0.2
7.0 x 10°
£6.0x 10|
p ‘

50x 103

4.0x10°

(©

Figure 14. The numerical results of the finite element com-
putation; (a) Phonon stress versus radial distance; (b)
Phason stress versus radial distance; (c) Phonon ra- dial
displacement versus radial distance
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10. Elasto-/Hydro-Dynamics and Defect
Dynamics of Quasicrystals and Finite
Difference Method and Solutions

10.1. Simple Elasto-/Hydro-Dynamics and Defect
Dynamics of Quasicrystals

In the dynamic regime, the essential differences between
phonons and phasons just can be profoundly revealed.
Following argument given by [12,13], both phonons and
phasons describe wave propagation in dynamic case.
According to another argument suggested in [14-18],
phonons describe wave propagation, while phasons de-
scribe diffusion. Corresponding to the first argument, the
mathematical formulation is simpler. At the early time of
quasicrystal study many researchers did dynamic analy-
sis by taking this mode, e.g. [25,29,43,72-76]. Up to now
there is no evident experimental results to verify wrong-
ness of the argument. However much researchers turn to
follow the argument of [14-18], e.g. work [77-81]. Con-
sidering the space limitation, we here discuss only for the
study based on the mode proposed in [14-18].
In reference [78], the dynamic Equation set is

aQUi ao—,‘j
P=a =
ot 8xj
(10.1-1)
aWi a[—Iij
K—=
ot Ox,

J

This is the simplest dynamic Equation set of quasi-
crystals, more complete one will be discussed in Section
14. In (10.1-1) p denote the mass density, x=1/T,
the diffusive coefficient, I' the kinetic coefficient of
phason field, describing the relaxation of the motion, see
[15]. The others are

Ou. Ou, ow,
& :l Rk Ater' W, o (10.1-2)
bo2loax, ax ) 7 ox
and
c.=C._&,+R. w
i ik € T LW (10.1-3)
Hy = KWy + Ry €4

This is a simplest Equation set of hydrodynamics of
quasicrystals, which is simplified from the Equations of
[14].

10.2. Application to the Elasticity and
Fracture of Two-Dimensional Quasicrystals

Consider a quasicrystal of five- or ten-fold symmetry,
and z direction is the direction of five- or ten-fold axis.
Under assumption(6.3-1), Equation set (10.1-1)-(10.1-3)
are reduced to
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o’u,  ou,
or’ ot
2 O’u 2 ’

(10.2-1)

2
T %
or’ ot
0u o?
= —= +(c1 czz) “ove?
Ox Oxoy
0 o’ o
Wx 0 = d12 ( M;,» M;r ]
Ox Oy
ow ow, Ow
Y+ 0w, =d; = -
ot ’ x Oy

where the second terms in left-hand side of the Equations
are the manmade damping terms, pure numerical com-
putational treatment, aimed to transfer to static case when
the manmade damping constant € to be taken a suitable
value, so that the left-hand side tends to zero, and

[L+2M [M \/E
Cl = ’CZ =S5 _,C3 = |,
» » P (102-2)
[K [K
d, = _l’dzz\/g’a@: f—
K K K

Note that ¢;,c, and ¢, behave the sense of the elas-
tic waves, while d,d; and d; do not represent
wave speeds, which are diffusive coefficients of phason
field.

For the dynamic crack problem shown by Figure 15,
we use finite difference method to solve crack of two-
dimensional quasicrystals

In the case, when applied stress is varying with time,
or the crack propagates with high speed, the problem
must be doing a complete dynamic analysis. For the
crack fast propagation, due to the moving of crack sur-
face, this is a moving boundary problem, presents highly
nonlinearity, which can be solved in approximate manner
by numerical method only. Here we employ finite dif-
ference method for solving. Under corresponding bound-
ary and initial conditions, Equation set (10.2-2) are sol-
ved by the finite difference approach, one finds the dy-
namic stress intensity factor given by Figure 16 (see e.g.
[78], or [44] for the detail)

The figure shows that the difference between results of
quasicrystal and crystal is quite evident. The computation
is carried out for decagonal Al-Ni-Co quasicrystal with
material constant

Copyright © 2013 SciRes.

p=4.186x10" g-mm”
G, =2.3433,C,, =0.5741(10” dyn/cm’ =10°GPa)
K, =1.22,K, =0.24(10" dyn/cm” =10°GPa),

[, =1/k=48x10""m* s/kg =4.8x107"" cm’ - ps/g
R/M =0.01

for quasicrystal, R/M =0 for crystal.
p(t)

il S I

B C

ol e O

(0)

2H t =S
ld— 2a(t) —Pl :

B S e e e s e
p(t)

Figure 15. Sample containing a dynamic crack of two-di-
mensional quasicrystals.
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10.3. Application to Elastodynamics and
Fracture Dynamics of Three-Dimensional
Quasicrystals

Of course the dynamic study for three-dimensional qua-
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sicrystals is more important. Here consider icosahedral
quasicrystals. Assume the z axis to be the direction of
Five-fold axis. Under assumption (6.5-6), the dynamic
Equations (10.1-1)-(10.1-3) are reduced to

2 2 aZu 2 2 32W 2
al;" 6%—cfallzx+(cf—czz) y+c§auzx+c32 6142/X y—av‘;“
ot ot Ox Ox0y Oy Ox ox0y Oy
o’u ou o’u o’u o’w 2 o’w
—+0 Y =2 2y+(clz—czz)au" +cl zy-i-c32 - ow, _ =
ot ot Ox Ox0y oy Ox ox0y Oy
o’u, Ou, i _2 o[ 0w, B *w, B 52Wy o’w, 0w,
=+0 =q S+ — Ut e > 5 5 >
ot ot ox~ Oy Ox oy Ox0y  Ox oy
(10.3-1)
ow, o0 & o° & o’u, azuy Q’u, *u. ou.
+Ow, =d|| S+ W +dy)| -5 (w.+d; 2 T2 2 2
ot 0 oy ox~ Oy Ox Ox0y Oy Ox oy
ow 2 2 62 aZM a2 azu 62
40w =d, —2+6—2 W, —dy =t d | — e R
ot 7 ox’ oyt )’ 0x0 Ox 0xdy Oy 0xdy
2 2 2 2 o*w 2 2
. o, =(d, —dz)[a—2+a—2sz v, | D O H Oy {8—2+6—2]u2
t ox~ Oy X oy Ox0y ox~ Oy
2.5 1] T T L]
j f o e Quasicrystals
f| R Ty
2 - I ‘\ | N _
Jv \J&u" :
. I ' 'II
5 .,' .
3 / { 1 » Crystals
2 . '
2 1.5 'l‘ \
2 | 1
; vll v lI
§ .llv | Z(static)
P e ey SR -
£ I \ —
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E 0.5 .f "..
é " »
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| ' 4
lv' ‘\k’(f.p‘ﬂf \
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Figure 16. Variation of the dynamic stress intensity factor
crystal.
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versus time and comparison of results between quasicrystal and

ENG



436

where

G :,,Macz =\/Z,c3 :\/E
P P p (10.3-2)
d, :ﬁ,al2 :ﬁ,al3 _R
K K
Note that ¢,,c, and ¢, represent speeds of elastic
waves, while d,,d,and d,are not wave speeds, which

are diffusive coefficients of phasons. The numerical
analysis is given for the specimen shown in Figure 17

T.Y.FAN

made of icosahedral quasicrystal. After finite difference
treatment on Equation set (10.3-1) and corresponding
boundary and initial conditions, the dynamic stress inten-
sity factor for initiation of crack growth is obtained and
shown in Figure 18. In the computation the material is
icosahedral Al-Pd-Mn quasicrystal with material con-
stants: p = S.Ig/cm3 R

A=742,u=70.4(GPa),K, =72,K, =-37(GPa)
I, =1/k=48x10""m’ s/kg =4.8x10""cm®-ps/g

6
5 st
Q
8
5
E
= N
g 2 ff\f\/
= MU
= ﬂ" I
2 ' allivyyrs
N r JU Y j
g /‘L;J
=} ,"
Z. 0

-1 " L

t (us)

Figure 17. Dynamic stress intensity factor versus time of fast propagating crack in rectangular specimen with a central crack

of icosahedral Al-Pd- Mn quasicrystal.

4 . r . v
A\ == Quasicryslals
- 3571 ' . Crystals
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f§ 3 1l Il ."- 1
B o |‘
@ 25 f \
Q i
= \
'; 2 ! \
172] / \
2 / '
7 1.5 B / 1 N
2 |'
S ! 4 .
© L A
E 0.5 : \, \
= i i
< 0 A R x5
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Figure 18. The dynamic stress intensity factor of rectangular specimen with a central crack of icosahedral Al-Pd-Mn quasi-

crystal under impact loading (for stationary crack).
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R/u=0.01 for quasicrystal, and R/u=0 for crystal.
It is evident that the results between quasicrystal and
crystal are quite large.

The dynamic stress intensity factor for fast crack pro-
pagation of the central specimen is illustrated in Figure
17, which comes from monograph [44].

The oscillation of the curve comes from the interfere-
ence and reflection of waves, in which there are reasons
come from numerical computation, it is needed doing

further study.

10.4. Finite Difference Scheme

The detail on the difference scheme employed in the
above is described as Figure 19 (in the case we take
0 =0 for simplicity).

Taking time step 7 and the central difference, then
dynamic Equation set (10.2-2) has the difference scheme
within network

2
u, (x,y,t—i—f) =2u, (x,y,t)—ux (x,y,t—r)+(%clj [ux (x+h,y,t)—2ux (x,y,t)-i—ux (x—h,y,t)]

h

2
+[£j (clz —czz)[uy (x+h,y+h,t)—uy(x+h,y—h,t)—uy (x—h,y+h,t)+u},(x—h,y—h,t)}

2 2
+(%c2j [ux (x,y+h,t)—2ux (x,y,t)-i—u)C (x,y—h,t)]+[%c3j [wx (x+h,y,t)—2wx (x,y,t)-i—wx (x—h,y,t)]

2
+2(%j 032 [wy(x+h,y+h,t)—wy(x+h,y—h,t)—wy (x—h,y+h,t)+wy(x—h,y—h,t)]

2
_(£C3j [wx (x,y+h,t)—2wx (x, y,t)+ w, (x,y—h,t)]

2
u, (x,y,t+ z’) =2u, (x,y,t)—uy (x,y,t—z’)-k(%czj [uy (x+ h,y,t)—Zuy (x,y,t)+uy (x—h,y,t)]

2h

2
+( 4 j (clz—cg)[ux(x+h,y+h,t)—ux(x+h,y—h,t)—ux(x—h,y+h,t)+ux(x—h,y—h,t)}

2 2
+(%c1] [uy (x,y + h,t)—Zuy (x,y,t) +u, (x,y— h,t)] +(%c3j [wy (x+ h,y,t)—2wy (x,y,t)+ w, (x— h,y,t)]

2
_2[ﬁj c32[wx(x+h,y+h,t)—wx(x+h,y—h,t)—wx(x—h,y+h,t)+wx(x—h,y—h,t)]

h

2
_[1(:3) [Wy (x,y+h,t)- 2w, (x,3.0)+ w, (x,y- h,t)]

wx(x,y,t+r) =w, (x,y,t)+d22hiz[ux(x+h,y,t)—2ux (x,y,t)+ux (x—h,y,t)]

+d,2hi2[wX (x+h,y,t)+wx (x—h,y,t)—4wx(x,y,t)+wx(x,y+h,t)+wx (x,y—h,t)]

—ZdZZL[uy (x+h,y+h,t)—uy (x+h,y—h,t)—uy (x—h,y+h,t)+uy(x—h,y—h,t)}

(2h)°

—d22 hiz[“r (x,y+h,t)—2ux (x,y,t)+ux (x,y—h,t)]

w, (x,y,t+ z’) =w, (x,y,t)+d22 hiz[uy (x+ h,y,t)—Zuy (x,y,t)+uy (x— h,y,t)]

+d12hi2[wy (x+hyt)+w, (x=hy,t)=4w, (x,y,0)+w, (x,y+h,t)+w, (x,y—h,t)]

T

+2d?
" (2n)

_dzzhiz[uy (x,y+h,t)—2uy (x,y,t)+uy (x,y—h,t)]

atboundary x=—h/2 and x=L+h/2.
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[ux (x+h,y+h,t)—ux (x+h,y—h,t)—ux (x—h,y+h,t)+ux (x—h,y—h,t)]

(10.4-1)
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h
u |2, [,y+ht
,% ldlz(clz—2c§)+c32d22 )([ng ]
=u, Vot iz 212 _ 242
G a; —Gd, (

_ﬁ d; (¢ -2¢3) h b
=W, Liﬁ ,y,t i‘2m v i—ﬁ ,y+h,t —uy i—ﬁ ,y—h,t
2 1 2 2
lc3dz—c1 d; g g
ZW Wy L—g ,y+h,t _Wy L—g ,y—h,t

)]

2

2 cid} —c3d2

b i 2 2 A i
-5 5 1 ¢cid5 —c5d; > >
w 2 iyt l=w || 2, [yt =2 2y (|2, |, y+ht|—w || 2, [,y—ht
y((“'ﬁJ g J y({bz] g 2cz2d2_032d22{ ((L_Z] g J ' (L'ZJ g J:|

u, (x,—h/2,t)=—u,(x,h/2,t)
w, (x,—h/2,t)=—w, (x,h/2,1)

. SIS
|
Ne——
<
+
=
~
N——
|
=
VR
7 N\
~ o=
N\I&
N—
~<
=
~
N——

and

At y=-h/2 and y=H +h/2, there are

e (d} —d;
il—z(zl 2) w, | x+h,| 2,
2cd! —cid; L—
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h h 2 32 2 72 h
_h _h 42 —cd ] b

wx(x,( th,Iszx[x,[ Zhj,t]il% wy[x+h,[2 hj,t]—wy(x—h,[z hj,tj (10.4-6)
b = 2 cydy —cyd; = =

I | cid; +d; (012—202)
=u, | x|, |t|* 5
’ ) 2 ¢ dy —cid;

In addition, approximately

u, (x,—h/2,t)=—
w, (x,—h/2,t)= -w, (x,h/2,t)

At corner points

y

[Z”J(—h/Z,—h/Z,t)

y y

(Kx](—h/Z,—h/Z,t)

y
y

¥y

ok

v

l—at) —»

< L >

Figure 19. Finite difference scheme of specimen of plane
crack.
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d; —d; ) i
e | W | XA 2, L mw | x—h,
2 ¢df —cid, =

:[:jxj(h/z,-h/2,r)+(::xJ(—h/2,h/2,t)—0.5{[

=

:[ZXj(h/2,—h/2,t)+[zxJ(—h/2,h/2,t)—0.5KZx](3h/2,—h/2,t)+(Zx](—h/2,3h/2,t)}

[ux[x+h,[ihj,t}—ux(x—h,[ihj,tﬂ (10.4-7)
)]
/2
u, (%42,0) (10.4-8)
(10.4-9)

" Gr2,-n2.0) 4| T |(-m/2.302
- t - t
I CICEV IR W ST
Similarly, the differences of displacements at
(=h/2,H+h/2),(L+h/2,L+h/2) and (L+h/2,—h/2)
refer to Fan [44].

11. Plasticity and Nonlinear Fracture of
Quasicrystals

Quasicrystals present brittle at conventional and low tem-
perature, but dramatically present plasticity at high tem-
perature. This aroused the interest of researchers.

11.1. Measurement of Plastic Deformation of
Quasicrystals

Through experiments, researchers measured the plastic
deformation process of some quasicrystals. Figure 20 is
the stress-strain curve of icosahedral Al-Pd-Mn quasi-
crystals, which gives a good description on plastic de-
formation. Among the influence factors to the plastic
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Figure 20. Plastic deformation curve of icosahedral Al-Pd-
Mn quasicrystala [82].

deformation, temperature is important, the strain rate is
also significant. Here the measurement is carried out un-
der rate 107 /s. The ductile-brittle transition tempera-
ture is very high, 690°C, and 730°C - 800°C is the high
temperature scale.

Different from icosahedral quasicrystals, the two-di-
mensional quasicrystals have a direction of periodic
symmetry, so that the plastic deformation of which is
different from that of the former. Figure 21(a) gives the

diagram of the plastic deformation of decagonal Al-Ni-Co
quasicrystal [82]. Due to the coexistence of periodic and
quasiperiodic symmetries, the plastic deformation pre-
sents anisotropic Figure 21 (b) depicted the orientation
of the specimens: vertical, parallel and to 45" the peri-
odic symmetry direction.

The Germany scientists carried out a series of experi-
mental studies on plasticity of quasicrystals[82-91]. The
results show that, the mechanism of plastic deformation
of quasicrystals is movement of dislocations. The mecha-
nism is the same as in crystals. But there are quite dif-
ferent points to that in crystals at meantime. One of the
most different points is the existence of phason variables.
What is the effect of phason field to the plastic deforma-
tion of the new phase? However the mechanism about
this is not clear. Though there are people try to give some
explanations on plastic deformation by using dislocation
model and so on, the problem is substantively unsolved
so far. Due to lack of enough experimental data in mac-
roscopy, the constitutive Equation of plasticity of quasi-
crystals has not been set up.

This leads to difficulty doing stress analysis of the
material. One can say that the study is in an infant stage.

In spite of these difficulties, people pay effort to do
some work as pointed out above, the experiments re-
ported in Refs [82-91] provide some hints, which are
beneficial for the stress analysis for plasticity and defects
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Figure 21. (a) The stress-strain curves of decagonal Al-Ni-Co quasicrystal under strain rate 10°/s corresponding to three
different orientations, (b) Definitions of orientation A ,A and A, [82].
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of the material. In the following some semi-phenome-
nological and semi-theoretical results are listed, they may
provide a reference for the researchers in the communi-
cate.

11.2. Generalized Cohesive Force Model [92-95]

Due to lack of constitutive Equation of plasticity of qua-
sicrystals up to now, it may be a possible way that we
draw the results of classical plasticity, classical disloca-
tion theory and classical nonlinear fracture theory to
study some relevant problems in quasicrystals. A useful
model in classical elasto-plastic fracture theory is so-
called Dugdale-Barenblatt model, the paper [92] ex-
tended it to plastic analysis of quasicrystals, and named it
be generalized Dugdale-Barenblatt model, the classical
work has been done by [93] and [94]. In terms of the
model, we determined the size of plastic zone around the
crack tip of anti-plane problem of one-dimensional hex-
agonal quasicrystals

d= a{sec(ﬂ)—l}
22-(,'

and the crack tip opening displacement

(11.2-1)

= Lﬂz{ln sec(ﬂﬂ (11.2-2)
n(Cuk, - R) 27,

and the plastic solution of plane problem of two-dimen-
sional quasicrystals by [92]

el

2
5, = o4 1 + K, - || Insec P (11.2-4)
n |L+M MK, -R 20

8 i

(11.2-3)

and solution of three-dimensional icosahedral quasicrys-
tals by

1

=lim2u, (x,O) = lim 2u, (x,O)

x—l ’ P>y

11.2-5
A+u ¢c,) m 20

s

where

(,uK —R2)2
2
CZ :IL[(KI _[(2)—R2 _W

uK, —2R?
A+u

(11.2-6)
¢, =c¢R +%c2 {Kl +

and

Copyright © 2013 SciRes.

R(2K, - K, )(uK, + uK, -3R*)
2(uK, -2R?) '

¢ =

The curve drawn from (11.2-5) refer to Figure 22,
which shows the effect of phason and phonon-phason
coupling is significant.

11.3. Generalized Continuum Dislocations
Model [96]

We developed the continuous dislocation model, Fan et
al. [96] which is originated from the classical BCS model
[97,98] for crystals. For the instance, the boundary value
problem of partial differential Equations is reduced into
for solving the following equivalent singular integral
Equation of Cauchy kernel

i f(§)de _z(x)

- y (11.3-1)

in which /(&) represents dislocation density. The sin-
gular integral Equation of Cauchy kernel (11.3-1) has
been systematically studied by monograph [99]. At pre-
sent case the Equation can be solved exactly, it follows
the size of plastic zone at the crack tip and the crack tip
opening displacement, etc. The results are exactly iden-
tical to those given in Subsection 11.2. The correctness
of the solutions are examined each other by different
physical models and different mathematical tolls.

11.4. Model Based on Generalized Eshelby
Energy-Momentum Tensor [100]

The generalized Dugdale-Barenblatt model and general-
ized continuum dislocation model, are quite different
physically and mathematically, yield amazingly the com-
plete identical solutions, we realized that there exist some
inherent connection between the two models. Paper [100]
gave a probe for the question. They proposed the gener-
alized energy-momentum tensor of quasicrystals (for
crystal the tensor was given by [101])

G Fn—on gy p O (11.4-1)
b ox, v ox, ’
and generalized integral of path independency
E=| Gdr (11.4-2)

and found that they are the uniformly theoretical base of
generalized Dugdale-Barenblatt model and generalized
continuum dislocations model.

12. Phenomenological Theory of Lattice
Dynamics of Quasicrystals

Due to existence of quasiperiodic translational symmetry,
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Figure 22. Crack tip opening displacement versus applied stress for icosahedral quasicrystal [95].

the quasicrystals behave lattice, even if which is not pe-
riodic lattice. The lattice dynamics is very complicated,
which is related not only to phonons, but also phasons
and phonon-phason coupling. A simple treatment is
based on the dynamic model of [12,13]. Starting from the
point of view, the author [73] discussed lattice dynamics
of one-dimensional hexagonal quasicrystals. Then [102]
studied the problem for dodecagonal quasicrystals. Re-
cently [103] gave a simple treatment for the problem for
icosahedral quasicrystals. They found the lattice specific
heat and thermodynamic functions. The work [74,75]
made a more comprehensive study decagonal and icosa-
hedral Al-Pd-Mn quasicrystals. But the study in this re-

spect there are much difficulties.

13. Mathematical Theory of Energy
Spectrum of Electronic Structure

of Quasicrystals
After the discovery of quasicrystals, scholars use the

Schroedinger Equation
Hy = Ey

to study the energy spectrum of electronic structure of

(13-1)

quasicrystals, where

Copyright © 2013 SciRes.

~ o,
H=——V"+V(r 13-2
2m ( ) ( )
denotes the Schroedinger operator, 4 the Planck constant,
V(r) the potential energy, £ the energy eigenvalue, w the
wave function. For crystals, there is periodicity

f(r")=f(r+la+mb+nc)=f(r) (13-3)

Bloch assume that
V(r)=V(r+R)
where R represents the period of lattice. The wave
function can be expressed by
w =u(r)exp(i2ak -r),u(r)=u(r+R)

Expression (13-5) is named Bloch theorem which
leads to the great progress of energy spectrum analysis of
crystals, forms the energy band theory etc, constitutes
one of basis of solid physics. The quasicrystals do not
satisfy the periodic translational symmetry (13-3), they
have no the Bloch theory, the solving Schroedinger

Equation faces a great difficulty.
In terms of Fibonacci model, solving discrete Schroe-

dinger Equation, one found many meaningful results
[104-118]. The detail can be found the references.

(13-4)

(13-5)
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14. Elasto-/Hydro-Dynamics of
Quasicrystals in Soft Matter

The above description told that the quasicrystals were
observed in binary and ternary metallic alloys first for
three-dimensional icosahedral quasicrystals and two-
dimensional 5-, 10-, 8- and 12-fold symmetry quasicrys-
tals then. Recently the structure was discovered in col-
loidal solutions [119,120], polymers [121-123] and nano-
particle mixture [124]. Especially the work reported by
Ref [119] has aroused the great interest of researchers,
because the 18-fold quasicrystal was the first observed.
From the view point of symmetry, the possible 7-, 14-, 9-
and 18-fold quasicrystals in solid phase have been predi-
cated by reference [125] at an earlier time. For 7-, 14-, 9-
and 18-fold quasicrystals, by using group representation
theory, a “six-dimensional embedding space” concept
was proposed in Ref [125]. According to the concept,
there are two phason fields apart from phonon field, i.e.,
the phase angle of order parameter of the density of qua-
sicrystals

®, =G u+G" .v+G-w (14-1)

in which u :(ux,uy)represents phonon field which is
the same as previous and v=(vx,vv)the first phason
field, w= (wx,wy)the second phason field which was
discussed in the previous sections. So that

_ Oy,

v, =t 142
Yoo, (14-2)

denotes the strain tensor associated with the first phason
field. If we define the relevant stress tensor and elastic
constant tensors then the generalized Hooke’s law is

oF
o, = = C[jkl Eq TV T Ri/kl Wy
g
oF
Ty = =TV + Ty + GaWy (14-3)
ov;
oF
Hy =—=K;; Wy + Ry;éy + GV
ow;

in which o,,H,;,C;,,K;,,R;, have the same meaning
to those defined previously, while 7, is the stress tensor
associated with strain tensorv; , r;, the coupling elastic
constant tensor between phonon-first phason fields (the
u-v coupling field), G, -coupling elastic constant
tensor between first and second phason fields (the v-w
coupling field). This means there are pnonon-phason
coupling and phason-phason coupling. In addition the
effects due to fluid must be considered, i.e., we must
study the hydrodynamics of quasicrystals in soft matter.
This theory has not been existed beforehand yet. The
references [126-129] report a preliminary probe in this

respect.

Copyright © 2013 SciRes.

The work reported in Refs [119-124] opens a fascinat-
ing area, concerning quasicrystals in soft matter. To de-
velop the theory, we suggest a novel intermediate solid-
liquid phase quasicrystals. This new structure may be a
description of quasicrystals observed in soft matter to
date, advances widely the theoretical understanding of
quasicrystals, and presents importance to engineering ap-
plication of quasicrystals as a novel functional and struc-
tural material.

From the application angle, the mechanical behaviour
of the possible solid-liquid phase quasicrystals is one of
basic problems. It is fortunate the theoretical framework
on the new quasicrystalline phase can be drawn from the
elasto-/hydro-dynamics of Lubensky et al. [14-18] though
the theory of Lubensky et al. is not directed to the soft
matter in that time. However for 18-fold symmetry we
must combine the theory of Lubensky et al with the use
of the so-called “six-dimensional embedded space” con-
cept proposed in [125].This combination may allow us to
set up a new theory in studying the novel quasicrystalline
phase, at least for its continuum mechanics. But the
problem is tremendous complex. To overcome the diffi-
culty, we develop a theory in [126-129], and some solu-
tions may be found.

Considering the fact that the 12-fold quasicrystals in
different soft matters were discovered frequently and the
18-fold quasicrystal in colloids first observed, one can
focus on the discussion on these two kinds of quasicrys-
tals and their mechanical behaviour. The hint of me-
chanics of liquid crystals, the combination between hy-
drodynamics suggested by Lubensky ef al. and
six-dimensional embedding space help us to make some
achi- evements [126-129].

15. Conclusions and Discussion

The review is mainly on the mechanics of solid quasi-
crystals, and the soft matter quasicrystals are just touched
preliminarily. The areas belong to the well studied bran-
ches in quasicrystals science. In due of the progress of
experimental study and observation technique, there may
be more kinds of quasicrystals discovered, and more ma-
terial constants measured. The current and potential ap-
plications exhibit the importance of the materials.

To explore some essentials and to serve the applica-
tions, the mathematical theory of elasticity and defects of
solid quasicrystals present significance, which has been
well developed. However the research of much of im-
portant subjects, e.g. the plasticity, dynamics etc is still in
infant situation.

The mathematical theory of elasticity of solid quasi-
crystals presents fundamental importance, not only in
theoretical sense but also in practice. The theory has
given many applications, for example, in dislocation
stress analysis, fracture mechanics, etc, these are mean-
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ingful to materials science and technology as well as in
mechanical engineering. The theory and results in the
respects moreover help the plastic analysis due to the
lack of plastic constitutive Equations of the novel mate-
rial.

The study of the mathematical theory of elasticity of
solid quasicrystals promotes the development of some
branches of applied mathematics, e.g. applied complex,
variational principle, numerical analysis, etc.

The study on elasticity, viscosity, hydrodynamics etc
of soft matter quasicrystals begins just, but opens a broad
area and will promote a further development of the qua-
sicrystal science, in which some mathematical aspects,
e.g. the Poisson’s brackets in condensed matter physics,
Lie groups and Lie algebra etc play important role, but
we here cannot discussed due to space limitation. In the
research work of soft matter quasicrystals, the method-
ology and results of solid quasicrystals been achieved are
useful.

Apart from the above reviewed works, there are many
publications in the field, e.g. [130-134] etc., which are
very significant, though have not been reviewed here due
to the limitation of the space.
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